TRANSONIC SHOCKS IN MULTIDIMENSIONAL DIVERGENT NOZZLES
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ABSTRACT. We establish existence, uniqueness and stability of transonic shocks for steady
compressible non-isentropic potential flow system in a multidimensional divergent nozzle with
an arbitrary smooth cross-section, for a prescribed exit pressure. The proof is based on
solving a free boundary problem for a system of partial differential equations consisting of
an elliptic equation and a transport equation. In the process, we obtain unique solvability
for a class of transport equations with velocity fields of weak regularity(non-Lipschitz), an
infinite dimensional weak implicit mapping theorem which does not require continuous Fréchet
differentiability, and regularity theory for a class of elliptic partial differential equations with
discontinuous oblique boundary conditions.

1. INTRODUCTION

We consider inviscid compressible steady flow of ideal polytropic gas.

One of important but difficult subjects in the study of transonic flow is to understand a global
feature of flow through a convergent-divergent nozzle so called a de Laval nozzle. According to
the quasi-linear approximation in [CFR, Chapter V. section 147], given incoming subsonic flow
at the entrance, the flow is always accelerated through the convergent part of the nozzle unless
the exit pressure exceeds the pressure at the entrance. The flow pattern through the divergent
part, however, varies depending on the exit pressure and the shape of the nozzle. In the
divergent part, the flow may remain subsonic all the way to the exit, or it may be accelerated
to a supersonic state after passing the throat of the nozzle and have a transonic shock across
which the velocity jumps down from supersonic to subsonic. In particular, the approximation
implies that if the exit pressure is given by a constant p. satisfying 0 < pmin < Pe < Prmaz < 00
for some constants pyn and Ppmaz, then a transonic shock occurs in the divergent part of the
nozzle. One may refer [CFR] for the quasi-linear approximation in curved nozzles. In section
2.4, for any given constant exit pressure p. € (Pmin, Pmaz ), We rigorously compute the transonic
flow of the Euler system in a multidimensional nozzle expanding cone-shaped.

The issues above motivated recent works by several authors on existence and stability of
steady transonic shocks in nozzles using the models of potential flow or compressible Fuler
system [CF1, CF2, CF3, XY1, CH1, YU1, CCF, XY2]. In these works transonic shocks were
studied in cylindrical nozzles and its perturbations. A physically natural setup for transonic
shock problem is to prescribe the parameters of flow on the nozzle entrance and the pressure on
the nozzle exit. In particular, an important issue is to show that the shock location is uniquely
determined by these parameters. However, such problem is not well posed in the cylindrical
nozzles. Indeed, the flat shock between uniform states can be translated along the cylindrical
nozzle, and this transform does not change the flow parameters on the nozzle entrance and
the pressure on the nozzle exit. This provides an explicit example of non-uniqueness. Also, for
uniform states in cylindrical nozzles, the flow on the nozzle entrance determines the pressure
on the nozzle exit for a transonic shock solution. This degeneracy leads to non-existence, i.e.
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one cannot prescribe an arbitrary (even if small) perturbation of pressure on the nozzle exit.
On the other hand, as the de Laval nozzle example suggests, it is natural to study transonic
shocks in the diverging nozzles. This removes the translation invariance in the case of Euler
system. Recent works by Liu, Yuan[LY], S.-X. Chen [CH3], and by Li, Xin, Yin [LXY] showed
well-posedness of transonic shock problem with prescribed flow on entrance and pressure on
exit of a divergent nozzle, which are small perturbation of the corresponding parameters of the
background solution, in the case of compressible Euler system in dimension two, under some
additional restrictions on the perturbed pressure on the exit. In particular, it was assumed that
for the prescribed pressure on exit, the normal derivatives on the nozzle walls vanish. While
this condition is not physically natural, mathematically it leads to substantial simplifications:
it allows to show C? regularity of the shock up to the nozzle walls, which allows to work with
C' vector fields in the transport equations.

In this paper we study transonic shocks in diverging nozzles in any dimension, for the
case of perturbed cone-shaped nozzle of arbitrary cross-section. Moreover, we do not make
assumptions on the pressure on the nozzle exit, other than the smallness of the perturbation.
This requires to consider shocks with regularity deteriorating near the nozzle walls, and then
vector fields in transport equations are of low regularity (non-Lipschitz).

Furthermore, we study this problem in the framework of potential flow. A surprising feature
of this problem is that it is not well-posed for the “standard” potential flow equation. Namely,
for radial solutions in a cone-shaped nozzle, the spherical transonic shock can be placed in any
location between the nozzle entrance and exit, without changing the parameters of flow on the
nozzle entrance and exit. This follows from a calculation by G.-Q Chen, M. Feldman [CF1,
pp. 488-489], see more details below. Thus, spherical shocks separating radial flows in the
cone-shaped divergent nozzles can be translated along the nozzle for potential flow equation.
This is similar to the case of flat shocks separating uniform flows in straight nozzles.

In order to remove this degeneracy, we introduce a new potential flow model, which we call
non-isentropic potential flow system. It is based on the full Euler system (as opposed to the
“standard” potential flow equation, which is based on the isentropic Euler system), and allows
entropy jumps across the shock. The system consists of an equation of second order, which
is elliptic in the subsonic regions and hyperbolic in the supersonic regions, and two transport
equations.

The main purpose of this paper is to establish the existence, uniqueness and stability of a
transonic shock for non-isentropic potential low system in a multidimensional divergent nozzle
with an arbitrary smooth cross-section provided that we smoothly perturb the cone-shaped
divergent nozzle, incoming radial supersonic flow and the constant pressure at the exit.

In Section 2, we introduce the non-isentropic potential flow model, and define a transonic
shock solution of this new model. Then we state two main theorems of this paper and present
a framework of the proof for the theorems. Section 3 is devoted to a free boundary problem
for the velocity potential ¢ where the exit normal velocity is fixed . In section 4, we plug
a solution ¢ of the free boundary problem in section 3 to a transport equation to find the
corresponding pressure p. In section 5, we prove the existence of a transonic shock solution of
the non-isentropic potential flow for a fixed exit pressure p.,. The uniqueness of the transonic
shock solution is proven in section 6.
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2. MAIN THEOREMS

2.1. Compressible Euler system and shocks. We study transonic shocks of steady inviscid
compressible flow of ideal polytropic gas. Such flow is governed by the conservation of mass,
momentum and the conservation of energy. These three conservation laws provide a system of
PDEs for the density p, velocity @ = (u1,--- ,u,) and the pressure p as follows:

div(p) =0
div(pi ® W+ pl,) =0

ool P

where I, is n X n identity matrix. The quantity ¢, given by

¢im \/? (2.2)

is called the sound speed. The flow type can be classified by the ratio, called the Mach number,
of |u] to c. If |—Z| > 1 then the flow is said supersonic, if % < 1 then the flow is said subsonic.
If ‘—zl = 1 then the flow is said sonic. Depending on entrance and exit data of flow or a shape
of a channel, there may be a jump transition of the flow type across a curve or a surface. Such
a transition can be understood in a weak sense as follows.

For an open set Q C R", if (p, i, p) € L} (Q) satisfies

loc

1
/ pi - Védr = /(pukfﬂ—pék) -Védr = / pﬁ(f|ﬁ\2 + P ) - Védz =0 (2.3)
0 0 o 2 (v—1)
for any £ € C5°(2) and all k = 1,--- ,n where éj is a unit normal in k-th direction for R",
(p,,p) is called a weak solution to (2.1) in Q.
Suppose that a smooth (n-1)-dimensional surface S divides € into two disjoint subsets Or.
If (p,ii,p) € L} (Q) is in CHOF) N CO(QF) then (p,d,p) is a weak solution of (2.1) if and

only if (p, i, p) satisfies (2.1) in each of QF and the Rankine-Hugoniot jump conditions(which
is abbreviated as R-H conditions hereafter)

[pti - vs]s =0 (2.4)
[p(ﬁ Vs)ﬁ+st]S = 6 (2.5)
e VP _

[2\ |” + -1 1)p]5 0 (2.6)

for a unit normal vs on S where [F|g is defined by
[F(z)]s := F(z)|g= — F(x)|qy for z€S.

To study a transonic shock in R™ for n > 2, we consider an irrotational flow in which the
velocity i has an expression of 4 = V for a scalar function . Such a flow is called a potential
flow and ¢ is called a (velocity) potential.

2.2. Steady isentropic potential flow equation and radial transonic shocks. A widely
used steady potential flow model(see e.g. [CF1, XY1] et al.) consists of the conservation law of
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mass, the Bernoulli law for the velocity. So it can be written into the following second-order,
nonlinear elliptic-hyperbolic equation of mixed type for the velocity potential ¢ : Q € R® — R!:

div(p(| V) Vi) = 0, (2.7)

where, with a particular choice of the Bernoulli’s invariant, the density function p(q?) is

p(¢?) = <1 - ’Yglqz) - : (2.8)

We note that equation (2.7) can be derived formally from the isentropic Euler system.
Steady isentropic Euler system is obtained from (2.1) by setting p = kp?, where kK > 0 is a
constant, and dropping the third line in (2.1). Then equation (2.7) can be obtained by a formal

1

calculation, substituting & = V¢ into the isentropic Euler system, and choosing x = 5

The second-order nonlinear equation (2.7) is

2.9
strictly elliptic if |Vo| > ¢, and is strictly hyperbolic if |Vy| < ¢ (29)

with ¢ =, /% = +/p?~1. The elliptic regions of the equation (2.7) correspond to the subsonic

flow, and the hyperbolic regions of (2.7) to the supersonic flow.

From the divergence structure of (2.7), it is easy to derive the following RH conditions on
shocks. Suppose that a smooth (n-1)-dimensional surface S divides 2 into two disjoint subsets
OF. If o € C%1(Q) is in C2(QF) N CHOQF U S) then ¢ is a a weak solution of (2.7) if and only
if ¢ satisfies (2.7) in each of QF and

VeIV - (2.10)

Note that [¢]s = 0 since p € CO1(Q).
Shock S is called transonic if it separates subsonic and supersonic regions.
Now we discuss radial transonic shocks, i.e. transonic shock solutions of the form
o(x) =w(r) where r=|x|.
Let 0 <r1 <19
Q= {7“1 < |x! < 7"2}.
Then calculation in [CF1, pp. 488-489] show that there exists (radial) functions @7 () =
w3 (|| (defined by [CF1, eqn (7.4)] with e.g. Ro := ) such that
(i) v € C=(Q) and satisfy (2.7) in Q,
+
(ii) ¢, is supersonic and ¢ is subsonic in . Moreover 0 < MAX,lp o] dde(r) <
. dwg
MMy [y 7] W(T)
(iii) for any ry € (r1,72), choosing a constant ¢ = ¢(r,) so that wg (rs) = wy (rs) + ¢, there
holds: function
po() = min(d (2), 95 (2) + c(ry)) for zE€Q
is a transonic shock solution of (2.7) with shock S = {|z| = 7}, and @9 = ¢, in
Q= {r1 < |z| < rs}; and o = ¢f in @ = {rs < |z| < r2}. In particular ¢y is
supersonic in €, and subsonic in Q.
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Note that 8,¢pF > 0. Thus flow enters Q through {|z| = r1} and exits Q through {|z| = ra}.
By part(iii) above, V¢ does not change on the entrance and exit when the position r4 of the
shock changes within (r1,72). Since 4@ = V¢ determines the density p by (2.8) and pressure
p = kp7, it follows that parameters of the flow on the entrance and exist of the annulus-shaped
domain 2 do not determine position r = rg of the shock.

Restricting the annulus-shaped domain €2 to a cone-shaped (nozzle) domain N as in Section
2.4, we see that the the same example shows non-uniqueness of the shock position in the
cone-shaped nozzle.

Thus we propose a new potential model, to fix this degeneracy.

2.3. The non-isentropic potential flow system and transonic shocks. The new model,
which we call the non-isentropic potential flow system, is obtained by substituting @ = Vi
into the the full steady compressible Euler system (2.1). Unknown functions in the new model
are the scalar functions (¢, p,p). Note that second line of (2.1), representing conservation of
momentum, consists of n equations. Thus we have overdeterminacy in the case of potential
model, i.e. we need to retain one equation from the conservation of momentum equations. For
that, we note that the component in the direction of u of the vector determined by the second
line of (2.1) represents conservation of entropy along streamlines (in the smooth flow regions).
This motivates us to introduce the following non-isentropic potential flow system:

div(pVe) =0, (2.11)
V- div(pVe @ Vo + ply,) =0, (2.12)
, 1 P
div(pVp(=|Ve|? + ——)) =0. 2.13
(9519 + ) (213)

(2.11) and (2.13) represent the conservation of mass and energy respectively, and (2.12) con-
cerns the conservation of the entropy along each streamline but it allows the entropy to change
between streamlines.

Since (2.12) is not in a divergence form, we cannot define a shock solution for this new
model in sense of (2.3). Instead, we employ all the R-H conditions (2.4)-(2.6) to define a shock
solution of the new model as follows:

Definition 1 (Shock solutions). (p,p,p) is a shock solution of the non-isentropic potential
flow in Q0 with a shock S if
(i) p,p € COQE) NCHOF), p € CHQE) N C*(QF);
(11) (p7 v907p)‘5r197— - (pa v907p)|50m 7é 6;
(iii) (p,p,p) satisfies (2.11)-(2.13) pointwise in QF, and (2.4)-(2.6) on S with i = V.

For (p,p,p) € C*, if p > 0 then (2.11)-(2.13) are equivalent to

1 1

div((B — 5|V<p|2)wi1w>) =0 (2.14)

V-V P —o¢ (2.15)
(B~ 3ol =

Vo -VB=0 (2.16)

where the Bernoulli’s invariant B is defined by

P

I (2.17)

1
B = Q\le +
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An explicit computation shows that, as a second-order PDE for ¢, (2.14) with (2.17) is
strictly elliptic if |Vp| < ¢, and is strictly hyperbolic if |V| > ¢

with ¢ defined in (2.2). Note that this is similar to (2.9).

Definition 2 (A transonic shock solution). A shock solution (p,p,p), defined in Definition

1, is a transonic shock solution if (1)0,, ¢lg=rg > Ov.¥lgrrg > 0 for the unit normal vs on S
pointing toward QF, and (i) V| > c in Q~, V| < ¢ in QT where ¢ is defined in (2.2).
Let 74 be a tangent vector field on S, then, by (2.5), there holds
(V- vs)(Ve - 75)ls = 0. (2.18)
Assuming no vacuum state in Q i.e., p # 0 in Q, (2.4) and (2.18) imply either Vi - vy =0 or
[V - 7s]s = 0. If Vg - vg = 0 then Definition 3.34 (ii) implies [V - 75]g # 0. In that case,

S becomes a vortex sheet. If [V - 75]s = 0 holds on S then this implies [p]s = k for some
constant k. We are interested in the case of Vo - v5 # 0 on S so (2.18) provides

[pls =0 (2.19)
choosing the constant k = 0 without loss of generality. In addition, (2.5) - v provides
[p(Vep - v5)? + pls = 0. (2.20)

Remark 2.1. The specific entropy € of ideal polytropic gas satisfies the constitutive relation
_r
kexp(e/e) = 2
for constants Kk and ¢,. A straightforward calculation using (2.4),(2.6),(2.19) and (2.20) indi-
cates that the entropy € increases across a shock S for the non-isentropic potential flow model.
The entropy jump across a shock plays an essential Tole for the well-posedness of the problem
considered in this paper.

2.4. Radial transonic shock solutions. Fix an open connected set A C S"~!(n > 2) with
a smooth boundary 9A, and define a straight divergent nozzle N by
x
N::{x:r0<|x\<rl7ﬂ€1\} for 0 <rg<r; < oo.
x

Regarding A as a n-1 dimensional submanifold of R"!, let 2/ = (2}, -+ ,2/,_;) be a coor-

dinate system in A. Particularly, if A € S !, then A can be described by a single smooth
diffeomorphism(e.g. stereographic projection), say, T i.e., there is A7 C R"~! with a smooth
boundary so that Ap can be described by

A={T():2' € Ar}. (2.21)

Then, for any x € N, there exists unique 2’ satisfying é—‘ = T'(2'). For convenience, we denote
as
x
z=p(ra) 2erA if r=|z, T()= ] €A (2.22)
x
To simplify notations, we denote as 2’ € A instead of 2’ €7 A hereafter. The coordinates (r,z’)
in (2.22) is regarded as a spherical coordinate system in N.

For later use, we set
Lent i ={x =7 (r,2") :r=rg,2’ €A}, Tep:={z=p(r2):r=r,2 €A}
Ty := 0N\ (Tent UTe,).
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To simplify notations, for a function (x) defined for z € N, if x =¢ (r,2’) then we identify
¥ (r, x") with ¢(x) without any further specification for the rest of paper. Similarly, any function
f(ﬁ) defined for 7 € A, we identify f(2) with f(é—‘) if & = T(2'). Furthermore, any function
o varying only by the radial variable |z|, we write as @g(r). Also, in (r,2') coordinates, we
denote as

N =(ro,r1) x Ap, N =Nn{r<a}, Nf =Nn{r>a}. (2.23)

For a fixed constant vector (pin,vVin,Pin) € Ri with vy, > (= 1/Agifin"), let us find a

transonic shock solution (pg, o, po) satisfying

(p07 a’rSOOapﬂ) = (pi’m vinyPin) on Fentv (224)
Ovpo =0 onTy, (2.25)

where 1, is the unit normal on I, toward the interior of A/. Since (2.11)-(2.13) are invariant
under rotations, we expect (po, @o,po) to be functions of r only. Then (2.25) automatically
holds on T'y,. For a continuously differentiable radial solution (p, ¢, p), if ¢, # 0 in N, then
(2.11)-(2.13) are equivalent to

d
di(rnilp(p?") =0,

d, 1 5 dp

(= L 2.2
pdr(2@7‘) + dT' 07 ( 6)
Ly P 14 YPin
— o5 + — = =VUin + — = BO
2 (y=1p 2 (v = Dpin

(2.26) can be considered as a system of ODEs for (¢, p) because of
P

p= . (2.27)
(v = D)(Bo — 5¥?)
To find (¢, p), we rewrite (2.26) as
dp, _ 20— 1)(y — Der(Bo — 5¢7) (2.28)
dr (7 + Dr(y? — Ko) ’ '
dp 2(n — 1)yprp
—_— = — 2.29
ar = G+ D - Ko) (22
with
2(y = 1)By
Kyi=——. 2.30
° v+ 1 (2:30)

Fix rg € (ro,71), and let us find a radial transonic shock solution with the shock on {r = r,}.
For that purpose, we need to solve (2.28) and (2.29) in two separate regions of supersonic state
and subsonic state.

