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Abstract. We study non-abelian versions of the Mellin transformations, originally intro-
duced by Gabber-Loeser on complex affine tori. Our main result is a generalization to the
non-abelian context and with arbitrary coefficients of the t-exactness of Gabber-Loeser’s
Mellin transformation. As an intermediate step, we obtain vanishing results for the Sabbah
specialization functors. Our main application is to construct new examples of duality spaces
in the sense of Bieri-Eckmann, generalizing results of Denham-Suciu.

1. Introduction

The geometry and topology of a complex algebraic or analytic variety can be studied
via the cohomology groups of its coherent and constructible sheaves. The Fourier-Mukai
transformation on the coherent side, and the Mellin transformation on the constructible
side, are functors which allow one to compute the cohomology groups of a coherent or
constructible sheaf twisted by all (topologically trivial) line bundles or local systems. As
the Fourier-Mukai transformation has become an essential tool in birational geometry, the
Mellin transformation has also proved useful in the study of perverse sheaves, especially
on complex affine tori [8, 13], abelian varieties [19, 2] and, more generally, on semi-abelian
varieties [11, 12, 14]. In particular, whether a constructible complex is a perverse sheaf or
not can be completely determined by its Mellin transformation.

In this paper, we establish non-abelian generalizations of the t-exactness result of Gabber-
Loeser [8] to certain families of Stein manifolds, e.g., complements of essential hyperplane
arrangements. In this general setting, we reduce the global t-exactness of the Mellin trans-
formation to a certain local vanishing result for the multi-variable Sabbah specialization
functor [18]. In fact we show the t-exactness of the multi-variable Sabbah specialization
functor, generalizing the well known result about the t-exactness of the nearby cycle functor.
As a special case of this local vanishing result, we prove a local version of the t-exactness
result of Gabber-Loeser. Using the t-exactness of the non-abelian Mellin transformations,
we construct new families of duality spaces which generalize the ones of Denham-Suciu [6].

Let A be a Noetherian commutative ring of finite cohomological dimension. Let U be a
complex manifold with fundamental group G. Let LU be the universal A[G]-local system on
U . Denote by q : U → pt the projection to a point space. For an A-constructible complex
F on U , we define its Mellin transformations by

MU
∗ (F) := Rq∗(F ⊗A LU) and MU

! (F) := Rq!(F ⊗A LU).

We omit the upperscript U when there is no risk of confusion. These are non-abelian coun-
terparts of similar transformations introduced by Gabber-Loeser [8] on complex affine tori.
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Our main result is a generalization to the non-abelian context of Gabber-Loeser’s t-
exactness of the Mellin transformation M∗ (see [8, Theorem 3.4.1] and [13, Theorem 3.2]).

Theorem 1.1. Let U be a complex manifold with a smooth compactification U ⊂ X, such
that the boundary divisor E =

⋃
1≤k≤nEk is a simple normal crossing divisor. Assume that

the following properties hold.

(1) For any subset I ⊂ {1, . . . , n}, E◦I :=
⋂
k∈I Ek \

⋃
l /∈I El is either empty or a Stein

manifold. When I = ∅, this means that U = X \ E is a Stein manifold.
(2) For any point x ∈ E, the local fundamental group of U at x maps injectively into

the fundamental group of U , i.e., the homomorphism π1(Ux) → π1(U) induced by
inclusion is injective, where Ux = Bx ∩ U with Bx a small enough complex ball in X
centered at x.

Then for any A-perverse sheaf P on X, the Mellin transformation M∗(P|U) is concentrated
in degree zero. In other words, the functor

F 7→M∗(F|U) : Db
c(X,A)→ Db(A[G])

is t-exact with respect to the perverse t-structure on Db
c(X,A) and the standard t-structure

on Db(A[G]).

Remark 1.2. If U is algebraic, the conclusion of the above theorem can be reformulated to
the assertion that the functor

M∗ : Db
c(U,A)→ Db(A[G])

is t-exact. Indeed, after choosing an algebraic compactification j : U ↪→ X satisfying the
properties of the theorem, then a constructible complex F in U is the restriction of the con-
structible complex Rj∗F on X. A similar statement holds in the analytic category, provided
that one works with a fixed Whitney stratification S of the pair (X,E) and constructibility
is taken with respect to S (e.g., see [17, Theorem 2.6(c)]).

Examples of varieties U ⊂ X satisfying the above conditions include: complements of
essential hyperplane arrangements, toric arrangements and elliptic arrangements in their
respective wonderful compactifications, as well as complements of at least n + 1 general
hyperplane sections in a projective manifold of dimension n (see [6, Section 2.3]).

Notice that the standard inclusion (C∗)n ↪→ Pn satisfies both conditions in Theorem 1.1.
Thus, we get the following generalization of Gabber-Loeser’s t-exactness theorem to arbitrary
coefficients, where constructibility is taken in the algebraic sense. We also remark that the
original proof of Gabber-Loeser does not apply to this general setting, since it uses in an
essential way the artinian and noetherian properties of the category of perverse sheaves with
field coefficients.

Corollary 1.3. The Mellin transformation

M∗ : Db
c((C∗)n, A)→ Db(A[Zn])

is t-exact with respect to the perverse t-structure on Db
c((C∗)n, A) and the standard t-

structure on Db(A[Zn]).

As another application of Theorem 1.1, we obtain new examples of duality spaces (in the
sense of Bieri-Eckmann [3]), that are non-affine or singular varieties. In particular, we recast
the fact, initially proved by Denham-Suciu [6] by different methods, that linear, toric and
elliptic arrangement complements are duality spaces.
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As a key step in proving Theorem 1.1, we obtain local vanishing results about Sabbah’s
specialization functors (Theorem 4.2). As a special case, we obtain a local version of the
t-exactness result of Gabber-Loeser, where constructibility is taken in the analytic category.

Theorem 1.4. Let P be an A-perverse sheaf defined in a neighborhood of 0 ∈ Cn. Let
B ⊂ Cn be a small ball centered at the origin, and let B◦ be the complement of all coordinate
hyperplanes in B. Let LB◦ be the universal π1(B◦)-local system on B◦. Then,

Hk
(
B◦,P|B◦ ⊗A LB◦

)
= 0 for any k 6= 0.

In this paper, we make essential use of the language of derived categories and perverse
sheaves (see, e.g., [10], [20], [7], [16] and [17] for comprehensive references).
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2. Preliminaries

2.1. Universal local system. Let X be a connected locally contractible topological space,
with base point x. Let G = π1(X, x), and let p : X̃ → X be the universal covering map. Let

LX := p!AX̃ ,

where AX̃ is the constant sheaf with stalk A on X̃. Then LX is a local system of rank
one free right A[G]-modules (see [15, Remark 2.3] for discussions about the right action).
Equivalently, LX can be defined as the rank one A[G]-local system such that the stalk at
x is equal to A[G] and the monodromy action is defined as the left multiplication of G on
A[G].

