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HODGE GENERA AND CHARACTERISTIC CLASSES

OF COMPLEX ALGEBRAIC VARIETIES
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AND JULIUS L. SHANESON

(Communicated by Walter Neumann)

Abstract. We announce Hodge theoretic formulae of Atiyah-Meyer type for
genera and characteristic classes of complex algebraic varieties. Our results
are formulated in terms of the generalized (motivic) Hirzebruch characteristic
classes, and the arguments used in the proofs rely in an essential way on Saito’s
theory of algebraic mixed Hodge modules.

1. Introduction

In the mid 1950’s, Chern, Hirzebruch and Serre [5] showed that if F →֒ E → B is
a fiber bundle of closed, coherently oriented, topological manifolds such that π1(B)
acts trivially on the cohomology of F , then the signatures of the spaces involved
satisfy a simple multiplicative relation:

(1) σ(E) = σ(F ) · σ(B).

A decade later, Kodaira, Atiyah, and respectively Hirzebruch observed that without
the assumption on the (monodromy) action of π1(B), the multiplicativity relation
fails. In the case when E is the total space of a differentiable fiber bundle of compact
oriented manifolds, so that both B and F are even-dimensional, Atiyah [1] obtained
a formula for σ(E) involving a contribution from the π1(B)-action of H∗(F ). Let
k = dimF/2. Then the flat bundle V over B with fibers Hk(Fx; R) (x ∈ B) has a
K-theory signature, [V ]K ∈ KO(B) for k even (resp. KU(B) for k odd), and the
Atiyah signature theorem asserts that

(2) σ(E) = 〈ch∗
(2)([V ]K) ∪ L∗(B), [B]〉,

where ch∗
(2) is a twisted Chern character obtained by composing with the second

Adams operation and L∗(B) is the total Hirzebruch L-polynomial of B. Meyer
[12] extended Atiyah’s formula to the case of twisted signatures of closed mani-
folds endowed with Poincaré local systems (i.e., local systems with duality), not
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necessarily arising from a fibre bundle projection. More precisely, if B is a closed,
oriented, smooth manifold of even dimension and L is a local system equipped with
a nondegenerate (anti-)symmetric bilinear pairing L ⊗ L → RB, then the twisted
signature σ(B;L), that is, the signature of the nondegenerate form on the sheaf
cohomology group Hdim(B)/2(B;L), can be computed by the formula:

(3) σ(B;L) = 〈ch∗
(2)([L]K) ∪ L∗(B), [B]〉,

where [L]K is the K-theory signature of L. Extensions of Meyer’s formula to the
singular setting were studied in [2] by means of intersection homology theory.

In complex algebraic geometry, (twisted) signatures are just special cases of more
general Hodge-type invariants. The purpose of this note is to announce Hodge the-
oretic Atiyah-Meyer type formulae for genera and characteristic classes of complex
algebraic varieties. The main results are formulated in terms of the generalized
Hirzebruch characteristic classes ([4]) and the arguments used in the proofs rely in
an essential way on Saito’s deep theory of algebraic mixed Hodge modules ([13]).
Complete details including proofs of these results can be found in [8], but see also
the survey [11].

2. Hirzebruch characteristic classes

For the convenience of the reader, we will briefly recall the definition of the
Hirzebruch characteristic classes in the singular setting (cf. [4]).

Let Z be a complex algebraic variety, and MHM(Z) the abelian category of
Saito’s algebraic mixed Hodge modules on Z (cf. [13]). Recall that if Z is a
point, then MHM(pt) coincides with the category of graded polarizable rational
mixed Hodge structures. If Z is smooth, an admissible variation of mixed Hodge
structures (e.g., a geometric variation or a pure polarizable variation) defined on
all of Z, with underlying local system L, yields an element LH [dimZ] ∈ MHM(Z)
with underlying perverse sheaf L[dimZ].

For any variety Z, and for any p ∈ Z, Saito [13] constructed a functor of trian-
gulated categories

(4) grF
p DR : DbMHM(Z) → Db

coh(Z)

commuting with proper push-down, where Db
coh(Z) is the bounded derived category

of sheaves of OZ -modules with coherent cohomology sheaves. If QH
Z ∈ DbMHM(Z)

denotes the constant Hodge module on Z and if Z is smooth and pure dimensional,
then grF

−pDR(QH
Z ) ≃ Ωp

Z [−p]. The transformations grF
p DR(M) induce functors on

the level of Grothendieck groups. Therefore, if G0(Z) ≃ K0(D
b
coh(Z)) denotes the

Grothendieck group of coherent sheaves on Z, we get a group homomorphism

(5) grF
−∗DR : K0(MHM(Z)) → G0(Z) ⊗ Z[y, y−1],

[M ] 7→
∑

i,p

(−1)i[Hi(grF
−pDR(M))] · (−y)p.

We let td(1+y) be the natural transformation

(6) td(1+y) : G0(Z) ⊗ Z[y, y−1] → HBM
2∗ (Z) ⊗ Q[y, y−1, (1 + y)−1],

[F ] 7→
∑

k≥0

tdk([F ]) · (1 + y)−k,
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where HBM
∗ stands for Borel-Moore homology, and tdk is the degree k component

of the Todd class transformation td∗ of Baum-Fulton-MacPherson [3], which is
linearly extended over Z[y, y−1].

