Due Thursday December 14 (put in my mailbox).

1. Sect. 6.6 #9
Assume u is a smooth solution of Lu = — 7" | aYuy,;, = fin U, u = 0 on 9U,
where f is bounded. Fix 2° € OU. A barrier at 2° is a C? function w such that

Lw>1in U, w(x’)=0, and w >0 on oU.

Show that if w is a barrier at 2°, there exists a constant C' such that

ow
Du(a)] < 0| 22 a0)

Remark. You may assume that QU is smooth.

2. Sect. 3.5 #5.
Solve using characteristics:
(a) Uy, + ToUy, = 2u, u(xy,1) = g(z1);

(€) wty, + Uz, =1, w(zy,27) = %xl.

3. Sect. 3.5 #13.
Prove that Hopf-Lax formula reads

u(x,1) = min {tL (g) + g(y)}

. r—y
= tL| —=
yeg%lxr,lRt) { ( t ) * g(y)}

for R = supgn |[DH(Dg)|, H = L*. (This proves finite propagation speed for Hamilton-
Jacobi equation.)

Hint: use problem 3.5 #11. You can use the fact asserted in problem 3.5 #11 without
proof.

4. Sect. 3.5 #14.
Let E be a closed subset of R™. Show that if the Hopf-Lax formula can be applied to
the initial-value problem

us+ |Dul* =0  inR" x (0,00)

0 re kL n -
U_{—l—oo v E on R™ x {t =0},

it would give the solution
1
u(z, t) = 4—tdist(x, E)?.