Remark 2.1. We call LX the universal local system of X for the following reasons. Given
any A-module representation ρ : G → AutA(V ), we can regard V as a left A[G]-module.
Then, we have an A-local system LX ⊗A[G] V , whose monodromy action is precisely ρ.
Moreover, every A-local system on X can be obtained this way.

Lemma 2.2. Let (Y, y) and (Z, z) be two path-connected locally contractible topological
spaces with base points. Let LY and LZ be the universal A[π1(Y, y)]- and A[π1(Z, z)]-local
systems on Y and Z, respectively. Let g : Y → Z be a continuous map with g(y) = z. If
g∗ : π1(Y, y) → π1(Z, z) is injective, then as an A[π1(Y, y)]-local system, g∗(LZ) is a direct
sum of copies of LY indexed by the right cosets g∗π1(Y )\π1(Z).

Proof. By definition, the local system g∗(LZ) has stalk A[π1(Z, z)] at y, and the monodromy
action of α ∈ π1(Y, y) is equal to the left multiplication of g∗α. As a left A[π1(Y, y)]-module,
A[π1(Z, z)] is free and the summands are parametrized by the right cosets g∗π1(Y )\π1(Z).
Thus, the assertion of the lemma follows. �
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2.2. (Weakly) constructible complexes, perverse sheaves, and Artin’s vanishing.
Recall that a sheaf F of A-modules on a complex algebraic or analytic variety X is said to
be weakly constructible if there is a Whitney stratification S of X so that the restriction
F|S of F to every stratum S ∈ S is an A-local system. We say that F is constructible
if, moreover, the stalks Fx for all x ∈ X are finitely generated A-modules. Let Db(X,A)
be the bounded derived category of complexes of sheaves of A-modules on X. A bounded
complex F ∈ Db(X,A) is called (weakly) constructible if all its cohomology sheaves Hj(F)
are (weakly) constructible. Let Db

(w)c(X,A) be the full triangulated subcategory of Db(X,A)

consisting of (weakly) constructible complexes.
The category Db

(w)c(X,A) is endowed with the perverse t-structure, i.e., two strictly full

subcategories pD≤0
(w)c(X,A) and pD≥0

(w)c(X,A) defined by stalk and, resp., costalk vanishing

conditions as follows: if F ∈ Db
(w)c(X,A) is constructible with respect to a Whitney stratifi-

cation S and we denote by ix : {x} ↪→ X the point inclusion, then:

(a) F ∈ pD≤0
(w)c(X,A) ⇐⇒ ∀S ∈ S,∀x ∈ S : Hk(i∗xF) = 0 for all k > − dimS,

(b) F ∈ pD≥0
(w)c(X,A) ⇐⇒ ∀S ∈ S,∀x ∈ S : Hk(i!xF) = 0 for all k < dimS.

The heart of the perverse t-structure is the category of (weakly) A-perverse sheaves on X.
Artin’s vanishing theorem for perverse sheaves is a key ingredient of both the local and

global vanishing results in this paper. We recall here the version for weakly constructible
complexes.

Theorem 2.3. ([10, Theorem 10.3.8], [20, Corollary 6.1.2], [17, Theorem 3.64])
Let X be a Stein manifold.

(1) For any F ∈ pD≤0
wc(X,A), Hk(X,F) = 0 for k > 0.

(2) For any F ∈ pD≥0
wc(X,A), Hk

c (X,F) = 0 for k < 0.

2.3. Sabbah’s specialization complex. In this subsection, let X be a connected complex
manifold. For 1 ≤ k ≤ n, let fk : X → C be holomorphic functions, and let Dk = f−1

k (0)
be the corresponding divisors. Here, we do not require that each fk is irreducible, but we
assume that different fk’s do not share common irreducible factors. Set

⋃
1≤k≤nDk = D,

with complement X \D = U . Let

F = (f1, . . . , fn) : X → Cn,

and denote by FU : U → (C∗)n the restriction of F to U . Let i : D ↪→ X and j : U ↪→ X be
the closed and open embeddings, respectively. Let L(C∗)n be the universal local system on
(C∗)n, and let

LFU = F ∗U(L(C∗)n).

Under the above notations, we make the following.

Definition 2.4. The Sabbah’s specialization functor is defined as

ΨF : Db
(w)c(X,A)→ Db

(w)c(D,R), F 7→ i∗Rj∗
(
F|U ⊗A LFU

)
where R = A[π1((C∗)n)].

Remark 2.5. (1) The above definition is similar to that of [5, Definition 3.2], and it
differs slightly from Sabbah’s initial definition [18, Def. 2.2.7] where one has to
restrict further to ∩kDk. Both [5] and [18] assume A = C.
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(2) When n = 1 and A is a field, stalkwise ΨF is noncanonically isomorphic to Deligne’s
(shifted/perverse) nearby cycle functor ψF [−1]. In this case, ΨF is an exact functor
with respect to the perverse t-structures (see [4, Theorem 1.2]).

3. t-exactness of the Sabbah specialization functor

As already mentioned in Remark 2.5, it is known that when defined over a field, the
univariate Sabbah specialization functor is exact with respect to the perverse t-structures
(see [4, Theorem 1.2]). The proof uses the stalkwise isomorphism between the univariate
Sabbah specialization functor and the perverse nearby cycle functor to conclude the right
t-exactness, and then uses Verdier duality to deduce the left t-exactness. However, this proof
does not work when the ground field is replaced by a general ring, since the Verdier duality
may not exchange the subcategories pD≤0 and pD≥0 anymore. In this section, we prove the
t-exactness of the univariate Sabbah specialization functor over a general ring (Theorem 3.1)
by showing a costalk formula (Proposition 3.3). As a consequence, we prove that the Sabbah
specialization functor in any number of variables is also t-exact (Corollary 3.4). Throughout
this section, we work with bounded weakly constructible complexes.

Let X be a complex manifold, and let f : X → C be a holomorphic function. Let X0 =
f−1(0), and set U = f−1(C∗). Let i : X0 ↪→ X and j : U ↪→ X be the closed and open
embeddings, respectively.

Fixing, as before, a commutative Noetherian ring A of finite cohomological dimension, we
let LC∗ be the universal A[π1(C∗)]-local system on C∗, and denote its pullback to U by

LfU := f ∗LC∗ .

Given a weakly A-constructible complex F on X, the univariate Sabbah specialization com-
plex of F is the following object in Db

wc(X0, A[π1(C∗)]):

Ψf (F) = i∗Rj∗
(
F|U ⊗A LfU

)
.

Theorem 3.1. The Sabbah specialization functor

Ψf : Db
wc(X,A)→ Db

wc

(
X0, A[π1(C∗)]

)
is t-exact with respect to the perverse t-structures.

Fixing a chart of X near x ∈ X0, we consider two real valued functions on this chart: r is
the Euclidean distance to x, and d is the function given by d(y) = |f(y)− f(x)|.

Lemma 3.2. Let F be a weakly A-constructible complex on X. Choose 0 < ε << δ << 1.
Define

Πε,δ := {y ∈ X | r(y) < δ, 0 < d(y) < ε} and ∆∗ε := {z ∈ C∗ | |z| < ε}.
Let f ′ : Πε,δ → ∆∗ε be the restriction of f . Then Rf ′! (F|Πε,δ) is (cohomologically) locally
constant on ∆∗ε .