Definition 2.1. The motivic Hirzebruch class transformation MHTy is defined by
the composition (cf. [4]):
(7)
MHTy := td(1+y) ◦ grF

−∗DR : K0(MHM(Z)) → HBM
2∗ (Z) ⊗ Q[y, y−1, (1 + y)−1].

The motivic Hirzebruch class Ty∗(Z) of a complex algebraic variety Z is defined by

(8) Ty∗(Z) := MHTy([Q
H
Z ]).

Similarly, if Z is a n-dimensional complex algebraic manifold and L is a local
coefficient system on all of Z underlying an admissible variation of mixed Hodge
structures, we define the twisted Hirzebruch characteristic class by

(9) Ty∗(Z;L) := MHTy([L
H ]),

where LH [n] is the (smooth) mixed Hodge module on Z whose underlying perverse
sheaf is L[n].

By definition, the transformation MHTy commutes with proper push-forwards.
Moreover, the following normalization property holds (cf. [4]): if Z is smooth and
pure dimensional, then

Ty∗(Z) = T ∗
y (TZ) ∩ [Z],

where T ∗
y (TZ) is the Hirzebruch (or generalized Todd) cohomology class of Z ap-

pearing in the generalized Hirzebruch-Riemann-Roch theorem (cf. [9]).
For a complete (possibly singular) variety Z with k : Z → pt the constant map

to a point, k∗Ty∗(Z) is the Hodge genus

χy(Z) :=
∑

i,p

(−1)idimC(grp
F Hi(Z; C)) · (−y)p.

For Z smooth, k∗Ty∗(Z;L) is the twisted χy-genus χy(Z;L) defined in a similar
manner (cf. [8]).

It was shown in [4] that for any variety Z,

T−1∗(Z) = c∗(Z) ⊗ Q

is the total (rational) Chern class of MacPherson [10]. Moreover, for a variety Z
with at worst Du Bois singularities (e.g., toric varieties), we have that

T0∗(Z) = td∗(Z) := td∗([OZ ]) ,

for td∗ the Baum-Fulton-MacPherson transformation [3]. If Z is smooth and pro-
jective, then T ∗

1 (TZ) is the total Hirzebruch L-polynomial of Z, so in this case
χ1(Z) = σ(Z).

3. Statement of results and applications

The central result of this note is the following:

Theorem 3.1. ([8]) Let Z be a complex algebraic manifold of pure dimension n,
and L an admissible variation of mixed Hodge structures on Z with associated flat
bundle with Hodge filtration (V ,F•). Then

(10) Ty∗(Z;L) =
(

ch∗
(1+y)(χy(V)) ∪ T ∗

y (TZ)
)

∩ [Z] = ch∗
(1+y)(χy(V)) ∩ Ty∗(Z),
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where
χy(V) :=

∑

p

[Grp
FV ] · (−y)p ∈ K0(Z)[y, y−1]

is the K-theory χy-characteristic of V (with K0(Z) the Grothendieck group of alge-
braic vector bundles on Z), and ch∗

(1+y) is a twisted Chern character whose value

on a complex vector bundle ξ is

ch∗
(1+y)(ξ) =

rkξ
∑

j=1

eβj(1+y),

for {βj}j the Chern roots of ξ.

The proof uses Saito’s description of the smooth mixed Hodge module LH [n]
associated to L, together with the classical Grothendieck-Riemann-Roch theorem
for the Todd class transformation. For complete details, see [8, 11].

Corollary 3.2. If the variety Z in Theorem 3.1 is also complete, then by pushing
down to a point, we obtain a Hodge theoretic Meyer-type formula for the twisted
χy-genus:

(11) χy(Z;L) = 〈ch∗
(1+y)(χy(V)) ∪ T ∗

y (TZ), [Z]〉.

Remark 3.3. If Z is smooth and projective and the local system L underlies a
polarizable variation of pure Hodge structures on Z, then the choice of such a
polarization defines a duality structure on L, i.e. it makes it into a Poincaré local
system, and it is easy to see that in this case our formula (11) specializes for y = 1
to Meyer’s signature formula (3).

Without the compactness assumption on Z, we can obtain directly a formula for
χy(Z;L) by noting that the twisted logarithmic de Rham complex Ω•

X(log D) ⊗ V̄
associated to the Deligne extension of L on a good compactification (X, D) of
Z (with X smooth and compact, and D a simple normal crossing divisor), with
its Hodge filtration induced by Griffiths’ transversality, is part of a cohomological
mixed Hodge complex that calculates H∗(Z;L ⊗ C). In the above notation, we
obtain (cf. [8]):

(12) χy(Z;L) = 〈ch∗(χy(V̄)) ∪ ch∗
(

λy(Ω1
X(logD))

)

∪ td∗(X), [X ]〉,

where 〈, 〉 denotes the Kronecker pairing on X , td∗(X) is the total Todd class of X
(in cohomology),

λy

(

Ω1
X(logD)

)

:=
∑

i

Ωi
X(logD) · yi, and χy(V̄) =

∑

p

[

Grp

F̄
V̄

]

· (−y)p ,

with (V̄ , F̄•) the unique extension of (V ,F•) to X corresponding to the Deligne
extension of L.

