SPECTRAL HIRZEBRUCH-MILNOR CLASSES
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ABSTRACT. We introduce spectral Hirzebruch-Milnor classes for singular hypersurfaces.
These can be identified with Steenbrink spectra in the isolated singularity case, and may
be viewed as their global analogues in general. Their definition uses vanishing cycles of
mixed Hodge modules and the Todd class transformation. These are compatible with the
pushforward by proper morphisms, and the classes can be calculated by using resolutions
of singularities. Formulas for Hirzebruch-Milnor classes of projective hypersurfaces in terms
of these classes are given in the case where the multiplicity of a generic hyperplane section
is not 1. These formulas using hyperplane sections instead of hypersurface ones are easier
to calculate in certain cases. Here we use the Thom-Sebastiani theorem for the underlying
filtered D-modules of vanishing cycles, from which we can deduce the Thom-Sebastiani type
theorem for spectral Hirzebruch-Milnor classes. For the Chern classes after specializing to
y = —1, we can give a relatively simple formula for the localized Milnor classes, which
implies a new formula for the Euler numbers of projective hypersurfaces, using iterated
hyperplane sections. Applications to log canonical thresholds and Du Bois singularities are
also explained; for instance, the latter can be detected by using Hirzebruch-Milnor classes
in the projective hypersurface case.

Introduction

Let Y be a smooth complex projective variety with L a very ample line bundle on Y. Let
X be a hypersurface section of Y defined by s € T'(Y, L®™) \ {0} for some m € Z~,. When
m = 1, a formula for the Hirzebruch-Milnor class (which expresses the difference between the
Hirzebruch class and the virtual one) was given in [MaSaSc1] by using a sufficiently general
section of L. Specializing to y = —1 and using [Sch3, Proposition 5.21], this implies a formula
for the Chern-Milnor class conjectured by S. Yokura [Yo2], and proved by A. Parusinski and
P. Pragacz [PaPr] (where m = 1).

It is, however, desirable to generalize the above formula to the case m > 1, since it is
sometimes easier to calculate hyperplane sections than hypersurface ones, see Corollary 1
and Example (2.8) below. In order to realize this, we need an inductive argument as below.

We denote the Hirzebruch class and the virtual one by T,.(X), T,7"(X) € H.(X)[y] for
X as above (see also [MaSaScl1]), where Hy(X) = HEM(X, Q) or CHy(X)g, see (1.1) below.
For g € I'(Y, Oy) with Y a smooth complex algebraic variety in general, we denote by ¢,Qp y
the mixed Hodge module on Sing g~*(0) up to a shift of complex such that its underlying
Q-complex is the vanishing cycle complex ¢,Qy in the sense of [De2], see [Sa2], [Sad].

For a bounded complex of mixed Hodge modules M*®, we can define the Hirzebruch class
Tye(M®) € Ho(X)[y,y~ '],

by using the filtered de Rham complex and the Todd class transformation [BaFuMa|, see
(1.1) below. This can be lifted naturally to the spectral Hirzebruch class

T;f(./\/l., Ts) c H.(X) [gl/e’ ~71/e:| ’

if M* has an action T of finite order e, where y = —y, see (1.3) below (and also [CaMaScSh,

Remark 1.3(4)]). This is defined by extending the definition of the “dual” Sp’(f,z) of the
1
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Steenbrink spectrum Sp(f, z) in [Sa7, Section 2.1]. Note that the former is called the Hodge
spectrum in the definition before [DeLo, Corollary 6.24], see also [GeLoMe, Section 6.1]. (In
the case X is a point, the spectral Hirzebruch class is identified with the Hodge spectrum
as is explained in [CaMaScSh, Remark 3.7].) We need this refinement of Hirzebruch classes,
since there is a shift of the Hodge filtration F' in the Thom-Sebastiani theorem for filtered D-
modules depending on the eigenvalues of the Milnor monodromy (see Theorem (3.2) below).