For the supersonic region N, the initial condition is

(Sorvp)(TO) = ('Uinapin)- (231)

Then (2.28), (2.29) with (2.31) have a unique solution (Jr¢y,py) in N,,. For the subsonic
region N7, we solve the system of the algebraic equations (2.4), (2.20) and (2.27) with 8,4,
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and p, on the side of N for (9,¢,p)(rs). Then there are two solutions for (9., p)(rs) but
the only admissible solution in sense of Definition 2 is

Orp(rs) = Do (rs)’ (2.32)
p(rs) = (pa(é’er)Q +po — o Ko)(rs) =1 ps,o(rs)- (2.33)

So the initial condition for the subsonic region is given by (2.32) and (2.33).

Let (0,08, pg) be the solution to (2.28), (2.29) with (2.32), (2.33).

We claim that (0,¢q ,py ) is indeed supersonic in N, while (ﬁrgpar, pg) is subsonic in N;T.
Plug W = ¢? into the equation of Bernoulli’s law (argo) + ( ) 5 = By to obtain

v+1
gy — = T(SO% — Ko). (2.34)
Denote VIIO’TOi as c4 then, v2, > ¢2 and (2.34) i = Oppy thus (9,7 )% > ¢
0

for r > 79 so (Or¢y ,py ) is supersonic in N;. On the other hand, by (2.32), Orpg (15) satisfies
the inequality
’Y + 1 KO

2 (Orpy)?
at v = rs, and this implies dgﬁf < 0 for ¢, = (‘97406“. So (8T<pg)2 < ci holds for r > rs.
Therefore, we get a family of radial transonic shock solutions as follows:

(Brpg)? — ¢} = (Ko = (9rg)?) <0 (2.35)

Definition 3 (Background solutions). Forrg € (rg,71), define

(pa) @avpa)(ra Ts) m [T07 Ts]
(o, v0,p0)(1r;7Ts) i= .
’ (o8 0,03 ) (5 7s) —im (7s,771]

P ( )
with pg (7" Ts) = (v—1)(Bo— 1 (Or 3 (1))2)’ and

~(rir) / Do (t)dt, it (rimy) = / Orpi (B)dt + o (1)

where (@«pa:,po )(r) is the solution to (2.28)-(2.29) with (2.32)-(2.33) and (2.31) respectively.
We call (po, po,po)(r;7s) the background solution with the transonic shock on {r =rs}.

Remark 2.2. For a small constant § > 0, (9,¢F,pT) can be extended to Nt o5 and N, as
as solutions to (2.28)-(2.29) with (2.32)-(2.33) and (2.31) respectively where Ni;s is defined
by (2.23).

Remark 2.3. For a fized rs, p, and p, monotonically decrease while 0,p, monotonically
increases by r. On the other hand, by (2.35), par and pg monotonically increase while &,gaar
monotonically decreases.

Another important property of the background solutions is the monotonicity of the exit
values of (pg, Orpo,po) depending on the location of shocks rg. In [YU2], it is proven that,
for the full Euler system, p('f (ri;7s) and paL (r1;75) monotonically decrease with respect to r
while 8,0908; (r1;7s) monotonically increases. If 9,.¢0(r;7s) # 0 in N, then the non-isentropic
potential flow model is equivalent to the full Euler system for smooth flow. So the monotonicity
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properties of the exit data applies to the background solution (pg, ¢o,po) of the non-isentropic
potential flow model so we have:

Proposition 2.4 ([YU2, Theorem 2.1]). Let us set pmin = par(rl; r1) and Pmaz = par(rl; o).
Then Pmin < Pmaz holds. Moreover, for any constant p. € (Pmin, Pmaz), there exists unique
i € (ro,m1) so that the background solution (po, o, po)(r; i) satisfies pg (r1;77%) = pe.

Readers can refer [YU2] for the proof although we would like to point out that the follow-
ing lemma, which will be used later in this paper, plays an important role for the proof of
Proposition 2.4.

Lemma 2.5. For any given rs € (ro,71), let (pg, od,pg )(r) be the background transonic shock
solution with the shock on {r = rs} defined in Definition 3, and let us define pgy by
%(6525 - TSD(JJF)(TS)

Or(pg — 908_)(7“5)

o =

(a) Then, there holds ug > 0.
(b) Also, we have, for pso defined in (2.33)

s A (0= D [(0rg)* + 257 Kol

r=rg < 0. 2-36
dr dr (v —=1)r(By — %(Orgoa)Q) | ( )

Proof. By (2.28), we have

d KO +
@y~ 0P
_ _C(n,'Y) [ Ko(Bo — %(8T906)2) i ar@a_(BO - %(5&3)2)} (75)
s Orpg ((Orpg)? — Ko) (Or5)? — Ko
with the constant C'(n,v) = W > 0. Applying (2.32) to replace 9,4 (rs) by 5 (plfo( 7
rPo (T's
we obtain
d , K 2(n — 1)vK
di( 0, - TSO(J)F)(TS) = ( )’7 70 > 0. (237)
T Orpg (v + DrsOrpq (1)

By (2.32) and (2.35), it is easy to see 9,(¢; — ¢g)(rs) > 0, and thus (a) holds true for all
rs € (ro,r1).
Similarly, by (2.27)-(2.29), (2.32) and (2.33), we obtain (2.36). O

2.5. Main theorems. According to Proposition 2.4, for any given constant p. € (Pmin, Pmaz),
there exists a transonic shock solution whose exit pressure is p.. Our goal is to achieve the
existence of a transonic shock solution when we smoothly perturb incoming supersonic flow,
the exit pressure and the nozzle N.

Let A be a nozzle smoothly perturbed from A by a diffeomorphism ¥ : /' — R", and
(p, @, D) be a transonic shock solution of a non-isentropic potential flow in A/ with a shock S.
Then S separates N into a supersonic region N~ and a subsonic region N*. Let us denote
(P, @, D)| g+ as (P, O+, p+). If the entrance data for (p, @, p) is given so that the Bernoulli’s

invariant B is a constant at the entrance of the nozzle A then, by (2.4), (2.6) and (2.16),
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(p+, P+, p+) is a solution to the system of (2.14), (2.15) and

P
(y—=1p
where the constant By > 0 is determined by the entrance data.

On the shock S, (2.19) and (2.38) imply

1 _
§\v¢12+ =By in N* (2.38)

P

[é(v(;; )+ g = 0 (2.39)

for a unit normal 75 on S.

Let us set K := 2(%:11) (3(Ve_ -175)2—1—&), and solve (2.4), (2.20) and (2.39) for Vo -7

and p, to obtain

K,
V b, . ~3 - D<= < 240
P+ v Vo - s ( )

pr=p_(Vo_ - 0) > +p-—p_K, on S. (2.41)

For a transonic shock solution (3, @, p) in N, let N~ := {|V| > ¢} be the supersonic region,

and Nt := {IV@| < ¢} be the subsonic region where ¢ is defined in (2.2) by replacing p, p by
p,p on the right-hand side.

Problem 1 (Transonic shock problem in a perturbed nozzle N = W(N)). Let (5, 5, p_) be
a supersonic solution upstream with B = By at the entrance fent = U (Lent) for a constant By,
and suppose that Vo_ - v, =0 on fw = U(I'y) for a unit normal v, on fw.
Given an exit pressure function Pez on fem = U(T¢y), locate a transonic shock S i.e., find a
function f satisfying
N==Nn{lz| < f(

x T

)Y, N =N0{lel > f(7)),

and then find a corresponding subsonic solution (p+,p+,p+) downstream so that
(i) (Py, @i, Py) satisfies (2.14), (2.15) and (2.38) in Nt ;
(ii) @4 satisfies the slip boundary condition V@4 - vy, = 0 on fj; = ON*t NTy;
ii) (@4,py) satisfies (2.19), (2.40) and (2.41) on S;

V) P+ = Dex holds on fex.

] ]

(i

(i
For convenience, we reformulate Problem 1 for (p, p,p) = (p, ¢, p) o ¥ in the unperturbed

nozzle N. If (p, ¢, p) solves (2.14), (2.15), (2.38) then (p, p, p) satisfies

divA(z, DV, Dp) =0 (2.42)

(DT HT (DY) Dy - D L =0 (2.43)
(Bo — J|Dw1 D)

Lo P
DY Dy|* + —~— =B 2.44
°| P+ = B (2.49)
for z € UL(NF) =: N* with Dy = (0z;0)7—1, DU = (02, Y;) =1 DU~! = (D)~ Here,
A(z, DV, Dyp) in (2.42) is defined by

1 1
Al,m,n) = detm (By — 5|m ™'y 77 (m™")Tm ™"y (2.45)
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for (z,m,n) € N x B(ann) (I,) x Bgl)(O) where we set Bg)(a) as a closed ball of the radius R
in R¥ with the center at a € R¥. Here, d is a sufficiently small so that (2.45) is well defined for
all m € B} ™" (I,).

By (2.19), the unit normal on S toward Nt has the expression of
Dy(‘ﬁf — ‘;bJr)

T [Dylp- —o4)
So the R-H conditions for (p, ¢, p) on S := U~1(S) are

ot = p- (2.47)

with Dy = (8, ,dy,)- (2.46)

* _ KS
Q (D‘IJ7 DSD—a DSD-‘F)DQO-F Vs = Q*(D\I’, DQO,, DQOJF)D@f Vs (248)
p=p-[(DY (DY )Dp_ - v]* + p- — p_ K, (2.49)
with D = (0y,,- -+ , 0z, ) where we set

* f_ — —

@ (m &)= S ), (2.50)
_2(y=1) 1 |D(p—- —9)|(DTH)"DU'Dyp_ - vs P

=51 & DV D) reeoe) @

Vg = ——— .
T ID(p- — ¢4
We note that, by (2.47), v, is the unit normal on S toward N'". Problem 1 is equivalent to:

Problem 2 (Transonic shock problem in the unperturbed nozzle N). Let U be a smooth
diffeomorphism in N'. Given a supersonic solution (p—,o—,p_) = (p—, p—,p—)oV in N~ where
(p—,p—,p—) is as in Problem 1, and an exil pressure function pe, = Per 0V, locate a transonic
shock S i.e., find a function f satisfying N~ = {|D¥'Dy| > ¢} = N n{r < f(z')}and
Nt ={IDY'Dy| < ¢} = NN {r > f(z')} for the (r,z') coordinates defined in (2.22), and
find a corresponding subsonic solution (py,py,ps) in N so that

(1) (p+,p+,p+) satisfies (2.42)-(2.44) in Nt
(ii) On T} :=TW NONT, vy satisfies

A(z, DY, D) - v, =0 (2.53)

for a unit normal v, on 'y;
(iii) (¢+,p+) satisfies (2.47)-(2.49) on S;
(iv) p = pex holds on Te,.

Our claim is that if a background supersonic solution (p;, ¢y ,p,) and a constant exit
pressure pe € (Pmin, Pmaz) are perturbed sufficiently small, and also if ¥ is a small perturbation
of the identity map, then there exists a corresponding transonic shock solution for a non-
isentropic potential flow.

To study Problem 2, we will use weighted Holder norms. For a bounded connected open set
Q C R™, let I' be a closed portion of 9f). For x,y € §, set

0y = dist(z,I')  6g,y = min(dy,dy).
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For k€ R, a« € (0,1) and m € Z, we define

lullieoh = > supopex(FR0| Dy ()]

0§\ﬁ|§mx69
[u](kvr) — Z sup 6max(m+a+k,0)|Dﬁu(x)_Dﬂu(y”
el i eyenaty |z — ylo
k,T) kI
lull St = Nl + [l ot

Where we write DP = 8511 85;” for a multi-index 5 = (81, -+, fyp) with 8; € Z4 and |5] =
e use the notation or the set of functions whose || - ’ norm 1s finite.
"B W h Clot (©) for th f functi h S is fini

Remark 2.6. Let Q be a connected subset of N', and T' be a portion of Q. For T in (2.22),
let us set Qy = {(r,2") : & =p (r,2'),x € Q} and Ty := {(r,2’) : @ =¢ (r,2’),z € T'}. Then
there is a constant Cx(N,Q,n,m,a, k) so that, for any u € C’,Tfa(Q), there holds

1 ks kD)
e lulhea, <l < Cullully

m,o,$y m,a, 2 —

(2.54)

mon*

For a fixed constant data (pin, Vin, Din) € R3 7 satisfying v > w ™ and pe € (Pmins Pmaz ) 1€t
(po, 0, o) be the background solution with (pg, &ngoo,po)(ro) (pm, Vin, Pin) and po(r1) = pe,
and let So = {r = rs} NN be the shock of (pg, v, po). Now, we state the main theorems.

Theorem 1 (Ezistence). For any given o € (0,1), there exist constants o1,9,C > 0 depending
on (Pins Vin, Pin)s Pes T0, T1, Y, My A and « so that whenever 0 < o < oy, if

(i) a diffeomorphism ¥ : N'— R™ satisfies
= |V — Id|s,an < 0,

(ii) (p—,¢—,p-) is a solution to (2.42)-(2.44) in N 5, and satisfies the boundary condi-
tion (2.53) on Ty NN o5 and the estimate

<o
+26

2= lp— = po

)

T - _p5‘27a,N;S+25 +le-—¢g

(iii) a function pey defined on Ue, satisfies

LON
3= ||pex pa”l .08) <o,

then there exists a transonic shock solution (p, go,p) for a mon-isentropic potential flow with a
shock S satisfying that

(a) there is a function f : A — RT so that S, N~ = {z € N : [DY"'Dp| > ¢} and
Nt={zx € N : DV 'Dy| < ¢} are given by
S={(r,2') e N:r=f(a),2' € A},
N =Nn{(r2):r< fl@)}, NT=Nn{(r2):r> fla)},
and f satisfies
|f = 7sltan < Cls1 + @ +3) < Co;
(b) (p,,p) = (p—,p—,p-) holds in N~
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(c) (p,p. )|+ satisfies (2.47)-(2.49), (2.53) and the estimate
B 7Fw —1- ’Fw - 7Fw
llo = p(—)i_|’§7;fj\/'+) +le- SDS_H;OQNOL : + [lp —P(}FHE,;&NQ < C(s1 4+ 52+ 3);
(d) p = pex holds on T,

Remark 2.7. In this paper, we phrase any constant depending on pin, Vin, Din, Pey 705 T1, Y, 1y A
and o as a constant depending on the data unless otherwise specified.

Theorem 2 (Uniqueness). Under the same assumptions with Theorem 1, for any o € (%, 1),
there exists a constant oo > 0 depending on the data in sense of Remark 2.7 so that whenever
0 < 0 < g9, the transonic shock solution in Theorem 1 is unique in the class of weak solutions
satisfying Theorem 1(a)-(d).

Remark 2.8. By Theorem 1(c), Theorem 2 implies that the transonic shock solutions are
stable under a small and smooth perturbation of the incoming supersonic flow, exit pressure
and the nozzle.

2.6. Framework of the proof of Theorem 1 and Theorem 2. By the decomposition
(2.42)-(2.44), if we solve (2.42) for ¢, then we can plug it into the transport equation to solve
for p, and solve the Bernoulli’s law for p. To solve (2.43) for p, however, the initial condition
on S can be computed by (2.48) and (2.49). But if we also fix p = pe, on I'ey, then the problem
gets overdetermined. So, we set the framework to prove Theorem 1 and 2 as follows.

(Step 1) To prove Theorem 1, we first solve

Problem 3 (Free boundary problem for ¢). Given the incoming supersonic flow (p—,p—,p—)
and a function ve, defined on Ly, find f € C'(l’_o;,aA) (A) and ¢ in N'T so that (i) ¢ satisfies
IDU'Dy| < ¢ and (2.42) in Nt = N0 {(r,2") : v > f(a')}, (i) also satisfies (2.47), (2.48),
(2.53) and M (xz, D) = Ve on T'ep with the definition of M(x, Dy) being given later.

Let us emphasize that Lemma 2.5 is the key ingredient to prove Lemma 3.3, and this lemma
provides well-posedness of Problem 3.

(Step 2) In Section 4, we solve (2.43) for p after plugging ¢ in to (2.43) by the method of
characteristics in N'* with the initial condition (2.49) on S. However, as we will show later,
Dy is only in C* up to the boundary of N so the standard ODE theory is not sufficient to
claim solvability of (2.43). For that reason, we need a subtle analysis of Dy to overcome this
difficulty.

(Step 3) For a fixed (¥, ¢_,p_), define P by P(V, p_,p_,Vezx) = Pex Where pe, is the exit
value of the solution p to (2.43) where ¢ in Problem 3 is uniquely determined by (¥, p_, p_, Vez)-
In Section 5, we will show that P(U, p_,p_,) : Vez > Pes is locally invertible in a weak sense
near the background solution. The weak invertibility is proven by modifying the proof of the
right inverse mapping theorem for finite dimensional Banach spaces in [SZ], and this proves
Theorem 1.

(Step 4) To prove Theorem 2, we need to estimate the difference of two transonic shock
solutions in a weaker space than the space of the transonic shock solutions in step 3. This
requires a careful analysis of solutions to elliptic boundary problems with a blow-up of oblique
boundary conditions at the corners of the nozzle N/. See Lemma 6.3.
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3. PROBLEM 3: FREE BOUNDARY PROBLEM FOR ¢
To solve Problem 3, we fix the boundary condition on the exit I', as
A(x, I, D‘P)D(P *Vex = Vex (3.1)

where v, is a small perturbation of the constant v, given by

1 1
ve := Az, I, Do ) Dy - verlr,, = (Bo — §|3r%08L(7’1)\2)”*13r%08r(7’1)~

L

Here, v, is the outward unit normal on I'¢, so v, is 7 = o]

. Let (po, o, po) and 7 be as in

Theorem 1.

