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1
Introduction

Algebraic topology studies topological spaces via algebraic invariants
like fundamental group, homotopy groups, (co)homology groups, etc.
Topological (or homotopy) invariants are those properties of topological
spaces which remain unchanged under homeomorphisms (respectively,
homotopy equivalence). The ultimate goal is to classify special classes
of topological spaces up to homeomorphism or homotopy equivalence.
There are several success stories in this direction (e.g., the classification
of closed surfaces), but this is difficult to do in general. Alternatively,
one aims to develop enough invariants to be able to distinguish between
topological spaces.
Let us consider the following simple example of an invariant.

Example 1.0.1. If X is a topological space, let n(X) be the number of
path components of X. It is easy to see that if f: X — Y is a continuous
map, then n(f(X)) < n(X). Thus, if f is a homeomorphism, then
n(X) =n(Y), so n(—) is a topological invariant.

The invariant n(X) can be used for proving the following one-
dimensional version of Brower’s fixed point theorem:

Theorem 1.0.2. Any continuous map f: [0,1] — [0, 1] has a fixed point, i.e.,
there exists x € [0,1] so that f(x) = x.

Proof. Assume, by contradiction, that f(x) # x, for any x € [0,1].
Define
r(x) = S =x .
(%) = x|
Then r is clearly a continuous map. Moreover, the image of r is the set
{#£1}. Since f(0) # 0 we must have f(0) > 0, so (0) = 1. Similarly,

f(1) < 1,s0r(1) = —1. Hence we have a surjective continuous function
r:[0,1] — {-1,1}.
By using the invariant 7(—) on the map 7, we get that

n({=1,1}) < n([0,1]),

INTRODUCTION
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2 TOPOLOGY LECTURE NOTES

or 2 <1, which is clearly a contradiction. O

In the following chapters, we will associate various algebraic invari-
ants to topological spaces, e.g., the fundamental group, (co)homology
groups, etc.

Note: Knowledge of point-set topology will be assumed will be as-
sumed.



2
Fundamental group

2.1 Definition

Let X be a connected topological space. For x,y € X, consider the set

PX,xy) ={r:[0,1] = X[ 7(0) = x,9(1) =y}

of all continuous paths in X from x to y. The loop space of X at x is
then defined by

Q(X,x) =P(X,x,x).
On P(X, x,y), we define the following (equivalence) relation:

Definition 2.1.1. Two paths 7,6 € P(X,x,y) are called homotopic, denoted
as 7y ~ 9, if there exists a continuous map (called a homotopy between y and
J)

F:[0,1] x [0,1] — X.

so that
(£0) = (1)
(t,1) — (1)
(0,8) — x
(1,s) —»y

To emphasize the homotopy F between <y and ¢, we usually use the
symbol 7y L 5. 1f we set F(t,s) = 7s(t), then a homotopy F as above
satisfies the property that 79 = 7 and y; = J, as well as 7,(0) = x,
vs(1) = y. We can represent a homotopy schematically on the unit
square as follows:

FUNDAMENTAL GROUP 3



4 TOPOLOGY LECTURE NOTES

s
1)
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X y
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t
Y

Lemma 2.1.2. The homotopy relation ~ is an equivalence relation on the set
P(X,x,y).

Proof. The homotopy relation is:

e reflexive, i.e., v ~ 7 via F(t,s) = (t) for any s.

e symmetric: if 7y L 5, then s L v via F(t,s) = F(t,1—5s).
* transitive: let y Lsands & @, then 7y R @ via

it — {F(t,Zs)

0<s<3%
G(t2s—1) 1<s<1

>

—~

Note that
H(t,0) = F(t,0) = ()
H(t, %) — F(t,1) = G(£,0) = 5(¢)
H(t,1) = G(t,1) = o(t)

In order to show that H is continuous, we use the following standard
fact from point set topology: if X = AU B, with both A and B closed
(or both open), and if f : X — Y is a map so that f|4 and f|p are
continuous, then f is continuous. O

Definition 2.1.3. The fundamental group of X at the basepoint x € X is
defined as the set of equivalence classes of loops at x under the homotopy
relation, i.e.,

m (X, x) = QX,x)/ ~.
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In order to justify the word “group” in the above definition, we

introduce the following concatenation operation on paths in X:

Definition 2.1.4. For x,y,z € X, define

P(X,x,y) x P(X,y,z) N P(X,x,2)

(2 0<t<
(v*é)(t){(sm_l) i<

0

0 v o 1

—_ N

1
2

Alternatively, one can define

t 0<t<
yaed = 7(5) <t<s
5(£2) s<t<1

0 gt s 51

Lemma 2.1.5. The concatenation of paths is consistent with the homotopy
relation, i.e., if ¢ £ ' and § S & then y*6~q x5,

Proof. The claimed homotopy is defined by:

Hts) = F(2t,s) 0<t<i
' G2t—1,5) y<t<1
Y 3
F G
(O

O

Corollary 2.1.6. The operation of concatenation of paths induces a binary
law on the set 11 (X, x) = Q(X,x)/ ~, by:

[7] - [0] := [y * 9]

Theorem 2.1.7. (711(X, x),-) is a group.
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Proof. In order to show the associativity of the binary law, we start by
noting that

Y ks~ Y kg 0,

for any s,s’ € (0,1). Indeed, this can be easily seen from the following
diagram:

0 s 1
Then, for 7,4, € Q(X, x), we have:

(y*0)xa ~ (yx0)xg vy (Sxi) ~ (5% 1)

In order to find the identity element, consider the constant loop
ex(t) = x, for all t € [0,1]. We claim that if v € P(X, x,y), then

F G
ex ¥y~ Y~y key.

Indeed, we have,

Clrsy= d1GH) 0t
,8) =
y=7(1) <<
Y
X
Y ey Y
Y ey

And similarly for ey * 7y £ 7. Therefore, ¢, is the identity element in
(m(X, %), -):
Finally, let

and set,

We claim that, yx§ ~ ey ~ ¥ %1, i.e., [¥] is the inverse of [y] in
(m (X, x),-). Indeed, 7y % ¥ ~ ey via:



€x

Here, the homotopy H(t,s) = hs(t) between «y * ¥ and e, is given by
hs = 75 * s, where 7(t) is the path that equals 7y on [0,1 — s] and that
is stationary at (1 —s) on the interval [1 — s, 1], and s is the inverse
path of 7.

Similarly considerations apply for ¥ * ¥ ~ ey. O

Example 2.1.8. Here are some elementary examples, as well as some
which will be discussed later on:

a) If X = {x} is just a point space, then the only path (loop) in X is
the constant one, so 71(X, x) = {[ex]} is the trivial group.

b) If X is a convex subset of R”, and x € X, then 11 (X, x) = {[ex]}.
Indeed, for any v € (X, x), the map

H(t,s) = sex + (1 —3)y(t)

is continuous, H(t,0) = (), H(t,1) = ey, so H is a homotopy from
v to ey.

c) Forn > 2, m1(S",x) = {[ex]}. This will be explained later on.

d) As we will see later, one has: 71(S!,1) = Z = (v(t)), where
(t) = (cos2mt,sin 27tt).

2.2 Basepoint (in)dependence

We can now ask the following:

Question 2.2.1. How does 7t1(X, x) change if we change the basepoint x, i.e.,
how are w1 (X, x) and 111(X,y) related, for y # x?

In order to give an answer, let us assume that X is path-connected,
and let x # y be two distinct points in X. Choose a path ¢ : I = [0,1] —
X in X from x to y, 6(0) = x, 6(1) = y. Note that if v € Q(X, x), then
Sxyx6€Q(X,y). Itis easy to see that the assignment

Y Sxyxd

FUNDAMENTAL GROUP 7



8 TOPOLOGY LECTURE NOTES

is compatible with the homotopy relation (if 7, is a homotopy starting
at 1y, then & * 7y, * § is a homotopy starting at & * 7y * §), hence it descends
to a map

Oy : (X, x) = m (X, y).

Proposition 2.2.2. &y is an isomorphism.

Proof. 1t is easy to check that 8y : 711 (X, y) = (X, x), [] — [6 %17 % 6]
is the inverse of dy. Moreover, d4 is a group homomorphism, since for
7,1 € M (X, x) we have:

Su([v]-[m]) = u([y*m]) = [0 % (v 1) %] = [(5 %y * ) * (17 %6)]
= [(Bxyx0)] - [(§ %1 %0)]
= 0x([7]) - ox([n])

2.3 Functoriality

The next question to ask is:
Question 2.3.1. How is 111 (X, x) affected by continuous maps?
Let f: X — Y be a continuous map, with f(x) = y. Then the
composition I = [0,1] & X %, ¥ induces a map:
fo (X, x) = m(Y,y)
[v] = [f o]
It is easy to see that f. is well-defined: if 7, is a homotopy for 7, then

f o is a homotopy for f o y. Moreover, f, is a homomorphism, since

flr(2t)) 0<t<;

Using the above definition, one gets immediately the following:

Proposition 2.3.2. The following properties hold:
LI (X,x) D (Yoy) S (Z,2), then (g0 f) = guo f.
2. (id(x )« = idy (x,x)

As a consequence, we can now show the following:
Theorem 2.3.3. 711(X, x) is a topological invariant, i.e., if

f(Xx) = (Y.y)
is a homeomorphism, then
f* IS (X, x) — (Y,y)

is an isomorphism.



Proof. Let g = f~1. Since fog = ld(yy go f = idy ), it follows by
the above two properties that (f.) ™' = g, (gx) 7! = fe. O

2.4 Homotopy invariance of fundamental group

In this section, we show that the fundamental group is a homotopy
invariant.

Definition 2.4.1. Let f,g: (X, A) — (Y, B) be continuous maps of pairs,
so A C X, BCY,with f(A) C B, g(A) C B. We say that f and g
are “homotopic relative to A” (and write f ~ 4 g) if there is a continuous
map F : X x [0,1] — Y (called a homotopy) such that F(A x [0,1]) C B,
F(x,0) = f(x), and F(x,1) = g(x) forall x € X. If A = @, we say that f
is homotopic to g and write f ~ g.

Lemma 2.4.2. If f,¢: (X, x0) — (Y, yo) are homotopic relative to xq, then

fio =gt (X, x0) = (Y, y0)-

Proof. If f ~y, g via F, then for v € (X, x¢) it is easy to check that
H(t,s) := F(y(t),s) is a homotopy between f oy and go . Hence
fe([]) = [fen] = [go7] = 8([7]) € m(Y, o). 0

Definition 2.4.3. We say that (X, xo) and (Y,yo) are homotopy equivalent
(as pointed spaces) if there are continuous maps f : (X, xo) — (Y, yo) and
g: (Y, v0) = (X, x0) such that f o g ~y, idy and g o f ~y, idx.

The following is an immediate consequence of the above lemma:

Theorem 2.4.4. If (X, xo) and (Y, yo) are homotopy equivalent (as pointed
spaces), then 11(X, xo) = 1 (Y, o).

Definition 2.4.5. We say that X and Y are homotopy equivalent (and write
X =~ Y) if there are continuous maps f : X — Y and g : Y — X such that
fogNidym’lngfNidx.

It is easy to check that homotopy equivalence is an equivalence
relation. If X and Y are homotopy equivalent, we say that they have
the same homotopy type.

To prove that the fundamental group is preserved by a homotopy
equivalence, we need the following generalization of Lemma 2.4.2.

Lemma 2.4.6. Let h: X — Y and k: X — Y be continuous maps, xo €
X, yo = h(xp), y1 = k(xo). If h ~ k, there exists a path o in Y joining y
to y1, such that k., = ay o h,, i.e., the following diagram commutes:

N
(X JCO *> 701 (Y yo)

\ Ja#

m (Y, y1)

FUNDAMENTAL GROUP 9
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Proof. If H: X x [0,1] — Y is a homotopy between & and k, we can take
a(t) = H (xg,t). Checking the commutativity of the above diagram is a
simple exercise. O

Theorem 2.4.7. If f : X — Y is a homotopy equivalence, the induced
homomorphism f, : 1 (X, x) — 1 (Y, f(x)) is an isomorphism, for any
basepoint x € X.

Proof. Let g : Y — X be a homotopy inverse for f. Fix xo € X and
consider the maps

(X,%0) L (Y,y0) & (X,01) L (v, ;)

where Yo = f(xo), X1 = g(yo) and N = f(xl). Since gof ~ idx,
by Lemma 2.4.6 and for a suitable choice of a path & between xg
and x; in X we have that (go f). = ay is an isomorphism. Now,
(g0 f)« = 8«0 (fxy)+ is an isomorphism, which implies that g is
surjective. Similarly, (f o g)x = (fx,)+ © g+ is an isomorphism which
implies that g, is injective. (Here (fx,)« and (fx, )« are the maps induced
by f on the fundamental groups of the pointed spaces in the above
diagram.) Hence g, is an isomorphism. Using (go f). = as we
conclude that,

(fxo)* = (g*)il O oy

so that (fy,), is also an isomorphism. O

2.5 Contractible spaces. Deformation Retracts

Definition 2.5.1. Amap f : X — Y is called nullhomotopic if f is homotopic
to a constant map. A space X is called contractible if the identity map
idx : X — X is nullhomotopic.

Example 2.5.2. R", D", {x} are contractible, while we will see later on
that S!, S? are not contractible.

It is a simple exercise to show the following:

Proposition 2.5.3. If X is contractible, then 11 (X, xg) is trivial, for any
basepoint xo € X.

Definition 2.5.4. A space X is called simply-connected if 11 (X, xo) is trivial
for any xog € X.

Remark 2.5.5. A contractible space is simply-connected. The converse
is not true, e.g., we will see that S? is simply-connected, but it is not
contractible.

Proposition 2.5.6. X is simply-connected if, and only if, there is a unique
homotopy class of paths connecting any two points in X.



Proof. (=) If x,y € X and f,g: I — X are paths from x to y in X,
then we have the following homotopies:

frofrey~fxgrg~enxgg,

where we use the fact that § * g and f * § are loops in X at y and x,
resp., hence homotopic to the respective constant paths.

(<) Take x = y. By hypothesis, any loop ¢ at x € X is in the
homotopy class of ey. O

Theorem 2.5.7. Let X be a topological space. The following are equivalent:

1. Every continuous map S' — X is homotopic to the constant map.

2. Every continuous map S* — X extends to a continuous map D> — X,
where D? is the 2-disc with boundary S*.

3. m1(X, xq) is trivial, for all xo € X.

Proof. (3) = (1): Elements of 711(X, x9) can be regarded as homo-
topy classes of maps (S!,s09) — (X, xg), so the assertion follows.

(1) = (2): Let f : S' — X be given. By (1), f is nullhomotopic,
so there is a map F : S x I — X with F(e',0) = f(e?) and F(e®?,1) =
consty. Define f : D — X by f(re®®) = F(e!,1 —r). Then f is the
required extension of f to D2.

(2) = (3): Let f: S' = X, f(1) = xo, be a representative for
[f] € m1(X,x0). By (2), f extends to some f : D> — X. If i : §' < D?
is the inclusion map, we have f = f oi, hence f. = f. oi,. But D? is
contractible, so f. = 0 and f. = 0. Hence [f] = [f oidgi] = fu([idgi]) =
0. O

Definition 2.5.8. A C X is called a retract of X if thereisamapr: X — A,
so that ra = ida (ie., ifi: A — X is the inclusion map, then roi = id ).
A C X is called a deformation retract if in addition i or ~ idy.

Remark 2.5.9. If A is a deformation retract of X, then A is homotopy
equivalent to X.

Lemma 2.5.10. S" is a deformation retract of R"*1\ {0}.

Proof. Let r: X = R"™1\ {0} — S" be defined as r(x) = x/||x||. By
definition, we have r\gn = idgu. Also,ior ~idy via H: X x [0,1] — X

defined as
x

(1 —£) +t|x]|
Indeed, H (x,0) = x = idx(x) and H (x,1) = ﬁ =ior(x). O

H (x,t) =

FUNDAMENTAL GROUP
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12 TOPOLOGY LECTURE NOTES

2.6 Fundamental group of a circle

In this section, we sketch the proof of the following important result.

(More details will be given when we talk about covering spaces.)

Theorem 2.6.1. Let ¢ : Z — 7111(St) be given by n — [wy,], where wy, :

[ =1[0,1] — S' C R? is the loop wy(t) = (cos(27tnt),sin(27tnt)). Then ¢
is a group isomorphism.

Proof. Let p : R — S! be defined by t + (cos(27t),sin(27tt)). Then
p1((1,0) =2

Let us embed the real line into IR3 as a helix via i : R < RS, t —
(cos(27tt),sin(27t), t). Then p = pry, o i where pr,(x,y,2) = (x,y).

Iy
Let w, : I — R be given by t +— nt. Note that @,(0) = 0 and
@n(1) = n. Also, wy = po@y,so¢(n) = [po@y]. Infact, p(n) = [po f]
for any path f : I — R from 0 to n. Indeed @, and f are homotopic in
R via the homotopy (1 — )@y +sf. So po @y, ~ po f.
Define the translation 7, : R — R by 7, (x) = x + m, and notice that

Wy, is a path from 0 to m and 7, (@, ) is a path from m to n + m; their
concatenation is thus a path in R from 0 to n + m. We have:

Pl +1) = [p 0 @] = [p o (@ * (@)
= [(po@m) * (p o Tm(wWn)]
= [wm * wn] = [wpn] - [wn]
= ¢(m) - p(n),

hence ¢ is a group homomorphism.
To prove that ¢ is bijective, we need two lemmas.

Figure 2.1: The map p : R — SI.



Lemma 2.6.2 (path lifting). For every f : I — S' with f(0) = xo € S!
and for any %y € p~'(xq), there is a unique f : I — R such that po f = f
and £(0) = %.

R, %)

O
o
(1,0) —L (51, %)

Lemma 2.6.3 (homotopy lifting). For every homotopy fs : I — S' with

, X0
Jp
S, xo

£:(0) = xo € S' and for any %y € p~(x¢), there is a unique homotopy
fs: 1 — R such that po fs = fs and f(0) = Z.

Assuming the two lemmas for now, let xo = (1,0) and choose %y = 0.
Let f: I — S! be a loop at (1,0) representing [f] € m;(S!, x0). By the
path lifting lemma, there is a path f : I — R such that po f = f and
f(0)=0€ Z. Say f(1) =n € Z, so f is a path in R from o to n. Then
¢(n) = [po f] = [f]. Since f was arbitrary, ¢ must be surjective.

Now suppose ¢(m) = ¢(n) for some m,n € Z. So [wm| = [wn],
or wy ~ wy. Let fs be a homotopy with fy = wy and fi = wy.
By homotopy lifting, there exists a homotopy f; : I — R such that
pofs = fs and fs(0) = 0. But f;(1) is independent of s, so fo(1) =
f1(1). Now fo and @y, are both lifts to R of fy = wy, which start at
0. By the uniqueness of path lifting, this gives fy = @,. In particular,
fo(1) = @p (1) = m. Similarly, f1(1) = &, (1) = n. So m = n. O

The path and homotopy lifting Lemmas 2.6.2 and 2.6.3 are conse-
quences of the following general lifting lemma which we prove here.

Lemma 2.6.4 (lifting). Let Y be a connected space. Given F: Y x [ — S!
and F : Y x {0} — R which lifts F lyx{o} to R, there is a unique lift
F:Y x I — R of F which restricts to the given lift on Y x {0}.

_ R
F - p
I'F
F
Y x I — Gl

Y x {0} ¢

Proof. First we define F locally, that is, on N x I for some neighborhood
N of a given point iy € Y. Then we show the uniqueness of F on sets
of the form {yy} x I. This uniquely defines F on all of Y x I.

(Step 1) There is an open cover {Uy }, of S1 5o that for each &, one has
pH(Uy) = Lg Upg, where each ﬁﬂ is an open interval in R that satisfies
p(Up) = Uy and such that p restricts to a homeomorphism between Up
and U,. For all pairs (yo,s) € Y x I, let a be such that F(yo,s) € U,.
Since F is continuous, there is a neighborhood N; x (as,bs) of (yo,s)

FUNDAMENTAL GROUP
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so that F(Ns x (as,b5)) € U,. Since {yo} x I is compact, it can be
covered by finitely many such N; x (a5,b5). We can choose a single
neighborhood N of yg and a partition of I given by 0 = sy < 51 <

- < sm = 1 so that for each i there is an a; with F(N X [s;,s;11]) C
U,,. Assume (for induction) that F has been defined on N x [0,s,],
starting with the given lift on N x {0} for i = 0. We can extend it
to N x [s;,s;11] as follows. Recall that since F(N X [s;,s;41]) C U,
we have F(N x {s;}) C ﬁ/gl., for a unique B; as above. Define F on
N x [S,‘,S,‘Jrﬂ by F= (p_l‘uaii ll,xl. — ﬁ/gl) oF.

(Step 2) Now we show uniqueness for the case when Y is a single point.
Choose a partition of I by 0 = s9 < 51 < -+ < sy = 1 so that for all
i there is an open Uy, that completely contains F([s;, s;11]). Assume
we have F and F/, two lifts of F : [ — S!. We have that F(0) = F/(0),
since we are choosing a specific starting point £y € R. For induction,
suppose F and F’ coincide on [0,s;]. Since F is continuous and [s;, s 1]
is connected, we have that F([s;,s;;1]) is connected. Thus there is a
unique ljlﬁl. that completely contains F([s;,s;.1]). Similarly, there is a
unique uﬁi/ D F/([Si, 5i+1])-

L; Up, CR
b
1D [si,sit1] Uy, C S

F

Since F(s;) = F(s;) by the induction hypothesis, and given that the sets
{u/g } are either disjoint or equal, we must have that Uﬁ = Uﬁ, Also,
p|u is a homeomorphism, so p is injective on Uﬁ and poF = poF.

Hence F=F on [sjsi11].

(Step 3) The lifts F constructed on the sets N x I in (Step 1) are unique
by (Step 2) on each segment {y} x I, so two such lifts must agree on
their overlaps. This means, by gluing, that we get a well-defined lift
F:Y x I — R. Moreover, F is continuous since it is so on each set
N x I. Finally, F is unique by (Step 2). O

Path lifting (Lemma 2.6.2) follows from Lemma 2.6.4 by letting Y be
a single point.

For homotopy lifting (Lemma 2.6.3), let Y = [ in Lemma 2.6.4.
However, we are not being given a lift F: I x {0} — R of the homotopy
F: IxI— S'. Let fy(t) = F(t,s). Thereis a unique lift F : I x {0} = R
obtained by applying the path-lifting Lemma 2.6.2 to fo: I — S'. By
the general lifting Lemma 2.6.4, there is a then unique lift F: [ x I — R.
So fs(t) = F(t,s) is a homotopy of paths lifting the homotopy fs, since
F {0y <1 and F {111 are lifts of constant paths (indeed, p o F(0,s) =
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F(0,s) = F(0,0), and similarly for F(1,s)), and by uniqueness, they are
also constant paths.

2.7 Some Immediate Applications

We start with the following:
Proposition 2.7.1. S" is simply-connected if n > 2.

Proof. Let v : [0,1] — S" be a loop at x € §". We claim that there
is a loop # in the homotopy class of ¢ which is not onto, i.e., there
exists y # x with y & Im(#). Assuming this claim for now, 7 factors
as [0,1] — S"\{y} = R" — S", and since R" is contractible, it follows
that 7 ~ ey. Hence, by transitivity of the homotopy relation, we get
that y ~ ey.

To prove the claim, we can proceed in several different ways:

(a) A standard fact from differential topology is that any continuous
map between differentiable manifolds contains a smooth map in its
homotopy class. Using this fact, we have v ~ 1 : [0,1] — S", where 5
is smooth. Since dim([0,1]) < dim (§") = n > 2, every value of 7 is
critical. But by Sard’s theorem, # has a regular value. If y € 5" is such
a regular value of 7, then y ¢ Im(7).

(b) Point-set topology approach: Let y # x. The goal is to homo-
top v away from y. This can be done as follows. Let B, be an
open ball in S” around y. Note that 7 ~1(By) is open in (0,1), hence
7 1(By) = Lliea(a;, b;), with A a possibly infinite index set. Since
7~ 1(y) is compact, only finitely many intervals (a;,b;) cover 7! (y).
Let (L'l]‘, b]),] € Abe so that (LZ]‘, bj) ﬂ’)/_l(y) # @. Let Vi 2= Ylaby) C By.
So y(a;),v(b;) € 0By = S;’l. As 5;—1 is path connected, there is a path
d; in Sg’l from - (a;) to y(b;). Since By is contractible, we then obtain
that §; ~ < in By. Note that y ¢ Im (;). Homotop 7 by deforming
7;j to 6;, and keeping the rest of v unchanged. Repeat the process
for all j's such that (a;,bj) Ny~ !(y) # @. We get a loop 1 ~ 7 with
Im(y) N{y} = @. O

Corollary 2.7.2. R? is not homeomorphic to R" if n # 2.

Proof. If n = 1 and f : R? — R is a homeomorphism then we have
R2\{0} = R\{f(0)}. But R?\ {0} is path connected whereas R\ {f(0)}
is not path connected. Hence R? % R.

Now let n > 2 and f : R? — IR" be a homeomorphism. Then we have,

R*\{0} = R"\{f(0)}
hence

m (R2\{0}) = 71 (R"\{£(0)})
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But we know that,

Z, n=2
0, n>2

m (R"\{a}) = m (") = {
Hence f cannot be a homeomorphism if n # 2. O

Brower’s fixed point theorem
Theorem 2.7.3. Any continuous map f : D> — D? has a fixed point.

Proof. Assume f(x) # x for all x € D% Let r: D> — S! be defined
such that r(x) is intersection of the line joining f(x) and x with S! (with
x between f(x) and r(x), if x ¢ S' = 9D?). We have rjq1 = idg, i.e.,

roi=idg fori:S' < D? the inclusion map. We have the following
commutative diagram:

st —— p?
PN
Sl
which, on the level of fundamental groups, yields the commutative

diagram:

Z 40
Z.

This yields a contradiction since the identity map of Z cannot factor
through the zero map. O

As an application of Brower’s fixed point theorem, we have the
following:

Proposition 2.7.4. Let A = (a;;) € M3(R) be a 3 x 3 matrix with non-
negative real entries a;; > 0 for all i,j € {1,2,3}. Assume det(A) # 0. Then
A has a positive real eigenvalue.

Figure 2.2: The map r: D? — S'.



Proof. Let T : R® — RR® be the linear map corresponding to A. Let
B=5’n {(xl,X2,X3> eR3 ‘ X1,Xp,X3 > 0} ~ D2,

If x € B, then all coordinates of Tx = Ax are nonnegative, and not
all zero (since A is nonsingular and not all coordinates of x € B can
be zero). So Tx/||Tx|| € B. Let us now consider the continuous
map f: B — B defined as f(x) = Tx/||Tx||. By Brower’s fixed point
theorem, there exists xy € B so that f(xg) = xo, i.e.,, Txg = ||Txo]||xo.
Setting A = ||Txp||, we have that A is an eigenvalue of A, with A € R
and A > 0. O

Fundamental Theorem of Algebra

Theorem 2.7.5. Let f(z) = 2" +a12" ' + - - +a,_1z + a, be a complex
polynomial. Then f has a complex root, i.e., f(z) = 0 has a solution in C.

Proof. If a, = 0, then z = 0 is a solution. So we may assume a, is
nonzero.

Define F(z,t) = 2" + t(a1z" ' + - +a,), withz € Cand t € [0,1].
Clearly F is continuous, F(z,0) = z" = p,(z) and F(z,1) = f(z). So F
defines a homotopy between f : C — C and the n-th power function
Pn-

Denote also by F its restriction to the circle C, of radius 7, ie.,
Cr:={z € C | |z| = r}. We see that for large enough r, F is nonzero.
Indeed, for large enough 7,

B8] = |2l = [t (Jar l2" + -+ )

1 qpy(lel o Jal
—r<1 (B 2

> 0.

So for large r, F is a homotopy C, x I — C* = C\{0} from f to p,.

Assume, by contradiction, that f never vanishes. Define G(z,t) =
f(tz). Notice that G(z,0) = f(0) = a, and G(z,1) = f(z). Restricting
to z € C,, G provides a homotopy C, x I — C* from f to the constant
map e,,. By transitivity, it follows that the power map p,(z) = z" and
the constant map are homotopic as maps C; — C*. We thus obtain the
following commutative diagram

Z = m1(Cy, 1) M A

1%
=
—~

@]

*
~

<

=
~—
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with Jy the isomorphism induced from Lemma 2.4.6 by a certain path in
C* from " to a,. Let 1 denote the generator of 711 (C;, ), corresponding
to a loop at r going around the whole circle C,. Then since (ean)* is
trivial, (es,)«(1) = 0, and since the diagram is commutative and J; is
an isomorphism, J; o (py )« must be trivial as well, so (p,)«(1) = 0. But
this contradicts the fact that (p,)«(1) = n - 1. Hence our assumption
that f never vanishes is false, so f must have a complex root. O

Exercises

1. Show that if i, /' : X — Y are homotopic and k, k' : Y — Z are
homotopic, then k o h and k’ o i’ are homotopic.

2. Let xp and x; be points of the path-connected space X. Show that
m1(X, xg) is abelian if and only if for every pair « and B of paths
from xg to x1, we have ax = Bs : m(X,x9) — m(X,x1). (Recall
that ay : m1(X, x9) — m1(X, x7) is the group isomorphism defined by
ay([7]) = [a " xy xal)

3. Let A be a subspace of R"; let h: (A, a09) — (Y, o) be a continuous
map of pointed spaces. Show that if / is extendable to a continuous map
of R" into Y, then h induces the trivial homomorphism on fundamental
groups (i.e., h, maps everything to the identity element).

4. Show that any two maps from an arbitrary space to a contractible
space are homotopic. As a consequence, prove that if X is a contractible
space, then any point in X is a deformation retract of X.

5. Show that if X and Y are path-connected spaces, and x € X, y € Y,
then 711 (X x Y, (x,y)) is isomorphic to 711 (X, x) x 71(Y,y).

6. Using the fact that the fundamental group of the circle S! is Z, show
that there are no retractions r : X — A in the following cases:

(a) X =R3, with A any subspace homeomorphic to S!.
(b) X = S! x D?, with A its boundary torus S x st

(c) X is the Mobius band and A its boundary circle.

7. Let V be a finite dimensional real vector space and W a subspace.
Compute 11 (V \ W).

8. What is the fundamental group of RIP? minus a point?

9. Let A be a real 3 x 3 matrix, with all entries positive. Show that A has
a positive real eigenvalue. (Hint: Use Brower’s fixed point theorem.)



10. (Borsuk-Ulam theorem for S?)
Given a continuous map f : S — R?, there is a point x € S? such that
f(x) = f(=x).

(Hint: show that there is no antipode-preserving map S — S'.)

2.8 Seifert-Van Kampen'’s Theorem

In this section we show how to compute the fundamental groups of a
union of sets.

Free Groups.

Definition 2.8.1. Let G be a group, and let {x;};c; be a set of elements of
G. We say that the set {x;}ej generates the group G if every element of G
can be written as a product of powers of the elements of {x;}c;. If the family
{x;}jey is finite, we say that G is finitely generated.

Let X be a set. We want to construct a group F(X) generated by the
elements of X and which is “free” in some sense, that is, there are no
relations among its generators.

Definition 2.8.2. The set of words in X is the set
W(X)={w=nx]"...x | x; € X,e; = £1,n € N}.
We also allow the empty word, denoted by 1 € W(X).

We endow the set W(X) with the binary operation of concatenation
(or juxtaposition) of words.

We next define an equivalence relation on W(X). We need the
following:

Definition 2.8.3. Let w and w' be words in X. We say that w is equivalent
to w' by an elementary reduction (and denote it by w ~, w') if one element of

1 1

the set {w,w'} contains a subword of the form xx~* or x~'x, and the other

is obtained from it by deleting this subword.
Using this, we can define an equivalence relation on W(X) as follows.

Definition 2.8.4. Let w and w' be words in X. We say that w is equivalent
to w' (and write w ~ w') if there exist a sequence w1, . .., wy of words in X
such that

W=W) ~e...~ve W =1

Clearly, the relation ~ defined above is reflexive, symmetric and
transitive, so it is an equivalence relation.

Remark 2.8.5. Each class of words contains a unique word of minimal

1

length (i.e., containing no subwords xx~" or x’lx), called a reduced

word.

FUNDAMENTAL GROUP
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Definition 2.8.6. We set F(X) := W(X)/ ~.

It is easy to see that the relation ~ on W(X) is consistent with
concatenation, that is, if wy, w}, wp, w) are words in X such that

wy ~ W)
wy ~ WY

then,
Wiwy ~ Wy wh.

Thus, the binary law on W(X) given by concatenation descends to
F(X). Moreover, we have:

Theorem 2.8.7. The set F(X) of equivalence classes of words, with the in-
duced binary operation, is a group called the free group on the set X.

The group F(X) has the following universal mapping property (UMP):
Proposition 2.8.8 (UMP). Let
i: X — F(X), x— [x]
be the map that sends every element of X to the equivalence class of the word
it defines, and let
j: X—G

be a set map from X to a group G. Then, there is a unique group homomorphism

f:FX)—G
such that foi = j.
Sketch of proof. We define the map f by

FURET L x2]) = ) ) € G
This turns out to be well defined and a homomorphism of groups. [
Example 2.8.9. Let X = {x}. Then,
FX)={x"|neZ}=2Z.

Let G be the cyclic group of order n, that is,

G=(a|a"=1).

Then,
j:X—=G x—a

gives a homomorphism
f:FX)—G
which is surjective, with ker(f) = (x"). Thus, we get that

G = F(X)/ ker(f).



More generally, if G is a group generated by a set X, we can form
the free group F(X), and there is an epimorphism

f:F(X) — G.
Therefore,
G =2 F(X)/ker(f) = (x € X | r € ker(f))

which gives us a presentation of G by generators (elements of X) and
relations (generators of ker(f)).

Free Products.

Let H and K be groups. We form a new group H * K from them, which
we will call the free product of H and K, defined as follows. First we
consider the following set of words:

W(H,K) ={$182---8n | g € Hor g; € K}.

As before, we allow the empty word denoted by 1. The concatenation
of words defines a binary law on W(H, K).
We next define an equivalence relation on W(H, K) as follows:

Definition 2.8.10. Let w and w' be words in W(H, K). We say that w is
equivalent to w' by an elementary reduction (and denote it by w ~, w') if
one of the elements of {w, w'} contains a subword of the form ab, with both
a,b € Horbotha,b € K, and the other is obtained from it by

e replacing the subword ab by the single element of H (or K) which is the
product a-bifa # b L.

or
e removing the subword ab if a = b=,

Definition 2.8.11. Let w and w' be words in W(H, K). We say that w and
w' are equivalent, and write w ~ W', if there exist a sequence wy, ..., wy of
words in W(H, K) such that

W=1W) ~e...~vp Wi =1

Clearly, the relation ~ is reflexive, symmetric and transitive, so it is
an equivalence relation.

Definition 2.8.12. Let H « K := W(H,K)/ ~ be the set of equivalence
classes of words in W(H, K).

Remark 2.8.13. Any equivalence class contains a unique reduced word

hikihoks . . . hok,
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with:
hije H foralli=1,...,r

k]-EK forallj=1,...,r
hi #1 foralli=2,...,r
kj;él forallj=1,...,r—1.

The equivalence relation ~ is consistent with concatenation, so the
binary law on W(H, K) descends to H * K. We have the following result.

Theorem 2.8.14. The set H x K, endowed with the operation induced from
concatenation, is a group, called the free product of H and K.

The group H * K has the following universal mapping property (UMP):
Proposition 2.8.15 (UMP). Let
i:H— HxK, h [1]

and
jik— Hx*K, k+— [K]

be the maps that send every element of H (respectively, every element of K) to
the equivalence class of the word it defines, and let

p:H—G
and
g:K—G

be any pair of group homomorphisms. Then, there is a unique group homomor-
phism
f:H+xK— G

such that foi = pand f oj = g, or equivalently, such that the following
diagram is commutative.

H

K

Sketch of proof. We define the map f on the unique reduced words as

f(mkihoky .. hiky) = p(hy) - q(ky) - p(ha) - q(k2) - ... p(hy) - q(ky) € G

This turns out to be well defined and a homomorphism of groups. [
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Corollary 2.8.16. The group H * K is unique up to isomorphism.

Remark 2.8.17. Free products of any number of groups can be defined.
Example 2.8.18. Let X = {x1,...,x,} be a set of n elements. We define
F:=F(x;) =2Z

foralli=1,...,n. Then,
FX)2F*..xF, 2Zx..xZ=27"

Example 2.8.19. If
H = (h|ry)

K= (k| )
are presentations of H and K by generators and relations, then
Hx*K:= (hk|ry,r).

Example 2.8.20. Z; * Z; is a free product, but it is not a free group.
Indeed,

ZyxZy = {(a,b| a2, b2> = {1,a,b,ab, ba,aba, bab,abab, .. .}.
Note: a=! = a, b~ = b, so (ab)~! = ba. Let
w: ZoyxZy — Zy, x — length of x mod 2.
Then w is a homomorphism of groups, and
ker(w) = (ab) 2 Z
We define the action ¢ of Z, on Z = (ab) by
¢: Zy x Z — Z, (a,ab) — a(ab)a"! = ba.
We have that (a) N (ab) = {0}. Thus, Zp x Zy = Z x Z,.

Remark 2.8.21. For a free product ,* , Ha, each H, is identified with a
*

subgroup of | *, Hy, whose elements are the identity and the one letter
words h with h € H,. We have that

{1} = ﬂ H,,

aeA

and for all a, B € A, with a # B,

(HA\{1}) N (Hp\{1}) = ©.

For a free product of an arbitrary number of groups we also have
the Universal Mapping Property, namely:

23
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Proposition 2.8.22 (UMP). Let {¢, : Hy —> G}uca be a collection of
group homomorphisms, and let i : Hy — 2, Hy the inclusion for all
« € A. Then, there exists a unique group homomorphism

(p . tX;AH‘x — G
such that, forall a € A,
Poiy = @q.

Sketch of proof. Let hihy...h, be a word in %, Hy, with h; € Hy, for all
i =1,...,n. Define the map ¢ as:

p(ihy ... lu) = Quy (M) - Puy (h2) - Py (n) € G
This turns out to be well defined and a homomorphism of groups. O
Example 2.8.23. Let G be
G= szXAH“

the cartesian product of the groups Hu, & € A, and let ¢g : Hg —
X we AHy the inclusion for all B € A. Then it follows from the UMP that
there exists a unique homomorphism

. *
¢ aceAHfX XyeAHa

that preserves every subgroup Hj.

Seifert-Van Kampen Theorem

Let X be a topological space, xg € X and let {Ay},cj be open path
connected subsets of X such that

ae]
and
X - U AIX‘
ae]
The inclusion
ju i Ag — X

induces a homomorphism
(Ja)+ = m1(Aa, x0) — m1(X, x0)
for all @ € J, so, by the UMP, there exists a unique homomorphism
@ ¢ wey1(An, x0) — m1(X, X0).
For every a, B € |, with a # B, we denote by i,s the inclusion
ing 1 Ax N Ap = Ay

We have a commutative diagram
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Ax N Ag /
which induces the following commutative diagram on fundamental
groups

/\

(lzx )« 71 (A, Xo) o)
/ﬁ’ %)

71 (A N Ag, X0) 71 (X, %)

T g

1(Aﬁ/ xO) (]ﬁ)*

Thus, by the way ¢ is defined, we have that

(fap)+ (€) ((iga)+(8)) " € ker(g)

forall ¢ € m(AxN Ag, xo), and for all o, B € J.
With the above notations, we can state Seifert-Van Kampen Theorem.

