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ABSTRACT. We establish the existence, stability, and asymptotic behavior of transonic
flows with a transonic shock for the steady, full Euler equations in two-dimensional infi-
nite nozzles of slowly varying cross-sections. Given a smooth incoming flow that is close
to a uniform supersonic state at the entrance, we prove that there exists a transonic flow
whose infinite downstream smooth subsonic region is separated by a smooth transonic
shock from the upstream supersonic flow. The solution is unique within the class of
transonic solutions that are close to the background constant states. This problem is
approached by a free boundary problem in which the transonic shock is formulated as a
free boundary. An iteration scheme for the free boundary is developed and its fixed point
is shown to exist, which is a solution of the free boundary problem, by combining some
delicate estimates for a second-order nonlinear elliptic equation on a Lipschitz domain.

Résumé: Nous établissons ’existence, la stabilit é et le comportement asymptotique des
écoulements transoniques avec un choc transonique pour les équations d’Euler completes
et indépendantes du temps dans des tuyéres bidimensionelles, infinies et ayant des coupes
transversales qui varient lentement. Etant donné un écoulement entrant régulier qui est
proche d’un état supersonique uniforme & ’entrée, nous prouvons que—dans la direction
de ’écoulement—il existe un écoulement transonique, dont la région (infinie) subsonique
devant le choc est séparée de la rgion supersonique derriére le choc, par un choc tran-
sonique a travers une courbe lisse. La solution est unique dans la classe des solutions
transoniques qui sont proches des états constants du fond. Ce probléme est abordé par
un probléeme & frontiere libre, dans lequel le choc est formulé comme frontiére libre. Nous
développons un schéma d’itération pour la frontiére libre et, en combinant quelques es-
timations délicates pour une équation elliptique nonlinéaire de deuxiéme ordre sur un
domaine Lipschitzien, nous prouvons qu’il existe un point fixe qui est une solution du
probléme a frontieére libre.
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1. INTRODUCTION

We establish the existence, stability, and asymptotic behavior of transonic flows with a
transonic shock for the full Euler equations in two-dimensional infinite nozzles of slowly
varying cross-sections. The transonic flow is governed by the following two-dimensional
steady, full Euler equations:

V- (pu) =
V- (pu® )—I—VP—O (1.1)
V- (pu(E +p/p)) =

where V is the gradient in x = (71, 72) € R?, u = (uy, uz) is the velocity, p the density, p

the pressure, and
p

(y=1p
the energy with adiabatic exponent « > 1. The sonic speed of the flow is

1
E=—|u]?
Slul* +

vp/p-

The flow is subsonic if |u| < ¢ and supersonic if |u| > ¢. For a transonic flow, both cases
occur in the flow.

Given an incoming smooth flow that is close to a uniform supersonic state (i.e. smooth
Cauchy data) at the entrance (say x; = —1) and the subsonic condition in the smooth
downstream region, we are interested in whether there exists a transonic flow whose infinite
downstream subsonic region is separated by a smooth transonic shock from the upstream
supersonic flow. This nozzle problem can be approached by a free boundary problem in
which the transonic shock is formulated as a free boundary.

Such transonic problems have been studied under several different physical situations in
the recent years. In Chen-Feldman [5, 6, 7, 8], three nonlinear approaches have been devel-
oped to establish the existence and stability of transonic shocks for the multidimensional
steady potential flow equation and applied to handling transonic flow problems in infinite
channels and nozzles. Chen [11] also considered this problem in a bounded channel for the
two-dimensional steady Euler flows with a certain symmetry and obeying the Bernoulli law
with a uniform Bernoulli constant (also see [12]). The existence and uniqueness of tran-
sonic flows with a transonic shock were established in Chen-Chen-Song [4] for a bounded
two-dimensional nozzle of slowly varying cross-sections with flat entrance section. Also see
[13, 26] for related bounded, nozzle problems. There are related results for further simplified
models: the unsteady transonic small disturbance equation in Canic-Keyfitz-Lieberman [1]
and Canic-Keyfitz-Kim [2], the pressure-gradient system in Zheng [27, 28], and the nonlinear
wave system in Canic-Keyfitz-Kim in [3] (see the further references cited therein). Also see
[9, 10, 24, 25] for a program to deal with transonic and sonic-subsonic flows through (vanish-
ing viscosity or relaxation) approximate or exact solutions via the method of compensated
compactness.

In this paper, we systematically study the infinite transonic nozzle problem in the context
of the full Euler equations. We prove that, for this nozzle problem, there exists a transonic
flow whose infinite downstream smooth subsonic region is separated by a smooth transonic
shock from the upstream supersonic flow. To achieve this, we first employ the coordinate
transformation of Euler-Lagrange type so that the original streamlines in Eulerian coor-
dinates become straight lines and the infinite nozzle in Eulerian coordinates becomes an
infinite channel in the new Lagrangian coordinates. Then we use one of the new equations
to identify a potential function ¢ in Lagrangian coordinates. By capturing the conservation
properties of the Euler system, we derive a single second-order nonlinear elliptic equation for
the potential function ¢ in the subsonic region so that the full Euler equations are reduced
to this single second-order equation. The advantage of this approach is that, given the shock
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location, all the physical variables (u,p, p) can be expressed as functions of the gradient of
¢, and the asymptotic behavior ¢, of the potential ¢ at the infinite exit can be uniquely
determined.

To solve the free boundary problem, we have to determine both the free boundary and
the subsonic phase defined in the downstream region with the free boundary as a part of
its boundary. We approach this problem by developing an iteration scheme via updating
the location of shock front and designing a corresponding iteration map. In order to define
the map for the given shock location, we first linearize the second-order elliptic equation for
the identified potential function based on the limit function ¢, of the potential ¢, solve the
linearized problem in the fixed region, and then make delicate estimates of the solutions,
especially the corner singularity near the intersection between the fixed shock and the nozzle
boundaries. Finally, these estimates allow us to prove that the map is a contraction map
so that the fixed point of the map is the real shock front and the corresponding subsonic
solution in the downstream region is the real subsonic phase for the free boundary problem.
Since the transformation between the Eulerian and Lagrangian coordinates is invertible, we
obtain the existence and uniqueness of solutions of the infinite nozzle problem in Eulerian
coordinates by transforming back the solutions in Lagrangian coordinates. The asymptotic
behavior of solutions at the infinite exit is also clarified. The stability of transonic shocks and
corresponding transonic flows is also established by employing the coordinate transformation
of Euler-Lagrange type and careful, detailed estimates of the solution.

Another advantage in our analysis here is in the context of the real full Euler equa-
tions so that the solutions do not necessarily obey Bernoulli’s law with a uniform Bernoulli
constant, i.e., the Bernoulli constant is allowed to change for different fluid trajectories
(compare with the setup in [11, 12, 13]). Since we work on the infinite channel in the new
Lagrangian coordinates by iterating the location of shock front and making estimates of the
corresponding solution in the downstream region, we do not require additional symmetry of
the solutions (unlike in [6, 11]), or the flat condition of the entrance nozzle part (unlike in
[4]). We remark that, by the closeness assumption of the solution U to the uniform flow in
the subsonic region, we obtain the asymptotic behavior of U as x; — oco. The asymptotic
state Uso = (Woo, Poos Poo) 18 uniquely determined by the state U_ of the incoming flow at
the entrance 1 = —1. In particular, the vertical component of the asymptotic velocity
equals to zero, uss = 0, and the pressure po, is a constant determined by the incoming flow
U_. In general, u1., and po are not constants, which are actually functions of z9; and the
pressure condition at the exit of the nozzle is ill-posed (cf. [6, 7, 8, 14]).

The organization of this paper is as follows. In Section 2, we formulate the transonic
nozzle problem into a free boundary problem in the two-dimensional infinite nozzle and
state the main theorems. In Section 3, we introduce a coordinate transformation of Euler-
Lagrange type and reformulate the free boundary problem in the new coordinates; then
we identify a potential function ¢ and reduce the Euler system into a single second-order
nonlinear elliptic equation for this potential function ¢ in the subsonic region. In Section 4,
we solve a fixed boundary problem in a bounded, truncated domain of the infinite channel
in the new coordinates by carefully making boundary estimates, especially near the corners
of the truncated domain and employing the Hahn-Banach fixed point argument. Then, in
Section 5, we extend the solutions of the fixed boundary problem in the bounded, truncated
domains to the infinite channel. In Section 6, we formulate an iteration scheme via updating
the location of shock front and designing a corresponding map so that the map is a con-
traction map, which leads to a fixed point that is a solution. Furthermore, in Section 7, we
determine the asymptotic behavior of solutions at the infinite exit. In Section 8, we establish
the stability of transonic shocks under the small perturbations of both incoming flows and
the nozzle boundaries. In Section 9, we provide a proof of the existence and uniqueness
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of supersonic solutions in the upstream region, which is required in order to formulate our
infinite nozzle problem into a free boundary problem in Section 2.

