TWISTED ALEXANDER INVARIANTS
OF COMPLEX HYPERSURFACE COMPLEMENTS

LAURENTIU MAXIM AND KAIHO TOMMY WONG

ABSTRACT. We define and study twisted Alexander-type invariants of complex hypersurface
complements. We investigate torsion properties for the twisted Alexander modules and extend
local-to-global divisibility results of [19, 4] to the twisted setting. In the process, we also study
the splitting fields containing the roots of the corresponding twisted Alexander polynomials.
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1. INTRODUCTION

The classical Alexander polynomial from knot theory has proved to be a powerful and versatile
tool in the study of complements of plane algebraic curves. As noted by Zariski [26] (see also
Libgober [14]), the Alexander polynomial of a plane curve complement is sensitive to the local
type and position of singularities of the curve, and it can be used to detect Zariski pairs (i.e.,
pairs of plane curves which have homeomorphic tubular neighborhoods, but non-homeomorphic
complements). The study of Alexander polynomials of complements of higher-dimensional complex
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hypersurfaces have been initiated by Libgober in [15], and was pursued in greater generality (for
arbitrary singularities) in [19, 4, 17].

A twisted version of the Alexander polynomial (based on the extra datum of a representation of
the fundamental group) was introduced by Lin [13], Wada [25], Kirk-Livingston [12] in the 1990s,
and has well proved its worth, for instance, in the works of Friedl and Vidussi (e.g., see [9] and the
references therein). Of course, the classical Alexander invariants correspond to the trivial rank-one
representation.

The twisted Alexander polynomial was ported to the study of plane algebraic curves by Cogolludo
and Florens [2], who used it to refine Libgober's divisibility results from [14], and showed that
these twisted Alexander polynomials can detect Zariski pairs which were undistinguishable by the
classical Alexander polynomial. Moreover, twisted Alexander invariants associated with rank-one
representations are closely related to the so-called characteristic varieties of the complement.

In this paper, we extend the Cogolludo-Florens construction to high dimensions and arbitrary
singularities, and establish some of the basic properties of the twisted Alexander invariants in
this algebro-geometric setting. More concretely, we investigate torsion properties for the twisted
Alexander modules, and extend local-to-global divisibility results of [19, 4] to the twisted setting.
In the process, we also study the splitting fields containing the roots of the corresponding twisted
Alexander polynomials.

Main results. In what follows, we set the notations and give a brief overview of our results.

Let V C CP""! be a projective complex hypersurface globally defined as the zero-set of a
degree d homogeneous polynomial, and fix a hyperplane H in CP™*! which we call the hyperplane
at infinity. Let

U:=CP""\ (VUH)=C""\V*
denote the (affine) hypersurface complement, with V¢ := V'\ H the affine part of V. Alternatively,
if f: C"*1 — C is a degree d polynomial, then V® := {f = 0} ¢ C"*! and V' C CP""! is the
projectivization of V¢,

Fix a field IF, and let V =2 ¢ be a finite /-dimensional F-vector space. To a pair (&, p) of an epi-
morphism ¢: 71 (U) — Z and a representation p: 71(U) — GL(V), we associate (co)homological
(global) twisted Alexander modules H;* (U, F[t*']) and resp. Hg’p(U,IF[til]), which are F[t+1]-

modules of finite type and, moreover, they are homotopy invariants of the complement U.

In all our results below, we assume moreover that the epimorphism ¢ is positive, in the sense
that it takes positive values on the meridian generators of H;(U,Z).

Definition 1.1. We say that the projective hypersurface V' (or its affine part V%) is in general
position at infinity if the reduced hypersurface V,..4 underlying V' is transversal to H in the stratified
sense.

One of our first results describes torsion properties of the (global) twisted Alexander modules
(see Theorems 3.1 and 4.1 and Corollarly 4.4):

Theorem 1.2. Let V C CP""! be a hypersurface in general position at infinity, e: 7 (W) — Z
a positive epimorphism and p: 71 (U) — GL(V) an arbitrary representation on the (-dimensional
F-vector space V. Then the twisted Alexander modules H;* (U, F[t*!]) are torsion F[t*']-modules
for any 0 < i < n, they vanish fori > n+1, and H; 7, (U, F[t*']) is a free F[t*']-module of rank
(1) x ().



This is a far-reaching generalization of results from [19, 4, 17], which only dealt with the case
of the linking number homomorphism and the trivial representation defined on complements of
reduced hypersurfaces (i.e., defined by square-free polynomials).

For any point z € V, let U, = U N B, denote the local complement at z, for B, a small ball
about 2 in CP"*!. Then (e, p) induces via the inclusion map i, : U, < U a pair (ez, pz) on Uy, so
that local twisted Alexander modules of (U,, e, p,) can be defined. Proposition 4.9 asserts that
for any pair (g, p) as above, with ¢ a positive epimorphism, we have the following local torsion (or
acyclicity) property:

Proposition 1.3. IfV is in general position at infinity, then the local twisted Alexander modules
H;=P" (Uy, F[tF!]) are torsion F[t*']-modules for any x € V.

This local torsion property removes a technical assumption used by Cogolludo-Florens [2] in the
proof of their main divisibility result for twisted Alexander polynomials of plane curve complements.

Since F[t*!] is a PID, torsion F[t*!]-modules of finite type have orders (called Alexander poly-
nomials) associated to them, e.g., see [20]. For e: m;(U) — Z a positive epimorphism and
p: m(U) — GL(V) an arbitrary representation, we let A;y and Al (for 0 < i < n), resp.
A and Ak (for k € Z), be the corresponding global and resp. local twisted Alexander poly-
nomial associated to the above (co)homological twisted Alexander modules (which are torsion
F[t*1]-modules by Theorem 1.2 and Proposition 1.3). In Theorem 4.13 we indicate how to esti-
mate the global twisted Alexander polynomials from the local topological information at points on
the hypersurface. This relationship can be roughly formulated as follows (see Theorem 4.13 for the
precise formulation):

Theorem 1.4. For a projective hypersurface V' in general position at infinity, the zeros of the
global twisted Alexander polynomials of the complement U are among those of the local ones at
points in the affine part of some irreducible component of V.

This result is a generalization to the twisted setting of the local-to-global analysis for the classical
Alexander polynomials initiated by Libgober [14, 15] in the isolated singularities case, and extended
to arbitrary singularities in the first author's work [19] (see also [4, 17]).

Let us briefly comment on our working assumption of hypersurfaces in general position (i.e.,
transversality) at infinity. First, such an assumption is needed to conclude that the link at infinity
of the hypersurface is fibered, and this is the key feature behind the torsion property of Theorem
1.2. Without the transversality assumption, the F[t*!]-ranks of the classical (untwisted) Alexander
modules were computed in [6] in terms of vanishing cycles, though (to our knowledge) there is
no known explicit example when the torsion property fails. In fact, in the case of hypersurfaces
with only isolated singularities, including at infinity (e.g., in the case of plane curves), the only
relevant classical (untwisted) Alexander module (i.e., in degree n) is still torsion (see [15]), but the
divisibility statement includes also local contributions coming from the singular points at infinity.
For more instances when the torsion property for the classical (untwisted) Alexander modules still
holds (below the middle degree), see [18, Proposition 6.8]. Furthermore, as a consequence of the
proof of our Theorem 4.13, we remark that the torsion property for the local twisted Alexander
modules at points in V' N H is enough to conclude that the global twisted Alexander modules are
torsion F[t*1]-modules in the desired range. For hypersurfaces in general position at infinity, such
a local torsion property at points in V' N H is a consequence of transversality and the Kiinneth
formula, see the proof of Proposition 4.9 and Corollary 4.10, but there may be other instances
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(e.g., for various choices of (g, p)) when it is satisfied. Secondly, since U := C**1\ V¢ is defined
only in terms of the affine hypersurface V%, it is desirable to understand its global invariants
(like twisted Alexander polynomials) only in terms of information encoded by the singularities of
V¢, independently of the hyperplane at infinity H; this is achieved here under the assumption of
transversality at infinity since complements of links at points in V' N H are in this case determined
by those at nearby points in V' (or V%) (but see also [15], where isolated singularities at infinity are
taken into account). Dealing with singularities at infinity in the non-isolated context is certainly
much more challenging, and most methods used in this paper (and other papers on the subject)
break down.