Theorem 2.8.24 (Seifert-Van Kampen). If X = |J Ay is a topological
ae]
space, where A, is a path-connected open set such that xg € Ay forall « € |,

then
1) If Ay N Ag is path-connected for all o, B € |, then
@t w1 (An, x0) — (X, %0)
is surjective.

2) If Ax N Ap N Ay is path connected for all o, B, 7y € ], then

ker(¢) = N{(iup)+(§) ((iga) «(£)) 7! | & € m1(Ax N Ag, x0);0, p € ])
where N(S) is the normal subgroup generated by S.

Proof.

1) Let f: 1 — X be aloop at xp € X. By the continuity of f and the
compactness of I, there exists a partition 0 = sp <51 < ... <5y =1
such that

f([si—1,8i]) C Ay,

for some &; € J. Denote by A; the set A,,, and let f; := f|[5i—l/5i}' We
have that

f=fixfox...xfy

25
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”
. g@

Ap

with f; a path in A;.

The set A; N A;y1 is path-connected, and {xo, f(s;)} C A;NA;1.

Thus, there exists a path g; in A; N A; ;1 from xo to f(s;) for all i =
1,...,m — 1. Therefore,

fro(freg) x (g% fax8p) * ok (gmet * fin),
and note that each of the paths in parentheses is a loop at xy. Hence
Ul=1hxg]- g1 faxgl - - [gm—1* ful,
where
* f1*g, is contained in Aj.
* gi*fiy1*g;,qis contained in A;;; foralli=1,...,m—1.
® Q-1 %* fi is contained in Ay,.

Thus, if we see the classes of these loops as letters in , * Rl (Ag, x0), we
get that

UT=o(lfix&] (81 fax &l [8mo1 % fu]),
and hence ¢ is surjective.

2) Clearly, (inp)«(&)((iga)+(&)) ™! € ker(g) for all &, € ] and for all
¢ e 71'1(A,x N Aﬁ,x(j), SO

N{(iap)+ () (ipx)+(8) ™" | & € m(Aa ) A, x0)ia, € J) C ker(g)

Figure 2.3: Here, m = 2, fj is the path in
Ay := A, from xg to f(s1) and f; is the
path in Ay := Ag from f(s1) to xo



The general proof of the other inclusion can be found Hatcher’s book,
see also the book of Munkres for the case |J| = 2. O

Most of the time, we’ll be using a covering consisting of two open
subsets. In this case, one gets the following;:

Corollary 2.8.25. Let X = UUV where U, V, and U NV are open path
connected subsets of X. Fix xo € U NV and consider the inclusion maps:
i ,Ucu
/ \
unv -~ u
joveow

uv

Then
1 (U, x0) * 11 (V, xo)

N(ix(8)j«(5) 1 [ £ € m(UNV,x0))
Corollary 2.8.26. If U NV is simply connected, then m(UUV,xy) =
(U, xg) * 111 (V, x0).

7T1(X, xO) =

Corollary 2.8.27. The union of two simply connected spaces is simply con-
nected, provided their intersection is nonempty and path connected.

Example 2.8.28. Let X = 5" for n > 2. Let U to be the complement of
the north pole, and let V be the complement of the south pole. Then
U, V, and UNV are all open and path connected, and U and V are
contractible. So, by the last corollary, S" is simply connected.

Definition 2.8.29. Given two spaces X and Y with distinguished points x
and yo respectively, the wedge of X and Y is defined by:

XVY:=XUY /ey

Example 2.8.30. Let X, = \/"_; S! be a wedge of n circles at a single
point (called a bouquet of 7 circles). Then nl(Xn) = Z*", that is, a free
product of n copies of Z. To see this, we proceed by induction on #.
For n = 1 we get a single circle, so the result is clear. For induction,
suppose we have shown 71y (X,_1) = 7*n=1) Let xy be the wedge
point of n circles. For each i choose p; # xg to be a point on the i-th
circle. Let
n—1
U= X,\{pn} ~ \/ S'=X,_1and V =X, \{p2, -, pu_1} ~ S
i=1
Then UNV =~ {xg}, so by the Seifert-Van Kampen theorem, 771 (X,) =
m(U) (V) = m(U) * Z, and by the induction hypothesis, this
gives Z*("1) x 7 = 7*(n),

Example 2.8.31. Let X = R?\{x;,---,x,}. Then X deformation re-
tracts to a bouquet of n circles, one going around each x;. So 711 (X) =
z*".
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Example 2.8.32. Let X = IR3\{coordinate axes}. Then X deformation
retracts to S?\ {6 points} = R?\ {5 points}, where ~ was by x ﬁ
and = is by stereographic projection. Then it is clear that 71(X) = Z*.

Example 2.8.33. Let X = S? U {equatorial disk ~ D?}, so SN D? =
{the equator S'}. Take U = X\ {north pole} and V = X\ {south pole},
and note that both U and V are homotopic to S2. Moreover, U NV =~ D?
which is contractible. Since U and V are simply connected, X is simply
connected.

Example 2.8.34. Let X = S? U {north-south diameter}. Let P be a
point on the diameter different from the poles. Let Q be a point on
the sphere different from the poles. Choose U = X\{P} ~ S? and
V = X\{Q} ~ S!. Notice that UNV ~ S?\{Q} 2 R2. Since UNV is
simply connected, we get that 711 (X) = 711 (U) * 11(V) = 0% Z = Z.

Exercises

1. Let X be the space obtained from D? by identifying two distinct
points on its boundary. Is there a retract from X to its boundary?
Explain.

2. Calculate the fundamental group of the spaces below:

1. R®\ {x — axis and y — axis}.

2. The complement in IR? of a line and a point not on the line.
3. IR3 minus two disjoint lines.

4. T?\ {x,y}, where x, y are two distinct points on the 2-torus.

5. Mobius band. Are the cylinder and the Mobius band homeomor-
phic?

6. The complement in IR? of a line and a circle. Note: There are two
cases to consider, one where the line goes through the interior of the
circle and the other where it doesn’t. Are these two spaces homotopy
equivalent?

3. Show that RP® and RIP? V S3 have the same fundamental group.
Are they homeomorphic?

4. For a given a sequence of continuous maps

PO NEL L



define the quotient space

M := (I_I Xi % [0/1]> / ((xi, 1) ~ (fi(x:),0))
i>1

obtained from the disjoint union of cylinders X; x [0, 1] via the identifi-

cation of (x;,1) € X; x {1} with (f;(x;),0) € X;;1 x {0}. Compute the

fundamental group of M in the case when each X; is a circle S! and

fi : St — Sl is the map z + z (for each i > 1).

5. For relatively prime positive integers m and n, the torus knot Ky, , C
R3 is the image of the embedding f : S' — S! x S! C R?, f(z) =
(z",z"), where the torus S' x S! is embedded in R® in the standard

way. Compute 711 (R3 \ Ky ).
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CLASSIFICATION OF COMPACT SURFACES

3
Classification of compact surfaces

3.1 Surfaces: definitions, examples

Definition 3.1.1. An n-dimensional manifold with no boundary is a topolog-
ical space X such that every x € X has a neighborhood U, homeomorphic to
R".

Definition 3.1.2. A surface is a 2-dimensional manifold with no boundary.

In this section, we will work with (and classify) compact surfaces.
Let P be a polygonal region in the plane, with vertices po, p1,-..,
Pm—1 and edges with oriented labels like in the picture below.

a
p3 ! p2

P4 P1

ps as Po

Going through the vertices starting at py in counter-clockwise order
gives us a labeling scheme. In the above example, the labeling scheme is

Ll1012011_103_1ﬂ2a3

From P and the labeling scheme, we get an identification (quotient)
space X with a quotient map 7r: P — X as follows:

¢ The points in the interior of P are identified only to themselves.

¢ Two edges carrying the same label are identified by an orientation
preserving linear homeomorphism.

31
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Example 3.1.3 (The torus T?). We start with the following polygonal
region,

P a P
b/\ T2 /\l’]
P a P

-1

with labeling scheme aba~'b~. First, we glue the a labels together to

get a cylinder:

Y

g

Figure 3.1: Torus T?

Example 3.1.4 (The Sphere S?). From the polygonal region
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S

with labeling scheme aa~!, we get the sphere S? by gluing the a labels
together.

Example 3.1.5 (The Projective Plane RP?). From the polygonal region

P

P

with labeling scheme aa, we get the (real) projective plane RP? by
gluing the a labels together.

Example 3.1.6 (The Klein Bottle K). We start with the following polyg-
onal region:

p a P
b K b
P a P

with labeling scheme aba~1b. First, we glue the a labels together to
get a cylinder just like in Example 3.1.3, but this time, the b labels do

33
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not glue together so nicely, that is, the surface we get by gluing them
together cannot be embedded in IR®. The resulting surface is called the
Klein bottle (figure 3.2).

Proposition 3.1.7. The identification space X obtained from a polygonal
region P as above is Hausdorff and compact.

Proof. Let m: P — X be the projection, where X has the quotient
topology. Note that 7r is continuous by the definition of the quotient
topology. Since P is compact, it follows that X = 7(P) is compact.

We next show that 7 is a closed map. If C is a closed set in P,
then 71(C) is closed if and only if X\7(C) is open, or equivalently
1 (X\7(C)) is an open set in P. We have that

7 (X\7(C)) = P\r~}(7(C))

The only nontrivial identifications occur in the edges of P, which are
closed in P, and thus the intersection of C with any edge is again a
closed set. Therefore 7w~ !(7t(C)) is just the union of C and a finite
number of other closed sets. Thus, P\7~!(7r(C)) is open, and 7 is
closed.

A quotient map f: Y — Z from a compact Hausdorff space Y is
closed if and only if Z is Hausdorff, so applying this result to 7= we get
that X is Hausdorff. O

Definition 3.1.8. Let M, N be surfaces. We define the connected sum of M
and N, denoted by M#N, as follows:

M#N = (M\D;) U (N\D,)/(3D; ~ 9D5)

where D1 is a disk in M and D5 is a disk in N.

Figure 3.2: Klein bottle
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Lemma 3.1.9. If L1 and Ly are labeling schemes for M and N, then their
concatenation LiLy is a labeling scheme for M#N.

Example 3.1.10. The connected sum T?#T? of two tori has a labeling
scheme a;bja; 1bf 1{1217211; 1195 1 Indeed, let T12 be the following torus,
and D; a disk inside of it

ai

a1

and let T be the following torus, and D; a disk inside of it:

as

bz b2

D,

a

The following polygonal regions represent T7\D; and T5\D; respec-
tively.

oD, oD,

To get the connected sum of the two tori, we need to glue 0Dy with
dD,, and we get the polygonal region which has the labeling scheme

—15,-1 —15,-1
arbya; “by tasbra, “b, 7,

that is, the concatenation of the labeling schemes of T? and T2.

35
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a b1

b1 aj
a3 b2

by az

Definition 3.1.11. We introduce the following notation:

n times

T, := T%# .. #T?

n times

—_—N—
P, := RP%# ... #RP?

Our goal is to prove the following classification result.

Theorem 3.1.12. Any compact surface is homeomorphic to S?, T, or Py for
some n € N.

3.2 Fundamental group of a labeling scheme

Before giving a general result, we compute the fundamental group of
the torus T2. Consider the identification space P of the torus given

given by aba~'b~1. Let o be some point on the interior of the square.

Define U = P\ {0} and V = B¢(0), a ball of radius € centered at 0. We

have that U ~ S v !, V is contractible, and UNV = B¢(0) \ {0} ~ S'.

Then we have:

o m(UA)=Z+Z = (a,b)

o 711(V,xq) is trivial

o m(UNV,xg) 2 Z = {c)

Figure 3.3: T?#T2
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b

A A

Leti: UNV < U be the inclusion map. By the Seifert-Van Kampen
Theorem,

nl(T2rx0) = nl(uer)/N<i*§ ’ C € nl(um er0)>‘

Let  be a path in T? from A to xg. Then 4 : 7ty (U, A) — 711(U, xp) is
an isomorphism mapping [y| — [6 * -y * §]. Moreover, a,b € 71 (U, A)
induce loops at xq given by @ := § xa x§ and b := & * b * §, which freely
generate 711 (U, xg). In the above notations, we have

(T2, x0) = (4,b) /N{isc).
We next note that i.c is homotopic to S+xaxbxaxbxd, and we have:

Sxaxbxaxbxé ~ (Sxa*d)*(5xbx6)*(6xaxd)x(5xbxJ)
= dxbxaxbh.
Hence 711 (T?, x0) = (a,b | aba—'b~1') 2 Z x Z.

Similar calculations yield the following theorem:

Theorem 3.2.1. If X is the identification space of a labeling scheme

€1 ,€2 €n
a1 ay” ...ay

with €; = £1 whose vertices are all identified by the projection map 1t: P —
X, then:

m(X) = (a1,a2,...,a, | ﬂilﬂ?...af,” =1).

Example 3.2.2. If K is the Klein bottle, with labelling scheme aba=1p,
we get
7 (K) = (a,b | aba~'b =1).

So 711 (K) is not abelian.

Example 3.2.3. Consider the labeling schemes for T, and P,.

T, = T%.. .#Ti : a1b1111_1b1_1 .. .anbna,jla,;l

n—times
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P, = RP%#...RP?: ayay . ..anayn
N——_————
n—times

Notice that all vertices are identified in each labelling scheme. The
above theorem gives us:

T (Ty) = (a1,b1, ..., a0, by | alblaflbfl ...anbna,jlb;l =1)

m(Py) = (a1, ...,an | a3...a% = 1)

We deduce the following:

Proposition 3.2.4. S?, Py, Ty (n € IN) have non isomorphic fundamental
groups, hence they are not homotopy equivalent nor homeomorphic.

Proof. First, 711(S?) is trivial. Next, consider 7’ := 711/[mry, 711], the
abelianized fundamental group, where for a group G its commutator
subgroup is defined as [G,G] = {[a,b] = aba~'b~! | a,b € G}. We
have:

n
ﬂ%b(TH) = <a1,b1,...,an,bn | Zai+bi —a; — bi = 0>
i=1

~7X...XZ=17"
—_————
2n—times
i (Py) = (ay,...,an | 2(a1 + ...+ ay) = 0)
A"I
={ay,...,a,_1,An | 2A,) = 0) = 7 x 72

Recall that our goal is to show the following:

Theorem 3.2.5. Any surface is homeomorphic to one of S?, T, or Py, for
some n € IN.

Corollary 3.2.6. If X is a simply connected surface, then it is homeomorphic
to S2.

One dimension higher, things are much more complicated, but we
still have the following:

Theorem 3.2.7 (Poincaré Conjecture). If X is a simply connected closed
3-manifold, then it is homeomorphic to S°.

This is false in dimension 4, since $* and $% x §? are simply con-
nected closed 4-manifolds, but they are not homeomorphic. (This fact
can be easily seen with homology or higher homotopy groups.) In
higher dimensions, one has the following important result:

Theorem 3.2.8 (Smale, Freedman). If n > 4 then any simply-connected
closed n-manifold which is homotopy equivalent to S" is homeomorphic to S".



CLASSIFICATION OF COMPACT SURFACES 39

Before discussing the proof of the classification theorem for surfaces
(Theorem 3.2.5) it is an instructive exercise to see where the Klein bottle
and T?#RP? fit on the list. This will be done by cutting and pasting on
the labeling scheme.

Example 3.2.9. In the notation of Figure 3.4, we cut along the diagonal
labeled ¢ and glue along a to show that

K= P,

(Note that cutting and pasting do not change the homeomorphism
type.)

Figure 3.4: How to turn the Klein bottle
into P,

A

b/\ "(/ /\b > b/\

~
Ay
N
Y
N
v \n
Y
~
AN
~
—~
o )
<= =
>

bA
11

Y

bA AL <= I

Y

Example 3.2.10. We next claim that
K#RP? = T*#RP? = P5.

We start by looking at RP? \ disc 2 S?\(2 antipodal discs)/antipodal
identification; see Figure (3.5).

6 Figure 3.5: Removing a disc from RP?
yields a Mobius band.
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Attaching a torus is likened to attaching a handle, while attaching a
Klein bottle is likened to attaching an orientation-reversing (twisted)
handle, see Figure (3.6).

Therefore, T?#RP? looks like a Mobius band with a handle attached to
it. Cutting the band away from the handle leads to the space pictured in
Figure (3.7). Similarly, K#RP? looks like a Mobius band with a twisted
handle attached to it. Cutting the band between the legs of the handle
leads to the same space as in Figure (3.7). Hence the assertion follows.

3.3 Classification of surfaces

We begin with two results whose proofs you can find in Munkres’ book.

Proposition 3.3.1. If P is a polygonal region with an even number of edges
which are identified in pairs (i.e., a regular labeling scheme), then the quotient
space X is a compact 2-dimensional manifold.

Theorem 3.3.2. Every 2-dimensional compact surface is homeomorphic to the
identification space of a reqular labeling scheme

Figure 3.6: Performing connected sum
with a Klein bottle.

Figure 3.7: T?#RP2.
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Figure 3.8: Every point has a neighbor-
hood homeomorphic to a disc.

The proof of the above theorem is based on the fact that each 2-
dimensional compact surface has a triangulation, and when we glue
half discs together along a common edge, we get a disc.

The arguments involved in the following classification of labelling
schemes provides the algorithm needed to identify any surface in the
list S, T,;, P, n € N).

Theorem 3.3.3. A polygonal region of a regular labeling scheme is homeo-
morphic to a standard labelling scheme, i.e., one of the following:

e S":gg!

e T,: alblal_lbl_l .. anbnaglbyjl
* P, :ajaiaa;...axay

Proof. Edges are of two kinds:

e firstkind: a...a”!

e second kind: a...a

Here are the steps involved in the cut and paste algorithm.
Step 1: Adjacent edges of the first kind can be eliminated. (See Figure
(3.9), where the edge labeled g4 is eliminated.)

Figure 3.9: Step 1: Removing adjacent
edges of the first kind.

Y=
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Step 2: All vertices get identified to one vertex.

In Figure (3.10), we cut along the edge labeled c and glue along a.
The effect is that the equivalence of the vertex Q (i.e., vertices identified
to Q) is reduced by 1, while that of P is increased by 1.

Figure 3.10: Step 2: identifying all ver-

Q c P tices.
a b
p
Q
>
c b
a Q P

Keep doing this until only one vertex Q is left, and then we use Step
1 to remove it. Repeat this procedure until only one equivalence class
of vertices is left.

Step 3: Make any pair of edges of second kind adjacent. (See Figure
(3.11).)

Figure 3.11: Step 3: Making two Type II
edges adjacent.
= c c

Here we cut along the edge c and, after flipping one of the two
pieces obtained, we glue along a. After removing the interior label 4,
we created the subword cc, which corresponds to a pair of adjacent
edges of second kind.

Step 4: If a is an edge of the first kind, then there are two edges of the
first kind which alternate: ...a...a'...a"1...a'" " ...,

If this is not the case, the the edges of the region connecting the
vertices P in Figure (3.12) only get identified to edges from the same
region. The same applies for the region between the vertices labeled Q.
But then the endpoints of the edge a cannot be identified, contradicting

Step 2.

Q Q Figure 3.12: Step 4.

) %
P Q
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Step 5: Any two pairs of the first kind can be made consecutive. See
Figure (3.13).

Figure 3.13: Step 5: Two pairs of the first
kind being made consecutive.

b

d

At this point, the labeling scheme corresponds to a connected sum
of RP%’s and T?’s. If there is no RP?, then we get a T, for some n € IN.
Otherwise, we proceed as in the following step.

Step 6: Transform ...ccaba~'b~!...into...P;....

This was already explained geometrically in Example 3.2.10. We
sketch here the corresponding cut and paste procedure. It should be
clear at this point that we can just ignore the rest of the surface. See
Figure (3.14). The idea is to convert a...a ! into a...a, so one gets 3
pairs of edges of the second kind, and apply Step 3 (see Figure (3.15)).

d Figure 3.14: Making all sides have the
same orientation: cut along d, glue along
c.
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Figure 3.15: Completing Step 6.

Exercises
1. There are six ways to obtain a compact surface by identifying pairs

of sides in a square. In each case determine what surface one obtains.

2. The following labeling schemes describe two dimensional surfaces:
e abc b lalc

e abclc1ba

(] alaz “e e ana171a271 e anfl
In each case determine what standard surface it is homeomorphic
to.

3. Consider the space X obtained from a seven-sided polygonal region
by means of the labeling scheme abaaab~'a~!. Show that 71 (X) is the
free product of two cyclic groups.

4. Let X be the quotient space obtained from an eight-sided polygonal
region P by means of the labeling scheme abcdad ~'ch!. Let r: P — X
be the quotient map.

¢ Show that P does not map all the vertices of P to the same point of
X.
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¢ Determine the space A = 7t(Bd P) (the boundary of P), and calculate
its fundamental group.

¢ Calculate the fundamental group of X. (Hint: first transform the
labeling scheme into a standard one by cutting and pasting opera-
tions.)

e What surface is X hoemeomorphic to?

5. Let X be a space obtained by pasting the edges of a polygonal region
together in pairs.

* Show that X is homeomorphic to exactly one of the spaces in the
following list: S2, P2, K, T, T,#P2, T, #K, where K is the Klein bottle
and n > 1.

e Show that X is homeomorphic to exactly one of the spaces in the fol-
lowing list: S2, P2, K,y, T, P2#K,,, where K, is the m-fold connected
sum of K with itself and m > 1.

6. Let A be the annulus in the plane consisting of the set
A:={(x,y) e R? |1 <x?+y> <4}

Let S denote the surface obtained from A by identifying antipodal
points of the inner circle and by identifying antipodal points of the
outer circle. Compute 771(S) and write S as a connected sum of tori
and projective planes.

7. Let X be the topological space obtained by identifying by parallel
translation the opposite edges of a solid regular hexagon. Calculate the
fundamental group of X.






4
Covering spaces

4.1 Definition. Properties

Definition 4.1.1. A map p: E — B is called a covering if
1. p is continuous and onto.

2. Forall b € B, there exists an open neighborhood U of b which is “evenly
covered”, i.e., p_l(ll) = Uy Vi, where the V,, are disjoint and open, and
plv, : Vo — U is a homeomophism for each w.

Example 4.1.2. It is easy to check that the following maps are coverings.
1. p: R — SY, t s e,

2. idyx: X — X.

3. pr X x{1,...,n} = X, (x,k) — x.

4. p: St =S,z 2

5. p: S" — RP", x — [x] = {£x}.

6. p: C = C*, z+— €~

7. Products of covering maps are covering maps, i.e., if p;: E; = B;,i =
1,2, are coverings, then p; X p2: E; X E; — By X By is a covering.

Remark 4.1.3. 1. A covering map is open and locally a homeomor-
phism.

2. Not any local homeomorphism is a covering, e.g., p : R} — st
t — 2. Hence a restriction of a covering map does not have to be
a covering.

3. If p: E — B is a covering, then each fiber p~1(b), b € B, is discrete.

Definition 4.1.4. Let p1: Ey — B, p2: E; — B be two coverings. We say
that p1 and p, are equivalent if there exists a homeomorphism f: E; — Ep
such that ppo f = p;.

COVERING SPACES 47
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Remark 4.1.5. The equivalence of coverings is an equivalence relation.
In this chapter we aim to solve the following:
Problem 4.1.6. Classify all coverings of a space B (up to equivalence).

The proof of the following lemma is a simple exercise in point set
topology.

Lemma 4.1.7. If p: E — B is a covering, By C B, and Eo := p~1(By), then
p|E,: Eo — Bo is a covering.

Example 4.1.8. We know from Example 4.1.2 that p: R? — T2 is a
covering. Overlay the integer lattice on IR?, and identify each square
with a torus in the usual way. Let pg = (1,0) € S!, and let By = S! x
{po} U{po} x S'. Then p~1(By) = R x ZUZ x R, and the restriction
of p to this space is a covering over By.

Theorems 4.1.9 and 4.1.10 are generalizations from the case of the
covering p: R — S!, with similar proofs.

Theorem 4.1.9 (Path lifting property). Let p: E — B be a covering, by € B,
and ey € p~Y(bo). If v: I — B is a path in B starting at by, then there is a
unique lift Ye,: I — E such that 7,,(0) = e.

Theorem 4.1.10 (Homotopy lifting property). Let p: E — B be a covering,
bp € B, and ¢y € p‘l(bo). Let F: I x I — B be a homotopy with by :=
F(0,s) for all s € I. Then there is a unique lift F: I x I — E of F such that

F(0,s) =ep foralls € I.

Corollary g4.1.11. If 7vq, y2 are paths in B starting at by which are homotopic
by some homotopy F, then (71)e, £ (72)eo- In particular, these lifts have the
same endpoints: (71)e,(1) = (72)e, (1).

Definition 4.1.12. Let by € B. For eg € p~1(by), define

¢eo: 1 (B, bg) — p~*(bo)
[Y] = Ve (1)

Theorem 4.1.13. The map ¢e, define above is onto if E is path-connected,
and it is injective if E is simply connected.

Proof. By Corollary 4.1.11, the map ¢,, is well-defined.

Suppose that E is path-connected. Let e; € p~1(by), and let 6 be a
path in E from ey to e;. Then v := pod: I — B is a loop in B at by.
Hence ¢ is a lift of <y starting at ey, and we have ¢, ([7]) = F¢, (1) =
J(1) = ey, so ¢, is surjective. Note that the equality ¥,,(1) = 4(1)
comes from the uniqueness of lifts (Theorem 4.1.9).

Now suppose E is simply connected. Let 71,72 be loops in B at

bo such that ¢e,([71]) = ¢e,([72]) = e1. By definition, this means that



(71)e (1) = (72)e, (1). To show that ¢, is injective, we must show that
Y1 ~ 2. Since E is simply connected, there is a unique homotopy
class of paths from ey to e1, s0 (71)e, ~ (72)e, by some homotopy
F. This gives a homotopy po F: I x I — B from po (71),, = 71 to
p o (72)e, = 72, which shows that ¢, is injective. O

Example 4.1.14. It is very easy to check that the antipodal identification
yields a covering map p: S” — RP". For n > 2, §" is path-connected
and simply connected. Then by Theorem 4.1.13,

Dy, : 711 (RIP", by) — p~ ' (bo)

is a bijection. Since #p~!(by) = 2, we must have that 71 (RIP", by) =
Z/27.

27tit

Example 4.1.15. Let p: R — S!, t — ¢¥™*. Since R is both simply

connected and path-econnected, Theorem 4.1.13 yields that
¢eo . 7-[1 (Sl, bo) % Z

is a bijection. To show that the groups are isomorphic, we need to show
that ¢, is a homomorphism. Let 7, € 711(51,170), and let 7, gg be
their lifts in R starting at 0. Let 7o(1) = n € Z and do(1) = m € Z. By
definition, ¢e,([]) = 1, ¢¢,([6]) = m. Hence we need to show that

Peo([7] - [6]) = m +m.

We have

Beo ([7] - [6]) = ey ([7 % 0]) = (7% 0)p(1) = (Fo *8°)(1) = (1)

=n-+m,

where we set 6*(t) = 1 + do(t) so that 6*(0) = n, 6*(1) = n + m. Thus,
¢e, is a homomorphism and therefore an isomorphism.

Proposition 4.1.16. If p: E — B is a covering and B is path-connected, then
for by, by € B there is a bijection p~1(by) — p~1(by).

Proof. Let 7y be a path in B from by to b; (which exists since B is path-
connected). Define the bijection f,: p~1(by) — p~1(b1) by eg > Fe, (1)-
It has the inverse (f,) ! = f5. O

Proposition 4.1.17. Let E be path connected, p: E — B a covering, and
p(eg) = bg. Then p: m1(E,eq) — m1(B,by) is injective. Further, if e is
changed to some other point ey € p~'(by), then the images under p, of the
groups 111(E, eq) and 1t1(E, e1) are conjugate in 1t1(B, by).
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50 TOPOLOGY LECTURE NOTES

Proof. Let 1,72 € m1(E, e9) with p«([71]) = p«([72]). Then poy ~
p © 72 by some homotopy F. By homotopy lifting (Theorem 4.1.10), we
have that (po71)e, ~ (P 072)e,, Which implies that 4 ~ 72, by the
uniqueness of lifts. Indeed, for i = 1,2, both ; and (E_o\?)e0 are lifts
of p o v; starting at ey, so they must coincide. Thus, p. is injective.

Now let e be a different point in the fiber of p over by. Let Hy =
p«m1(E, e9), Hi = p«m1(E,e1). We want to show these are conjugate
subgroups. First let § be a path in E from ej to e;. Then the following
diagram commutes:

m1(E, eo) AN 1 (B, by)

lb‘# l(l’w)#

m1(E, e1) ., m1(B, by)

Note that J4 is an isomorphism since E is path connected. So Hy and
(p 0 0)4H; are conjugate subgroups via [p o J]. O

Theorem 4.1.18. Let E be path-connected, p: E — B a covering map, by € B
and ey € p~1(bg). Let H := p.711(E,e0) < 711(B, by). Then:

(a) A closed path vy in B based at by lifts to a loop in E at eq if and only if
[v] € H.

() ¢ey: H\711(B,bo) — p~1(bo), [v] — e, (1) is a bijection. In particular,
#p~ ' (bo) = [m1(B, bo): p«m1(E, e0)]-

Proof. Part (a) is immediate. For (b), we first show that ¢, is well-
defined, i.e., if [0] € H, then ¢, ([0] - [v]) = e, ([7]). We have

9y ([6]- [7]) = ey (185 7) = (6% ey (1) = (B * T, (1)) (1)

= ’)/560(1) (1)

By part (a), since [J] € H, we have that ,(1) = ep. Thus, '7560(1)(1) =
Yeo (1) = e, ([7]), 5O ¢e, is well defined. From Theorem 4.1.13 we know
that ¢, is onto, so it remains to show that it is injective.

Suppose that ¢, ([71]) = ¢e,([72]). By definition, this means that
(71)eo(1) = (72)ey(1). Thus, (71)e, * (72)e, is a loop in E based at
eo, which in turn is a lift of y; *73. By (a), [y1 *72] € H. Finally,
[71] = [v1 * 72 * 2] = [71 *72] - [72])- Since [y1 * 2] € H, the cosets of
71 and 7, coincide. Thus, ¢, is injective. O

Theorem 4.1.19 (Lifting Lemma). Let E, B, Y be path-connected and locally
path-connected spaces.* Let p: E — B be a cover, by € B, eg € p~*(bp),
and f:Y — B a continuous map such that f(yo) = by. Then there exists

*Recall that a topological space X is lo-
cally path-connected if, for all x € X and
for all neighborhoods Uy of x, there ex-
ists a neighborhood V, which is path-
connected, contains x, and is contained
in U,.



alift f:Y — Eof f (e, po f = f) such that f(yo) = eg if and only if
f*ﬂl(Y/yO) C P*nl(E/EO)-

B (E,E())
H,f.-“w lp
(Yryo)‘i> (B, bo)

Proof. The “=" direction is clear from po f = f.

For the “«" direction, let y € Y, and we need to define f(y). Let
 be a path in Y from yo to y. Then f o« is a path in B starting at by.
Define f(y) = (F o )ey(1). We have (po /)(y) = po (For)e,(1) =
(fowa)(1) = f(y). Thus, f is a lift of f.

Next we need to show f is well defined (i.e., independent of «).
If B is another path in Y from yo to y, then ax B € m1(Y,y0), so

fo(axpB) € fumr1(Y,yo) C psxmt1(E, ep). It follows from Theorem 4.1.18

that (f o/(;c_*/ﬁ))eo is a loop at eg. Note that f o (a*B) = (foa)* (f o B).
Then we have
(f OE?B))EO = (fo“)fo * (foﬁ)(f/o\z;)eo(l) = (fo“)fo * (foﬁ)(ﬁ;)eo(l)

—

= (foa)eo*m

—_~—

This means that (fS&)eO (1) = (ffgz%)eo(l), hence the definition of f
does not depend on the choice of a.

It remains to show that f is continuous. Let y € Y, and let U be
a path connected evenly covered neighborhood of f(y) € B, which
exists by the locally path-connected assumption. Let V be the slice
in p~1(U) which contains f(y). By the continuity of f, there is some
path-connected neighborhood of y, say W, in Y such that f(W) C U.
Then f(W) C V (since f(W) is path-connected and contains f(y)) and
f|w = (p|v)~' o flw. Hence fis continuous on W. Continuity on Y
follows from local continuity just proved. O

Corollary g4.1.20. If Y is simply connected, then such a lift always exists.

Proposition 4.1.21 (Lift uniqueness). If Y is connected and fy, fo: Y — E
are two lifts as in the previous theorem (i.e., coinciding at yo € Y), then

fi=fa

Proof. Let A={y € Y| fi(y) = fo(y)} # @. We will show A =Y by
proving that A is both open and closed. Let y € Y, and let U be an
evenly covered neighborhood of f(y) in B. Then we have p~!(U) =
I_I“LNI,X such that p|aa: U, — Uis a homeomorphism. Let ljll, flz be

the slices containing f1(y) and f>(y), respectively. Since the f; are
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continuous, so there is a neighborhood N of y such that fi(N) c U
and fo(N) € Uy. If y ¢ A, we have fi(y) # f2(y), hence U; # Uy, so
Uy NU, = @. This means that fl # fz on N, so A is closed. On the
other hand, if f1(y) = f2(y), then U; = Uy, which implies that f; = f,
on N (since pfl =p f2 f, and p is injective on U, = Uy). Thus, A is
open. 0

4.2 Covering transformations

In this section, all spaces are assumed path-connected and locally path-
connected.

Definition 4.2.1. If p: E — B, p' : E' — B are coverings, a homomorphism
of coverings h : (E, p) — (E',p') is a continuous map h : E — E’ such that

ploh=p.

Definition 4.2.2. An isomorphism (or equivalence) of coverings is a homo-
morphism of coverings which is also a homeomorphism.

Theorem 4.2.3. Let p: E — B, p’ : E' — B be coverings of B with p(eg) =
p'(ey) = by € B. Then there is an equivalence of coverings h : E — E/,
h(ep) = e if and only if H = p.(m1(E,e)) and H' = pl (1 (E',¢f)) are
equal as subgroups:

(E',ep)

El/ lp/

(E,e0) —— (B,b)

Proof. “=": If h : E — E’ is an equivalence with h(ep) = ¢, then
he(m1(E,e0)) = mi(E,e)). Apply pl and, using p' oh = p, we get
H=H.

“«<”: Assume H = H’. Since H C H’, we get by the lifting lemma
that there exists i : (E,e9) — (E,e0) with h(eg) = e, p'oh = p.
Reversing the roles of p and p’, we get that H' C H implies the existence
of aliftk: (E',ey) — (E,eg) of p’ with pok = p’, k(ef) = ep. Consider

the diagram:
E 60
& |

(E 60 B bo

Since po (koh) = (pok)oh = p' oh = p. we have that ko h and idg
are lifts of p that agree at ¢p so, by the uniqueness of lifts, ko h = idf.
By similar reasoning on p’, we get that h o k = idp:. O

Proposition 4.2.4. If h,k : (E,p) — (E', p") are homomorphisms of cover-
ings p, p’ of B such that h(e) = k(e) for some e € E, then h = k.



Proof. Consider the set A = {e € E | h(e) = k(e)}. It is easy to see that
A is both open and closed, hence it is all of E. O

Remark 4.2.5. If E = E' and p = p/, an equivalence of p interchanges
points in the fiber over each b € B. Such a self-equivalence is called an
automorphism of (E, p), or a deck transformation.

Definition 4.2.6. The deck transformations form a group under composition
of maps, called the deck group of (E, p), and denoted D(E, p).

Corollary 4.2.7. If p : E — B is a covering and p(e1) = p(ez), then there is
h € D(E, p) with h(ey) = ey if and only if p. 1 (E, el) p«1t1(E, €2).

Corollary 4.2.8. If h € D(E, p) so that h(x) = x for some x € E, then
h = idg.

Theorem 4.2.9 (Main Theorem). Let p : E — Band p’' : E' — B be
covering maps. Let p(eg) = p'(e{) = bo. The covering maps p and p’
are equivalent if and only if the subgroups H = p.m1(E,e0) and H =
plmi(E',e}) are conjugate in 711 (B, by).

Proof. “=": Assume we have an equivalence  : E — E’, and let
h(ey) = eg By the previous theorem, H = p* m1(E, ep) equals H” =
p.11(E',€})). By changing ¢l to any ¢ € p'~ ' (by) we know that H” is
conjugate to H' = p/,mr1(E’, ¢})). So H and H’ are conjugate.

<" IF H = p,m(E,e9) and H' = p, 1 (E',¢)) are conjugate, we
need the following

Lemma g4.2.10. Let p : E — B be a covering, p(eg) = by, and H =
p«11(E, eg). Given any subgroup K C 7t1(B, by) conjugate to H, there is an
e1 € p~Y(bg) such that K = Hy = p.mt1(E, eq).

Proof. K, H are conjugate in 711(B, by), so there is a loop « at by in B
such that H = [a] - K- [a] L. Let &, be a lift to E of « under p, starting at
eo, let e = &gy (1). Then H = [po@&e,] - Hy - [po@&e,] . So K=H;. O

Using lemma, there is ¢; € p~1(bg) such that p,m;(E,e)) = H' =
p«m1(E, e1). By the lifting property, there is an equivalence h : E — E’.
O

Definition 4.2.11. A covering p : E — B is called a universal covering map
if E is simply connected. In this case, E is called a universal cover of B.

Corollary 4.2.12. If a universal cover of B exists, it is unique up to equiv-
alence of coverings, since the conjugacy class of the trivial subgroup in any
group has only one element.
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Example 4.2.13. Let B be the Mobius band, with 711 (B) = Z. Conjugacy
classes of subgroups of Z are given by nZ for n € IN. An even integer n
yields an n-fold covering of B by the cylinder S! x I with (z,t) — (2", 1).
An odd 7 yields an n-fold covering of B by the Mébius band under the
same map.

4.3 Universal Covering Spaces

We would like to understand when does a path connected, locally path
connected space B have a universal cover?

Definition 4.3.1. A topological space B is called semi-locally simply connected
if, for any b € B, there is a neighborhood Uy of b such that the inclusion
i : U, — B induces a trivial homomrophism i, : 111 (Uy, b) — m1(B, D).

Example 4.3.2. If B is simply-connected, then B is semi-locally simply
connected.

In this section, we discuss the following:

Theorem 4.3.3. A topological space B has a universal cover if and only if B
is path connected, locally path connected and semi-locally simply connected.

The proof of “=" of Theorem 4.3.3 follows from the following.

Proposition 4.3.4. Let p : E — B be a covering map, p(ey) = bg. Assume
E is simply-connected. Then there exists a neighborhood U of by such that
the inclusion i : U — B induces a trivial homomorphism i, : 71 (U, by) —
71(B, bo).