2. FREE BOUNDARY PROBLEMS AND MAIN THEOREM

In this section, we formulate the transonic nozzle problem into a free boundary problem
in the two-dimensional infinite nozzle and state the main theorem.
For concreteness, the nozzle domain can be formulated in the form:

0= {X € RQ x> —1, Co(l‘l) < T2 < Cl(l‘l)}, (21)

where (;,i = 0,1, are functions of x; to describe the lower and upper walls of the nozzle.
Denote the lower and upper boundaries by I';, i.e.,

Fi:{X : .’IQZCl'(IL’l),ZL’l > 71}, ’L:O,l (22)
We also define
G =0n{-1<x; <1} (2.3)

as the entrance part of the flow U := (u,p, p).

We are interested in transonic flows separated by a transonic shock near the zs-axis in
the infinite nozzle. Assume that an incoming flow U_ = (u_,p_, p_) is supersonic from left,
defined in the domain €. Our goal is to seek a shock S = {z1 = s(z2)} and a downstream
subsonic flow U satisfying the Euler equations (1.1) in the domain

Qs =QN{x:x1 > s(x2)} (2.4)
and the following Rankine-Hugoniot conditions along the shock z1 = s(x3):

[pur] = s'(x2)[ puz],
[pui +p] = s/ (x2)[ puauz],
[purus] = 8 (22)[ pus® + p],
[pur(E + p/p)] = §'(w2)[ pu2(E +p/p) ],
where [ ] denotes the jump between the quantity of two states across the shock front.
Note that (u,p, p), which is smooth in Q,U .S and Q\ Qs, is a weak solution of the Euler
system (1.1) in € if and only if it is a classical solution of (1.1) in 2, U S and Q \ Qs, and
conditions (2.5) hold on the shock front S.
We need to fix one point in the nozzle in order to locate the position of the shock. Without
loss of generality, we let (0,(p(0)) be the point for the shock, i.e., s({o(0)) = 0.

In order to study the infinite nozzle flow of slowly varying-cross sections, we introduce
the background solution:

U:(I): = (utl):l:a 0’p3:7p3:)7

which are two constant states: a supersonic state U° and a subsonic state UJOr respectively,
separated by a steady transonic shock front at 1 = 0. That is,

UO—{ U° = (uf_,0,p°,p%) if a7 <0,

. (2.6)
U-(‘t)- = (u(l)+707p9,-7p3.) lf T > 0

is a transonic shock solution of (1.1) with (2.5) so that

[(c3)? = (u}1)?] > b, (2.7)

for some dg > 0, where ¢} = /yp%/pY..
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FIGURE 1. The infinite transonic nozzle problem

In this case, s'(z2) = 0, and the Rankine-Hugoniot conditions (2.5) become

[p%ui] =0,
[p°(uf)? x)o} =0, 0 (2.8)
[Pt + ] =0
Conditions (2.7)—(2.8) yield the entropy condition for the constant solution:
g > o2, (2.9)

which implies
0 0 0 0
uy <wuy_, Py >p.
Since the nozzle has slowly varying cross-sections, the lower and upper boundaries are

small perturbations of the straight walls. We assume that, for sufficiently small ¢ > 0,
G = Giz),i = 1,2, satisfy

||<z - iHC&"‘(fl,oo) S g, (2.10)
3
) < = .

where 1 < § < 2 is a fixed constant. Condition (2.11) indicates that the nozzle asymptoti-
cally converges to a uniform nozzle at the infinity with algebraic rate of order (.

Since our solutions are expected to be near the background solution U, they will auto-
matically satisfy the entropy condition because of (2.9). In particular, when U satisfies

U = U|lca(a,) < Ce

for some constant C' > 0, then U stays subsonic in the subsonic region €2, C €.
Now we set up the transonic nozzle problem. Let v be the outer unit normal to 0f2.

Problem I (Infinite transonic nozzle problem). Given a smooth incoming flow
close to the uniform supersonic flow U; at the entrance, find a transonic flow U that is
supersonic after passing the entrance {z; = —1} and subsonic in the downstream domain
s, separated by a transonic shock S := {x1 = s(z2)} with $(¢y(0)) = 0 for the following
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problem of initial-boundary value type in an impermeable nozzle:

Ulgy=—1=U_ = (8_,p,p-)(x2) € C>*(do, d1), (2.12)
u-vlp, =0, ¢=0,1, (2.13)

with the compatibility condition:
tz—(di) = Gi(=1)u1—(da), (2.14)
and the closeness condition to the uniform supersonic flow U;; at 1 = —1 and the uniform

nozzle for —1 < x1 < 1:
10— = Ul Nl czaqagan) + D G —illos.a(-1,ny <& (2.15)
i=0,1

for some small € > 0, where d; = (;(—1),: =0, 1.

In order to formulate this nozzle problem into a free boundary problem, we show the
existence and uniqueness of supersonic flows in the upstream region ;. This is achieved
via the method of characteristics in Section 9.

Theorem 2.1. There exists eg > 0 such that, when e € (0,&y), there exist a constant Cy > 0
and a unique supersonic solution U_ = (u_,p_, p_)(z,y) € C*>*(1) of Problem (1.1) and
(2.12)—(2.15) such that

||U_ - U9||C2,Q(Ql) § C()é‘. (216)

With Theorem 2.1, we can reformulate Problem I into the following free boundary prob-
lem.

Problem II. Assume that the domain Q in (2.1) satisfies condition (2.10)—(2.11). Let
U_ be a supersonic solution of (1.1) in the domain Q; satisfying the slip condition (2.13)
and the closeness condition to the uniform supersonic flow U°:

U= = U%lcaa,) <€ (2.17)

for some small constant ¢. Find a subsonic flow U(x) satisfying the Euler equations (1.1) in
the domain Q, defined in (2.4) and the slip condition (2.13), separated by a transonic shock
S = {z1 = s(z2)} satisfying s({p(0)) = 0 and the Rankine-Hugoniot conditions in (2.5).

At the corners between the shock front S and the boundaries I';, we expect less regularity
for the solution; and this less regularity spreads along the boundaries I'; so that we will not
have the C1® smoothness for the downstream solution U. Instead, we need to use the
following weighed Holder norms: For any x,x’ in a two-dimensional domain E and for an
open portion P of OF, define dx := dist(x, P) and dx x/ := min(dx, dx’). Let o € (0,1) and
o € R. We define

o; P max o
[ = sup (gm0 ply(x))),
x€E,|k|=k
o; max a+o Dk - Dk !
[u];c O,‘P% = sup (6;( x,(k+ +e0) | U(X) / U(X )| )a 2.18
Y x,x’' € E,x#x’,|k|=k ’ |X -X |a ( . )
k
o; P o; P o;P
lulliiin = D )G + ki,
i=0
where k = (k1,k2), |k| = k1 + ko, and D*¥ = 0%19%2. We also use the same notation for

one-dimensional domains. In this case, the boundary portion should be understood as the
two endpoints.
We define the Banach space C’(IZ’E"P)(E) by

« o;P
Ol (B) o= {u + u][ {7 < oo} (2.19)
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We may drop the symbols P, F in the norms within the context if it does not cause ambiguity.

For vector-valued functions U = (uq,- - , uy,), we define
a;P) o;P
\UHEMVZH llas- (2:20)

In our problem, the boundary portion is P = I'g UI'y =: I'g ;. Now we state our main
theorem whose proof is provided in Sections 3-6.