Proof. It is a well-known fact that (see, e.g., [20, Corollary 4.2.2])

Rf ′! (F|Πε,δ) ∼= DRf ′∗D(F|Πε,δ),
where D denotes the Verdier dualizing functor. By [20, Definition 5.1.1 and Example 5.1.4],
Rf ′∗D(F|Πε,δ) is locally constant (i.e., it has locally constant cohomology sheaves). Hence,
Rf ′! (F|Πε,δ) is also locally constant. �
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The following costalk calculation is essential for proving Theorem 3.1.

Proposition 3.3. Let F be a weakly A-constructible complex on X. Then,

(3.1) Hk
x

(
X0,Ψf (F)

)
= Hk−1

c

(
Mf ,F|Mf

)
where Mf is a local Milnor fiber of f at x ∈ X0 and H∗x(−) denotes the local cohomology at
x ∈ X.

Proof. By applying the attaching triangle

j!j
! → id→ i∗i

∗ +1−→
to Rj∗(F|U ⊗ LfU), we get the distinguished triangle

(3.2) j!(F|U ⊗ LfU)→ Rj∗(F|U ⊗ LfU)→ i∗i
∗Rj∗(F|U ⊗ LfU)

+1−→ .

Let ix : {x} ↪→ X and kx : {x} ↪→ X0 be the inclusion maps, and note that ix =
i ◦ kx. Applying the functor i!x to (3.2) and using the fact that i!xRj∗ = 0, we get from the
corresponding cohomology long exact sequence that, for any k ∈ Z,

Hk
(
i!xi∗i

∗Rj∗(F|U ⊗ LfU)
) ∼= Hk+1

(
i!xj!(F|U ⊗ LfU)

)
.

Note that
i!xi∗i

∗Rj∗(F|U ⊗ LfU) = k!
xi

!i∗i
∗Rj∗(F|U ⊗ LfU) = k!

xΨf (F).

Hence, for any k ∈ Z we get an isomorphism

(3.3) Hk
x

(
X0,Ψf (F)

)
:= Hk(k!

xΨf (F)) ∼= Hk+1
(
i!xj!(F|U ⊗ L

f
U)
)
.

For 0 < ε << δ << 1, we have

Hk+1
(
i!xj!(F|U ⊗ LfU)

) ∼= Hk+1
c

(
{y ∈ X | r(y) < δ, d(y) < ε}, j!(F|U ⊗ LfU)

)
∼= Hk+1

c

(
{y ∈ X | r(y) < δ, 0 < d(y) < ε},F|U ⊗ LfU

)
∼= Hk+1

c

(
∆◦ε , Rf

′
! (F|Πε,δ)⊗ LC∗ |∆∗

ε

)(3.4)

where the first isomorphism can be deduced, e.g., from [16, Proposition 7.2.5], and the last
follows from the projection formula.

Let Exp : C → C∗ be the universal covering map, and let Expε : Exp−1(∆◦ε) → ∆◦ε be its
restriction. Then LC∗ ∼= Exp! AC. Moreover, by the projection formula, we have

Hk+1
c

(
∆◦ε , Rf

′
! (F|Πε,δ)⊗ LC∗|∆∗

ε

) ∼= Hk+1
c

(
Exp−1(∆◦ε),Exp∗ε Rf

′
! (F|Πε,δ)⊗ AExp−1(∆◦

ε )

)
∼= Hk+1

c

(
Exp−1(∆◦ε),Exp∗ε Rf

′
! (F|Πε,δ)

)
.

(3.5)

Since Exp−1(∆◦ε) is a real two-dimensional contractible manifold, H2
c (Exp−1(∆◦ε), A) ∼= A

and Hk
c (Exp−1(∆◦ε), A) = 0 for k 6= 2. Since Rf ′! (F|Πε,δ) is locally constant, and its stalk is

isomorphic to RΓc(Mf ,F|Mf
), we get by the Künneth formula that

(3.6) Hk+1
c

(
Exp−1(∆◦ε),Exp∗ε Rf

′
! (F|Πε,δ)

) ∼= Hk−1
c (Mf ,F|Mf

).

Now, the desired formula (3.1) follows from equations (3.3), (3.4), (3.5) and (3.6). �

Proof of Theorem 3.1. Since LfU is a local system of free A-modules, the tensor product

⊗ALfU is t-exact. Since j is an open embedding of a hypersurface complement, it is a quasi-
finite Stein morphism, henceRj∗ is also t-exact (see, e.g., [17, Proposition 3.29, Example 3.67,
Theorem 3.70]). Now, the right t-exactness of Ψf follows from the right t-exactness of i∗.
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For the left t-exactness of Ψf , we need to check the costalk vanishing conditions on each
stratum. By taking a normal slice (see, e.g., [20, Page 427] and compare also with the
proof of [17, Theorem 4.22]), we can always reduce to the case when the stratum is zero
dimensional. More precisely, it suffices to show that Hk

x(X0,Ψf (P)) = 0 for k < 0, where x
is a point in X0 and P is a perverse sheaf on X. Let Mf be the a (general) local Milnor fiber
of f at x. Then Mf is transversal to a stratification of U on which P is locally constant. By
[10, Corollary 10.2.6] or [17, Proposition 2.27], P|Mf

[−1] is a perverse sheaf on Mf . Since
Mf is a Stein manifold, the assertion of the theorem follows from Proposition 3.3 and Artin’s
vanishing Theorem 2.3. �

Next, we show how to derive the t-exactness of the multivariate Sabbah specialization
functor from the univariate case of Theorem 3.1.

Corollary 3.4. Under the notations of Definition 2.4, the multivariate Sabbah specialization
functor ΨF : Db

wc(X,A)→ Db
wc(D,R) is t-exact with respect to the perverse t-structures.

Proof. Without loss of generality, we assume that n ≥ 2. Let f = f1 · · · fn, and let fU : U →
C∗ be the restriction of f to U . As before, denote f ∗U(LC∗) and F ∗U(L(C∗)n) by LfU and LFU ,
respectively.

Using the natural isomorphisms π1((C∗)n) ∼= Zn and π1(C∗) ∼= Z, the holomorpic map

Π : (C∗)n → C∗, (z1, . . . , zn) 7→ z1 · · · zn
induces the homomorphism

ξ : Zn → Z, (a1, . . . , an) 7→ a1 + · · ·+ an

on the fundamental groups. Then we have a natural isomorphism of rank one A[Z]-local
systems,

LfU ∼= L
F
U ⊗A[Zn] A[Z]

where the A[Zn]-module structure on A[Z] is induced by ξ.
Fix a splitting Zn = Ker(ξ)⊕ Z of the short exact sequence

0→ Ker(ξ)→ Zn ξ−→ Z→ 0,

which induces a splitting of the short exact sequence of affine tori

1→ Ker(Π)→ (C∗)n Π−→ C∗ → 1.