Proof. Let U be an evenly covered neighborhood of by and let U be
the slice of p~!(U) containing ey. Let f be a loop in U at by. Since
Plg: 0 — U is a homeomorphism, f lifts to a loop f in U at €. Since E
is simply-connected, there is a path homotopy F from f to the constant
loop in E at ey. Then po F is a homotopy in B from po f = f to the
constant loop in B at by. O

The proof of “<=" of Theorem 4.3.3 follows from the following.

Theorem 4.3.5. Let B be path connected, locally path connected and semi-
locally simply connected. Let by € B and H C (B, by) a subgroup.
Then there is a covering p : E — B and a point eg € p~'(by) such that
p«m1(E, e9) = H.

Sketch of proof. Let P be the set of all paths in B starting at by. Define
an equivalence relation on P by a ~ B if (1) = B(1) and [x % f] € H.
Let &* be the equivalence class of « € P. Let

E={a"|acP}



Define p : E — B by p : a* — a(1). Then p is surjective since B is
path-connected. It remains to topologize E so that p becomes a covering
map. (Details are left as an exercise.) O

Example 4.3.6. The infinite earring has no universal cover, since it is
not semi-locally simply connected. The infinite earring is the space

X=JCn

n>1

where C,, is the circle of center (1/1,0) and radius % We claim that

If U is any neighborhood of 0 € X, then i, : 71 (U,0) — m1(X,0) is
nontrivial. Indeed, given n, there is a retraction r : X — C,, defined

by mapping each circle C; (i # n) to zero, and as the identity on C,.

Choose n large enough so that C, C U, and consider the following
diagram with the induced homomorphisms on fundamental groups.

Cp —1 = X m1(Cp, 0) — 711(X,0)
\ ! \ g
m (U, 0)

Since 14 0 jx = idz, we get that j, is injective. From j, = ik, we
deduce that i, cannot be trivial.

4.4 Group actions and covering maps

All spaces are again path connected and locally path connected.
Theorem 4.4.1. If p : E — B is a cover with
H = p.m(Ee) C mi(B, ple)),
then
D(E,p) ¥ N(H)/H,

where N(H) = {g € m(B,p(e)) | gHg™' = H} is the normalizer of H.
(Recall that N(H) is the largest subgroup of G which contains H as a normal
subgroup.)

COVERING SPACES
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Sketch of proof. Recall that
9o - Hpir(B, p(e)) — F:=p~(p(e))
is a bijection. Define a map
Yo : D(E,p) = F, e(h) = h(e).

Since each h € D(E, p) is uniquely determined by its value on e, it
follows that 1, is injective. The assertion follows from the following
two fact, which are not proved here:

(i) Im(ye) = ¢ (N(H)/H).
(i) ¢ 'o.: D(E,p) — N(H)/H is a group isomorphism.

Corollary g4.4.2. If m1(E,e) = 0, then D(E, p) = m1(B, p(e)).
Definition 4.4.3. A covering p : E — B is called regular if p.7t1(E, e) is a
normal subgroup of 7t1(B, p(e)), for any e € E.

Example 4.4.4. If 7t1(B) is abelian, any covering of B is regular.

Proposition 4.4.5. A covering p : E — B is reqular if and only if the deck
group D(E, p) acts transitively on the fibers of p, that is, for all e1,e; € E
with p(e1) = p(ex) = b € B, there exists h € D(E, p) such that h(e) = ej.

Proof. “<=" If ey,e; € p~(b) with h € D(E, p) such that h(e;) = e,
then p.71(E,e;) = p«m1(E, e2) which is conjugate to p.ri(E,e1), so
p«m1(E,e1) < m1(B,b). O

Corollary 4.4.6. If p : E — B is reqular, then
D(E’ p) = 7T](B, P(E))/P*nl(E,E)

Remark 4.4.7. The universal cover p : E — B of B is regular (since the
trivial subgroup is normal) and D(E, p) = 7r1(B) acts transitively on
each fiber of p. Hence E/D(E,p) = E/m(B) = B.

Example 4.4.8. Let p : R — S! be the covering t — exp(27rit). We have
that

DR,p)={t—t+n|neZ}=22Z.
Example 4.4.9. Consider the covering R?> — T2 defined as p x p and p
as in the previous example. The deck group is in this case

{(t,s) = (t+n,s+m) | nmeZ} =272

Example 4.4.10. Let p : S> — RP? be the covering defined by the
antipodal identification. Then D(RR, p) = {+id} since 711 (RP?) = Z /2
is abelian.



Let X be a topological space, and G a subgroup of Homeo(X),
the group of homeomorphisms of X. Then G acts on X, i.e., there
is a continuous map G x X — X given by (g,x) — g-x = g(x).
Let [x] = {gx | § € G} be the orbit of x. Consider the orbit space
X/G:={[x] | x € X}.

Example 4.4.11. Consider the cylinder X = S x [0,1]. Let h,k: X — X
be homeomorphisms defined by h(x,t) = (—x,t), k(x,t) = (—x,1 —t).
Obviously, h, k are elements of order two in the group Homeo(X). Let
G1 = (h) and G, = (k). It is easy to see that X/G; = X, while X/G; is
a Mobius band.

Definition 4.4.12. Say that G acts freely on X if whenever g-x = x for
some x € X, we have g = eg, the identity element of G.

Definition 4.4.13. The group G acts properly discontinuous on X if for any
x € X, there is an open neighborhood Uy of x such that gU, N Uy, = @ for
all g # eg. (Hence, gUy NhUy =Qifh # g€ G.)

Proposition 4.4.14. If X is Hausdorff and G is a finite group of homeomor-
phisms of X acting freely on X, the action of G is properly discontinuous.

The main result of this section is the following.

Theorem 4.4.15. Let X be a path-connected, locally path-connected topologi-
cal space, and G < Homeo(X). Then 1t : X — X/ G is a covering if and only
if G acts properly discontinuous on X. Moreover, if this is the case, the deck
group D(X, 1) of the covering is isomorphic to G and the covering is reqular.

Proof. We first show that 7 is an open map. Let U C X be open and
show that 77(U) is open in X/G. Since X/G has the quotient topology,
7(U) is open in X/G if and only if 7~1(7r(U)) is open in X. By the
definition of 71, we have

nHr(u) = | su
geG

Since each g € G is a homeomorphism of X, gl C X is open for every
g, so t~1(mr(U)) is open in X.

We now prove the “<«” direction. Assume G acts properly discon-
tinuous (p.d.) on X, and show that 7t is a covering map.

For x € X, let U be a neighborhood of x such that gU NU = @ for
all ¢ # eg. We claim that 77(U) is an evenly covered neighborhood of
[x] € X/G. Indeed,

o 1l (n(U)) = Ugec U, and all {gU},cc are disjoint open sets in X.

* 7t|gy : gU — m(U) is a homeomorphism. Indeed, 7t|¢; continuous,

open, and it is clearly onto. Moreover, if 7(gx1) = m(gx2) for

x1,% € U, then there is ¢’ € G with g'gx; = gxp, or g7 1¢'gx1 = xo.
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But since (U NU = @ for all h # eg, one must have that ¢~'¢’¢ = e,
or ¢ = eg. In particular, gx; = gxp, thus proving the injectivity of

ﬂ‘gu.

To prove the “=-" direction, assume that 7t is a covering map, and
show that the action of G on X is p.d.

Let x € X be arbitrary, and let Vy be a neighborhood of [x] = 7t(x)
which is evenly covered by 7. In particular, 7~ 1(Vy) = |, Uy, with
7T|u, : Uy — Vi a homeomorphism, for any a. Let U, be the “slice”
containing x. We claim that for any g # eg, we have gU, N U, = @. If
not, there is y € gU, N U,, hence y, g’ly € U, are distinct. But since
[y] = [¢~'y], this contradicts the injectivity of 7|y, . Hence G acts p.d.

on X.

Finally, we show that if 77 is a covering map, then G is its deck group
and 7 is regular.

First, any ¢ € G is a homeomorphism of X and mog = m, so
G C D(X, rt). Conversely, if h € D(X, r) with h(x;) = xp, then since
moh = 1t we get that 7t(x1) = 7t(x7). In particular, there is ¢ € G such
that gx; = xp. Since g is also a covering transformation and # and g
agree on x1, we have by uniqueness that h = g € G.

The covering 7 is regular since G acts transitively on the fibers
of 7. Indeed, if x1,x; € 7w~ 1([x]), then [x;] = [x2], hence there is
g € G =D(X, m) with gx; = x,. O

Corollary 4.4.16. If X is simply connected and G acts properly discontinu-
ously on X, then m1(X/G) = G.

Example 4.4.17. If G is finite and acts freely on X, and X is Hausdorff,
then we know by Proposition 4.4.14 that G acts properly discontinuous,
so m: X — X /G is a covering with D(X, ) = G.

The following two results are left as exercises.

Proposition 4.4.18. If p: E — B is a cover (not necessarily reqular), then
D(E, p) acts properly discontinuous on E.

Proposition 4.4.19. Any reqular cover of B is of the form E/G, where E is
the universal cover of B and G acts properly discontinuous on E.

We conclude this chapter with some computations that follow easily
from the above results.

Example 4.4.20. The action of Z? on R? by translation (Example 4.4.9)
is properly discontinuous. So since R?/Z? = T2, we have that R? is a
universal cover of T? and 711 (T?) = Z2.

Example 4.4.21. The action of Z on R? by no (x,y) = (n+ x,y) is
also properly discontinuous. The quotient space, R?/Z is an infinite



cylinder, S1 X IR. Thus we have that R? is the universal cover of S! x R,
and the fundamental groups of the cylinder is Z.

Example 4.4.22. The action of Z on R? by no (x,y) = (n+x, (—1)"y) is
again properly discontinuous. The quotient space, R?/Z is the Mobius
band, which makes R? the universal cover of the Mobius band and the
fundamental group of the Mobius band is Z.

Example 4.4.23. This example focuses on spaces called lens spaces.
Regard S?**! as a subspace of C"*! in the usual way. Let Z/q C
C* be the g-th roots of unity. Define an action of Z/q on S?**! by
¢o(z1,...,2n11) = (€21,82y,...,8+ 2, 1). This action is free if and
only if ged(r;,q) = 1, for all i. Assume this is the case, and define

L(p;ra,13,...,tas1) = S /2 /4.
Since the action of Z/ g is free, we have that
7S L(pir, . Tagt)

is a covering map with D(S*'*1, 1) = Z/q. Since, for n > 1, S+ is
simply-connected, it is a universal cover of L(p;r2,73,...,"y4+1), SO in
particular 71y (L(p; o, ..., 141)) = Z/9.

Exercises

1. Show that the map p : S' — S!, p(z) = 2" is a covering. (Here we
represent S! as the set of complex numbers z of absolute value 1.)

2. Let p : E — B be a covering map, with E path connected. Show that
if B is simply-connected, then p is a homeomorphism.

3.

1. Show that if n > 1 then any continuous map f : S — S! is nullho-
motopic.

2. Show that any continuous map f : RIP?> — S! is nullhomotopic.

1. Classify all coverings of the M&bius strip up to equivalence.

2. Show that every covering of the Mobius strip is homeomorphic to
either R?, S! x R or the Mdbius strip itself.

1. Show that the torus T2 is a two-fold cover of the Klein bottle.
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2. Is it possible to realize the Klein bottle as a two-fold cover of itself?

3. Find the universal cover of the Klein bottle.

6. Let p : E — B be a covering map with E simply-connected. Show that
given any covering map r : Y — B, there is a covering map g : E = Y
such thatrog = p.

7. Show that if G is a finite group with a fixed-point free action on a
Hausdorff space X, the quotient map p : X — X/G is a covering.

8. Let Zg act on S3 = {(z,w) € C?, |z|> + |w]*> = 1} via (z,w) —
(ez,ew) , where € is a primitive sixth root of unity. Denote by L the
quotient space S%/Z.

1. What is the fundamental group of L?
2. Describe all coverings of L.

3. Show that any continuous map L — S! is nullhomotopic.



5
Homology

5.1 Singular Homology

Definition 5.1.1. The standard n-simplex is the set

n
A" = {(to,...,tn) ER™ | Y =1 2>0, Vi},
i=0

i.e., the convex span of the standard basis of R" 1.

Definition 5.1.2. An n-simplex is the convex span in R™ of n 4 1 points,
vo,..., Uy that do not lie in a hyperplane of dimension less than n (i.e.,
U] — 0o, ..., 0y — U are linearly independent).

Given n + 1 vectors vy, ..., v, as in the definition of the n-simplex,
we write [0y, ..., v,] for the n-simplex that they generate, and we call
the v;’s the vertices.

Note that there is a canonical linear homeomorphism from A" to any
n-simplex [vy, ..., v,] defined by:

n
A — [Z)Q,...,Un], (to,...,tn) — Ztivi.
i=0

If we delete one vertex from the n-simplex [vy, ..., v,], the remaining
n vertices span a (n — 1)-simplex, called a face of [vy, . ..,v,]. The union
of all faces is called the boundary of [vy,...,v,]. We denote faces by
[vo,---,0i,--.,0n], i =0,...,n, where 7; indicates that v; is a deleted
vertex.

Definition 5.1.3. A singular n-simplex in a space X is a continuous map
c: A" — X.

We use the word “singular” because the image of such a map can
have “singularities”.
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Let C,(X) be the free abelian group with basis the singular n-
simplices in X, i.e.,

Cu(X) = {Zniai |nj€eZ,0,: A" - X continuous},
i

where each formal sum } ; n;0; is finite, i.e., all but finitely many #»; are
zero. We call an element of C,(X) an n-chain in X.
We define boundary maps

9 : Cn(X) = Cp1(X)

as follows. Since C,(X) is the free abelian group on the singular
n-simplices of X, it suffices to define the map d,, on the singular »n-
simplices, and then extend by linearity to all of C,,(X). If 0 : A" — X is
such an n-simplex, we set

n .
an(a) = Z(_1)10|[vo,...,ﬁ,v,...vn]'
i=0
A crucial lemma, whose proof is by a direct calculation using the
definition, is the following.

Lemma 5.1.4. For every n, we have that d, 0 9,41 = 0.
We often abbreviate the above fact as 8> = 0.

Definition 5.1.5. We call Co(X) = (Cy(X),0n),cp the singular chain
complex of X.

Note that both Im(9,,11) and ker(9d,) are subgroups of the abelian
group C,(X). The above lemma yields that Im(9,,41) is a subgroup of
ker(d,,). Hence we can make the following.

Definition 5.1.6. The n-th singular homology group of X is defined by:
Hp(X) :=ker(9,)/ Im(941).

It is clear by definition that H,(X) is a homeomorphism invariant.
Moreover, as we will see later, homology is in fact a homotopy invariant.

Definition 5.1.7. We introduce the following notations:
(i) Z, := ker(0y) is the group of n-cycles.
(ii) By :=1Im(0,41) is the group of n-boundaries.

We next prove some immediate consequences of the definition of
homology.

Proposition 5.1.8. Let xq be a point. Then,

Hiy (x0) = {Z, n=20

0, n>0.



Proof. For every n, there is a unique map o, : A" — xp. So Cy(xp) is
the free abelian group generated by oy, hence it is isomorphic to Z.
Now,

O (on) = Z(_l)i%—l =

L 0, n is odd
i=0

0,_1, niseven,n #0.
So we get the chain complex:
Sz z572%7 50
Taking homology of this complex yields the desired result. O

Proposition 5.1.9. Suppose X is a space and (X ),c 4 are the path connected
components of X. Then, H,(X) = €D Hy(Xa).

x€A
Proof. Since A" is path connected and an n-simplex o : A" — X is a
continuous map, we have that Im(¢) C X, for some a. Therefore, we
get a decomposition

Cu(X) = @ Cu(Xa).

The boundary maps preserve this decomposition, i.e., 9(Cy(Xy)) C
Cy—1(Xa). Hence ker(9d,) and Im(9,,;1) split similarly as direct sums
and the result follows. O

Proposition 5.1.10. If X # @ is path connected, then Hy(X) = Z. More
generally, Hy(X) = @, Z, where X = U, Xy is the union of X into its path
connected components.

Proof. From

(>3]

C(X) % co(x) 20

and dyg = 0, we get that Hy(X) = Co(X)/ Im(91). Define the augmenta-
tion map

GICO(X) — Z

Zni(Ti g Zni
i i

The map ¢ is clearly onto. We claim that if X is path connected then
ker(e) = Im(97). This will then imply that Hy(X) = Z.

Let o : A! — X be a singular 1-simplex. Then, €(d;(c)) = €070, —
Ofp]) = 1 =1 = 0. Therefore, Im(d1) C ker(e). Next, suppose that
e(X;nio;) =0, 1i.e., Y ;n; = 0. Here, the 0;’s are singular 0-simplices, i.e.,
points of X. Let xy be a basepoint in X and let oy be the corresponding
0-simplex with image xo = 0p(vp). Since X is path connected, for every
i, there exists a continuous path 7; : I — X from x to 0;(vg). The unit
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interval [ is Al. So, we can regard 7; € C;(X) and 91(T;) = 0; — 0.
Hence,

al(Z”iTi) =Y njo; =Y njog=Y_nijo; — (Zm) oo = Y_nio;,
i i i i i i
which shows that ker(e) C Im(dq). 0O

Definition 5.1.11. The reduced homology groups of X, Hy, (X) are the homol-
ogy groups of the augmented chain complex of X defined as:

s o) B X)) B o) Sz o,
where € is the augmentation map defined in Proposition 5.1.10, €(}; n;0;) =
Yinj.

The above complex is a chain complex since, as shown above, we
have € 0 d; = 0. Moreover, this formula also shows that € induces an
onto map Co(X)/Im(d;) = Ho(X) — Z with kernel Hy(X). Therefore,

Hy(X) = Hy(X)® Z

and it is clear that for n > 1, we have that H,(X) = PNIn(X) So one
does not get any new information from the reduced homology groups,
but they allow one to state results in a cleaner way. For example, if xg
is a point, then the previous proposition can be restated as Hy(xo) = 0
for all n.

5.2 Homotopy Invariance

In this section we show that the homology groups are homotopy invari-
ants.

Let f : X — Y be a continuous map. Then, we have an induced
homomorphism
defined by fx(Y_n;0;) = Y n;(f o 0y).
Lemma 5.2.1. f3 is a chain map, i.e., {40, = Oy, f4.
Proof. It suffices to show that this equality holds for a singular 7 sim-
plex .

6000 = fo( D)

i

= Z(_l)if © a|[vg,...,17,»,...,vn]

=0n(foo)
= Oufu(0)



Hence we have a diagram, such that each square commutes:

an anf
T Cn+1(X) Cn(X) — Cn—l(X) —1>

|5 |5 |5

an+1

EM o O
S Cn+1(Y> —+1> Cn(Y> — Cnfl(Y) —]>
Corollary 5.2.2. f4 takes n-cycles to n-cycles.
Proof. 1f 9,(0) =0, then 0,,(f4(0)) = f4(9n(c)) = f4(0) = 0. O

Corollary 5.2.3. f4 takes boundaries to boundaries.

Proof. Suppose 0 = 9;,41(17). Then

fu(0) = f#(0n11(n)) = Onya (fu (1))

Therefore, we get the following corollary.

Corollary 5.2.4. The map f : X — Y induces a homomorphism f, :
Hy(X) — Hu(Y) for every n.

More generally, a chain map between chain complexes induces ho-
momorphisms between the homology groups of the two complexes.
From the properties of the map f3, we get the following proposition.

Proposition 5.2.5.(a) If X 5y Ly Zare maps, then (f 0 Q)x = fx 0 s

We are ready to state our main theorem.

Theorem 5.2.6. If f,g: X — Y are homotopic maps, then they induce the
same homomorphisms f, = g : Hy(X) — Hy(Y) for every n.

Before proving the theorem, let us state some important conse-
quences (deduced using Proposition 5.2.5):

Corollary 5.2.7. If f : X — Y is a homotopy equivalence, then f, :
Hy(X) — Hu(Y) are isomorphisms for every n.

Corollary 5.2.8. If X is contractible, then H,(X) = 0 for every n.

Proof of Theorem 5.2.6. Let F : X x I — Y be the homotopy between f
and g. We will define an operator P : C,,(X) — C,11(Y), called a prism
operator, such that

OP +Po =gy — f (%)

Once defined, this will then show that gy and f# have the same effect on
homology. For, if & € C,(X), is a cycle, then by (%), we get that gx(a) —
fu(a) = 0P(a) + Po(w) = 0P (). Since fy and g4 differ by a boundary,
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they are homologous, so when quotient out by the boundaries, we get
that f.([a]) = g«([¢]) in homology.

It suffices to define P(¢), for o : A" — X a singular n-simplex, and
then we can extend P by linearity. We have the following maps:

id
AT w1 By

In order to define P(c), the idea is to divide A" x I into a linear
combination of (n + 1)-simplices.

For example, the following picture shows how to divide A! x I into
two 2-simplices. If we let [vg, v1] be the simplex A! x {0}, and we let
[wo, w1] be the simplex at Al x {1}, then we can write A! x I as the
union [vg, wo, w1] U [vg, v1, w1].

wo w1

(4] 01

The following picture shows shows how to divide A? x I into three
3-simplices. If we let [vg, v, v2] be the simplex A% x {0}, and we let
[wo, w1, w7 be the simplex at A? x {1}, then A? x I can be written as
the union [vg, wo, w1, wa) U [vg, v1, w1, wo] U [vg, v1, 02, w3].

w?

wo ’/ ' wq

~

~

(%] 01

It is an instructive exercise for the reader to show that

n

A" x I =lwo,..., 0w ..., wy),
i=0



where we let A" x {0} = [vg,...,v4], A" X {1} = [wy, ..., wy], with v;
and w; having the same image under the projection A" x [ — A™.
We define

n

P(U) = Z(:J(—I)ZFO (‘7/ id)|[vo,4..,vl-,wi,...,wn]
i=
As we discussed earlier, if we can just show that (%) holds, we're
done. We will sketch the proof of this fact below. We will see that
0P corresponds to the boundary of the prism, g4 corresponds to the
top of the prism, f4 corresponds to the bottom of the prism, and Pd
corresponds to the sides of the prism.

aP(c) = Y. (=1Y(-1)'Fo(c,id)

0<j<i<n

+ 2 (_1)j+1(_1)lpo (‘Tr id)|[vg,.‘.,vl-,wl-,...,z/v\]-,...,wn]
0<i<j<n

‘ [0+, 0} o020 Wi e W)

The terms with i = j in the two sums cancel, except for

Fo (o, id)\[@,wo,...,wn] =goo =gu(0)

and
—Fo (0,id)|,,.onm) = —f o0 = —f4(0).
The terms with i # j in the sum for dP(c) are exactly —Pd(0). O

A map P which satisfies property (%) is called a chain homotopy
between gy and f3.

More generally, if (C,,ds) and (D.,ds) are two chain complexes
with two chain maps i,k : Co — D, such that there exists a map (i.e.,
chain homotopy) P : C;, — D, satisfying Pd 4+ 0P = h — k, then it
follows as in the above proof that # and k induce the same map on
homology. The chain homotopy condition says that the two ways of
going around the parallelogram from C, to D,, add up to h — k.

: ” Dn+l > Dn ” anl >

n+1 n—1 >

5.3 Homology of a pair
Given a space X and a subspace A C X, define

Cu(X, A) 1= Cn(X)/Cu(A),
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called the set of relative n-chains. Since d : C,,(X) — C,_1(X) takes
Cu(A) to Cy_1(A), we get induced boundary maps 9 : Cy(X,A) —
Cn_1(X, A). Since 9> = 0 on C,,(X), we have that 3> = 0 on C,(X, A).
Therefore, we get a chain complex (Co(X, A), ds ), whose homology is
called the relative homology of the pair (X, A), and is denoted H, (X, A).
Then, the natural question to ask is, how does the homology of the pair
(X, A) relate to the homology of X and the homology of A.

This question is addressed by the following general construction. Let

0— A 5By L Co =0

be a short exact sequence of chain complexes. This means that we have
the following diagram, where every square commutes.

0 At Byyr — Cpyp —— 0
E b b

0 Ay —~ B, —L ¢, 0
[ b b

0 Ay q — B, 15 Cy ——0

For every n, we have homomorphisms
Ha(Ad) 2 Hy(Bo) 25 Hy(Co).

We are going to define a map 9 : H,(C,) — H,_1(A,), called a connect-
ing homomorphism.

Let ¢ € C, be a cycle representative for « € H,(C,). Then, since
j is surjective, there exists b € B, such that ¢ = j(b). Therefore, we
have that d(b) € B,_1. By the commutativity of the diagram, we know
that j(d(b)) = 9(j(b)) = 9(c) = 0, since c is a cycle. Therefore, d(b) €
kerj = Im i. So, there exists a (unique, since i is injective) a2 € A,_;
with d(b) = i(a). We show that a is a cycle. Since i(d(a)) = d(i(a)) =
d(d(b)) = 0, and since i is injective, this implies that d(a) = 0. Finally,
we define d(«) = [a] € H,_1(A), which is clearly a homomorphism.

We made a lot of choices in the above construction, so we have to
show that this assigment is independent of all choices.

(i) First, a is uniquely determined by d(b), since i is injective.



(ii) Next, suppose we choose b’ € By, such that j(b’) = c. Then, ' — b €
kerj = Im i. So, there exists a' € A, such that b’ —b = i(a).
Therefore,

So we see that changing b to b’ amounts to changing 2 by a homolo-
gous cycle a + d(a’). In particular, [a] = [a +9(a’)].

(iii) Finally, suppose we choose a different representative for the class
[a]. So, if instead of ¢ we use ¢ + 9(c’) for some ¢’ € C,,41. But then,
¢ =j(V') for some b’ € B, ;1. So,

c+a(c) =c+a(j(t))
=c+j((b))
= j(b+a(b"))

So then, b will be replaced by b+ 9(b'), which leaves 0(b) unchanged,
hence a unchanged.

One can use the connecting homomorphism 0 just defined to prove
the following statement.

Theorem 5.3.1. The sequence

o= Hy(Ad) 2 Hy(Ba) 2 Ho(C) D Hyo1(Ad) — - -
is exact.

Proof. This is a routine check. We will show exactness of this diagram
at the step H,(C,) LN H,_1(As) = H,_1(Bs). The other two steps are
exercises for the reader.

1. Im 0 C keri,: for a as in the definition of 9, we have: i.(d(«a)) =

ix([a]) = [9(b)] = O.

2. keri, CImo: leta € A, 1 withd(a) =0and i([a]) =0 € H,_1(Be).
Then, i(a) = 9(b) for some b € B,. But then, d(j(b)) = j(o(b)) =
j(i(a)) = 0, since joi = 0. Thus, j(b) is a cycle. From the construction
of the connecting homomorphism, we have that [a] = o([j(b)]). Thus,
[a] € Imo.

O
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Let f : (X,A) — (Y,B) beamap f : X — Y such that f(A) C B.
Then f induces f3 : Cy(X) — Cy(Y) so that fx(Cy(A)) C Cu(B) for all
n. So we get an induced homomorphism f; : C,(X, A) — Cu(Y, B).
Because fyd = df3 on C,(X), it also holds for the induced maps on the
quotients. Therefore we get induced homomorphisms on homology
fv : Hy(X, A) — Hy(Y, B) for all n.

From the definition of relative chains, one also has that C,(X,?) =
Cu(X). So, let (X, A) be a pair of spaces with A C X. Therefore, we
have a short exact sequence of chain complexes coming from natural
maps on the level of topological spaces:

0= Ce(A) = Co(X) = Ca(X,A) =0

The previous result then yields the following theorem.

Theorem 5.3.2. Let X be a topological space and let A be a subspace of X.
Then, there is a long exact sequence:

<o+ = Hy(A) = Hpy(X) = Hy(X,A) —» Hy, 1 (A) — -

We list below a few more consequences of Theorem 5.3.1.

There is a long exact sequence for the reduced homology of a pair
(X, A). This is associated to the “augmented” short exact sequence for
(X, A):

Corollary 5.3.3. There is a long exact sequence for reduced homology of a
pair (X, A):

oo — Hy(A) — Hy(X) — Hp(X,A) — H,_1(A) — - -

Remark 5.3.4. In particular, if xyp € X, the long exact sequence for
reduced homology of the pair (X, xg) yields:

H,(X) = H,(X, x0)

for all n.

Corollary 5.3.5. There is a long exact sequence for homology of a triple
(X,A,B), where BC A C X:

-+-— H,(A,B) — Hu(X,B) — Hy(X,A) — H,_1(A,B) — - --



Proof. Start with the short short exact sequence of chain complexes
0——Ci(A,B) ——= Cy(X,B) ——= C.(X,A) —— 0

where maps are induced by inclusions of pairs. Take the associated
long exact sequence for homology. O

We next discuss properties of homology of pairs of spaces.

Proposition 5.3.6. If f,g: (X, A) — (Y, B) are homotopic through maps of
pairs (X, A) — (Y, B), then f. = g : Hy(X, A) — Hy(Y, B) for all n.

Proof. The prism operator P : C,(X) — C,41(Y), which satisfies
oOP + Po = gy — f4, takes C,(A) into C,,1(B) by construction. So we
get a prism operator on quotients P : C,(X, A) — C,41(Y, B) which
satisfies 0P + P = g4 — fy on C,,(X, A). Hence fy and g4 have the same
effect on H,(X, A) for all n. Thatis, f. = g« : Hy(X,A) — H,(Y,B)
for all n. O

Theorem 5.3.7 (Excision Theorem). Given subspaces Z C A C X so that
Z C int(A), the inclusion (X \ Z, A\ Z) — (X, A) induces isomorphisms
Ha(X\ Z,A\ Z) = H,(X,A) for all n. Equivalently, if A,B C X are
such that X = int(A) Uint(B), the inclusion (B, AN B) — (X, A) induces
isomorphisms Hy,(B, AN B) = H, (X, A) for all n.

Remark 5.3.8. To see that the two statements of the Excision Theorem
are equivalent, just take B= X\ Z (or Z = X\ B). Then ANB = A\ Z,
and the condition Z C int(A) is equivalent to X = int(A) U int(B).

Proof of Excision Theorem (Sketch). Given a topological space X, let U =
{U;}; be a collection of subspaces of X whose interiors cover X. Let

CU(X) = {ZM njo; | m € Zo,n; € Z,0; € Cu(X),
such that Vi, 3j with ¢;(A") C U;}.

Then CY(X) < C,(X). Furthermore, 9, : C,(X) — C,_1(X) induces

boundary maps 9, on C¥(X) satisying 3> = 0. So we get a chain

complex (C¥(X),d.) whose nth homology group is denoted by HY (X).
By subdividing simplices in X, it can be shown that the map

H{ (X) = Hy(X)

induced by the inclusion is an isomorphism for all n. In fact, the
inclusion i : C%(X) — C,(X) is a chain homotopy equivalence. That is,
there exists a chain map p : C,(X) — CY%(X) such that ip and pi (the
latter of which is precisely the identity map) are both chain homotopic
to the identity map. So there exists P : C;,(X) — C,+1(X) such that
o0P + Po = id — ip.
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In the case of the Excision Theorem, we take Y = {A, B}, and
we let C,(A + B) denote C¥(X). Every operator appearing in P +
P9 = id — ip takes chains in A to chains in A, so we can factor out
the chains in A to conclude that the inclusions C,(A + B)/Cn(A) —
Cu(X)/Cu(A) = Cu(X,A) also induce isomorphisms on homology.
But the map C,(B,ANB) = Cy4(B)/Cy(ANB) — Cy(A+B)/Cyn(A)
induced by the inclusion is also an isomorphism since both quotient
groups are free with basis the singular n-simplices in B that do not lie
in A. Combining these statements, we obtain the desired isomorphisms

H,(B,ANB) = H,(X, A)
induced by inclusion. O

We will next discuss some applications of excision.

The first such application is the Suspension Theorem for homology.
For a space X, define its suspension £X to be the quotient of X x [—1,1]
obtained by identifying X x {—1} to one point and X x {1} to another
point. For example, if X = S”, then 2X = sntl,

¥5l >~ g2

Theorem 5.3.9 (Suspension Theorem). Let X be a topological space , with
suspension ~.X. There are isomorphisms

H;(X) = H;1(2X), forall i > 0.

Proof of Suspension Theorem. Let 7t : X x [—1,1] — XX be the quotient
map. Let 2, X = 71 (X x [—%,1]), letL_X =7 (X x [~1, i]), let S =
(X x {—1}), and let N = 71 (X x {1}). Then we have the following:

1. Hi(ZX) = H;(ZX, ).

2. H;(XX,S) = H;(XX,2_X). This can be seen in two ways:

Figure 5.1: Suspension of the circle S! is
homeomorphic to S?



(a) We observe that ©_ X deformation retracts to S and apply homo-
topy invariance for the homology of a pair.

(b) H;(X-X,S) = 0 by the long exact sequence for reduced homology
of the pair (£_X,S). Then the long exact sequence for homology
of the triple (£X,X_X, S) gives the desired isomorphism.

3. Hi(2X,X_X) = H;(X4+ X, X). This follows by excising int(X_X) and
using homotopy invariance for the homology of a pair.

4. Hi(Z:X,X) = H;_1(X) by applying the long exact sequence for
reduced homology of the pair (£, X, X) and the fact that £, X is
contractible.

O

Z, i=n

Corollary 5.3.10. H;(S") = { 0, iz
, iF#n.

Proof. We use induction on n > 0. Hy(S?) = Z because S¥ is two
points. For i > 0, H;(8°) = H;(S%) = H;({-1}) ® H;({1}) = 0. So
the statement holds for S0. Assume it holds for §". If i = 0, we know
H;(S"*1) 22 0 because S"*! is connected. If i > 0, then H;(S"*1) =
H;_1(S") by the Suspension Theorem. If i = 1 4 1, then this group is
isomorphic Z, and if i # n + 1 then this group is 0, by the induction
hypothesis. O

Theorem 5.3.11 (Brower). If U C R™ and V C R" are nonempty homeo-
morphic open sets, then m = n.

Proof. For all x € U and for all k € Z, we have Hy (U, U\ {x}) =
Hi (R™,R™ \ {x}) by applying the second version of the Excision The-
orem with X = R", B = U, and A = R" \ {x}. Combining this with
the long exact sequence for the reduced homology of (R”, R™ \ {x})
and the fact that R™ \ {x} is homotopy equivalent to S”~!, we obtain
forallx € Uandall k € Z:

Hy (U, U\ {x}) = H (R",R"\ {x}) = H_; (R"\ {x})

~ Z, k=m
= Heq(S" )= 7
k—1( ) {0/ k £ m.
Similarly, if y € V, we have for all k € Z:
Z, k=n
Hi (V,V = !
(VA (D) {O, o

Butif f : U — V is a homeomorphism, then f : U\ {x} — V\ {f(x)}
is a homeomorphism. Hence f induces isomorphisms

o~

Hy (U U\ {x}) = He (V,VA{f(x)})
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for all k € Z. Therefore, m = n. O

Remark 5.3.12. If X is a topological space, x € X, and U C X is an
open neighborhood of x, then for all n € Z, the Excision Theorem
yields that

Hy (X, X\ {x}) = Hy(U U\ {x}).

In particular, for all n € Z, the group H,(X, X \ {x}) depends only on
the topology of a neighborhood of x. Therefore these homology groups
are called the local homology groups of X at x. They can be used to check
when a map f : X — Y is not a local homeomorphism.

Theorem 5.3.13 (Brower’s Fixed Point Theorem). (i) dD" is not a re-
tract of D".

(ii) Any continuous map f : D" — D" has a fixed point.

Proof. (i) Assume by contradiction that there exists a retraction r :
D" — 9D" = §""1. Then, if i : $"~1 < D" is the inclusion, we have
roi = idg, 1. By functoriality, for all k € Z we have (roi), =ry0iy =
idﬁk(s'l—l)' If k = n — 1 we obtain:

o~

Z = H, 1(S" ) s B, (D)~ By (5" Z

idz,

But r, = 0 and i, = 0 because H,_1(D") = 0. Therefore we have
arrived at a contradiction.

(ii) Let f : D" — D" be a continuous map. Assume by contradiction
that f(x) # x for all x € D". Then we may define a function r : D" —
$"~1in the following way. Let x € D" and let [f(x),x) denote the
(unique) ray based at f(x) passing through x. Define r(x) to be the
unique element in ([f(x),x)) NoD") \ {f(x)}. Then r is continuous
and is a retraction D" — dD", contradicting (i). O

Theorem 5.3.14 (Mayer-Vietoris Sequence). Suppose X = AUB =
int(A) Uint(B). Then there is a long exact sequence:
5 Hy(ANB) 5 Hy(A) @ Hy(B) 5 Hy(X) % Hy_1(ANB) —
--+ = Hyp(X) — 0.

Proof. Let C,(A + B) denote the subgroup of C,(X) whose elements
are precisely sums of singular simplices in either A or B. The boundary
maps 9 on Cy,(X) restrict to boundary maps on C,(A + B), and we get
a chain complex (C,(A + B), 9,) whose homology is isomorphic to the
homology of X. Hence, we need only produce a long exact sequence
of the form specified in the theorem where each H,(X) is replaced by



the n-th homology group of (C«(A + B),d+). To this end, for n € Z>,
consider the following sequence:
0 Cu(ANB) —" Cu(A) ® Ca(B) —— Ca(A+B) — 0
(5.3.1)
where, ¢(x) = (x, —x) forall x € C,(ANB) and ¢(x,y) = x +y for all
(x,y) € Cu(A) ® Cy(B). We claim that this sequence is exact:

* 1 is surjective by the definition of C,(A + B).

® ¢ is injective, since a chain in A N B which is zero as a chain in A (or
in B) must be the zero chain.

e Forall x € C,(ANB), pop(x) = x —x = 0. Therefore Im(¢) C
ker(y).

e If (x,y) € ker(y), then x is a chainin A, y is a chainin B, and y = —x.
This implies that x is a chain in AN B and ¢(x) = (x, —x) = (x,y).
Therefore ker(¢) C Im(¢).

The Mayer-Vietoris Sequence is the long exact sequence associated to
(5.3.1). O

Remark 5.3.15. By using augmented chain complexes in (5.3.1), we
also obtain a corresponding Mayer-Vietoris sequence for the reduced
homology groups.

Example 5.3.16. Let X = 5", A = 5"\ {S}, and B = §" \ {N} where S
and N are the south pole and north pole, respectively. Then A = IR",
B2~ TR" and AN B ~ S"~!. From the reduced Mayer-Vietoris sequence,
we get H;(S") = H;_(S" 1) for all i. By induction, we find as before:

~ Z, i=n
H;(§") = ’

i(8%) { 0, i#n.
Example 5.3.17 (Homology of the Klein Bottle). Let K be the Klein
bottle. It may be decomposed as K = M; U M; where M; and M;
are Mobius bands that are glued along their boundary circles (see the
figure below).

b K

M,

a My a S M;
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Each of M;, M, is homotopy equivalent to its core circle S!, and
M; N M, = S! is the common boundary circle. By the reduced Mayer-
Vietoris sequence, H,(K) = 0 for all n > 2. Consider the segment of
the reduced Mayer-Vietoris sequence below:

0 — Ho(K) — Hy(M; N M) 5 Hy (M) @ Hy(Mp) 5 Hy(K) = 0

Then ¢ : Z — Z & Z maps 1 to (2,—2). By exactness, Hp(K) =
ker(¢) = 0 and H;(K) = Coker(¢p) = (Z® Z) /(2(1,—1)). If we con-
sider the basis {(1,0),(1,—1)} of Z& Z, then (Z&Z) /(2(1,-1)) =
Z ® Zy. We conclud the following:

[ zez, i=1
Hi(K):{o i£1

Exercises

1. Show that if X is a path-connected topological space and f : X — X
is a continuous function, then the induced map f, : Hy(X) — Hy(X) is
the identity map.