Proposition 3.1. Under the assumptions of Theorem 1(i) and (i), for any given o € (0, 1),
there exist constants 03,9, C > 0 depending on the data in sense of Remark 2.7 so that whenever
0 < o < o3, if a function ve, defined on T'ey satisfies

—a,dA
4 = [[Vex — UcHg?anA ) <o,

then there exists a unique solution ¢ to (2.42), (2.47), (2.48), (2.53), (3.1) with the shock
S, and moreover,
(a) there exists a function f : A — RT so that S, N= = NN {|D¥'Dy| > ¢} and
Nt =NN{|DY1Dy| < c} are given by
S={(na) €N :r=[(),2' € A},
N-=N{ma) ir < 1@}, NP =NA{na) > ),
and f satisfies
lf —7slian < C(s1+s2+) <Co,
(b) ¢ = p_ holds in N,
(c) ¢ satisfies the estimate

le — g IS "™ < Cla+ 2+ a1) < Co (3.2)

We prove Proposition 3.1 by the implicit mapping theorem. For that, we first derive the
equation and the boundary conditions for ¢ := ¢ — goar .

3.1. Nonlinear boundary problem for ¢ = ¢ — apaL. If ¢ is a solution in Proposition 3.1
then ¢ := ¢ — Lpg satisfies

(ajk($>D¢)8j¢)'Vw = [A(J}?I'MD()D) _A(an\IIaDSO)] on F;L_a
(ajk(x7 Dw)ajw) *Vex = VUex — Uc on Fem (3.5)
with I} := T\, NONT and
1
o) = [0 A (e, Lo D + an)da (3.6)
0
Fi(z,m,n) = —Ap(x,m, Dof + 1) + Ap(z, I, Dog + 1) (3.7)

where A = (Ay,---, Ap) is defined in (2.45). The boundary condition for ¢ on S needs to be
computed more carefully.
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Remark 3.2. In this paper, we fix the Bernoulli’s invariant B as a constant By. So, for given
(U, o_,p_), by (2.44), p_ is given by

YP—
(v = 1)(Bo — 3ld¥=1Dg_[?)’

So we regard (¥, o_,p_) as factors of perturbations of the nozzle, and the incoming supersonic

flow.

Lemma 3.3. Let f and ¢ be as in Proposition 3.1 and set ¢¥_ := ¢_ — @y . Then there are
two functions p = py, g1 = g1(x, DV, p_,_, Dyp_, D) in sense of Remark 3.2, and a vector
valued function by = by (x, Dy —, D) so that v satisfies

p_:

bi - D — ppp = g1 on S. (3.8)

Moreover, b,y and g1 satisfy, for pg > 0 defined in Lemma 2.5,
s = prollan < Cls1+ 2 + 1), (3.9)
Hb1—-V4ﬁ;3fA)EZCK<1+—Q-+§4% (3.10)
||91H§,_a°f’A6A) < C(s1 + s2). (3.11)

So if o3(in Proposition 3.1) is sufficiently small depending on the data, then there is a constant

A > 0 satisfying

,ufz%>0, and by-vs >\ on S (3.12)

where the constant A also only depends on the data as well.

Proof. Step 1. In general, at (f(z'),2') for 2’ € A, 1 = ¢ — ¢ satisfies
Ky Ko

Opp = Opp — Do + (M — Org) (3.13)
where K is given by (2.30). By (2.32) and (2.47), (3.13) is equivalent to
D -7 — ppp = h (3.14)
with
@) N d%(af;a — Orpy ) (rs + t(f(a) —rs))dt (3.15)
T T T 0nes — o) et () — )it |
h=Dp-i— Dzo,f — plp- = 05) = e — gt (3.16)

where we set ¢_ =: p_ — ¢ .

Suppose that ¥ = Id, (p—,p—) = (¢, ,py ) and ¢ in Proposition 3.1 is a radial function with
a shock on S = {r = fp} for a constant fo € (r9,r1). Then, (2.32) implies h = 0 in (3.14).
Then the boundary condition for ¢ on S is

oY —ppp =0 on S ={r= fo}. (3.17)
Step 2. (3.17) shows how to formulate a boundary condition for ¢ in general.
Since - T(pg is smooth, by Proposition 3.1, we have

Ko
Orey
lker = tollt,a,n < CIf = 7sll1,a8 < Cllp — Y|

La,s < C(s1 4+ ).



16 MYOUNGJEAN BAE AND MIKHAIL FELDMAN

(3.9) is verified. By Lemma 2.5, g is a positive constant.
We note that h* in (3.16) depends on DV, p_, D1p_ in sense of Remark 3.2, and also depends

on D1p. So we should carefully decompose h* in the form of h* = - D1+ g so that a weighted
—1-a,T'w)

Hélder norm of g does not depend on ||w||é an+ 7 if o3 is sufficiently small. For h* defined
in (3.16), by (2.48), we set h* = a1 — ag with
o KO B Ks
" Dy -7 QDy v
We note that, by (2.47), vs — 7 is written as

vs — 7 =v(Dy_, DY) —v(0,0) = j1(DyY_, DY) Dy + jo(Dy—, DY) D (3.19)

where we set

ay =Dy -7 —QDyp-vs, as on S. (3.18)

(Dpy + &) — (Deg +1)

&)= Dy + &)~ (Deg + )] (3:20)
7&m) = /01 Dev(t&m)dt , j2(&;n) = /01 Dyv(0, tn)dt (3.21)
for £, € R™. Then, we can rewrite a; as
a1 =Dy - (F—vs)+ (I —Q)Dy - vs
= —[F (D, DOID(eg +1) - Do+ ha 2= fr - D+ 3:22)
with
m(DY, D, D) = —De- [j1(Dib_, DY) D] — (Q — ) Dig - s,
Here, all the quantities are evaluated on (f(z'),2') € S.
To rewrite ao for our purpose, let us consider Ky — K first.
KoKy = T (P 1 @De )+ ety gy

=:@x

H(ﬁ—* - I;i:)| S”g;a/,\aA) is independent of ¢ but ¢, should be treated carefully.
— 0 I k)

G« = [Dopg [P(1 = (7 - v)?) + [(Depg - ve)® = (QDgp— - vs)?) = [ + I

It is easy to see that a Holder norm of I3 is uniformly bounded independent of . Let us
consider I; now. By (2.52), a simple calculation provides

o _ D — )2 — |0, (- — )2 _ (DY = 9,97) - Dy
|D(p- — @) D =)

where a Holder norm of I3 is independent of 1 if o3 is sufficiently small. By (3.18), (3.23) and
(3.24), ag is

+ I3 (3.24)

1— (7 vs)

(v — 1)0rpg (DY — 8pp7) | [j3 (DY, D) K7
(v + DID(p- —¢)I? QDy_ - v,
=: B2 - D + ho

) - D+ hy

a2 = (3.25)
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with
he = L Oy b+ Io) + ——L (= Bh
v+l (v +1)0reg P— pg (3.26)
+ gy (R P T (D Do)
By (3.22) and (3.26), we can write h* = a; — ag as
= (61 — B2) - DY+ (h1 — h2) (3.27)

for 812 = Bi12(DY—, D), h1 2 = h12(DV, Dy_, D) defined in (3.22) and (3.25). From this,
we define b1, g1 in (3.8) by

bi=7—=p1+02, g1=h1—hy—ppp_. (3.28)
By the definition of g; in (3.28) and Proposition 3.1, we have

g1 (D, p_, Dy, v, DY) XN < 1+ 0) (a1 + @)

so (3.11) holds true if we choose o3 satisfying 0 < o3 < 1.
It remains to verify (3.10). From the definition of v(&, ), one can check

L. D(pq — @)Dy —¥5)
(g = #5) [D(eq — o)l
so we have j2(0,0)7 = 0 where js is defined in (3.21) then (3.22) and (3.25) imply £1(0,0) =

£1(0,0) = 0. As vector valued functions of £, € R™, 8 and 3y are smooth for &,n € B}(0)
for a constant d > 0 sufficiently small. So if o3 is sufficiently small, then we obtain

112Dy, DY) TN < Ol + @ + <), (3.29)

Dyr(0,0) =

and this implies
61 (DY—, D) = vill ™ < Claa + o+ a) + v = 7l
By (2.52) and Proposition 3.1, vg — 7 satlsﬁes
|vs — THl aaA) < C(a1+ 2+ ),

therefore (3.10) is verified provided that we choose o3 in Proposition 3.1 sufficiently small
depending on the data. O

3.2. Proof of Proposition 3.1. Fix a € (0,1). For a constant R > 0, keeping Remark 3.2
in mind, we define neighborhoods of Id, (¢y,py ), Ve, Ts-

BV (1d) = {¥ € C>*(N,R") : |¥ — Id|g0n < R},

BL (05.95) = {(p—.p-) € CPN_5) x CP*(N_g)
’90 - 906‘3,(1,]\/;5“ +|p~ _pa|2f°‘7Nr;+5 < R},
(13) la (—a,0A) (3.30)
BR ('Uc) = {Ue;r S C(*&,BA)(A) . Hveax - UCHl o, A < R}

BS’W, o7 ) = By 1d) % B o) B )
—a,0M)



18 MYOUNGJEAN BAE AND MIKHAIL FELDMAN

For a sufficiently small R > 0, Bg)(I d, oDy V) is a set of small perturbations of the
nozzle, the incoming supersonic flow and the exit boundary condition for . For two constants

C* 0% > 0, define 3 - BY (Id, g5, py ,ve) X Bily (rs) = C2%_ oy (D) by
:‘(\Ilv P—yP—, Vex, f) = ((pa - QD(—)’_ - ¢)(f(95,)> IL'/) (331)

for 2’ € A where 1) satisfies the following conditions: setting
./\/’JT =NN{r> f)}, Sp:={r=f(),2" €A},
(i) v satisfies

1—a,Tw) *
[l o < Mo (3.32)

for a constant M > 0 to be determined later;
(ii) 1) solves the nonlinear boundary problem:

Ny (¥) = Oklaji(x, Dp)ojp) = > Ok Fy(z, DY, D) in N
J:k k

M () := by (D, 9) - Dip — pugip

=g1(x,D¥,p_,2_,D¢_, D) on Sy (3.33)
M?() = [ajk(2, DY) D - vy = ga(w, DY, D) on Ty = NS NTy,
M3 () := [aju(x, DY) DY - Vew = g3(vea) on Tey
with
(s DV. DU) = ~[A(w. DV. D + Db) = Al L D + D).

93(1)633) = Vegx — V¢

where A in (3.34) is defined as in (3.1). For ¢* > 0 sufficiently small, if M in (3.32) is
appropriately chosen depending on the data so that (3.33) is a uniformly elliptic boundary
problem with oblique boundary conditions, then J is well defined. More precisely, we have the
following lemma.

Lemma 3.4 (Well-posedness (3.33)). Fiz a € (0,1) and C* > 0. Then there is a constant
M, ot depending on the data in sense of Remark 2.7 and also depending on C* so that the
followings hold:

(i) for any given (¥, p_,p_,Vez) € B( )(Id, Yy Py Ve), | E BCE .(rs), (3.33) is a uni-
formly elliptic boundary problem, and it has a unique solution 1 satisfying (3.32),

(i) if ot is sufficiently small depending on the data and C*, then there is a constant C
depending only on the data so that the solution of (3.33) satisfies

[l 3 < Clor+6+ 1)

where ¢1,<2,54 are defined in Theorem 2.4 and Proposition 5.1.

We will prove Lemma 3.4 by the contraction mapping principle. For that purpose, we first
need to study a linear boundary problem related to (3.33). Let ¢* > 0 be a small constant to

be determined later. For a given constant C* > 0, fix (¥, ¢_,p_,vey) € Bgl*)(ld, ©o s Po s Ve)s
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fe B(CQ,?U* (rs), and let us set _ = ¢_ — ¢, . Reduce o* sufficiently small depending on the
data so that DV is invertible in A/, and set

KAMJ:{¢ec%%N?»nglgfw<wa}

For a fixed ¢ € Ky(M), consider the following linear problem in N JZ'” :
> Ok(aji(z, Do)dju) Zaka (x,DU,D¢) in N7,

7,k

b1 (D¢, ¢) - Du — ppu = gl(x, DV, p_,¢p_,Diy_,D¢p) on Sy, (3.35)
(ajn(z, DP)dju) - vy = ga(w, DY, D) on  ON} NTy,

(a’jk'(x’ Dd))a]u) ° Ve;]j‘ == 93(11@;];) OIl Fex-

with ¢_ := ¢_ — ¢y . The definitions of a;x, b1, 1if, g1, g2, g3 are given in (3.6), (3.15), (3.28),
and (3.34).

Lemma 3.5 (Well posedness of (3.35)). For any given o € (0,1), and M,C* >0 is 0* > 0 is
chosen sufficiently small depending only on the data, C* and M, then there exists a constant

C' depending on the data and o so that, for any given f € Bgzg* (rs) and ¢ € Ky(M), (3.35)

has a unique solution u(®) € C'(QO‘1 .l )(NJT) Moreover u(?) satisfies
[l 2 < Cloa 6+ <) (3.36)

To prove Lemma 3.5, we basically repeat the proof of [CF3, Theorem 3.1]. A key ingredient
of the proof in [CF3] is the method of continuity and the divergence structure of a linear
boundary problem. In our case, however, (3.35) is not in a divergence form because of the
derivative boundary condition on Sy. For that reason, we need Lemma 3.8 so that (3.35)
can be treated as a divergence problem. Before we proceed further, we first note two obvious
lemmas for the later use.

Lemma 3.6. For any C*,M > 0, and for f € Bg*)g* (rs), ¢ € K¢(M), there hold

lajr(z, Do) —ajk(x,0)||< olw) < oMo, (3.37)
161 (D, ¢) — b1(0,0) H ) < oMo, (3.38)
H:uf_,uOHlaA<C||f_rs‘|1aA> (3.39)
1B G, DRI + g1 (2, DY, py g, Dy, DY) I3
+wmeWD@mnﬁ+mw@w¢fM§0f. (3.40)

where the constant C' in (3.37)-(3.40) only depends on the data in sense of Remark 2.7. Thus,
for any C*, M > 0, if 0* is chosen sufficiently small depending on the data, C* and M, then
the equation of (3.35) is uniformly elliptic in ij

Proof. (3.37)-(3.40) are obvious by the definitions.
For any given ¢ € R", a;;(z,0) satisfies

aij(2,0)G:¢; > LY

> ﬁ(B —*|D<P(J)r\ )= (Ko — | D 1) (3.41)
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So, by (2.34), (2.35) and Remark 2.2, for any C*, M > 0, one can choose o* depending on the
data, C* and M so that (3.35) is uniformly elliptic in j\/‘f+ O

Lemma 3.7. For any C*, M > 0, let vy be the inward unit normal on Sy, and by be defined

in (3.28). Then, for any givenf € Bgzg* (rs), ¢ € Kg(M), we have
1
bi(Do, ) - vy > 5 on Sy, (3.42)
1
pp > FH0 > 0 on Sy forany fe€ nga* (rs) (3.43)

where po s defined in Lemma 2.5 if 0* is chosen sufficiently small depending on the data, C*
and M.

Proof. For v defined in (3.20), we have

bl (D¢7 (ZS) : Vf
= (bl(D¢, ®) — bl(0,0)) “Vf+ b1(0,0) - (Vf — I/(0,0)) + 51(0,0) - I/(O, 0)
>-CM+C*)o"+1
for a constant C' depending only on the data. By (3.38), for any C*, M > 0, if we choose o*

to satisfy —C(M + C*)o* + 1 > 3, then (3.42) is obtained. Reducing o* if necessary, (3.40)
provides (3.43). O

By Lemma 3.6 and 3.7, for any C*, M > 0, choosing ¢* sufficiently small depending on the
data, C* and M, (3.3) is a uniformly elliptic linear boundary problem with oblique boundary
conditions on the boundary.

Proof of Lemma 3.5.