We also single out the contribution of the meridian at infinity (i.e., a meridian loop about H)
to the global twisted Alexander polynomials, see Theorem 4.11 for the precise formulation. For
the case of the linking number homomorphism and trivial representation, Theorem 4.11 reduces
to the fact that the zeros of the classical Alexander polynomials of U are roots of unity of order
d = deg(V), a fact shown in [19, 4] for reduced hypersurfaces.

In the case of reduced plane curves and for e the linking number homomorphism, we identify
explicitly splitting fields containing the roots of the corresponding global twisted Alexander polyno-
mials. Similar results were obtained by Libgober [16] by Hodge-theoretic methods. More precisely,
in Theorem 3.5 we prove the following:

Theorem 1.5. Let C' be a reduced curve of degree d and in general position at infinity, and
assume that ¢ : (W) — Z is the linking number homomorphism. Suppose F = C, and let
p: m (W) — GLy(C) be an arbitrary representation. Denote by ¢ the (homotopy class of the)
meridian about the line H at infinity, and let \1,--- ,\; be the eigenvalues of p(xg)~!. Then
the roots of Ai:ﬁ(t) lie in the splitting field S of Hle(td — \i) over Q, which is cyclotomic over
K=Q(A,- -, ).

This result is based on our calculation of the twisted Alexander polynomial for the Hopf link on
d components (see Proposition 2.9), which in our geometric situation can be identified with the
link of C “at infinity".

Acknowledgement. This paper was written while the first author visited the Max-Planck-Institut
fir Mathematik in Bonn, and the Institute of Mathematical Sciences at the Chinese University of
Hong Kong. He thanks these institutes for their hospitality and for providing him with excellent
working conditions. The authors are grateful to the anonymous referees for carefully reading the
manuscript, and for their valuable comments and constructive suggestions. L. Maxim was partially
supported by grants from NSF, NSA, by a fellowship from the Max-Planck-Institut fiir Mathematik,
Bonn, and by the Romanian Ministry of National Education, CNCS-UEFISCDI, grant PN-II-ID-
PCE-2012-4-0156. K. Wong gratefully acknowledges the support provided by the NSF-RTG grant
#1502553 at the University of Wisconsin-Madison.

2. TWISTED CHAIN COMPLEXES. TWISTED ALEXANDER INVARIANTS

2.1. Definitions. In this section, we recall the definitions of twisted chain complexes, twisted
Alexander modules, and twisted Alexander polynomials of path-connected finite CW-complexes.
For more details, see [12, 2].
Let X have the homotopy type of a path-connected finite CW-complex, with 7 = 7;(X), and
fix a group homomorphism
e:m(X) = Z.
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Note that ¢ extends to an algebra homomorphism
e: Flx] — F[Z)] = F[t*!].

Fix a field I, and let

p: ™ — GL(V)
be a linear representation of 7 on a finite /-dimensional F-vector space V. For future reference, we
fix an isomorphism V 22 F¢. For simplicity, this representation will also be denoted by \7

Let X be the universal cover of X. The cellular chain complex C(X,F) of X is a complex of

free left F[m]-modules, generated by lifts of the cells of X. For notational convenience, we follow
[12] and regard V as a right F[r]-module, i.e., with the right m-action for v € V and o € 7 given
by:

v- o= vp(a),
where we view the elements of V = F* as row vectors. Also consider the right F[r]-module
F[t*!] ®p V, with F[r]-multiplication induced by £ ® p as:

(p@v) a=ptfY Qv a=ptf™ Qup(a), acm.

Let the chain complex of (X, ¢, p) be defined as the complex of left F[t*!]-modules:

CoP (X, F[tH]) == (F[t*'] @5 V) ®ppr Cu(X, F),
where the (left) F[t*!]-action is given by
t"((p®wv)-¢) =" -pev)-c
It is a complex of free F[t*!]-modules.

Definition 2.1. The i-th homological twisted Alexander module H;”(X,F[t*']) of the triple
(X,e,p) is the F[t*!]-module defined by:

HOP(X,FEY) == H; (C2F (X, F[EE)).

Similarly, the i-th cohomological twisted Alexander module H: ,(X,F[t*']) of (X,e,p) is the
F[t*!]-module given by:

H! (X, F[t*]) .= H' (Hompp (Ci (X, F), F[t'] @p V),

where F[t*1] @p V is now regarded as a left F[r]-module with 7-action defined by using the
involution on [F[x], i.e.,

1

a-(pRv)=(pev)-at=pt =D up(a)!, aem.

The twisted Alexander modules are homotopy invariants of X.

Remark 2.2. (i) The classical Alexander modules correspond to the case of the trivial represen-
tation p = triv, i.e, V=F =Q and p(a) =1 for all « € 7.

(#3) In [5, 18], cohomological Alexander type invariants were considered via the cohomology of
the dual complex Homgy,1)(C5 (X, F[t=!]), F[t*']). These are directly related to the homological
Alexander modules via the universal coefficient theorem (UCT) applied to the principal ideal domain
F[t*1], namely:

Hi (HomF[tﬂ} (Ci’p(X, F[til])v F[til]))

= Homppr) (H; P (X, F[t=1), Ft*']) @ Extgper) (H; " (X, FIE5), F[EF]).
5



On the other hand, the relationship between the cohomological twisted Alexander modules of
Definition 2.1 and the homological twisted Alexander modules is explicitly described in [12, page
638-639], as we shall now explain. Let W := V* = Homp(V,F) be endowed with the dual
representation p* : m — GL(W):

(w-a)(v) =w@w-a), weW,veV, acm,
which induces a corresponding right F[r]-module structure on F[t*!] @ V* by
(p@w)-a=ptf @w-a
Then the cochain complexes
Homgp1 (C5°" (X, F[t*1])), F[t*']) and Hompy,(C.(X,F), F[t*'] 5 V)

are anti-isomorphic, i.e., isomorphic as cochain complexes of F[t*!]-modules provided one of them is
given the conjugate F[t*']-module structure (p-h)(z) = p-h(z), which is obtained by composing all
F[til]—modulle structures with the involution = : F[t*1] — F[t*!], t — £ := t~!. In particular, if we
denote by H_ ,(X,F[t*!]) the group H! ,(X,F[t*!]) with the conjugate F[t*']-module structure,
then

H, (X, F[t*"]) & H (Homgy1) (C27 (X, F[t=1)), F[£])).

Therefore, the universal coefficient theorem yields that:

(1)

H, (X, F[t*")) = Homgpey (H” (X, F[t51]), F[t*']) @ Extyye (H (X, FiEE), FiE).

Furthermore, in the case when p and p* are conjugate representations (e.g., V is a real orthogonal
representation of ), then one can take W =V and use p on both sides of (1).

An equivalent definition of the twisted chain complex of (X, ¢, p) was given in [12]. Let X, be
the infinite cyclic cover of X associated to ' = kere. The chain complex
C*(Xooavp) =V ®]F[7r’] C*(X)a
defined via the restricted actions to 7/, can be regarded as a complex of F[t*!]-modules via the
action t" - (v ® ¢) = v -y~ " @ y"¢c, where 7y is an element in 7 such that e(y) = 1. Then [12,
Theorem 2.1] states that Ci(Xoo,V,) and C7 (X, F[tF1]) are isomorphic as left F[t*]-modules
(and the isomorphism is independent of the choice of 7).