In the relative setting, as an application of Theorem 3.1, we obtain the following
Atiyah-type result:

Theorem 3.4. ([8]) Let f : E → B be a projective morphism of complex algebraic
varieties, with B smooth and connected, such that the sheaves Rsf∗QE, s ∈ Z, are
locally constant on B, e.g., f is a locally trivial topological fibration. Then

(13) f∗Ty∗(E) = ch∗
(1+y) (χy(f)) ∩ Ty∗(B),
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where

χy(f) :=
∑

i,p

(−1)i[Grp
FHi] · (−y)p ∈ K0(B)[y]

is the K-theory χy-characteristic of f , for Hi the flat bundle with connection ▽i :
Hi → Hi ⊗OB

Ω1
B, whose sheaf of horizontal sections is Rif∗CE.

If, moreover, B is complete, then by pushing down to a point, we obtain:

(14) χy(E) = 〈ch∗
(1+y) (χy(f)) ∪ T ∗

y (TB), [B]〉.

Remark 3.5. If the action of π1(B) on H∗(F ) is trivial (e.g., π1(B) = 0), then

ch∗
(1+y) (χy(f)) = χy(F ) ∈ H0(B; Q),

and formula (14) yields in this case the following Hodge-theoretic analogue of the
Chern-Hirzebruch-Serre result (1):

χy(E) = χy(F ) · χy(B).

If f is a smooth proper map of smooth projective varieties, formula (14) allows
us to express χy(E) in terms of higher χy-genera of Novikov type, so that if the
action of π1(B) on H∗(F ) is trivial or, more generally, if it preserves the Hodge
filtration, this expression reduces to ordinary multiplicativity. Let D±,η be the
Griffiths classifying space of pure Hodge structures on a vector space V , polarized
via a ±-symmetric bilinear form, and corresponding to a partition η : dimV =
∑

hp,q. A subgroup Γ of finite index in the total monodromy group, i.e., in the
image of the map π1(B) →

∏

k AutHk(F ), acts freely on
∏

k D(−1)k,ηk(F ), for the

partition ηk(F ) of rankHk(F ) given by the Hodge decomposition. Let

π : B → (
∏

k

D(−1)k,ηk
)/Γ

be the corresponding period map.

Definition 3.6. To each α ∈ H∗((
∏

k D(−1)k,ηk
)/Γ) we associate a higher χy-genus

by

(15) χ[α]
y (B, π) := 〈π∗(α) ∪ T ∗

y (TB), [B]〉.

For some η the period domain
∏

k D(−1)k,ηk
is contractible, and if this is the case

then, for y = 1 one obtains the Novikov higher signature. As a consequence of (14)
we obtain:

Theorem 3.7. ([8]) There exist universal classes [αp,q] ∈ H∗((
∏

k D(−1)k,ηk
)/Γ)

such that

(16) χy(E) =
∑

p,q

(−1)qχ[αp,q ]
y (B, π) · yp.

Remark 3.8. If the monodromy action is trivial, then

χ[αp,q ]
y (B, π) = hp,q(F ) · χy(B),

and (16) again yields the multiplicativity relation χy(E) = χy(F ) · χy(B). In the
special case y = 1, formula (16) generalizes Atiyah’s formula (2) for the signature
of fiber bundles.
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Theorem 3.1 can also be used for computing invariants arising from intersection
homology. Let ICH

Z ∈ MHM(Z) be the intersection homology Hodge module on a
pure-dimensional variety Z. Define new Hirzebruch-type characteristic classes by

(17) ITy∗(Z) := MHTy(
[

ICH
Z [−dimZ]

]

).

If Z is complete, then by pushing down to a point we recover Iχy(Z), a polynomial
in the Hodge numbers of IH∗(Z; Q) defined by analogy with χy(Z). (Note: If Z
is projective, then Iχ1(Z) is the Goresky-MacPherson signature of Z.) Standard
calculus in the Grothendieck group K0(MHM(B)) yields the following:

Theorem 3.9. Let f : E → B be a proper map, with E pure-dimensional and B
smooth and connected so that f is a locally trivial topological fibration with fiber F .
Then

(18) f∗ITy∗(E) =
∑

i

(−1)dimF+i Ty∗(B;Li) ∈ K0(MHM(B)),

where Li is the admissible variation of mixed Hodge structures on B with stalk
IHdimF+i(F ; Q), and associated mixed Hodge module Hi(f∗ICH

E ) ∈ MHM(B).

Each term in the sum of (18) can be further computed by formula (10). In
particular, if π1(B) = 0, then

f∗ITy∗(E) = Iχy(F ) · Ty∗(B).

Similar considerations apply to genera. This is a very special case of the stratified
multiplicative property studied in detail in [6, 7].

Meyer type formulae for Hodge-theoretic invariants defined by means of inter-
section homology will be studied elsewhere (but see [11] for a preliminary result).
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