By definition we have the relation
(1) (T2 (M. T)] ™= T (M?) in HL(X)[y,y ™),

int js defined to be the tensor product of the Q-linear morphism

Q [gl/ea g_l/e} > Ziez a; gi/e = ZieZ ai(_y)[i/e] S Q[ya y_1]7
with [i/e] the integer part of i/e, and a; € Q (i € Z). (This corresponds to forgetting the
action of Tj.)

where [x]

Let s},...,s!, be sufficiently general sections of L with n := dimY’, where Y, X, L are
as in the beginning of the introduction. (We have to choose a generic hyperplane section in
order to get a one-parameter deformation of a hypersurface. For an inductive argument, we
have to choose many.) Put

Y = Xx = Sing X.
For j € [1,n], set

Xl i=8710), Uj:==Y\X), ¥:=_ X,NZx.

J j
Here the assumption that the s} are “sufficiently general” means that X7 is transversal to

any stratum of a Whitney stratification of XJ;_; by increasing induction on j. Put
ro=max{j|3; #0} (< dmIyx < dimX =n —1).

Note that r = dim Xy if m > 2, and r = 0 if m = 1. For j € [0, 7], set

75 =Ny X NUjg1, X5 0= 55\ Xj (: Z: N EX), fi= (5/3;T1)|Z;.

J
In this paper we show the following.

Theorem 1. There is a localized class M,(X) € H.(Xx)[y|, which is called the Hirzebruch-
Milnor class of X, and satisfies

Ty\;ir<X) — Ty(X) = (isy x)« M, (X) with
(2) My(X) =Y [ T3P (i s )0 Quze, Ta) - (=00 577 1™,

(3) T3P ((isss, o Quzs T) € Ho(25) [3Y°] (5 € [0,7)),

where i © A — B denotes the inclusion for A C B in general, Ty in (2), (3) is the
semisimple part of the monodromy, and e is replaced by a multiple of it if necessary.

In the case dim>yx = 0, we have r = 0 and ¥ = X x. So the formula is quite simple
using only the Hirzebruch-Milnor classes of the isolated singularities of X by (1). In the
case dimXy = 1, we have r = 1, and the right-hand side of (2) consists of two terms.
The first term is the Hirzebruch class of the zero extension of the vanishing cycle Hodge
module over the first generic hyperplane section by using (1). The second term is given by
taking the integer part of the spectral Hirzebruch-Milnor classes of the isolated singularities
of the first generic hyperplane section of X which are multiplied by the fractional polynomial
—S /™. (The situation is similar for the case dim Xy > 2.)
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Let a = (ay,...,a,) be a set of sufficiently general non-zero complex numbers with |a;|
sufficiently small. For j € [0,n — 1], put

. ] . -1 .
Sag =5 — 2 0y arsy"s  Xaji=5.;(0),  faj = (Sas/5;T)|0, -
Note that ¥; = Sing X, ; if m > 2 (since the s, a; are sufficiently general).
Theorem 1 is a consequence of the following two theorems.

Theorem 2. We have the Hirzebruch-Milnor class My (X) € Ho(Xx)[y], satisfying
Ty‘:kir<X) — Ty X) = (1my x)« My (X) with

(4) My(X) = 377 Ty ((is2 351 070, Qu )
Theorem 3. For j € [0,7], we have
(5) T3P (s, o Quze T) € Hu(35) [5°],

and there are equalities in H.(X;) [y'/°]:
T;f ((iz;,zj )15, Quuy, Ts)

s . m—1 ~i/m\J
=T3P ((issx 1oy Quzg Tn) - (320 97™),

where e is replaced by a multiple of it if necessary.

(6)

The assertion (4) may be viewed as an inductive formula, since we have the following.

Proposition 1. For j € [0,r], there are equalities in Ha(Xa;)[y] :
(7) Jim, Ty, (Xaj+1) = Tpe(Xag) = Ty ((iss X0, )1 050, Qu,) -

The limit in (7) is defined by using the nearby cycle functor ¢ for mixed Hodge modules,
see (2.3.1) below. Note that X,0 = X, and X, ,4+1 is smooth. (If r =n — 1 = dim X, then
San and X, , can be defined in the same way as above by choosing a sufficiently general
sh.1, and X, ,, is smooth.) We assumed m = 1 in [MaSaScl|, where the formula was rather
simple in the hypersurface case (since r = 0 and X, is smooth, if m = 1).