By the definition of the universal local system, the above splitting of affine tori induces an
isomorphism of A-local systems

L(C∗)n
∼= LKer(Π) ⊗A LC∗ .

We denote the pullback F ∗LKer(Π) by L′U . Then taking the pullback of the above isomor-
phism, we have

LFU ∼= L′U ⊗A L
f
U

as A-local systems.
Since F is a weakly A-constructible complex on X and L′U is a local system of free

A-modules, Rj∗(F|U ⊗A L′U) is a weakly A-constructible complex on X (see [17, Theo-
rem 2.6(c)]). Therefore, considering ΨF (F) as an object in Db

wc(D,A[Z]), we have

ΨF (F) ∼= i∗Rj∗
(
F|U ⊗A LFU

) ∼= i∗Rj∗
((
F|U ⊗A L′U

)
⊗A LfU

) ∼= Ψf

(
Rj∗
(
F|U ⊗A L′U

))
.
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Since F is a weakly A-perverse sheaf on X and L′U is a local system of free A-modules,
the tensor product F|U ⊗A L′U is a weakly A-perverse sheaf on U . Since j : U ↪→ X is an
open embedding whose complement is a divisor, j is a quasi-finite Stein mapping, and hence
the pushforward Rj∗

(
F|U ⊗A L′U

)
is a weakly A-perverse sheaf on X. By Theorem 3.1,

Ψf (Rj∗(F|U ⊗A L′U)) is a weakly A-perverse sheaf. Since the definition of the perverse t-
structure does not involve the ring of coefficients, we conclude that ΨF (F) is also perverse
as a (weakly) R-constructible complex. �

4. Local vanishing of the multivariate Sabbah specialization functor

Let X be a complex manifold. For 1 ≤ k ≤ n, let fk : X → C be holomorphic functions
as in Section 2.3, with Dk = f−1

k (0) the corresponding divisors. Set

F = (f1, . . . , fn) : X → Cn.

For any subset I ⊂ {1, . . . , n}, let

DI =
⋂
k∈I

Dk and D◦I = DI \
⋃
m/∈I

Dm.

For a subset J ⊂ {1, . . . , n}, we let D>J =
⋃
I)J DI . We also let

D≥m =
⋃
|I|=m

DI and D◦≥m = D≥m \D≥m+1.

Let D = D≥1 and U = X \D. Let FU : U → (C∗)n be the restriction of F to U .
If S is an open submanifold of X, we denote the open embedding by jS : S ↪→ X. If S is

a locally closed, but not open, subvariety of X, we denote the inclusion map by iS : S ↪→ X.
Finally, denote as before by L(C∗)n the universal A[π1((C∗)n)]-local system on (C∗)n, and

let LFU = F ∗U(L(C∗)n).

Remark 4.1. Here we do not assume that the divisors Dk define a locally complete inter-
section. So the codimension of D◦I is only ≤ |I|. In fact, D◦I may not be equidimensional.

Given any weaklyA-constructible complex F onX and any nonempty subset I ⊂ {1, . . . , n},
we define

ΨD◦
I
(F) := i∗D◦

I
RjU∗

(
F|U ⊗A LFU

)
,

i.e., the restriction of the Sabbah specialization complex ΨF (F) to D◦I .
In this section, we prove the following.

Theorem 4.2. Let R = A[π1((C∗)n)]. Then the functor

ΨD◦
I

: Db
wc(X,A)→ Db

wc(D
◦
I , R)

is t-exact with respect to the perverse t-structures.

Proof. First we prove the assertion in the case when the divisors D1, . . . , Dn are individually
smooth and their union has normal crossing singularities.

Under the normal crossing assumption, we prove the theorem using induction on |I|, the
cardinality of I. When |I| = 1, the assertion follows from Corollary 3.4 (since restriction to
opens is t-exact). Fixing an integer m ≥ 2, we assume that the assertion holds for all I with
|I| < m, and we want to show that the assertion holds for I with |I| = m.

Lemma 4.3. The functor ΨD◦
I

is right t-exact, i.e., it maps pD≤0
wc (X,A) to pD≤0

wc (D
◦
I , R).
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Proof. By definition, for any weakly constructible complex F on X, we have ΨD◦
I
(F) ∼=

i∗D◦
I ,D

ΨF (F), where iD◦
I ,D

: D◦I ↪→ D is the inclusion map. The right t-exactness of ΨD◦
I

follows from Corollary 3.4, together with the fact that the pullback functor i∗D◦
I ,D

is right

t-exact (here we write iD◦
I ,D

as a composition of the closed inclusion of DI into D, followed
by the open inclusion of D◦I into DI), see, e.g., [7, Theorem 5.2.4 (iii)(iv)]. �

To show the left t-exactness of ΨD◦
I
, we first prove it for zero-dimensional strata. Here, we

consider the following Proposition 4.4 as part of the proof of the theorem, and we will use
the inductive hypothesis in the proof of Proposition 4.4.

Proposition 4.4. Under the above notations and the normal crossing assumption, let x ∈
D◦I be an arbitrary point, and denote the closed embedding by ix : {x} ↪→ D◦I . Then for any
constructible complex F in pD≥0

wc (X,A), we have

(4.1) Hk
(
i!xΨD◦

I
(F)
)

= 0 for any k < 0.

To avoid introducing more notations for the inclusion maps from x to various spaces, we
use the local cohomology notation instead of the cohomology of the exceptional pullback
to x. The following lemma is a local cohomology version of [1, spectral sequence (10)].
Nevertheless, we give here a different proof.

Lemma 4.5. Assume |I| = m. There is a spectral sequence

Epq
1 =


Hp+q+1
x

(
X, (iD◦

≥−q
)!i
∗
D◦

≥−q
RjU∗

(
F|U ⊗A LFU

))
, when 1−m ≤ q ≤ −1

Hp
x

(
X, iD∗i

∗
DRjU∗

(
F|U ⊗A LFU

))
, when q = 0

0, otherwise

=⇒ Hp+q
x

(
D◦I ,ΨD◦

I
(F)
)
.

Proof. Consider the double complex A•,• of weakly constructible sheaves on X defined by

Ap,q = (iD≥p+1
)∗i
∗
D≥p+1

RjU∗
(
F|U ⊗A LFU)

when 0 ≤ p = −q ≤ m−1 and when 0 ≤ p = −1−q ≤ m−2. For other p, q, we let Ap,q = 0.
By base change, we have a natural isomorphism

(iD≥p+1
)∗i
∗
D≥p+1

(iD≥p)∗i
∗
D≥p

RjU∗
(
F|U ⊗A LFU) ∼= (iD≥p+1

)∗i
∗
D≥p+1

RjU∗
(
F|U ⊗A LFU),

and hence the adjunction distinguished triangle can be written as

(4.2) (iD◦
≥p

)!i
∗
D◦

≥p
RjU∗

(
F ⊗A LFU

)
→ (iD≥p)∗i

∗
D≥p

RjU∗
(
F ⊗A LFU

)
→ (iD≥p+1

)∗i
∗
D≥p+1

RjU∗
(
F ⊗A LFU

) +1−→

Now, we define all the horizontal differentials d′ to be zero, except for 1 ≤ p ≤ m− 1, where
we let d′ : Ap−1,−p → Ap,−p to be the second map in (4.2). Similarly, we define all the vertical
differentials d′′ to be zero, except for 0 ≤ p ≤ m− 2, when we let d′′ : Ap,−p−1 → Ap,−p to be
the identity maps.