Definition 2.3. Denote by F(t) the field of fractions of F[t*!], and define
CoP(X,F(t)) = F(t) ®pper) O (X, F[EH]).
We say that (X, ¢, p) is acyclic if the chain complex C5?(X,F(t)) is acyclic over F(t).

Remark 2.4. Since F[t*!] is a principal ideal domain, F(t) is flat over F[t*!]. So, (X,e¢,p) is
acyclic if and only if H;?(X,F[t*!]) are torsion F[t*!]-modules.

Since F[t*1] is a principal ideal domain and V is finite dimensional over I, the twisted Alexander
modules H;” (X, F[t*!]) are finitely generated modules over F[t*!]. Thus they have a direct sum
decomposition into cyclic modules. Similar considerations apply for the cohomological invariants.
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Definition 2.5. The order of the torsion part of H;”(X,F[t*!]) is called the i-th homological

twisted Alexander polynomial of (X, ¢, p), and is denoted by Ai’; (t). Similarly, we define the i-th

cohomological twisted Alexander polynomial of (X, ¢, p) to be the order A;p,x(t) of the torsion
part of the F[t*!]-module Hg’p(X,IF[til]).

The twisted Alexander polynomials are well-defined up to units in F[t¥!]. Moreover, it follows

from (1) that

AL, x(t) = A2 ().

For further use, we also recall here the following fact:
Proposition 2.6. [12] If ¢ is non-trivial, then Hy* (X, F[t*!]) is a torsion F[t=']-module.

2.2. Examples. In this section, we compute the twisted Alexander invariants on several examples
with geometric significance.

2.2.1. Hopf link with d components. This example has important consequences in the study of
twisted Alexander invariants of plane curve complements. More precisely, for a degree d plane
curve C with regular behavior at infinity, the Hopf link with d components is what we call “the link
of C at infinity".

Recall that a link in S? is an embedding of a disjoint union of circles (link components) into S3.
Throughout this section, let K be the d-component Hopf link in 52, consisting of d fibers of the
Hopf fibration.

Lemma 2.7. If K C S® is the d-component Hopf link, then
(2) 7r1(S3\K) 27 x Fg 1 = (x0, 21, ,Tq—1] xomimalx-*l,i =1,---,d—1),

2

with Fy_1 the free group on d — 1 generators.

Proof. First note that S3\ K is homotopy equivalent to the link exterior associated to the singularity
{z% = y?} c C2. Equivalently, if A = {2¢ = y?} is the central line arrangement of d lines in C?,
then S3\ K ~ C?\ A.
On the other hand, it can be easily seen that
C?\ A~ C* x (CP\ {d points}).

Indeed, the Hopf fibration C2\ {0} — CP! restricts to a C*-locally trivial fibration C? \ A —
CP'\ {d points}. Moreover, the latter fibration is trivial, since it can be seen as a restriction of the
trivial fibration C2\ H — CP'\ {1 point} = C obtained from the Hopf fibration by first restricting
to the complement of only one line H of A.

Altogether,

SINK ~C*\A~5'x(\/ 8,
d—1

which yields the desired presentation for 7 (5% \ K). O

Remark 2.8. An equivalent presentation of 71(S3\ K) can be obtained by using the van Kampen
theorem (e.g., see [3, Theorem 4.2.17, Proposition 4.2.21] and the references therein). More
precisely, 71 (5% \ K) is called G(d,d) in loc.cit., and has the presentation:

wl(SS\K) > (zg,x1, - , 24 | xdazd_lo~-x1xal,x0xixalx;l,i =1,---,d),

where the generators x1, - - , x4 correspond to meridian loops about the d lines of A.
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We can now compute the twisted Alexander invariants of S3\ K (see also [8, 10]):
Proposition 2.9. Let Kk C S3 be the Hopf link with d components. Let
e:m(SP\K) — Z
be an epimorphism with
e(zo) # 0,
and
p: w1 (S?\ K) — GL(V) = GL(F)

be a linear representation of rank £. Then the following hold:

(a) H;*(S?\ K,F[t*1]) are torsion F[t*]-modules, fori =0, 1.

(b) H;?(S3\ K,F[t*1]) =0 fori > 2.

(c) Ay”(t) is the greatest common divisor of the { x { minors of the column matrix

(ta(xi)p(xi) B Id)z':o,--- -1

(d) ATP(6)/A57(8) = (det (50 p(ag) — Id))* .

Proof. Recall from Lemma 2.7 that the link complement S \ K has the homotopy type of a
(central) line arrangement complement, namely S\ K ~ C? \ A. As such, it has a minimal cell
structure (i.e., so that the number of i-cells equals its i-th Betti number b;, for all i > 0), e.g.,
see [7, 23]. Moreover, since C?\ A is a complex two-dimensional smooth affine variety, it follows
by Morse theory [21] (see also [11]) that it has the homotopy type of a finite real 2-dimensional
CW-complex. Therefore, H; (5% \ K,F[t*!]) = 0 for i > 3.

We next note that S3\ K is a K(, 1)-space, since C2\ A is so, with m = 71 (S® \ K). Indeed,
since A is defined by a homogeneous polynomial, there is a global Milnor fibration

F—C*\A—C*

whose fiber F' has the homotopy type of a join of circles. The long exact sequence of homotopy
groups for this fibration then yields that 7;(C? \ A) = 0 for all i > 2.

Since S \ K is a K(m,1)-space, its (twisted) homology can be computed from its (twisted)
group homology using Fox calculus (this was the starting point for Wada's construction of twisted
Alexander invariants [25]). So the twisted chain complex of S3\ K can be identified with the
complex of Fox derivatives for the presentation

71(S3\ K) = (zo, 21, -+, Tq_1] xoxixalxﬂ,i =1,---,d—1)

1

of Lemma 2.7, and it has the form:
0 — F[*1]4d-1 %2, pptjid O pipt)t o,
In particular, as in [12, Section 4], we have that 0 is the column matrix with i-th entry given by
=0 p(a;) — Id,

which yields the desired description of Ag”(¢). Similarly, 82 is a (d — 1) x d matrix with entries in

M, (F[t*1]) given by the matrix of Fox derivatives of the relations, tensored with F[t*1]¢. Therefore,
8



O equals

Id —t=@V p(z) 15(®0) p(zo) — Id 0 ‘e 0
Id — ts(“)p(mg) 0 ts(“’)p(aco) —Id e 0
Id —t5®a=2) (o) 0 e 50 p(x0) — Id 0
Id —t=®@a=D p(xy_ ;) 0 e 0 5@ p(x) — Id

Since, by our assumption, (xg) # 0, this yields that ker(d2) = 0. Therefore,
HE?(5%\ K, Fl+1]) = 0.

Also, since ¢ is non-trivial, we get by Proposition 2.6 that H;*(S%\ K, F[t*1]) is a torsion F[t*]-
module. So, by using the fact that

X(S]\K)=by—b +by=1—d+(d—1) =0,

we obtain that
vankgpe (B (57 K, F[1])) = —x(5%\ K) = 0.

Hence the first twisted Alexander module H;”(S?\ K, F[t*!]) is also torsion over F[t*!]. Finally,
by [12, Theorem 4.1], we get that

ASP() /A5 (1) = (det(t50) p(ag) — Id)) ™2
O

2.2.2. Links of A,qq-singularities. Let C = {x? — y?" = 0} C C%, n > 1, and fix (¢, p) as before,
with € non-trivial. The germ (C,0) of C at the origin of C? is known as the Ag,_i-singularity.
The curve C' is the union of two smooth curves which intersect non-transversely at the origin. Let
K C S? be the link of (C,0). Since the defining polynomial of (C,0) is weighted homogeneous,
it follows that S3\ K ~ C2?\ C fibers over S' ~ C*, with fiber homotopy equivalent to a join of
circles. In particular, S3\ K is aspherical, so its twisted Alexander invariants can be computed by
Fox calculus from a presentation of the fundamental group. By [22], we have that

7Tl(Sg\I(> = ﬂ-l((CQ \C) = G(2,27’L) - <ai7ﬂ ‘ B = a1a07R17R2>7
where
Ry :aiq40n =a4,1=0,....,2n — 1, and Rs:aj2= 7 ta;B,i=0,...,2n — 1.