Step 1. Suppose that u solves (3.35) and then we first verify (3.36) by following the method
of the proof for [CF3, Theorem 3.1]. First, we apply the change of variables = — y = ®(x)
with @ defined by

TLTs g Yy _ |
= @) @) = (3.44)

This change of variables transforms NF to NJf, and Sy = {r = f(2/)} N /\/Jf to Sp = {r =

rs} NN, in the spherical coordinates in (2.22). Then w(y) = uo ® '(y) solves a linear
boundary problem of the same structure as (3.35). For simplicity, we write the the equation
and the boundary conditions for w as

O(@sk(y, f, DP)Ojw) = O Fy(y, f, DY, D¢) in N,
b1(y, f, ¢, D$) -Dw — pyw = G (y, f, DV, p_,4_, Dy, D$) on S
(ajk(y, f, DP)Ojw) - vy = G2(DV, f, DP) on Ly,
(ajk(% f, D¢)8jw) Veg = §3(Vex) on Teg.
with Ty, = TWwNON,T and ¢_ = ¢_—¢; , where a;p, by, Fy, gm are obtained from ajk, b1, Fr, gm
in (3.35) through the change of variables z — y = ®(z) for j,k = 1,---,n, and m =

1,2,3. Next, we rewrite (3.45) as a conormal boundary problem with coefficients a;i(y,0)
and by (y,0) = 7 for the equation and the boundary conditions of w.

|y| =7s+

(3.45)
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We remind that, by (3.6), the matrix [a;;(z,0)] is

2777
(Bo — 5/Deg )7
v—1

1 1
laji(y, 0)) = (Bo — 5| Deg [*) 71 I — (Dgg)" Doy (3.46)

*

Lemma 3.8 (Boundary condition for w on Sp). Suppose that w solves (3.45), and let M,C*, o

be as in Lemma 3.5. For any given o € (0,1), f € Bg*)g* (rs), ¢ € Kf(M), there is a constant
C depending only on the data in sense of Remark 2.7 so that w satisfies

(ajr(y,0)0;w) - vg = h1  on Sy (3.47)
for a function hy € C(l’_o;vaA)(A), and hy satisfies
a,0A) £\ ok —1—a,'y —a Fw a,0A
Il < O+ Cowlly, ™ 4wl e + lalTo ™). (3.48)

2,0, N7,

Proof. The unit normail on Sy toward N, is #. Then, by (3.46) and the boundary condition
of w on Sy in (3.45), there holds

|Ded |
(v — 1)(Bo — £|D¢{ ?)
(y=1)By - |Dpf 2 . i
= 1B D ’*2>?“1Kr_bl)'Dw+“fw+gﬂ -
Y- — 3% 71

By (3.38) and the definition of b1, (3.48) is easily obtained. O

1 1
(ajk(y,0)0ju) - vs = (Bo — §|Ds0§|2)7*1 (1- )Orw

Back to the proof of Lemma 3.5, using Lemma 3.8, w solves the conomal boundaru problem
8k(ajk(y, 0)8]'71)) = 8k[}7“k(y, f, DV, DQS) + 5(~ljkajw] =: 0,G}, in N,jg,
(ajk(y,0)05u) - vs = hy on Sp,

o (3.49)
Ok(a;k(y,0)0jw) - vy = Go + (0a,0w) - vy =: hy on Ty,
Ok(ak(y,0)0jw) - Ver = G3 + (0aj10jw) - Ve =: h3 on TI'ey
with da;, := ajr(y,0) — ar(y, f, Dp). We note that, by (3.37), da;j, satisfies
—« Fw 1—a, 'y 1—a,0A
956l i < CUGNG ™ +11F = rallgax™™) (3.50)

for a constant C depending on the data in sense of Remark 2.7.
Step 2. Using a weak formulation of the equation for w in (3.49) with (3.46), one can check

Ok(ajr(y,0)0jw) = G,

. , LN . (351)
& Lo = Op(k1(r)wi(2")0rw) + Oy (k2 (r)bim (27) Opy, w) = Or(G - 7) + Z 91 (G - x7)
=1
with
kl(r) _ (,7+ ) n— 1(K0 - ( Y0 (7')12)2 ’ /{72(7“) — T‘n_g(Bo _ %(ar(par)Z)ﬁ
2(y = 1)(Bo — 395 (1)) 7 (3.52)
Ox

"ty (o) = det

A(r,x")
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for (r, ') is given as in (2.22), and every by, (2’) is smooth in A. Here we set G = wl[%]TG.
We note that w; is bounded below by a positive constant in A, and the linear operator Lg
is uniformly elliptic in NV;" ,and bounded by (3.41) and (2.35).
Step 3. To obtain the desired estimate of u in (3.35), we use (3.49)-(3.52), Lemma 3.8
and the interpolation inequality of Holder norms to follow the method of the proof for [CF3,
Theorem 3.1], and prove the following lemma.

Lemma 3.9. There exists a constant k > 0 depending only on the data in sense of Remark

2.7 so that whenever Mo*,C*o* < K, for any f € B((,Q)(rs), ¢ € Ky(M) with o € (0,1), there
is a constant C depending on the data so that, if w solves (3.45) then there holds

[wly g nit < Cllwlg net + [Flo o nt +191l0.0050 + 19210008, 1, + 198l0.0.rc)- (3.53)

The only difference to prove Lemma (3.9) from [CF3, Theorem3.1] is that, to apply the
method of reflection as in [CF3, Theorem3.1], we need to extend a;x(y,0) in r-direction by
reflection on Sy and I'¢,. For that purpose, we use (3.52). Except for that, the proof of Lemma
3.9 is basically same as the proof for [CF3, Theorem3.1] so we skip details.

Once (3.53) is obtained, then the standard scaling provides C?’_C“l_arw) estimate of w. For a

fixed point yo € N;& \ T, let 2d := dist(yo, T, ), and we set a scaled function w®)(s) near

Y =1yo by (4o + ds) — w(yo)
(o) (o .. Wyo +as) —w(yo
w¥(s) = e

for s € BgyO) ={s € B1(0):yp+ds € J\Tﬁ;\f‘wms}. By [GT, Theorem 6.29] and Lemma 3.8,
for each yo € N;& \ Ty ., w¥0) satisfies

(—a,Tw (—a,0A —a,aA))

w1, , g < Ol o + IS+ 1 + sl o

(3.54)
< Clwlopr + 142+ )

where the second inequality above holds true by (3.11), (3.34) and (3.40).

By (3.39) and Lemma 2.5, reducing ¢* if necessary, we can have pip > % o > 0 on A. Then,
by (3.54), Remark 2.6 and [LI1, Corollary 2.5], we conclude that if w is a solution to (3.35)
then it satisfies (3.36).

Step 4. Finally, we prove the existence of a solution to (3.45). Consider the following
auxiliary problem:

8k(ajk(y, 0)8]u) —Uu= 8ka in 'N‘rt

(ajk(y,0)05u) - vs = g1 on Sy, (3.55)
(ajk(ya 0)6ju) Vw = g2 on Fw,rs ’
((ljk(y, O)a]u) *Vex = 93 on ey

for F € C*(N;D), g1,93 € C*(A) and g5 € C*(Ty,r,). (3.55) has a unique weak solution
because the functional

1
Iu] = / a;k(y,0)0judiu + u* — 2F - Du + / (F  Vout + g)u
2 Jni AN,

S

has a minimizer over W'?(N;I) with the outward unit normal vy of N;T where we write

9= g1XSo + 92XTury — 93XTen
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with xp defined by
xp(y) =1 for y €D, xp(y) =0 otherwise for D C R".

For F € C’(l’f;’m)(/\/'g), 91,93 € C’(lfé’aA) (A), the weak solution u also satisfies (3.36). By

the method of continuity, we conclude that the linear boundary problem (3.35) has a solution
u € C( -y )(/\/ J?L ). By the comparison principle and [LI1, Corollary 2.5], the solution to

(3.35) is unique. O
Remark 3.10. According to the definition of the laplacian Agn—1 on a sphere S*™!, we note
1
Jéy;n (blmé)y;u) =Agn-1 U

where we replace — Agn—1 by Agn—1 in the widely used convention(e.g. [BR]) of Agn-1.
Lemma 3.4 is a direct result from Lemma 3.5.

Proof of Lemma 3.4. For M,C* > 0, let ¢* be as in Lemma 3.5. Fix (¥, p_, p_,p_,vez) €

Bgl*)(ld, Po Lo Do »Ve) and f € 82?20* (rs), and define a nonlinear mapping G by

Gr:oeKp(M)—ul? eCP_ 1 (V)

(—1—a,Tw
where u(?) is a unique solution to (3.35) satisfying (3.36). By Lemma 3.5, if we choose M as
M = 6C (3.56)

for the constant C' in (3.36), then Gy maps Ky(M) into itself which is a Banach space.

For k = 1,2, let us set wy = Gy(¢r). By subtracting the boundary problem (3.45) for wy
from the boundary problem (3.45) for wi, one can directly show that there is a constant C
depending on the data so that there holds

1G5(61) = Gr(92)lly (" < Collor = daly (3.57)

So if we reduce o, > 0 satisfying Lemma 3.6, (3.42) ,(3.43) and C'o* < 1, then the contraction
mapping principle applies to Gy. Therefore Gy has a unique fixed point, say, 1. Obviously, ¥
is a solution to (3.33) and it also satisfies Lemma 3.4(ii). From this, we choose o = o*. We
note that the choice of o* depends on the data( in sense of Remark 2.7) and C* . O

By Lemma 3.4, J, defined in (3.31), is well-defined when we replace o* by of in (3.31).

For any given (U, p_,p_, ve,) € Bff)(ld, 0o P Ve) and f € BC*) .(rs), let ¥/ be the fixed
(2)

C*ot
I, oo, Py Ve, f7) = (90— — ¢y — 07 )(f*(2/),2") =0 in A.

point of G;. Suppose that f* € B (rs) satisfies

Then

)P in /\/}Zﬁ 358
v {cp3“+wf* in N (3.58)
is a transonic shock solution of Problem 2 with a shock S = {r = f*(2'), 2'}NN. Moreover, ¢/
satisfies Proposition 3.1(a)-(c). Therefore, if there is a mapping & : ¢ = (V, p_,p_,Vez) — f
so that J(¢,S(q)) = 0 holds, then Proposition 3.1 is proven by Lemma 3.4.
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Lemma 3.11. Fiz o € (0,1) and C* > 0. For J defined in (3.31), there holds

I(Id, g, py s ve;s) = 0. (3.59)

Also, there exists a constant 0, > 0 depending on the data and C* so that
(i) J is continuously Fréchet differentiable in B(l) (Id, ¢y, Py ve) % Bgzé* (rs),

(i) DpI(Id, g P+ ve;Ts) : C(Q’,C;,a?aA)(A) — C?al 0 (A) is invertible.

Proof. (3.59) is obvious.
FiX QO = (\11790 7p Uex) € B(ﬁ)/2<1da(p07p07vc) f € Bci,ﬁ/g( ) q~: (\Ila()b—7ﬁ—aﬁex) S
C2(N,R?) x C3(N.__5) x CP>*(N_, )xc(laaaA( ), feC O aon) (A) with

(—a,0A)

_ b _ =1
L L e
1Fll2 = 17 n ™™ = 1.
To prove the Fréchet differentiability of J, we compute
0 N _ = 0 . z
5ele=03(0+ 24, [ +ef) = 5-le=o(p- + 20— —of — v ([ (&) +ef(2), ") (3.61)

where 1), satisfies (3.35) in N;rsf with replacing f, ¢, U, p_,vez by f +ef, e, U + e, p_ +
ED—,Vex + EVey respectively. Since the case of (p—, ¢, p_, Ver) # (0,0,0,0) can be handled
similarly, we assume (p—, ¢—,P—, Uez) = (0,0,0,0) for simplification.

To compute £ |c—ove(f(z') +ef(z'),2’), we use @, 7 given by

rn—f

—f—<f
so that 1, := 1. o (q)f+€f)_1 is defined in ./\/']T for every e with |e| < %ﬁ The corresponding
boundary problem for 1. is as in (3.45) with replacing f, ¢, ¥, p_, vez by f4ef, e, U+, p_+
EP_, Vez + EVey TESPECtively.

ajk(xv n)a F(I‘, m, 77)7 bl (:Ev f’ 77)7 g1 (.fL', m,p, fa n)a 92($7 m, 77)? gg(IE, Z)? defined in (36)7 (37)>
(3.28) and (3.34), are smooth with respect to their variables. So, subtraction the boundary

problem for ¢y from the boundary problem for 1., one can show, by the elliptic estimates, that
ws 1/)0

(i)f+gf:(r7$,)'_>( =(r — f() —ef(2)) + f(a),2"), (3.62)

converges in C( 1Ty )(./\/;r) to u where u solves the following linear boundary problem

Oe((aj(x, DYO) + 0'))05u) = Ox(a1 Df + a;D¥) in - N,
(b1(D(¢~ — ) Dwo) +o0 )).Du—ufu:a3f+a4Df—|—a5D\I~l on Sy, (3.63)
((aj(x, DYY) + 0; ))a-u) vy =agDf +azDV on T, ¢, '
((ajn(z, DY°) + o],g)a ) Veg = Beg + asDf + agD¥ on  Tey.

where ogl,z(l =1,---,4),a;(i = 1,--- ,9)(whose dimensions can be understood from (3.63)

so we only give symbolical expressions on the righthand sides of (3.63)) are (vector valued)
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functions with the dependence of
o\) = ol (z, D, Dy"),

a; = ai<D\Ija ((P—?p—) - (Soaapa)vD((P— - 90(;>7D'¢07fa Df)a
and, by Lemma 3.4, each 0(.2 satisfies
—a,I'y) 1—a, 'y
ol (r, DU, D) o'} < OIS, w ) < Cot. (3.64)

®

Moreover, it is not hard to check that Ok Qi are smooth with respect to their arguments

0

in a small neighborhood of the background state. By the smoothness of 0k > i, and the

0

smallness of oy obtained from (3.64) reducing o if necessary, (3.63) has a unique solution
ue AN NCONT).
Ye=t0

By subtracting the boundary problem for u from the boundary problem for , one can
also check that there exists a constant C' so that there holds Hg( — %) — uH2 INCLF“’) < Ce,
or equivalently

[F — 40 — eu|| 10T < 02, (3.65)

2,a,N

We emphasize that the constant C' in (3.65) is independent of the choice of ¢ and f, but only

depends on the data in sense of Remark 2.7.

In addition, o k), a; continuously depend on their variables in the corresponding norm for each

component, also the modulus of the continuity is uniform over B(Sj) (Id, ¢y ,pg V) X B(C) 4 (1s).
Back to (3.61), we have shown

8 -
5ele=03(a0 + ¢4, f + ef)(x")

= f(@")0r (e — of — vo)(f(a"),2") + (&- — u)(f(a'),2").
By (3.63), u linearly depends on ¢ and f. So the mapping £ defined by

(3.66)

L:(qf)— 888\503(% +ed, f+ef)

is a bounded linear mapping from C*%(N,R") x C% O‘(N 5) X C2(N~5) X C(l < on) (A) x
C’(Qf‘l_aﬁA)(A) to C'(ZO‘1 an)(A) where we understand C(—l—a,aA) (A) in sense of Remark 2.6.
It is easy to see from (3.66), (3.65) that, for (¢, f) € B((Tlﬁ)(ld, Po s Lo Do » Ve) X B(C*)aﬁ( s),
D3(q, f) is given by
~ N . 3
D3(q, f) : (@, f) = 5-le=03(a0 + €4, f +f), (3.67)

and DJ is continuous in (g, f). This verifies Lemma 3.11(3).
Next, we prove Lemma 3.11(ii). By (3.7), (3.28), (3.34), we have, for any 1,

Fy(z,Id, DY) = g1(x,1d,0, D) = ga(x, Id, DY) = g3(ve) =0 (3.68)
for k=1,--- ,n. Lemma 3.4, (3.61) and (3.68) provide

0 R _ ~ 0 _ = ~ _
$|5=0J(1da Yo Py Ve, Ts + 5f) = %|€=0(900 - SDE)F)(TS + Ef) = far(Soo - SO(_)‘—)(TS)'
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Thus, we obtain

Dy3(Id, 05,5 ves7s) : f = For(wg — o) (rs) (3.69)
By (2.32) and (2.35), we have 9, (¢, — g )(rs) > 0. Thus we conclude that D;J is invertible
at (Id, g Dy Ve, 1s). Here, we choose 6 = %ﬁ where ¢f > 0 depends on the data and C*. O

Proof of Proposition 3.1. Let us fix C* = 10 then the choice of ¢* is fixed accordingly, and
moreover the choice of o, only depends on the data in sense Remarkn 2.7. By Lemma 3.11
and the implicit mapping theorem, there exists a constant 0 < o3 < d, depending on the data
in sense of Remark 2.7 so that there is a unique mapping S : BC(,? (Id, ¢y ,pg ,ve) — Bgﬁa* (rs)
satisfying

3(a:8(q) =0 forall qeBY)(Id, ¢y ,pp,ve), (3.70)

o3
and S is continuously Fréchet differentiable in B((,? (Id, ¢y, pg 5 ve)-

By (2.19), Lemma 3.4, and the observation made after the proof of Lemma 3.4, (3.70)
implies that f(9) = S(q) and gof(Q) in (3.58) satisfy Proposition 3.1 (a)-(c). The uniqueness of a
solution of Problem 3 also follows from the implicit mapping theorem. We note that the choice

of o3 > 0 only depends on the data because o3 depends on the data and d, which depends on
the data and C* but we fixed C* as C* = 10. O

4. TRANSPORT EQUATION FOR PRESSURE p
This section is devoted to step 2 in section 2.6.

4.1. The method of characteristics. By the choice of o3 in Proposition 3.1, if ¢ is a solution
to Problem 3, then 9, is bounded below by a positive constant in N*. So r can be regarded
as a time-like variable and then we apply the method of characteristics to solve (2.43) for
p. According to (3.2), however, Dy is not Lipschitz continuous up to ON*. So the unique
solvability of (2.43) needs to be established first, and we will prove the following proposition.

Proposition 4.1. Let o3 be as in Proposition 3.1. For any given o € (0, 1) there exist constant
C >0 and o’ € (0,03] depending on the data in sense of Remark 2.7 so that if 1+ +¢4 < o,
and ¢ is a solution of Problem 3 with a shock S = {r = f(2')}, then (2.43) with the initial
condition (2.49) on S has a unique solution p satisfying

Tw)
Ip — pH@@+<Cm+Q+gy (4.1)

We denote as Nt for the subsonic domain {|D¥~'Dy| < ¢} = {r > f(a2')}. We first note
that ¢ is in C? up to the wall I', of N away from the corners.

Lemma 4.2. Given (V,o_,p_,vez) € B((,?(Id, Vg s Py s Ve) satisfying Proposition 3.1 (i), (it)
reducing o3 if necessary, p, the corresponding solution of Problem 3, with a shock S satisfies

0,SUT ez
llo — wHMN+ )< Cla+s+w) (4.2)
for ¢1,62,64 in Theorem 1 and Proposition 3.1.

To prove Lemma 4.1, it suffices to show that the nonlinear boundary problem (3.33) in the
fixed domain A" has a unique solution ¥ so that ¢ = ¢ + ¢ satisfies (4.2), and this can
be proven by a similar method to the proof of Lemma 3.4 except that the scaling argument
in step 4 needs to be performed for any point yo € N7\ (SUT¢;). So we skip the proof of
Lemma 4.1.
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Considering r as a time-like variable, it is more convenient to use a changes of variables
to transform Nt to V! keeping (4.2) in the transformed domain N, . This requires a new
change of variables:

Go(r,a’) = ((k(o- = @)(r,2') +75)(1 = x(r)) +rx(r), o)

4.3
= (U(S")(n :C/),a:/) —. (7:’ x/) ( )

0 ifr <rg+ "=
1 ifr>r — 257
By (4.2), if ¢1 + ¢2 + ¢4 = o is small depending on the data in sense of Remark 2.7, and we
choose a constant k satisfying

Co < Tlo min{(gy — ¢3) (1), O (05 — o) (rs)},

with a smooth function x(r) satisfying x(r) = and x/'(r) > 0 for r > 0.

T (4.4)
8(pg — g )(r1)’
then we have
o0 > 50 i NF (4.5)

thus G, is invertible.