2. Show that Hy(X, A) = 0 if and only if A meets each path-component
of X.

3. Show that H; (X, A) = 0 if and only if Hj(A) — H;(X) is surjective
and each path-component of X contains at most a path-component of
A.

4. A pair (X, A) with X a space and A a nonempty closed subspace
that is a deformation retract of some neighborhood in X is called
a good pair. Show that for a good pair (X, A), the quotient map
g:(X,A) — (X/A, A/ A) obtained by collapsing A to a point, induces
isomorphisms g, : Hy(X, A) — H,(X/A, A/ A) = H,(X/A), for all n.

5. For a wedge sum V/, X,, the inclusions i, : X, — V, Xi induce an
isomorphism

B v : P Hu(Xe) = Hu(V Xo),

provided that the wedge sum is formed at basepoints x, € X, such
that the pairs (Xy, xy) are good.

6. Show that:
1. §" and S do not have the same homotopy type if n # m.

2. §", for n > 1, is a simply-connected space which is not contractible.



7. Calculate the homology of the 2-torus T?.

8. Show that S! x S! and S! v S! v S? have isomorphic homology
groups in all dimensions. Are these spaces homeomorphic?

9. Show that the quotient map S' x S — S? collapsing the subspace
S v S! to a point is not nullhomotopic by showing that it induces an
isomorphism on Hy. On the other hand, show that any map S?> —
S! x S! is nullhomotopic.

10. For XX the suspension of X, show by a Meyer-Vietoris argument
that there are isomorphisms H,, ,1(2X) = H,(X) for all n.

11. For the case of the inclusion f : (D", " 1) — (D",D" — {0}),
show that f is not a homotopy equivalence of pairs, i.e., there is no
g:(D",D" —{0}) — (D",S"1!) so that g o f and f o g are homotopic
to the identity through maps of pairs.

12. A graded abelian group is a sequence of abelian groups A. :=
(An)n>0. We say that A, is of finite type if

Z rankA, < oo.
n>0

The Euler characteristic of a finite type graded abelian group A, is the
integer
X(As) := ) (—1)" - rankA,.
n>0

(i) Suppose

N G B N ML S N R W NI
is a chain complex such that the graded abelian group C, is of finite
type. Denote by H,, the n-th homology group of this complex and
form the corresponding graded group He = (H;),>0. Show that H,
is of finite type and

X(He) = x(Co).

(ii) Suppose we are given three finite type graded abelian groups A.,
B., Co, which are part of a long exact sequence

. . 5
"'%AkgBk&ckﬁAk_l—)"'*)A()%Bo—)CQ—)O.

Show that
X(Be) = x(As) + x(Co).
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5.4 71 0s. Hy

Let X be a topological space. A continuous map f : I = [0,1] — X can

be viewed as a path in X or as a singular 1-simplex. If f(0) = f(1),

then of = f(1) — f(0) =0, so a loop in X can be viewed as a 1-cycle.
In this section, we discuss the following.

Theorem 5.4.1. By regarding loops as singular 1-cycles, one gets a homomor-
phism

h: 7'[1(X,X0) — H1<X)
If X is path-connected, then h is onto, with kerh = [y, 71|, the commu-
tator subgroup of 11 1= 11(X, x0). In this case, h induce an isomorphism
(X, x0)ap = Hi(X), ice., the first homology group can be seen as the
abelianization of the fundamental group.

Remark 5.4.2. An equivalent definition of /i can be given as follows: if
f: S — X is an element of m (X, xp), define

h([f]) = fi(w),

for « € Hy(S') a generator represented by o : I — S!, s > €2, Then
both [f] € m1(X, x9) and fi(a) are represented by the loop fo: I —
X. A consequence of this formulation is that h([f]) = h([g]) if f is
homotopic to g.

Proof. (i) If f = consty, is the constant path, then f is a 1-cycle since
it is a loop, and f must be a boundary since Hj(point) = 0. In fact,
f =9(0), for o the constant singular 2-simplex with the same image as
f, since

d(o) = a|[01,02] - 0|[vo,vz] + U|[vo,vl] =f—f+f=*

(ii) If f is homotopic to g through a path-homotopy preserving
basepoints, we show that f and g are homologous, hence correspond to
the same element in H;(X). Indeed, let F : I x I — X be a homotopy
from f to g, so f(0) = g(0) = F(0) = xo, f(1) = g(1) = Fs(1) = xo,
where F(t,s) = F(t).

(%)

X0 Yo

0




Let 07 and o7 be 2-simplices as in the above figure. Then:
d(0q1 — ) = f — g — consty, + consty,.

Hence f — g is a boundary, whence f and g define the same element in
Hy(X).

(iii) We next show that multiplication (concatenation) of loops trans-
lates into cycle addition. i.e., if f,g : I — X are loops at xy we show
that f - g is homologous to f + g, or equivalently, that f - ¢ — f —gisa
boundary. Consider the singular 2-simplex o depicted below. Then

do)=g—f-g+f

(iv) If f is the inverse path of f, we show that f is homologous
as a l-cycle to —f. Indeed, f + f — f - f is a boundary by (iii) and
f+ f ~ consty, is (homologous to) a boundary by (i).

It then follows from (ii) and (iii) that /1 : 711 (X, x9) — Hj(X) is a well
defined homomorphism. Hence, since H;j(X) is abelian, there is an
induced homomorphism 771 (X, xp)a — H1(X), also denoted by h. To
show that this is an isomorphism for X path connected, we construct
an inverse

j : Hl(X) — 7T1(X, xO)ab'

For each x € X, let ¢« be a fixed path in X from xp to x, with ¢, =
consty, the constant path at xy. For ¢ a singular 1-simplex in X with
endpoints x; and x, set

T 1= Py, * 0 % Px,.

Then the map o — 0 defines a homomorphism C;(X) — 711 (X, x0)ap
on its basis of singular 1-simplices.

Let us next note that if p is a singular 2-simplex, then d(p) maps to
the identity element. Indeed, if d(p) = 09 — 01 + 02,
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X3

%] %

X1 X2
0o

then d(p) maps to the homotopy class of the path

Do+ 00 * By * Py *TT % Py * Py # 02 % By ~ by * (00 %07 % 02) * .

But 0y * 07 * 02 = p4(y), for 7y a loop in A? based at x;. And since A? is
simply connected, one has that g * 07 * 02 ~ consty,. Therefore,

P, * (00 * 07 % 02) * Py, ~ Py, * CONSLy, * Py, ~ CONSty,.

Therefore, if we restrict C1(X) — 71(X, x0)ap to Z1(X) and use the fact
that B1(X) — consty,, we get an induced homomorphism

j i Hi(X) = m1(X, X0)ab-

Finally, we show that z and j are inverse homomorphisms. First, if
o is a loop at xp € X, then ¢ = o, hence joh = id. Suppose now that
c =Y, n;0; is a singular 1-cycle. Then, under % o j, 0; maps to ¢; which,
by (iii), is homologous to

— (iv)
Pp; +0i t g = Pp; +0i — Py,

where p;, q; are the endpoints of 0;. Hence c maps under h o to
Zniai + 2”1’(4’;71' —¢g) =c+ Z”i(‘PPi — ¢g,)-
i i i

At this end, note that that since 0 = d(c) = Y; n;(p; — g;), it follows
readily that ) ; ”i(‘l’pi — 4;%,) = 0. O



5.5  Cellular Homology

In this section, we introduce cellular homology, which is a new homology
theory for certain nice spaces called CW complexes, and show that for
such spaces cellular homology is isomorphic to singular homology. We
begin by introducing and studying the notion of degree of a self-map
of a sphere; the degree will play a fundamental role in computing the
boundary maps in the cellular chain complex, whose homology gives
the cellular homology.

Degrees

Definition 5.5.1. The degree of continuous map f : S" — S" is defined as:

deg f = £.(1) (55.1)

where f. : Hy(S") = Z — Hy(S") = Z is the homomorphism induced by f
in homology, and 1 € Z denotes the generator.

The degree has the following properties:
1. degidgn = 1.

Proof. This is because (idsn)« = id which is multiplication by the
integer 1. O

2. If f is not surjective, then deg f = 0.

Proof. Indeed, if f is not surjective, there is some y ¢ Imf. Then we
can factor f in the following way:

Sn f S}'l
OX %
S"\{y}

Since "\ {y} = R" is contractible, H, (5" \ {y}) = 0. Therefore
fe =h.g« =0,s0deg f =0. O

3. If f ~ g are homotopic maps, then deg f = deg g.

Proof. This is because f. = g«. Notably, by a theorem of Hopf, the
converse of this statement is also true. O

4. deg(gof) = degg-degf.
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Proof. Indeed, we have that (go f)s = g« 0 fs. O
5. If f is a homotopy equivalence, then deg f = +1.

Proof. By definition, there exists a map g : S — S" so that go f ~
idsn and f og ~ idgs. The claim follows directly from 1, 3, and
4 above, since f o ¢ = idgs implies that deg f - degg = degidgn =
1. O

6. If r : S" — 5" is a reflection across some n-dimensional subspace of
R"*1 then degr = —1.

Proof. Without loss of generality we can assume the subspace is
R" x {0} c R"*!, with

r(xo,...xXn) = (X0, X1, ..., —Xn).

The upper and lower hemispheres U and L of S" can be regarded as
singular n-simplices, via their standard homeomorphisms with A".
Then the generator of H,(S") is [U — L]. The reflection map r maps
thecycleU—-LtoL—U=—(U—-L). So

r(U-L) =[L-Ul=[-(U-L)]=-1-[U-L]

so degr = —1. O
7. Ifa: S" — S" is the antipodal map (x — —x), then dega = (—1)"*1.

Proof. Note that a is a composition of n + 1 reflections, since there
are n + 1 coordinates in x, each changing sign by an individual
reflection. From 4 above we know that composition of maps leads to
multiplication of degrees. O

8. If f: S" — S" is a continuous map, and Sf : S"*! — S"*1 s the
suspension of f then degSf = deg f.

Proof. Recall that if f : X — X is a continuous map and
IX =X x[-1,1]/(X x {-1}, X x {1})

denotes the suspension of X, then Sf := f xid|_y 3/ ~, with the
same equivalence as in X. Note that 25" = §"*+1,
The Suspension Theorem states that

Hi(X) = Hiyq(TX), Vi>0.
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We proved this fact by using the Excision Theorem. Here we give
another proof by using the Mayer-Vietoris sequence for the decom-
position

X =CiXUxC.X,

where C; X and C_X are the upper and lower cones of the suspen-
sion joined along their bases:

- = Hy41(C4 X) @ Hyp1(C-X) = Hyyq(EX) —
— Hy(X) = Hy(C4X) @ Hy(C_X) — - --

Since C+ X and C_X are both contractible, the end groups in the

~

above sequence are both zero. Thus, by exactness, we get H;(X) =

H;,1(2X), as desired.

Let C+S" denote the upper cone of £5”. Note that the base of C 5"
is §" x {0} C £5". The map f induces a map Cf : (C4+.S",5") —
(C4+S",S™) whose quotient is Sf. The long exact sequence of the pair
(C+S",5") in homology gives the following commutative diagram:

~ ~ 2 ~
0 ——» Hiq(C1S",8") = Hiyy(C4S"/S") —» Hi(S") — 0

~

o s

_ 3 -~
Hiia (S"1) —— Hy(S")

~

Note that C; §"/S" = §"*1 5o the boundary map 9 at the top and
bottom of the diagram are the same map. So by the commutativity
of the diagram, since f. is defined by multiplication by some integer
m, then (Sf), is multiplication by the same integer m. O

Example 5.5.2. Consider the reflection map: r, : S — 5" defined
by (xo,...,Xn) — (=X, Xx1,...,%,). Since r, leaves x1,x,..., Xy
unchanged we can unsuspend one at a time to get

degr, =degr,_1 =--- =degry,

where 7; : ' — S' by (x0,x1,...,%) = (—x0,X1,...,%;). So rg :
S0 — SU is given by xo — —xg. Note that S° is two points but in
reduced homology we are only looking at one integer. Consider

0— Hy(S") = Hy($") Sz —0

where Hy(S%) = {(a,—a) | a € Z}, Hy(S®) = Z® Z, and ¢ :
(a,b) — a+b. Then (rg)« : Hy(S®) — Hy(S°) is given by (a, —a) +
(—a,a) =(—1)-(a,—a). So degr, = —1.

9. If f : " — S" has no fixed points then deg f = (—1)"*1.
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Si’l

Proof. Consider the above figure. Since f(x) # x, the segment
(1—-1t)f(x) +t(—x) from —x to f(x) does not pass through the
origin in R"*1. So we can normalize to obtain a homotopy:

A ar e
$ O = T o S

Note that this homotopy is well defined since (1 —¢)f(x) —tx # 0
for any x € S" and t € [0, 1], because f(x) # x for all x. Then g; is a
homotopy from f to a, the antipodal map. O

10. S" has a continuous field of non-zero tangent vectors if and only if n
is odd.

Proof. Suppose x — v(x) is a tangent vector field on S", assigning
to a vector x € S" the vector v(x) tangent to 5" at x. Regarding
v(x) as a vector at the origin, tangency implies that x and v(x) are
orthogonal in R"*1. If v(x) # 0 for all x, we may normalize so that
[lo(x)|| = 1 for all x. Assuming this has been done, the vectors
(cost)x + (sint)v(x) lie in the unit circle in the plane spanned by x
and v(x). Letting t go from 0 to 77, we obtain a homotopy:

fi(x) = (cost)x + (sint)v(x)

from the identity map of S” to the antipodal map. In terms of degree,
this yields (—1)"*! = 1, which implies that n is odd.

Conversely, if n = 2k — 1, the vector field defined by
U(xler/ C s X2k—1s ka) = (_x2/ X1, X2k x2k71)
is a nowhere vanishing tangent vector field, since v(x) is orthogonal
to x, and ||v(x)|| =1 for all x € S". O
Exercises

1. Let f : S" — S" be a map of degree zero. Show that there exist points
x,y € " with f(x) = xand f(y) = —v.



2. Let f : S$*" — S?" be a continuous map. Show that there is a point
x € §%" 50 that either f(x) = x or f(x) = —x.

3. Amap f: 5" — S" satisfying f(x) = f(—x) for all x is called an
even map. Show that an even map has even degree, and this degree is in
fact zero when # is even. When # is odd, show there exist even maps
of any given even degree.

How to Compute Degrees?

Assume f : S" — S" is surjective, and that f has the property that there
exists some y € Im(S") so that f~!(y) is a finite number of points, say
f’l(y) = {x1,x2,...,xm}. Let U; be a neighborhood of x; so that all
U;’s get mapped to some neighborhood V of y. So f(U; \ x;) C V' \ y.
As f is continuous, we can choose the U;’s to be disjoint.

Uy

\ .

B —

U,

7

U

Let f[y, : U; — V be the restriction of f to U;, with induced homomor-
phism
f* : Hn(u,', LIi \ xi) — HH(V, \% \ y)

Note that by using excision and homology long exact sequences, one
has:
Hy (U, Ui \ x;) = Hy (S", 8"\ x;) = Hy(S") = Z

and
Hu(V,V\y) = Hu(S", 8"\ y) = Ha(S") = Z.

Define the local degree of f at x;, deg fly,, to be the effect of f, :
H,(U;, U; \ x;) = Hu(V, V' \ y). We then have the following result:

Theorem 5.5.3. The degree of f equals the sum of local degrees at points in a
generic fiber, that is,

m
deg f =) degflx,.
i=1
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Proof. Consider the commutative diagram, where the isomorphisms
labelled by “exc” follow from excision, and “l.e.s” stands for a long
exact sequence.

Z = H,(U;, U; \ x;) 4ﬂ> H,(V,V\y)=Z

-deg fl,
c
,Z'e* ki =~ | exc
A
~ n o gn Pi T e n gn -1 f* n o cqn
Z = H,(S",8" \ x;) <— @Hﬂ(uirui\xi) = Hy(S", 8"\ f'(y)) —— Hu(S",5"\y)
>~ | les.
Z = A, (s") S, A=z
-deg f

By examining the diagram above we have:

ki(1) = (0,...,0,1,0,...,0)

The commutativity of the lower square gives:

deg f = f.j(1) = f. (i_ilkia))

I

o
™
S

I
—

..,0,1,0,...,0)

3

deg f|x,,

Il
—_

where the last equality follows from the commutativity of the upper
square. 0

Example 5.5.4. Let us consider the power map f : S' — S, f(x) = xk,
k € Z. We claim that deg f = k. We distinguish the following cases:

e If k = 0 then f is the constant map which has degree o.

e If k < 0 we can compose f with a reflection r : S — S! by (x,y) —
(x, —y). This reflection has degree —1. So since composition leads to
multiplication of degrees, we can assume that k > 0.

e Ifk > 0, then for all y € S', f~!(y) consists of k points (the k roots
of y), call them xi,xy,...,x;, and f has local degree 1 at each of
these points. Indeed, for the above y € S we can find a small open



neighborhood centered at y, call this neighborhood V, so that he
pre-images of V are open neighborhoods U; centered at each x;, with
flu, - Ui — V a homeomorphism (which has possible degree +1).
In our case, these homeomorphisms are restrictions of a rotation,
which is homotopic to the identity, and thus the degree of f|y;, is 1
for each i.

So the degree of f is indeed k. Note that this implies that we can
construct maps S” — S" of arbitrary degrees for any n, simply by
suspending the power map f.

CW Complexes

Start with a discrete set Xy, whose points are called 0-cells. Inductively,
form the n-skeleton X, from X,,_; by attaching n-cells e = Int(D")
via maps dD! = 57\_1 , X1, 1e,

Xy = X1 10, DK/ ~

with the identification x ~ ¢ (x) for all x € dD}. As a set, X;, =
Xyn—1 I, e, where ¢} is the homeomorphic image of D} \ 0D’ under
the quotient map. We can either stop this inductive process at a finite
stage, setting X = X; for some [, or continue indefinitely, in which case
we set X = |J,, X;;. Such a space X is called a CW (cell-) complex.

Each cell €} has a characteristic map @ defined by the composition:

D} — X,_1 1, D} — X, — X.

Note that @[y, py) is homeo onto ¢/, while the restriction of ® to
dDY is the attaching map ¢.

A CW complex is endowed with the weak topology: A C X is open
<= AN X, is open for all n. An n-cell will be denoted by e =
Int(D7%). One can think of X as a disjoint union of cells of various
dimensions, or as I, y DY / ~, where ~ means that we are attaching
the cells via their respective attaching maps.

A CW complex X is finite if it has finitely many cells. A CW complex
is of finite type if it has finitely many cells in each dimension. Note
that a CW complex of finite type may have cells in infinitely many
dimensions. If X = U, X, and X,;, = X,, for all m > n for some n, then
X = X, and we say that the skeleton stabilizes. The smallest n for
which X = X, is called the dimension of X.

Remark 5.5.5. One space X may admit many CW structures, see the
case of 5" below.

Example 5.5.6. On the n-sphere S we have a CW structure with one
0-cell (e°) and one n-cell (¢"). The attaching map for the n-cell is
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@ : S""1 = 9D" — point. There is only one such map, the collapsing
map. Think of taking the disk D" and collapsing the entire boundary
to a single point, giving S".

Example 5.5.7. A different CW structure on 5" can be constructed so
that there are two cells in each dimension from 0 to n. Start with
Xo = S° = {e9,ed}. Then X; = S! where the two 1-cells D}, D}
are attached to the o-cells by homeomorphisms on their boundary.
Similarly, two 2-cells can be attached to X; = S! by homeomorphism
on their boundary giving X, = S?. Keep working in this manner
adding two cells in each new dimension. Note that if we identify each
pair of cells in the same dimension by the antipodal map, we get a CW
structure on RP" with one cell in each dimension from 0 to #.

Example 5.5.8. The complex projective space CP" = (C"™1\ {0}) /C* is
identified with the collection of complex lines through the origin. It is
also the orbit space of the C*-action on C"*!\ {0} given by

A (zo, .- yzn) — (Azg, ..., Azy).

Let [zo : ... : zu| be the equivalence class of (zg,---,z,) under this
action. Define

®: D" — CP"
by

(zoy--rZn_1)— |2Z0:e--i2p 1

Then ® takes dD?" into the set of points with z, = 0, i.e., into cpr1,
Let ¢ := ®|;pon. It is easy to check that ® factors through CP"~! U, D*"
and, moreover, the resulting map

cp*'u, D* — CP"

is a homeomorphism (it is a bijective map from a compact space to a
Hausdorff space, hence it is a homeomorphism onto its image). So it
follows inductively that CP" has a CW structure with one cell in each
even dimension 0,2, ...,2n, where the attaching maps are the maps
labelled by ¢. There are no cells of odd dimension.

Example 5.5.9. A covering space of a CW complex has a canonical
structure as a CW complex. Let f : X — Y be a covering map so that
Y is a CW complex with characteristic maps ®, : D} — Y. As D}
is simply-connected, each ®, lifts to a map CT)K : Df\ — X, which are
unique upon specification of the image of any point. The collection of
all such liftings of all ®} define a cell structure on X.



Exercises

1. Let X and Y be finite CW complexes. Show that X x Y has the
structure of a finite CW complex with an (open) n + m dimensional cell
e x ¢ for each n dimensional cell ¢ in X and each m dimensional cell ¢/
nY.

Cellular Homology
Let us start with the following preliminary result:

Lemma 5.5.10. If X is a CW complex, then:

0, k#n

(@) Hi(Xy, Xy—1) = {Z#n—cells, k=n.

(b) Hy(Xn) = 0if k > n. In particular, if X is finite dimensional, then
Hi(X) = 0ifk > dim(X).

(c) The inclusion i : X, — X induces an isomorphism Hy (X, ) 5 Hy(X) if
k < n.

Proof. (a) We know that X, is obtained from X,,_; by attaching the
n-cells (e%),. Pick a point x, at the center of each n-cell e}. Let
A = X, — {x)}). Then A deformation retracts to X,_1, so we have
that

Hi(Xn, Xy—1) = Hi(Xy, A).

Since the closure of X,,_1 is contained in the interior of A, by excising
Xy—1 the latter group is isomorphic to @, Hx(D%, D} — {x,}). More-
over, the homology long exact sequence of the pair (D}, D} — {x,})
yields that

Z, k=n

Hy (D%, D% — {x,}) = Hy_1(S11) =
(D3, Di = {xa}) = Hi-1 (S5 ) {0/ ktn

So the claim follows.

(b) Consider the following portion of the long exact sequence of the
pair for (X, X,,—1):

Hiep1 (X, Xn—1) = Hi(Xp—1) = Hi(Xn) = He( X, X—1)

If k+1 # n and k # n, we have from part (a) that Hy 1(Xy, X;,—1) =0
and Hy (X, X,_1) = 0. Thus Hi(X,,_1) = Hi(X,). Hence if k > n (so
in particular, n # k + 1 and n # k), we get by iteration that

Hi(Xy) = Hi(X;-1) = -+ = H(Xo).
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Note that X is just a collection of points, so Hi(Xp) = 0. Thus when
k > n we have Hy(X,) = 0 as desired.

(c) We only prove the statement for finite dimensional CW complexes.
Let k < n and consider the following portion of the long exact sequence
for the pair (X, 41, Xn):

Hy (X1, Xn) = He(Xn) = Hi(Xpy1) = Hi(Xpy1, Xn)

Since k < n we have k+1 # n+1 and k # n+1, so by part (a) we
get that Hk+l (Xn+1,Xn) =0and Hk(Xn+1,Xn) = 0. Thus Hk(Xn) =
Hy(Xy41)- By repeated iterations, we obtain:

Hy(Xpn) = He(Xy41) = He(Xng2) = -+ =2 Hi(Xp4g) = Hi(X),

where [ is so that X,,,; = X (since we assumed X is finite dimensional).
This proves the claim. O

In what follows we define the cellular homology of a CW complex X
in terms of a given cell structure, then we show that it coincides with
the singular homology, so it is in fact independent on the cell structure.
Cellular homology is very useful for computations.

Definition 5.5.11. The cellular homology HSW (X) of a CW complex X is
the homology of the cellular chain complex (Ci(X), d) indexed by the cells of
X, ie.,

Cn(X) := Hy(Xp, Xpy_q) = Z#meells, (5.5.2)

and with differentials d, : Cy(X) — C,_1(X) defined by the following
diagram:

Hn (Xn+1/ Xn) =0

pd

Hy(Xp-1) = H,(Xn+1) & Hy(X)
Hy(
/ \
Hn+1(Xn+1 Xn n+1 > Xn X 1 4’ H,_ 1 Xn— ern—2>
Hy-1 Xn 1

/

Hy1 (sz 2) 0



The diagonal arrows are induced from long exact sequences of pairs,
and we use Lemma 5.5.10 for the identifications

Hu(Xp-1) =0, Hy—1(Xn—2) = 0, Hn(Xy41) = Ha(X)
in the diagram. In the notations of the above diagram, we now set:
dp = jn—100n : Ca(X) = Cy1(X), (5:5:3)
and note that we have
dpodyiq =0. (5.5.4)
Indeed,
dnodyi1=jy-1°0n0jn0dyy1 =0,

since d;, o j, = 0 as the composition of two consecutive maps in a long
exact sequence. So (C«(X),d) is a chain complex.

The following result asserts that cellular homology is independent
on the cell structure used for its definition:

Theorem 5.5.12. There are isomorphisms
H™ (X) 2 Hy(X)
for all n, where Hy (X) is the singular homology of X.

Proof. Since Hy(Xy+1,Xy) = 0 and H,(X) = H,(X,+1), we get from
the diagram above that

Hn(X) = Hn(Xn)/kerln = Hn(Xn)/Im an+1.

Now, Hy,(Xy) = Im j, = kerd, = kerd,. The first isomorphism comes

from j, being injective, while the second follows by exactness. Finally,

kero, = kerd,, since d,, = j,_1 09y and j,_1 is injective. Also, we have

Im 0,11 =Im d,, 1. Indeed, d,, 11 = ju 09y41 and jj, is injective.
Altogether, we have

Hy(X) = Hy(X,)/Im 9,41 = kerd, /Im d,, .1 = HSW(X).
So we have proved the theorem. O

Let us now discuss some immediate consequences of the above
theorem.

(@) If X has no n-cells, then H,(X) = 0.
Indeed, in this case we have C, = H,(X,, X;,_1) = 0. Therefore,
HSY(X) = 0.

(b) If X is connected and has a single o-cell then di : C; — Cy is the zero
map.
Indeed, since X contains only a single o-cell, Cy = Z. Also, since X
is connected, Hy(X) = Z. So by the above theorem, Z = Hy(X) =
kerdy/Im dy = Z/Im d;. This implies that Im d; = 0, so d; is the
zero map as desired.
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(c) If X has no cells in adjacent dimensions then d, = 0 for all n and
H,(X) =z #m<ls for all n.
Indeed, in this case all maps d, vanish. So for any n, H;W (X) =
C, 27 #n-cells

Example 5.5.13. Recall that CP" has one cell in each even dimension
0,2,4,...,2n. So CP" has no two cells in adjacent dimensions, meaning
we can apply Consequence (c) above to obtain:

Z, i=0,2,4,...,2n
H;(CP") =
0, otherwise.

Example 5.5.14. When n > 1, §" x S" has one o-cell, two n-cells, and
one 2n-cell. Since n > 1, these cells are not in adjacent dimensions so
again Consequence (c) above applies to give:

Z i=0,2n
Hi(SnXSn): Z2 i=n
0 otherwise.

We next discuss how to compute in general the maps
dy : Cn(X> -7 # n-cells - Cnfl (X) -7 # (n-1)-cells

of the cellular chain complex. Let us consider the n-cells {e} }, as the
basis for C,;(X) and the (n — 1)-cells {eg_l}ﬁ as the basis for C,,_1(X).
In particular, we can write:

with dyg € Z. The following result provides a way of computing the
coefficients d,p:

Theorem 5.5.15. The coefficient dyg is equal to the degree of the map Ayp :
sl ngl defined by the composition:

n
Sit =D ¥ X, = Xya Uy el !

collapse

E— anl/(anZ u'yyéﬁ ez—l) = Sg_lz

where @y, is the attaching map of ey, and the collapsing map sends Xy U,p
n—1

€y

to a point.



Proof. We will proceed with the proof by chasing the following dia-
gram:

_ ) ~ . (Bap)s ~ .
Hn(DgrSZ 1) T> anl(sgcl 1) — anl(sg 1)

J(‘PZ)* (92 T%

qx ~
H"(Xﬂlxnfl) —_— anl(anl) E— anl(anl/Xn72)

Jn—1 =~
Xn-1 Xu—2

anl(anlfxn—Z) = anl(X 2/X )
n— n—

where:
e @7 is the characteristic map of the cell e} and ¢} is its attaching map.

© e Hy1(Xu1) = Hioa(Xao1/Xu2) = @p ﬁnfl(DZ_l/aDg_l)
is induced by the quotient map q: X,,_1 — X;,—1/X,—2.

* qp: Xp-1/Xu2 — Sg_l collapses the complement of the cell eg_l
. . . . . .o . n—1 __
to a point, the resulting quoting sphere being identified with S g =

Dgfl / E)Dgfl via the characteristic map CDgfl.
* Ayp Sn—1 = 9D" — Sg_l is the composition gg o g 0 ¢f, i.e., the
attaching map of ey followed by the quotient map X,,_; — ngl

collapsing the complement of egfl in X;,_1 to a point.

Note that (A,p) is defined so that the top right square commutes.

Recall that our goal is to compute d, (e} ). The upper left square is
natural and therefore commutes (it is induced by the characteristic map
® : (D*,8*7 1) = (X4, X,_1) of a cell), while the lower left triangle
is part of the exact diagram defining the chain complex C.(X) and
is defined to commute as well. The map (P%), takes the generator
[DI'] € Hy(D?,S" 1) to a generator of the Z-summand of H,, (X;;, X, _1)
corresponding to ¢}, i.e.,

(@%)«([Dy]) = ez

Since the top left square and the bottom left triangle both commute,
this gives that

dn(ey) = dn 0 (P)+([Dy]) = ju-1 0 (@)« 0 A([Dg])-
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Looking to the bottom right square, recall that since X is a CW complex,
(Xn, X;,—1) is a good pair. This gives the isomorphism

Hy (X1, Xn-2) ~ Hy 1(Xn-1/Xn—2)-
Moreover, we also have that
Hy1(Xn—1/Xn—-2) ~ Hy—1(Xy—-1/Xn-2, Xn—2/Xn—2)-

The bottom right square commutes by the definition of j,_; and g+,
which combined with the commutativity of the top left square yields
that
dn(ex) = qx 0 I 0 ()« ([Dg]) = g+ © (9)« 0 A([Dy]),

where formally we should precompose on the left hand side with the
isomorphism between H,_1(X,_1, X;—2) and H,_1(X,_1/Xu_2) so
that everything is in the same space. This last map takes the generator
[Dy] to a linear combination of generators in ©g H,_( Dg—l /aDg—l).
To see which generators it maps to, we project down to the respective
summands to obtain

dn(ey) = %%* © qx 0 (@)« 0 I([Dy])-

As noted before, we have defined (Ayp)« = g« © 4« 0 (¢} )+. So writing

dn(ey) =) (Aup)«d([D}]),
B
we see from the definition of the above maps and the fact that o([D}])
is a generator of H, _1(S?~1), that (Ayp)+« is multiplication by d,g. [

Example 5.5.16. Let M, be the closed oriented surface of genus g, with
its usual CW structure: one 0-cell, 2¢ 1-cells {ay, by, - --ag,be}, and
one 2-cell attached by product of commutators [ay, by] - - - [ag, bg]. The
associated cellular chain complex of My is:

0B,z 2,50 B, b,

Since M, is connected and has only one 0-cell, we get that d; = 0.
We claim that d; is also the zero map. This amounts to showing that
dy(e) = 0, where e denotes the 2-cell. Indeed, let us compute the
coefficients de,, and d,p, in our degree formula. As the attaching map
sends the generator to a4 blaflbfl...agbgaéjlbg’l, when we collapse all
1-cells (except a;, resp., b;) to a point, the word defining the attaching
map albla;lbfl...agbgag’lbg’l reduces to a,-alfl and, resp., biblfl. Hence
deq; = 1 —1 = 0. Similarly, deb]. =1-1=0, for each i. Altogether,

dy(e) =a;+by—ay —by+---ag+ by —ag — by = 0.

So the homology groups of M, are given by



Z i=0, 2
Hy(Mg) = 2% i=1
0 otherwise.

Example 5.5.17. Let Ng be the closed nonorientable surface of genus g,
with its cell structure consisting of one 0-cell, g 1-cells {ay, - -, ag}, and
one 2-cell e attached by the word a2 - - - ag,. The cellular chain complex
of Ng is given by

0B,z 2,y B 5 0,

As before, d; = 0 since Ng is connected and there is only one cell in
dimension zero. To compute dy : Z — Z8 we again apply the cellular
boundary formula, and obtain

dy(1) =(2,2,---,2)

since each a; appears in the attaching word with total exponent 2,
which means that each map A,z is homotopic to the map z — 22 of
degree 2. In particular, d, is injective, hence H(Ny) = 0. If we change
the standard basis for Z¢ by replacing the last standard basis element
en=1(0,---,0,1)bye, =(1,---,1), thendy(1) =2-¢), so

Hy(Ng) 2 Z8/Imdy 2 Z8 /22 =2 Z8 ' $Z/2.

Altogether,
Z i=0
Hn(Ng) =78 tp7Z, i=1
0 otherwise.

Example 5.5.18. Recall that RP" has a CW structure with one cell ef in
each dimension 0 < k < n. Moreover, the attaching map of ek in RP"
is the two-fold cover projection ¢ : S¥~1 — RP¥~1. The cellular chain
complex for RP" looks like:

dy, . d d
gl g W o My Dy

To compute the differential di, we need to compute the degree of the
composite map

A:skt T RPET T RPFT/RPE2 = gk

The map A is a homeomorphism when restricted to each component of
Sk=1\ 52, and these homeomorphisms are obtained from each other
by precomposing with the antipodal map a of S¥~1, which has degree
(—1). Hence, by our local degree formula, we get that:

deg A = degid + dega = 1+ (—1)~.

HOMOLOGY 95



96 TOPOLOGY LECTURE NOTES

In particular,

di =

0 ifkisodd
2 if kis even,

and therefore we obtain that

Z, ifkisodd, 0<k<mn
H(RP")=<7Z k=0, and k=nodd
0  otherwise.
Finally, note that an equivalent definition of the above map A is obtained
by first collapsing the equatorial S¥~2 to a point to get S¥~1 v S¥=1, and
then mapping the two copies of S¥~1 onto Sk, the first one by the
identity map, and the second by the antipodal map.

Sk*l

Exercises
1. Describe a cell structure on S” vV §" \ - - - V §" and calculate H,(S"
CLAVERRAVASIOR

2. Let f : §" — S" be a map of degree m. Let X = S" Uy D" be a
space obtained from S" by attaching a (1 + 1)-cell via f. Compute the
homology of X.

3. Let G be a finitely generated abelian group, and fix n > 1. Construct a

CW-complex X such that H, (X) & G and H;(X) = 0 for all i # n. (Hint:

Figure 5.2: The map A



Use the calculation of the previous exercise, together with know facts
from Algebra about the structure of finitely generated abelian groups.)
More generally, given finitely generated abelian groups Gy, Gy, - - - , Gy,
construct a CW-complex X whose homology groups are H;(X) = G;,
i=1,---,k and H;(X) =0foralli ¢ {1,2,--- ,k}.

4. Show that RP®° and RP* V S° have the same homology and funda-
mental group. Are these spaces homotopy equivalent?

5. Let 0 < m < n. Compute the homology of RP" /RP™.

6. The mapping torus Ty of a map f : X — X is the quotient of X x |

XxI
(x,0) ~ (f(x), 1)
Let A and B be copies of S!, let X = AV B, and let p be the wedge

point of X. Let f : X — X be a map that satisfies f(p) = p, carries A
into A by a degree-3 map, and carries B into B by a degree-5 map.

Ty =

(@) Equip Ty with a CW structure by attaching cells to X Vv St
(b) Compute a presentation of 71 (Ty).

(c) Compute Hy(Tf;Z).

7. The closed oriented surface M, of genus g, embedded in R? in the
standard way, bounds a compact region R. Two copies of R, glued
together by the identity map between their boundary surfaces Mg,
form a space X. Compute the homology groups of X and the relative
homology groups of (R, M).

8. Let X be the space obtained by attaching two 2-cells to S, one via
the map z + z3 and the other via z — z°, where z denotes the complex
coordinate on S! C C.

(a) Compute the homology of X with coefficients in Z.

(b) Is X homeomorphic to the 2-sphere S?? Justify your answer!

9. Homology of Lens Spaces.

Given m > 1 and integers Iy, - - - , I, so that (I, m) = 1 for all k, define
the Lens space L = Ly, (I3, -+ ,1,) to be the orbit space s2n=1,7.. of the
unit sphere $"~1 with the Z,,-action generated by the rotation:

P(Zl/' e zy) = (32mll/mzlr o ,€2ml"/mzn) )

rotating the j-th C-factor of C" by an angle 27il;/m. (In particular,
when m = 2, p is the antipodal map, so L = IRPZ”_l.)
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(a) Show that one can construct a CW-structure on L with one cell ef in
each dimension k < 2n — 1.

(b) Compute the differentials dj of the resulting cellular chain complex.

(c) Compute the homology of L.



5.6 Euler Characteristic

Definition 5.6.1. Let X be a finite CW complex of dimension n and denote
by c; the number of i-cells of X. The Euler characteristic of X is defined as:

X(X) =3 (-1 -ci. (56.1)

It is natural to question whether or not the Euler characteristic
depends on the cell structure chosen for the space X. As we will see
below, this is not the case. For this, it suffices to show that the Euler
characteristic depends only on the cellular homology of the space X.
Indeed, cellular homology is isomorphic to singular homology, and the
latter is independent of the cell structure on X.

Recall that if G is a finitely generated abelian group, then G decom-
poses into a free part and a torsion part, i.e.,

GZ' X2y, X Zy

.
The integer r := rk(G) is the rank of G. The rank is additive in short
exact sequences of finitely generated abelian groups.

Theorem 5.6.2. The Euler characteristic can be computed as:
X(X) =Y (-1 5i(X) (5:6:2)

with b;(X) := rk(H;(X)) the i-th Betti number of X. In particular, x(X) is
independent of the chosen cell structure on X.

