2.5 #5

We say v € C?(U) is subharmonic if
—-Av <0 in U.

(a) Prove for subharmonic v that
v(x) §][ vdy for all B(z,r) C U.
B(z,r)

(b) Prove that max;v = maxay v.

(c) Let ¢ : R — R be smooth and convex. Assume u is harmonic, v := ¢(u). Prove v is
subharmonic.

(d) Prove v := |Dul? is subharmonic whenever u is harmonic.

Solution

(a) Let
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where y = x + rz. The outer unit normal at y € 9B(x,r) is v(y) = =, thus

X

'(r) = 2 Do x+rz Z) = y_"U = v\y)- v .
s =f  eberrase = EEDuasw = f v sy

Since —Av < 0 in U, we have

0< [ Mgdy= [ o,ds(),
B(z,r) OB(z,r)

thus ¢'(r) > 0 for r > 0. Then we get for r > 0
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Thus, using polar coordinates, we get

1 T
vdy = / d / v(y) dS(y
][B(Z‘,’I‘) Oé(?l)?“n 0 P B(z,p) ( ) ( )
1 " v(x)

0
n—1 _ Tn n—1 — u(z
Mmmémww wmm—aWMé P dp = v(a),

v

thus (i) is proved.
(b) Using (a), we can repeat the proof of Theorem 4 (maximum principle) in sect. 2.2.3.
(c) We compute:
Dv = ¢'(u)Du,
Av = ¢/ (u)Au + ¢" (u)|Dul? = ¢" (u)|Dul® > 0,
where we used harmonicity of v and convexity of ¢.

(d) Since u is harmonic, then u,, is harmonic, for i = 1,...,n. Then (u,,)? is subharmonic
by part (c). Sum of subharmonic functions is obviously subharmonic, so |Du|? = "% (ug;)?
is subharmonic.