We choose 2/ in (2.22) so that (7, z) forms an orthogonal coordinate system. To specify this
choice, we write (r,z') as (r,d) with ¥ = (91,--- ,9,-1) for the rest of paper. And then, we
apply the change of variables (4.3) to rewrite (2.43) in N as

n—1
V-DE=(V-#)o:E+Y (V-9;)09,E =0 for (7,9) € (rs,r1] x A (4.6)
j=1
with
p
(B — 3[DU~1 Dpf2) 7=
where J,, is the Jacobian matrix associated with the change of variables in (4.3). Here, r, 1§j

are unit vectors pointing the positive directions of 7 and 9; respectively. By Proposition 3.1,
Lemma 4.2 and (4.3), we have

Lemma 4.3. Set V) := J@arDcpar. Then, V defined in (4.7) satisfies

V = J (DY HT (DU Dy, EoG, = (4.7)

IV = Vol + IV = Vo

70‘7-/\/-7:2 70‘7-/\[7?;

for ¢1,62,64 in Theorem 1 and Proposition 3.1. Thus, reducing os in Proposition 3.1 if neces-
sary, there is a constant wg > 0 depending on the data in sense of Remark 2.7 so that there

holds V - 7 > wy > 0 in Nt

< CO(s1+ 52+ s4)

The proof is obtained by a straightforward computation so we skip here.

+
Lemma 4.4. Let us set Ear = Po ——, then Ear s a constant.
(Bo—510ripg )71

Proof. For V; defined in Lemma 4.3, by (4.8), E; satisfies
Vo-DEf = (Vo -#)0,Ef = 0.
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Since Vo - # > 0 for all r € [rs, 1], and E (rs) is a constant by (2.32), (2.33), therefore we
conclude Ejf (r) = Ejf (rs) = constant for all r € [rs,r1]. O

By Lemma 4.3, we can divide the equation (4.6) by V -7 so that the radial speed of all
characteristics associated with V' is 1. From now on, we consider the equation

8E+Z 3819 =0 in N (4.8)

We denote R
V-, V. 19”_1)
v v )
The initial condition for E is given from (2.49). Setting Q2:=(D¥~H)TDU~1 E(r,9) must
satisfy E(rs,?) = Eiyu(9) for all ¥ € A where we set

D(p_—
p*%&@— vs) 4 po — p_ K,

(Bo — 3| DU—1(0) Dp[2) 71

W = (1, (4.9)

Eint(9) := | (r9)=(f(9),9) - (4.10)
Above, f(19) is the location of the transonic shock for the potential ¢ in Proposition 3.1. To
simplify notation, we write 7 as r hereafter. By (4.8) and (4.10), Proposition 4.1 is a direct
result of the following lemma.

Lemma 4.5. Fiz o € (0,1), and suppose that a vector valued function W = (1, Wa,--- ,W,,)
satisfies W - vy = 0 on Ty, = ONT N Ty for a unit normal vy, on T, and

W + WIS o= < (4.11)
for some constant k > 0. Then the zmtzal value pmblem
n—1
O F +> W09, F =0 in N, F(re,0) = Fp(9) for ¥ € A (4.12)
j=1

has a unique solution F satisfying
IFIL s < ClRlT ™ (4.13)
for a constant C > 0 depending on n, A, rs, 71, and k.

Proof of Proposition j.1. A
By (2.53) and Lemma 4.3, W* = (1, ‘(/797}, o V"%;l) in (4.8) satisfies all the assumptions of
Lemma 4.5. So, (4.8) with (4.10) has a unique solution E. Then the pressure function p is

given by

p—(Bo—*ID‘l’ D) - (B o Gl).

It remains to verify (4.1). By Lemma 4.4, if E satisfies (4.8) then so does E — E. Then, by
(4.13), we obtain

w —a, 0N\
|E = B I 00 < OB — ES IR, (4.14)

where Ej,; is given by (4.10).
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Moreover, by (4.10), one can explicitly show

| Eint — Eg 00N < Cla+ a2+ ). (4.15)
This with (3.2) gives (4.1). We choose ¢’ = o3 by reducing o3 if necessary to satisfy (4.2) and
(4.4). m

Now it remains to prove Lemma 4.5. Consider the following ODE system
X(t) = —W(X(t)) for 7 <t<2r—r,
X(r) = (r,0)
for (r,9) € N;f UT¢,. The slip boundary condition W - 1, = 0 on '} implies that any

characteristic curve X does not penetrate out of N,,Jg. If (4.16) has a unique solution X (¢;r,1)
for any given (r,9) € N;f UL, then we can define a mapping J : N;f UT'., — A by

T (r,9) — X(2r —rg;r, 0). (4.17)
If J is differentiable then F' = Fj o J is a solution to (4.12).

(4.16)

4.2. The system of ODEs (4.16). (4.16) has a solution for any given (r,¥) € (rs,r1] X A by
the Cauchy-Peano theorem [AM, 7.3]. But the standard ODE theory is not sufficient to claim
the uniqueness of a solution for (4.16) because W is only in C*(N;}). To prove the uniqueness,
we will use the fact that DW is integrable along each solution X to (4.16). Denote as X (¢;7,1)
for a solution to (4.16). Hereafter, we call each X (¢;7,9) a characteristic associated with W
initiated from (r, ).

Remark 4.6. Writing X = (Xy,---,X,), it is easy to check

Xi(t;r,9) =2r —t (4.18)
for any (r,9) € (rs,r1] X A. So, we restrict (4.16) for t € [2r —r1,2r —rg] because of X;(2r —
ri;r,9) =11, X1(2r —rg;r,9) = rg.
Lemma 4.7. For any given (r,9) € (rs,r1] X A, (4.16) has a unique solution. Moreover there

is a constant C' > 0 depending on A,n and k satisfying

édist((r, 9),Tw) < dist(X(£:7,9), Tuw) < Cdist((r, 9), ') (4.19)

fort e [2r —ry,2r —rg).

, (4.16) has a solution X (¢;r,9) for any (r,9) € (rs,m1] X A. Fix
) be solutions to (4.16) with
X(l)(r) = (7“,’[91), X(Q) (T) = (Tv 192) (420)
for 91,92 € A. By (4.16), we have
d

%‘X(l) — X(2)\2 — 2(w(x(2)) — W(X(l))) : (X(l) — X(Q))

Proof. Since W is in C%(N;T)
r € (rs,r1]. Let XM and X

< C|DW(2r —t, ')‘LOO(A)\X(I) _ X(Z)\Z.
In (r,9)—coordinates, it is easy to see

dist((T, 15),570 UTez) = min{r; — 7,7 —rs} for (7, 19) € ./\/‘,fg
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So there is a constant C' depending on n,./\/;fsr so that DW satisfies
|IDW (21 — t,9)| < Ck(1+ (2r —rs — t) 77T 4 (r) — 2r + )71 = m(1) (4.21)

for any ¥ € A and t € [r,2r — rs] where k is as in (4.11). Then we apply the method of the
integrating factor to obtain

d / /
(e Lrm@dt| x (1) _ x@2(1)) <0 for t € [r,2r —14). (4.22)
If 91 = 95 then (4.20) and (4.22) imply XM (t) = X®)(¢) for all t € [r,2r — r5]. We have
accomplished the unique solvability of (4.16).
Since W -v, = 0 on I'f,, any characteristic, initiated from a point on the wall of NI, remains

on the wall i.e., if 95 € A, then X@ lies on I',,. Then (4.22) implies
dist(XD(t),Ty) = ,inf XD (1) — X (1))

< Cﬁmf |(r,91) — (r,92)| = Cdist((r,91),y).
2€0

This verifies the second inequality of (4.19). One can argue similarly to verify the first inequality
of (4.19). O

4.3. Regularity of 7 : (r,9) — X(2r —rg;r,9) in (4.17).

Lemma 4.8. Fiz o € (0,1), and let k be as in Lemma 4.5. The mapping J defined in (4.17)
1s continuously differentiable, and it satisfies

—1,T"y)
|7 <0

for a constant C > 0 depending on n, A, rs, 71, and k.
Proof. First of all, let us assume that J satisfies
Tl onx <G, (4.23)

(0Tw) "It 7 is differentiable then (4.16) implies

a Nt
(a) 0T (r,0) =Z(2r —rg;r,9) = 2W(X(2r — rg; 1, 9)),
(b) 09T = Z(2r —rg;1,0)
where Z(t;7,9) is the solution to the ODE system
Z(t;r,9) = —DW (X (t;7,9)) Z(t;r,9),
(rir ) = {(1,0, <, 0) + W (r,9) for (a) (4.25)
(0,015, ,0n-1,) for (b).

and we estimate [DJ ]

(4.24)

Fix (r,9), (r',¥) € (rs,m1] X A with (r,9) # (r',9'), and consider J := ‘Dj'((:g)) (D,‘{,f,r)/lf/))l. For
simplicity, we assume s < r < r’ < ry and ¥ = ¢’. Under this assumption, we first estimate

% because the case of ¥ # 19 can be handled similarly. Also, the estimate of

|‘7f((7°;;9))__(‘3}91(97,";"g/)| is similar and even simpler then the estimate of w
By (4.11) and (4.23), it is easy to check
2W (X @r = rcr ) = WX —rir' )] _ 426)

|r — /|
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for a constant C' depending on n, A, rs, 71, and k. For the rest of the proof, a constant C

depends on n, A, rg, 1, « and k unless otherwise specified.

|Z(2r—rs;r9)—Z(2r' —rs;r’ 19)|
[r—r]e

|Z(2r —rg;r,0) — Z(2r" —rg; 7! 09)|
<|Z@2r —rgr9) — Z2r —rgr' 9|+ 1Z(2r —rer’ 0) — Z(20 —rg;r’ 9)],

To estimate , we split the numerator as

and consider them separately.
By (4.21) and (4.25), one can easily check

|Z(2r —rg;r',0) — Z(2r" —rg; v’ 9)| < C(r' —r)™. (4.27)

Let us denote as Z1(t) and Z(t) for Z(t;r,9) and Z(t;7',9) respectively. Then, by (4.25),
2= |Zy — Zs|? satisfies

£ < C(IDW(X (t;r,9))|z + [DW (X (t;7,9)) — DW (X (t;77,9))[z"/?) (4.28)
on the interval I,/ := [2r" —r1,2r" — | N [2r — r1,2r — rg]. By (4.23), we have

[DW (X (t;7,9)) — DW (X (t;7",9))]
IDW (X (t57,9)) — DW (X (t:7", )
| X (t;7,0) — X (t;0",9)]>

Set d := min{dist((r,¥),Ty), dist((r',9),Ty)} and
_ [ DW(X(t;r,9)) = DW(X (&1, 9))|
B (X (tr,9) = X (G, 9

For a constant 3 € (0,1), we estimate Z% and Z'~” using two different weighted Holder
norms of W. By (4.19), for any t € I, ,/, we have

< Clr—1"|*

Z(t):

20 <caP(w) o) < okPd P, (4.29)

Next, set d.(t) := min{dist(X (t;7,9),So U Tes), dist(X (t;r',9),So UTez)}. Then d.(t) can be
expressed as
d«(t) = min{2r —t —rg,ry — 21" + ¢} for t € I, .

So (d«(t))~1*# is bounded by m.(t) which is integrable over I,.,., then we have
2181 < Cm*(t)(HWHg—aaﬁUfeml—ﬁ < Ok Pm,(t). (4.30)

Back to (4.21), by (4.22), (4.25), (4.29), (4.30) and the method of integrating factor, we obtain
d
dt
= z(t) < C((F = )2 + (' = r)*d™? sup z'/?) forallt e I,

tel,

= sup 2 < C((r' — r)2 + dfm(rl — T‘)Za)
tEIT,r/

(e” I8 )y < (¢ — 1) Chd Pm, 2"/

which provides
|Z(2T —Ts T, 19) - Z(27“ —Ts; rla 19)|

e

<Cd" (4.31)
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for any 3 € (0,1) and a constant C' depending on n, N7,k and 5. The case of ¥ # ¥ can

be handled in the same fashion. The estimate of ‘dﬁj(T 01007 (') | is even simpler then the

[(r0)—(r",9")|*
estimate of 12 | (( )) (?T‘Z,(ﬁaﬁ I 50 we skip the details and we conclude that, for any constant

B € (0,1), there is a constant C' so that there holds

DI <C

By means of similar arguments, one can directly prove J € C! (/\Tﬂg ). ]
Remark 4.9. J is in C( s NE) for any 8 € (0,1).
Now, we are ready to prove Lemma 4.5.

Proof of Lemma 4.5. By Lemma 4.8, F' := Fy o J is a solution to (4.12). By (4.19), we

easily get the estimate \|F||1_Oaj\;}f) < CHFOH1 ,94)

(r,9) and (v',9) in (rg, 1] X A, and assume (7‘,19) # (r',19"). Let us set

so it is remains to estimate [F ](O’Nﬁ). Fix

1
d:= B min{dist((r,9),Ty),dist((r',9"),Ty)} > 0.

Setting [¢]% := ¢(b) — ((a), we have

|DF(r,d9) — DF(r', )]

< IDING) IDF(T (r,9))] + DTG ) IDFy 0 7100 .
By (4.19) and Lemma 4.8, we obtain

DTN IDFo(T (r,9)| < C d DTNV 47 K,
DT INDFy o TNl < € d7 K g Kry(Kgl(r,9) = (', 9)])°

with K7 = |.7|1N+ and Kp, = HFOHI_O‘ 9N Thus F = Fyo J satisfies (4.13).

The uniqueness of a solution can be checked easily. If F(1) and F() are solutions to (4.12)
then F(M) — F(?) is identically 0 along every characteristic X (t;r, 1) associated with W, and so
FM) = F® holds in Nt O

5. PROOF OF THEOREM 1:EXISTENCE

To prove Theorem 1, we prove a weak implicit mapping theorem for infinite dimensional
Banach spaces.

5.1. Weak implicit mapping theorem. Fix a constant R > 0 and set
2 a,0\)
By (ho) = {h € C% 55 (A) : b= holl ™ < RY. (5.1)

For B((;l)(fd, Yo Do > Ve) in (3.30), define P : B((, )(Id, ©o Do > Ve) — B(C?C)r(pc) by
P : (\117 P—yD—, 'Uex) — p’l—‘ex (52)

where p is the solution to (2.43) with ¢ in Proposition 3.1 for the given (¥, ¢_,p_,vez). By
Proposition 3.1 and 4.1, there exists positive constants o3 and C so that whenever 0 < o < o3,
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P, defined in (5.2), is well defined. To prove theorem 1, we need to show P~!(pe) # 0 for any
Pex € B((}Q) (pc) for a sufficiently small constant & > 0. So, we need the following lemma.

Proposition 5.1 (Weak Implicit Mapping Theorem). Let €; and €3 be Banach spaces com-
pactly imbedded in Banach spaces 81 and Bo respectively. Also, suppose that there are two
Banach spaces €3,B3 with €3 C Bs. For a point (xg,y0) € €1 X Ca, suppose that a mapping
F satisfies the followings:

(i) F maps a small neighborhood of (xo,yo) in By x By to B3, and maps a neighborhood
of (xo,y0) in € x & to €3 with F(xo,yo) = 0,

(ii) whenever a sequence {(xk,yr)} C €1 x & near (xg, yo) converges to (s, y«) in By X Ba,
the sequence {F(xk,yx)} C &3 converges to F(x«,ys) in Bs,

(iii) F, as a mapping from B1 x By to B3 also as a mapping from €1 x € to €3, is Fréchet
differentiable at (xo,yo),

(iv) the partial Fréchet derivative D, F(xo,y0), as a mapping from B1 X Bo to By also as
a mapping from €1 x € to €3, is invertible.

Then there is a small neighborhood Ua(yo) of yo in €2 so that, for any given y € Us(yp), there
exists Ty = x4 (y) satisfying F(z*(y),y) = 0.

In [SZ], the author used the Brouwer fixed point theorem to prove the right inverse function
theorem for finite dimensional Banach spaces without assuming continuous differentiability of
a mapping. As an analogy, we apply the Schauder fixed point theorem to prove Proposition
5.1. The detailed proof is given in Appendix A.

To apply Proposition 5.1 to P, we need to verify that P is continuous, Fréchet differentiable
at (Id, ¢y ,py,ve) and a partial Fréchet derivative of P at the point is invertible.

5.2. Fréchet differentiability of P at (o = (Id, ¢, py,vc). To prove Fréchet differentiabil-
ity of P at (g, it suffices to consider how to compute the partial Fréchet derivative of P with
respect to ve; at (o because the other partial derivatives of P can be obtained similarly.

For P defined in (5.2), let us define R and Q by

1 _ o
R (¥, 9, p—.ea) = (Bo = 5[ DU Do) 7T,

P(‘II) P—sD—, Ue:c)
Q:(V,0_,p_,Vez) — .
(¥, =P Vec) R(¥, 0, p—, Vex)

If R and Q are Fréchet differentiable at (y then the Fréchet derivative DP of P at (y is given
by

(5.3)

DPy, = R(CO)DQCO + Q(C{))DRCO. (5.4)
To simplify notations, we denote as D, P, D, Q and D, R respectively for the partial Fréchet
derivatives of P, Q and R at (y with respect to ve, hereafter.

Lemma 5.2. Fiz any a € (0,1), and set A := C(l’jl aA)(A)' As mappings from BS,”(@“O)

to Bg;(pc), O, R and P are Fréchet differentiable at (y. In particular, the partial Fréchet
derivatives of Q, R and P at (o with respect to vey are given by

D,R:weUA—ajweA (5.5)

D, Quw € A — axihy(rs,-) €A (5.6)

DyPw € A Q(Co)arw + R(Co)aztho(rs, ) € A (5.7)
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for any w € A with
e
27(Bo — 310r5 )71 0rpy

N T (Ko ) )
e 1 i (dcfn(ps;opé ) VP 10O er.) '
(Bo— 3Vl (r)2)77 N0l —28)  (v=1)(Bo— 510,05 1)
with po defined in Lemma 2.5, and
Ps0 = Py Vg -+ py — pg Ko (5.9)

where Ky is defined in (2.30). Here, 1o is a unique solution to an elliptic boundary problem
specified in the proof.

Proof. In this proof, the constants €y and C' appeared in various estimates depend on the data
in sense of Remark 2.7.

Since (5.7) follows from (5.5) and (5.6), it suffices to prove (5.5) and (5.6).