Proof. We use the following notation: B; = Im(d;,1), Z; = ker(d;), and
H; = Z;/B;. Consider a (finite) chain complex of finitely generated
abelian groups and the short exact sequences defining homology:

dy dy d

dﬂ
04 ¢, ¢

d;
0 B; +1 Z; q

The additivity of rank yields that

c; = rk(Ci) = rk(Zi) +rk(B;_1)

and
rk(Zi) = rk(Bi) + I‘k(Hl‘).
Substitute the second equality into the first, multiply the resulting
equality by (—1), and sum over i to get that x(X) = Y/ o (—1) - rk(H;).
Finally, we apply this result to the cellular chain complex C; =
H;(X;, X;_1), and use the identification between cellular and singular
homology. O
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Example 5.6.3. If My and N, denote the orientable and resp. nonori-
entable closed surfaces of genus g, then x(My) =1—-2¢+1=2(1-g)
and x(Ng) =1—-g+1 = 2—g. So all the orientable and resp. non-
orientable surfaces are distinguished from each other by their Euler
characteristic, and there are only the relations x(Mg) = x(Nag)-

Exercises

1. A graded abelian group is a sequence of abelian groups Ae :=
(An)n>0. We say that A, is of finite type if

Z rankA,; < oo.
n>0

The Euler characteristic of a finite type graded abelian group A, is the
integer

X(As) = ;}(—1)" -rankA,.

A short exact sequence of graded groups A., Be, C,, is a sequence of
short exact sequences

0—A,—B,—~>C,—0, n>0.

Prove that if 0 -+ As — B — C. — 0 is a short exact sequence of
graded abelian groups of finite type, then

X(Be) = x(Ae) + x(Co).

2. Suppose we are given three finite type graded abelian groups A., B.,
C., which are part of a long exact sequence

"'—)AkgBk&Ck%Ak,l—>"'—>A0—>Bo—>C0—>0.
Show that
X(Ba) = x(Ae) +x(Co).
3. For finite CW complexes X and Y, show that

X(XxY) = x(X)-x(Y).

4. If a finite CW complex X is a union of subcomplexes A and B, show
that

x(X) = x(A) + x(B) — x(ANB).

5. For a finite CW complex and p : Y — X an n-sheeted covering space,
show that

x(Y) =n-x(X).

6. Show that if f : RP?" — Y is a covering map of a CW-complex Y,
then f is a homeomorphism.



5.7 Lefschetz Fixed Point Theorem

Let G be a finitely generated abelian group. Given an endomorphism
¢ : G — G, define its trace by

Tr(¢) = Tr (¢ : G/ Torsion(G) — G/ Torsion(G)) (5.7.1)

where the latter trace is the linear algebraic trace of the map ¢ : Z" —
7', with r = rk(G). It is a fact that the trace is independent of the
choice of a basis for Z’.

Definition 5.7.1. If X has the homotopy type of a finite CW complex and
f+ X — X is a continuous map, then the Lefschetz number of f is defined as:

dim(X) )
()= Y (=1 Tr(fe: Hi(X) = Hi(X)). (57:2)
i=0
Remark 5.7.2. Notice that homotopic maps have the same Lefschetz
number since they induce the same maps on homology.

Example 5.7.3. If f ~ idx, then 7(f) = x(X). This follows from the fact
that the map induced in homology by the identity map is the identity
homomorphism, and the trace of the latter is the corresponding Betti
number of X.

Theorem 5.7.4. (Lefschetz)
If X is a retract of a finite CW complex and if the continuous map f : X — X
satisfies T(f) # 0, then f has a fixed point.

Before sketching the proof of this theorem, let us consider a few
examples.

Example 5.7.5. Suppose that X has the homology of a point (up to
torsion). Then

T(f) = Tr(f. : Ho(X) = Ho(X)) = 1.

This follows from the fact that all the other homology groups are zero
and that the map induced on Hj is the identity.

This example leads immediately to two nontrivial results, the first of
which is the Brower fixed point theorem.

Example 5.7.6. (Brower) If f : D" — D" is continuous then f has a
fixed point.

Example 5.7.7. If X = RP?", then modulo torsion X has the homology
of a point. Therefore any continuos map f : RP?" — RP?" has a fixed
point.

Finally we are led to an example which does not follow from the
computation for a point.

HOMOLOGY
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Example 5.7.8. If f : S" — S" is a continuos map and deg(f) #
(—1)"*1, then f has a fixed point. To verify this, we compute

T(f) = Te(fe : Ho(S") = Ho(§")) + (~1)" - Te(fe s Ha(S") > Hu(S"))
=1+ (=1)" deg(f)
£0.

Corollary 5.7.9. If a : S" — S" is the antipodal map, then deg(a) =
(_1)n+1.

Now we return to outlining the proof.

Definition 5.7.10. A map f : X — Y between CW complexes is called
cellular if f(Xn) C Yy for all n, with X,, denoting the n-skeleton of X and
similarly for Y.

We'll need the following fundamental result from homotopy theory.

Theorem 5.7.11 (Cellular Approximation). Any continuous map f : X —
Y between CW complexes is homotopic to a cellular map.

The proof of this result is omitted for now. We proceed with sketch-
ing the proof of the Lefschetz theorem.

Proof. (sketch)
The general case reduces to the case when X is a finite CW complex.
Indeed, if ¥ : K — X is a retraction of a finite CW complex K onto X,
the composition f or : K =+ X C K has exactly the same fixed points as
f and since r, : H;(K) — H;(X) is projection onto a direct summand,
we have that Tr(f or.) = Tr(f«), so T(f or) = 7(f). We can therefore
assume that X is a finite CW complex.

Let us suppose that f has no fixed points.

By cellular approximation, the map f : X — X is homotopic to
a cellular map ¢ : X — X. In particular, 7(f) = 7(g). Moreover,
since f(x) # x for all x € X, it is possible to choose the cellular map
g : X — X so that g(¢}) Nel = @, for all i and A. Since the {¢} },
generate C;(X) := H;(X;, X;_1), we get that

Y (=1)" - Tr(gs : Ci(X) — Ci(X)) = 0.
i
Furthermore, using the fact that the trace is additive for short exact
sequences, if follows as in the case of the Euler characteristic (Theorem
5.6.2) that
T(g) = 1 (=)' Tr(g« : C(X) = Ci(X)).
1

Altogether, we get that 7(f) = 7(g) = 0, which is a contradiction. [
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Exercises

1. Is there a continuous map f : RP*~!1 — RP?~1 with no fixed
points? Explain.

1. Is there a continuous map f : CP?*~1 — CP%~1 with no fixed points?
Explain. We will see later that any map f : CP? — CP? has a fixed
point.
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5.8 Homology with arbitrary coefficients

Tensor Products

Let A, B be abelian groups. Define the abelian group
ARB=(a®blac A beB)/ ~ (5.8.1)

where ~ is generated by the relations (a4 +4') @b =a®b+a ®b and
a@(b+b)=axb+ax'. The zero element of AQBis0®b =
1®@0=0®0=0,gp since, e.g, 00b=(0+0)b=00b+0®b so
0® b = 04gp- Similarly, the inverse of an element a ® b is —(a @ b) =
(—a)®b = a® (—b) since, e.g., Opgp = 0R@b = (a+ (—a)) @b =
a@b+ (—a)®b.

Lemma 5.8.1. The tensor product satisfies the following universal property
which asserts that if ¢ : A x B — C is any bilinear map, then there exists a
unique map ¢ : A® B — C such that ¢ = ¢ oi, wherei: AXxB —+ A®B
is the natural map (a,b) — a ® b.

AxB—i>A®B

%
<
&
<

C
Proof. Indeed, ¢ : A® B — C can be defined by a® b — ¢(a,b). O

Proposition 5.8.2. The tensor product satisfies the following properties:
(1) A® B = B® A via the isomorphism a @b — b ® a.
(2) (B; A;) ® B= ®;(A; ® B) via the isomorphism (a;); @ b +— (a; @ b);.

(3) A® (B®C) = (A® B) ® C via the isomorphism a @ (b®c) — (a ®
b)®ec.

(4) Z ® A = A via the isomorphism n ® a — na.
(5) Z/nZ @ A = A/nA via the isomorphism | @ a — la.

Proof. These are easy to prove by using the above universal property.
We sketch a few.

(1) The map ¢ : A x B— B® A defined by (a,b) — b ® a is clearly
bilinear and therefore induces a homomorphism ¢: A®Q B -+ B® A
with a ® b — b ® a. Similarly, there is the reverse map ¢ : Bx A —
A ® B defined by (b,a) — a ® b which induces a homomorphism
P:BR®A - A®Bwithb®a — a®b. Clearly, g op = idgy and
Ppop=idpgpand AQ B=B® A.

(4) The map ¢ : Z x A — A defined by (n,a) — na is a bilinear
map and therefore induces a homomorphism ¢ : Z® A — A with



n®a — na. Now suppose p(n®a) = 0. Thenna =0and n®a =
1® (na) =1®0 = 0zg4. Thus ¢ is injective. Moreover, if a € A, then
P(1®a) =a and ¢ is surjective as well.

(5) The map ¢ : Z/nZ x A — A/nA defined by (l,a) — lais a
bilinear map and therefore induces a homomorphism ¢ : Z/nZ ® A —
A/nA with | ® a — la. Now suppose p(l ®a) = la = 0. Then
la =Y naand l®@a =1 (la) = 1@ (T na) = T (n@a) =
0z/nzsA, SO @ is injective. Now let a € A/nA. Then ¢(1 ® a) = a and
@ is surjective as well.

O

More generally, if R is a ring and A and B are R-modules, a tensor
product A ®g B can be defined as follows:

(1) if R is commutative, define the R-module A ®gx B := A® B/ ~,
where ~ is the relation generated by ra @ b =a@rb=r(a®b).

(2) if R is not commutative, we need A a right R-module and B a left
R-module and the relation is ar ® b = a ® rb. In this case A ®g B is
only an abelian group.

In both cases, A ®g B is not necessarily isomorphic to A ® B.

Example 5.8.3. Let R = Q[v2] = {a+bv2 | a,b € Q}. Now R®g R &
R which is a 2-dimensional Q-vector space. However, R® R as a
Z-module is a 4-dimesnional Q-vector space.

Lemma 5.8.4. If G is an abelian group, then the functor — ® G is right
, ‘ 4 o
exact, that is, if A 4LBL C — 01is exact, then A®Q G % B® G &

C® G — 0is exact.

Proof. Let c® g € C® G. Since j is onto, there exists, b € B such that
j(b) =c. Then (j®15)(b® g) = c® g and j ® 1¢ is onto.

Since joi = 0, we have (j®1g)o (i®1g) = (joi)®1g = 0 and
thus, Im(i ® 1) C ker(j ® 1g).

It remains to show that ker(j ® 1) C Im(i ® 1g). It is enough to
show that
Pp:BG/Im(i®ls) = C®G,

where ¢ is the map induced by j ® 1. Construct an inverse of ¥,
induced from the homomorphism

p:CxG—=B®G/Im(i®1g)

defined by (c,g) — b ® g, where j(b) = c. We must show that ¢
is a well-defined bilinear map and that the induced map ¢ satisfies
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poyp =idand Ppop =id.

If j(b) =j(b') =c, thenb—b' € ker j =Imi,sob—b =i(a) for some
a€ A Thus, bg—-bV®g=0b-V)®g=ia)®gcIm(i®ls). So
@ is well defined.

Now ¢((c+¢’,g)) = d ® g where j(d) = ¢+ ¢’. Since j is surjective,
choose b,b' € B such that j(b) = cand j(b') =¢’. Thend — (b+ V') €
ker j = Im i and so there exists a € A such thati(a) =d— (b+1').
Thus, ¢((c+¢,g)) =d®g=(b+V)0g=bg+V ®@g=9¢(c,g) +
¢(c’,g) and ¢ is linear in the first component. For the second compo-
nent, 9(c,g+¢&') =b@(g+g) =b@g+b®g = ¢(c,g) +¢(cg).
Thus, ¢ is bilinear.

Now by the universal property of the tensor product, the bilinear
map ¢ induces a homomorphism

9:CRG—-BRG/Im(i®1lg)
defined by c ® g — ¢(c¢,g) =b® g, where j(b) =c. Forc® g € C®G,

pop(cwg) =9p(beg)=jb)®g=c®g,

SO P o = idcgg. Similarly, for b® g € B G/Im(i®1g), po (b ®
8) =9(j()@g) = ¢(j(b),g) =b®g. Thus goy = id. s

Remark 5.8.5. Tensoring with a free abelian group is an exact functor.

Homology with Arbitrary Coefficients

Let G be an abelian group and X a topological space. We define the
homology of X with G-coefficients, denoted H.(X; G), as the homology
of the chain complex

Ci(X;G)=C(X)®G (5.8.2)

consisting of finite formal sums ) ; %; - 0; (with 0; : A; = X and #; € G),
and with boundary maps given by

¢ =9, ®idg.

Since 0; satisfies 9; 0 d;, 1 = 0 it follows that E)iG od 0, so

i+l
(C«(X;G),02)
forms indeed a chain complex. We can construct versions of the usual

modified homology groups (relative, reduced, etc.) in the natural way.
Define relative chains with G-coefficients by

Ci(X,A;G):=Ci(X;G)/Ci(A; G),



and reduced homology with G-coefficients via the augmented chain
complex

M o % o c
= CGi(X;G) = - = C1(X;G) — Co(X;G) — G —0,
where (Y ;77;0;) = Y_; 1; € G. Notice that H;(X) = H;(X; Z) by defini-
tion.
By studying the chain complex with G-coefficients, it follows that

G i=0

H;(pt;G) = {0 P20

Nothing (other than coefficients) needs to change in describing the
relationships between relative homology and reduced homology of
quotient spaces, so we can compute the homology of a sphere as before
by induction and using the long exact sequence of the pair (D", 5") to

be
G i=0,
Hi(shG) =4 "
0 otherwise.

Finally, we can build cellular homology with G-coefficients in the
same way, defining

C8(X) = Hi(X;, X;_1;G) = G* i-eells,
The cellular boundary maps are given by:

dz‘G(ZWaei) = Zﬂadtxﬂe;;lr
o a,‘B

where d,z is as before the degree of a map Ayp : Si=1 — §=1. This
follows from the easy fact that if f : S& — Sk has degree m, then
fi : H(S%;G) ~ G — Hy(S¥;G) ~ G is the multiplication by m. As it
is the case for integers, we get an isomorphism

HWY(X;G) ~ Hi(X; G)
for all i.

Example 5.8.6. We compute H;(IRP"; Z;) using the cellular homology
with Zj-coefficients. Notice that over Z the cellular boundary maps
are d; = 0 or d; = 2 depending on the parity of i, and therefore with
Z;-coefficients all of boundary maps vanish. Therefore,

Zz OSISH

H,' (]RP”; Zz) = .
0 otherwise.
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Example 5.8.7. Fix n > 0 and let g : S" — 5" be a map of degree m.
Define the CW complex

X = §" Ug e'rl+l,

where the (1 + 1)-cell ¢"*! is attached to S" via the map g. Let f be the
quotient map f : X — X/S". Define Y = X/S" = S"*1. The homology
of X can be easily computed by using the cellular chain complex:

dn+2 dn+1 dy dq di do

0 7Z——7Z 0 Z 0
Therefore,
Z i=0
H(X;Z)={Zy i=n
0 otherwise.

Moreover, as Y = §"! we have

Z i=0n+1

Hi(Y;Z) =
0 otherwise.

It follows that f induces the trivial homomorphisms in homology with
Z-coefficients (except in degree zero, where f, is the identity). So it is
natural to ask if f is homotopic to the constant map. As we will see
below, by considering Z,,-coefficients we can show that this is not the
case.

Let us now consider H,(X; Z,,) where m is, as above, the degree of
the map g. We return to the cellular chain complex level and observe
that we have

dyio Ay d d d d
o427z, Lz, s o7z, "0

Multiplication by m is now the zero map, so we get

Z i=0,nn+1
Hi(X/' Zm) = " .
0 otherwise.

Also, as already discussesd,

Zy i=0,n+1
Hi(Yr' Zm) = " .
0 otherwise.

We next consider the induced homomorphism f. : H, 11 (X; Zy,) —
Hy1(Y;Zy). The claim is that this map is injective, thus non-trivial,
so f cannot be homotopic to the constant map. As noted before, we
have an isomorphism H,1(Y;Z;) ~ Hy;1(X,S"; Zy,). This leads us



to consider the long exact sequence of the pair (X,S") in dimension
n -+ 1. We have

ey o1 (S Zom) — Hiya1 (X Zom) 255 Hypyr (X, S5 Zon) — - - -

But, H,11(S";Z,) = 0 and so f. is injective on H, 1 (X;Z,,). Since

Hy1(X;Zm) = Zn # 0 and H, (X, Sn}Zm) ~ H,11(Y; Zy) it fol-
lows that f, is not trivial on H,11(X;Z,), which proves our claim.

Exercises

1. Calculate the homology of the 2-torus T? with coefficients in Z, Z,
and Zj3, respectively. Do the same calculations for the Klein bottle.

5.9 The Tor functor and the Universal Coefficient Theorem

In this section, we explain how to compute H,(X; G) in terms of G and
H.(X;Z). More generally, given a chain complex

o) Oy )
Coivio—=Cn B Cry =5 B CH—0

of free abelian groups and G an abelian group, we aim to compute
H,(C.;G) := Hy(Ce ® G) in terms of H,(C,;Z) and G. The answer is
provided by the following result:

Theorem 5.9.1. (Universal Coefficient Theorem)
For each n, there are natural short exact sequences:

0 — Hy(Ce) ® G — Hy(Co; G) — Tor(H,_1(Cs),G) = 0.  (5.9.1)

Naturality here means that if Co — C, is a chain map, then there is an
induced map of short exact sequences with commuting squares. Moreover,
these short exact sequences split, but not naturally.

In particular, if Co = Co(X, A) is the relative singular chain complex
of a pair (X, A), then there are natural short exact sequences

0 — Hy(X,A) ® G — Hy(X, A; G) — Tor(H,_1(X,A),G) — 0.
(5.9:2)
Naturality is with respect to maps of pairs (X, A) IR (Y, B). The exact
sequence (5.9.2) splits, but not naturally. Indeed, if we assume that
A = B = @, then we have splittings

H, (X;G) = (Hy(X) ® G) & Tor(H,1(X), G),

H,(Y;G) = (Ha(Y) ® G) ® Tor(H,_1(Y), G).
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If these splittings were natural, and f induces the trivial map f. =0
on H,(—;Z) then f induces the trivial map on H.(—;G), for any coef-
ficient group G. But this is in contradiction with Example 5.8.7.

Let us next explain the Tor functor appearing in the statement of the
universal coefficient theorem.

Definition 5.9.2. A free resolution of an abelian group H is an exact sequence:

NG N N LN NN TN

with each F, a free abelian group.

Given an abelian group G, from a free resolution F, of H, we obtain
a modified chain complex:

FoRG: - —-HhRG—-FHRG—>FRK®G—0.

We define
Tor,(H,G) := Hy(Fe ® G). (5:9:3)

Moreover, the following holds:

Lemma 5.9.3. For any two free resolutions Fe and F, of H there are canonical
isomorphisms Hy,(Fe ® G) = Hy,(F, ® G) for all n. Thus, Tor,(H,G) is
independent of the free resolution Fo of H used for its definition.

Proposition 5.9.4. For any abelian group H, we have that
Tor,(H,G) =0ifn > 1, (5.9.4)

and
Torg(H,G) =2 H® G. (5.9-5)

Proof. Indeed, given an abelian group H, take Fy to be the free abelian

group on a set of generators of H to get K ﬁl H — 0. Let F; := ker(fo),
and note that F; is a free (and abelian) group, as it is a subgroup of a
free abelian group Fy. Let F; < Fj be the inclusion map. Then

0—-F—F—H—0

is a free resolution of H. Thus, Tor,(H,G) = 0 if n > 1. Moreover, it
follows readily that Torg(H,G) =2 H® G. O

Definition 5.9.5. In what follows, we adopt the notation:
Tor(H, G) := Tor1(H, G).
Proposition 5.9.6. The Tor functor satisfies the following properties:

(1) Tor(A,B) = Tor(B, A).



(2) Tor(€p; A;, B) = @; Tor(A;, B).
(3) Tor(A,B) = 0 if either A or B is free or torsion-free.

(4) Tor(A,B) = Tor(Torsion(A), B), where Torsion(A) is the torsion sub-
group of A.
(5) Tor(Z/nZ,A) = ker(A 5 A).

(6) For a short exact sequence: 0 — B — C — D — 0 of abelian groups, there
is a natural exact sequence:

0 — Tor(A,B) — Tor(A,C) — Tor(A, D)
— A®B—A®RC—A®D —0.

Proof. (2) Choose a free resolution for €; A; as the direct sum of free
resolutions for the A;’s.

(5) The exact sequence 0 — Z 5 Z — Z/nZ — 0 is a free resolution
of Z /nZ. Tensoring with A and dropping the right-most term yields
the complex Z ® A 1 ZRA - 0, which by property (4) of the
tensor product is A % A — 0. Thus, Tor(Z/nZ, A) = ker(A 5 A).

(3) If A is free, we can choose the free resolution:
F=0—-F=A—-A—=0

which implies that Tor(A,B) = 0. On the other hand, if B is free,
tensoring the exact sequence 0 =+ F; — Fy = A — 0 with B = Z° gives
a direct sum of copies of 0 — F; — Fy — A — 0. Hence, it is an exact
sequence and so Hj of this complex is 0. For the torsion free case, see
below.

(6) Let0 — F; = Fy — A — 0 be a free resolution of A, and tensor
it with the short exact sequence 0 - B — C — D — 0 to get a
commutative diagram:

0 0 0

l l l

00— F®B — {L®C — XD — 0

l l l

0 — F[h®B — F{Hh®C — [®D — 0

l l l

0 0 0

Rows are exact since tensoring with a free group preserves exactness.
Thus we get a short exact sequence of chain complexes. Recall now
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that for any short exact sequence of chain complexes 0 — By — Co —
Do — 0, there is an associated long exact sequence of homology groups

-+ = Hy(Bs) = Hu(Co) = Hy(De) — Hy—1(Ba) — ...

So in our situation, with Be = Fe ® B, Ce = Fe @ C and D = Fe ® D,
we obtain the homology long exact sequence:

0 — Hy(Fe ® B) — Hy(Fe ® C) — Hy(Fe ® D)
— Hy(Fe ® B) = Hy(Fe ® C) — Hp(Fe ® D) — 0

Since Hy (Fs ® B) = Tor(A, B) and Hy(F. ® B) = A ® B, the above long
exact sequence reduces to:

0 — Tor(A, B) — Tor(A,C) — Tor(A, D)
-+ A®B—-A®RC—-A®D —0.

(1) Apply (6) to a free resolution 0 — F; — Fy — B — 0 of B, and get
a long exact sequence:

0 — Tor(A, F;) — Tor(A, Fy) — Tor(A, B)
—AQF - A®F > A®B—0.

Because Fy, Fy are free, by (3) we have that Tor(A, F;) = Tor(A, Fy) =0,
so the long exact sequence becomes:

0 — Tor(A,B) - A®F - A®F — A®B —0.
Also, by definition of Tor, we have a long exact sequence:

0— Tor(B,A) = FF® A—-FR®A—>B®A—D0.
So we get a diagram:

0 — Tor(A,B) — AQ®F — A®F — A®B — 0

oo kL

0 — Tor(BA) — FF®A — FH®A — B®A — 0

with the arrow labeled ¢ defined as follows. The two squares on the
right commute since ® is naturally commutative. Hence, there exists
¢ : Tor(A, B) — Tor(B, A) which makes the left square commutative.
Moreover, by the 5-lemma, we get that ¢ is an isomorphism.

We can now prove the torsion free case of (3). Assume that B is torsion
free. Let 0 — F; i) Fy — A — 0 be a free resolution of A. The claim
about the vanishing of Tor(A, B) is equivalent to the injectivity of the
map f ®idg : F; ® B — Fy ® B. Assume ) ; x; ® b; € ker(f ®idp). So



Y. f(x;)) ®b; =0 € F; ® B. In other words, }; f(x;) ® b; can be reduced
to zero by a finite number of applications of the defining relations for
tensor products. Only a finite number of elements of B, generating a
finitely generated subgroup By of B, are involved in this process, so in
fact ) ; x; ® b; € ker(f ®idp,). But By is finitely generated and torsion
free, hence free, so Tor(A, By) = 0. Thus }; x; ® b; = 0, which proves
the claim. The case when A is torsion free follows now by using (1) to
reduce to the previous case.

(4) Apply (6) to the short exact sequence: 0 — Torsion(A) — A —
A/Torsion(A) — 0 to get:

0 — Tor(B, Torsion(A)) — Tor(B, A) — Tor(B, A/Torsion(A)) — - - -

Because A/Torsion(A) is torsion free, Tor(B, A/Torsion(A)) = 0 by

(3), so:
Tor (B, Torsion(A)) ~ Tor(G, A)

Now by (1), we get that Tor(A, B) ~ Tor(Torsion(A), B).

Remark 5.9.7. It follows from (5) that

Tor(Z/nZ,Z/mZ) = =7Z/nZ Q7Z/m7Z,

(n,m)Z

where (1, m) is the greatest common divisor of n and m. More generally,
if A and B are finitely generated abelian groups, then

Tor(A, B) = Torsion(A) ® Torsion(B) (5.9.6)

where Torsion(A) and Torsion(B) are the torsion subgroups of A and
B respectively.

Let us conclude with some examples:
Example 5.9.8. Suppose G = Q, then Tor(H,_1(X),Q) =0, so
Hu(X;Q) ~ Hu(X) ® Q.

It follows that the n-th Betti number of X is given by

by (X) := rkH,(X) = dimg H,(X; Q).
Example 5.9.9. Suppose X = T2, and G = Z /4. Recall that Hy(T?) =
Z2. So:

Hy(T%2/4) = Hy(T>) @ Z/4 = Z/4

Hi(T%2/4) = (Hi(T?) ® Z/4) @ Tor(Hy(T?),Z/4)
=2’ QZ/4=(Z/4)

Hy(T%2/4) = (Hy(T?) @ Z/4) @ Tor(Hy(T?),Z/4) = Z /4.
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Example 5.9.10. Suppose X = K is the Klein bottle, and G = Z/4.
Recall that Hy(K) = Z ® Z/2, and H,(K) = 0, so:
Hy(K;Z/4) = (H2(K) ® Z/4) & Tor(Hy(K), Z/4)
=Tor(Z,7Z/4) ®Tor(Z/2,7Z/4)
=002Z/2
=7Z/2.

Exercises
1. Prove Lemma 5.9.3.

2. Show that ﬁn(X;Z) = 0 for all n if, and only if, Fln(X;Q) =0and
H,(X;Z/p) = 0 for all n and for all primes p.



6
Basics of Cohomology

Given a space X and an abelian group G, we will first define cohomol-
ogy groups H'(X;G). In the next chapter we will show that, via the
cup product operation, the graded group @; H'(X; G) becomes a ring.
The ring structure will help us distinguish spaces X and Y which have
isomorphic homology and cohomology groups but non-isomorphic
cohomology rings, for example X = CIP? and Y = S? Vv S§%.

6.1 Cohomology of a chain complex: definition

Let G be an abelian group, and let (C,, ds) be a chain complex of free
abelian groups:

B Ay
- — Cpy1 ks G N G S (6.1.1)

Dualize the chain complex (6.1.1), i.e., apply Hom(—; G) to it, to get
the cochain complex:

5n+

Pl B en I ot (6.1.2)
with
C" := Hom(Cy, G), (6.1.3)
and where the coboundary map
ot — (6.1.4)
is defined by
(") (a) = P(9y41a), for p € C" and a € Cyy41. (6.1.5)
It follows that
(6" 0 6") () = Yy 41912 = O,V (6.1.6)

since 0,41 © dy42 = 0 in the chain complex (6.1.1).
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Definition 6.1.1. The n-th cohomology group H" (Cs; G) with G-coefficients
of the chain complex C, is defined by:

H"(C,;G) := Hy(C®%;6°) :=ker(6 : C" — C""1)/Im(6 : C" ! — C").
(6.1.7)

6.2 Relation between cohomology and homology

In this section, we explain how each cohomology group H"(C.;G)
can be computed only in terms of the coefficients G and the integral
homology groups H.(Cs) of (Cs, ).

Ext groups
Let H and G be given abelian groups. Consider a free resolution of H:

Foio BRI p 2w o

Dualize it with respect to G, i.e., apply Hom(—,G) to it, to get the
cochain complex

BRI o S

where we set H* = Hom(H, G) and similarly for F. After discard-
ing H*, we get the cochain complex involving only the F’s, and we
consider its cohomology groups.

H'(F.;G) = ker fy, /Imf;
The Ext groups are defined as:

Ext"(H,G) := H"(F,; G). (6.2.1)
The following result holds:

Lemma 6.2.1. The Ext groups are well-defined, i.e., independent of the choice
of resolution F, of H.

As in the case of the Tor functor, one can thus work with the free
resolution of H given by

0—F —F—H—Q,

where Fj is the free abelian group on the generators of H, while F; is
the free abelian group on the relations of H. In particular, it follows
that

Ext"(H,G) =0, Vn > 1.

We also get that
Ext’(H,G) = Hom(H, G).



For simplicity, we set:
Ext(H,G) := Ext'(H, G). (6.2.2)

Proposition 6.2.2. The Ext group Ext(H, G) satisfies the following proper-
ties:

(a) Ext(H® H',G) = Ext(H,G) ® Ext(H’, G).

(b) If H is free, then Ext(H,G) = 0.

(c) Ext(Z/n,G) = G/nG.

Proof. For (a) use the fact that a free resolution of H @ H’ is a direct
sum of free resolutions of H and resp. H'. For (b), if H is free, then
0 — H — H — 0 is a free resolution of H, so Ext(H,G) = 0. For
part (c), start with the free resolution of Z/n given by

0—7Z-5%7 —7Z/n—0,

dualize it and use the fact that Hom(Z,G) = G to conclude that
Ext(Z/n,G) = G/nG. O

As an immediate consequence of these properties, we get the follow-
ing:

Corollary 6.2.3. If H is a finitely generated abelian group, then :
Ext(H, G) = Ext(Torsion(H), G) = Torsion(H) ®z G. (6.2.3)

Proof. Indeed, H decomposes into a free part and a torsion part, and
the claim follows by Proposition 6.2.2. O

Universal Coefficient Theorem

The following result shows that cohomology is entirely determined by
its coefficients and the integral homology:

Theorem 6.2.4. Given an abelian group G and a chain complex (C,,de) Of
free abelian groups with homology H.(C, ), the cohomology group H" (Ca; G)
fits into a natural short exact sequence:

0 — Ext(H,_1(Ca),G) — H"(Ca; G) — Hom(H,(C.),G) — 0

(6.2.4)
In addition, this sequence is split, that is,

H"(C.;G) 2 Ext(H,,_1(Cs),G) ® Hom(H,(C.), G). (6.2.5)

Proof. (Sketch)
The homomorphism h : H"(C,.; G) — Hom(H,(C,), G) is defined as
follows. Let Z, = kerd,, B, = Im 9,11, iy, : By — Z, the inclusion
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map, and H,, = Z,,/B,,. Let [¢] € H"(C,; G). Then ¢ is represented by
a homomorphism ¢ : C, — G, so that 6"¢ := ¢9;, 1 = 0, which implies
that ¢|p, = 0. Let ¢ := ¢|z,, then ¢ vanishes on By, so it induces a
quotient homomorphism ¢y : Z,/B, — G, i.e., ¢ € Hom(H,(C.),G).
We define h by
h([9]) = do-

Notice that if ¢ € Im o1 e, ¢$ = (5”’11/1 = 0y, then ¢|z, = 0, so
¢o = 0, which shows that & is well-defined. It is not hard to show that
h is an epimorphism, and

kerh = Coker(i;,_;:Z,_ 1 — B;,_1) = Ext(H,—1(Cs),G),  (6.2.6)
where the Ext group is defined with respect to the free resolution of
H,_1(C,) given by
0—3Byq "3 7, 1 — Hy 1(Cs) —> 0.
O

Remark 6.2.5. The splitting in the above universal coefficient theorem
is not natural; see Exercise 8 at the end of this chapter for an example.

The following special case of Theorem 6.2.4 is very useful in calcula-
tions:

Corollary 6.2.6. Let (Ce,ds) be a chain complex so that its (integral) homol-
ogy groups H, are finitely generated, and let T,, = Torsion(H,). Then we
have natural short exact sequences:

0—>T, 1 — H"(Ce;Z) — Hy/Ty — 0 (6.2.7)
This sequence splits, so:
H"(Ce;Z) = Ty_1 ® Hu/ Ty. (6.2.8)
Finally, we have the following easy application of Theorem 6.2.4:

Proposition 6.2.7. If a chain map « : Co — C,, between chain complexes Ca
and C,, induces isomorphisms . on integral homology groups, then w induces
isomorphisms a* on the cohomology groups H*(—; G) for any abelian group
G.

Proof. By the naturality part of Theorem 6.2.4, we have a commutative
diagram:
0 — Ext(H,-1(Ce),G) — H"(Cs; G) — Hom(H,(C,),G) — 0
e’ ta* T (2"
0 — Ext(H,_1(C,),G) — H"(C,;G) — Hom(H,(C,),G) — 0

The claim follows by the five-lemma, since &, and its dual are isomor-
phisms. O
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6.3 Cohomology of spaces

Definition and immediate consequences

Let X be a topological space with singular chain complex (Ce(X), d).
The group of singular n-cochains of X is defined as:

C"(X;G) := Hom(C,(X), G). (6.3.1)

So n-cochains are functions from singular n-simplices to G.
The coboundary map

o C'(X;G) — C"MY(X; G)

is defined as the dual of the corresponding boundary map 9,1 :
Cpi1 — Cp, ie, for p € C"(X; G), we let

I
S = Yd,i1 : Copr (X) 5 Cu(X) 5 G (6.3.2)
It follows that
tlosm =0, (6.3.3)
and for a singular (n + 1)-simplex 0 : A, 11 — X we have:
n+1 .
3"p(o) = Y} (=1 (@l 01 0,1])- (6:3.4)
i=0

Definition 6.3.1. The cohomology groups of X with G-coefficients are defined
as:

H"(X;G) := ker(6") /Im(6" 1. (6.3.5)
Elements of ker 6" are called n-cocycles, and elements of Tm 6"~ are called
n-coboundaries.

Remark 6.3.2. Note that ¢ is an n-cocycle if, by definition, it vanishes
on n-boundaries.

Since the groups C,(X) of singular chains are free, we can employ
Theorem 6.2.4 to compute the cohomology groups H" (X; G) in terms
of the coefficients G and the integral homology of X. More precisely,
we have natural short exact sequences:

0 — Ext(H,_1(X),G) — H"(X;G) — Hom(H,(X),G). — 0

(6.3.6)
Moreover, these sequences split, though not naturally.
Let us now derive some immediate consequences from (6.3.6):

(a) If n =0, (6.3.6) yields that
H°(X;G) = Hom(Hy(X), G), (6.3.7)

or equivalently, H°(X; G) consists of all functions from the set of
path-connected components of X to the group G.
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(b) If n = 1, the Ext-term in (6.3.6) vanishes since Hy(X) is free, so we
get:
HY(X; G) = Hom(H;(X),G). (6.3.8)

Remark 6.3.3. Theorem 6.2.4 also works for modules over a PID. In
particular, if G = F is a field, then

H"(X;F) ~ Hom(H,(X),F) ~ Homp(H,(X;F),F) = H,(X,F)"
Thus, with field coefficients, cohomology is the dual of homology.
Example 6.3.4. Let X be a point space. From (6.3.6), we have:

H'(X;G) = Hom(H;(X), G) ® Ext(H;_1(X), G).

H;(X) = {Z’ =0

0, otherwise,

And since

we get

G, i=0
Hom(H;(X),G) =
0, otherwise.

Furthermore, since H;(X) is free for all i, we also have that
Ext(H;_1(X),G) =0, for all i.
Altogether,
. G, i=0
HI(X;G) = :
0, otherwise.

Example 6.3.5. Let X = S". Then we have

Z, i=0,n
0, otherwise.

Hi(X) = {

Thus the Ext-term in the universal coefficient theorem vanishes and we
get:
) G, i=0orn
H (X;G)=H H;(X),G) = ’
( ) om(H;(X), G) { 0, otherwise.

Reduced cohomology groups

We start with the augmented singular chain complex for X:
S 0(X) S (X)) S Z — 0

with e(Y; n;x;) = Y; n;. After dualizing it (i.e., applying Hom(—;G)),
we get the augmented cochain complex

& A(X;6) <2 CUX;G) << G «— 0.



Note that since €d = 0, we get by dualizing that ée* = 0. The homology
of this augmented cochain complex is the reduced cohomology of X with
G-coefficients, denoted by H'(X;G).

It follows by definition that Hi(X;G) = Hi(X;G), if i > 0, and
by the universal coefficient theorem (applied to the augmented chain
complex), we get H'(X; G) = Hom(Hy(X), G).

Relative cohomology groups

To define relative cohomology groups H" (X, A; G) for a pair (X, A),
we dualize the relative chain complex by setting

C"(X,A;G) := Hom(C, (X, A),G). (6.3.9)

The group C"(X, A;G) can be identified with functions from the set
of n-simplices in X to G that vanish on simplices in A, so we have a
natural inclusion

C"(X,A;G) — C(X;G). (6.3.10)

The relative coboundary maps
5:C"(X,A;G) — C"™(X, A; G) (6.3.11)

are obtained by restrcting the absolute ones, so they satisfy > = 0. So
the relative cohomology groups H" (X, A; G) are defined.
We next dualize the short exact sequence

0 — Cu(A) —5 Cu(X) L5 Cu(X, A) —5 0

to get another short exact sequence
0+— C"(A;G) ¢— C"(X;G) <— C"(X,A;G) «+— 0,  (6.3.12)

where the exactness at C"(A;G) follows by extending a cochain in
A “by zero". More precisely, for i € C"(A;G), we define a function
¥ :Cy(X) — Gby

| y(o), ifoeCy(A)
(‘7)_{ 0, ifIm(@)NA=0

¢ is a well-defined element of C"(X; G) since C,(X) has a basis made
of simplices contained in A and those contained in X \ A. It is clear
that i* () = ¢.

Since i and j commute with 9, it follows that i* and j* commute with
6. So we obtain a short exact sequence of cochain complexes:

*

04— C*(A;G) ¢ C*(X;G) ¢— C*(X,A;G) «— 0.  (63.13)
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By taking the associated long exact sequence of homology groups, we
get the long exact sequence for the cohomology groups of the pair
(X, A):

S H'(X, A G) D HNXG) B H(A;G) S HU(X, A;G) — -

(6.3.14)
We can also consider above the augmented chain complexes on X and
A, and get a long exact sequence for the reduced cohomology groups,
with H"(X, A;G) = H"(X, A; G):
- — H"(X,A;G) — H'(X;G) — H"(A;G) — H""Y(X,A;G) — - -
(6.3.15)
In particular, if A = x¢ is a point in X, we get by (6.3.15) that

H"(X;G) = H"(X, x0; G). (6.3.16)

Induced homomorphisms

If f: X — Y is a continuous map, we have induced chain maps

fer Cu(X) Cn(Y)
(@: A= X) — (foor: 0, 5 X 5 y)

satisfying f40 = 0fs.
Dualizing f4 with respect to G, we get maps

ff.C(Y;G) — C(X;G),

with f#(y) = ¢(fs) and 5f* = f*5 (which is obtained by dualizing
fs0 = 9dfy). Thus, we get induced homomorphisms on cohomology
groups:

f*:H"(Y,G) - H'(X,G).