So, explicitly,

<a0,a1,~--,a2n71,1ﬁ | araoB™1, .

q _ —1 _ _ _ _

771(5“\[()% /BGQB 1a0176a4ﬁ 1a217"'7/6a06 1a2ri—27
ﬁai‘]ﬂ_lal_ 75@55_105 7"'76a16_1a2_n—1>

By direct computation, it can be seen that in the corresponding twisted chain complex one has
ker(d2) = 0, so Hy?(93\ K,F[t*!]) = 0. Also, since ¢ is non-trivial, we get by Proposition 2.6
that H;”(S3 \ K,F[t*!]) is a torsion F[t*!]-module. An Euler characteristic argument similar to
that of the previous example then yields that H;”(S3 \ K, F[t*!]) is a torsion F[t=!]-module.
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3. TWISTED ALEXANDER INVARIANTS OF PLANE CURVE COMPLEMENTS

Twisted Alexander invariants were ported to the study of plane algebraic curves by Cogolludo
and Florens [2], who showed that these twisted invariants can detect Zariski pairs which share the
same (classical) Alexander polynomial. In this section, we study torsion properties of the twisted
Alexander modules of plane curve complements and study splitting fields containing the roots of
the corresponding twisted Alexander polynomials. We focus here on homological invariants, while
similar statements about their cohomological counterparts can be obtained via (1).

Let C be a reduced curve in CP? of degree d with r irreducible components, and let L be a line
in CP?. Set

U:=CP?\ (CUL)=C?*\(C\ (CNL)),
where we use the natural identification of C2 with CP2\ L. The line L will usually be refered to
as the line at infinity. Alternatively, if f(z,y): C> — C is a square-free polynomial of degree d
defining an affine plane curve C% := {f = 0}, we let C be the zero locus in CP? (with homogeneous
coordinates x, %, ) of the homogenization f" of f, with L given by z = 0. Then U = C?\ C°.

Recall that H;(U,Z) = Z", generated by homology classes v; of meridian loops ; bounding
transversal disks at a smooth point in each irreducible component of C%. Let ny,---,n, be
positive integers with gcd(ny, -+ ,n,)=1. Let ab: m1(U) — Hi(U,Z) denote the abelianization
map, sending [7;] to v;. Then the composition

e m (W) Y Hy(U,z) Y12, g,

defines a positive epimorphism. If all n; = 1, then & can be identified with the total linking number

homomorphism

Ik 7T1(U) [a]—lk(a,CU—dL) z.
which is just the homomorphism fu: 71 (U) — 71 (C*) = Z induced by the restriction of f to U
(e.g., see [3, pp.77]).

Fix as before a field F and a finite /-dimensional F-vector space V endowed with a linear
representation p: 71(U) — GL(V). As in Section 2.1, the F[t=!]-module H” (U, F[t*!]) is defined
for any i > 0, and is called the i-th (homological) twisted Alexander modules of C' with respect to
L. The twisted Alexander modules associated to the total linking number homomorphism [k will
be denoted by

HY (W FE) = HP (U FIE),

and we let Aﬁu(t) be the corresponding Alexander polynomials. In the case of the trivial represen-
tation, these further reduce to the classical Alexander invariants, as originally studied in [14].

Note that since U is the complement of a plane affine curve, it is a complex 2-dimensional affine
manifold. Therefore U has the homotopy type of a real 2-dimensional finite CW-complex (e.g.,
see [21, 11]). Hence, H;”(U,F[t*!]) = 0 for i > 3, and H3* (U, F[t*!]) is a free F[t*!]-module.
For i = 0,1, the F[t*!]-modules H;”(U,F[t*!]) are of finite type, and in the next section we
investigate their torsion properties.

3.1. Torsion properties. In this section, we prove the following result:

Theorem 3.1. Let C be a reduced complex projective plane curve and ¢: w1 (W) — Z a positive
epimorphism. If C' is irreducible and p is abelian (i.e., the image of p is abelian), or if C is
in general position at infinity (i.e., C is transversal to the line at infinity L), then the twisted
Alexander modules H;” (U, F[t*1]) are torsion F[t*]-modules, fori =0, 1.

10



Proof. The claim about H"* (U, F[t*1]) follows from Proposition 2.6 since ¢ is non-trivial.

If C is irreducible and p is abelian, it follows from [16] that the classical Alexander modules of
an irreducible curve complement determine the twisted ones. So the claim follows in this case from
[14].

Assume now that the line at infinity L is transversal to the curve C, and let d = deg(C). Let
S3 < C? be a sphere of sufficiently large radius. Then the link of C at infinity, Koo = S5 NC, is
the Hopf link on d components, as described in Section 2.2.1. (Indeed, there exists a deformation
of C' to a union of d lines passing through the origin of C? so that the transversality at infinity
assumption holds for all curves appearing during the deformation.) Let i: S3 \ K., < U denote
the inclusion map. Then by [14, Lemma 5.2], the induced homomorphism

J— — p— . 7
71(S3\ Koo) 2 (z0, 21, , 24 | :ded_l--'xlxol,xoxixo 1551 Li=1,---,d) N w1 (W)

is surjective. Moreover, as in [14, Section 7], the groups 71 (U) and 71 (53, \ K ) have the same
generators, while the relations in 7 (W) are those of 71 (52, \ K. ) together with relations describing
the monodromy about exceptional lines by using the Zariski-Van Kampen method. Therefore,
goiy =¢c and poiy = p (as this can be checked on generators).

Up to homotopy, U is obtained from S3.\ K., by attaching cells of dimension > 2. So the
homomorphism

H? (8% \ Koo, F[EH]) — HP (W, F[t1)

induced by the inclusion map i is an isomorphism for k£ = 0, and an epimorphism for &k = 1. Here,
HP(S3)\ Koo, F[t*1]) is defined with respect to the pair (s 0iy =¢,poiy = p) induced by the
inclusion map i. As a consequence, in order to conclude that Hy” (U, F[t*!]) is a F[t*!]-torsion
module, it suffices to prove the torsion property for the F[t*!]-module H{"(S2, \ Koo, F[tF!]).
Hence, by Proposition 2.9, it suffices to show that € o iy (zg) = (o) # 0.

We have a commutative diagram:

(SN Koo) — e (W) — 7

%

So, e 0y =1 oi,oab, so it is enough to understand the maps ab and i,. Recall that the Hopf
link complement S2 \ K., is homotopy equivalent to the complement C? \ A of a central line
arrangement A of d lines in C2. So

Hl(Sg’o \Koan) = Zd = <,U17 "'7Md>7

where 1, is the homology class of the meridian about the line I, C A. Moreover, ab(xy) = uy for
k=1,---,d, hence

ab(xo) = p1 + -+ + pa.

On the other hand, H;(U,Z) = Z", generated by the homology classes v; of the meridians about

each irreducible component of C*. Since A is defined by the homogeneous part of the defining

equation of C?, it is clear that i, takes each puy to one of the v;'s. In fact, exactly d; of the pug's

are being mapped by i, to v;, where d; is the degree of the component C; of C. Finally, since
11



Y(v) = ny, for all k> 1 we have that € 0 iy (zy) = ny, for some [;, and
eoiu(wo) = ois(py + -+ pa) = del > 0.
=1

This concludes the proof of the fact that H{”(U,F[t¥]) is a finitely generated F[t*!]-torsion
module. O

Remark 3.2. The above result will be generalized in Theorem 4.1 to arbitrary hypersurfaces.
The reason for stating it in this section is our study of splitting fields containing the roots of the
associated twisted Alexander polynomials, see Theorem 3.5.