If a bounded linear mapping L : 2l — 2 satisfies

HQ(Id7 @67]767 Ve + ‘Ew) - Q(Id7 9067P67 UC) - ‘stHlja,A < 0(5) (510)
for any w € A with Hw||§7aa[’\aA) = 1 and if o(¢) is independent of w, then we have L = D, Q.
To find such L, we fix w € A with Hng_aa}\aA) = 1, and compute the Gateaux derivative

C%’EZOQ(ICL 800_7]90_7 Ve + E’U)).

Fix a sufficiently small constant £¢, and, for € € [—eg, 0]\ {0}, let ¢ be a solution indicated
in Proposition 3.1 with ¥ = Id, (¢—,p—) = (¢y, Py ) and vey = v + ew on Iy in (3.1).

Let us denote the subsonic domain of ¢. as N, the transonic shock as S: = {r = f-(9)},
Oy as $., and Gy, as G where ®f and G, are defined in (3.44) and (4.3). For W/, defined

as in (4.9), let E. € C°* | (N;F) be a solution to

(—a,Fw)
W} -DE.=0in N, (5.11)
E-(rs,0) = P (f-(9),9) (5.12)

(Bo — 5|V |?)7T
with psc = pg (Dpg - Vse)? + pg — py Kse where D = (8,,09,,-- ,0p, ,) and v, is the
unit normal vector field on S. toward N, and K. is defined by (2.51) with (p_,p_,p_) =
(Py » g Py ) and ¥ = Id. By Proposition 4.1, the solution . to (5.11) with (5.12) is unique,
and (5.3) implies Q(Id, ¢y ,py ,vec + ew) = Ec|r,,. Similarly, Q((p) is the exit value of the
solution Ear to

ps,O(Ts)
0
(Bo — %|8rg03_(7“5)|2)7—1
where W is defined by (4.9) with (¥, ¢, p—, po—,p_) = (Id, o3, py » Po » Py )» and ps. o is defined

n (5.9). Since ¢ is a radial function, we have W§ = (1,0,---,0) = #, so E; is a constant in
N, and this implies

Wg-DEf =0 in N, Ejf(rs,9) =

d o d d
%|5:0Q(1d, ¥ »Pg > Ve + Ew): £|E=0EE(T17 ): %L:‘:O(EE_ E(—)F)(rlv ) (513)
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Note that, by Proposition 3.1 and Lemma 4.2, if g > 0 is sufficiently small, then whenever
0 < |e| < &0, there exists a unique . € C>*(N") to satisfy
Pe = ‘Pa_ + e in 'N‘;ra
and moreover, there is a constant C' > 0 so that there holds

1—a,ScUlez)
el <

(5.14)
w2 =Wl + e = wi | 1”S°“”><c|ar.

By (5.13), we formally differentiate W, - D(E; — ESL) = 0 with respect to ¢, and apply
(4.1),(4.2) and (5.14) to obtain

d
£|6:0(E5 —Ef)=0 in NI (5.15)
Then (5.15) implies
d _ d n
d*E’a:OQ(ICL ©o 1 Pg s Ve + 5w) = dfglszo(Ee - Ej )(7"5)

-4 o( Pos - P )‘(f (6).0)
= 0 5
de (Bo — 4|Dg: )71 (Bo — 4Dy 2)77

(5.16)

where p . is given in (5.12).
Set ps(e, f=(0),0) = ps(f:(6),0). By (5.14), (2.49) and (2.52), ps(e,-, ) is partially differ-
entiable with respect to € at € = 0. Then this provides

d 9 .d
dié_’a:O(ps,s _pa_)(fE(e)v 0) = %|5:0ps(€7 Ts, 0)+(ps,0 _pa—) (Ts)%‘€:0f€(0)- (517)

First of all, An explicit calculation using (2.52) and (5.21) implies
0
£|E:0ps(5,rs,9) =0. (5.18)
Set 1), 1= 1. o <I>;1 then (3.44) implies . (f-(9),0) = - (rs,9). We note that e¢). solves
(3.45) with ¢ = ¢ + e (= ¢c) and g3 = ew. Since all the coefficients, including F, g and g
in (3.45) smoothly depend on ¢ and D¢, ¥ converges to 1o in the norm of C'( 1—aTy )(N+)
where 1) is a unique solution to
aj(ajk(a:, 0)8k¢0) =0 in Nrtv Dw(] SP = M0¢0 =0 on S(] (5.19)
(@i (x,0)0,%0) - Vw =0 on Ty, (ajp(x,0)06%0) -7 =w on ey, (5.20)
where aj, po are defined in (3.6) and Lemma 2.5, Also, by a method similar to the proof of
Lemma 3.11, we have

_ 1—a,Ty
e 0 @2 = dolly 3 < Clel. (5.21)

By (2.47), for any € € [—&¢,20] \ {0}, we have (¢ — ¢f)(f(9)) = evp=(f-(9),). Combining
this with (5.17), (5.21) and (5.18), we obtain

d N (ps,O - p+)(7'5)
s~ B 0),0) = P ), (5.22)

Similarly, by using (5.19), (5.21), we also obtain




36 MYOUNGJEAN BAE AND MIKHAIL FELDMAN

d 1 1
7|€: T 7 (fz—:(ﬂ)v’lg)
de 0<(Bo — Ve 2)7 T (By— 5|0 [2) 7T )
YO pf (1) 5
= =7 Oro(7s, ) 5.93
(3~ 1)(Bo - bOrg (ra)D) 5 (5:23)
YOripq (rs) o

= 1 %0(rs, ¥) =t aztho(rs, V).
(v = 1)(Bo — 5(9rg (r))?) 777

Set Lw := agiho(rs, ) for ag defined in (5.8).
Since the constant C' in (4.1),(4.2), (5.14) and (5.21) only depends on the data in sense of
Remark 2.7 , combining (5.22) with (5.23), we conclude that the mapping L satisfies (5.10)
with o(¢) being independent of w. Thus we conclude D, Q = L. Since it is easier to verify
(5.5) so we omit the proof. O

Corollary 5.3. D,Q: C( aBA)(A) — C(l O;QA) (A) is a compact mapping.

Proof. For any w € C( (A), let ¢y be a unique solution to (5.19), (5.20). Then there are

—a,0A)
constants C ,C' > 0 depending only on the data to satisfy

1—a,0A) —1— aFw (—a,0A
1D, Qul§ oy < Cllwoll§ ™) < Clluwl{ 27V
J

5.3. Local invertibility of P near (y = (Id, ¢, ,p;,vc). For a local invertibility of P, by
Lemma 5.1, it remains to show that D, P is invertible and P is continuous in a Banach space.

Note that for any o € (0,1), B m(Co) and Bgz, (pc) are compact and convex subsets of By 1=

CRA(N,R™) x CHR2NT ) x OB N 5) x CEY2 0 (A) and By 1= %7 (M) e

spectively. We define, for z = (21, 22, 23, 24),

—a/2,0\
Illoy =Nzl zaH122 g 0 128 02 I an (5.24)
2,0\ .
lzally = lleall 220N,

and regard P as a mapping from a subset of By to a subset of B y).

Lemma 5.4. For any o € (0,1), P : B (CO) — Beo(pe) is continuous in sense that if (;

converges to (s i B(1y as j tends to oo, then P((;) converges to P((xo) in Ba).

Pmof Take a sequence {(; = (\I'j,go(_j),p(_j),vj)} in Bg”({o) so that (; converges to (s €
(CO) in B(;) as j tends to co. For each j € N, let E; and Eo be the solutions to the

transport equatlon of (4.8) with W*=W} and W*=WJ, respectively in (4.9) where the initial

conditions E;(rs, ), Ex(rs,?) in (4. 10) are determined by the data (; and (. respectively.

Then, we have Q((;) = FEj|r,, and Q((x) = Ex|r.,- By the convergence of (; in By,

W converges to W, in C’(1 O;//QQ ST (./\/*) nch O;//22F )(./\/';Sr) as j tends to co. Because of

{¢j} C B((,l)( o), by Proposition 3.1 and 4.1, {E;} is bounded in C( o T )(./\/',ﬂ;) so there is a
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subsequence of {F;}, which we simply denote as {E};} itself, that converges to, say Eo, in

C(lf;//g2 Fw)(Nrt ). Then E,, satisfies

W% -DE. =0 in NE, Eoo(rs,9) = Eog(rs,9) for all ¥ € A,

and thus EOO = F holds in ./\/ﬁs . Moreover, this holds true for any subsequence of {E};} that

(1;0:){/22 Fw)(/\/;j;) Therefore, we conclude that Q((;) converges to Q((x) in B(g)

i.e., @ is continuous. One can similarly prove that R is continuous. By the definition of P in
(5.2), we finally conclude that P is continuous. O

converges in C

To prove the invertibility of D,P : C’(lf‘a o) (A) — C(l’f; o) (A), let us make the following
observation.

For a given w € C(l’_o‘ajaA) (A), let ) be the solution to (5.19),(5.20). Define a mapping

ThbyT:wr— —%¢(w) (rs,-), then T" maps C(ILO;’BA) (A) into itself, and we can write D,P in

Lemma 5.2 as
D,Pw=a1(I —T)w. (5.25)
By Corollary 5.3, T' is compact. Then, by the Fredholm alternative theorem, either D, Pw =0

has a nontrivial solution w or D,P is invertible. In the following lemma,we show that D,P
satisfies the latter hence D,P is invertible.

Lemma 5.5. For a € (0,1), D,P: C(l’_aavaA)(A) — C'(lf(;’aA) (A) is invertible.

Proof. The proof is divided into two steps.
Step 1. Let a; and ag be defined as in (5.8). We claim ag < 0 and —g—f < 0.
By Lemma 2.5, we can write ag as

Or(ps0 —1g) — P(T&"Soaar(af%; - drpg)
az = = r=rg -
(g — ¢ )(rs)
Then, by (2.34), (2.36) and (3.19), we obtain
—1Doo _ — 2
= D)Ko~ G ()

re(Bo — 31D (rs)) 710, (05 — ¢0)(7s)

Since a; < 0 is obvious from (5.7), there holds —22 < 0.
Step 2. Claim. DyPw = 0 if and only if w = 0.
If w = 0 then it is obviously D, Pw=0.
According to Remark 3.10, in spherical coordinates, (5.19) and (5.20) are expressed as

O {k1(r) 00} + ko (r)Agn-19p =0 in N, Opp — poy =0 on Sp,

2
By, =0 on T, ) = —2_ on Ty (5.26)
k1(r1)

where k1 and ks are defined as in (3.52).
Suppose D, Pw = 0 for some w € C'(l’_aa aA)(A). Then, by (5.25), there holds

w() = —Z—?@b(w) (rs,9) for all ¥ € A. (5.27)
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We denote ¥(®) as ¢ for the simplicity hereafter. Let v, be a unit normal vector field on
OA C S"1. Then v, is perpendicular to I'y, so w satisfies

Oy, w = —%&,ww(rs, ) =0 on JA.
1

Then w has an eigenfunction expansion

o)

w:chnj in A with ¢; :/Awnj

j=1
where every 7, is an eigenfunction of the eigenvalue problem
—Agn-1m; = A\jn; in A, Oy,mj =0 on OA (5.28)

with [|n;]lz2(a) = 1. We note that all the eigenvalues of (5.28) are non-negative real numbers.
We claim that (5.27) implies ¢; = 0 for all j € N. Once this is verified, then we obtain
w = 0.
For each N € N, let us set wy := Z;Vﬂ ¢jnj and Yy (r,9) = Z;VZI q;(r)n;(¥) for one
variable functions ¢; satisfying

(qu;-)' — )\jkgqj‘ =0 in (7’3,7”1>, (5.29)

q;(rs) — pogj(rs) =0, q;(r1) = klij;l)- (5.30)

for j =1,---,N. Then ¢n(rs,-) converges to 1 (rs, ) in L?>(A) so that (5.27) implies

qi(rs) = —%Cj for all j € N.

Suppose that ¢; # 0 for some j € N. Without loss of generality, we assume ¢; > 0. By the
sign of &1 considered in Step 1, we have ¢;(rs) < 0,¢;(rs) < 0 and g;(r1) > 0. We will derive
a contradiction.

(i) If A; = 0 then there is a constant mg so that k:lq; = mg for all r € [rs,r1]. Since k;
is strictly positive in [rs,71], we have sgn mo = sgn g;(r1) and sgn mo = sgn ¢;(rs).
Then sgn q;(rs) = sgn q;(r1) must hold. But this contradicts to the assumption of
¢;(rs) <0< g;(r1).

(ii) Assume A; > 0. By (5.29), we have

T1 T1
/ Njkogidr = / (k1g;)'dr = k1 (r1)q;(r1) — k1(rs)qj(rs) > 0.

Then g;(rs) < 0 implies maxy,_ ] ¢; > 0so there exists t1 € [rs, r1] satisfying g;(t1) = 0.
Also, by the intermediate value theorem, there exists ty € [rs, 1] satisfying q}(tg) =0.

If t; = t2 then the uniqueness theorem of second-order linear ODEs implies ¢; = 0
on [rs,r1]. But this is a contradiction. If ¢; # ta, assume t; < to without loss of
generality. Then, by the maximum principle, ¢; = 0 on [t1,t2] so ¢; = 0 on [rg,r].
This is a contradiction as well.

Thus every c¢; must be 0 hence w = 0. By the Fredholm alternative theorem, we finally
conclude that D,P is invertible. O
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Proposition 5.6. For any o € (0,1), there exists a positive constant o1(< o3) depending on
the data in sense of Remark 2.7 so that whenever 0 < o < o1, for a given (V,p_,p_, Pex)
with G1,2,53 in Theorem 1 satisfying 0 < ¢ < o forl =1,2,3, there exists a function v}, =
V(U o P, Pex) € C’(lf;,aA) (A) so that there holds

P(¥, ¢, p-, e:v) Dex- (5.31)
Moreover such a v}, satisfies
* - 7aA
ok — vell 00N < Cla + @ + ). (5.32)

Proof. Following the definition (3.30), define, for the constant C' in (4.1), P, : B* := BW(() x
13 13
Bey (ve) = By (0) by
P*(\IJ, P—sP—» 'Uexvpex) = P(\Ila P—sD—, Ue:):) — Dex-

Then, by Lemma 5.4 and the definition of P, above, for {({(—;,p;)} C B*, if lim;_ ||(; —
Cooll1y + llPj — Pooll(2) = 0 for some (Coo, Pingty) € B* where || - |[x=1,2 are defined in (5.24),
then limj .o [|P«((j, pj) — Pe(Coo, Poo)|| = 0 holds, i.e., P is continuous in the sense similar to
Lemma 5.4. Besides, by Lemma 5.2, P, is Fréchet differentiable at ({p, p.). In particular, we

have Dy,P.(Co,pe) = DyP so it is invertible. So if o > 0 is sufficiently small depending on the
data and « then Lemma 5.1 implies (5.31). (5.32) is a direct result from Remark A.2. O

Proof of Theorem 1. Fix o € (0,1). By Proposition 5.6, for a given ¥, ¢_, p_, pe, with
S1,$2,63 in Theorem 1 satisfying 0 < ¢ < oy for [ = 1,2, 3, there exists a v}, € C'(1 O;aA) (A)
so that there holds (5.31). For such a v},, Proposition 3.1 and 4.1 imply that there exists a
unique (p*, o*,p*) in N satisfying (2.44), (3.1), Proposition 3.1, Lemma 4.2 and Proposition
4.1. So (p,,p) = (p*, ¢*, P*)xn+ + (p—, p—, P )XAnA+ IS a transonic shock solution satisfying
Theorem (1) (a)-(d). Particularly, Theorem 1 (c) is a result from (3.2), (4.1) and (5.32). Here,
xo =11in Q, and 0 in Q°. U

6. UNIQUENESS

6.1. Proof of Theorem 2. Fix ¢, := (V,p_,p_) and p, with satisfying Theorem 1 (i)-(iii),
and suppose that v, vy € C( BA)(A) satisfy

(C*vvl) = Pex = P(C*7U2)~ (61)

If ||v; — UcH1 aaA) < o1 in Theorem 1, then by (6.1) and Lemma 5.5, we have
V1 — V2 = —DUP_I(P(C*, Ul) - P(C*, UQ) — DUP(Ul — Uz)). (6.2)
If P were continuously Fréchet differentiable, (6.2) would imply

a,0N LOA
lor — w2l TN < Conllor — va| TN

so that if oy is sufficiently small, then v; = vy holds, which provides Theorem 2 by Propo-
sition 3.1 and 4.1. But it is unclear whether P is differentiable at other points near (, =
(Id, ¢y, py »ve) for the following reason.

For v;(j = 1,2) chosen above, let W} be defined as in (4.9) associated with ¢, = (¥, ¢_,p_)

and vj, and let E; € C'( ol )(N ) be the unique solution to (4.8) with (4.10). Then, E; — E>
satisfies Wy - D(Ey — Eo) = (W5 — W) - D(Ey — Ef) in N}t with D = (9, 0g,,-++ ,09,_,) by
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Lemma 4.4. Then, by the method of characteristics used in section 4.1.for any 9 € A, E1 — E»
has an expression of
(Ey — E2)(r1,7)

2r1—rs

— (B~ Blxn vy~ V=W0) -D(Ea=E xndt (63)

T1
vl

N~

where X (t;r,1) solves (4.16) with W = W.
For Q in (5.3) to be Fréchet differentiable in sense of Lemma 5.2, we need to obtain a uniform

A
bound of La,A

” ”(7& »ny for all vy sufficiently close to ve with vy # v, but we only know, by
V170201, a,A

Lemma 4.5, D(E — Ey ) € Cf arw)(/\fi)-

But still, by (4.15) and (4.16), it is likely that we have
LON LON
ISR < Clloy = vaf| 3>

for a constant C' depending on the data in sense of Remark 2.7. Then (6.2) may imply
llvg — ng (170,08) < Coil|vg — U2|| (1~a,0A) , and so v; = vy hold by reducing o1 > 0 in Theorem
1if necessary For that reason, we W111 prove the following lemma in this section.

Lemma 6.1. For a € (%, 1), D,P defined in Lemma 5.2 is a bounded linear mapping from

Cl_a.0n) (A) to itself and that D,P is invertible in Cli_a.0n) (A).