Since all column complexes (Ap,•, d′′) are exact, except for p = m− 1, and the (m− 1)-th
column is equal to (iD≥m)∗i

∗
D≥m

RjU∗
(
F|U ⊗A LFU

)
[m− 1], we have an isomorphism

tot(A•,•) ∼= (iD≥m)∗i
∗
D≥m

RjU∗
(
F|U ⊗A LFU

)
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in Db
w−c(X,R), where tot(A•,•) is the total complex of A•,• considered as an object in

Db
w−c(X,R).
Consider the filtration Fq := A•,≤q of A•,• by row truncations. The graded pieces of the

filtration are the rows in A•,•. Using the adjunction distinguished triangle, we have

(4.3) tot
(
Grq(A•,•)

) ∼=


(iD◦
≥−q

)!i
∗
D◦

≥−q
RjU∗

(
F|U ⊗A LFU

)
[1] when 1−m ≤ q ≤ −1

iD∗i
∗
DRjU∗

(
F|U ⊗A LFU

)
when q = 0

0 otherwise,

where tot(Grq(A•,•)) is the total complex of Grq(A•,•) considered as an object in Db
w−c(X,R).

Since x ∈ D◦I and D◦I is open in D≥m, the complexes R(iD≥m)∗i
∗
D≥m

RjU∗
(
F|U ⊗A LFU

)
and

R
(
iD◦

I

)
∗i
∗
D◦
I
RjU∗

(
F|U ⊗A LFU

)
are quasi-isomorphic in a neighbourhood of x. Hence we have

isomorphisms

Hp+q
x

(
X, (iD≥m)∗i

∗
D≥m

RjU∗
(
F|U ⊗A LFU

)) ∼= Hp+q
x

(
X,R(iD◦

I
)∗i
∗
D◦
I
RjU∗

(
F|U ⊗A LFU

))
∼= Hp+q

x

(
D◦I ,ΨD◦

I
(F)
)
.

(4.4)

Taking local cohomology of the filtered complex tot(A•,•), we have a spectral sequence

Epq
1 = Hp+q

x

(
X, tot

(
Grq(A•,•)

))
⇒ Hp+q

x

(
X, tot(A•,•)

)
.

The isomorphisms (4.3) and (4.4) yield the spectral sequence in the lemma. �

Proof of Proposition 4.4. We identify A[π1((C∗)n)] with A[t±1 , . . . , t
±
n ] using the standard iso-

morphisms
A[π1((C∗)n)] ∼= A[Zn] ∼= A[t±1 , . . . , t

±
n ].

Let Bx be a small polydisc in X centered at x, and let Ux = Bx ∩ U . Without loss of
generality, we assume that I = {1, . . . ,m}. Since D is a normal crossing divisor, we have a
natural isomorphism A[π1(Ux)] ∼= A[t±1 , . . . , t

±
m]. Let LUx be the universal A[t±1 , . . . , t

±
m]-local

system on Ux. As A[t±1 , . . . , t
±
m]-local systems on Ux, we have a non-canonical isomorphism

LFU |Ux ∼= LUx ⊗A A[t±m+1, . . . , t
±
n ].

Therefore,

Hk
(
i!xΨD◦

I
(F)
)

= Hk
(
i!xi
∗
D◦
I
RjU∗

(
F|U ⊗A LFU

))
∼= Hk

x

(
Bx, i

∗
D◦
I
RjU∗

(
F|U ⊗A LUx

))
⊗A A[t±m+1, . . . , t

±
n ].

Thus, it suffices to prove the vanishing (4.1) under the following assumption, which we will
make for the rest of this proof.

Assumption. The space X = Bx = ∆l is a small polydisc in Cl centered at the origin x,
n = m and f1, . . . , fm are the first m coordinate functions. In particular, LFU = LU , and
U = Ux.

We claim that

(4.5) Hp+q+1
x

(
X,
(
iD◦

≥−q

)
!
i∗D◦

≥−q
RjU∗

(
F|U ⊗A LU

))
= 0

for 1 − m ≤ q ≤ −1 and p + q < 0. In fact, let J ⊂ {1, . . . ,m} with |J | = −q. To show
(4.5), it suffices to show that for 1−m ≤ q ≤ −1 and p+ q < 0,

(4.6) Hp+q+1
x

(
X, (iD◦

J
)!i
∗
D◦
J
RjU∗

(
F|U ⊗A LU

))
= 0.
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Without loss of generality, we assume that J = {1, . . . ,−q}. By the above assumptions,
U = (∆◦)m ×∆l−m, where ∆ is a small disc in C centered at the origin, and ∆◦ = ∆ \ {0}.
We further decompose U as U = (∆◦)−q × (∆◦)m+q ×∆l−m, and we let LJU and LJcU be the
pullback of the universal local systems L(∆◦)−q and L(∆◦)m+q×∆l−m to U , respectively. Then

as A[t±1 , . . . , t
±
m]-local systems,

LU ∼= LJU ⊗A LJ
c

U

where the A[t±1 , . . . , t
±
m]-module structures on LJU and LJcU are induced by the natural pro-

jections π1(U)→ π1((∆◦)−q) and π1(U)→ π1((∆◦)m+q), respectively. Thus, we have

i∗D◦
J
RjU∗

(
F|U ⊗A LU

) ∼= i∗D◦
J
RjU∗

(
F|U ⊗A LJU ⊗A LJ

c

U

)
∼= i∗D◦

J
RjU∗

(
F|U ⊗A LJU

)
⊗A LD◦

J

(4.7)

where LD◦
J

is the universal local system on D◦J , and the second isomorphism follows from

the fact that LJcU extends as an A[t±−q+1, . . . , t
±
m]-local system to X \ (D−q+1 ∪ · · · ∪Dm), and

the restriction of the extension to D◦J is isomorphic to LD◦
J
.

Applying the inductive hypothesis in Theorem 4.2 to the space X \ (D−q+1 ∪ · · · ∪ Dm)
and functions f1, . . . , f−q, it follows that

G := i∗D◦
J
RjU∗

(
F|U ⊗A LJU

)
∈ pD≥0

w−c
(
D◦J , A[t±1 , . . . , t

±
−q]
)
.

By (4.7), we have

(4.8) Hp+q+1
x

(
X, (iD◦

J
)!i
∗
D◦
J
RjU∗

(
F|U ⊗A LU

)) ∼= Hp+q+1
x

(
X, (iD◦

J
)!

(
G ⊗A LD◦

J

))
.

Consider the distinguished triangle

(iD◦
J
)!