As a consequence of Theorem 3.1 and Proposition 2.9, we obtain the following:

Corollary 3.3. If C is a reduced curve of degree d in general position at infinity, then the first
twisted Alexander polynomial ATY(t) of U divides the product

(det(t2i=1 47 p(ag) — 1d)) "
. ged (det(tziél din (o) — Id), det(t™ p(z1) — Id), - -, det(t™a-1 p(zg_1) — Id)) .
In particular, if e = Ik, then A7y (t) divides
(det(t?p(xo) — Id))d_2 - ged (det(td,o(a:o) — Id),det(tp(x1) — Id),- - - ,det(tp(zq_1) — Id)) .

Remark 3.4. For curves in general position at infinity, Corollary 3.3 generalizes Libgober's divisi-
bility result [14, Theorem 2], which states that the Alexander polynomial Ay y((t) := A%mv(t) of

C divides the Alexander polynomial of the link at infinity, which is given by (t — 1)(¢¢ — 1)4=2.

3.2. Roots of twisted Alexander polynomials. In [16, Theorem 5.4], Libgober used Hodge
theory to show that for an irreducible plane curve C, and for p a unitary representation, the roots
of the first twisted Alexander polynomial of C' are in a cyclotomic extension of the field generated
by the rationals and the eigenvalues of p(7y), where v is a meridian about C' at a non-singular point.
Libgober's result does not touch upon the extension degree.

In this section, we give a topological proof of Libgober's result, and identify such a cyclotomic
extension in an explicit way.

Theorem 3.5. Let C be a reduced projective plane curve of degree d and in general position at
infinity, and assume that ¢ = lk : m (W) — Z is the linking number homomorphism. Suppose
F=C, and let p: m1(U) — GLy(C) be an arbitrary representation. Denote by xo the (homotopy
class of the) meridian about the line H at infinity, and let A1, - - , Ay be the eigenvalues of p(xg)~!.
Then the roots of Aiu(t) lie in the splitting field S of Hle(td — \i) over Q, which is cyclotomic
over K =Q(A1,- -+, \p).

Proof. Using the notations from the proof of Theorem 3.1, we denote by x1, - - - , x4 the (homotopy
classes of ) meridians about the components of the link of C' at infinity (see also Remark 2.8).

If there is no common eigenvalue for all of p(x1),---,p(zq), then Corollary 3.3 yields that
A'iu(t) divides (det(t?p(z) — Id))?2. In particular, the prime factors of Aiu(t) are among the
prime factors of det(t%p(xg) — Id). Let p(t) be the characteristic polynomial of p(zo)~". Then:

det(t?p(z0) — Id) = (=1)" det(p(z0)) - p(t?) = (=1)" det(p(xo)) - (¢7 = M) -+~ (7 = o).
12



Therefore, the roots of Aiu(t) are contained in the splitting field S of Hle(td — Ai) over Q.

If « is a common eigenvalue of all matrices p(x1),---, p(z4), then one of the eigenvalues of
p(z0) = p(xa)p(xg_1)...p(z1) is a?. Without loss of generality, assume that a? = A\['. Then
a € S. O

4. TWISTED ALEXANDER INVARIANTS OF COMPLEX HYPERSURFACE COMPLEMENTS

In this section, we generalize the above results to the context of complex hypersurfaces with
arbitrary singularities. We study the torsion properties of the associated twisted Alexander modules,
and estimate their corresponding twisted Alexander polynomials in terms of local topological data
encoded by the singularities.

4.1. Definitions. Let V' be a (globally defined) degree d hypersurface in CP"*! (n > 1) and let
H be a hyperplane in CP"*!, called the “hyperplane at infinity”. Let

U:=CP"" '\ (VUH)=C""\ Ve,

where V¢ c Cntl = cprt! \ H denotes the affine part of V. Alternatively, we can start with a
degree d polynomial f(z1,--- ,zy11): C*"T!1 — C, and take V* = {f = 0}, with V c CP""! the
projectivization of V,,, and H given by zy = 0. (Here, zg,21, - , 2,41 denote the homogeneous
coordinates on CP"*1))

Assume that the underlying reduced hypersurface V.4 of V' has r irreducible components
Vi, -+, Vi, with d; = deg(V;) for i =1,--- ,r. Then

Hl(u,Z) = Zr7

generated by the homology classes v; of meridians 7; about the irreducible components V; of
Viea (e.g., see [3], (4.1.3), (4.1.4)). Moreover, if 7 denotes the meridian loop in U about the
hyperplane H at infinity, with homology class v, then the following relation holds in H; (U, Z):

(3) Vso + Z dil/i = 0.
i=1

Let n; be r positive integers with ged(nqy,--- ,n,) = 1, and define the positive epimorphism

e: m(U) — Z by the composition
erm(W) 2 Hy(U,Z) L2 7,

Note that if the defining equation f of the affine hypersurface V¢ has an irreducible decomposition
given by f = f"--- fl'", then ¢ coincides with the homomorphism fu: 7 (U) — m (C*) = Z
induced by the restriction of f to U, or equivalently, with the total linking number homomorphism
(cf. [3, p.76-77]):
[a]—=lk(a,VU—dH)

lk: mi(U) Z.

Fix a finite /-dimensional [F-vector space V endowed with a linear representation p: m(U) —
GL(V). As in Section 2.1, the F[t*!]-modules H;*(U,F[t*!]) and Hg,p(u,F[til]) are defined for
any ¢ > 0, and are called the i-th (co)homological twisted Alexander modules of V' with respect
to the hyperplane at infinity H. The twisted Alexander modules associated to the total linking
number homomorphism [k will be denoted by

HY (W, F[EEY) := HMP (U, F[E),
13



and similarly for their cohomology counterparts H/ (U, F[t*']). In the case of the trivial represen-
tation, these further reduce to the classical Alexander modules, as studied e.g., in [19], [4] and
[17].

Note that, since U is the complement of a complex n-dimensional affine hypersurface, it is an
(n + 1)-dimensional affine variety, hence it has the homotopy type of a finite CW-complex of real
dimension n + 1 (e.g., see [21], [11], or [3, (1.6.7), (1.6.8)]). Therefore, H; (U, F[t*']) = 0 for
i >n+1, HY (WF[t*]) is a free F[t*!]-module, and the F[t*!]-modules H;"* (U, F[t*']) are
of finite type for 0 < i < n. In the next sections, we investigate torsion properties of the latter.

4.2. Torsion properties. In the notations of the previous section, we say that the hypersurface
V C CP"*! is in general position (with respect to the hyperplane H) at infinity if the reduced
hypersurface V,..q underlying V' is transversal to H in the stratified sense.

The main result of this section is the following high-dimensional generalization of Theorem 3.1:

Theorem 4.1. Let V C CP"*! be a hypersurface in general position at infinity, : 7 (U) — Z
a positive epimorphism and p: w1 (U) — GL(V) an arbitrary representation. Then the twisted
Alexander modules H;” (U, F[t*1]) are torsion F[t*]-modules for any 0 < i < n.

In order to prove Theorem 4.1, we need to introduce some notations and develop some prereg-
uisites.

Let S27*1 be a (2n + 1)-sphere in C™*! of a sufficiently large radius (that is, the boundary of
a small tubular neighborhood in CP"*! of the hyperplane H at infinity). Denote by

Ko = S¥tinye
the link of V% at infinity, and by
U® = S22\ Ko
its complement in S27*1. Note that U is homotopy equivalent to T(H)\ (V U H), where T'(H)

is the tubular neighborhood of H in CP"™! for which S27+1 is the boundary. Then a classical
argument based on the Lefschetz hyperplane theorem yields that the homomorphism

Wz(uoo) — 7T1(U)

induced by inclusion is an isomorphism for i < n and it is surjective for i = n; see [4, Section 4.1]
for more details. It follows that
(4) (U, U) =0 forall i <n,
hence U has the homotopy type of a CW complex obtained from U> by adding cells of dimension
>n+ 1.