In fact, we can repeat the above for maps of pairs, say f : (X, A) —
(Y, B). And note that the universal coefficient theorem also works for
pairs because C, (X, A) = Cy(X)/Cy(A) is free abelian. So, by natu-
rality, we get a commutative diagram for a map of pairs f : (X, A) —
(Y, B):

0 — Ext(H,_1(X, A),G) — H"(X, A;G) — Hom(H,(X, A),G) —— 0

T(f*)* T/* T(f*)*

0 —— Ext(Hy1(Y, B), G) —— H"(Y, B;G) ——3 Hom(H, (Y, B),G) —— 0

Homotopy invariance
Theorem 6.3.6. If f ~ ¢ : (X, A) — (Y, B) and G is an abelian group, then

f*=g" : H'(Y,B;G) — H"(X, 4;G).



Proof. Recall from the proof of the similar statement for homology that
there is a prism operator

P:Cu(X,A) = Cpi1(Y,B) (6.3.17)

satisfying
fu—gu = P93+ P (6.3.18)

with fy and g4 the induced maps on singular chain complexes. (In
fact, if F : X x I — Y denotes the homotopy, with F(x,0) = f(x)
and F(x,1) = g(x), then the prism operator is defined on generators
(0 : Ay = X) € Cu(X) by pre-composing Fo (0 xid) : A" x I =Y
with an appropriate decomposition of A" x I into (n + 1)-dimensional
simplices. Then one notes that such a P takes C,(A) to C,41(B), hence
it induces the relative prism operator of (6.3.17).)

So the difference of the middle maps in the following diagram equals
to the sum of the two side “paths”:

Co(X, A) —2= Cp1(X, A)

Then it follows from (6.3.18) that f. = g« on relative homology groups.

The claim about cohomology follows by dualizing the prism operator
(6.3.17) to get

P*: C"(Y,B;G) — C"(X, A; G) (6.3.19)

which satisfies an identity dual to (6.3.18), that is,
- ot = 6P* 4 P*6. (6.3.20)
This implies readily that f* = ¢* on relative cohomology groups. [

The following is an immediate consequence of Theorem 6.3.6:

Corollary 6.3.7. If f : X — Y is a homotopy equivalence, then f* :
H"(Y;G) — H"(X; G) is an isomorphism, for any coefficient group G.

Example 6.3.8. We have:

G, i=0
0, otherwise.

H'(R";G) = {

This follows immediately by the homotopy invariance of cohomology
groups, since R” is contractible.
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Excision

Theorem 6.3.9. Given a topological space X, suppose that Z C A C X, with
cl(Z) C int(A). Then the inclusion of pairs i : (X\ Z,A\ Z) — (X, A)
induces isomorphisms

i*: H'(X,A;G) —» H*(X\ Z, A\ Z;G) (6.3.21)

for all n. Equivalently, if A and B are subsets of X with X = int(A) U
int(B), then the inclusion map (B, AN B) — (X, A) induces isomorphisms
in cohomology.

Proof. By the naturality of universal coefficient theorem, we have the
commutative diagram:

0 — Bxt(Hy_1(X, A),G) —— H"(X, A;G) —— Hom(H, (X, A),G) —> 0

T(i*)* Ti* T(u)*

0 — Ext(H, 1(X\ Z,A\ Z),G) — H"(X\ Z, A\ Z;G) — Hom(H,(X\ Z,A\ Z),G) — 0

By excision for homology, the maps i,, hence (i)*, are isomorphisms.
So by the five-lemma, it follows that i* is also an isomorphism. O

Mayer-Vietoris sequence

Theorem 6.3.10. Let X be a topological space, and A and B be subsets of X
so that
X = int(A) Uint(B).

Then there is a long exact sequence of cohomology groups:

s H'(XG) - H'(A;G) @ H'(B;G) %5 H'(ANB;G)
— H""'Y(X;G) — -+ (6.3.22)
Proof. There is a short exact sequence of cochain complexes, which at
level n is given by:

0 — C"(A+B;G) ' c"(4;6) & C"(B;G) s C*(ANB;G) — 0

Hom(C, (A + B),G)
where C,, (A + B) is the set of simplices in X which are sums of simplices
in either A or B, and the maps are defined by
(1) = (Mlc,a)1lc,a)
and
¢(a, B) = a|c,(anB) — Blc,(anB)-

Moreover, since Cy(A + B) — C.(X) is a chain homotopy, it follows
by dualizing that C*(A + B;G) and C*(X;G) are chain homotopic,



and thus H*(A + B; G) & H*(X; G). The cohomology Mayer-Vietoris
sequence (6.3.22) is the long exact cohomology sequence of the above
short exact sequence of cochain complexes. O

Remark 6.3.11. A similar Mayer-Vietoris sequence holds can be ob-
tained for the reduced cohomology groups.

Example 6.3.12. Let us compute the cohomology groups of S” by using
the above Mayer-Vietoris sequence. Cover S” by two open sets A =
S§"\ N and B = §"\ S, where N and S are the North and, resp., South
pole of S". Then we have ANB ~ S"! and A ~ B ~ R". Thus by
the Mayer-Vietoris sequence for reduced cohomology, together with
Example 6.3.8, homotopy invariance and induction, we get:

H'(s";G) = H (" 1;G) = -.. =2 H"(s%G)
~ G, i=n
] 0, otherwise.

Cellular cohomology
Definition 6.3.13. Let X be a CW complex. The cellular cochain complex of
X, (C*(X;G),d*®), is defined by setting:
C'(X;G) := H"(Xy, Xu-1;G),
for Xy, the n-skeleton of X, and with coboundary maps
A" =6"oj"

fitting in the following diagram (where the coefficient group for cohomology is
by default G):
H"(Xy-1)

j gn—1

_ dﬂ—l Aan
s HH(Xm1, Xpeg) ———— H" (X, Xuo1) ——— H™™ (Xp1, X)) + -

N
H"(X»)
Here, the diagonal arrows are part of cohomology long exact sequences for the
relevant pairs. For this reason, it follows that j"6"~1 = 0, and therefore

dndn—l — 5n]~n5n—1]~n—l —0.

So (C*(X;G),d*) is indeed a cochain complex.
The cellular cohomology of X with G-coefficients is by definition the cohomol-
ogy of the cellular cochain complex (C*(X;G),d*)

Just like in the case of cellular homology, we have the following
identification:
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Theorem 6.3.14. The singular and cellular cohomology of X are isomorphic,
ie.,
H"(X;G) =2 H"(C*(X;G)) (6.3.23)

for all n and any coefficient group G. Moreover, the cellular cochain com-
plex (C*(X;G),d®) is isomorphic to the dual of the cellular chain complex
(Ce(X),ds), obtained by applying Hom(—; G).

Proof. Recall from Section 5.5 that for the cellular chain complex of X
we have that

Cn (X) = Hn(Xn, Xn—l) o~ Z# of n-cells

and H;(X,, X,—1) = 0 whenever i # n. So by the universal coefficient
theorem, we obtain:

C"(X;G) := H"(Xy, X,,_1;G) 2 Hom(C,(X), G) (6.3.24)

since the Ext term vanishes. The universal coefficient theorem also
yields that
H (Xp, X,-1;G) =0if i #n, (6.3.25)

since the groups H;(Xy, X,,—1) are either free or trivial.
From the long exact sequence of the pair (X,, X;,_1), that is,

coo — HN(X,,, X,_1;G) — HN(X,;; G) — HN(X,,_1; G)

— HN (X, Xpo1;G) — -+,
we thus get for k # n,n — 1 the isomorphisms
H"(X,; G) = HF(X,_1; G). (6.3.26)
Therefore, if k > n, we obtain by induction:

HY(X,; G) = HF(X,,_1;G) = H*(X,_2,G) = --- = H*(Xy;G) =0

(6.3.27)
since X is just a set of points.
We next claim that there is an isomorphism
H"(X,:1;G) 2 H'(X; G). (6:3.28)

First recall from Lemma 5.5.10(c) that the inclusion X;, ;1 < X induces
isomorphisms on homology groups Hj, for k < n+ 1. So by the
naturality of the universal coefficient theorem, we get the following
diagram with commutative squares:

0 — Ext(H,_1(X),G) —— H"(X;G) —"— Hom(H,(X),G) — 0

(i*)*l% li* (i*)*lg

0 — Ext(H,—1(Xp41),G) — H"(X,11;G) 25 Hom(Hy(X,41),G) — 0



BASICS OF COHOMOLOGY

Then, by using the five-lemma, it follows that the middle map
i H'(X;G) - H"(X;41; G)

is also an isomorphism.

Altogether, by using (6.3.27) and (6.3.28), we get the following dia-
gram (where the diagonal arrows are part of long exact sequences of
pairs):

TH(Xu1)
qn—1

1
o H' N (X1, Xyg) ———————— H' (X, Xu1) 4) H™ N (X1, X)) 5 -

H"(Xy)
H\/ H"(X,_1) 20

Thus, by using the definition d" = 6"j" of the cellular coboundary
maps, and after noting that /! and j* are onto and « is injective, we
obtain the following sequence of isomorphisms:

H"(X;G) = H"(X,11;G)

>~ Im(a)

= ker(0")

= ker(d")/ ker(j") (6.3.29)
>~ ker(d") /Im (6" 1)

> ker(d") /Im(6" 1"~ 1)

>~ ker(d") /Im(d" 1)

The only claim left to prove is that
d* = (dy41)™. (6.3.30)
By definition, the cellular coboundary map d" is the composition:
&7 H (X, Xy 1;G) — H' (X : G) 5 H™ (X111, X0 G),

and, similarly, the boundary map d,,;1 of the cellular chain complex is
given by:

a” ‘7!
dpy1 2 Hyg1 (X1, Xn) - Hy(Xn) >, Hy (X, Xy-1)-
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Let us now consider the following diagram:

n

j on
H"(Xp, Xp-1;G) ————— H"(Xy; G) — > H" (X141, Xu; G)

Nlh lh Nlh
(]n)* (anﬂ)*

Hom(H, (X, Xy-1),G) — Hom(H,(X,), G) —— Hom(H,+1(Xu41, Xn), G)

The composition across the top is the cellular coboundary map 4",
and we want to conclude that it is the same as the composition (d,,41)*
across the bottom row. The extreme vertical arrows labelled / are iso-
morphisms by the universal coefficient theorem, since the relevant Ext
terms vanish (by using (6.3.25)). So it suffices to show that the diagram
commutes. The left square commutes by the naturality of universal
coefficient theorem for the inclusion map (X, ?) — (X, X;,—1), and
the right square commutes by a simple diagram chase. O

Example 6.3.15. Let X = RP%. Then X has one cell in each dimension
0,1, and 2, and the cellular chain complex of X is:

2

0 Z z -0

Z 0

To compute the (cellular) cohomology H*(X;Z), we dualize (i.e., apply
Hom(—,Z)) the above cellular chain complex, and get:

2 0

0 Z Z Z 0
Thus, we have
Z, i=0
H(RP%2)={ z/2, i=2
0, otherwise.

Similarly, in order to calculate H*(X;Z/2), we dualize the cellular
chain complex of X with respect to Z/2 (i.e., by applying the functor
Hom(—,Z/2)) to get:

0 0

Z/2 Z/2 0

0 Z/2
We then have:

Z/2, i=0,1,0or2

H'(RP%2Z/2) =
( /2) { 0, otherwise.

Example 6.3.16. Let K be the Klein bottle. We compute H.(K;Z/3)
and H*(K;Z/3). The cellular chain complex of K is given by:

2,0
0— sz 7ez 7 0

So the cellular chain complex of K with Z /3-coefficients is given by:



2,0
0——7/3 2 7/30 2/3—7/3— 0

Note that the map (2,0) : Z/3 — Z/3 & Z/3 is an isomorphism on
the first component, so we get:

Z/3, i=0orl
0, otherwise.

H;(K;Z/3) = {

In order to compute the cohomology with Z /3-coefficients, we dualize
the cellular chain complex of K with respect to Z/3 to get:

2,0
073 7230 2/3¢ % 7300
Therefore, we have

Z/3, i=0orl
0, otherwise.

H{(K;Z/3) = {

Exercises

1. Prove Lemma 6.2.1.

2. Show that the functor Ext(—, —) is contravariant in the first variable,
that is, if H, H' and G are abelian groups, a homomorphism « : H — H’
induces a homomorphism a* : Ext(H', G) — Ext(H, G).

3. For a topological space X, let
(,):C"X)®Cu(X) > 2Z

be the Kronecker pairing given by (¢,0) := ¢(c). In terms of this
pairing, the coboundary map J : C*(X) — C"*1(X) is defined by
(6(¢),0) = (¢,90) for all ¢ € C11(X). Show that this pairing induces
a pairing between cohomology and homology:

(,):HY(X;Z) @ Hy(X; Z) — Z.
4. Compute H*(S";G) by using the long exact sequence of a pair,
coupled with excision.

5. Compute the cohomology of the spaces S! x S!, RP? and the Klein
bottle first with Z coefficients, then with Z /2 coefficients.

6. Show that if f : S" — S" has degree d, then f* : H"(S";G) —
H"(5"; G) is multiplication by d.
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7. Show that if A is a closed subspace of X that is a deformation retract
of some neighborhood, then the quotient map X — X/A induces
isomorphisms

H"(X,A;G) = H"(X/A;G)

for all n.

8. Let X be a space obtained from S" by attaching a cell ¢"*! by a
degree m map.

* Show that the quotient map X — X/S" = S"*1 induces the trivial
map on H;(—;Z) for all i, but not on H"+!(—; Z). Conclude that the
splitting in the universal coefficient theorem for cohomology cannot
be natural.

* Show that the inclusion S” < X induces the trivial map on reduced
cohomology H'(—;Z) for all i, but not on Hy,(—;Z).

9. Let X and Y be path-connected and locally contractible spaces such
that H'(X;Q) # 0 and H'(Y;Q) # 0. Show that X VY is not a retract
of X X Y.

10. Let X be the space obtained by attaching two 2-cells to S, one via
the map z — z3 and the other via z — z°, where z denotes the complex
coordinate on S! C C. Compute the cohomology groups H*(X; G) of
X with coefficients:

(a) G=2Z.
b) G=7Z/2.

() G=2/3.
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7
Cup Product in Cohomology

Let us motivate this chapter with the following simple, but hopefully
convincing example. Consider the spaces X = CP? and Y = S? v 5%,
As CW complexes, both X and Y have one O-cell, one 2-cell and one
4-cell. Hence the cellular chain complex for both X and Y is:

0—z20Yz %o Lz o0

So X and Y have the same homology and cohomology groups. Note
that X and Y also have the same fundamental groups, namely

7T1(X) = 7T1(Y) =0.

A natural question is then whether X and Y are homotopy equivalent.
Similarly, one can ask if there is a map f : X — Y inducing isomor-
phisms on (co)homology groups. We will see below that by using cup
products in cohomology, we can show that the answer to both questions
is negative.

7.1 Cup Products: definition, properties, examples

Definition 7.1.1. Let X be a topological space, and fix a coefficient ring R
(eg.,2,7Z/nZ, Q). Let ¢ € CX(X;R) and ¢ € C'(X;R). The cup product
¢ — ¢ € C*H(X; R) is defined by:

(‘P ~ l[J)(U' : Ak+l — X) = (P(U'[vo,---,vk]) ' lp(0|[vk,---,vk+l])r (7'1'1)
where ” - denotes the multiplication in ring R.

The aim is to show that this cup product of cochains induces a cup
product of cohomology classes. We need the following result which
relates the cup product to coboundary maps.

Lemma 7.1.2.
(9 —9)=0p — p+(-1)'¢ — o9 (7.1.2)
for ¢ € CX(X;R), and p € C'(X;R).
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Proof. For o : AFH'+1 — X we have

kel
(6 — ¢)(0) = g(—l)lfP(Uhvo,m,a,.,...,vkﬂ]) Yoy, oer1a))
and
k41 '
(D g —9)(@) = Y (=10l 00]) * YO0y 51 0psra])-

i=k

When we add these two expressions, the last term of the first sum
cancels with the first term of the second sum, and the remaining terms
are exactly 6(¢ — ¢)(0) = (¢ — ¢)(do) since

k+14+1

aa = Z (_1)10_ |[UO/'“/?]\il'“/Uk+l+1] .
i=0

As immediate consequences of the above Lemma, we have:

Corollary 7.1.3. The cup product of two cocycles is again a cocycle. That is,
if ¢, ¢ are cocycles, then 5(¢ — ¢) = 0.

Proof. This is true, since é¢ = 0 and d¢ = 0 imply by (7.1.2) that
(¢ — ) =0. O

Moreover,

Corollary 7.1.4. If either one of ¢ or i is a cocycle and the other a coboundary,
then ¢ — ¢ is a coboundary.

Proof. Say 6¢ = 0and ¢ = 05. Then ¢ — p = ¢ — on = £5(¢p — 7).
Similarly, if 6 = 0, = oy then p — p =y — p =8(y — ). O

It follows from Corollary 7.1.3 and Corollary 7.1.4 that we get an
induced cup product on cohomology:

H*(X;R) x H(X;R) — H*!(X;R). (7.1.3)

It is distributive and associative since it is so on the cochain level. If R
has an identity element, then there is an identity element for the cup
product, namely the class 1 € H%(X; R) defined by the 0-cocycle taking
the value 1 on each singular O-simplex.

Considering the cup product as an operation on the the direct sum
of all cohomology groups, we get a (graded) ring structure on the
cohomology @;H'(X;R). We will elaborate on the ring structure on
cohomology groups induced by the cup product after looking at a few
examples and properties of the cup product.
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Example 7.1.5. Let us consider the real projective plane RP?. Its Z/2Z-
cohomology is computed by:

. Z/2Z fori=20,1,2
Hi(RP? 2,227) = | Z/%% fort
0 otherwise.
Leta € H 1(IRPZ;Z /27Z) = Z/27Z be the generator, and consider
#?:=a — a € H*(RIP%;Z/27).

We claim that a2 # 0, so &2 is in fact the generator of H?(RP?; Z/2Z).

Consider the cell structure on RP? with two 0-cells v and w, three

1-cells ¢, e; and ey, and two 2-cells T; and T5. The 2-cell T; is attached

by the word ejee; 1 and the 2-cell T, is attached by the word eee; 1

(see the figure below).

w

Since « is a generator of H'(RP?;Z/2Z) = Hom(H;(RP?),Z/2Z), it
is represented by a cocycle

¢ : C1(RP?) — Z/27Z

with ¢(e) = 1, where we use the fact that e represents the generator of
H;(RP?). The cocycle condition for ¢ translates into the identities:

0= (0¢)(T1) = $(9T1) = ¢p(er) + p(e) — Pp(e2)-

0= (0¢)(T2) = ¢(0T2) = ¢p(e2) + P(e) — ¢p(en).
As ¢(e) = 1, without loss of generality we may take ¢(e;) = 1 and
$(e2) = 0.

Next, note that a> = & — «a is represented by ¢ — ¢, and we have:

(¢ —¢)(T1) = ¢ler) p(e) =1
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since Tj : [vww] — RP?. Similarly,

(@ — ¢)(T2) = ¢(e2) - p(e) = 0.
Since the generator of Hy(RP?;Z/2Z) is Ty + T, and we have

(@ —¢)(Ti+T2) = (¢~ ¢)(T1) + (¢~ ¢)(T2) =1+0=1,

it follows that a? (which is represented by ¢ — ¢) is the generator of
H?*(RP?%,7./27). O

The cup product on cochains
Cck(X;R) x C'(X;R) — CH(X;R)

restricts to cup products:

CK(X, A;R) x C'(X;R) — C*(X, A;R),

CK(X, A;R) x C'(X, A;R) — CHH(X, A;R),

and

CK(X;R) x C!(X, A;R) — CHI(X, A;R)
since C’(X, A; R) can be regarded as the set of cochains vanishing on

chains in A, and if ¢ or ¢ vanishes on chains in A, then so does ¢ — .
So there exist relative cup products:

H*(X, A;R) x H(X;R) — H(X, A;R),
H*(X, A;R) x H (X, A;R) — H(X, A;R),

and

H*(X;R) x H (X, A;R) — H(X, A;R).
In particular, if A is a point, we get a cup product on the reduced
cohomology H*(X;R).

More generally, there is a cup product
H*(X, A;R) x H'(X,B;R) — H*/(X, AUB;R)

when A and B are open subsets of X or subcomplexes of the CW
complex X. Indeed, the absolute cup product restricts first to a cup
product

C¥(X, A;R) x C'(X, B; R) —s C*!(X, A + B;R),

where CK*(X, A + B;R) is the subgroup of CK*!(X;R) consisting of
cochains vanishing on sums of chains in A and chains in B. If A and
B are opens in X, then C**/(X, AU B; R) < CK*!(X, A + B; R) induces
an isomorphism in cohomology, via the five-lemma and the fact that
the restriction maps C'(A U B;R) — C!(A + B; R) induce cohomology
isomorphisms.

Let us now prove the following simple but important fact:
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Lemma 7.1.6. The cup product is functorial, i.e., for a map f : X — Y the
induced maps f* : H'(Y;R) — H'(X;R) satisfy

frla—p)=f(w) — f(B), (7.1.4)
and similarly in the relative case.
Proof. It sufficies to show the following cochain formula

FH@—w) =19) — F(p).
For ¢ € CK(X;R) and ¢ € C'(X; R) we have:

@) — @) Aesr = X) = (F* D) (1o, 00) - FFO) (o 0, 17)
= () o, o)) - W) 0y 001])
= (¢ — 9)(fs0)
= (¢ — 9))(0).

O

Definition 7.1.7. A graded ring is a ring A with a sum decomposition
A = © Ay where the Ay are additive subgroups so that the multiplication of
A takes Ay x A to Ay . Elements of Ay are called elements of degree k.

Definition 7.1.8. The cohomology ring of a topological space X is the graded
ring
H*(X;R) == (D H(X;R), —),
k>0

with respect to the cup product operation. If R has an identity, then so does
H*(X; R). Similarly, we define the cohomology ring of a pair H*(X, A; R) by
using the relative cup product.

Remark 7.1.9. By scalar multiplication with elements of R, we can
regard these cohomology rings as R-algebras.

The following is an immediate consequence of Lemma 7.1.6:

Corollary 7.1.10. If f : X — Y is a continuous map then we get an induced
ring homomorphism

f*:H*(Y;R) - H*(X;R).

Example 7.1.11. The isomorphisms

o~

H*(| | Xa;R) — [ H* (X R) (7.1.5)

whose coordinates are induced by the inclusions i, : Xy < | ], X4 is @
ring isomorphism with respect to the coordinatewise multiplication in a
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ring product, since each coordinate function i} is a ring homomorphism.
Similarly, the group isomorphism

H*(\/ X&;R) 2 [[H*(X; R) (7.1.6)

is a ring isomorphism. Here the reduced cohomology is identified to
cohomology relative to a basepoint, and we use relative cup products.
(We also assume the basepoints x, € X, are deformation retracts of
neighborhoods.)

Example 7.1.12. From our calculations in Example 7.1.5 we have that:
H*(RP%Z/2Z) = {ayg + a1a + axa?| a; € Z./27Z}
= (2/2Z)[2]/ («),
where « is a generator of H' (RP?;Z/27Z).

Example 7.1.13.
H*(S",2) = Z]a]/ (4?)

where « is a generator of H"(S";Z). Indeed, we have

Hi(S”;Z) _ Z fori=0,n
0 otherwise.

So if w is a generator of H"(S";Z), then the only possible cup products
are # — 1 and a — a. However, « — a € H?'(§";Z) = 0. Hence
2

o =0.

Let us now recall that the cell structure on
RP® = U,>oRP"
consists of one cell in each non-negative dimension. The following
result will be proved later on in this section:

Theorem 7.1.14. The cohomology rings of the real (resp. complex) projective
spaces are given by:

(a)
H*(RP%;Z/2Z) = Z/2[a]/ (a"T1)

where « is the generator of H' (RP"; Z./27Z.).

(b)
H*(RP®; Z/2Z) =~ Z./2[a]

where « is the generator of H' (RP"; Z./27Z.).

(c)
H*(CP%;Z) = Z[B]/ (B™*)

where B is the generator of H>(CP"; Z).
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(d)
H*(CP*;Z) = Z|[p]

where B is the generator of H>(CP"; Z).

Before discussing the proof of the above theorem, let us get back to
the following motivating example:

Example 7.1.15. We saw at the beginning of this chapter that the spaces
X = CP? and Y = S? v $* have the same homology and cohomology
groups, and even the same CW structure. The cup products can be
used to decide whether these spaces are homotopy equivalent. Indeed,
let us consider the cohomology rings H*(X;Z) and H*(Y;Z). From
the above theorem, we have that:

H*(CP%;Z) = Z[B/ (),

where B is the generator of H?(CP?;Z). We also have a ring isomor-
phism

H*(S?v s z) = H*(S%,7) @ H* (S%,Z),
where H*(S%,Z) = Z[a]/(#?) and H*(S%;2Z) = Z[v]/(7?*), with de-
gree of a equal to 2 and degree of y equal to 4. Moreover, % = 0 = 2
and ¢ — v =0.
Consider the cohomology generators in degree 2 and square them. In
the case of H*(CP?;Z), p* is a generator of H*(CP?;Z), hence % # 0.
However, in the case of H*(S? V §%;Z), a?> € H*(S?;Z) = 0. Hence the
two cohomology rings of the two spaces are not isomorphic, hence the
two spaces are not homotopy equivalent.

Let us now get back to the proof of Theorem 7.1.14. We will discuss
below the proof in the case of RP". The result in the case of RP* fol-
lows from the finite-dimensional case since the inclusion RP" — RP*
induces isomorphisms on Hi(f ;2./2) for i < n by cellular cohomol-
ogy. The complex projective spaces are handled in precisely the same
manner, using Z-coefficients and replacing H* by H?** and R by C.

We next prove the following result:

Theorem 7.1.16.
H*(RP";Z2/2) = Z./2[a]/ (a"1), (7.1.7)
where  is the generator of H'(RP"; Z./2).
Proof. For simplicity, we use the notation
P" := RP"

and all coefficients for the cohomology groups are understood to be
Z./2-coefficients.
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We prove (7.1.7) by induction on . Let «; be a generator for H'(IP")
and «; be a generator for H/(P"), with i +j = n. Since for any k < n
the inclusion map u : P¥ < P" induces isomorphisms on cohomology
groups Hl, for | < k, it suffices by induction on 7 to show that a; —

Recall now that P" = §"/(Z/2), with

n

S*" = {(xp, - ,xy) € IR”H| fo =1}.

1=0
Let .
. i
SI:{(XOI"'/xi/O/"'/O)|Zx12:1}
1=0
and

Sj:{(0,~~~,0,xn7]~,-~xn) | Z 'x1221}

be the i-th and j-th (sub)sphere respectively. Note that since i +j =,
we have that x,_; = x;. Hence sinsi = {(0,---,0,41,0,---,0)}
with £1 is in the i-th position, i.e., the intersection consists of the two
antipodal points with i-th coordinate 1 and all other coordinates zero.

SYI

Hence, P’ = S'/(Z/2) and P/ = S//(Z/2) are subsets of P" =
5" /(Z/2) so that

P NP/ ={p}=(0:---:0:1:0:---:0)

with 1 is in the i-th place.
Let U C IP" be the open subset consisting of points (xp : -+ : x,)
with x; # 0, i.e,,

U={(xg:--:xj1:1:x01: - :x4)},
and notice that the map

4’((x0 peeerxirlixgg e xn)) = (X0, , Xi—1,Xi41," ", Xn)

is a homeomorphism U = R"” which takes p to 0 € R".
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We clearly have that P" = P"~! U U, where IP" ! is identified to the
set of points in IP" with the i-th coordinate equal to zero. Regarding
U as the interior of the n-cell of P" (attached to IP"~1), it follows that

— {p} deformation retracts to P"~'. Similarly, as {p} = P' NP/,

we have that P' — {p} ~ P"~! and P/ —

{p} ~ PI=1. All of this is

represented schematically in the figure below, where IP" is represented

by a disc with its antipodal boundary points identified.

Pi-1

P/

Pi-1

Let us now write R” = R’ x IR/, with coordinates of factors denoted

by (xo,- - ,xj—1) and (xj41,- -

, Xn ), respectively. Consider the follow-

ing commutative diagram with horizontal arrows given by the (relative)

cup product:

H'(IP") x H/(IP")

T

H(P",P" —P/) x H/(P",P" —P') — H"(P",P" —
H(R",R" —R) x H/(R",R" — R") —— H"(R", R" —

H"(P")

|

The diagram commutes by naturality of the cup product. Let us exam-

ine the bottom row in the above diagram. Let D’ denote a small closed

i-disc in R’ with boundary S*~!. Then by homotopy equivalence and

excision we have:
H! (R",R" — )

1

H'(R",R" —

1%

(

(D' x R/, 51 x RY)
(D' x D/, §'=1 x DJ)
(
(D'

|

1%

(D', 51) x D)

H'
H
H'
H(D!, 5.

Il

Similarly,

H/(R",R" — RY) = HI((D/,$/71) x D)

int(D') x R))
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~ H/(D/,sI71)
and

H"(R",R" — {0}) = H"(D",s""1)
~ H"(D' x D/,5'71 x DU S/~ x D).

Since D" is an n-cell, its class [D"] (in the Z/2-cellular cohomology)
generates H"(D",5"~1), and similar considerations apply to [D' €
H(D',5'~1') and [D/] € H/(D/,SI71). So the above isomorphisms and
cellular cohomology show that the cup product of the bottom arrow in
the above commutative diagram takes the product of generators to a
generator, i.e., it is given by

[D'] x [D'] = [D"].

The same will be true for the top row, provided we show that the four
vertical maps in the above diagram are isomorphisms.
For the bottom right vertical arrow, we have by excision that

H'(P",P" — {p}) = H'(U, U — {p}) = H"(R",R" — {0}), (7..8)

where the last isomorphism follows by using the homeomorphism
¢:U—R"

For the top right vertical arrow, we already noted that P" — {p} defor-
mation retracts to P"~1, so we have

H'(P",P" — {p}) = H"(P",P" ") 2Z/2,  (7.10)

where the second isomorphism follows by cellular cohomology. More-
over, by using the long exact sequence for the cohomology of the
pair (P",P"~1) and the fact that H*(IP"~!) = 0, we get that the map
Z/2 = H"(P",P""!) — H"(P") = Z/2 is onto, hence an isomor-
phism. Thus we get:

H"(P",P" — {p}) = H" (P") (7.1.10)

To show that the two left vertical arrows are isomorphisms, consider
the following commutative diagram.

HI(P") «—— Hi(P", PF1) «— Hi(P", P — Py — Oy Hi(R", R" — RY)

2 (4)
l(l) l(fl) J((@ l(7)

H'(PY) r H' (P, P o H(P, P — {p}) — 25 HI(R], R — {0})
It suffices to show that all these maps are isomorphisms. (Then
to finish the proof of the theorem, just interchange i and j.) First

note that (R*,R" — R/) = (R/,R’ — {0}) x R/ deformation retract
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to (R, Rf — {0}), so the arrow (7) is an isomorphism. As already
pointed out, (10) is an isomorphism by (7.1.8). Moreover, (9) is an
isomorphism as in (7.1.9), and (8) is an isomorphism as in (7.1.10).
The arrow (1) is an isomorphism by cellular homology, and the arrow
(3) is an isomorphism by cellular homology and the naturality of the
cohomology long exact sequence. By commutativity of the left square,
it then follows that (2) is an isomorphism. In order to show that (4) is
an isomorphism, we note that P" — IP/ deformation retracts onto IP'~1.
Indeed, a point v = (xq : - - - : x,) € P" — P/ has at least one of the first
i coordinates non-zero, so the function

fr(v) == (xp:---txj_q 1 txjc--- 1 txy)

gives, as t decreases from 1 to 0, a deformation retract from P" — P/
onto P~ 1,

Since (3), (4) and (9) are isomorphisms, the commutativity of the
middle square yields that (6) is an isomorphism. Finally, since (6),
(7) and (10) are isomorphisms, the commutativity of the right square
yields that (5) is an isomorphism, which completes the proof of the
theorem. O

Example 7.1.17. Let us consider the spaces RP?"*1 and RP?" v §27+1,
First note that these spaces have the same CW structure and the same
cellular chain complex, so they have the same homology and cohomol-
ogy groups. However, we claim that RP?**! and RP?" v $2"+1 are not
homotopy equivalent. In order to justify the claim, we first compute
their Z /27Z-cohomology rings.

From the above theorem, the cohomology ring of RP?**1 is:

H*(RP*11,72/27) = Z./2Z[«)/ (a®'2),

where « is a degree one element generating H! (RP?**1;2/27).
We also have a ring isomorphism

H*(RP? v §2"+1. 7. /27) = H*(RP?; 2 /2Z) & H* ($*"*1;2/27)

with H*(RP?";Z/2Z) = Z./2Z[B]/(B*>"*!) for B the degree 1 genera-
tor of HY(RP?*; Z/2Z), and H*(S*"*1,Z/2Z) = Z/2Z[v]/ (7?) for ¢
the generator of H>"+1(52"+1, 7 /27) of degree 2n + 1.

If there was a homotopy equivalence f : RP?"*1 — RP?" \/ §2"+1 then
the generators of degree one would correspond isomorphically to each
other, i.e., we would get f*(B) = a. But as f* is a ring isomorphism,
this would then imply that: f*(82"+1) = (f*(8))***! = a?"*1. How-
ever, this yields a contradiction, since 2**! = 0, thus f*(g*'*1) =0,
while a?**t1 2£ 0 since a?"*! generates H>"*1(RP?"*1;Z/27).
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7.2 Application: Borsuk-Ulam Theorem

In this section we use cup products in order to prove the following
result:

Theorem 7.2.1 (Borsuk-Ulam). If n > m > 1, there are no maps g : S™ —
S™ commuting with the antipodal maps, i.e., for which ¢(—x) = —g(x), for
all x € S™.

Proof. We prove the theorem by contradiction. Assume that there is a
map g : S" = S™ commuting with the antipodal maps. Then g carries
pairs of antipodal points (x, —x) in S§" to pairs of antipodal points
(g(x),8(—x) = —g(x)) in S™. So, by passage to the quotient, g induces
a map

f:RP" — RP"

[x] = [g(x)]

which makes the following diagram commutative:

gn 8 gm

1]

RP" - = > RP™

Here p and p’ are the two-sheeted covering maps.

We claim that there exists a lift f’ of f, i.e., f = pf’ in the following
diagram:

Sm
;oA
£ J ,
“f
RP" —— RP™

Let us for now assume the claim and complete the proof of the theorem.
Consider the following diagram:

Sm
% J
p
S RP" RP™

4 f
We have pg = fp' = pf'p/, the second equality following from the
above claim. This implies that both g and f'p’ are lifts of fp’. Under
the two-sheeted covering map p, antipodal points in S™ are mapped
to the same point in RP™. Therefore, pg = pf’'p’ implies that at a
point x € §", we have ¢(x) = f'p'(x) or ag(x) = f'p'(x), where
a:S™ — S™ is the antipodal map. But ag(x) = —g(x) = g(—x) and
f'p'(x) = f'p’(—x). Thus at x € 5", one of following equalities holds:
g(x) = f'p'(x) or g(—x) = f'p'(—x). Since g and f'p’ are lifts of fp’
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and they coincide at a point, it follows by the uniqueness of the lift
that ¢ = f’p’. But this is a contradiction since p’(x) = p’(—x), hence

f'p(x) = f'p'(=x), while g(x) # g(—x) = —g(x).
It remains to prove the claim. A lift for f exists iff

fe(m (RPY)) © pi(mi (S™)). (7.2.1)
If m = 1, the only homomorphism
fe:m(RP") =2 Z/2 — m(RPY) = Z

is the trivial one, so (7.2.1) is satisfied.

If m > 1, both groups 711 (RP") and 711 (RP™) are Z/2. We will use
cup products to show that the induced map f. : Z/2 — Z/2 on
fundamental groups is the trivial map. Let o), € H*(RP™;Z/2) and
ay € H*(RP";Z/2) be the generators of degree 1, and consider the
induced ring homomorphism

f*: H*(RP";Z/2) — H*(RP"%; Z/2).
We have:
0= f*(ap ™) = f* (am)"",
so f*(am) € HY(RP";Z/2) has order m + 1 < n + 1. Therefore,
f (am) # an.
Since H'(RP";Z/2) = Z/2 = (&), this implies that

f*(am) = 0.

Leti:RP! — RP" and j : RP! — IRP™ be the inclusions obtained
by setting all but the first two homogeneous coordinates equal to zero.
By cellular cohomology, the map j* : H'(RP™) — H!(RP') is an
isomorphism, so j*(ay,) is the generator of H!'(RIP'), and in particular,

i (am) # 0.
On the other hand,

(fod)"(am) = i*(f"(am)) = 0.
So (f oi)* # j*, hence the maps f oi and j are not homotopic.
But the homotopy classes of i and j generate the groups 71 (RP")
and 71 (RP™), respectively. So the homomorphisms
fo :m(RP") ~Z/2 — m(RP")~Z/2
[} = [fei #j]

maps the generator [i] to an element of Z/2 other than the generator
[jl, i.e., f« = 0. This proves the claim, and completes the theorem. [
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Exercises

1. Show that if X is the union of contractible open subsets A and B,
then all cup products of positive-dimensional classes in H*(X) are
zero. In particular, this is the case if X is a suspension. Conclude that
spaces such as RIP? and T? cannot be written as unions of two open
contractible subsets.

2. Is the Hopf map
f:83CcC?—S*= CU{w}, (z,w)

z
w

nullhomotopic? Explain.

3. Is there a continuous map f : X — Y inducing isomorphisms on
all of the cohomology groups (ie., f* : H\(Y;Z) = H!(X;Z), for all
i) but X and Y do not have isomorphic cohomology rings (with Z
coefficients)? Explain your answer.

4. Show that RP3 and RP? V S3 have the same cohomology rings with
integer coefficients.

5.
(a) Show that H*(CP";Z) = Z[x]/(x"*!), with x the generator of
H?(CP™; Z).
(a) Show that the Lefschetz number 77 of a map f : CP" — CP" is given
by
Tr=1+d+d*+---+d",
where f*(x) = dx for some d € Z, and with x as in part (a).

(c) Show that for n even, any map f : CP" — CP" has a fixed point.

(d) When n is odd, show that there is a fixed point unless f*(x) = —x,
where x denotes as before a generator of H>(CP"; Z).

6. Use cup products to compute the map H*(CP";Z) — H*(CP"; Z)
induced by the map CP" — CP" that is a quotient of the map C"*! —
crtl raising each coordinate to the d-th power, i.e.,

(20, ,2n) > (28, ,29),

for a fixed integer d > 0. (Hint: First do the case n = 1.)
7. Describe the cohomology ring H*(X V Y) of a join of two spaces.

8.LetH=R-1&R-i®R-j®R-k be the skew-field of quaternions,
where > = 2 =k* = —1land ij = k = —ji, jk =i = —kj, ki = j = —ik.
For a quaternion g = a + bi +c¢j +dk, a,b,c,d € R, its conjugate is
defined by § = a — bi — cj — dk. Let || := v/a? + b2 + 2 + d2.




(a)

(b)

(©

(d)

(e)

9.
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Verify the following formulae in H: q-§ = |9|?, 7192 = 4241, |192] =
7] - 1q2].