(
G ⊗A LD◦

J

)
→ R(iD◦

J
)∗
(
G ⊗A LD◦

J

)
→ (iD>J )∗i

∗
D>J

R(iD◦
J
)∗
(
G ⊗A LD◦

J

) +1−→ .

Since i!xR(iD◦
J
)∗
(
G ⊗A LD◦

J

)
= 0, the local cohomology long exact sequence implies that

Hp+q+1
x

(
X, (iD◦

J
)!

(
G ⊗A LD◦

J

)) ∼= Hp+q
x

(
X, (iD>J )∗i

∗
D>J

R(iD◦
J
)∗
(
G ⊗A LD◦

J

))
∼= Hp+q

x

(
D>J , i

∗
D>J

R(iD◦
J
)∗
(
G ⊗A LD◦

J

))
.

(4.9)

Notice that the last term of the above isomorphism is equal to the (p+ q)-th cohomology of
the costalk at x of the multivariate Sabbah specialization functor applied to G with respect
to the holomorphic functions fi|DJ on DJ for i ∈ {1, . . . ,m} \ J . Thus, by Corollary 3.4,

(4.10) Hp+q
x

(
X, (iD>J )∗i

∗
D>J

R(iD◦
J
)∗
(
G ⊗A LD◦

J

))
= 0

when p+ q < 0. Combining equations (4.8), (4.9) and (4.10), we have

(4.11) Hp+q+1
x

(
X, (iD◦

J
)!i
∗
D◦
J
RjU∗

(
F|U ⊗A LU

))
= 0

when p+ q < 0.
Notice that

Hp+q
x

(
X, iD∗i

∗
DRjU∗

(
F|U ⊗A LU

)) ∼= Hp+q
x

(
D, i∗DRjU∗

(
F|U ⊗A LU

))
and the right-hand side is equal to the (p + q)-th cohomology of the costalk at x of the
Sabbah specialization ΨF (F). Thus, by Corollary 3.4, we have

(4.12) Hp+q
x

(
X, iD∗i

∗
DRjU∗

(
F|U ⊗A LU

))
= 0

when p+ q < 0.
Therefore, the vanishing (4.1) follows from Lemma 4.5 and equations (4.11), (4.12). �
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We are now ready to finish the proof of Theorem 4.2 under the assumption that D is a
normal crossing divisor. In Lemma 4.2, we have proved the right t-exactness of ΨD◦

I
. By

Proposition 4.4, we know the left t-exactness of the functor ΨD◦
I

at zero-dimensional strata.
The proof of the left t-exactness at higher dimensional strata can be reduced to the case of
zero-dimensional strata by using normal slices (see, e.g., [20, Page 427]). This finishes the
proof of the theorem under the assumption that D is a normal crossing divisor.

In general, the assertion can be reduced to the simple normal crossing case by considering
the multivariate graph embedding

F † : X → X × Cn, x 7→ (x, F (x)),

which restricts to a closed embedding U → X × (C∗)n. More precisely, the local vanishing
(4.1) of Sabbah’s specialization functor for F : X → Cn can be reduced to the local vanishing
of the Sabbah specialization functor for the projection p2 : X×Cn → Cn. This is due to the
following natural isomorphism

RF̂ †∗ΨF (F) ∼= Ψp2(RF
†
∗F),

where F̂ † is the restriction of F † to D. �

The next corollary shows that Theorem 4.2 can be considered as a generalization of the
t-exactness of the Sabbah specialization functor.

Corollary 4.6. Let R = A[π1((C∗)n)], and define the functor ΨDI by

ΨDI : Db
wc(X,A)→ Db

wc(DI , R), F 7→ i∗DIRjU∗
(
F|U ⊗A LU

)
.

Then ΨDI is t-exact with respect to the perverse t-structures.

Proof. It suffices to show that if P is a weakly constructible A-perverse sheaf on X, then
ΨDI (P) is perverse. Notice that ΨDI (P) is equal to an iterated extension of constructible
complexes (iDJ ,DI )∗(iD◦

J ,DJ
)!ΨD◦

J
(P) for J ⊃ I. Since D◦J is a hypersurface complement in

DJ , and DJ is closed in DI , Theorem 4.2 implies that (iDJ ,DI )∗(iD◦
J ,DJ

)!ΨD◦
J
(P) is a perverse

sheaf supported on DJ . Since extensions of perverse sheaves are also perverse, ΨDI (P) is a
perverse sheaf on DI . �

5. Non-abelian Mellin transformations

First, we recall and extend the notations of Theorem 1.1.
Let X be a compact complex manifold. Let E =

⋃
1≤k≤dEk be a normal crossing divisor

on X, and let U = X \ E with inclusion map j : U ↪→ X. For any nonempty subset
I ⊂ {1, . . . , d}, let EI =

⋂
i∈I Ei and E◦I = EI \

⋃
j /∈I Ej. Let E≥m =

⋃
|I|=mEI , and let

E◦≥m = E≥m \E≥m+1. For any open submanifold S of X, we denote the open embedding by
jS : S ↪→ X. For a locally closed, but not open, submanifold S of X, we denote the inclusion
map by iS : S ↪→ X. Let LU be the universal A[π1(U)]-local system on U .

The following is simply a reformulation of Lemma 2.2, adapted to the above notations.

Lemma 5.1. Let x be a point in E, let Bx be a small ball in X centered at x, and let
Ux = Bx ∩ U . If the map π1(Ux) → π1(U) induced by the inclusion is injective, then LU |Ux
is isomorphic to a direct sum of possibly infinitely many copies of LUx , where LUx is the
universal A[π1(Ux)]-local system on Ux.
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Corollary 5.2. Under the above notations, let P ∈ Db
c(X,A) be an A-perverse sheaf.

Given a nonempty subset I ⊂ {1, . . . , d}, assume that at every point x ∈ E◦I , the local
fundamental group maps injectively to the global fundamental group, that is, the condition
(2) in Theorem 1.1 holds. Then,

i∗E◦
I
Rj∗(P|U ⊗ LU)

is a weakly constructible A-perverse sheaf on E◦I .

Proof. It suffices to check the statement locally on E◦I . For an arbitrary point x ∈ E◦I , let
Bx be a small ball in X centered at x and let Ux = Bx ∩ U . By Lemma 5.1, LU |Ux is a
direct sum of possibly infinitely many copies of LUx . Let iE◦

I∩Bx,Bx : E◦I ∩ Bx → Bx and
jUx,Bx : Ux → Bx be the closed and open embeddings, respectively. The restriction of the
complex i∗E◦

I
Rj∗(P|U⊗LU) to E◦I ∩Bx is equal to (iE◦

I∩Bx,Bx)
∗R(jUx,Bx)∗(P|Ux⊗LU |Ux), which

is just a direct sum of copies of (iE◦
I∩Bx,Bx)

∗R(jUx,Bx)∗(P|Ux ⊗LUx). Hence, by Theorem 4.2,
the weakly constructible complex (iE◦

I∩Bx,Bx)
∗R(jUx,Bx)∗(P|Ux⊗LU |Ux) is an A-perverse sheaf

on E◦I ∩Bx. �

Proof of Theorem 1.1. Given any A-perverse sheaf P on X, we need to show that

Hk(M∗(P|U)) = 0 for k 6= 0.