For the proof of Theorem 3, we need the Thom-Sebastiani theorem for the underlying
filtered D-modules of vanishing cycles (see Theorem (3.2) below). Its relatively simple proof
(using the algebraic microlocalization as is mentioned in [Sa6, Remark 4.5]) is given in
[MaSaSc3]. Note that, in the proof of Theorem 3, we can apply the Thom-Sebastiani theorem
only by restricting to U; =Y \ X  and moreover only after passing to the normal bundle of
Z7 C Ujy1 by using the deformation to the normal bundle, see Section 3 below.

The above Thom-Sebastiani theorem also implies the following Thom-Sebastiani type
theorem for the localized spectral Hirzebruch-Milnor classes of X :

b (X)) =T (ppQny, Ts) € H.(Sx) (5],
in the case where X = f~!(0) with f a non-constant function on a smooth complex variety

or a connected complex manifold YV (that is, f € I'(Y, Oy) \ C), and ¥y := Sing X.

Theorem 4. Let X, := f71(0) with f, a non-constant function on a smooth complex

variety or a connected complex manifold Y, (a =1,2). Set X := f~1(0) C Y :=Y; x Y, with
f:=fi+ fo. Put ¥, :=Sing X, (a =1,2). Then we have the equality

(8) ;X)) = —MP(X0) RMP(Xe) in H(Sx) 7],

by replacing (if necessary) Y, with an open neighborhood of X, (a = 1,2) so that Xx =
Yx, X Xx,, where X is defined by using cross products or Kinneth maps.
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This assertion holds at the level of Grothendieck groups (more precisely, in Ko(Xx) [gl/ e] ,
see (3.5.1) below). Here Xy # Xy, X X, if and only if there are non-zero critical values
cq of fo (a = 1,2) with ¢; + ¢ = 0. Note that X is always non-compact even if X7, X
are compact, see Remarks (3.5)(iii) below. In the case of isolated hypersurface singularities,
Theorem 4 is essentially equivalent to the Thom-Sebastiani theorem for the spectrum as
in [ScSt], [Va]. We can calculate the localized spectral Hirzebruch-Milnor class Mz"(X) by
improving the arguments in [MaSaSc1, Section 5] (keeping track of the action of T}), see also

[CaMaScSh, Remark 1.3]

It is known (see [CaMaScSh, Theorem 3.2], [Sch5, Corollary 3.12]) that we have
. s int . vir

(9) (i ) [MP (X)) = (iny x) My (X) = T, (X) = Tyu(X).
Here the first equality follows from the definition, and the last one from the short exact
sequence associated with the nearby and vanishing cycles together with [Sch4] (or [MaSaScl,
Proposition 3.3]) and [Ve, Theorem 7.1]. (We may also need [MaSaScl, Proposition 1.3.1] to
show some compatibility of definitions, see the remark about 7,7 (X) after (1.1.9) below.)

Specializing to y = —1 (that is, y = 1), Theorems 1, 2 and 3 imply the corresponding
assertions for the Chern classes. Indeed, T,.(X) and T,J"(X) respectively specialize at
y = —1 to the MacPherson-Chern class ¢(X) (see [Mac]) and the virtual Chern class ¢""(X)
(called the Fulton or Fulton-Johnson class, see [Ful, [FJ]) with rational coefficients, see [Sch3,
Proposition 5.21]. The specialization of Theorem 4 to y = —1 is already known, see [OhYo,
Section 4], where a different sign convention is used.

We can moreover deduce a rather simpler formula for localized Milnor classes as follows:
In the notation of Theorem 1, we define the reduced Fuler-Milnor function EMx on Y x by

EMy (2) = x(Fp,) — 1 (2 € x),

where Fj_ is a Milnor fiber of a local defining function h, of X at x. (This cannot be
generalized to spectrum functions, since the information of local system monodromies is
also needed in this case, see [MaSaSc2].) From Theorem 1 we can deduce the following by
specializing to y = —1 and using [Sch3, Proposition 5.21], where we assume m > 2.

