6.6 #7

Let v € H'(R™) have a compact support and be a weak solution of the semilinear
PDE

—Au+c(u) = f inR", (1)
where f € L?(R"), and ¢ : R — R is smooth, with ¢(0) = 0 and ¢ > 0. Prove
u € H*(R").
Hint. Mimic the proof of interior regularity Theorem, but without the cutoff function
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Solution. We use notation of Sect. 6.3.1, Th.1. Also, let R > 0 be such that
supp(u) C Bg(0). (2)

Define weak solution as following: u € H'(R™) is a weak solution of (1) if

Du - Dv + c(u)vdx = / fvdx (3)

n

Rn
for all v € H'(R™).

Remark. Strictly speaking, for the definition of weak solution given above, we
need an extra assumption on c() to assure that that c(u)v € L} (R™) (the last in-
clusion would be sufficient for (3) since uw has compact support and c(0) = 0, i.e.
integration in the term c(u)v can be restricted to B := Bgr(0), where R is from (2)).
Ezample c(t) = et” — 1 shows that some assumption might be needed.

From Sobolev inequalities u,v € L%(B) if n > 2, and u,v € LP(B) for any
p € [1,00) if n = 2. Thus we need to have c(u) € LTL%(B) ifn>2, and c(u) € LP(B)
for some p € (1,00) if n = 2. Then it is sufficient to assume that |c(t)| < Ctis if
n > 2, and |c(t)| < CtM for some M >0 if n = 2.

Note also, that, at least for n > 2, the above assumptions do not imply that
c(u) € L*(R™), i.e. the assertion in the problem does not follow from the reqularity
results for linear equations by considering —Au = g where g = f — c(u).

We choose h # 0 with |h| <1, k€ {1,...,n}
v = —D,:hDZu.

Then v € H'(R™) and has compact support. Using this v in (3), and using integration
by parts and the “difference quotients integration by parts” formula, and using that
u has compact support, get

/n (IDZDu|2 + D’g(c(u))pg@dx _ _/

We calculate:

f (Dk_hDZu)>dm. (4)

n

(Dh(elu)))(a) = LLTRA ZAD) g ule 2 her) Zu0) o) pa,




where
1
(z) = / d(ta+ (1 —t)b)dt, where a = u(z+ hey), b =u(x).
0

Thus ¢ > 0 implies n,(x) > 0, and we get
Dy(c(u)) Dju = mp(a)(Diu(z))? > 0. ()

Also, using that 0 < |h| < 1 and applying Theorem 3 from Sect. 5.8.2 in the region
Br11(0)

/n f(Dk_hDZu)>dm

From (4), (5), (6)

Se/ |DDZu|2dx+€/ fPda.
R g Jrn
(6)

/ f <D;hDZu)> dx
Br+1(0)

C
/ | DI Dul? < 5/ |DI'Dul*dr + — | f*dx.

R

, get

Choosing ¢ = %

|IDiDul* < C [ fdz.
R Rn

This is true for each k € {1,...,n}, 0 < |h| < 1. Thus, applying Theorem 3 from
Sect. 5.8.2 in the region Bgr11(0), get

/ |\D*u|* < C | fida,
Br+1(0) R

thus
D2 = / D <c [
R" Bra1(0) R"

Combining this with u € H'(R"), get u € H*(R™).