Theorem 2.2 (Main Theorem). There exists €9 > 0 such that, when ¢ € (0,e9), if the
incoming supersonic flow U_ in Qy satisfies (2.17), there exists a subsonic solution U and
the shock S for Problem II. Furthermore, if the shock S intersects with I'g and I'1 at points
(29, 29) and (21, 2}) respectively, then

U —U° ||§‘;f;£0*1) < Ck, (2.21)

5015 k) < C, (2.22)

where C is a constant depending only on o and U, but independent of €. The solution U
is unique within the class of transonic solutions U satisfying (2.21).

Remark 2.1. Combining Theorem 2.2 with Theorem 2.1, we solve the infinite transonic
nozzle problem, Problem I.

We also establish the stability and asymptotic behavior of transonic nozzle flows in Sec-
tions 7-8.

3. LAGRANGIAN COORDINATES AND REDUCTION OF THE EULER SYSTEM

To simplify the analysis, we employ the following coordinate transformation of Euler-

Lagrange type:
Y1 = 21,
3.1
{ Y2 = fg)im) pul(xlas)dsa ( )
under which the original curved streamlines become straight. In the new coordinates y =

(y1,v2), we still denote the unknown variables U(x(y)) by U(y) for simplicity of notation.
The original Euler equations in (1.1) become the following equations in divergence form:

(PTltl)vl B (%)vz =0, (3.2)
(ur + ﬁ)yl - (%)W —0, (3.3)
(u2)y1 +py, =0, (3'4)
(Gl + 25, =0 (3.5)

Let F : y1 = f(y2) be a shock front. Then, from the above equations, we can derive the
Rankine-Hugoniot conditions along F:

] =[] (). (36)

puL U1

[uy + 2] = — [222] 7/ (), (3.7)
puL 51

[Uz] = [p]f/(yz), (3 8)

1 2 P -

(il + ) =0 (3.9)

Also the original fixed point (0,(y(0)) on S becomes the origin (0,0) on the new shock F.
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Set
Ci(z1)
M = puq (1, s)ds.
Co(z1)
It is easy to check that M is a constant independent of z; from the first equation of (1.1)
(conservation of mass). Actually, M is determined by U_(—1, x3), the data of incoming flow
at the entrance of the nozzle. Also, denote

My = p2uf_ = plul,. (3.10)
Then we have
|M — M| < Ce. (3.11)

Under this transformation, the whole domain of the infinite nozzle becomes the infinite
channel:

R={y:y1>-1,0<ys < M} (3.12)
We define
Ry :=Rn{y <1}, (3.13)
Ry :=R0{y1 > f(y2)}. (3.14)
We also define
By:=RnN{y2=0}, Bi=RnN{y =M}, (3.15)

which are the lower and upper boundaries of R respectively. Then we have the slip condition:

20— ). (3.16)

(5% B;
Then Problem II is equivalent to the following problem.
Problem III. Let U_ be a supersonic solution satisfying equations (3.2)—(3.5) in the

upstream region Ry and the slip condition (3.16). Assume that U_ is a small perturbation
of U° with

|U- —U%|c2a(r_y <€ (3.17)

for some small constant ¢. Find a subsonic flow U(y) satisfying equations (3.2)—(3.5) in
the downstream region R; and the slip condition (3.16), separated by a transonic shock
F = RN{y1 = f(y2)} satisfying f(0) = 0 and the Rankine-Hugoniot conditions (3.6)—(3.9).

Correspondingly, we have the following theorem that is equivalent to Theorem 2.2.

Theorem 3.1. There exists eg > 0 such that, when € € (0,20), for any given incoming
supersonic flow U_ satisfying (3.17), there exist a subsonic solution U and the shock F :=
RN {y1 = f(y2)} for Problem II1. Furthermore, we have the following estimates:

U - 09| e < Ce, (3.18)
—1—
IS ko < Ce, (3.19)

where C is a constant depending only on o and U°, but independent of . Within the class
of U satisfying (3.18), the solution is unique.

Remark 3.1. Estimate (3.18) guarantees that the coordinate transformation is C* smooth
in the supersonic region, C''*® in the subsonic region, and Lipschitz across the shock, and
the Jacobian is nonsingular, so that we can transform the Lagrangian coordinates back to
Euler coordinates, which renders the equivalence of Theorem 3.1 and Theorem 2.2.
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From now on to the end of Section 6, we focus only on establishing Theorem 3.1 in the
y-coordinates, which yields Theorem 2.2 in the x-coordinates.

According to the coordinate transformation from x to y, we know that x5 can be solved as
a function of y. Let 25 := ¢(y) in the subsonic domain Ry and x2 := ¢_(y) in the supersonic
domain R;. Given U_, we can find the corresponding ¢_. We now use the function ¢ to
reduce the original Euler system to an elliptic equation in the subsonic domain.

By the definition of coordinate transformation (3.1), we have

u 1

v, L 3.20
¢y1 Uy ’ ¢J2 puy ( )
that is, ¢(y) is the potential function of the vector field (32, p—}“)
Equation (3.5) implies Bernoulli’s law:
Lo P
—|u|®* + ———— = B(y2), 3.21
sl + 22 = Bl (3.21)

where B = B(ys) is completely determined by the incoming flow U_ at the entrance z; =
—1.
From equation (3.2)—(3.5), we find

(vInp—1Inp),, =0,
which implies
p=A(ys)p” in the subsonic domain Rj. (3.22)
The function A = A(yz) can be determined by the incoming flow U_ and the Rankine-
Hugoniot conditions on the shock F, provided that the shock position y; = f(y2) is given.

The details of this will be discussed later (see (3.38)—(3.45)).
With equation (3.20) and (3.22), we can rewrite Bernoulli’s law into the following form:

2
+1 y
Y1 +1 _ 2
4+ ——Ap""" = Bp~. 3.23
S p (3.23)

In the subsonic region, |u| < ¢ := /vp/p. Therefore, Bernoulli’s law (3.21) implies

2B
’Yl
P>

(3.24)

where k = %

Condition (3.24) guarantees that p can be solved from (3.23) as a smooth function of
(A, B,Vo).

Assume that we have known A = A(y2). Then (u,p, p) can be expressed as functions of
Vo:
= ! , U2 = %a

PDys PDys
since B = B(ys) is given by the incoming flow.

We now choose (3.4) to derive a second-order nonlinear elliptic equation for ¢ so that the
full Euler system is reduced to this equation. Set

N'=uy, N?=p-pi. (3.26)

P = p(A,B,V(,b), Uy

p=A4p, (3.25)

Then we have the second-order nonlinear equation for ¢:
(NY)y, + (N?)y, =0, (3.27)

that is,
N¢1>y1 ¢y1y1 + (N¢1>y2 + Nzyl )¢y1y2 + Nim ¢yzyz = 0’ (328)
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where N* = N (A(yz), B(y2), V¢),i = 1,2, are given by

1 o ¢y1
NABYO) = G ), B), V)
N?(A,B,V¢) = A(y2)p(A(y2), Blys2), V) — pl. (3.29)

We now verify that (3.27), or equivalently (3.28), is uniformly elliptic for ¢, provided
that U is a small perturbation of Uy, i.e.,

U = U0,y <0 (3.30)

for any small data § < §g, where dg will be given later in Lemma 4.1. In the following, the
positive constants \; related to ellipticity will depend only on the background states UY.
Differentiating (3.23) with respect to V¢, we can calculate Pe,, and pe, —to obtain

_¢y1
= 3.31
Pon = 52 (wAp" —2Bp)’ (3.31)

2
+1
= - : 3.32
Py, ¢22(/€Ap772Bp) ( )
Now we calculate N(j)U‘, 1,7 = 1,2. First, we have follows:
¢ +1
N 1 Py Py, b (7 AT = ¢ )+ (3.33)
O bysp by, p? ¢g2 p%(kApY — 2Bp) ’ ’

where we used (3.31) and (3.23) to obtain the last equality (3.33). Similarly, using (3.31)-
(3.32) and (3.23), we have

— Apvfl(zs
N} =N =1 v (3.34)
N o )
y2 Y1 ¢212/2(K:A'0’y — 2Bp)
s _ YA THey, 1)
¢1/2 = 3 A v QB . (335)
2y, (kApY —2Bp)
By subsonicity of U and the small perturbation assumption (3.30), we have
kApY —2Bp > A1 > 0.
Hence, we know N ;yQ > Ay > 0. In the subsonic domain, we have
2
+1
|u|2 = ’Ué 3 < 02 — )\3 = ’yAp'Y_l — )\3.
p
Y2
Therefore, (3.33) implies N¢1>y1 > A > 0.
Then we have
2
Lo Lo, AT (AT - )
Ng, N, —Ng, Ng = 2 — > A5 >0, (3.36)

¢y, p*(KApY — 2Bp)?

which implies that the second-order nonlinear equation (3.27), equivalently (3.28), is uni-
formly elliptic.