By assumption, U is a Stein manifold. Since P|U ⊗ALU is a weakly constructible A-perverse
sheaf, by Artin’s vanishing Theorem 2.3 we get:

Hk(M∗(P)) ∼= Hk
(
U,P|U ⊗A LU

)
= 0 for k > 0.

To show the vanishing in negative degrees, we consider the following distinguished triangle

j!

(
P|U ⊗A LU

)
→ Rj∗

(
P|U ⊗A LU

)
→ i∗i

∗Rj∗
(
P|U ⊗A LU

) +1−→
where i : E ↪→ X and j : U ↪→ X are the closed and open embeddings, respectively. Since X
and E are compact, the associated hypercohomology long exact sequence reads as:

(5.1) · · · → Hk
c

(
U,P|U ⊗A LU

)
→ Hk

(
U,P|U ⊗A LU

)
→ Hk

(
E, i∗Rj∗

(
P|U ⊗A LU

))
→ · · ·

The following lemma is analogous to Lemma 4.5.

Lemma 5.3. There exists a spectral sequence

Epq
1 =

{
Hp+q

(
X,
(
iE◦

≥−q+1

)
!
i∗E◦

≥−q+1
RjU∗

(
P|U ⊗A LU

))
when q ≤ 0

0 when q > 0

=⇒ Hp+q
(
X, i∗i

∗Rj∗
(
P|U ⊗A LU

))
.

Here, if E◦≥−q+1 = ∅, our convention is that both
(
iE◦

≥−q+1

)
!

and i∗E◦
≥−q+1

are zero functors.

Proof. As in the proof of Lemma 4.5, we define a double complex B•,• by

Bp,q = (iE≥p)∗i
∗
E≥p

RjU∗
(
P|U ⊗A LU

)
when p = −q ≥ 0 or p− 1 = −q ≥ 0. For other values of p, q, we let Bp,q = 0. Consider the
adjunction distinguished triangle

(5.2)
(
iE◦

≥p

)
!
i∗E◦

≥p
RjU∗

(
P|U ⊗A LU

)
→
(
iE≥p

)
∗i
∗
E≥p

RjU∗
(
P|U ⊗A LU

)
→
(
iE≥p+1

)
∗i
∗
E≥p+1

RjU∗
(
P|U ⊗A LU

) +1−→
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We define all horizontal differentials d′ to be zero, except for p ≥ 0, in which case we let
d′ : Bp,−p → Bp+1,−p to be the second map in (5.2). We define all vertical differential d′′ to
be zero, except for p ≥ 1, when we let d′′ : Bp,−p → Bp,−p+1 to be the identity map. For the
rest of the proof, we can use the same arguments as in the proof of Lemma 4.5 with local
cohomology replaced by hypercohomology. �

Let us now get back to the proof of Theorem 1.1. By Corollary 5.2, as a weakly con-
structible sheaf on E◦≥−q+1, the complex i∗E◦

≥−q+1
RjU∗

(
P|U ⊗A LU

)
is perverse. By assump-

tion, E◦≥−q+1 is a disjoint union of Stein manifolds. Thus, by Artin’s vanishing Theorem 2.3,
we have

Hp+q
(
X,
(
iE◦

≥−q+1

)
!
i∗E◦

≥−q+1
RjU∗

(
P|U⊗ALU

)) ∼= Hp+q
c

(
E◦≥−q+1, i

∗
E◦

≥−q+1
RjU∗

(
P|U⊗ALU

))
= 0

for q ≤ 0 and p+ q < 0. Therefore, by Lemma 5.3, we have

(5.3) Hk
(
X, i∗i

∗Rj∗
(
P|U ⊗A LU

))
= 0, for k < 0.

Furthermore, since P|U ⊗A LU is a weakly constructible A-perverse sheaf on the Stein man-
ifold U , we get by Artin’s vanishing Theorem 2.3 that

(5.4) Hk
c

(
U,P|U ⊗A LU

)
= 0, for k < 0.

By plugging (5.3) and (5.4) into the long exact sequence (5.1), we conclude that

Hk(M∗(P)) ∼= Hk
(
U,P|U ⊗A LU

)
= 0, for k < 0,

thus completing the proof of Theorem 1.1. �

6. Some applications

One of our motivations for studying the t-exactness of the non-abelian Mellin transforma-
tion is to extend results of Denham-Suciu [6] concerning duality spaces (in the sense of Bieri
and Eckmann [3]).

Let us first recall the following definition.

Definition 6.1. Let U be a topological space with fundamental group G, which is homotopy
equivalent to a connected, finite-type CW-complex. Let LU be the universal Z[G]-local
system on U . We say that U is a duality space of dimension n if Hk(U,LU) = 0 for k 6= n,
and Hn(U,LU) is a torsion-free Z-module.

It is proved in [6] that for any U satisfying the conditions of Theorem 1.1, the topological
space U is a duality space of dimension dimC U . In particular, complements of essential
hyperplane arrangements, elliptic arrangements or toric arrangements are examples of duality
spaces. The aim of this section is to construct new examples of duality spaces that are non-
affine or singular varieties (see Proposition 6.2 and Corollary 6.5).

Proposition 6.2. Assume U ⊂ X are complex algebraic varieties satisfying the conditions
of Theorem 1.1. Let f : Y → U be a proper birational semi-small map from a smooth
complex algebraic variety Y . Then Y is a duality space of dimension dimC Y . In particular,
blowing up U along any codimension-two smooth subvariety gives rise to a duality space.

Proof. We follow similar arguments as in the proof of [13, Theorem 4.11(1)]. Let us first
note that

Hk(Y,LY ) ∼= Hk(MY
∗ (ZY )).
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Let d = dimC Y , and let F = Fp be a field of positive prime characteristic p. Since there exists
a birational and proper map between U and Y , their fundamental groups are isomorphic
(see, e.g., [9, Page 494]). Therefore, LY ∼= f ∗LU with coefficients in A = Z,Q or F. By
projection formulas, we have

MY
∗ (ZY ) ∼= MU

∗ (Rf∗ZY ),

as well as

(6.1) MY
∗ (ZY )⊗Z Q ∼= MY

∗ (QY ) ∼= MU
∗ (Rf∗QY )

and

(6.2) MY
∗ (ZY )

L
⊗Z F ∼= MY

∗ (FY ) ∼= MU
∗ (Rf∗FY ).

Since f is semi-small, by [20, Example 6.0.9] we have the following,

(1) Rf∗(QY [d]) and Rf∗(FY [d]) are perverse sheaves on U ;
(2) Rf∗(ZY [d]) ∈ pD≤0

c (U,Z) is semi-perverse.