Corollary 1. In the above notation and assumption, we have the localized Milnor class
M(X) € Ho(Xx) satisfying ¢ (X) — ¢(X) = (i, x)«M(X), and

M(X) = e(EMx) = 5, m(1 = mY ™! (ig, 5, )«c(EMx]s,)

= ¢(EMy) N (1= 327, m(1 —m)} (;2455)7) € Hu(Sy).

(10)

Here ¢ denotes MacPherson’s Chern class transformation [Mac|. For the proof of the
second equality of (10), we use an analogue of Verdier’s Riemann-Roch theorem for the
MacPherson Chern classes under transversal pullbacks, see [Schl, Corollary 0.1] or [Sch6,
Corollary 2.7]. Restricting to the degree 0 part, Corollary 1 implies the following assertion
about Euler numbers.

Corollary 2. In the above notation, we have

(11) X(X') = X(X) = (any).(EMx) — 37, m(1 = m)/~(as,).(EMx|s,),

with X' a smooth hypersurface of degree m in'Y (with respect to the ample line bundle L).
Here (agx)*(ﬁ\//lx) = > ¢ X(S)cs with {S} a (smooth) stratification of Xy satisfying

EMyl|s = cs € Z (see [Mac]), and similarly for (agj)*(ﬁ\l\//.[x|2j>. Corollaries 1 and 2 are
well-known in the isolated singularity case (that is, 7 = 0) where the right-hand side of (10)
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and (11) is given by the sum of Milnor numbers. (The reader may assume Y = P" and
L = Opn(1) if he likes.) There is a similar formula

M(X) = e(EMx) — (isy sy )«c(EMx|sy )

(12) =
= c¢(EMx)(1+mc (L)' € Ho(Zx),

where ¥y := Yy N X’ with X’ sufficiently general. The first equality of (12) follows from
[PaPr, Theorem 5.3|, and the second is shown by an argument similar to the proof of the
second equality of (10). The obtained equality is closely related with [PaPr, Theorem 0.2]
and [Schl, Formula 14]. (We can show directly the equality between the last terms of (10)
and (12), see Remark (2.7) below.) Taking the degree 0 part of (12), we also get

(13) X(X') = X(X) = (ax,)+(EMx) — (asy,)«(EMx]sy ).

In this case, however, we have to calculate the intersection of Xy = Sing X with a sufficiently
general hypersurface X’ of degree m, and this can be rather complicated if m is quite large.
Sometimes the calculation may be simpler if it is enough to consider only the restrictions to
intersections of sufficiently general hyperplanes, see for instance Example (2.8) below.

As for an application to du Bois singularities, we have the following.

Theorem 5. Let X, Y be as in Theorem 1 with X reduced, or X be a reduced hypersurface
in a smooth complex algebraic variety or a complex manifold Y defined by f € T'(Y,Oy). If
X has only Du Bois singularities, then

(14) My(X) = My(X)|yo =0 in H.(Sy).

The converse holds if ¥ x = Sing X is a projective variety. More precisely, the converse holds
if (14) holds for (is, pn)Mo(X) in Ho(PY), where PV is a projective space containing L.

The first assertion of Theorem 5 is already known if H.(Xx) in (14) is replaced with
H.(X), and M, with (ix, x).My at least in the second case where X is defined by a global
function f, since we have

T, (X)]y=o = td.(Ox),
see [BrScYo, p. 6], [CaMaScSh, p. 2619], [Sch5, Corollary 2.3]. Its converse also holds if X is
projective. In the isolated singularity case, Theorem 5 is related to [St3, Theorem 3.12], [Is,

Theorem 6.3] in the case where the smoothing is a base change of a smoothing with total
space nonsingular, see (4.8) below.

Spectral Hirzebruch-Milnor classes are related to jumping coefficients as follows.