Next we derive the boundary conditions for equation (3.27). Among the four Rankine-
Hugoniot conditions (3.6)—(3.9), condition (3.6) is equivalent to the continuity of ¢ across
the shock F. That is,

Oo=¢_ on the shock F. (3.37)
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Condition (3.8) will be used to locate the shock front later, and condition (3.9) is already
used to compute B. We need all the four conditions (3.6)—(3.9) to determine the function

A= A(yz).
To compute A, we first fix the shock front F. Then, from (3.8), we can determine us:
uz =uz_ + [plf'(y2). (3.38)
Let W = (u1,p, p). Eliminating us in (3.6)—(3.7) and (3.9) by (3.38) leads to
1 .
[pT] +GLU_, W, f) =G (U_, W, f) =0, (3.39)
1
i1+ 2] 4 GaU- W 1) == Gal U W f) = 0 (3.40)
1
B+ — 2] 4 Gy(U_, W, ') = Ga(U_, W, ') =0, (3.41)
2 (v="1p

along the shock F, where
Gi(U—, W, f') = O(Jua—| + |f'*).
Let G = (G4, G2,G3)". We compute Vi G = (9., G, 9,G, 9,G):
1

_Pu1p2 (1) _P{;h
VVV(;'|{U,=UE,f’=0} = 1 - pui? puy T p2ur : (342)
uy al )
(y=1p (y=1)p?
It is easy to check that
det(Viy G) = Gl S (3.43)
N O DSl ’ '

for some constant \g depending only on U°.
Therefore, by the Implicit Function Theorem, we can solve equations (3.39)—(3.41) for
W along the shock y; = f(y2). Then we define

A@ﬁ=%ﬁ@%w) (3.44)

0
Let A° = (plz’+)7 and W9 = (uf ., p%,p%). From (3.39)(3.41), we know
+

G(U°, w?,0)=0.

Hence, by Taylor expansion, we conclude that A is a small perturbation of A°:

A— A" =O(U_(f(y2),y2) = U2+ |f"(y2)?)- (3.45)
The conditions for ¢ on the lower and upper boundaries By ; are
s, =G fori=0,1. (3.46)

This is equivalent to the slip condition (3.16).

Finally, for the fixed shock F, we heuristically determine the asymptotic behavior of ¢ as
y1 — 00. Let ¢ — ¢oo(y2) as y1 — oo. From equation (3.27), N2 + p9 = p approaches to a
constant, denoted by po,. Then

(poo )1/7
— (— — 00.
p 1 as Y3 — 0o
By Bernoulli’s law (3.23), we have
1 0o\ (YHD /Y oo 2/
+ T a (P = (=", (3.47)

20 (y2)° 71
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We can solve for ¢/_(y2) from the above equation to obtain
2/ 27 Dooy (YHD/7\—1/2
2B - A== .
ool = (2B(F) 14T )
We also have the following boundary condition for [(ys):
Poo(0) =0, Poo(M) = 1. (3.49)
Integrating (3.48) and using condition (3.49), we can uniquely determine the constant ps

and the function ¢ = ¢ (y2). This can be seen as follows.
Define function h by

(3.48)

_ Doo 2/’v_ 2y Poo
WA, Bps) =2B(P5) T = T A(T)

Define a functional H : C([0, M]) x C([0, M]) x R* x R* — R! by

(v+1)/~

M 1
H(A, B, M, p.) =l/1 (h(Alys), Blya), poc))~ dyo.

0
Therefore, if ¢o and po, satisfy (3.48) and (3.49) for a given (A, B, M), then we have
H(A, B, M,p) = ¢oo(M) = 1. (3.50)

We now prove equation (3.50) is uniquely solvable for p., by showing aap—H is strictly
positive.
Actually, it is not hard to check that

OH P (< ) (u};)?)
A° B M, s >0
apoo ( 07p+) ( 9'_)2 7 5
0
where A7 only depends on U{, and BY = (ul +) + (W’Y S 5 - Computlng explicitely, we

see that 22 is continuous with respect to (A, B, M, p) € C([0, M]) x C([O, M])x R* x R™.
Hence, there exists a small constant § > 0, depending on UY, such that

OH A7
A, B,M,pso) > —
ap A B Mipoc) > o,
provided that
14— A%l + 1B = Bllc + M — Mol + [poc — p] < 6. (3.51)

Obviously, we have a trivial solution for (3.50):
H(A®, BY, My, p%) =1.
This implies p, is uniquely determined when (3.51) is satisfied.

Remark 3.2. After we obtain estimate (5.3) later in Lemma 5.1, the function ¢oe = ¢oo(y2)
derived above will be assured to be the asymptotic state.

4. FIXED BOUNDARY PROBLEMS IN FINITE DOMAINS

In this section we solve a fixed boundary problem in the truncated domain of R:

RY=Rn{y:y <Q}, (4.1)
where @ is a constant greater than 1.
Let
R}=Rn{y:fp) < <Q}, E={m=QINR (4.2)

We prescribe the condition at the exit &£:
¢|g = hq (43)
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with
hg = G(Q) + (G(Q) — ¢o(@))U(y2)- (4.4)
Using (3.49), it is easy to see the compatibility of the boundary conditions (3.46) and
(4.3):
hq(0) =G(Q),  ho(M)=G(Q). (4.5)

Now we formulate our fixed boundary problem in the finite domain R?.

Problem IV. Given an incoming flow ¢_ with

Y
||¢)7 - ﬁzHQ,a;Rl <

and the fixed shock front F := {y; = f(y2)}, find a solution ¢ of the following boundary
value problem:

Y (N'(Aly2), B(y2),V9)), =0 in RY, (4.6)
i=1,2
Plr =017,  9lBe, =C01, ble =hq. (4.7)

Then we have the following lemma for Problem IV.

Lemma 4.1. There exist a constant C, a small constant §o > 0, and a constant £9(6) > 0
for each 0 < & < &g with the following properties: If Q > 1, 6 € (0,dp), € € (0,e0(5)), and a
shock function f = f(ys) satisfies

Hf||2a(0 M) 57
then there is a solution ¢ of Problem IV satisfying
1 B 1
16 = Buclly g < Cle+6%), (4.8)

where the norms used above are defined in (2.18). Moreover, the solution is unique in the

class {6 : [l — ducll; ., ‘“3‘”)<6}.

Before we prove Lemma 4.1, we need a technical lemma for the elliptic estimate. Since
we deal only with the finite domain R? in this section, we simplify the notation by omitting

the domain R? and the boundaries By ; for the weights in the weighted norms.
Consider the boundary value problem for the elliptic equation

> (aij@)ey )y, = Y (bi(y))y,  in R (4.9)
1,j=1,2 i=1,2

with the boundary conditions:

‘P|y1:f(yz) = gS(yQ), <p|50,1 = 90,1(y1)7 <P|S = gf(yQ) (410)

Denote the intersection points of the shock F and the upper boundary B; by S; = (yi, M).
Also, the intersection points of the exit & with By, are denoted by Ey and E;. We require
the compatibility condition for the boundary data (4.10) so that ¢ is continuous on the
boundary of R?:

90(0) = gs(0),  g1(y1) = gs(M), go(Q) = ge(0), ¢1(Q) = ge(M). (4.11)

We also assume
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The coefficients a;; and b; satisfy

ST llagl + 3 bl < A, (4.14)

1,7=1,2 i=1,2

||Clij €i UH < 6 Z?] = 1a2a (415)
> ai&ig = NP, (4.16)

i,j=1,2

where ¢ = (&1, &) is an arbitrary vector; d is a fixed small constant depending on U%; \, A, e;
are fixed positive constants, depending on U° ; and 0;; = 1 when ¢ = j, and 0 otherwise.

a;Bo,1)
;RS
(4.9)-(4.10) satisfying (4.12)—(4.16). Furthermore the solution ¢ satisfies

Il < (3 lglhas + 3 oS, + 30 I6C), @i

1=0,1 i=S,E i=1,2

Lemma 4.2. There is a unique solution ¢ € C'( - for the boundary value problem

where C is a constant depending only on \, A, 0, and e;, but independent of the length of the
nozzle Q.