Lemma 6.2. Fiz a € (3,1). Fiz (. = (¥,¢o_,p-) and vy, v € C( aaA)(A) with ¢1,s2, defined

() a,00)

in Theorem 1 and <5’ = ||vj — UCHI A - Then there is a constant C,o. > 0 depending on

the data in sense of Remark 2.7 so that whenever 0 < §1,§2,§i1),§£2) < o4 are satisfied there

holds

oA
IP(Gev1) = P(Gesv2) = DyP(v1 = wa)llg 1™
2 (6.4)
—a,0M) OA :
< Clats+ vy —vell{)lon = o S,
j=1
Before we prove Lemma 6.1 and Lemma 6.2, we assume that those lemmas hold true, and
prove Theorem 2 first.

Proof of Theorem 2. Fix a € (%, 1) and also fix ¥, p_, p_, pe; With ¢1,¢2,¢3 in Theorem 1
satisfying 0 < ¢; < o for a constant o € (0, 01] where 01 is as in Theorem 1.

Suppose that there are two functions vi,ve € C( aaA)(A) satisfying (5.31), (5.32) with
vy, =vj for j =1,2. Then, by (5.32), (6.2), Lemma 6.1, Lemma 6.2, there holds

oA
- U2H(1 wOn),

lor = w23 < Clar + @2 + @)l (6.5)

Since C' depends on the data in sense of Remark 2.7, there exists a constant o9 € (0, 0;] with
the same depndence as C' so that we have

Cls1+s2+)<3Co < 1. (6.6)

Then, whenever 0 < o < o3, from (6.5) and (6.6), we conclude v; = vs. O

The rest of section 6 is devoted to the proof of Lemma 6.1 and Lemma 6.2.
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6.2. Proof of Lemma 6.1. Lemma 6.1 follows easily from:

Lemma 6.3. Fiz a € (3,1). For F = (Fj)7_, € Cl_a 330U3Fez)(Nrt,R"), and g1,93 €

Ca—a,aA)(A)’ go € C(al—a,asouarw)(rwﬂrs)? the linear boundary problem

dj(ajk(x,0)0kp) = 0;F; in Nt (6.7)
Dy -7 — potp = g1 on Sp (6.8)
(ajn(x,0)0k) - vy = g2 on Ty, (6.9)
(ajk(2,0)0k¢) -7 = g3 on Tey (6.10)

has a unique weak solution 1 € CY*(N;E \ (8S) U 8Tez)) N CA(N;E). Moreover, there is a
constant C depending only the data in sense of Remark 2.7 so that there holds

—a,080UAT ez 1—a,080UOT es
[l g < cp o)

(1—a,0A) (1—0,8S0UAT e (6.11)
+Z gl SR + [|ga| {70050 0 e,
7=1,3

The proof of Lemma 6.3 is given in Appendix B.

Proof of Lemma 6.1. By (5.7), for D, P to be well-defined in Cl—a0n) (A), the linear bound-

ary problem (5.19), (5.20) must have a unique solution (") € C(N;F) N CONGE) for w €
Cl_a0n) (A). This condition is satisfies by Lemma 6.3. Furthermore, (6.11) implies that D, P
maps Caia on) (A) into itself, and it is bounded in C’aia o) (A) as well. Also, the mapping

w — asR() W™ (rs,) is compact where R, ay are defined in (5.3) and (5.8).
Suppose DyPw, = 0 for some w, € C7_, 5y (A), then by (5.7), we have

R(Go)az

 Q(Go)an

By (6 11), ) is in C*(N;T), then (6.12) implies w, € C*(A), and again this provides w, =
gg)gf ) (r,,-) € CH(A). This can be checked by arguments similar to the proof of
Lemma 3.5. So one can follow the proof of Lemma 5.5 to show w, = 0. By the Fredholm
alternative theorem, we conclude that D,P is invertible in C7_, , A)(A). O

) (rg, ). (6.12)

6.3. Proof of Lemma 6.2. To prove Lemma 6.2, we need the following corollaries of Lemma
6.3. In this section, we fix U, p_, p_ with g1, ¢y defined in Theorem 1 satisfying 0 < ¢ < o(l =
1,2) for a constant o > 0.

Corollary 6.4. Fiz o € ( ,1). For j = 1,2, let p; be the solution stated in Proposition 3.1

with ve, = vj satisfying ¢, (j) = ||lv; — vcHg_aa/’\aA) < o for o € (0,03], and with the transonic

shock r = fj(z'). Set ¢; = (p; — o) 0 G;jl for Gy, defined in (4.3). Then, there exist
constant C, 0” > 0 depending on the data in sense of Remark 2.7 so that whenever 0 < o < o’
if 0 < <1, ¢, gij)(j = 1,2) < o are satisfied, then there hold

—,0S0U0T e (1—a,0A
61 = @all S < Clfoy = wall 7Y, (6.13)
o,00) (1- aaA)

I = ol ™ < Cllor = w2 (6.14)
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Proof. Step 1. For G, defined in (4.3), let us write G (t,2') = (W) (t,2'),2") then we have
V) (WO (¢, 2),2") =t for all (t,a') € [re,r1] X A.
For convenience, we denote as v;,w; for U(‘pj),w(wf)(j = 1,2), then there holds
v1(wi1(t,2"),2") — vo(wa(t,2'),2’) =0 for all (¢,2') € [rs,r1] x A (6.15)
By the definition of v; in (4.3), a direct computation shows that (6.15) is equivalent to

lg(r, ) 200) ) = k(o1 — @)(t,2) + ko (1, 2 )x(w; (8, 7))
where we set
a(r,2') = k(g (r) — 9§ () + - (r,0") (1 = x(1) + rx(r)
v (r,a) = (r,2)) — 95 (r).

By the choice of k in (4.4), if ¢ in Theorem 2.4 is sufficiently small, then there is a positive
constant qg satisfying d,.q > qo > 0 for all r € [rg, 1] so that we can express w1 — wo as

—k(¢1 — ¢2)(t,2") + k[ (t, 2 x(w;(t. 2))]j s
fol Orq(awy (t,2") + (1 — a)wa(t, 2'))da

for (t,2") € [rs,r] >< A. q depends only on the data in sense of Remark 2.7. Furthermore,
denoting as G, G for Gy, G (j = 1,2), since we have D(G, oG]._l) = DG]._1 oDGj(Gj_l) =
I, for j = 1,2, we obtain, in Nt

[DG;(G; )] = =DG1(G1 1) o(DGT ' = DG )o DGa(Ga) ™. (6.17)

with setting [DG;(G; )] := DG1(G ") —DGa(Gy ).
Let us set I'¢ps := 05y U OT'¢,. Combining (6.17) with (6.16), we obtain

(w1 —w2)(t,2) = (6.16)

lor —wall{ 207 < Cllo1=nll{ M+l wr —w)onl| ), (6.18)
1— aI‘ms aFcns arcns
IDG; (GO ) < c<||¢r¢2|\ +||¢2<wrwz>||< ). (6.19)
Step 2. For convenience, let us denote as a,(cl), lg ), b(J),u(j), gg) for agy, Fy, b1, pif, gm defined

n (3.6), (3.7), (3.15) and (3.28) associated with W, ¢_,p_,¢; — ¢f, f;. Then, by (3.3)-(3.7),
(3.8), (3.28) and (3.34), for each j = 1,2, ¢; satisfies

O (@i (y, 0)016;) = O ED + 04 ([anu(y, 0)—al))dug;) =: k3 in AGH,

ar@—no@:gl%(r—b&f)-chj—(uo—u ")g;=: g7 on So

(@1 (3 0)016;) - vio = 35"+ ([an (v, 0>—a2€)]6l¢j>~uw =gy on I,

(@ (y, 0)019;) - # = (v; = ve) +([an(y,0) ) 1016;)-+ =: g5 on Ty
where ag;(y,0), fip are obtained from (6.7)-(6.10) through the change of variables (r,z’) —
Gt (r, z’), and where a() b() Y F (J) 3 for k1 € {1,---,n}, m € {1,2} are obtained

from a(J) Y ), @) F(j) gT(n) through the change of variables (r,z’) — Gj(r,2’), and thus they
k201 5 K

smoothly depend on D\I/ (p—p-,p-), Dpj and DG;(G; .

(6.20)
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By (3.8), (3.28), (3.34), and by the definitions of Sk ,gm) in (6.20), one can directly check
15 s@)n“ LORTE) < Crd(61, 00)

1— 8A
lof” — o I8A™ " < Crud(r,6) (6.21)
1 1—,050UT es '
o — gf ||E.Zr:f,“s W) < O, §(b1, o)
1—a,0A (1—a,0A)
la§” — g 154 < O(llor — w2l S5 + K.)0 (1, 62)
where we set
,0S0UOT e
Ry = §1+§2+ZH¢]H1aaN+OU ))
L (1—,080UAT ¢)
(¢la¢2) - ||¢1 ¢ ||C¥N+
FIDGH(GY) = DG(G | E ) et = Gyt e,
Moreover, (6.18) and (6.19) imply
8(61,62) < Cll61 = dall | 2377 ll(wr —wa)nl| ). (6.22)
By Proposition 3.1 and (4.3), each ¢; satlsﬁes
1 OSoUIT e JOA
515?50V < Gl + 2+ oy = well k™) (6.23)

for a constant C' depending on the data in sense of Remark 2.7. By (6.18), (6.22) and (6.23),
there exists a constant o’ € (0,03] so that whenever 0 < §1,§2,§ij ) < o’ are satisfied, there
holds

6(61,62) < Cllr — ol 0w, (6.24)

Here, the constants C' and ¢” depend only on the data in sense of Remark 2.7. Then, applying
Lemma 6.3 to ¢1 — ¢, by (6.20), (6.21) and (6.24), we obtain (6.13) reducing ¢” if necessary.
Step 3. By arguing similarly as (2.47), and by the definition of ¢;, setting ¥_ = p_ — ¢, we
have

[d’j(r&ﬁ) — - (f](ﬁ)vﬁ)]] 2

(fr = f2)(0) = - (6.25)
Jo 0:(ey = ¢d)@fi(9) + (1 = a) fo(9))da
for z € A. By (6.25) and (6.23), we obtain
1= Fellin ™ < Cllor = gall§ 2+ ot oi i) L= Rl S (6.26)
We reduce ¢” further to obtain (6.14) by (6.37) and (6.26). O

For any given a € (3,1), let 1 € C*(N;1) N C*(N;f) be be a unique solution to (6.20) with
Sk =91 =92 =0 and g3 = v1 — va.
Corollary 6.5. Fix o € (%,1). Let ¢1 and ¢o be as in Corollary 6.4, Then, there are
constants C,o? > 0 depending only on the data in sense of Remark 2.7 so that whenever

0 < 61,62, C(l),cf) < 0% are satisfied, then there holds,

61 — dn — Il ) < Clar+ o0+ 657 + 6P o — ol SV (627)
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Proof. By (6.20), and by the definition of 1, ¥, := ¢1 — po — 1 satisfies So ¢1 — 2 — u satisfies

O (y,0)0) = F(FY — §?) in N

Optps — fioth = g5 — g1 on So

(ari(y, 0)0) - v = g5 — g5 on T,

(axi(y, 0001, - 7 = g§) — g{? — (01 — v2) on T

By the definition of ggj) in (6.20), we emphasize that g} := ggl) — 95’2) — (v1 — vg) satisfies

lasl\ 2 < Cla+ @+ oY +<)a(61, 02)

where 6(¢1, ¢2) is defined in (6.22). Then, by Lemma 6.3, Corollary 6.4 and (6.21), we conclude
that if o? is chosen sufficiently small depending on the data in sense of Remark 2.7, then

Yy = ¢1 — P2 — 1 satisfies

(1—a,0A)

—a,050U0T ¢,
|02 < Oy + o+ of + o) on — 2|y (6.28)
for a constant C' depending only on the data in sense of Remark 2.7. O

Fix (¥, p_,p_) in BY (Id, ¢y, py ). For simplicity, let us denote as P(v) for P(¥, p_,p_,v)

Proof of Lemma 6.2. Step 1.For convenience, for each j = 1,2, let us denote as P;, Q; and
R; for P((x,vj), Q(Cx, v5) and R(C«, v;) respectively where Q, R are defined in (5.3). Then we
can write

P1—P2— DyP(v1 —v2) =1 R1 +12Q2 + 13 (6.29)
with
I =01 —Q2—D,Q(v1 —wv2), la=Ri1—Ra— D,R(v1 —v2),
I3 =(Q2 — Qo) DyR(v1 — v2) + (R1 — Ro) Dy Q(v1 — v2),
where we denote Qp = Q(Id, ¢y, ,vc), Ro = R(Id, ¢y ,py,ve). We estimate [1R1,12Q2,13

separately.
By Lemma 6.1, Proposition 3.1, (4.14) and (4.15), we obtain

)55 < Clar + 6+ 657 + 6P lm (6.30)

Step 2. Let v € C*(N;))N C(N;%) be a unique solution to (5.19),(5.20) with w = vy — vs,
then by (6.3) and the definition of D, Q in (5.6), we have

ll(ﬂ) = (El 7E2 *CLQ@Z}) |X(2r1—frs;r1,19) +a2(¢’X(2r1—frs;r1,ﬂ) *Q,Z)(TS, 29))7LL'< (19) (631)

where ag, I, are defined in (5.8), (6.3) respectively. First of all, by (4.14), (4.15), Corollary 6.4
and (6.18), we obtain

AU < O+ + o) lor — vall Y.

(6.32)
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Secondly, for Vj defined in Lemma 4.3, let us set W := %ﬂ)ﬁ so that we have Wj =

(1,0,---,0) in (r,9) coordinates which is a spherical coordinate system we specified in section
4. Then, by Lemma 4.3, there holds

”W1 WOH —a 850U8Fez) < C(§+§2+§£2)) (633)

for a constant C' depending on the data in sense of Remark 2.7 where W7 is defined in the
paragraph of (6.3). Thus, by (6.33) and Lemma 6.3, we obtain

1 BA
||w|X1(27‘1 —r—s;r1,") (Tsa )H “
(1—a,8S0U8 ¢y 85 [o)
< || Dy {1 ’le Wou 050l e) (6.34)

1 LOA
<c<<1+<2+<4 Dot — vz 5%

for a constant C' depending only on the data.

To complete step 2, it remains to estimate ||(E; — E2 — agt)) (s, - )H (17:00) | ocause X1(2rm —
rs;r1,0) lies on Sy = {r = rs} NN for all ¥ € A.

By the definition of as in (5.8), a2t is expressed as

aztp(rs, ) = af(rs, ) + a(r, ) (6.35)
with N
1 87" s,0 ™ Ts
(= a0 2P0 0 e (630
(Boy — (87«(,00 (r5))2)7—1 Or(pg — g )(rs)
where ag is defined in (5.23). So, we need to decompose E; — Fs into two parts so that one is
comparable to agl)w, and the other is comparable to agz)w.
For each j = 1,2, by (4.10), we have
(M. . §]) 2 _ _Kéj) g])
Bi(ry,0) = (M;Veo_ v +p K _ (6.37)
(Bo - HDU @) T

with
_ V(- —pp)|(DTHT(DT)
DYV (o — j)
S 2y-1) 1 . .
K9 =20 (M v
7+1 (Ve ) (7—1)/)7)

where every quantity is evaluated at (f;(¢),7). Here, ¢; and f; are as in Corollary 6.4, and
()
Vs

is the unit normal on S; = {r = f;(¥)} toward the subsonic domain /\/JZL‘ of p; for j =1,2.
Set Up(r) := (Bo 2|8rcp0( )|2)ﬁ Then, for each j = 1,2, we can write Ej(rs,9) —

()
Ef (fj(9)) = p[i — 504 %U& where ps o, Eg is defined in (2.33) and Lemma 4.4 respectively,
and where all the quantities are evaluated at (f;(19),?). Then, by Lemma 4.4, we can express

(E1 — E2)(rs, ) as

(E1— E2)(rs,0) = 21 + 22, (6.38)
() o\ f
21 = [p(;] _ BTN 0((;;](( ))))]] 0, 2p = [(p&OUO(pJ?j()éJ;; (19))];:2' (6.39)
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Here, [Fj]j_, is defined by [Fj]i_y := Fy — F.
We claim that, for a constant C depending on the data in sense of Remark 2.7, there hold
LOA —a,0A
I - a?wm, Maa™™ < Callor = vl G327, (6.40)
LOA) LOA
22 = @ s, MGR " < Carllor = vl G372 (6.41)

where we set ¢, :=¢1 + ¢ + QE ) + QE ),

Step 3.(Verification of (6.41)) We rewrite 2o in (6.39) as

z9(19)

— i) | £ 0 ] A
_ [pso pgo)(I;j(mbz o=l ﬁ)(Uo(fi(ﬁ))_Uo(lTs))]}zz (6.42)
EORNCY)

y (2.33), Proposition 3.1 and Corollary (6.4), we obtain

y (6.25), we can write

as" (9)[6;(rs, 9) — - (f;(0), )]}y — a8 r, 0)
Uo(rs)

20(9) — a8 (rg, 9) =

with
Jo 9 (ps.0 — 3)(af1(19) + (1 = a)fo(¥))da
Uo(rs) o 00y — ¢¢)(afi(¥) + (1 — a) f2(0))da

where each ¢; is as in Corollary 6.4, and Where we denote as 19— = p_ — ¢, . By Corollary 6.4
and Corollary 6.5, there holds

a3 (9) =

) < Csillvr — v || (6.44)

25" — a§ (s,
The constants C' in (6.43), (6.44) depend only on the data in sense of Remark 2.7. Then, (6.41)
is obtained by (6.43) and (6.44).

Step 4. (Verification of (6.40)) By (5.19) and (5.22), it is easy to see that for a§2)¢(rs, )
n (6.35), there holds

+ +
a22)¢(,rs’ ) _ TPg (Ts)ar(po (Ts> = 8r77/)(7"57 ) _ a45r¢(7"s, ) (6.45)

(v = D(Bo = 5(0rgg (r:))?)