Let S” C H @ H be the unit sphere, and let f : S” — §* = HP! =
H U {co} be given by f(q1,42) = q192 . Show that for any p € S*,
the fiber f~1(p) is homeomorphic to S°.

Let IHP" be the quaternionic projective space defined exactly as in
the complex case as the quotient of H"*!\ {0} by the equivalence
relation v ~ Av, for A € H\ {0}. Show that the CW structure of
IHP" consists of only one cell in each dimension 0,4,8, - - - ,4n, and
calculate the homology of HP".

Show that H*(HP";Z) = Z[x]/(x"*1), with x the generator of
H*(HP";Z).

Show that $* v S8 and HP? are not homotopy equivalent.

For a map f : S§2n=1 5 6" with n > 2, let Xf = sn Ur D?" be the

CW complex obtained by attaching a 2n-cell to S” by the map f. Let
a € H'(Xf;Z) and b € HZ”(Xf;Z) be the generators of respective
groups. The Hopf invariant H(f) € Z of the map f is defined by the
identity a®> = H(f)b.

(a)

(b)

Let f : S — S? = CU {oo} be given by f(z1,22) = z1/z, for
(z1,22) € $° C C%. Show that Xy = CP? and H(f) = +1.

Let f : §7 — S* = HU{c} be given by f(q1,92) = 192~ ! in
terms of quaternions (g1,92) € S, the unit sphere in IH2. Show that
Xy =HP? and H(f) = +1.
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7.3 Kiinneth Formula

Cross product

Let us motivate this section by consider the spaces S$? x S> and S? v S3 v
S5. Both spaces are CW complexes with cells {eo, e2,e3, e5} in degrees,
0,2,3 and 5, respectively. So the cellular chain complex for both spaces
is:

05Z2-0-2-5Z 5020

Hence both spaces have the same homology and cohomology groups.
It is then natural to ask the following:

Question 7.3.1. Are the spaces S*> x S3 and S?> V SV S° homotopy equiva-
lent?

The aim of this section is to convince the reader that the answer is
No. More precisely, we will show that the two spaces have different
cohomology rings.

The cohomology ring H*(S? v $3 v %, Z) can be computed from the
ring isomorphism

H*(S?Vv SV $5z) = H*(S%Z) @ H'(S%,2) & H*(S°; Z),

with H*(S%,Z) = Z[a]/ («?), H*(S3,Z) = Z[B]/(B?) and H*(S> Z) =
Z[v]/(~?*), where a is the generator of H?(S%;Z), B is the generator of
H3(S3 ;Z) and vy is the generator of H5(S5 ;Z). Moreover, we have that
&« — B = 0. Indeed, let

p:S2vsivs® —»s2vs3

be the natural retraction map. Then p* induces isomorphisms on H?
and H3. So if & and B are the generators of H?(S?V S%) and H3(S? Vv S®),
then & = p*& and B = p*B. So

a—p=pa—pp=p(a-p =0

since & — B =0.

By the end of this section, we will show that the product of the gen-
erators of degree 2 and degree 3 in the cohomology ring of S? x S2 is
the generator in degree 5, so it is non-zero. This will then completely
answer the above question.

The following result is proved in [Hatcher, Theorem 3.14]:

Theorem 7.3.2. Let R be a commutative ring, and « € H*(X, A;R) and
B € H!(X, A;R). Then the following holds:

a—B= (-1 B—a (7.3.1)
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Definition 7.3.3. A graded ring which satisfies a condition as in the pre-
vious theorem is called graded commutative. Hence the cohomology ring
H*(X, A; R) is a graded commutative ring.

Corollary 7.3.4. If « € H*(X;R) is of odd degree and if H*(X; R) has no
elements of order two, then &« — a = 0.

Definition 7.3.5. Cross product or External cup product
Let X and Y be topological spaces, and denote by p and q the projections
p: XXY — Xandq: X xY — Y. By using the cohomology maps
defined by these projections, we have an induced map denoted by x:
H*(X;R) x H*(Y;R) H*(X x Y;R)
a b = axb:=p*(a) —q*(b)

All cohomology groups H'(X; R) and H'(Y; R) have an R-module structure,
hence so do the corresponding cohomology rings H*(X;R) and H*(Y;R).
Since the map X is bilinear, the universal property for tensor products yields a
group homomorphism called the cross product, which we again denote by x:

H*(X;R) ®g H*(Y;R) = H*(X % Y;R) (7.3.2)
So, by definition, we have that:
x(a®b):=axbh.

The cross-product becomes a ring isomorphism if we put a ring structure on
H*(X;R) ®g H*(Y; R) by the following multiplication operation:

(a®b) - (c®d) = (—1)980) ) (5c @ bd) (7.3-3)

Indeed, we have:

x((a®@b)-(c@d)) = (—1)%sl)deelc) » (40 bd)
= (—1)de8(b)deg(c) (50 x pd)
= (—1)de8?)de8O) p*(a ) — " (b — d)
—1)de8)degle) p*(a) — p*(c) — " (b) — 4" (d)
2V p*(a) — g7 (b) — p*(c) — 4" (d)
=Xx(a®b) — x(c®d).

Kiinneth theorem in cohomology. Examples

The following result is very helpful in finding the cohomology ring of
a product of CW complexes:
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Theorem 7.3.6. Kiinneth Formula
If X and Y are CW complexes, and H*(Y;R) is a finitely generated free
R-module for all k, then the cross product

H*(X;R) ®g H*(Y;R) = H*(X x Y;R)

is a ring isomorphism. Moreover, we have the following isomorphism of groups:

H"(X x Y;R) = @ H'(X;R)®r H(Y;R) (7.3.4)
i+j=n
In the next section, we will explain the content of Theorem 7.3.6 in a
more general context. Let us now work out some examples.

Example 7.3.7. Let us find the cohomology ring of S? x S3, which
appeared at the beginning of this section. According to the Kiinneth
formula, we have the following ring isomorphism:

H*(S? x 8%,2) =~ H*(S%,2) 97 H*(S%,Z)

If we let a € H*(S%,Z) denote the degree 2 element which generates
H?(S%Z) and b € H*(S%,Z) the degree 3 element which generates
H3(S%,Z), then x(a® 1) and x (1 ® b) (where 1 denotes the identity
in the respective cohomology rings) will be the generators in H*(S? x
S3,Z) of degree 2 and 3, respectively. Moreover, x(a®1) — x(1®
b) = x(a® b) will be a generator of degree 5 in H*(S? x S3;Z).

In order to simplify the notations, we make the following definition.

Definition 7.3.8. Exterior Algebra
Let R be a commutative ring with identity. The exterior algebra over R,
denoted

AR[ag, ap,.. ],
is the free R-module generated by products of the form:
Ri Ky = Ry, withip <iy < --- <,
and with associative and distributive multiplication defined by the rules:

= o, ifi ]
= 0.

L7

=Nl

114

The empty product of w;’s is allowed and it gives the identity element 1 €
AR [Dél,l)éz, .. ]

Example 7.3.9. Let us now show that
H*(S° x §° x §7;Z) = Azlas, as, a7, (7:3:5)

where 4; is the generator of degree i in H*(S® x S° x S7;Z), for i =
3,5,7.
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By the Kiinneth formula applied to the product of CW complexes
S3 x S° x §7, we have the following ring isomorphism:

H*(S® x §°> x §7;Z2) = H*(S% Z) @7z H*(S°,Z) ®7 H*(S7; Z).

Let a; be the generator of degree i in H*(S';Z) for i = 3,5,7. Then
the generators of degree 3, 5 and 7 in H*(S> x S° x S7;Z) are given
respectively by:

e a3=X(a31®1)
e i5s=Xx(1®as®1)
® a7 = ><(1®1®047)

The product of these generators produce generators of higher degrees,
i.e., 8, 10, 12 and 15, in the cohomology ring H*(S® x $° x §7;Z). Let
us compute some products of the elements:

2 = x(@we101) — x(a30121)
= x[(3®101) x(z®1®1)]
= x(@®1e1)
=0

and a similar result for a% and a%.

aza5 = X(3®101) — x(1®as®1)
x[(a30101) - (1@a521)]
(1) x (3@ a5 ®1)
= x(3®as®1)

asa; = X(1®as®1) — x(a3®1®1)
x[(1®as®1) (30111)]
(~1*° x (13 ® a5 © 1)
= —azas

We have similar results for the other products too. The above cal-

~

culations show that we have an isomorphism H*(S3 x S° x §7;Z) =
Azlas, as, az).

Remark 7.3.10. It is easy to see that a similar result holds for the
cohomology ring of any (finite) product of odd dimensional spheres.

Example 7.3.11. By the Kiinneth formula we have the following ring
isomorphism:

H*(RP® x RP®;Z/2) = H*(RP®;Z/2) ®z, H(RP®;Z/2)
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Z/2[0) @z/2Z/2(p]
Z/2(a, p]

where « and B are generators of degree 1, and they commute since we
work with Z /2-coefficients.

Example 7.3.12. Let us now investigate if the spaces CP® and S? x S* x
S6 are homotopy equivalent. Fortunately, there is an easy answer to this
question. Consider the usual CW structure for CP® and the product
CW structure for S x S* x S°. Both spaces have cells only in even
dimensions, but CP® has one cell in dimension 6, whereas $2 x S$* x §°
has two cells in dimension 6. It follows that Hg(CP®) = Z, whereas
He(S? x S* x S%) = Z @ Z. So CP® and S? x §* x S® are not homotopy
equivalent. A more difficult approach to answer the question would be
to show that the cohomolgy rings for these spaces are not isomorphic.
We will do this in the following example.

Example 7.3.13. Let us show that if n > 1, the spaces CPM and S? x
S* x -+ x §?" are not homotopy equivalent. Consider the following
cases:

e If n = 1, then CP! is homeomorphic to S2.

e If n = 2, then both the spaces CP? and S? x S* have one cell in each
of the dimensions {0,2,4,6}. Thus they also have the same cellular
chain/cochain complex and, in particular, their homology/cohomol-
ogy groups are isomorphic. We will, however, distinguish these
spaces by their cohomology rings.

e If n > 3, then CP" has one cell in each of the even dimensions
{0,2,4,...,2n}, but the cell structure of S? x §* x - - x §2" is differ-
ent from that of CP" since, for example, 52 % §% x -+ x §2" has two
6-cells. As both spaces have cells only in even dimensions, we can
already conclude that they have different homology and cohomology
groups since they have different cell structures.

We will now show that for n > 1 the two spaces have non-isomorphic
cohomology rings. First, the Kiinneth formula yields that:
H*(8? x St x .- x §2,7Z)
~ H*(S%Z) @7 H*(S4,Z) ®7 - - ©7 H'(S*; Z)

So a degree 2 element in this ring looks like x(1 ®1®1®---®1),
where a € H?(S?). The square of this element is:

x@®110---01)P = x[@11®---©1)%
= x(?®191®---®1)



CUP PRODUCT IN COHOMOLOGY

=0

. . n(n+1)
since a> € H*(S?) = 0. However, in the case of CP~ 2, we know that

square of a non-zero degree 2 element is a non-zero degree 4 element.
Hence the cohomology rings of the two spaces are not isomorphic.

Example 7.3.14. Let us use cup products and the Kiinneth formula in
order to show that S" VvV S is not a retract of S” x S™, for n,m > 1.
First, consider the product CW structure on 5" x §™: it consists of cells
{e0,e™, ", et} with attaching maps ¢ : de™ — ¢ and ¢’ : de”* — €°
coming from the factors. Hence S" V §™ is a subset of S"” x S™. (Note
that we also allow the case n = m.) Next, suppose by contradiction that
there is a retract
r:S"x §"— S§"v S
So,ifi: S" Vv S™ — S§" x §™ denotes the inclusion, then the composition
roiis the identity map on S" v §™. It follows that the cohomology map
(roi)* =i* or* is the identity, so
r* H*(S" Vv S™) — H*(S" x §™)
is a monomorphism. By the Kiinneth formula, we have a ring isomor-
phism
X
H*(S") ® H*(S™) = H*(S§" x §™).
Hence, a non-zero element in H"(S" x §™) is of the form a x 1 :=
x(a®1), with a € H"(S") a non-zero class. Similarly, a non-zero
element in H™(S" x §™) is of the form 1 x b := X (1® b), for some non-
zero class b € H"(S™). Let us now consider the product of non-zero
elements 2 x 1 € H"(S" x §™) and 1 x b € H™(S" x §™) in the ring
H*(S™ x §™). We get:
(ax1)— (I1xb)=x(a®1l)— x(1®Db)
=x[(a®1)- (1®D)]
= x(a®0Db) (7.3.6)
=axb
# 0,
sincea®b # 0in H*(S") @ H*(S™). We also have a ring isomorphism
H*(S" v S™) = H*(S") @ H*(S™).

Leta, B € H*(S" vV §™) be the generators of degree 1 and m, respectively.
Then
a— peHTS VS =0.

On the other hand, since r* is a monomorphism, the classes r*(«) and
r*(B) are non-zero elements of degree n and resp. m in the cohomology
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ring H*(S" x §™), so by the above calculation, their product is non zero.
But

ri(a) —r(p) =r"(a — B) =77(0) =0,

which gives us a contradiction.

Kiinneth exact sequence and applications

In this section, we provide the necessary background for Kiinneth-type
theorems.

Let us fix coefficients in a PID ring R.
Given two chain complexes (C,, do) and (C,, 9, ), we define (C® C’),
to be the complex with:

(Cal)y=B(CeC, ) (7:37)
p=0

and boundary map d,, : (C®C")y — (C®C’),—1 whichon Cp, ® C;,_,,

is given by:
dn(a®b) = (9pa) @b+ (1) (a ®9;,_pb). (7.3.8)
Then we have:

(dod)(a®Db)

d((da) @b+ (1)’ (a®d'b))
= (P*a)®@b+ (—1)P"1(9a) ® (3')
~1)P(3a) ® (3'b) + (—1)Pa @ (9”°b)

_|_

(
0
So ((C® C')e,da) is a chain complex. It is therefore natural to ask the
following question:

Question 7.3.15. How is the homology H.((C ® C')) related to H,(C,)
and H,(C,)?

The answer is provided by the following result from homological
algebra:

Theorem 7.3.16 (Kiinneth exact sequence). Let R be a PID, and assume
that for each i, C; is a free R-module. Then for all n, there is a split short exact
sequence:

0 — @D (Hp(Ce) ®r Hu—p(Cs)) — Ha((C®C)a)
P

— @TO]TR (HP(C.), Hn_p_l(C’,)) —0 (739)
p

In what follows we discuss several applications of Theorem 7.3.16.
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Kiinneth Formula for homology.

Let X and Y be two spaces, and let C, and C, denote the singular
chain complexes of X and Y, respectively. Then it is not hard to see
that the singular chain complex Co(X X Y) of X x Y is chain homotopy
equivalent to (C ® C’),, so they have the same homology groups. We
thus have the following important consequence of Theorem 7.3.16:

Corollary 7.3.17 (Kiinneth Formula for homology). If X and Y are topo-
logical spaces, then the following holds:

n n—1
Hy(X xY) =P (Hp(X) @ Hy—p(Y)) & € Tor (Hp(X), Hy—p-1(Y)).
p=0 p=0

(7.3.10)
In particular, if all homology groups of X or Y are free R-modules, then:

Hy(X xY) = @) Hp(X) @ Hy—p(Y). (7.3.11)
p=0

As a consequence of Corollary 7.3.17, we have:

Corollary 7.3.18. If the Euler characteristics x(X) and x(Y) are defined,
then x(X x Y) is defined, and:

X(XxY) = x(X)-x(Y). (7.3.12)

Universal Coefficient Theorem for homology

The Universal Coefficient Theorem for homology can be seen as a conse-
quence of Theorem 7.3.16 as follows: take C, to be the singular chain
complex of X and let C, to be the chain complex defined by: C, = 0 if
n #0,C) =R, and 9, = 0 for all n > 0. We then get by Theorem 7.3.16
that:

Hy(X;R) = (Hu(X) @ R) @ Tor(H,—1(X), R). (7.3.13)

Remark 7.3.19. Note that (7.3.13) can also be obtained from (7.3.10) by
taking Y to be a point.

Kiinneth formula for cohomology
Finally, we also have the following cohomology Kiinneth formula:

Corollary 7.3.20. Kiinneth formula for cohomology
If R is a PID, and all homology groups H;(X; R) are finitely generated, then
there is a split exact sequence (with R-coefficients):

0—s é (HP(X) @ H" P(Y)) — H"(X x Y)
p=0
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n+1
— @ Tor (HP(X), H* P*1(Y)) — 0.
p=0

Moreover, if all cohomology groups H'(X) of X (or Y) are free over R, we get
the following isomorphism:

H'(XxY) = EnB HP(X) @ H'P(Y). (7.3.14)
p=0

Proof. (Sketch.) Let us indicate how this result is obtained from Theo-
rem 7.3.16. We would like to apply the Kiinneth exact sequence to the
chain complexes defined by:

C_yn:=C"X;R), 0_y:=10%

and
c,=C"Y;R), 9", :=d¥.

However, note that C; and C/ are not necessarily R-free. Indeed,
C"(X;R) = Homg(Cy(X;R),R),

but C,(X;R) is not necessarily a finitely generated R-module. In or-
der to get around this problem, the idea is to replace the chain com-
plex Co(X; R) by a chain homotopic one, which has finitely generated
components. Here is where the assumption that H;(X; R) are finitely
generated is used. O

Exercises

1. Are the spaces S?> x RP* and S* x RP? homotopy equivalent? Justify
your answer!

2. Using cup products, show that every map Sk*! — Sk x S! induces the
trivial homomorphism Hy;(S**!) — Hy;(S¥ x S!), assuming k > 0
and / > 0.

3. Describe H*(CP*/CP';Z) as a ring with finitely many multiplica-
tive generators. How does this ring compare with H*(S® x HP*;Z)?

4. Show that if H,(X; Z) is finitely generated and free for each n, then
H*(X;Zp) and H*(X; Z) ® Z,, are isomorphic as rings, so in particular
the ring structure with Z-coefficients determines the ring structure with
Z,-coefficients.

5. Show that the cross product map H*(X;Z) ® H*(Y;Z) — H*(X x
Y;Z) is not an isomorphism if X and Y are infinite discrete sets.



CUP PRODUCT IN COHOMOLOGY 155

6. Show that for n even S” is not an H-space, i.e., there is no map
p:S" x S" — S§" so that poiy =idgn and p o ip = idgn, where iy, ip are
the inclusions on factors.

7. Let A be the union of two once linked circles in S3, and B be the
union of two unlinked circles. Show that the cohomology groups of
S3\ A and S®\ B are isomorphic, but their cohomology rings are not.

8. Compute the ring structure of H*(T"; Z), where T" is the torus of
dimension 7 (i.e., a product of n circles S'). Do the same for H*(T" \
{x};Z), where x € T" is any point.






8
Poincaré Duality

8.1 Introduction

In this chapter, we show that oriented n-manifolds enjoy a very special
symmetry on their (co)homology groups:

Theorem 8.1.1. Let M be a closed (i.e., compact without boundary), ori-
ented and connected manifold of dimension n. Then for all i > 0 we have
isomorphisms:

H;(M;Z) = H'{(M; Z). (8.1.1)
In particular, we get:

Corollary 8.1.2. For all i > 0, the isomorphisms

(8.1.1) ‘
H;(M;Q) = H"'(M;Q)

=
R A
=3

Hom(H,—i(M;Q),Q)  (8.1.2)
yield a non-degenerate bilinear pairing
H;(M;Q) x H,—{(M;Q) — Q.
Moreover, the complementary Betti numbers are equal, i.e.,
Bi(M) = Bu—i(M).

In the next section we will explain in more detail the notion of
orientability of manifolds. Later on, we will describe explicitly the
nature of the isomorphism (8.1.1) by using the cap product operation —,
i.e., we will show that it is realized by

~ [M]: H*{(M; Z) — H;(M; Z), (8.1.3)

where [M] € H,(M) is the “fundamental (orientation) class" of the
manifold M.

POINCARE DUALITY
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8.2 Manifolds. Orientation of manifolds

Definition 8.2.1. A Hausdorff space M is a (topological) manifold if any
point x € M has a neighborhood U, homeomorphic to R" (where such a
homeomorphism takes x to 0).

Let us now compute the local homology groups of a manifold M at
some point x € M:

—
N
~—

Hi(M, M\ {(x}:Z) 2 Hy(Uy, Uy \ {x};2)
H;

1%

(R", R"\ {0};Z)

—
w
=

H;—1(R"\ {0};Z) (8.2.1)

Hi_1(S" %)
)z if i=n
0, otherwise,

where (1) follows by excision, (2) by using the homeomorphism U, =

1

—
i
=

14

R", (3) by the homology long exact sequence of a pair, and (4) by using
a deformation retract.

Definition 8.2.2. The dimension of a manifold M, denoted dim(M), is the
only non-vanishing degree of the local homology groups of M.

Definition 8.2.3. A local orientation of an n-manifold M at x € M is a
choice yy of one of the two generators of the local homology group Hy (M, M\
{x};2) = 2.

Remark 8.2.4. A local orientation py at x € M induces local orientations
at all nearby points y, i.e., if x and y are contained in a small ball B,
then we have induced isomorphisms:

jix € Z = Hy(M,M\ {x}) < H,(M, M\ B)
S H(MM\{y}) =Z e py,

where the above isomorphisms are induced by deformation retracts.

Definition 8.2.5. A (global) orientation on an n-manifold M is a continuous
choice of local orientations, i.e., for every x € M there exists a closed ball
of finite positive dimension B C Uy = R" and a (generating) class up €
H, (M, M\ B) such that py : H,(M, M\ B) — H,(M, M\ {y}) takes pp
to py forall y € B.

Definition 8.2.6. The pair consisting of manifold and orientation is called an
oriented manifold.



Notation: Let M be an n-manifold and K C L C M be compact subsets.

Consider the map induced by inclusion of pairs:
px : Hi(M, M\ L) — H;(M, M\ K).

Then for a € H;(M, M\ L), px(a) is called the restriction of a to K.

In the above notations, we have the following important result:

Theorem 8.2.7. For any oriented manifold M of dimension n and any com-
pact K C M, there is a unique pug € Hy,(M, M\ K; Z) such that px(pg) =
Uy for all x € K.

An immediate corollary of the above theorem is the existence of the
fundamental class of compact oriented manifolds. More precisely, by
taking K = M in Theorem 8.2.7, we get the following;:

Corollary 8.2.8. If M is a compact oriented n-manifold, there exists a unique
Unm € Hy(M;Z) so that px(pp) = sy for all x € M.

Definition 8.2.9. The homology class [M] := s of Corollary 8.2.8 is called
the fundamental class of M.

The proof of Theorem 8.2.7 uses the following:
Lemma 8.2.10. If K is a compact subset of an n-manifold M, we have:
(i) Hi(M,M\K) =0ifi > n.
(i) a € Hy(M, M\ K) is equal to 0 if and only if px(a) = 0 for all x € K.

Before proving the above lemma, let us finish the proof of Theorem
8.2.7.

Proof. (of Theorem 8.2.7)
For the uniqueness part, if u} and u% are as in the statement of the
theorem, then for all x € K we have p,(uk — y%) = px — px = 0. Then
by using Lemma 8.2.10(ii), we get that u} — u% =0, or uk = 2.

We prove the existence part in several steps:

Step I: If K is contained in a sufficiently small euclidean closed ball (of

finite positive radius) B centered at a point y € M, as in the definition
of orientability, then for all x € K, the composition

Ho(M,M\ B) & H,(M, M\ K) &5 H,(M,M\ {x})  (8.2.2)

is an isomorphism. Then set ug := px(pp), with up € H,(M, M\ B)
as in the definition of orientability.

POINCARE DUALITY
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Step II: If the theorem holds for compact subsets K7 and K; and for their
intersection K7 N Ky, we show that it holds for their union K = K; U K».

Indeed, the Mayer-Vietoris sequence for the open cover
M\ (K1 NKy) = (M\ Ky)U(M\Kp),
with intersection
M\ K= (M\K;) N (M\Kp)

gives the long exact sequence:

0 — Hy(M,M\K) % H,(M, M\ K;) & Hy(M, M\ K)

Y Hy (M, M\ (K NKp)) — ...

where ¢(a) = px, (a) © px, (a) and (b @ ¢) = pk,nk, (0) = Py, (€)-
By our assumption, there exist unique px, € H,(M, M\ K1) and g, €

H,(M, M\ Kp) restricting to local orientations at points x € K; and
resp. x € Ky, hence

Px 0 Pxks (k;) = px(px;) = pa (8.23)
forall x € K1 N K, and i = 1,2. Then we have
px(Pxyk, (HKy ) — PRK (HKy)) = Hx — P = 0 (8.2.4)
for all x € K1 N Ky. So by Lemma 8.2.10 we get that
YK, @ pKy) = Prankz (HK) — PKRinK, (HK,) = 0, (8.2.5)
ie, pk, ® pk, € kerip = Im ¢. Since ¢ is injective, there exists a unique
U € Hy(M, M\ K)

such that ¢(ug) = g, ® pk,- By the uniqueness part, we also have that
px restricts to local orientations at points x € K.

Step III: For an arbitrary compact K, we write K as a finite union
K =K UKy U...UK,; with each K; as in Step 1. Then the claim follows
by induction on r by using Step II. O

Let us now get back to proving Lemma 8.2.10:

Proof. (of Lemma 8.2.10)
The proof is done in several steps, as indicated below.

Step I: Assume that M = R" and K is a convex compact subset. Let
B be a large ball in R” with K C B, and let S = 9B be the bounding




sphere. Then for all x € K, both M\ K and M \ {x} deformation retract
to S. So we have:

H;(M, M\ K) = H;(M, M\ {x})

H;(R", s"1)

Hi_4(S"1) (8.2.6)
Z fori=n

{O otherwise.

Step II: We next show that if the Lemma holds for compact sets Kj,

K, and for their intersection K; N K5, then it holds for K := K; U K.
Indeed, we have the Mayer-Vietoris sequence

14

1%

co+ = Hip1 (M, M\ (Ky NKp)) — H;(M, M\ K)
% Hi(M, M\ Ky) @ Hy(M, M\ K2) % Hi(M, M\ (K nKp)) = -+

If i > n, we have by our assumption that H; ;1 (M, M\ (K1 NK3)) =0,
H;(M, M\ Ky) =0and H;(M, M\ K;) = 0. Therefore, H;(M, M\ K) =
0.

If i = n, the Mayer-Vietoris sequence takes the form

0 — Hp(M, M\ K) % H,(M, M\ Ky) & H,(M, M\ K»)

Y Hy (M, M\ (K NKp)) — ...

with ¢ injective. So for a € H,(M, M\ K), we have the following
sequence of equivalences:

a=0 <= 0=¢(a) = px, (a) B pk, (a)
<= pg,(a) =0and pg,(a) =0
< pxpk,(a) =0Vx € Ky, and pypg,(a) =0Vy € K, (8.2.7)
(since, by assumption, the lemma holds for K; and K3)

<= px(a) =0, Vx € K3 UK,.

Step lII: If M = R"” and K = K; UKy U --- UK, with each K; convex
and compact (which also implies that K; N K; is convex and compact),
then the lemma holds for K by Step I and Step II.

Step IV: Assume that M = R” and K is an arbitrary compact subset
in R". Choose a compact neighborhood N of K in R". Then for any
a € Hi(M, M\ K) there exists ' € H;(M, M\ N) such that px(a’) = a.
Indeed, if vy is a cycle representative of a, we have that v € C;(IR"”) and
9y € Ci_1(R"\ K). So 0y NK = @. Choose N small enough so that
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0y NN = @. Next, we cover K by a union of closed balls B; such that
B; C N and B; N K # @. Then pk factors as

PK

H;(R",R"\ N) H;(R",R"\ K)

Q‘é

H;(R",R" \ U;B;)
If i > n, then H;(R",R" \ U;B;) = 0 by Step IIL. So for any a €
H;(R",R" \ K), we have that
a= pK(a/) = PK(PUiBi (ﬂ/)) =0.

If i = n, then py(a) = 0 for all x € K implies by a deformation retract
argument that py(a) = 0 for all x € U;B;. By using Step III, we then get
that py;p,(a") = 0. Hence we have a = px(py.,(a")) = 0.

Step V: If K is contained in some euclidean neighborhood in (arbitrary)

M, we have by excision
H;(M, M\ K) = H;(R",R" \ K). (8.2.8)

So the Lemma holds for K by Step IV.

Step VI: Finally, note that any compact subset K of M can be written
as a union K = Ky UKy U... UK, with each K; as in Step V. Then the
Lemma follows by using Step V, Step II and induction. O

Exercises

1. Show that every covering space of an orientable manifold is an
orientable manifold.

2. Given a covering space action of a group G on an orientable manifold
M by orientation-preserving homeomorphisms, show that M/G is also
orientable.

3. For amap f : M — N between connected closed orientable n-
manifolds with fundamental classes [M] and [N], the degree of f is
defined to be the integer d such that f,([M]) = d[N], so the sign of the
degree depends on the choice of fundamental classes. Show that for
any connected closed orientable #n-manifold M there is a degree 1 map
M — S".

4. Show that a p-sheeted covering space projection M — N has degree
p, when M and N are connected closed orientable manifolds.



5. Given two disjoint connected n-manifolds M; and My, a connected
n-manifold M;#M, their connected sum, can be constructed by deleting
the interiors of closed n-balls By C M; and B, C M, and identifying
the resulting boundary spheres 9By and 9B, via some homeomorphism
between them. (Assume that each B; embeds nicely in a larger ball in
M;.)

(a) Show that if M; and M, are closed then there are isomorphisms
Hi(Ml#Mz,’Z) ~ Hl'(Ml;Z) D Hi(Mz;Z), for0<i<mn,

with one exception: If both M; and M, are non-orientable, then
H,_1(M;#Mjy; Z) is obtained from H,_1(My;Z) ® H,_1(My; Z) by
replacing one of the two Z;-summands by a Z-summand.

(b) Show that x (M #My;) = x(M7) + x(My) — x(5") if M; and M, are
closed.
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8.3  Cohomolgy with Compact Support

Let X be a topological space and define the compactly supported i-cochains
on X by:
C(X) := U Ci(X, X \ K) c C(X). (8.3.1)

K compact in X

Equivalently,

Ci(X) = {¢: Ci(X) = Z | 3 compact Ky CX
s.t. ¢ = 0 on chains in X \ K, }.

Define a coboundary operator by

Sp(0) := @(d0),

and note that if ¢ € Ci(X) vanishes on chains in X \ K,, then é¢ is also
zero on all chains in X \ Ky, and so 8¢ € Cit1(X). Therefore we get a
cochain (sub)complex (C2(X),°*).

Definition 8.3.1. The i-th cohomology of X with compact support is defined
by
He(X) := HY(CZ(X))-
In what follows, we give an alternative characterization of the coho-
mology with compact support, which is more useful for calculations.
We begin by recalling the notion of direct limit of groups.

Definition 8.3.2. Let G, be abelian groups indexed by some directed set I,
i.e., I has a partial order < and for any a, B € I, there exists v € I such
that « < y and B < «. Suppose also that for each pair x« < B there is a
homomorphism faﬁ 1 Gy = Gg such that fu, = idg, and fyy = fﬁ“r Ofaﬁ'
Consider the set

oG/ ~

where the equivalence relation ~ is defined as: if x € Gy, x' € Gy, then
X ~ X if fuy (%) = foro (x) with a, &’ < . Any two equivalence classes [x]
and [x'] have representatives lying in the same G.,, with a,a’ < vy, so we can
define
[x] + [x'] = [faq (x) + fary (x)].

This is a well-defined binary operation, and it gives an abelian group structure
on the set 1yGy/ ~. The direct limit of the groups Gy is then the group
defined as:

li_n;Ga =G/ ~. (8.3.2)

ael
Remark 8.3.3. If | C I so that Va € [,35 € | with « < B, then
lim Gy = lim Gg. In particular, if ] = {B} (i.e, I contains a maximal
ael BeJ
element), then hﬂ Gu = Gp.

ael



We can now prove the following result:

Proposition 8.3.4. There is an isomorphism

HY(X) 2 lim H' (X, X\ K) CEE)
Kel

where I := {K C X| K compact}.

Proof. First note that I is a directed set since it is partially ordered by
inclusion, and the union of two compact sets is also compact. Moreover,
if K C L are compact subsets of X, then there is a homomorphism
fxr : H(X, X\ K) — H'(X,X\ L) induced by inclusion. Hence the
direct limit group lim, _ H i (‘X, X\ K) is well-defined.

Each element of lim, _ H'(X, X'\ K) is represented by some cocyle
¢ € C'(X, X \ K) for some compact subset K of X. Regarding ¢ as an
i-cochain with compact support, its cohomology class yields an element
[¢] € H{(X). Moreover, such a cocycle ¢ € C/(X,X \ K) is the zero
element in lim H'(X, X \ K) iff ¢ = 6y for some ¢ € C'(X, X \ L) with
L D K, and so [¢] = 0 in H.(X). O

Remark 8.3.5. If X is compact, then H:(X) = H'(X), for all i > 0, since
in this case there is a unique maximal compact set K C X, namely X
itself.

Example 8.3.6. Let us compute the cohomology with compact support
of R". By the above proposition,

H(R") = lim H'(R", R" \ K),
K

where the direct limit is over the directed set of compact subsets of R”.
Note that it suffices to let K range over closed balls By, of integer radius
k centered at the origin since each compact K C IR" is contained in such
a ball. So we have that

lim H/(R", R\ K) = lim H'(R",R"\ By)
K kGZzO

Moreover, we have isomorphisms
H*(R", R"\ By) = H"(R", R" \ By11)
induced by inclusion, since for all k:

Z ifi=n

H'(R",R"\ B) = H'(R",R" \ {0}) =
0 otherwise.
Altogether,

Hi(R™) 2 lim H(R",R*\ K) = lim HI(R",R"\ By)
kGZzo
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_JZ iti=n
0 otherwise.
Remark 8.3.7. It follows from the previous example that the cohomol-

ogy with compact support H} (—) is not a homotopy invariant.

Remark 8.3.8. Let X = X U £ be the one point compactification of X.
Then
H{(X) = H{(X, %) = H(X). (8.3.4)

For example, H:(IR") = H!(S"). This follows from the following gen-
eral fact. If U is an open subset of a topological space V, with closed
complement Z := V \ U, then there exists a long exact sequence for the
cohomology with compact support

.- — H{(U) — HA(V) — H(Z) - HP'(U) — -
If we apply this fact to the case X = X U %, we get a long exact sequence
+oo = HY(X) = H{(X) — HL(%) — -+

Since X and £ are compact, this yields that H.(X) = H!(X, %) = H'(X),
as claimed.



8.4 Cap Product and the Poincaré Duality Map

Definition 8.4.1. We define the cap product operation
CH(X) © Ca(X) = Cyi(X) (8.4.1)
as follows: for b € C'(X) and & € Cy(X), b ~ & € C,_;(X) is defined by
a(b ~ &) = (a— b)¢ (8.4.2)
where a € C"(X).

Remark 8.4.2. It is not hard to see that if o : A;, — X is an n-simplex
and b € C(X), then

b~o= b(0'|[vn,i,~-,vn]) 'U‘[vg,u-,vn,,-] . (8.4.3)

€z ecn—i(X)

The reader is encouraged to show that these two notions of cap product
are equivalent.

The following result is a direct consequence of the definition:

Lemma 8.4.3. Forany b € C/(X) and & € Cy(X), we have:
b ~¢) =06b~¢+(~1)" b~ o (8.4.4)
As a consequence, the cap product descends to (co)homology:
Corollary 8.4.4. There is an induced cap product operation
H'(X) ® Hy(X) = Hy—i(X). (8.4.5)
Remark 8.4.5. A relative cap product
H(X,A) ® Hy(X,A) = H,_i(X) (8.4.6)
can be defined as follows. First note that the restriction
CH(X, A) ® Cu(X) = Cyi(X)

of absolute cap product (8.4.1) vanishes on C'(X, A) ® C,(A), so it
induces:
Ci(X, A) © Ca(X, A) = Cypi(X).

Since (8.4.4) still holds in this relative setting, we get a relative cap
product operation:

H(X,A) ® Hy(X, A) = H,_i(X).

The following result states that the cap product ~ is functorial. Its
proof is a direct consequence of the definition of cap products and is
left as an exercise:
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Lemma 8.4.6. If f : X — Y is a continuous map, then

¢~ fi& = ful(ff9) ~€) (8.4.7)
forall 9 € H\(Y) and & € Hy(X). This fact is illustrated in the following
diagram:

H(X) @ Hu(X) —— Hyi(X)

Aol

H(Y) ® Hy(Y) —— H,_i(Y)

Let us next move towards the definition of the Poincaré duality
map. Let M be a n-dimensional orientable connected manifold (not
necessarily compact), and let K C L C M where K, L are compact
subsets. Consider the diagram:

H (M,M\L) ® H,(M,M\L) —— H,_;(M)

] | |

H (M,M\K) ® Hy(M,M\K) —— H,_;(M)

By the functoriality of the cap product, we have for any ¢ € H'(M, M \
K) that:

(i*¢) ~pr = ¢ ~ ix(pr), (8.4.8)

where yg and i, denote the orientation classes of Theorem 8.2.7. More-
over, the following identification holds:

Lemma 8.4.7. For compact subsets K C L of M, we have:

i (HL) = pk- (8.4.9)

Proof. The claim follows from the commutativity of the following di-
agram and the uniqueness of ug in H,(M, M \ K) which restricts to
local orientations py, Vx € K.

uk € Hy(M, M\ K) Hy,(M, M\ x)

pr € Ho(M, M\ L)

Therefore, we have from (8.4.8) and (8.4.9) that:

(i"¢) ~uL =@ —~ix(ur) = ¢ — ik, (8.4.10)



for all ¢ € H'(M, M \ K). Let us now recall from Proposition 8.3.4 that
we have an isomorphism:

H{(M) = lim H'(M, M\ K), (8.4.11)
K

where the direct limit on the right-hand side is taken over all compact
subsets K of M. We can now define the Poincaré duality map

HL(M) — H,_;(M) (8.4.12)

as follows: its value on ¢ € Hi(M) is defined as g — g, where
px € H(M, M \ K) is a representative of ¢ and ux € H,(M, M\ K) is
the orientation class defined by K (cf. Theorem 8.2.7). Note that the
Poincaré duality map (8.4.12) is well-defined (i.e., independent of the
choice of the representative ¢x) by the commutativity of the following
diagram (which follows from the identity (8.4.10)):

H (M, M\ K)

H' (M, M\ L)

~ JK ~ L

Hn—i(M)

We have now all the necessary ingredients to formulate the main
theorem of this chapter:

Theorem 8.4.8 (Poincaré Duality). If M is an n-dimensional oriented con-
nected manifold, then the Poincaré duality map:

H{(M) — Hy—i(M)
is an isomorphism for all i.

An an immediate corollary, we get the following:

Corollary 8.4.9. If M is an n-dimensional closed oriented connected mani-
fold, then the map
H'(M) — H,—i(M)

defined by the cap product with the fundamental class of M, that is, ¢ —
@ N [M], is an isomorphism for all i.
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8.5 The Poincaré Duality Theorem

This section is devoted to proving The Poincaré Duality Theorem, which
we recall below for the convenience of the reader.