By Theorem 1.1 and the isomorphisms (6.1) and (6.2), the complexes MY
∗ (ZY [d]) ⊗Z Q

and MY
∗ (ZY [d])

L
⊗Z F are concentrated in degrees zero, and the cohomology of MY

∗ (ZY [d])
vanishes in positive degrees. Thus, by Lemma 6.3 below, the complex MY

∗ (ZY [d]) is also
concentrated in degree zero, and its cohomology in degree zero is a torsion-free Z-module.
In other words, Y is a duality space of dimension d. �

Lemma 6.3. Let N• be a bounded complex of free Z-modules. Suppose that

(1) Hk(N• ⊗Z Q) = Hk(N• ⊗Z Fp) = 0 for any k 6= 0 and for any prime number p;
(2) Hk(N•) = 0 for k > 0.

Then Hk(N•) = 0 for k 6= 0, and H0(N•) is a torsion-free Z-module.

Proof. By (2), it suffices to show that Hk(N•) = 0 for k < 0, and H0(N•) is torsion-free.
For any k < 0, since Hk(N• ⊗Z Q) = 0, Hk(N•) is a torsion Z-module. Thus, it suffices to
show that Hk(N•) is torsion free for all k ≤ 0.

Suppose that for some k ≤ 0, Hk(N•) has nonzero torsion elements. Let k0 be the smallest
such k, and let p be a prime number such that Hk0(N•) has nonzero p-torsion elements. Here,
notice that if η ∈ Hk0(N•) has order m > 0, and if p is a prime divisor of m, then m

p
η is a

p-torsion element. The p-torsion element in Hk0(N•) induces a short exact sequence,

0→ Fp → Hk0(N•)→ Hk0(N•)/Fp → 0.

Then as part of the associated long exact sequence, we have

0 = TorZ2
(
Hk0(N•)/Fp,Fp

)
→ TorZ1 (Fp,Fp) = Fp → TorZ1 (Hk0(N•),Fp),

which implies that TorZ1 (Hk0(N•),Fp) 6= 0. By the universal coefficient theorem, there is a
non-canonical isomorphism

Hk0−1(N• ⊗Z Fp) ∼= Hk0−1(N•)⊗Z Fp ⊕ TorZ1 (Hk0(N•),Fp).
Thus, Hk0−1(N• ⊗Z Fp) 6= 0. Since k0 ≤ 0, this contradicts our assumption (1). �

Proposition 6.4. Let U be a complex manifold with a compactification X satisfying the
conditions in Theorem 1.1, and let Z ⊂ U be a connected closed analytic subvariety, which is
also locally closed in X. Assume that Z is a locally complete intersection, and the inclusion
Z ↪→ U induces an isomorphism on the fundamental groups. Then Z is a duality space of
dimension dimC Z. In particular, U itself is a duality space of dimension dimC U .
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Proof. First of all, since Z is locally closed in X, R(j ◦ i)∗ ZZ ∼= Rj∗ j
∗ ī∗ ZZ̄ is constructible

on X, where Z̄ is the closure of Z in X, and i : Z → U , ī : Z̄ → X and j : U → X are the
inclusion maps (see, e.g., [17, Theorem 2.5]).

We use similar arguments and notations as in the proof of Proposition 6.2. Let d = dimC Z.
Since i : Z → U induces an isomorphism between the fundamental groups, there is a natural
isomorphism MZ

∗ (ZZ [d]) ∼= MU
∗ (i∗ ZZ [d]). Hence, it suffices to show that MU

∗ (i∗ ZZ [d]) is
concentrated in degree zero, and its cohomology in degree zero is a torsion-free Z-module.

Since Z is a locally complete intersection, ZZ [d], QZ [d] and FZ [d] are perverse sheaves on
Z. Since i is a closed embedding, i∗ ZZ [d], i∗QZ [d] and i∗ FZ [d] are perverse sheaves on U .
By Theorem 1.1, each of the complexes MU

∗ (i∗ ZZ [d]), MU
∗ (i∗QZ [d]) and MU

∗ (i∗ FZ [d]) is con-
centrated in degree zero. As in the proof of Proposition 6.2, we conclude that MU

∗ (i∗ ZZ [d])
has torsion-free cohomology in degree zero. �

Corollary 6.5. Let Y ⊂ Pn be a hypersurface such that the singular locus Ysing has codi-
mension at least 3. Let D1, . . . , Dm ⊂ Pn be a family of smooth hypersurfaces in general
position and transversal to Y such that Y ∩D1 ∩ · · · ∩Dm = ∅. Then, Y \ (D1 ∪ · · · ∪Dm)
is a duality space.

Proof. Set U = Pn \ (D1∪ · · · ∪Dm). It is clear that U with compactification Pn satisfies the
conditions in Theorem 1.1. Note that Y \ (D1 ∪ · · · ∪ Dm) is a hypersurface in U . By the
above proposition, we only need to show that the inclusion map Y \ (D1 ∪ · · · ∪Dm) → U
induces an isomorphism on the fundamental groups. By the Lefschetz hyperplane section
theorem, after intersecting with a generic projective linear space L ⊂ Pn with dimL = 3, we
can assume that Y is a smooth hypersurface Y in P3 intersecting D1∪· · ·∪Dm transversally.
Using the Lefschetz hyperplane section theorem, we get that

Y \ (D1 ∪ · · · ∪Dm)→ P3 \ (D1 ∪ · · · ∪Dm)

induces an isomorphism on the fundamental groups. �

We regard a complex manifold U as in Theorem 1.1 as the affine counterpart of a complex
projective aspherical manifold. The Mellin transformations of certain projective aspherical
manifolds are discussed in [15], where, under certain assumptions, we show that the Mellin
transformation of a nontrivial constructible complex is nonzero (see [15, Proposition 3.3 and
Proposition 5.6]). We conjecture that this fact remains true in the more general setting of
our Theorem 1.1.

Conjecture 6.6. Assume that U ⊂ X are complex manifolds satisfying the conditions in
Theorem 1.1. Let F ∈ Db

c(X,A) be a constructible complex such that F|U 6= 0. Then
M∗(F|U) 6= 0.

Remark 6.7. If U ⊂ X are algebraic varieties, and if U admits a quasi-finite map to
some semi-abelian variety, then the conjecture holds. This can be proved by combining [15,
Proposition 5.6] and [14, Proposition 5.4]. Such examples include complements of essential
linear hyperplane arrangements, complements of toric arrangements and complements of
elliptic arrangements.

A particular consequence of the above conjecture is that, when U is an algebraic variety, the
perverse t-structure on Db

c(U,A) can be completely detected by the Mellin transformation.
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Proposition 6.8. Assume that U ⊂ X are complex manifolds satisfying the conditions
in Theorem 1.1, and assume that the above conjecture holds. Then for an A-constructible
complex F on X, F|U is perverse if and only if M∗(F|U) is concentrated in degree zero.

Proof. The “only if” part is exactly Theorem 1.1. To show the converse, suppose that F|U
is not a perverse sheaf. Then there exists k 6= 0 such that pHk(F|U) 6= 0. It follows from
Theorem 1.1 that Hk(M∗(F|U)) ∼= H0(M∗(

pHk(F|U))), which is nonzero by Conjecture 6.6.
This is a contradiction to the assumption that M∗(F|U) is concentrated in degree zero. �
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