We denote by (€50, poo) the epimorphism and resp. representation on 7 (U°°) induced by com-
posing (e, p) with the homomorphism 71 (U*°) — 71 (U). Hence the twisted Alexander modules of
V' at infinity, H;>"">(U>, F[t*']), can be defined (and similarly for the corresponding cohomology

modules). Then (4) and the fact that twisted Alexander modules are homotopy invariants yield
the following:

Proposition 4.2. The inclusion map U < U induces F[t*']-module isomorphisms

HE= 0 (U, F1]) = Hi (W F)

for any i < n, and an epimorphism of F[t=']-modules

HioP> (U, F[EH1]) — Hiy? (W, F[E).
14



Corollary 4.3. For any 0 < i < n, if H;="><(U®,F[t*!]) is a torsion F[t*']-module, then so is
H)P(W,F[tE).

Let us now assume that the complex projective hypersurface V' is in general position at infinity,
i.e., Vi..q is transversal in the stratified sense to the hyperplane at infinity H. Then the complement
of the link at infinity U is a circle fibration over H \ (V N H), which is homotopy equivalent to
the complement in C"*! to the affine cone over the projective hypersurface VN H ¢ H = CP"
(for a similar argument see [4, Section 4.1]). Hence, by the Milnor fibration theorem (e.g., see
[3, (3.1.9),(3.1.11)]), U fibers over C* ~ S, with fiber homotopy equivalent to a finite n-
dimensional CW-complex. Moreover, it is known that this fiber is also homotopy equivalent to the
infinite cyclic cover of U defined by the kernel of the total linking number homomorphism defined
with respect to V.

We can now complete the proof of Theorem 4.1.

Proof. By the above Corollary 4.3, it suffices to prove that for any 0 < i < n, the F[t*!]-module
H;>P= (U F[t*!]) is torsion. The idea is to replace V@ by another affine hypersurface X with
the same underlying reduced structure, hence also the same complement U, so that € becomes the
homomorphism defined by the total linking number with X.

Let fi--- f = 0 be a square-free polynomial equation defining V¢ ,, the reduced affine hyper-
surface underlying V* = V' \ H. Recall that if 7; is the meridian about the irreducible compo-
nent f; = 0, then by definition we have that £([y;]) = n;. Let us now consider the polynomial

g=fi" - f," on C"*! defining an affine hypersurface

and replace V by the projective hypersurface X defined by the homogenization of g. Clearly, the
underlying reduced hypersurface X,.q coincides with V¢ ,, so X and V* have the same complement

U:=C"\V*=C"\ X.
Moreover, the given homomorphism e: 71 (U) — Z (hence also £ : 71 (U°) — Z) coincides with
the total linking number homomorphism defined with respect to X (cf. [3, p.76-77]). Finally, since
V is in general position at infinity, so is X, and the corresponding complements of the links at

infinity coincide. Therefore, (as explained in the paragraph before the proof of Theorem 4.1) the
complement U of the link at infinity admits a locally trivial topological fibration

F—U* —CC*
whose fiber F' has the homotopy type of a finite n-dimensional CW-complex, and which is also
homotopy equivalent to the infinite cyclic cover of U defined by the kernel of the linking number
with respect to X (i.e., by ker(e)).
Altogether, for any 0 < i < n, we have:
Hfoo’poo (uoovIF[til]) = Hi(F7 Vpoo)v

which is a finite dimensional F-vector space, hence a torsion F[t*!]-module. O

As an immediate consequence of Theorem 4.1, we have the following:

Corollary 4.4. Under the notations and assumptions of Theorem 4.1, we have:

rankg(1 Hy 0 (U, Ft]) = (=1)"* - 2 x (W),

with £ the rank of the representation p.
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By applying Theorem 4.1 to the dual representation p*, we deduce from (1) the following
consequence:

Corollary 4.5. Let V C CP""! be a hypersurface in general position at infinity, e: w1 (U) — Z a
positive epimorphism and p: w1 (U) — GL(V) an arbitrary representation. Then the cohomological
twisted Alexander modules H! ,(U,F[t*']) are torsion F[t=']-modules for any 0 < i < n.

Remark 4.6. If V' is in general position at infinity, and dim¢ Sing(V') < n —2 (in which case V' is
already irreducible), then 71 (U) = Z (e.g., see [15, Lemma 1.5]). So in this case, the representation
p is abelian, and the twisted Alexander invariants of U are determined by the classical ones (already
studied in [19, 4, 17]). Results of this paper are particularly interesting for hypersurfaces with
singularities in codimension one (e.g., hyperplane arrangements) and non-abelian representations.

4.3. Local twisted Alexander invariants. For each point z € V, consider the local complement
U, :=UN By,
for B, a small open ball about = in CP" ™! chosen so that (V,z) has a conic structure in B,. Let

(ia) %

gp: m(Uy) — m (W) N/

and
pot 1 (Ue) s 1 (U) 25 GL(V) = GLy(F)

be induced by the inclusion i, : U, < U. Then we can consider the local (co)homological twisted
Alexander modules H; """ (U, F[t*!]) and HE (U, F[t*]), for k € Z.

Ex,Px

Remark 4.7. Note that ¢, is not necessarily onto, so the infinite cyclic cover of U, defined by
ker(e;) may be disconnected.

Definition 4.8. We say that (¢, p) is acyclic at x € V if (e, p,.) is acyclic in the sense of Definition
2.3, i.e., if H;""" (Uy, F[t*!]) are torsion F[t*!]-modules for all k € Z. We say that (e, p) is locally
acyclic along a subset Y C V' if (g, p) is acyclic at any point x € Y.

The next result provides one important geometric example of local acyclicity.

Proposition 4.9. Let V C CP"*! be a degree d projective hypersurface in general position at
infinity. Then (e, p) is locally acyclic along V', for any positive epimorphism ¢: 7 (W) — Z and any
representation p: w1 (U) — GL(V).

Proof. As in the proof of Theorem 4.1, after changing V* (resp. V') by an affine hypersurface X
(resp., by its projectivization X) with the same underlying reduced structure, hence also preserving
the (local) complements, we can assume without loss of generality (and without changing the
notations) that ¢ is the total linking number homomorphism (k. Therefore, for any x € V, the
local homomorphism ¢, becomes ik, := [k o (i,)4. Denote by U, ~ the infinite cyclic cover of U,
defined by ker(lk,).

Let W = CP"*+! \ V, and for any point z € V let U, := W N B,, for B, denoting as before a
small open ball about z in CP"** for which (V, z) has a conic structure in B,. Let S, := 0B, with
K, :=V NS, denoting the corresponding link of (V,z). Note that U/, is homotopy equivalent to
the link complement S, \ K. Moreover, since K, is an algebraic link, the Milnor fibration theorem
(e.g., see [3, Ch.3] and the references therein) implies that the complement S, \ K, fibers over a
circle, with (Milnor) fiber F; homotopy equivalent to a finite CW-complex. It is also known that
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F, is homotopy equivalent to the infinite cyclic cover of S, \ K, defined by the linking number with
respect to K. For future reference, let us denote by [k, the epimorphism on 71 (S, \ K;) = 1 (U})
defined by the total linking number with K.

If 2 € V\ H, then U, =W, ~ S, \ K, so in this case

sz,pz (uava[til]) = Hllgkhpz (ux’F[til]) = Hk(ux,manz) = Hk(vasz)

is a finite dimensional F-vector space, hence a torsion F[t*!]-module for any k € Z.