Proof. The boundary value problem (4.9)—(4.10) admits a unique solution in CO(R7?) N
CZ’”‘(R?), which is a classical result (see [16], Chapter 8). To obtain the estimates in the
weighted norm C(in_a) independent of the domain, a detailed analysis is required.

By assumption (4.15), the elliptic operator

> 0y,(ai0y,)

i,j=1,2
is a small perturbation of the operator
Lo = 61851 + 62852.
Without loss of generality, we may assume
€1 = €9 = 1. (418)

Otherwise, by the transformation (g1, 92) = (% r) we can change Lg into the Laplace
operator.

We first need to obtain an estimate of the maximum norm of ¢, which depends only on

the boundary data and nonhomogeneous terms, but independent of the domain. To achieve
this, we use the following comparison function

vg = co(1+y2® + (M — y2)%),

where

~ —« 11—
co=co(Gt Y IBIT), Go= Y lgilas + Y ol oo

i=1,2 i=0,1 i=3,E
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Then, using (4.15), we have
Lvg = coala—1)(y2" 2+ (M — y2)a_2)
+colag — 52@‘)%@(1/20‘71 - (M - y?)a_l)

1 a—
< 7504(1 —a)c (y2°‘72 + (M —y) 2)
1

~ a— a—1 (—a)
< gl = @)d (12" + (M —ys) )1;2 [1Bill o

for sufficiently large ¢g.
On the boundary, vy > ¢ by definition of vg. Hence, by the Comparison Principle, we
conclude

lelloo < vo < C(Go+ S [B:ll52), (4.19)
i=1,2
where C' is independent of Q.
To obtain a better maximum bound, we construct a comparison function v. We focus on
the behavior of ¢ near the origin. The other corner points can be treated in the same way.
Let 7 = (1 — a)/5. Define the function v(r, §) in polar coordinates:

o(r,0) = cr'tsin (14 (1+a+7)0) — coyp' (4.20)
= C1V1 — C2V2,
where the constants ¢; and ¢; will be determined later. A simple computation shows that
Av; = (1+a)?—(1+a+7)*)r* 'sin(r4+ (1+a+7)0)
< —2¢7° lrginT.
Together with
Avy = a1+ a)y* 1,
we obtain
Av < —coa(l +a)yp* ! < 0. (4.21)

At the corner Sy = (0,0), we assume (0,0) = 0 and go(0) = g5(0) = g4(0) = ¢g5(0) = 0.
Otherwise, we can replace ¢ with ¢ — go(0) — g4(0)y1 — (g5(0) — ¢4(0)f'(0))y2. Corre-
spondingly, we have go(0) = gs(0) = g4(0) = g5(0) = 0. Hence, the following inequalities
hold:
||90||1,a;30 y11+a S Gb T1+aa

1+« 1+«
ILas00) Y2 " < Gy T

lgo(y1)l <
lgs(y2)| < llgs

We fix a radius 7o and let Bt = B, (0) N R?. The estimate Av with the conditions in
(4.15) yield

Lv = Av+(L-A)w
< —oa(l+a)yp "+ Y (=0 vyy, + Y (@)a v,
ij=1,2 ij=1,2
a—1 <o oa—1 . o a—1, .«
< —coa(l4 a)y2® " + cady2® T F c2dy* T

i=1,2

for sufficiently large c; and small § in B;:.
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Let ¢1 := &1 (Gp+ >4 2 11bs ||( a)) We analyze the value of v on the boundary near the
corner Sy = (0,0) to find

V]yp=0 = LsinT > go

i=1,2

for sufficiently large ¢;. Also, we have
1
vlg > iéle rITsinr > gg
for large ¢;. Observing (4.19), we have

Igjaa))rol-‘ra Z <)0|

1.
U|r:ro > 561( r=rQ*

i=1,2
Therefore, we conclude
U|aB,TO > <P|aBj0~

By the Comparison Principle, we obtain

p<v<C(Gy+ Y IIbill))r e i B

i=1,2
In the same way, we can show ¢ > —v in Bj‘o.
Therefore, we have

ol < C(Gy+ D (bl ) ri e, (4.22)

i=1,2
With estimate (4.22), we can use the scaling technique to obtain the C*® estimate up to
the corner. More precisely, for any point Py € B;g /2 with polar coordinates (do,6p), we
consider two cases for different values of 6.
Case 1. 6y € [r/6,7/3]. Let By = By, /6(Po) and By = By, /3(Py). Then B; C By C B;}.
By the Schauder interior estimates, we have

< Cllello,0:B.>

where C'is a constant independent of do, and the weight of the norm is up to dBs. Therefore,
by (4.22), we conclude

llam, < CGy+ > [bili"). (4.23)
i=1,2

Case 2. 6y > w/3 or Oy < w/6. Let By = R? N Bagy/3(Fy). By the Schauder boundary

estimate, we have
<COGo+ Y bl

i=1,2 i=1,2

0
ol 5, < C(

Combining Case 1 with Case 2 yields the corner estimate:
el apz , < C(Go+ > BlIE). (4.24)
i=1,2

The other three corners can be treated in the same way. Away from the four corners, we have
the standard Schauder boundary and interior estimates. We conclude the C1:® estimate:

—a;B ,1
lelly e < C(Cot - Il ™). (4.25)

1,04;R?
i=1,2

We differentiate equation (4.9) with respect to yi for k = 1,2 and obtain

Z (aij(QDyk)yi)yj = Z ((bi)yk - (aij)ykWyj)yi = Bk (4.26)

i,j=1,2 i,j=1,2
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Let Py = (y9,99) € R?. We consider two cases. In the first case, Py is away from the
boundary F, we use the Schauder interior estimates. In the second case, for Py close to the
shock F, we use the Schauder boundary estimate with oblique boundary condition.

Case 1. For the polar angle 0y < 7/3, let By = By ,4(Po) and By = By /5(Fp). Denote
/4 y2/2
¢y, by u. Then equation (4.26) is an elliptic equatlon for u. By the Schauder estimate and
using (4.15) and (4.25), we have

< Cluloos+ D 1B = (@)ney, loas: )
i,7,k=1,2
< (Gt X (Bl + il llo.0:2) )
i,j=1,2
< I G+ D IIblITY). (4.27)
i=1,2

Case 2. 6y > w/3. This is for the point P, close to the shock F. Let u = ¢,,. We have
the elliptic equation (4.26) for u when k = 1.

We define By = By/4(Py) N RY and By = By o(Py) N RY. Then By C By C R}. Now
we need to derive an oblique boundary condition for w.

Note that o(f(y2),y2) = gs(y2). Let D = f'(y2)0y, + 0y,. Therefore, we have

Dz‘P f,290y1y1 +2f Pyryz T Pyays + f’ Py = gs- (4.28)
Equation (4.9) yields
oy, = (§ — a110,y, — 2a12<py1y2)/a227
where § =37, i1 5 ((0i)y, — (aij)y,py,). Eliminating ¢,,,, in (4.28) gives

Vily, + Volly, = V3 on the shock S, (4.29)
where
011 2a12 o pQ. o2 "o g 0.0 Q

o) = ,2f — € C*(R¥;R7), =gs — - — ey RY).
(vi,v2) = (f 22 f 22 ) ( f ), vs=gs— "¢y a9 (1,30‘1)( f)
Since 11 < —4, condition (4.29) is an oblique boundary condition. The boundary estimate
in By results 1n

lulliam < C(llullooss. + llvslloas. + [0lloa;s.)

IN

Ol (G + S ball ),

i=1,2

where b is defined in (4.26). Once we obtain the above estimate for u = Yy, by equation
(4.9) itself, we obtain the same estimate for ¢,,. Together with estimate (4.27), we obtain
estimate (4.17).

The uniqueness follows from estimate (4.17) and the linearity of the problem. This
completes the proof of Lemma 4.2. O

Now we come back to the proof of Lemma 4.1.