Proposition 2. Let X be a hypersurface in a smooth complex algebraic variety (or a complex

manifold) Y defined by f € T'(Y,Oy). Let a € (0,1). Then a € JC(f) if
(15) P(X)lge 20 in Ha(Sx),

where Mz (X)|ge is the coefficient of y* in Mz"(X) € Hi(Xx) [ﬂl/e]. The converse holds if
Yx = Sing X is a projective variety. More precisely, if « € JC(f) N (0,1), then (15) holds
for the image of M;p(X)ba in Ho(PY), where PV is a projective space containing ¥x .

Here JC(f) is the set of jumping coefficients consisting of o € Q with G(aX) # 0, and the
G(aX) are graded quotients of multiplier ideal sheaves J(aX), see [La] (and also [MaSaSc3,
Section 2]). Proposition 2 is an immediate consequence of the duality for nearby cycle
functors [Sa3] combined with [BuSal, Theorem 0.1] (see also (4.3.10) below). In the isolated
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singularity case, it is closely related to [Bu, Corollary on p. 258]. We have by the second
equality of (4.5.2) below

(16) My(X) = B oo MP (X))o in HL(x).

Let lct(f) be the log canonical threshold of f, which is by definition the minimal jumping
coefficient. Then Proposition 2 may be viewed as a refinement of Theorem 5 modulo the
assertion that we have lct(f) = 1 if and only if X = f71(0) is reduced, and has only Du Bois
singularities, see [Sa8, Theorem 0.5], [KoSc, Corollary 6.6], and (4.3.9) below.

The first named author is partially supported by NSF and NSA, and by the Romanian
Ministry of National Education, CNCS-UEFISCDI, grant PN-II-ID- PCE-2012-4-0156. The
second named author is partially supported by Kakenhi 15K04816. The third named author
is supported by the SFB 878 “groups, geometry and actions”.

In Section 1 we review some basics of Hirzebruch classes, introduce spectral Hirzebruch-
Milnor classes showing some of their properties, and explain the topological filtration on
the Grothendieck groups. In Section 2 we prove Theorem 2 and Proposition 1 by using the
short exact sequences associated with nearby and vanishing cycle functors of mixed Hodge
modules. In Section 3 we prove Theorems 3 and 4 after explaining the Thom-Sebastiani
theorem for underlying filtered D-modules of constant mixed Hodge modules. In Section 4
some relations with rational and Du Bois singularities are explained.

1. Hirzebruch characteristic classes

In this section we review some basics of Hirzebruch classes, introduce spectral Hirzebruch-
Milnor classes showing some of their properties, and explain the topological filtration on the
Grothendieck groups.

1.1. Hirzebruch classes. For a complex algebraic variety X, we set in this paper
H,(X) := HpY(X,Q) or CHp(X)g.

Let MHM(X) be the abelian category of mixed Hodge modules on X (see [Sa2|, [Sad]). For
M* € D°MHM(X), we have the homology Hirzebruch characteristic class defined by

(1.1.1) Ty (M®) := td (14« (DR, [M]) € Ho(X)[y,y ']

Here, setting F? = F_, so that Grf. = Gr’jp, we have

(1.1.2) DR, [M']:= 37, (=1)" [H'Gri.DR(M")] (—y)? € Ko(X)[y,y™'],
with

(1.1.3) oy Ko(X)ly, 1] = HL(X) [y -]

defined by the composition of the scalar extension of the Todd class transformation
td, : Ko(X) — Ho(X),

(see [BaFuMa], where td, is denoted by 7) with the multiplication by (1 + y)™* on H(X)
(see [BrScYol). Note that H'Grh.DR(M*) = 0 for |p| > 0 (see for instance [Sa2, 2.2.10.5]).
We have the last inclusion in (1.1.1), that is, T,,(M*) € H.(X)[y, v~ '], by [Sch3, Proposition
5.21].

In this paper, we denote a%Q;, € D°MHM(X) by Q;, x as in [MaSaSc1], where Q;, denotes
the trivial Q-Hodge structure of rank 1 and type (0,0) (see [Del]), and ax : X — pt is the
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structure morphism, see [Sad|. The homology Hirzebruch characteristic class of X is defined
by

(1.1.4) Ty(X) =T, (Qnx) € Ho(X)[y].