If z € V N H, then by the transversality assumption we have that U, ~ U’ x S!, with the
restrictions of lk, to the factors of this product described as follows: on 71 (U}), Ik, restricts to
the homomorphism [k!, defined by the linking number with K, (this is, of course, the same as Ik,
at a nearby point 2/ € V' \ H in the same stratum as z), while on 71(S1), it can be seen from (3)
that [k, acts by sending the generator (which coincides with the homotopy class of the meridian
loop Y~ about H) to —d. The acyclicity at x € V' N H then follows by the Kiinneth formula, since
the homotopy factors of U, endowed with the corresponding homomorphisms and representations
induced from the pair (lk,, p), are acyclic. O

By applying Proposition 4.9 to the dual representation p*, we deduce from (1) the following
consequence (which shall be referred below as the local cohomological acyclicity along V'):

Corollary 4.10. Let V C CP""! be a hypersurface in general position at infinity, e: w1 (U) — Z
a positive epimorphism and p: m (W) — GL(V) an arbitrary representation. Then for any x € V,
the local cohomological twisted Alexander modules H, fx o (Uszs F[t*!]) are torsion F[t*1]-modules
for any k € Z. (Here (e, pz) is induced as above from (g, p) via the inclusion iy : Uy — U.)

4.4. Sheaf (co)homology interpretation of twisted Alexander modules. For the remaining
of the paper, we will employ the language of perverse sheaves and homological algebra techniques
for relating local and global properties of twisted Alexander invariants. For this purpose, we first
rephrase the definition of twisted Alexander modules as the (co)homology of a certain local system
defined on the complement U.

Let £ be the local system of F[t*!]-modules on U, with stalk F[t*!] ®p V, and action of the
fundamental group corresponding to the right F[r]-module structure of the stalk, i.e.,

(W) — Aut(F[tT] @p V) = GL(F[tt])
[ = (p@ v (@ v)-a = pt®@ g up(a)).

(Here ¢ denotes as before the rank of the representation p, and we regard the elements of V = [F*
as row vectors.) Then it is clear from the definition of the (co)homological twisted Alexander
modules that we have the following isomorphisms of F[t*!]-modules (e.g., see [1, p.355]):

(5) HP(WF[E*]) = H;(U,£) and H. (U, F[tF']) = H' (U, £).

If z € V, let ip: Uy := UN B, — U denote the inclusion of the local complement at z, with
corresponding induced local pair (g4, p;) as in Section 4.3. Let

Ly =150 =Ly,

be the restriction of the local system £ to Uy, i.e., £ is defined via the action of (e, pz). Then,
for any k € Z, it follows as above that the local k-th (co)homological twisted Alexander modules
at = can be described as:

H2P (U, FERY)) 2 He(Uy, £,) and fo,pw(ux,w[tﬂ]) ~ H*(U,, £,).
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4.5. Local-to-global analysis. Divisibility results. In this section, we assume that the projective
hypersurface V' is in general position at infinity. By Theorem 4.1 and Corollary 4.5, for ¢: 1 (U) —
Z a positive epimorphism and p: 71 (U) — GL(V) an arbitrary representation, the (co)homological
twisted Alexander modules H;* (U, F[t=']), resp. H{ (U, F[t*']), are torsion F[t*!]-modules for
any 0 < i < n. Following Definition 2.5, we denote by Ai’{i(t), resp., Aé,p,u(t)' with 0 < i < n,
the corresponding twisted Alexander polynomials.

The sheaf theoretic realization of twisted Alexander modules in Section 4.4 allows us to use the
language of perverse sheaves (or intersection homology) which, when coupled with homological
algebra techniques, provides a concise relationship between the global twisted Alexander invariants
of complex hypersurface complements and the corresponding local ones at singular points (respec-
tively, at infinity). For simplicity of exposition, we choose to formulate our results in this section
in cohomological terms, but see also Remark 4.15 below. Our approach is similar to [5, Section 3].

We work with sheaves of F[t*!]-modules. For a topological space Y, we denote by D%(Y; F[t*!])
the bounded derived category of complexes of sheaves of F[t*!]-modules on Y with constructible

cohomology, and we let Perv(Y’) be the abelian category of perverse sheaves of F[t*!]-modules on
Y.

The first result of this section singles out the contribution of the meridian “at infinity” 7., to the
global twisted Alexander invariants, and it can be regarded as a high-dimensional generalization
(and for arbitrary singularities) of Corollary 3.3, where 74 plays the role of xg in loc.cit.:

Theorem 4.11. Let V C CP™*! be a projective hypersurface in general position (with respect to
the hyperplane H ) at infinity, with complement U = CP"*1\ (V U H). Fix a positive epimorphism
e: m (W) — Z and a rank { representation p: m(U) — GL(V). Then, for any 0 < i < n, the

zeros of the global cohomological Alexander polynomial A; pu(t) are among those of the order of

the cokernel of the endomorphism t=50'=) ® p(y,)~' — Id € End(F[t*'] @ V). !

Proof. Let C"*! = CP"™! \ H, and denote by u: U < C"*! and v: C"*! < CP"*! the two

inclusions. Since U is smooth and (n + 1)-dimensional, and £ is a local system on U, it follows

that £[n + 1] € Perv(U). Moreover, since u is a quasi-finite affine morphism, we also have that
F* := Ru,(L[n + 1]) € Perv(C™M),

e.g., see [24, Theorem 6.0.4]. But C"*! is an affine (n + 1)-dimensional variety, so by Artin’s
vanishing theorem for perverse sheaves (e.g., see [24, Corollary 6.0.4]), we obtain that:

(6) H*(C", %) =0, forall k >0,

and

(7) HE (€L, F%) =0, forall k < 0.

Let a: CP™*! — point be the constant map. Then:

(8) HF(C" L, %) = HM (U, L) = HY*(Ra.Rv.T®).
Similarly,

(9) HF(C" 7°) = H*(Ra)Rv,TF*),

1 Here we are using the left Z[r]-module structure on F[t*'] @ V, as dictated by the use of cohomological
invariants, as in Definition 2.1.
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where the last equality follows since a is a proper map, hence Ray = Ras.

Consider the canonical morphism RuF® — Ruv,F°, and extend it to the distinguished triangle:
(10) R = Ru,9* - 6* U
in D2(CP"*L, F[t*1]). Since v*Ruy = id = v* Ru,, after applying v* to the above triangle we get
that v*G = 0, or equivalently, G is supported on H. Next, we apply Ra; = Ra, to the distinguished
triangle (10) to obtain a new triangle in D%(point; F[t*1]):
(11) RayRv,F* — Ra,Ru,5* — Ra,*

Upon applying the cohomology functor to the distinguished triangle (11), and using the vanishing
from (6) and (7) together with the identifications (8) and (9), we obtain that:

HM N (U L) = HF(CP* T, §°) 2 HF(H, §%) for k< —1,
and H™(U, £) is a submodule of the F[t*!]-module H~!(H, G*). So in order to prove the theorem,

it remains to show that the F[t*!]-modules H(H, G*) are torsion for k < —1, and the zeros of their
corresponding orders are amongs those of the order of the cokernel of t (1) ® p(yso) ™' — Id €
End(F[t*!] ®F V).

Note that H*(H, G*) is the abutment of a hypercohomology spectral sequence with the Fa-term
defined by

(12) EY® = HP(H,H(S*)).

This prompts us to investigate the stalk cohomology of G® at points along H.
For x € H, let us denote as before by U, = U N B, the local complement at z, for B, a small
ball in CP"*! centered at 2. Then we have the following identification:

(13) HUG®)e = HTH (U, Lo),
where £, is the restriction of £ to U,. Indeed, the following isomorphisms of F[t*!]-modules hold:
HU(G%) e = HYRv.F*)s
>~ HI" Ry, Run L),
>~ HI" Y (B,, R(v o u).L)
>~ gL (U, £,).