Proof of Lemma 4.1. By the method we find ¢o, = oo (y2) (cf. (3.47)), we know that
Doo = Do (y2) satisfies equation (4.6), that is,

> (N'(Aly2), B(y2),0, 0 (12))),, = O- (4.30)
i=1,2
Taking the difference of (4.6) and (4.30), we have
Z (a?](¢ - (boo)yi)yj =0, (4.31)

i,j=1,2
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where )
_ /0 N3, (A, B,V (6 +5(6 — 6s)))ds,  ij=1,2. (4.32)
To solve the nonlinear equation (4.6), we construct a map 7 : ¥ — X, where
—1l—«
= {6 116 = duely 8 <6}

By proving that T is a contraction map, we establish the existence and uniqueness of the
solution of (4.6).
We first define the map T'. For any given ¢ € X, we solve the linearized equation
Z (a?j (& = oo )ys)y; =0 (4.33)
i,j=1,2
with boundary condition (3.46), (4.3), and (3.37). We define the solution ¢ := T'¢. Now we
need to prove that
(i) T is well-defined and maps ¥ to itself;
(ii) T is a contraction map
For a given ¢, let a;; := a . We know that ¢ — ¢ satisfies the linear equation (4.9) in
Lemma 4.2. In order to apply Lemma 4.2, we need to verify conditions (4.12)—(4.16). Since
¢ € X, we have
llai; — €ids; H < C19,
where 02,0 (,,0 3
e = u?Jr ey = (c5)"py(uiy)
G LR
are obtained through (3.33) and (3.35) respectively, by plugging the background state UY.
For 6 < §/C1, condition (4.15) in Lemma 4.2 is satisfied. Conditions (4.14) and (4.16) can
also be verified. By Lemma 4.2, we can uniquely solve QNS and obtain the following estimate:

16— doclls ™ < Clg- = dllia ™ + D2 16— illa + g = docllia ™)

i=0,1
< Cle+6%).
In the last inequality, we use the fact that
b — 22 = O(U- ~ V2| +|/'P),

which is obtained by (3.45), (3.48), and (3.49). As long as 0 < §y = min(%,%) and
€< 20, we have gg € 3. This shows that T is a map from ¥ to itself.

Now we prove that 7' is a contraction map. Let ¢1, ¢ € 2. Let ¢; := T'¢; for i = 1, 2.
By definition of T', we have

Z (af;k(ék_(ﬁoo)yl)yj :0, k= ]_,2
3,7=1,2

Taking the difference between the above two equations and letting u := (51 — q~52, we find

Z (a?] Uy, )y, = — Z ((a¢1 - a )(¢2 - ¢<>0>yl) (4.34)

i,j=1,2 i,j=1,2

with boundary condition ul, R? = 0. Again, by Lemma 4.2, we have
1—a) 1 -
lulli ™ < Callaf) — af? I, (4.35)

Define A
Mij(y27 S,I‘) = qubyj (A(yQ)vB(y2)7 (1 - S)(O7 d)/oo) + SI‘).
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Hence, by definition of a?j in (4.32), we have

1
:/ Mij(yg,S,V(bk)dS. (436)
0
Therefore, we obtain
# / / Mig)oe (2,5, V1 + uV (1 — 62))(@1 — da)yeduds.  (437)
0 k=12
Then we have
laft — a2 1533 < Cllgr — gall50 (4.38)

From (4.35)—(4.38), we obtain
161 = dallza ™ < Collér = dalls ™,

which implies that T is a contraction map for sufficiently small § < ;.
In terms of uniqueness, we consider two solutions ¢; and ¢, satisfying estimate (4.8). Tt
is obvious that they are both fixed points of T'. Since T is a contraction map that admits a
unique fixed point, we know that ¢ = ¢5. This completes the proof of Lemma 4.1.
5. FIXED BOUNDARY PROBLEMS IN INFINITE NOZZLES
In this section, we study the solution in the unbounded domain
Rf:{y:0<y2 < M,y >f(y2)} (5.1)

We slightly change the boundary condition of Problem IV to form Problem V in the
unbounded domain.

Problem V. For given incoming flow ¢_ with

Y
||¢_ - Mi)HQ,a;R, =€

and fixed shock front F = {y1 = f(y2)}, find a solution ¢ of the boundary value problem
for equation (4.6) in Ry with the boundary conditions:

¢|.7'- = (;5*7 ¢|Bo,1 = <0,1'

Then we have
Lemma 5.1. Let the shock function f = f(y2) satisfy
1l eioan) <6

for some small constant § < oy, where dy is given in Lemma 4.1. Then there exists €9 > 0
such that, when € € (0,eq), there exists a solution ¢ of Problem V with the estimate

iBo,1
16 = Goollsanry ) < Cle+62). (5.2)
Moreover the following asymptotic behavior holds:
. —1—
Jim 16 = doclly 5 o =0 (5.3)

The solution is unique in the class of ¢ satisfying (5.2).

Proof. We have estimate (4.8) for each solution ¢¢ in R? with C independent of Q. To ob-
tain the solution for Problem V, we simply let ) — oco. By choosing a proper subsequence
{60} C {bg}, ¢q, converges to a function ¢ in the CY norm on any compact subset of Ry
and in the C? norm on any compact subset of Ry. The function ¢ is a solution of Problem
V with estimate (5.2) directly from (4.8).



20 GUI-QIANG CHEN JUN CHEN MIKHAIL FELDMAN

In terms of uniqueness, we need to investigate first the limiting behavior of ¢ as y; — oo.
Define ¢ := ¢ — ¢oo. Then ¢ satisfies the following equation

Z (a?j@yi)yj = 0’ (54)
i,j=1,2
where afj is defined in (4.32).
We multiply equation (5.4) by ¢ and integrate over the finite domain R?. By integration

by parts, we have
// Z awgoyz Py, dy = / Z awapylapuj ds, (5.5)

fZ] 1,2 fz] 1,2

where v; is the i-th component of the outer normal v = (v, yg) and ds is the infinitesimal
of arch length along the boundary of RQ By ellipticity of (af ) we know

// |Vo|?dy < C’// > alipy 0y, dy. (5.6)

fzj 1,2

Assumption (2.11) implies that

€
M) =G — i £ ——, =0,1. 5.7
ol M| = I =11 < s (5.7
Together with the boundedness of Vg, we conclude
/ Z azjcpy prjds < C. (5.8)
ORY

f 1,7=1,2

Hence, from (5.5)-(5.6) and (5.8), we obtain

// Ve|?dy < C,

where C' is independent of Q. Therefore, letting () — oo, we have

// Ve|?dy < C. (5.9)
Ry
Let Dg = (Q —2,Q +2) x (0, M). Then we have
th // |Vp|?dy = 0. (5.10)
Since
Y2
o) = ol + [ il 5)ds,
0
we obtain
M
G <2002 [ (o )i,
0
Hence,

Q+2
// Pidy < 2M Co®(y1)dys + 2M? // [Vol?dy.
Dq Q-2 Dq

By (5.10), we conclude
lim // ©*dy = 0. (5.11)
Q—00 Do

We then use the local estimates of ¢ to control the L>—norm of ¢. From Theorem 8.25 in
[16], we find that, for any y € {Q} x (0, M),

el (B1(y)) < Clelloe(Bax)nBor) T 1022 (Bay)))- (5.12)
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Estimates (5.11) and (5.12) imply that
QleOO ¢ — dooll oo (RN {y>Q}) = O-

Once we have the above decay in the L>-norm, the asymptotic behavior (5.3) immediately
follows by the Schauder interior estimates similar to Lemma 4.2 in the domain (@ — 1,Q +
1) x (0, M).

To obtain the uniqueness, we assume that there are two solutions ¢ and ¢, satisfying
equation (3.27). By taking the difference of the two equations, we derive an elliptic equation
for ¢1 — ¢2. By the asymptotic behavior of ¢; and ¢s, we know that, for any small 7 > 0,
there exists @, depending on 7, such that |¢1(Q,y2) — P2(Q, y2)| < 7. Other three boundary
conditions for ¢1 —¢9 are 0. Hence, the Maximum Principle implies that ||¢1—¢2 ”CO(R?) <.

Letting 7 tend to 0 yields the uniqueness. O

6. FREE BOUNDARY PROBLEMS IN INFINITE NOZZLES

Once we obtain the unique solution for the fixed shock in the infinite nozzle, we can
update the location of the shock front by condition (3.8) and construct a map for the shock
functions. The fixed point of this map is the real shock front. The process is the following.