The last inclusion is reduced to the X smooth case by using a stratification of X together
with smooth partial compactifications of strata over X. Then it follows from the relation
with the cohomology Hirzebruch class, see [BrScYo.

In the X smooth case, we have

(1.1.5) DR, [X] = A, [T X],
with
(1.1.6) A V] =30 00 [APV]yP for a vector bundle V.

In the case X is a complete intersection in a smooth complex algebraic variety Y, the
virtual Hirzebruch characteristic class T,;*(X) can be defined like the virtual genus in [Hi]
(see [MaSaSc2, Section 1.4]) by

(1.1.7) T (X) = td144).DR)[X] € Ha(X)[y),
where DR}"[X] is the image in Ko(X)[[y]] of
(1.1.8) Ay(T3:X) = A [T7Y | x]/Ay [N% ] € KO (X)),

vir

and belongs to Ky(X)[y] (see for instance [MaSaSc1, Proposition 3.4]). Here K°(X), Ko(X)
are the Grothendieck group of locally free sheaves of finite length and that of coherent sheaves
respectively. We denote by T*Y and N% Iy the cotangent and conormal bundles respectively.
The virtual cotangent bundle is defined by

(1.1.9) T5X o= [T"Y|x] = [N%y] € K°(X).

Here Ny )y in the non-reduced case is defined by the locally free sheaf Zy /Z% on X with
Ix C Oy theideal of X C Y.

Note that the above definition of T,"(X) is compatible with the one in [CaMaScSh] by
[MaSaScl, Proposition 1.3.1].

Remarks 1.2. (i) Let (M, F') be a filtered left D-module on a smooth variety X of dimension
dx. The filtration F' of the de Rham complex DRy (M, F') is defined by

(1.2.1) DRx(M,F) = Q¥ ®0, (M, Fl~i—dx]) (i € [-dx,0]),

where DRx (M, F)" denotes the i th component of DRx (M, F'). Recall that F, = F~? and
Fim], = F,_,, for p,m € Z.

This is compatible with the definition of DR for filtered right Dx-modules as in [Sa2];
that is, we have the canonical isomorphism
(1.2.2) DRy (M, F) = DRx (%, F)®o, (M, F)),

where (Q;l(x , F)®o, (M, F) is the filtered right Dx-module corresponding to a filtered Dx-
module (M, F), and the filtration F' on Q% is shifted by —dx so that

(1.2.3) GriQ¥ =0 (p+# —dx),
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Under the direct image functor i for filtered D-modules with i : X < Y a closed
embedding of smooth varieties, the filtration F' of a filtered left D-module (M, F') is shifted
by the codimension r := dim Y — dim X; more precisely

(1.2.4) iPM =i, M[0y,....0,] with F,(iTM) =3 ix(Fpopp-rM @ "),
where 0" := [[_, 8} with 9; := 9/dy; for local coordinates y; of Y with X = ;.. {y: = 0}.

j
This shift comes from (1.2.3) since there is no shift of filtration for filtered right D-modules.

(Globally we have to twist the right-hand side of (1.2.4) by wx/y.) Because of this shift of
the filtration F', we have the canonical isomorphisms of Oy-modules

(1.2.5) i HGr) DRx (M) = H’Gr) DRy (if M).
If (M, F) is the underlying filtered left Dy-module of a mixed Hodge module M, then
there is an equality in Ko(X)[y, y~]:
> i, (1) [H'GIEDR(M)] (—y)?
=2, (1) [ @0, GripM] (—y)PHix.
This is related to the right-hand side of (1.1.2), and follows directly from (1.2.1).

(1.2.6)

(ii) Let Z be a locally closed smooth subvariety of a smooth variety X with iy : Z — X
the canonical inclusion. For M* € D*MHM(X), set

M, = HIiyM* € MHM(Z) (j € 7).

