INTRODUCTORY TOPOLOGY L. MATH 751

HOMEWORK #1

1. Show that if A,A' : X — Y are homotopic and k, k' : Y — Z are
homotopic, then ko h and k' o A’ are homotopic.

2. Let xp and x; be points of the path-connected space X. Show
that m (X, zo) is abelian if and only if for every pair o and 3 of paths
from zg to x1, we have ay = [ @ m (X, 29) — m(X,z1). (Recall
that ay @ m (X, z0) — m(X,x;) is the group isomorphism defined by
ay([7]) = [a L+ o).

3. Let A be a subspace of R"; let h: (A, a9) — (Y, y0) be a continuous
map of pointed spaces. Show that if h is extendable to a continu-
ous map of R™ into Y, then h induces the trivial homomorphism on
fundamental groups (i.e., h, maps everything to the identity element).

4. Show that any two maps from an arbitrary space to a contractible
space are homotopic. As a consequence, prove that if X is a contractible
space, then any point in X is a deformation retract of X.

5. Show that if X and Y are path-connected spaces, andx € X,y € Y,
then 71 (X x Y, (z,y)) is isomorphic to m (X, z) x m (Y, y).

6. Let A C X; suppose r : X — A is a continuous map so that
r(a) = a for each a € A. (The map r is called a retraction of X onto
A.) If ag € A, show that r, : (X, ag) — m1(A, ap) is surjective.

7. Using the fact that the fundamental group of the circle S' is Z,
show that there are no retractions r : X — A in the following cases:
(1) X =R3, with A any subspace homeomorphic to S*.
(2) X = S' x D?, with A its boundary torus S* x S?.
(3) X is the Mdbius band and A its boundary circle.