Theorem 8.5.1 (Poincaré Duality). If M is an n-dimensional oriented con-
nected manifold, then the Poincaré duality map:

H{(M) — Hy_i(M)
is an isomorphism for all i.
Proof. Recall that on an element

g e Hi(M)= lim HI(M M\K),

KcXx
Kcompact

the Poincaré duality map takes the value g —~ pug, where ¢ €
H'(M, M \ K) is a representative of @, and y is the orientation class of
Hy,(M, M\ K).

The proof of the theorem will be divided into several steps. We first
show that the statement holds locally, then we glue the local isomor-
phisms by a Mayer-Vietoris argument.

Step I: We first show that the theorem holds for M = R".
Let By denote the closed ball of integer radius k in R". Then

1%

. . Z ifi=n
HI(R") & lim H (R", R" \ By) o
B, 0 otherwise
and
Z ifti=n

H, ;(R") ~
" 0 otherwise.

The Universal Coefficient Theorem yields that

H"(R",R" \ B;) ~ Hom(H,(R",R" \ By); Z).

So H"(IR",R" \ By) is generated by some class aj so that ai(up ) =1 €
Z.let1 € H(R") = Z be the generator. Then:

1= ar(ps,) = (1 — ax)(p,) = 1ax ~ pp,)
Hence a; —~ pp, is a generator of Ho(R"). In particular, the map
~ up, : H*(R",R"\ By) — Ho(R")

is an isomorphism. Taking the direct limit over the By’s, we get an
isomorphism
H{(R") — H(R"),



which by the above considerations coincides with the Poincaré duality
map. Also, both groups are trivial for i # n, so the claim follows.

Step II: Assuming the theorem holds for opens U, V C M and for their
intersection U NV, we show that it holds for the union U U V.
For this purpose, we construct a commutative diagram

o — H(UNV) — Hi(U) & H(V) — Hi(UUV) — HUNV) — -

8 4 8 8

<o = H,(UNV) — Hy(U) ® Hy—i(V) — Hyi(UUV) —> Hyi o (UNV) — -
(8.5.1)
Once the diagram is constructed, the claim follows by the 5-lemma.
The bottom row in (8.5.1) is just the Mayer-Vietoris homology sequence.
The top row of the above diagram can be constructed as follows. For
compact subsets K C U and L C V, consider the cohomology Mayer-
Vietoris sequence for the pairs (M, M \ K) and (M, M\ L):

.- = H(M,M\ (KNL)) = H(M,M\ K)®H (M,M\ L)
— H{(M,M\ (KUL)) = - -
By excision, we get a long exact sequence:
.= HUNV,UNV\KNL) = H(U,U\K)®H(V,V\L)
— H(UUV,UUV\KUL) — ---

Taking direct limits over K C U and L C V, we get the top long exact
sequence in (8.5.1):

.- H{(UNV) = H(U)®H(V) - H(UUV) - ---

The commutativity follows by using the definition of the Poincaré dual-
ity map.

Step III: Assume M is a union of nested open subsets U, so that the
theorem holds for each U,. We show that the theorem holds for M.
First note that any compact subset in M (in particular, the support of

a singular (co)chain) is contained in some U,. Then we claim that the
following identifications hold:

H;(M) = lim H;(Ux) (8:5.2)
and
H(M) = lim H(Uy). (8.5.3)

This claim and Poincaré duality for each U, imply the Poincaré dual-
ity isomorphism for M, since the direct limit of isomorphisms is an
isomorphism. In order to prove the claim, we note that the inclusions
ig : Uy — M induce homomorphisms iy, : H;(Uy) — H;(M) so that
for Uy — Uy the following diagram commutes:
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We therefore get a well-defined map
f: li%)nHl-(Ua) — H;(M).

We next show that f is an isomorphism.

e fisonto: any [¢] € H;(M) is represented by a cycle whose sup-
port is contained in a compact subset of M, thus in some U,. The
corresponding homology class in H;(U,) maps onto [¢].

* fis one-to-one: if { = 9y, for 7 € C;11(M), then ¢ is a cycle in some
Uy, but not necessarily a boundary in U,. On the other hand, 7 is
contained in some larger Up, so ¢ can be regarded as a boundary in
Ug. Therefore, [¢] = 0 € H;(Ug), hence it represents the zero class
in lin Hj(Un).

So (8.5.2) follows. The identification in (8.5.3) is obtained similarly.
Step IV: We next show that the theorem holds when M is an open

subset of R".
If M is convex, then M is homeomorphic to R", so the theorem holds

by Step L. If M is not convex, then M = Ucz_, Vi, with each V} open
and convex in R"”. By induction and Step II, the theorem holds for the
sets Uy = V43 U - - - U V. Note that {Uy }4 forms a nested cover of opens
for M, hence the theorem follows by Step IIL

Step V: Finally, we show that the Poincaré duality isomorphism holds

for an arbitrary M.

We first cover M by open sets V,, each of which is homeomorphic to
R". We next choose a well ordering < of the index set, which exists
by Zorn’s lemma (if M has a countable basis, the we can choose the
positive integer as index set). Then the sets

Uy := | V.

B<a
form a nested open cover of M. So by Step III, it suffices to show that
the theorem holds for each U,. But U, = U5<aVﬁ, with Vﬁ =~ R” for

each B, and the theorem holds for each V. By Step Il and transfinite
induction, the theorem holds for each U,, and the claim follows. O



Remark 8.5.2. By taking coefficients in any commutative ring R, we
can prove the Poincaré duality isomorphism over R via the coefficient
map Z — R. Moreover, for R = Z/2, Poincaré duality holds even
without the orientability assumption.

Exercises

1. Show that if M" is a connected, non-compact manifold, then

H;(M;Z) =0 fori > n.

2. Show that the Euler characteristic of a closed, oriented, (4n + 2)-
dimensional manifold is even.

3. Let M be a closed oriented manifold with fundamental class [M].
Consider the cup product pairing between cohomology groups of com-
plementary dimensions (after moding out by the corresponding torsion
subgroups):

(,): H(M;Z)/Torsion ® H" '(M; Z) / Torsion — Z

given by (a,f) = (¢ UB, [M]). Here (, ) : H'(X;Z)  Hy(X; Z) - Z
is the Kronecker pairing defined in Homework #1.

(i) Show that the cup product pairing is nonsingular in the following
sense: for each choice of a Z-basis {B1,-- -, Br} of the free abelian
group H"~'(M;Z)/Torsion, there exists a Z-basis {ay, - ,a,} of
H!(M;Z)/Torsion such that («;, Bj) = ¢ij. (Hint: Use the Universal
Coefficient Theorem and Poincaré Duality.)

(ii) As an application, re-prove the following facts about the ring struc-
tures on the cohomology of projective spaces:
() H*(RP";Zy) = Z,[x]/ (x"), |x[ =1,
(b) H*(CP"Z) = Z[y)/(y"*), lvl=2
(o) H*(HP";Z) = Z[w]/ ("), |w|=4.

4. Let M be a closed, oriented 4n-dimensional manifold, with funda-
mental class [M]. The middle intersection pairing

(,): H*(M;Z)/Torsion ® H*"(M; Z)/Torsion — Z

given by («,B) = (a U B, [M]) is symmetric and nondegenerate. Let
{ay,--- ,a,} be a Z-basis of H>*(M;Z)/Torsion, and let A = (al-j) for
a;j := (a;, ;) € Z. Then A is a symmetric matrix with det(A) = £1, so
it is diagonalizable over R. Define the signature of M to be

o(M) := #(positive eigenvalues) — #(negative eigenvalues)
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(a) Compute o(CP"), 0(S? x S?).

(b) Show that the signature c(M) is congruent mod 2 to the Euler
characteristic x(M).

5. Show that if a connected manifold M is the boundary of a compact
manifold, then the Euler characteristic of M is even. Conclude that
RP%", CP?", HP?" cannot be boundaries.

6. Show that if M*" is a connected manifold which is the boundary of a
compact oriented (4n + 1)-dimensional manifold V, then the signature
of M is zero.

7. Show that if M is a compact contractible n-manifold then dM is a
homology (1 — 1)-sphere, that is, H;(0M;Z) ~ H;(S"~1;Z) for all i.

8. Let M be a closed, connected, orientable 4-manifold with fundamen-
tal group 711 (M) = Z/3 « Z /3 and Euler characteristic x(M) = 5.

(a) Compute H;(M,Z) for all i.
(b) Prove that M is not homotopy equivalent to any CW complex with
no 3-cells.
9. Let M be a closed, connected, oriented n-manifold and let f : §" —
M be a continuous map of non-zero degree, i.e., the morphism
fv 1 Hy(S";Z) — Hy(M; Z)

is non-trivial. Show that M and S" have the same Q-homology.

10. Show that there is no orientation-reversing self-homotopy equiva-
lence CP*" — CP?".
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8.6 Immediate applications of Poincaré Duality

In this section we derive several applications of the Poincaré duality
isomorphism of Theorem 8.5.1. (In particular, we provide answers to
some of the exercises listed in the previous section.)

Proposition 8.6.1. If M" is a closed odd dimensional manifold, then
x(M) = 0.

Proof. Letn =2k + 1.
If M is oriented, then (with Z-coefficients):

(P.D.) (ucr)

tkH;(M) =" tkH" (M) =" 1kH,_;(M).
So:
2k+1 ) k ) )
X(M) = Y (~1) - tkHi(M) = ZO (=1 + (=1)"=7) - rkH; (M) = 0.
i=0 i=

If M is non orientable, the Poincaré duality isomorphism holds with
Z./2-coefficients, and we get:
2k+1
X(M) =} (=1)"-rkH;(M; Z)
n=0
(x) 2t .
= ) (=1)'-dimg/, Hi(M;Z/2)
n=0
= 0/

where the vanishing follows as before by Poincaré duality (over Z/2).
The equality () follows from the Universal Coefficient Theorem as
follows:

H'(M,Z/2) = Hom(H;(M), Z/2) ® Ext(H;_1 (M), Z/2).
* a Z-summand of H;(M;Z) contributes

- Hom(Z,Z/2) = Z/2 to H(M;Z/2), and
- Ext(Z,Z/2) = 0 to H*(M;Z/2).

* a Z/m summand of H;(M;Z), with m odd, contributes:

- Hom(Z/m,Z/2) = 0 to H(M;Z/2), and
- Ext(Z/m,Z/2) = 0to HTY(M; Z/2).

e a Z/m summand of H;(M;Z), with m even, contributes:

- Hom(Z/m,Z/2) = Z/2 to H(M;Z/2), and
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- Ext(Z/m,Z2/2) = Z/2 to Hi+1(M;Z/2), so these Z /2 contribu-
tions cancel out in Y ;(—1) - dimg , H (M; Z /2).

Finally, note that dimg /» H;(M;Z/2) = dimg/, H(M;Z/2), so the
claim follows. O

Proposition 8.6.2. If M" is a closed, oriented, connected manifold, then
Torsion(H,_1(M)) = 0.
Proof. Indeed,

(FD) Torsion(H" (M)

U Ext(H,_1_i(M), Z)

= Torsion(H,_1_;(M))

Torsion(H;(M))

Since M is connected, Hy(M) is free, so the claim follows. O

We will show later the following:

Proposition 8.6.3. If M" is a closed, connected, non-orientable manifold,
then
Torsion(H, _1(M)) = Z/2

and
H"(M)=27Z/2.

The second part of Proposition 8.6.3 follows from the Universal Coeffi-
cient Theorem and the following consequence of Poincaré duality (to
be proved in the next section):

Lemma 8.6.4. If M" is an n-dimensional closed, connected manifold, then

Ho (M) = Z , if M-oriented
! 0 , if M-non-oriented.



8.7 Addendum to orientations of manifolds

Before we explain the proof of Proposition 8.6.3, we need to elaborate
on orientations of manifolds.

Recall that if M" is a n-manifold, a local orientation at x € M is a
generator ji, € H,(M, M\ x) = Z. We say that M is oriented if there
exists a global orientation, i.e., a continuous choice x — p, of local
orientations. This means that for all x € M, there is a closed euclidian
ball B (of finite positive radius) around x so that

Z = H,(M,M\ B) 5 H,(M,M\ v)

sends the generator pp, to the local orientation class iy, for all y € B;.

Proposition 8.7.1. Any manifold M (oriented or not) has an oriented double
cover M.

Proof. (Sketch)
Define

M := {}ux| x € M, piy a local orientation of M at x}

and 71 : M — M by px — x. Clearly, 7w is a 2 : 1 map.

We need to put a topology on M so that it becomes a manifold and
7t is a covering map. For an open ball B C R" C M of finite radius,
with a generator yp € H,(M, M \ B), define

U(pup) = {px € M| x € B, px = px(pp)},

where p, denotes the natural map H,(M,M \ B) — H,(M, M\ x).
Then
71 (B) = U(up) UU(~pp)
and both U(up) and U(—pup) are in bijection to B. Moreover, it can be
shown that the sets {U(yp)} p form basis of opens for the topology of
M so that 77 is continuous. So 7 is 2-fold covering and M is manifold.
Moreover, M is orientable. Indeed, we have,

Hyy (M, M\ ptz) 2 Hy(U(pig), U(pp) \ pix) 2 Ha(B, B\ x) 8.7.1)
~ H, (M, M\ x). -
So at the point yy € M there exists a canonical local orientation

iy € Hy(M,M\ piy) = Z

corresponding to iy under the above isomorphism (8.7.1). The consis-
tency of such local orientations follows by construction. O

Example 8.7.2.(a) The oriented double cover of M = RP? is M = 2.
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(b) The oriented double cover of the Klein bottle K is the 2-torus T?.

Proposition 8.7.3. If M is a connected manifold, then M is orientable if, and
only if, M has two components. In particular, if 7r;(M) = 0 or has no index
2 subgroup, then M is orientable.

Proof. The oriented double cover M can have one or two components.
If M has two components, each is oriented and homeomorphic to M,
so M is orientable. Conversely, if M is orientable, it can have exactly
two orientations at each point, each defining a sheet of M. O

Example 8.7.4. CP" is orientable.

The oriented double cover M can be embedded in a larger covering
space Mz of M as follows. Let

Mgz ={ayx| x €M, ay € H,(M,M\ x) = Z}.
We then have the Z-fold projection map
gy Mgy - M

defined by &y — x. A basis of opens {U(B)} for Mz can be defined by
the following recipe: for an open ball B C R" C M, set

U(B) = {ay | x € B,ay = px(ap) for ap € H,(M, M\ B) =Z)}

with py : H,(M, M\ B) 5 Hy (M, M\ x) induced by inclusion as before.
For any k € Z, we then get a subcover M C Mz by selecting k., in
the fibre above x. So

Mz = | M
k>0

with My & M, My = M_;, and M; = M, for any integer k.

Definition 8.7.5. A section of mz : Mz — M is a continuous map « :
M — My defined by x — ay € Hy(M, M\ x) = Z. An orientation of M
is a section of 7z assigning yy to each x € M.

One can generalize the definition of orientability by replacing Z any
commutative ring R with unit. Note that by the universal coefficient
theorem for homology, we have:

Hy(M,M\ x;R) = H,(M,M\x) ® R=Z®R = R.
The covering Mz can be generalized to:
Mg ={ayx | x € M,ay € H,(M,M\ x;R) = R}.

The corresponding covering map 7ig : Mg — M is defined by ay +— x
(so the fibre over x € M is R). Each r € R determines a subcovering



M, by selecting the points £y, @ r € H,(M, M \ x; R) in each fibre.
If r is an element of order 2 in R, then M, is a copy of M. (Indeed,
U @1 = py ® £r = py @ r.) Otherwise, M, is homeomorphic to the
oriented double cover M. We have

MR: UM'r‘/

reR

with all M, being disjoint except for M, = M_,, and M, = M if 2r = 0.

Definition 8.7.6. An R-orientation of an n-dimensional manifold M is a
section of M assigning to each x € M a generator u of H,(M, M \ x; R) =
R.

Remark 8.7.7. Note that a generator of R is an element u so that Ru = R.
Since R has a unit, this is equivalent to saying that u is invertible in R.

Remark 8.7.8. An orientable manifold is R-orientable, for all commuta-
tive rings R with unit. A non-orientable manifold is R-orientable iff R
contains a unit of order 2. Thus every manifold is Z/2-orientable.

We are now ready to prove the following result, which shows that
orientability of a closed manifold is reflected in the structure of its
homology:

Theorem 8.7.9. Let M be a closed connected n-manifold. Then:

(a) if M is (R-)orientable, then H,(M;R) — H,(M, M\ x;R) = R is an
isomorphism for any x € M.

(b) if M is not orientable, then H,(M;R) — H,(M, M\ x;R) = R is one-
to-one, with image the group generated by the set of elements of order 2 in
R.

(c) Hi(M;R) =0, forall i > n.

The proof of Theorem 8.7.9 is based on the Theorem 8.2.7 and Lemma
8.2.10 (which we formulate here with R-coefficients in parts (a) and (b)
below), together with a slight generalization of Theorem 8.2.7 (see part
(c) below) which holds without the orientability assumption:

Lemma 8.7.10. Let M be a connected n-manifold and K a compact subset of
M. Then:

(a) if M is R-oriented, then there exists a unique uyx € H,(M, M \ K;R)
such that px(ug) = ux € Hy(M, M\ x; R), for all x € K.

(b) Hi(M,M\K;R) = 0 fori > n, and a class ax € H,(M, M \ K;R) is
zero iff px(ag) = 0 for any x € K.
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(c) if x — way is a section of the covering space Mr — M, then there is a
unique class ag € Hy(M, M\ K; R) so that px(ag) = ax € Hy(M, M\
x;R), forall x € K.

Note that the proof of part (c) of the above lemma is almost identical
to that of Theorem 8.2.7 (with the uniqueness following from part (b)),
with the only easy modification appearing in Step I of loc.cit. (where the
orientation assumption used in the proof of Theorem 8.2.7 is replaced
by the continuity of the section). We leave the details to the reader.

To deduce parts (a) and (b) of Theorem 8.7.9, choose K = M in the
above lemma, and let I'g (M ) be the set of sections of the covering map
Mpg — M. With respect to the addition of functions and multiplication
by scalars in R, I'r(M) becomes an R-module. Moreover, there exists a
homomorphism

H,(M;R) — T'r(M)

defined by
= (X ay),

where ay is the image of « under the map py : H,(M;R) — H,, (M, M\
{x}; R). The above lemma asserts that this is in fact an isomorphism.
Let us now translate the statements about H,(M; R) in Theorem 8.7.9
into statements about the R-module T'g(M):

1. For the oriented case: H,(M;R) 2 T'r(M) — H,(M, M\ x;R) is an
isomorphism, defined by « — (x — ay) — ay for a given x.

2. For the non-oriented case: H,(M; R) 2 Tr(M) — Hy,(M, M\ x; R) is
a monomorphism, with image the group generated by the elements
of order 2 in R.

Note that since M is connected, each section in T'r(M) is determined
by its value at one point x € M. The injectivity statements in part
(a) and (b) of Theorem 8.7.9 follow from Lemma 8.7.10(b). Also, the
surjectivity in part (a), as reformulated in part 1 above, follows from
Lemma 8.7.10(a). The remaining statement in part 2 above can be
seen as follows. Since 7y is a covering map, the section group I'r (M)
can be identified with the connected components of Mr which map
homeomorphically via 7tg to M. Since M is non-orientable, the oriented
double cover 7 : M — M is non-trivial (i.e., connected), thus the

components of My are of the form (M), with r : M — Mg the
continuous map defined by y +— p @ r. The only points in (M) which
under 7rg map to x € M are iy @ r and —py @ r = puy ® (—r). Thus,

7R,z is @ homeomorphism iff r = —r, or 2r = 0. O

Corollary 8.7.11. If M is orientable, then H,(M; Z) = Z. If M is non-
orientable, then H,(M;Z) = 0. In either case, H,(M; Z/2) = Z/2.



We can now prove the following:

Corollary 8.7.12. Let M be a closed and connected n-manifold. If M is
oriented, then
Torsion(H,_1(M)) = 0.

Otherwise,
Torsion(H,_1(M)) = Z/2.

Proof. By the universal coefficient theorem for homology, and using
the fact that the homology groups of a closed manifold are finitely
generated (e.g., see Cor.A.8 and A.g in Hatcher’s book), we have:

Hy(M;Z/p) = Huy(M;Z)®Z/p® Tor(Hy-1(M;Z),Z/p)
= Hy(M;Z)®Z/p @ Torsion(H,_1(M; Z)) @ Z/ p.

In the orientable case, if H, (M) contained torsion, then for some
prime p, the group H,(M;Z/p) = Z/p would be larger than the Z/p
coming from the first summand (here we use that H,(M) = Z), which
is impossible. This means Torsion(H,_1(M)) = 0.

In the non-orientable case, we have by Theorem 8.7.9 that H,(M; Z/m)
is either Z/2 or 0, depending on whether m is even or odd. (Indeed,
in this case the map H,(M;Z/m) — Z/m is injective with image the
elements of order 2 in Z/m. So, if m is odd, there are no elements of
order 2 in Z/m, while if m = 2k is even, then k is the only element of
order 2 in Z/m.) Since in this case we have H,(M; Z) = 0, this forces
the torsion subgroup of H,,_1(M) to be Z/2. O

Remark 8.7.13. By using the universal coefficient theorem for the coho-
mology of a closed n-manifold, we have:

H"(M) = Free(H,(M)) & Torsion(H,,_1(M)).

So by using the result of and the previous corollary, we get that if M is
oriented then H"(M) = Z. Otherwise, H" (M) = Z/2.
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8.8 Cup product and Poincaré Duality

Let R be a fixed commutative coefficient ring, and fix ¢ € Cl(M;R),
¢ € CK(M;R) and ¢ € Cx;(M;R). Then ¢ ~ o € C;(M;R) is defined
by

p(p ~0)= (¢ —¢)(0) €ER (8.8.1)

Alternatively, if ¢ is a (k + I)-simplex, then

lp —O0 = lp(0|[vl,v,+1,...,vk+,]) ' 0“[”00,’0],‘..,’0[ . (882)

Indeed,

q)(l/J — U) = ¢(U|[U],Ul+1,...,vk+]]) : ¢(J|[vo,vl,...,vl]) = (q) ~ lp)(a) (883)

This means that — — ¢ : C/(M; R) — C**/(M;R) is dual to  —~ — :
Crr1(M; R) — C;(M; R). Passing to (co)homology, we get the following
commutative diagram:

H'(M;R) —"— Hompg(H;(M;R),R)

| v |
H*!'(M;R) —"— Homg(Hy,;(M;R),R)
In particular, if & is an isomorphism (e.g., R is a field, or we work over

Z but H, is torsion-free), then — — ¢ and ¢ —~ — determine each
other.

Definition 8.8.1. Let M be a closed connected R-oriented n-manifold. Then
the cup product pairing

H*(M;R) x H" ¥(M; R) — H"(M;R) M Ho(M;R) =R (8.8.4)

is defined by

(9, 9) = (¢ —9) = (¢ — ) ~ [M].
Definition 8.8.2. Let A and B be R-modules. A pairing « : A x B — R
is non-singular if f : A — Hompg (B, R) is an isomorphism, with f defined
by f(a)(b) = a(a,b), and ¢ : B — Hompg (A, R) is an isomorphism, with
g(b)(a) = a(a,b).

We then have the following:

Proposition 8.8.3. The cup product pairing is non-singular if R is a field, or
if R = Z and torsion is factored out.

Proof. Consider the composition

£+ HE(M; R) ' Homp (Hy(M; R), R) "2 Homp (H"*(M; R), R),



where (P.D.)* denotes the dual of the Poincaré duality isomorphism.
Under our assumptions on R, & is isomorphism. Moreover, by Poincaré
Duality, (PD)* is also an isomorphism, hence f is an isomorphism. For
¢ € H*(M;R) and ¢ € H"%(M; R), we have:

flo)@) = ((P.D.)" oh(g))(¥)
h(¢)(P.D.(y))
h(e)(p ~ [M])

(p ~ [M])

¢~ ¥)[M].

S
<

—~

We obtain a similar isomorphism by interchanging k with n — k, so the
claim follows. O

Corollary 8.8.4. Let M be a closed connected Z-oriented n-manifold. Then
for any « € H*(M) a generator of a Z-summand, there exists p € H"~*(M)
such that o — P generates H" (M) = Z.

Proof. By hypothesis, there exists a homomorphism (i.e., the projection
to some Z-summand)
¢:H' (M) > 2z

such that ¢(a) = 1. By the non-singularity of the cup product pairing,
¢ is realized by taking the cup product with some g € H" ¥(M) and
evaluating on the fundamental class [M]. We therefore get

1= ¢(a) = (« — p)[M].
This means « — B is the generator of H" (M). O
Corollary 8.8.5. H*(CP";Z) = Za]/ (a"1), with deg(a) = 2.

Proof. Let « be the generator of H>(CP") = Z. By induction, we
can assume that a"~! generates H?"~2(CP") = Z. Using the previ-
ous corollary, there exists € H?(CP") so that a"~! — B generates
H?"(CP") = Z. Note that since « is the generator of H>(CP") = Z, it
follows that B = mua, for some m € Z. This means that a1 — g = ma”
generates Z. Thus m = +1, whence a” generates H>"(CP"). O

We can now ask the following;:

Question 8.8.6. Does there exist a 2n-dimensional closed manifold whose
cohomology is additively isomorphic to that of CP", but with a different cup
product structure?

If n = 2, the answer is No. Indeed, H*(CP%Z) = Z[a]/(a®), with
deg(a) = 2. If there is such a manifold M, then a also generates
H?(M) = H?(CP?) = Z, so there exists € H?>(M) such that « — B
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generates H4(M) = Z. So, B = ma, for some m € Z. Hence
« — B = ma? generates H*(M), which yields m = +1. This means that
M has the same cup product structure as CP2.

If n > 3, the answer is Yes. Indeed, S% x S* and CP? have isomorphic
cohomology groups, but different cup product structures on their coho-
mology rings.

Another application of Poincaré duality is the following:

Corollary 8.8.7. If M is a closed oriented manifold of dimension m = 4n + 2,
then x(M) is even.
Proof. By the definition of the Euler characteristic, x (M ), we have

4n+2

By Poincaré duality, we obtain
rk(H;(M)) = rk(Hp—i(M)).
Therefore,
X(M) = rk(Hzy11(M)) (mod 2).
Let us now consider the following cup product pairing

iy

H27’l+l (M) X H27’l+l (M) :> H471+2(M) 7

defined by

(& B) = (& — ) = (a — p) ~ [M].
By Poincaré Duality, after moding out by torsion, this pairing is non-
singular. As a result, the matrix A of the cup product pairing is

non-singular and anti-symmetric. By linear algebra, A is similar to a
matrix with diagonal blocks

(50

rk(H>" (M) = rk(A),

which is clearly even. O

Therefore,

Remark 8.8.8. Dualizing the cup product pairing of Proposition 8.8.3,
we get the non-singular intersection pairing
Hi (M) x Hy_( (M) = Z
defined by
([e], [n]) = #(eny"),

where 7’ is chosen so that it is homologous to 7 but transversal to ¢ (so
o Ny’ is a finite number of points).



Example 8.8.9. Let T be the 2-dimensional torus and S be a meridian
of T. Let M be the pinched torus T/S.

Then Poincaré duality fails for M. If not, let a be the longitude of M
(and T) and B be the a meridian of M. Then Poincaré duality for
M would yield ([a], [8]) — #(a N B) = 1. However, [f] = 0. This is
impossible since the intersection pairing is non-singular. The reason for
the failure of Poincaré duality is that the pinched torus M := T/S is
not a manifold. Indeed, a neighborhood of the pinch point is a join of
two 2-disks, thus it is not homeomorphic to R?.

Exercises

1. Let M, be a closed orientable surface of genus ¢ > 1. Show that for

each non-zero « € H'(M; Z) there exists B € H'(M; Z) with a UB # 0.

Deduce that M is not homotopy equivalent to a wedge sum X VY of
CW-complexes with non-trivial reduced homology. Do the same for
closed nonorientable surfaces using cohomology with Z-coefficients.
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8.9 Manifolds with boundary: Poincaré duality and applica-
tions

In this section, we discuss the Poincaré duality theorem for manifolds
with boundary. The proofs are routine adaptation of those for closed
manifolds.

Definition 8.9.1. A Hausdorff topological space M is an n-manifold with
boundary if any point x € M has a neighborhood U, homeomorphic to either
R" or R" := {(x1,---,x,) € R"| x,, > 0}. In particular,

(a) if Uy 2 R", then Hy(M, M\ x) = H, (Uy, Uy \ x) = Z.
(b) if Uy = R}, then
Hy (M, M\ x) = Hy, (Uy, Uy \ x) = Hy (R, RY - {0}) = 0.
The boundary of M is defined to be
oM :={x e M| H,(M,M\ x) = 0}.
Example 8.9.2. 9(D") = §"~1,9(R") = R""1.

Remark 8.9.3. If M is an n-manifold with boundary, then the boundary
set M is a manifold of dimension n — 1.

Definition 8.9.4. We say that a manifold with boundary (M,0M) is ori-
entable if M\ 0M is orientable as a manifold with no boundary.

We have the following;:

Proposition 8.9.5. If (M, M) is a compact, orientable n-manifold with ori-
ented boundary, then there exists a unique class pp € Hy, (M, M) inducing
local orientations y, € Hy,(M, M \ x) at all points x € M \ OM.

Remark 8.9.6. If (M,0M) is a compact, orientable n-manifold with
boundary, then in the long exact sequence for the pair (M,0M) we
have:

H,(M,aM) -2 H, 1(dM)

M] =pm — [0M]

Theorem 8.9.7 (Poincaré Duality). If (M,0M) is a connected, oriented
n-manifold with boundary, then there are isomorphisms

Hi(M) —2% H,_;(M,0M) (8.9.1)
and
Hi(M,oM) —% H,_;(M) (8.9.2)

where H:(M,dM) := i g compact H{(M, (M\ K) UdM) is the cohomology
KcM\oM
with compact support for the pair (M, dM).



Let us now describe some applications of Poincaré duality for mani-
folds with boundary.

Proposition 8.9.8. If M" = aV"*1 is a connected manifold with V a com-
pact (n + 1)-dimensional manifold with boundary, then the Euler character-
istic x (M) is even.

An immediate consequence of Proposition 8.9.8 is the following:

Corollary 8.9.9. RP?",CP?",[HP?" cannot be boundaries of compact man-
ifolds.

In order to prove Proposition 8.9.8, we need the following result:

Proposition 8.9.10. Assume V?"*1 is an oriented, (2n + 1)-dimensional
compact manifold with connected boundary 9V = M?". If R is a field (e.g.,
Z/2Z if M is non-orientable), then dimg H" (M; R) = dimg H,(M;R) is
even.

Proof of Proposition 8.9.10. Start with the cohomology long exact se-
quence for the pair (V, M):

=3

H'(V;R) o H'(M;R) - H'™1(V, M; R)
sl [~

Hy(M;R) -+ H,(V;R)
where i*, i, are induced by the inclusion i : M = 0V — V. By exactness,
PD.
we have that Im i* = kerd = keri,, so
dim(Im i*) = dim(keri,) = dim H,(M; R) — dim(Im i,.).

Since i*,i, are Hom-dual, we have that dim(Im i*) = dim(Im i.).
Altogether,

dim H"(M; R) = dim H,(M; R) = 2dim(Im i)
is even. O

Proof of Proposition 8.9.8. If n = dim M is odd, then Proposition 8.6.1
yields that x (M) = 0, thus even. If n = 2m is even, then we work with
Z./2Z-coefficients and get:

2m )
x(M) =Y (-1)"dimgz/, H;(M; Z/2)
i=0
m—1 .
op Y (=1)'dimg,, H;(M; Z/2) + (—1)" dimz, Hu(M; Z/2)
i=0

=dimy,, Hy(M;Z/2) (mod 2)
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2
=0 (mod2),

—
—

where equation (1) follows by Poincaré Duality, and congruence (2) is
by Proposition 8.9.10. O

The proof of Proposition 8.9.10 also yields the following:

Corollary 8.9.11. Under the assumptions of Proposition 8.9.10, we have
the following:

(@) Imi* C H"(M?";R) is self-annihilating with respect to cup product
—,ie.,ifa,p€Imi*, thena — p=0.

(b) dim(Im i*) = } dim H"(M?"; R).
Proof. For any a = i*(x), B = i*(B) with &, B € H"(V; R), we have
(e — p) = o(i"(w) — i*(B)) = oi" (@ — ) =0

Hence, « — B € ker (6 : H*"(M;R) — H*>"*1(V,M;R)) = 0, where
the last isomorphism follows by the following commutative diagram

o
H*'(M;R) — H?>"tY(V, M;R)

= lP.D. = lP.D.
Ho(M; R) Ho(V;R)
with the bottom arrow an injection. O

Exercises

1. Let X be the cone on CP". Show that X is a manifold with boundary
if and only if n = 1.

Signature

Definition 8.9.12. Let M be a closed oriented manifold. If dim M = 4k,
the signature o(M) of M is defined to be the signature of the symmetric
non-singular cup product pairing

H*(M;R) x H*(M;R) — R
(wp) = (a—p)M]
Otherwise, if dim M is not divisible by 4, we let c(M) = 0.

Remark 8.9.13. Recall that a symmetric non-singular bilinear pairing
has only real (non-zero) eigenvalues, and its signature is defined by
subtracting the number of negative eigenvalues from the number of
positive eigenvalues.
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Example 8.9.14.

1
(xS =0 0 =0,
10

o(CP?") =1,
o(CP*#CP?) = 2.

The signature ¢ is a cobordism invariant, i.e., if W = M LI —N, then
(M) = c(N). Here —N denotes the manifold N but with the opposite
orientation.

Here we prove the following special case of this fact:

Theorem 8.9.15. If, in the above notations, M* = aV*+1 is connected
with V compact and orientable, then (M) = 0.

Proof. Let A = H?*(M;R). The cup product yields a non-singular and
symmetric pairing

p:AxXxA—=R

Let A be the subspace on which the pairing is positive-definite, and
A_ the subspace on which the pairing is negative-definite. Let r =
dimA,, 21 = dim A (which is even by Proposition 8.9.10). Then,
dim A_ = 2] — r since the pairing is non-singular, and

oc(M)=r— (2l —r)=2r-2L

In order to prove that c(M) = 0, it suffices to show that r = I.
Let B C A be the self-annihilating /-dimensional subspace given by
Proposition 8.9.8. Then A N B = {0} and A_ N B = {0}. Hence,

dimA; +dimB <dimA =2, ie, r+1<2l ie, r<lI
dimA_ +dimB <dimA=2I, ie, 2l—r+1<2] ie, r>1

In conclusion, r = [ and o (M) = 0. 0O
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Connected Sums

Definition 8.9.16. Let M", N" be closed, connected, oriented n-manifolds.
Their connected sum is defined to be

M#N := (M\ D}) Uy (N'\ D})

where f : 9D? = S"~1 — 9D% = S"~L is an orientation-reversing homeo-
morphism.

I M#N

Remark 8.9.17. The connected sum M#N of closed, connected, oriented
n-manifolds is itself a closed, connected, oriented n-manifold. The co-
homology ring H*(M#N)) is isomorphic to the ring resulting from the
direct product of H*(M) and H*(N), with the unity elements identified,
and the orientation classes identified. In particular, H(M#N) = Z,
H"(M#N) = Z and H*(M#N) = H*(M) @ H*(N), 0 < k < n. More-
over, cup products of positive dimensional classes, one from each of
the two original manifolds, are zero, i.e.,, « — B =0 for any a € Hk(M)
and g € H'(N) with k,1 > 0.

Example 8.9.18. By the above description of cup products of a con-
nected sum, we get:

o(CP*# —CP?) =0.

In fact, it can be shown that CP%# — CP? is the boundary of a connected,
oriented 5-manifold;

Example 8.9.19. The spaces S? x S? and CP?#CP? have the same coho-
mology groups,

H =7 H*=Z®Z=7Za0dZp, H* =27,

but different cohomogy rings, since a — B # 0 in H*(S? x S?), but
a — B =0in H*(CPH#CP?).



Example 8.9.20. We have
o(CPH#CP?) =2 #0,

so in view of Theorem 8.9.15, CP?#CP? cannot be the boundary of a
compact, oriented 5-manifold. However, CP2#CP? = 9W°, where W°
is a compact non-orientable 5-manifold. The compact manifold W can
be constructed as follows:

(a) Start with (CP? x I)#(RP? x S3).

(b) Run an orientation reversing path 7 from one CP? to the other, by
traveling along an orientation reversing path in RP2.

(c) Enlarge the path to a tube and remove its interior. What is left is a
5-dimensional non-orientable manifold with 9W = CP?#CP2.
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antipodal map, 82
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Betti number, 99

Borsuk-Ulam theorem, 142
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Brower’s fixed point theorem,
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cap product, 157, 167
cellular approximation, 102
cellular chain complex, go
cellular cochain complex, 125
cellular cohomology, 125
cellular homology, 9o
cellular map, 102
chain homotopy, 67
characteristic map, 87
classification of surfaces, 40
cobordism, 189
coboundary map, 115
cochain complex, 115
cohomology group, 116, 119
cohomology long exact
sequence, 122
cohomology ring, 135
cohomology with compact
support, 164

complex projective space, 88
concatenation, 5

connected sum, 34, 163, 190
connecting homomorphism, 68
contractible, 10

covering map, 47

covering transformation, 52, 53
cross product, 147

cup product, 131, 132

cup product pairing, 173, 182
CW complex, 87

cycle, 62

deck group, 53
deck transformation, 53
deformation retract, 11
degree, 81, 162
dimension, 158

Euler characteristic, 77, 99
excision, 71, 124

Ext group, 116

exterior algebra, 148

face, 61

free action, 57

free group, 20

free product, 22

free resolution, 110

fundamental class, 159

fundamental group, 4

fundamental theorem of
algebra, 17
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good pair, 76

homology long exact sequence
of a pair, 70

homotopic maps, 9

homotopic paths, 3

homotopy, 3, 9

homotopy equivalent, 9

homotopy lifting, 13

homotopy lifting property, 48

Hopf invariant, 145

infinite earring, 55
intersection pairing, 173, 184

Kinneth exact sequence, 152
Kiinneth formula, 148, 153
Klein bottle, 33, 75

labeling scheme, 31
Lefschetz number, 101
lens space, 59

lifting lemma, 51

local homology group, 74
local orientation, 158

Mobius band, 40, 54

manifold, 31, 158

manifold with boundary, 186

Mayer-Vietoris sequence, 74,
124

nullhomotopic, 10
orientation, 158, 179

path lifting, 13

path lifting property, 48
pinched torus, 185

Poincaré Duality, 169, 170, 186
prism operator, 65, 123

projective plane, 33
properly discontinuous action,
57

quaternionic projective space,
145

reduced cohomology, 121
reduced homology, 64
reflection, 82

regular covering, 56
relative cohomology, 121
relative homology, 68
retract, 11

Seifert-Van Kampen theorem,
25

semi-locally simply connected,
54

signature, 173, 188

simply-connected, 10

singular chain complex, 62

singular homology, 62

singular simplex, 61

sphere, 32

standard simplex, 61

surface, 31

suspension, 72, 82

suspension theorem, 72

tensor product, 104
tor groups, 110
torus, 32

universal coefficient theorem,
109, 117, 153

universal cover, 53

universal mapping property, 20,
22,23

wedge, 27
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