(Here H’ : D°MHM(Z) — MHM(Z) is the canonical cohomology functor.) Assume this
mixed Hodge module is a variation of mixed Hodge structure H]Z on Z for any j € Z; more
precisely, its underlying F-filtered left Dz-module is a locally free F-filtered Oz-module
which underlies H]Z (Note that there is a shift of the weight filtration W by dz.) For z € Z,
we denote by i, 7 : {z} < Z and i, : {z} < X the canonical inclusions. We have M?, HJ by
applying the above argument to the inclusion 7, : {z} < X. Here M is naturally identified
with H? (including the weight filtration 1) since z is a point. The relations between these
are given by

(1.2.7) H™% yJM, =i JH), = M%7 = HI %2

Here Hkizz./\/ljz =0 (k # —dy), and zﬁZHJZ is the restriction to z as a variation of mixed
Hodge structure. Note that there is no shift of the filtration F' in (1.2.7). (Consider, for
instance, the case M* is the constant mixed Hodge module Q, x[dx], where M," = Qy, z[dZ]
with 7 = codimxZ and M9 = Q.) This follows from the definition of the nearby cycle
functors v, in [Sa2], [Sa4], where the z; are local coordinates of Z. The functor i} , can be
given in this case by the iteration of the mapping cones of the canonical morphisms

can : ¥, 1 — ¥z,

and the vanishing cycle functors ¢, ; vanish for smooth mixed Hodge modules on Z. Here
smooth means that their underlying Q-complexes are local systems on Z shifted by dy.
(Note that the last property implies the shift of indices in (1.2.7).)

1.3. Spectral Hirzebruch classes. We denote by MHM(X, 7T}) the abelian category of
mixed Hodge modules M on a smooth variety X (or more generally, on a variety embeddable
into a smooth variety X) such that M is endowed with an action of T} of finite order. (For
instance, M = ¢y, .Qppy, with T, the semisimple part of the monodromy in the notation
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of the introduction.) For (M, Ts) € MHM(X, T}), let (M, F') be the underlying filtered left
Dx-module. Since T has a finite oder e, we have the canonical decomposition
(1'3'1) (Ma F) = Z)\Elte <M>\7F)7

such that Ty, = XA on M, C M, where pu, := {\ € C | A\* = 1}. We define the spectral
Hirzebruch class by

(1.3.2) ToP(M,T,) = tdo 5. (DRgIM, Ti]) € Ho(X) [7Y°, 5555]
with
(1.33) Ry[M, T, =3, (=1)" [H'Gr.DR(M,)] g7+
in Ko(X)[7 1/e ~—1/e]
Here
(1.3.4) ((\) €[0,1) with exp(2mil(\)) = A,
and
(1.3.5) tda—g) : Ko(X)[G*,57] = H(X) [7°, 555

is the scalar extension of the Todd class transformation td, : K¢(X) — H.(X) followed by
the multiplication by (1 — 7)™* on H(X) as in (1.1) (where § = —y). Actually the class
belongs to H.(X)[y/¢, 7 ~/¢] by generalizing [Sch3, Proposition 5.21], see Proposition (1.4)
below.

The above definition can be generalized to the X singular case by using locally defined
closed embeddings into smooth varieties, where the independence of locally defined closed
embeddings follows from the isomorphism (1.2.5) (at the level of O-modules). We can further
generalize this definition to the case of M* € D*°MHM(X) endowed with an action of T of
finite order by applying the above arguments to each cohomology module H'M* (i € Z).

The above arguments imply the transformation
(1.3.6) TP K" (MHM(X)) = U.sy Ho(X) [543,

which is functorial for proper morphisms by using the compatibility of DR. (or rather DR™1)
with the direct images by proper morphisms (see [Sa2, Section 2.3.7]) together with the
compatibility of td, with the pushforward by proper morphisms (see [BaFuMal). Here the
left-hand side is the Grothendieck group of mixed Hodge modules on X endowed with a
finite order automorphism, see also [CaMaScSh, Remark 1.3(4)].

Proposition 1.4. In the notation of (1.3.2), we have
(1.4.1) (ML) € Ho(X)[gYe, 5.

Proof. Let S be a stratification of X such that H'j5M are variations of mixed Hodge
structures on any strata S € S for any ¢ € Z, where jg : S — X is the canonical inclusion.
By the same argument as in the proof of [MaSaScl, Proposition 5.1.2], we have the equality

(1.4.2) o (M) =g, (1) T3 ((Gs)iH ' (js)* M).