Define the set for the shock iteration:

11—«
H={f 1m0 < 0} (6.1)
For any f € H, we solve the fixed boundary problem, Problem V. We can express U in
terms of V¢ by (3.25). Then we use the Rankine-Hugoniot condition (3.8) to find a new
shock f:
~ U
Pl = 2L ). om) (6.2
with f(0) =0 i
We define the map 7 by f =7 f. We need to prove that 7 maps from H into itself and

is also a contraction map.
First, by (6.2), we have

11—«
17150~ < CIU- = U° lrasry + 11U = UL 2%,)-
Estimate (5.2) implies

1~V tk, < Cllo = 37 lsm; < Cle+67).

Therefore, we obtain
Hm21”<c@+¥ww (6.3)
provided that § < dg and € < %. Hence, 7 is a map from H into itself.

Next, we prove that 7 is a contraction map. For any two shock functions f1, fo € H, we
solve Problem V to obtain the corresponding solutions ¢1, ¢, respectively. Let f; = 7 f;
fori=1,2.

In order to compare the two solutions ¢; and ¢, we map their own domains Ry, and
Ry, to Ry defined by

Ro={y : 11 >0,0<y, < M}.
The coordinate transformations o; : Ry — Ry,,% = 1,2, are defined by

y =0i(y) = (71 +n(71) fi(92), 92), (6.4)

where 7 is a smooth function satisfies

ARV
o ={ 0 P20 Wesw (©5)
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A simple calculation gives

oy , oy ;o Oy Yo
= =1+ iy - — N> -— =0, —=1
o 't o s o 9y>
Define ¢; := ¢; 0 0;. When we change the coordinates from y to y by 0,217 equation
(3.27) becomes
> (NU(F, Ak, Vs, frs 1))z =0, (6.6)
i=1,2
where
8%

Remark 6.1. For a different fixed shock y; = f(ya2), the coefficient A(y2) derived in (3.44) is
different, depending on the shock location y; = f(y2). We denote A; the coefficient for the
corresponding shock f;. Also, the asymptotic behavior of ¢; depends on f; and is denoted

by ¢

For notational convenience, for a general shock y; = f(y2), the coordinate transformation
o, the solution ¢ in the y-coordinates, and ¢ in the y-coordinates, we set

t= (51752) =Vypoo, u= (p1, p2) = Vy(l}

Hence, we have the relation

N%S’,Ak,Vy(Ek,fk,f];): Z N](Ak,B,( y(blc on
j=1,2

£ i panf’ )

P e

More explicit expressions for N! and N? are
N3, A1 f, f') = NY(A, B,t) + N*(A, B, t)(-nf"), (6.7)
N2(y, A, p, f, f') = N*(A, B,t)(1 + 1 f). (6.8)

Set & = (A, p, f, ') and & = (A;, Vg, fi, f!). Taking the difference of equations (6.6)
for k = 1,2 yields

5 / 3 )’52-1-8(51 £))ds (& — 52)) =0. (6.9)

Set
jj :/0 ?f:z (¥, &2 + s(&1 — &2))ds, b; :/0 86]1\: (7,8 + (&1 — &))ds

1 N 1 N&
o= [ Grwatsa - d= [ GoEa s - )i

Then we rewrite (6.9) into
Z (aijﬂyi)gj = Z (Bi)ﬂiﬂ (6.10)
where
U=y — o, bi=—bi(A1 — Ay) = &(f1 — fo) — di(f] — f3)

From the expressions of N?, it is easy to check that (Gi;) satisfies the same ellipticity
condition as in (4.16). Also, we have

il <e @ d) Y < O+ 6).
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We investigate the boundary conditions of w. On the shock g; = 0, we have

u(0,52) = ¢- (f1(§2)’232)—¢>—(f2@2)7372)

= [ Bt - st 1) (6.11)
On the two walls By,1, the conditlon is
u(yr,iM) = G +n(m)L(iM)) — G +n(i) f2(iM))
= /O1 G+ sn(fr = f2) + nf2)dsn(fi — fo). (6.12)

We also truncate the domain Ry with right end §; = @ and analyze the condition on ¢; = Q.
By the asymptotic behavior of ¢;, we know that, for any given small constant 7 > 0, we can
choose large @ such that

Sl ) —o@NS T < o7

i=1,2
From the derivation of ¢ in (3.47)—(3.48), we also have
168 = 6150~ < CllAL = A7,
On the other hand, from (3.45), we have
41 = Al < CUDU- sl = Follva +0llfE — A1)
Cle+0)lfr — fallSo ™

IA

Therefore, we obtain
[a(Q, )sa ™ < T+ Cle+O)Ifi — fallS ™. (6.13)

With the estimates on the boundary of ROQ, we apply Lemma 4.2 to obtain

_(—1-« -«
e < ¢ (74 E+o)lfi - £l5.7). (6.14)
Letting 7 — 0 and Q — oo, we obtain the estimate:
161 = Galls amy” < Cle+ D)y = fallsa ™ (6.15)
The method that we update the new shock fi, fo in (6.2) indicates that
1 = RIS <0 (E+0lh - RIS +160 - GlS0R) . (616)
Estimates (6.15)—(6.16) immediately imply
- 1 o
[ f1— <5l falls o™ (6.17)

for sufficiently small €,6 > 0. This is equivalent to saying that 7 is a contraction map.
There exists a unique fixed point f for 7, which is the real shock for Problem III. Then
we fix this shock f and solve a fixed boundary problem, Problem V, to obtain ¢. Through
V¢, together with the quantities A and B, we can find the solution U.

Estimates (3.18) and (3.19) are obtained by letting 6 = 2Ce, where C is the same as in
estimate (5.2) in Lemma 5.1.

For uniqueness, we assume two solutions (Uy, f1) and (Us, f2) satisfying condition (3.18).
It is easy to see that f; and fo are two fixed points of 7. By contraction of 7, we conclude
f1 = f2. Then, Lemma 5.1 gives the same potentials ¢y = ¢5. Since U, can be expressed by
V¢, for i = 1,2, Uy and Us have to be equal. This concludes the uniqueness.

With these, the proof of Theorem 2.2 is completed.
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7. ASYMPTOTIC BEHAVIOR OF SOLUTIONS AT INFINITY

After we obtain the solution of the Euler equations, the quantities poo, ¢oo(y2), and A(y2)
are determined by (3.47)—(3.49). They uniquely define the asymptotic limit Uy, of U at the
infinity, although U, is not given explicitly.

Assume further that the nozzle walls satisfy the decay condition:

9
i ) I < 1 1. N3’
HC ZHCI (xl,oo) f— (1+|.’L‘1|)B

for z; > —1,7 = 0,1. Then we can obtain the strong convergence of U to U, with algebraic
-8
rate x; ".

(7.1)

Theorem 7.1. Under assumption (7.1), the solution U for Problem I converges to its
asymptotic limit Uy, as x1 — oo with the following estimate:

(—asT'0,1) < Ce

- o0 . 77 02
HU U Hl,a,QX — (1—|—|X|)5 (7 )
where Qx = QN {x1 > X}.
Proof. To obtain estimate (7.2), it suffices to prove
_ (717Q;Bo’1) < Ca 7 3
H(b <ﬁ<>0||2,o¢;l:ily — (1_’_|Y|)ﬂ7 ( . )

where Ry = (Y, 00) x (0, M), ¢ is the potential function defined in (3.20) and satisfies the
nonlinear equation (4.31). The coefficients afj,i,j = 1,2, satisfy condition (4.15). We first
use a comparison function to obtain the L estimate for ¢ — ¢, and then the standard
Schauder estimates lead to (7.3). The method is similar to that in Lemma 4.2.

To control |¢ — ¢uo|, We first estimate the solution of (4.31) in R?, denoted by ¢¢, and

then let @ — oco. We use the following comparison function
Y2 + (M — y2)®
(Co+y1)P

where Cj is chosen large enough, depending only on the width of the nozzle M and param-
eters a, 8,9. It is straightforward to check

D7 (@R (vs)y,)y, < —M(Co +y1) P (12 + (M —y2)* ) <0 (7.5)

i,j=1,2

vg = (7.4)

for sufficiently large Cp, together with condition (4.15). Let vy = Cievs with sufficiently
large Cy. On the bounded domain R? = (1,Q) x (0, M), we use the boundary conditions
(3.46) and (4.3). By (7.1), we know that v4 > ¢g — ¢ on the walls By 1. By the definition
of hg, we have

C
(b = 62)ln=e < [ g5 < viln=e-

Also estimate (4.8) implies (¢g — Poo)|yy=1 < Ce < va4ly,—1. By the Comparison Principle,
we conclude

Ce
10Q(¥) — ¢oo(y2)| < (PRI

Since the constant C in (7.6) is independent of @, we let @ tend to infinity to obtain the
same estimate for ¢.

