2.5 #19

(a) Show the general solution of the PDE u,, = 0 is

u(z,y) = F(z) + G(y)
for arbitrary functions F', G.

(b) Using the change of variables ¢ = x +t, n =  — ¢, show uy — = 0 if and
only if ug, = 0.

(c) Use (a) and (b) to rederive d’Alembert’s formula.

Solution.

(a) First, any function u(z,y) of the form u(z,y) = F(x) + G(y) clearly satisfies
Ugy = 0.

Now suppose g, = 0. Denote v = u,. Then u,, = 0 implies v, = 0, thus

uz(z,y) = v(z,y) = f(z)

for some function f. Let F' be such that F’'(z) = f(x). Then integrating with respect
to x we get

u(z,y) = F(z) + G(y)

for some function G.

(b) From the definition of £, 7, we get u, = ue¢ 65 + u77 52 = U¢ + uy, and similarly
Uy = u§% + un% = u¢ — u,. Differentiating again, get

Ugy = Uge + QUgy + Uny,  Un = Uge — 2Ugy + Uy
Thus
Ut — Ugy = _4u£777

and (b) follows.

(c) If u satisfies uy — uyy = 0, then from part (b), get ug, = 0. Thus by part (a),

u=F(E)+Gn)=Flx+t)+Gx—1).

This implies
u=F(z+1t)—Gx-1).

If
u=g, uy=nh on Rx {t=0},
get
9(x) = u(z,0) = F(x) + G(z), h(z) =wu(z,0) = F'(x) - G'(x).
Thus, if



then

From the above equalities, we find:

F(r) = 3(o(e) + H@),  G(x) = 3(g(x) — H(@))
Thus
u(z,t) = Flx+t)+G(x—1t)

= Lol 1) +gle—1) +

= Mol +gle—1)+