Similarly to step 3 above, we rewrite z; in (6.39) as

ooyl e pE e () — peolfi(9))
L A it 7 1) R S S
=: z§1)+z§2)

where we set

U 1= (Bo— [V (f5(0), 9)) 7.
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By (2.33), Proposition 3.1, (6 37) and Corollary 6.4, z?) in (6.46) satisfies

12218529 < O, o — vall 3. (6.47)
For each j = 1,2, we can write
1 1
+
Pol7= — 7777 7%
77 ~ mg@)
_/1 vpg (rs) (J)(UQ)'V(wj—%r)kfjw),ﬁ) " (6.48)
= . 2y—1
0 (y—1)(Bo—5(18r¢ (f;(9))[2+2¢8Y) V05— 00 )¢5, 06).))) 7

= af)  Vp;—pf )N it;9),9)

with 87 (9) = 0,08 (£i(9))7 + 59 () = i)l 1,00
By Proposition 3.1, we have, for a constant C' depending on the data in sense of Remark 2.7

||a4 —a rHlaaAaA) < O, (6.49)

(1)

So, if we write z;’ — a40,v¢(rs, ) as
2N — 18,1 (rs, 9)

= as([0, (25— 20, 0.0 b2 =0 (r50) + (@) —aa) -V (01 =0 (1, 0).0) ias

then, by Proposition 3.1, (4.3), Corollary 6.4, Corollary 6.5, (6.49), there is a constant C
depending on the data in sense of Remark 2.7 so that there holds

128" — a1 (re, ISR < Caullor —va| 'y (6.50)

Thus (6.40) holds true. Finally, (6.40) and (6.41) imply, for a constant C' depending on the
data in sense of Remark 2.7,

IRt 3N < Ccflor — ol {347 (6.51)
Similarly, one can also show

(1—a,d)
||Q2l2|| A <C<||Ul—vz||

(1- O¢6A)

As (6.52) can be checked more Slmply than (6.51), we omit the details for the verification of
(6.52).
Finally, combining (6.30), (6.51) and (6.52) all together, we obtain (6.4), and this competes
the proof of Lemma 6.2.
U

APPENDIX A. PROOF OF PROPOSITION 5.1
Before we prove Proposition 5.1, we first prove the following lemma.

Lemma A.1 (Right Inverse Mapping Theorem). Let €; be a compactly imbedded subspace of
a Banach space B1. Also, suppose that €4 is a subspace of another Banach space Bo. For a
given point (xg,y0) € €1 X &, suppose that a mapping H satisfies the following conditions:

(i) H maps a neighborhood of xo in By to Be, and maps a neighborhood of xy in € to
&o, with H(zo) = Yo,
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(ii) whenever a sequence {zxy} C €1 near xo converges to x, in By, the sequence {H(xk)} C
&y converges to H(xs) in Bo,

(iii) H,as a mapping from By to B, also as a mapping from € to &€y, is Fréchet differen-
tiable at xg,

(iv) the Fréchet derivative DH(xq), as a mapping from By to Ba, also as a mapping from
&1 to &y, is invertible.

Then there is a small neighborhood V(xo) of zo in €1, and a small neighborhood W(yo) of yo
in € so that H : V(x9) — W(yo) has a right inverse i.e., there is a mapping H}_zz'lght : W(yo) —
V(xo) satisfying

H o Hpign = id (A1)
and moreover H;zilght satisfies H}_Zilght o H(xp) = xo.
Proof. Denote DH(zp) as DHy. For t € Ry, and v,w € €;, define

1
H*(t,v,w) := i (H(zo + t(v+ w)) — H(zo)) — DHow.

For r > 0 and ag € €, set By(ag) == {y € €1 : ||y — aolle; < r}. For a fixed (t,w) €
(0,e0] x 0B1(0), we define
Hy o (0) = DHy (HO)(t0,0) — v

If the constant ¢¢ is sufficiently small then we have H;,, maps B;(0) into itself. Since B1(0)
is bounded in €;, B;(0) is a compact convex subset of B;. By Lemma A.1 (ii) and (iii),
the Schauder fixed point theorem applies to H;,,. Thus H;,, has a fixed point v = v (t, w)
satisfying

H;fk,w(v*) = Ux.

By the definition of Hj,,, v. satisfies
Hiw(ve) = vi & H (t, v4,w) = 0 e
< H(xog + t(ve +w)) = H(xo) + tDHow. (A.2)

We claim
Hﬁgght(z) = x0 + t(ve + w) (A.3)
for z = H(xo) + tDHow. Obviously, H]}Z.lght(z) in (A.3) satisfies (A.1). So it remains to check
if Hpop in(A.3) is well-defined.
Set W(yo) := {yo +tDHow : t € [0,e0],w € 0B1(0)}. Since DH, is invertible, W(yo) covers
a small neighborhood of yg in €3. Suppose yo+t1 DHow; = yo+taDHows for ty,ts € [0,e0] and
wy,wg € 0B1(0). If t; = 0 then ¢ must be 0 as well. If ¢; # 0 then we have DHow; = %DHOMZ

and this implies wy = %wg. So we obtain t; = t5 and wy = ws.
By (A.3), we also have ’Hﬁilght o H(xp) = H;%ilght('l'l(xo) + 0w) = . O
Remark A.2. By (A.3), there holds

|2 = H(zo)lle
HDHOMH&

where we set | DHy'| == SUD [y |, =0 | DHy e, -

[H ™ (2) — @olle, <2t =2 < 2| DHy |||z — H(zo) e,

Proposition 5.1 can be easily proven from Lemma A.1.
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Proof of Proposition 5.1. Let us define H(x,y) by

H(z,y) == (F(z,y),y). (A.4)

In Lemma A.1, replacing B1 by B X Bs , € by €1 x €, By by B3, € by €3, z¢ by (zo, y0)
and yo by (0,yp), H in (A.4) satisfies Lemma A.1 (i)-(iii). In particular, the Fréchet derivative
of H at (g, yo0), which we write as DHy, is given by

DHy(z,y) = (DyFoxr + DyFoy,y)

where we denote D, ) F (70, Y0) as (DzFo, DyFo). By Proposition 5.1 (iv), H satisfies Lemma
A.1 (iv). Therefore, by Lemma A.1, H has a right inverse H;zilght in a small neighborhood of
(z0,y0) in € X €a. In particular, for y € € with ||y — yol|e, being sufficiently small, Héilght is
well defined. Write Hé}ght(o, y) = (2*(y), y) then we obtain F(z*(y),y) = 0. O

APPENDIX B. PrROOF OoF LEMMA 6.3

Proof of Lemma 6.3.

Step 1. Fix F* = (F))j_; € C{_, as.0or..) Nt R"), and gi, 95 € C{_, 50 (A), 95 €
C’E)‘l aasouar )( wors)- Then there are sequences {F*) = (Fj(k))?:l} c CN,-,R™), and

{911, (08} € co@), {67} € () satisfying
lim |F ) F*||(1 aasouarw)

. (1—a,0A
= lim gt — gl
— 00

(1 0,080Ud ;)

aFw \Ts

. o,0A
= lim lg5” — g3 = lim ||g5" %w '=o.
For each k, let v(®) € C2(NF)n CO(N;E) be the unique solution to (6.7)-(6.10) with F =

F®) g = gl(k) for [ = 1,2,3. The unique existence of ¥¥) can be proven by the method of

continuity as in the proof of Lemma 3.5.
If (6.11) holds true for F € C*(N;T,R"), g1,92 € C*(A), g2 € C¥(Ty..), then we have

. ,050U0 ey
i [Jg8) — g e B g, (B.1)
By (B.1), ¥®) converges to a function ¢* in C? for any compact subset of Nﬁ;, so * satisfies
(6.7) with ' = F* in N;f. Also, ¢* satisfies (6.8)-(6.10) on the relative interior of each

corresponding boundary with g; = g for [ = 1,2,3. Since {®")} is a Cauchy sequence in

C’(l’_o; asouapez)(/\/,ﬂg), we have ¢* € C'(1 O;Lasouar (./\/'ﬂs') C C%(N;T). Then, by [LI1, Corollary

2.5], o > 0 in (6.8) implies that ¢* € C*(N;F)N C’O(NZ) is a unique solution to (6.7)-(6.10).
Moreover, ¥* satisfies (6.11) by (B.1). Thus, it suffices to prove (6.11) for

F e C*N:,R™), g1,92 € C*(RA), g2 € C*(Topr)- (B.2)

So, for the rest of proof, we assume (B.2).

Step 2. By the local scalings as in the proof of Lemma 3.5, one can easily check that if
¥ € C*HNT) N CONGE) solves (6.7)-(6.10), then there is a constant C' depending on N;" and
« so that there holds

—,050U0l e
[l ™) < Ol s + K (0, F 91,92, 93)) (B.3)
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where we set

1—0,050U0T ¢z 1—0,080U0T ez 1—a,0N
K(¢,F\g1,92,93) = HFHL,N?; 0Tea) 4|1 gol é,pjm 0L0Tea) > ngllg,AO‘ ).
=13
So it suffices to estimate [¢]y , A+

Since N, is a cylindrical domain with the cross-section A in (r,z’)—coordinates in (2.22),
there is a constant xo > 0 depending only on n, A to satisfy, for any g € N7 and R > 0,

1 < vol(Br(zo) NN;H) < ro.
avs) R"
So, if there is a constant R, > 0 and M > 0 satisfying
1 / 2 2
sup e |Dy|* < M* for all R e (0,R.], (B.4)
a:oEN’rtyR>0 Rn—2t2a BR(IO)QNTJZ
then there holds
1
W’a,/\/;g < C(ﬁ\w‘o#\@ + M) (B.5)

assuming R, < 1 without loss of generality where the constant C' depends only on n, a, A, rg, 71.
So, we devote the rest of proof to find a constant M > 0 satisfying (B.4).

To obtain (B.4), we need to consider the three cases: (i) Br(zo) C NI, (ii) zo € N\
(0SpUdT;) and Br(xo) N (0SoUIT ;) = 0, (iii) zg € 0Sp U AT'c,. More general cases can be
treated to these three cases. Also, case (i), (ii) are easier to handle than case (iii). So we only
consider case (iii).

Step 3. Assume xg € 0.5y because the case of x¢ € JI'¢,, can be treated more simply. For a
fixed point x¢ € 0Sy, let zg = (rs, xy) in the (r,2’)-coordinates given in (2.22). Then, there is
a constant Ry > 0 depending on A, and a smooth diffeomorphism h defined in a neighborhood
Oy of xj in A so that h flattens OA near zf;, and moreover the followings hold:

(a) h(zh) =0ec R, (b) for any z’ € Oy NOA, h(z') € R"2 x {0},
(c) for any (r,2') € Bpy(z0) NNE, (1, h(2') € (re,m1) x R"2 x Ry
For a constant R > 0 and yg := (75, h(z()) = (r5,0) € R™, let us set
Dr == Br(yo) N {(r, h(z')) : (r,2) € Bry(z0) NN;T},
Sr.,.k = Br(yo) N {(r,h(z)) : (r,2") € Bry(w0) NTw}, (B.6)
S50,k = Br(yo) N {(r,h(a")) : (r,2") € Br,(w0) N So}.
For (r,z') € N;f, let us write y = (r,y') = (r, h(2')), and ¢(y) = (r,2’). By (6.7)-(6.9), ¢

satisfies
O (ar(y,0)01¢) = OpF), in Dg, Orep— pod = g1 on N, r

B.7
(ari(y,0)019) - y = g2 on Xr, R (B.7)

where g, F, g1, g2 are obtained from agy, Fj, g1, g2 in(6.7)-(6.10) through the change of vari-
ables (r,2’) — (r,h(z)). So [aw]},_, is strictly positive, and the regularity of ax, FJ, g1, g2 are
same as the regularity of ay, F, g1, g2 in Dg. Here, 7, is the inward unit normal to ¥, g.
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Since h is smooth, and A is compact, there is a constant R; > 0 depending on n, A so that we
have

a,D?R1 \ (250,231 U EFW,QRl) C 6B2R1 (yO)
Step 4. Fix R € (0, Ry], and set Xgp r := 0Dr N OBRr(yo). Write ¢ in (B.7) as ¢ = u+w
for a weak solution u to
8k(dkl(y0,0)8lu) =0 in DR, u = (;5 on 2337}3

B.8
8ru — HoU = 0 on ESg,Rv (&kl(yo, 0)8lu) . ﬁw =0 on EI‘w,R ( )

Such v € WH2(Dg) uniquely exists by Lemma 2.5, and by a basic estimate for harmonic
functions as in [HL, Lemma 3.10], there is a constant C' depending on the data in sense of
Remark 2.7 to satisfy

/ | Dul*dy < C(i;)“/ |Dul?dy for 0 < o1 < 02 < R. (B.9)

21 DQZ
Step 5. Then, by (B.7) and (B.8), w = ¢ — u satisfies
O (@rt (Yo, 0)0w) = Ok ([ari(yo,0) — are(y, 001 + Fr) in Dg,
Orw — pow = g1 on Xs, R,
(ki (Y0, 0)Ow) - Ty = ([@ki (Yo, 0) — ari(y,0)]019) - P + g2 on X, g,
w =0 on 2337}3.
By (3.41), (3.52) and (B.10), there is a constant A,C > 0 depending on the data in sense of
Remark 2.7 so that there holds

|Dw%@<c/|mmmmﬁ/ hallul dy+ [ hglluldd,)  (Ba1)

DR Es0.R Xrw.R

(B.10)

where we set

h1(y)] = 6*(yo,y)| Do (y)| + |F(y)]
ha(y)| = 6*(yo, )| D ()| + |F ()] + [w(y)| + 131 (v)] (B.12)
s (y)] = 6" (30, y)| Do (y)| + [E ()| + [G2(y)|

with 6% (y0,y) = (X =1 |@ki(y0,0) — ani(y, 0)[*)'/2. o
Before we proceed further, we first note that, by the definition of ¢, F' = (Fj)}_;, 1, g2 in
(B.7), for any @ € [0, o], there is a constant C(3,A) > 0 depending on /3, A so that we have

OLE ﬁz w, ,85 arex
[l o e <aﬁmwﬁ5%” :
(1— a,Yg Rl Rﬂzpw (1—,080U0T ez ) . n
F 0 <C MNI|F with F = (Fy)7—
1El 5.0, (8, M)l ”m\ﬁ (Bl )iz (B.13)

~ _ 1 O\
131118, S0,r TR Er0R) < (8, A)|gall§ 4O

_ (=S5, rRASr, R 1—,0S0UT ¢y
[G2llme s ) < O3, A) gall O 50 0 e).

Let us set d(y) := dist(y, Xs,.r N 2r,,.r) and

—a,0S0UOT ey
Mi(R) := Rl 07 + P :

1,0,N;%
1 oA 1 0SoUOT ¢
Amm:Mm>ﬂm%“>+M%ﬁRo .

(1—,8S0 U8 ez
(B.14)
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Using (B.12), (B.13) and the continuity of a(y,0) in 6*(yo,y), we get, for any y € Dg,,
|1 (y)| < Mi(R)[d(y)] "+,

—1l+a —1l+a (B.15)

h2(y)] = lw(y)l| < Ma(R)[d(y)]" 7, |ha(y)] < Ma(R)[d(y)] "

By the Poincaré inequality with scaling, and (B.15), for any € > 0, we have
[ Ihalhuaa,
b

S0t (B.16)

< Cle,n, OZ)R[MQ(R)]2/ [d(y)]Q(*Ho‘)dAy + (e + C’(n)R)/ | Dw|*dy.

Y50,R Dr

By (B.6), for any R < Ry, g, g satisfies

-2
Z:S(),R C {("”, ylla e 7y7/1—1) = rs::’-/?/z—l € (07 R)? (y/h e >y7/1—2) € Bgl )(0)} (B'17)
where B%(0) is a ball in R* of radius R centered at 0 € R¥ . This provides

R
/ ()29, < Clnyvol(BY2(0)) / P g < O, a) 32 (BAS)
Sog.R 0

Note that o > 1 is an important condition in (B.18). By (B.16) and (B.18), we obtain

/ IhalwldA, < C(e,n, &) R 22 [My(R)]? + (¢ + C(n)R) / \Duw[2dy.

X5g.R Dr
One can treat fDR |hi||Dw|dy, fEr .. |hs|lw|dAy similarly, and combine all the results to-
gether so that (B.11) implies

A | |Dwrdy < C(e,n, a)R">T2%[My(R))*+(e+C(n)R) | | Dw|*dy. (B.19)
Dr Dr
Choose ¢ = %0, and reduce R; if necessary so that (B.19) implies

/ |Dw|?dy < C(n, a, \)R"*T2*[My(R))? for all R € (0, Ry]. (B.20)
Dr
Step 6. By (B.9) and (B.20), whenever 0 < o < R < Ry, ¢ satisfies
| ipePay <y [ 1popay+ B pRP)
D, Dr
So, by [HL, Lemma 3.4] and (B.13), we obtain

. N R2—204
| 1Dy < CRE D0, + AR
Dr 1 (B.21)

n— @ —a,0580U0T ¢
< CRY P22 (el o™ ) + [Ma(R)P).

We note that the estimate (B.21) holds true for any choice of zg = h™*(yo) € N, and any
R € (0, Ry], moreover Ry is uniform for all 2o € N;". Since A is compact, and OA is smooth, we
can take a constant R* > 0 depending on A so that, by (B.21), the solution % to (6.7)-(6.10)
satisfies

J o 1P S ORI OE  i? (B.22)
RrR\Zo Ts TS
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. 1—0,050U0T ey 1—a,0N 1—0,080U0T ez
with Ko = |[Fllg 87450 gllanlln ™™ + laallgr o™

By the interpolation inequality in [GT, Lemma 6.34], for any € > 0, we have
—a,050U0T ¢, —a,050U0T ¢,
[l g™ ) < Cles bl s + el ")
So, assuming R* < 1 without loss of generality, by (B.3), (B.5), we obtain

—a,050U0l ez
[l ) < Clllops + K (Fr 91,92, 98)

where K(F, g1, g2, 93) is defined after (B.3).
Since po > 0 in (6.8) by Lemma 2.5, by the uniqueness of solution([LI1, Corollary 2.5]) for
(6.7)-(6.10), we have ]w\on < CK(F, g1,92,93). The proof is complete. O
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