If z € H\V, then U, is homotopy equivalent to S!, and the corresponding local system £, is
defined by the action of 7., i.e., by the right multiplication by t*(>) ® p(74.) on F[t*] @F V. In
particular, H*(U,, L) is the cohomology of the cochain complex of F[t*!]-modules:

t=(100) @p(yoo ) "1 —1d

0++— FltT | @p V F[t*!] ®p V +— 0,

i.e.,

—&(Yo0) -1 —
(14) HE(U,, Lw):{Coker@ ® plye)h), k=1

0, k#1.

If x € HNV, then we know by Corollary 4.10 that the local cohomological twisted Alexander

modules H*(U,,L,) are F[t*!]-torsion, for all k£ € Z. Moreover, in the notations of Proposition

4.9, we have that U, ~ U/, x S1, and the local system £, is an external tensor product, the second

factor being defined by the action of 7, as in the previous case. So it follows from the Kiinneth
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formula that the zeros of the local cohomological twisted Alexander polynomials at points in HNV
are among those of the order of the cokernel of t75(7=) ® p(74,)~! € End(F[t*!] @ V).

By (13) and the above calculations, it then follows that the F[t*!']-modules 3(9(G*),cp are
torsion, and the zeros of their associated orders are among those of the order of the cokernel of
t7500) @ p(700) "' — Id € End(F[t*'] ®F V). Hence, by using the spectral sequence (12), each
hypercohomology group H¥(H, G*) is a torsion F[t*!]-module, and the zeros of its associated order
are among those of the order of the cokernel of (%) ® p(yso) ™' — Id € End(F[t*!] ®p V). This
ends the proof of our theorem. d

Remark 4.12. If F = C and € = [k is the total linking number homomorphism, Theorem 4.11
implies that any root A of Aﬁ;,u(t)v i < n, must satisfy the condition that A\? is an eigenvalue
of p(Veo), where d = Y7 | n;d; is the degree of V. If, in addition, p = triv is the trivial
representation, the statement of Theorem 4.11 reduces to the fact that the zeros of the classical
cohomological Alexander polynomials Ai (t), i < n, are roots of unity of order d = deg(V), a fact
also shown in [19, 4, 17] in the reduced case.

In the next theorem, we assume for simplicity of exposition that V' is a reduced hypersurface.
Recall from Sections 4.3 and 4.4 that for any point x in V', with local complement U, = U N B,
we get from (e, p) an induced pair (¢, p;) via the inclusion map i;: U, — U. Moreover, the
local twisted Alexander modules have a sheaf description in terms of the local system £, := i} L,
namely, H; """ (U, F[t*1]) = Hy(U,, £,) and Hfm,pz(ux,lﬁ‘[tﬂ]) ~ fg*U,, L), for all k € Z.
We denote by

Apa(t) == A7 (1) and  AL(t) := AF | 4 (D)

Ex,Px
the local (co)homological twisted Alexander polynomials at x.

Let us now assume also that V' is in general position at infinity. Then if z € V N H, in the
notations of Proposition 4.9 there is a homotopy equivalence U, ~ U/, x S, where U, = B, \ V
and with the S'-factor corresponding to the meridian loop about the hyperplane at infinity H.
On the other hand, U/, is homeomorphic to any local complement U, at a point 2’ € V' \ H in
the same stratum with . So by the Kiinneth formula, the zeros of the local twisted Alexander
polynomials AX(¢) of (U, e, p.) are among those associated to (Uy,&,r, par), for 2’ € V \ H a
nearby point in the same stratum of V' as . For brevity, points of V¢ = V' \ H will be referred to
as affine points of V.

The next result shows that the zeros of the global twisted Alexander polynomials can be esti-
mated by those of the local twisted Alexander polynomials at (affine) points along some irreducible
component of V:

Theorem 4.13. Let V. C CP"*! be a reduced hypersurface in general position at infinity, with
complement U = CP"*1\ (V U H), and let V; be a fixed irreducible component of V. Fix a
positive epimorphism ¢: w1 (W) — Z, a rank { representation p: w1 (U) — GL(V), and a non-
negative integer o. If \ € F is not a root of the i-th local twisted Alexander polynomial AL (t) for
any i < n+1— o and any (affine) point x € V1 \ H, then X is not a root of the global twisted
Alexander polynomial A?%u(t) foranyi<n+1-—o.

Proof. First note that by the transversality assumption and the Kiinneth formula, it follows by the
above considerations that the hypothesis on local twisted Alexander polynomials implies that A is
not a root of the i-th local twisted Alexander polynomial A%(t) for any i < n + 1 — o and any
point z € V; (including points in V1 N H).
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As in the proof of Theorem 4.11, after replacing C**! by U; = CP"*!\ V4, it follows that for
k< —1, HF+H(U, L) is a submodule of HF(CP"*!, G*), where G® is now a complex of sheaves
of F[t*!]-modules supported on V;. It thus suffices to show that H¥(CP"*1 G*) k < —0, is a
torsion F[t*1]-module whose order does not vanish at .

As in (13), the cohomology stalks of G® at any x € V; are given by

HUG®)e = HIF (U, L),

and these are all torsion F[t*!]-modules by Corollary 4.10. Therefore, for a fixed x € V; the
fact that \ is not a root of A%(¢) for any i < n+ 1 — o is equivalent to the assertion that the
order of H9(G®), does not vanish at A for all i < —o. The desired claim follows now by using
the hypercohomology spectral sequence with Es-term defined by EX? = HP(Vy, H?(S®)), which
computes the groups H*(V7, G*) = HF (CP™ L, G*). O

Remark 4.14. Note that the proofs of Theorems 4.11 and 4.13 indicate that we can give a
more general condition than transversality with respect to H in order to conclude that the global
cohomological twisted Alexander modules H! ,(U; F[t*']) are torsion for all i < n. Indeed, it
suffices to assume that the pair (e, p) is locally cohomologically acyclic along V' N H (or even
Vi N H, in the context of Theorem 4.13), that is, the corresponding local cohomological twisted
Alexander modules are torsion at points in VN H (or ViNH). Of course this assumption is satisfied
if V is in general position at infinity, as Proposition 4.9 and Corollary 4.10 show. But there are
other instances when it is satisfied, like in the examples discussed in Section 2.2.

Remark 4.15. Let us conclude with a few observations about other possible approaches for studying
twisted Alexander-type invariants of hypersurface complements.

If F = C, one can argue as in [4] if similar divisibility results are desired for the homological
twisted Alexander polynomials. In more detail, the study of such twisted homological invariants
is reduced via a twisted version of the Milnor sequence to studying the vanishing (except in the
middle degree) of the homology groups Hy(U, L\ ® V,) (or equivalently, of cohomology groups
H*(U, L\ ®V,)), where £ is the rank-one C-local system on U defined by the character

mU) Sz 2 e

The language of C-perverse sheaves can then be employed as in the proofs of Theorems 4.11 and
4.13 to get the desired vanishing, thus providing a twisted generalization of results from [19, 4].

Alternatively, one can use the approach from [19, 18] to study the (co)homological twisted
Alexander invariants by using the associated residue complex R® of U, which is defined as the cone
of the natural morphism RjiL — Rj,.L, for j: U < CP™*! the inclusion map.

Lastly, such results can also be derived by using more elementary techniques as follows: first, by
transversality and a Lefschetz-type argument one can reduce, as in [15], the study of the twisted
Alexander modules of U to those of a regular neighborhood N in C™**1! of the affine part V¢ of V;
secondly, Alexander-type invariants of N can be computed via the Mayer-Vietoris spectral sequence
for the induced stratification of such a neighborhood.

We leave the details and precise formulations as an exercise for the interested reader.
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