Once we have the L™ estimate of [¢pg — ¢oo| above, we use the standard Schauder bound-
ary estimate (up to the boundary By 1) in the domain

Ry 2= (Y —2,Y +2) x (0, M)

(7.6)
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to obtain

_ (—1—o;Bo,1) < Ce
H¢ ¢00||27Q;R§ti — (1—|—|Y|)6

This immediately gives estimate (7.3). O

8. SHOCK STABILITY

In this section, we discuss the stability of transonic shocks under the small perturbation
of both the incoming flows and the nozzle walls. We first investigate the shock stability in
Lagrangian coordinates.

Shock stability in Lagrangian coordinates. Assume that there are two nozzles
whose walls are described by Ci(l) and (i(g),i =0, 1, and two incoming flows Uiz),i =1,2,in
Eulerian coordinates.

Let

O G @

M; = / _ pur ' (—1, s)ds, i=1,2. (8.1)
6" (1)

The domains for the transonic flows U and U® in Lagrangian coordinates are defined by

R = (—1,00) x (0, M;). (8.2)

We use R(¥) as our standard domain to compare the ﬂows UM and U@ later, where My is
defined in (3.10). The domains for the incoming flows U are

RY = (~1,1) x (0, M), (8.3)
and the domains for the subsonic flows U® are
Rf}? =R N {y > fily)}, (8.4)

where f; are the corresponding shock functions.
To compare the two different flows, we need to use the standard domain R(?). Hence, we
define the coordinate transformations &; : R© — R(®) by

y = oi(9) = (31 + 002 3 02): (8.5)
where u
fi(2) = fi(M:) U2), (8.6)

and 7 is defined in (6.5). Therefore, 6;1,2' = 1,2, map the domains R into R(® and
flatten the shocks f;. Also, we define

M;
J2). 8.7

M, yQ) (8.7)

We now state the theorem for the shock stability in Lagrangian coordinates.

)

Uﬁ)(y) = U@(ﬂl;
Theorem 8.1. Let two incoming flows UY i =1,2, in two nozzles RY) satisfy
T = U0 oo 0y < € (8.8)

Let U and f; be the unique solution and corresponding shock for each i = 1,2, determined
by Theorem 3.1. Then, in the domain R(Y), we have the following stability estimate:

r r —1l—«a (1 (2 —« 1 2
1= Pl < C(I09 =015 o) + Z 16 = (P liascroe) (89)
i=0,1
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Proof. The proof basically follows the procedure in Section 6. The difference between the

transformations &; here and o; in Section 6 is that &; also scale the vertical direction by the

factor M;/My,i = 1,2. Therefore, there is an extra term M, appearing in N as in (6.6).
Also notice the difference in the upper and lower boundary conditions. We obtain

1= Rl oty < C (10D = 0PN 0+ 1000 = 2l + 3 116 = Pl ).
i=0,1
It is easy to check
My = M| < C(100 =Ty por + 3016 = (P llosos-1,00))-
i=0,1
Thus, estimate (8.9) is obtained from the above inequalities. ]

Shock stability in Eulerian coordinates. The stability in Eulerian coordinates is not
as nice as in Lagrangian coordinates due to the fact that the solutions and the shocks are not
smooth enough at the corners. Before we describe the shock stability in Eulerian coordinates,
we introduce some notations and transformations, similarly as in the Lagrangian case.

Let two nozzles Q) and Q2 be defined by

O = {x : —1<ay < o0, ((a1) < 2o < P (a1)}. (8.10)
The domains for the incoming flows U9 are
Q) =00 N {2, <1} (8.11)
We also define the standard flat nozzle
QO = (=1,00) x (0,1), Y =(=1,1) x (0,1). (8.12)

Define ; : Q) — QO by
s — () (1) )
¢ (@) = ¢ (1)

Let U@ = Ufi) o 7r;1. Let the zg-coordinates of the lower and upper ends of the shock
S; = {x1 = s;(x2)} be z; and w; respectively. We rescale the shocks s; to 5; onto (0,1) by

We have the following stability result in the C'* norm.

(8.13)

X = 7Ti(X) = (.’El,

Theorem 8.2. Let the two incoming flows UD and U® be defined in le) and QgQ) re-
spectively, and satisfy

| — Ul gaaoey <& i=12 (8.15)

Let U and s; be the unique solution and corresponding shock for each i = 1,2, determined
by Theorem 2.2. Then

— _ (1 (2 —« 1 2
51 = S2llo.as0) < CUTY = TN 0+ 321G = (P hascro). (8:16)
i=0,1

Proof. We notice that the shock y; = f;(y2) in Lagrangian coordinates gives an equation
for §; as below:

My
M;

5:(Z2) = fi(=—Fi(5:(Z2), zi + (w; — 2)T2)), (8.17)

where
x2

Fi(x) = / p(f)ul@ (1, 8)ds.
¢ (@)
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Using (8.17), we find

151 — 52ll0,a:(0,1)
< Ol f1 = fallo,as0,00)
+Ce(IMy = Ma| + |21 — 23] + Juwn — ws| + |51 — 52

71 _ @) (=)
0.a50,) + U= = UZ IILMQ@)

Since z; = Coi)(gi(())) and w; = di) (5:(1)), we conclude

|21 - 2'2| + |’LU1 - ’UJ2| § C( Z HCZ(U - 41(2) 0,0;(—1,00) + ||§1 — 89 0,0;(071)).
i=0,1
Therefore, applying (8.9), we obtain the C® stability (8.16) for the shocks in Eulerian
coordinates. O

9. SOLUTIONS IN THE SUPERSONIC REGION

In this section we give a proof of Theorem 2.1, regarding the existence and uniqueness
of supersonic solutions in the upstream region €; defined in (2.3). We actually solve an
initial-boundary value problem (2.12)—(2.13) and (2.14)—(2.15) for the quasilinear hyperbolic
system (1.1).

Proof of Theorem 2.1. We employ the characteristic method and the contraction mapping
theorem to solve the initial-boundary value problem for the hyperbolic system.

Although the proof can be done for the Euler system in the original coordinates, we prefer
to use the Lagrangian coordinates, in which case the boundaries are straight and hence the
proof is more straightforward. Since the coordinate transformation is C®%, we can go back
to the original coordinates with the same smoothness and C% estimates.

We rewrite the Euler equations (3.2)—(3.4) in Lagrangian coordinates as the non-divergence
form:

AV,, + BV, =0, (9.1)
where V = (u,p) T,
1 0 u 0 0 -2
A= 0 1 0 , B = 0 0 1 , (9.2)
a0 e w10

and p can be expressed by V' through Bernoulli’s law (3.21).
By solving det (B — AA) = 0, we find the eigenvalues of (9.1):

ep(cug + upvur? + ug? — ¢2)

U12 2

A1 =0, Aoz =

—c
The corresponding left eigenvectors are

llz(ul,uQ,O), li:(—%—i,l )\1)7 i:2,3.
Uy pug

System (9.1) is strictly hyperbolic when u; > ¢. We employ the characteristic method to
solve the problem. The approach is standard (cf. [19]).

We emphasize that the initial-boundary value problem for the hyperbolic system is more
subtle than the Cauchy problem because the well-posedness of the initial-boundary value
problem requires restrictive boundary conditions. In our case, we do have the proper bound-
ary condition, which is the slip condition (2.13). For a given point in the domain, the char-
acteristic starting from this point may hit the boundary when it travels backward. Since one
slip condition is not enough to determine the values of V' of three variables on the boundary,
we need to trace the information back from the initial data by two of the characteristics:
one travels along the wall and the other travels back inside the domain. The immediate
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conclusion from some estimates and the contraction mapping is the local existence and
uniqueness of the solution. If the initial data is a small perturbation from the constant
state, the lifespan of the solution can be long enough. We refer the reader to Section 6 in
[4] for more detailed discussion. This completes the proof.
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