So the assertion is reduced to the case where M = j M’ with M’ € MHM(X’) a variation
of mixed Hodge structure on an open subvariety X’ with j : X’ < X the natural inclusion.
We may further assume that D := X \ X’ is a divisor with simple normal crossings since the

Todd class transformation td, and the de Rham functor DR commute with the pushforward
or the direct image under a proper morphism (see [BaFuMa| for td.,).
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Let M>° be the Deligne extension of the underlying Oy/-module of M’ such that the
eigenvalues of the residues of the logarithmic connections are contained in (0, 1]. The action
of Ty is naturally extended to M>° and we have the canonical decomposition

=@, My °.
It follows from [Sa4, Proposition 3.11] that each M is identified with an Ox-submodule of
M, and there is a canonical filtered quasi-isomorphism

(1.4.3) DRy (py(M3°, F) = DRx (M), F),

where the left-hand side is the filtered logarithmic de Rham complex such that its ith
component is given by
(1.4.4) DR (py (M50, F)' = Q™ (log D)®oy (M{°, F[—i — dx]).
As in (1.2.6), we get by (1.4.3) the equality in Ko(X)[g/¢, 5~/
s 5 (1 HCADRA () 7
= pr (-1 ) [Ql)'("dX (log D)®0XGr§;M/\>O] §p+z+dx+€()\)'

By [BaFuMa], the Todd class transformation td, satisfies the following property:

(1.4.6) td.(V® &) = ch(V) Ntd.(§) (V € K'(X), ¢ € Ko(X)).
By using the twisted Chern character
(1.4.7) ch" D KO(X) 3V 3, 0 ch* (V)1 — )" € H(X)[3],

with ch® the k th component of the Chern character ch (see [Sch3], [Yol]), (1.4.6) is extended
to
(Ve K(X), € € Ko(X)[g l/eﬂ_l/e])

By applying this to the case V = GrF M3 in the right-hand side of (1.4.5), the assertion is
now reduced to the case GI'FM>O OX, and to the case M = j,Q x/[dx], as in the proof
of [Sch3, Proposition 5.21].

The assertion is further reduced to the case X’ = X by using the weight filtration W
on the mixed Hodge module j.Qp x/[dx]. Indeed, if D; (i = 1,...,m) are the irreducible
components of D, then

(1'4'9) Gry(j*@h,X’ [dX]) = ®|I|:k—dXQh,DI(_|I|)[dDI] (I - {17 s ’m})a
where Dy := (),c; D;, and |I| = codimx D; so that k = dp, + 2|I| = dx + |I|.

In the case M = Qp, x[dx], the assertion follows from the inclusion (1.1.4). This finishes
the proof of Proposition (1.4).

(1.4.8)

Proposition 1.5. Let D be a divisor on a smooth complex algebraic variety X. Set U :=
X\ D with j : U — X the natural inclusion. Let f € I'(U,Oy). Then

(1.5.1) TP (it Quo, T), Tol (GrpsQuu, To) € H(X)[3Y°].

Proof. By the argument in (1.4) together with (1.2.7) in Remark (1.2)(ii) (where there is no
shift of the filtration F'), the assertion (1.5.1) can be reduced to the following:

(1.5.2) Grh.H’(Fy,C) =0 for p<0.
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Here 0 can be any point of f~1(0) C U, and we denote by F} ¢ the Milnor fiber of f around
0 so that

(1.5.3) H(F0,Q) = Higy;Quy (5 € Z),

with ig : {0} < X the natural inclusion. More precisely, (1.5.1) is reduced to (1.5.2) by
using the inclusion (1.1.4) together with (1.4.8) and the non-negativity of the codimension
|I| in (1.4.9).

For the proof of (1.5.2), we use an embedded resolution 7 : X — X of f~1(0), where we
may assume that D := 771(0) C X is a divisor (by taking a point-center blow-up first). The
latter is a union of irreducible components of 7! f~1(0), and is also a divisor with normal
crossings. Set my :=7|p : D — {0}, and f := fom. We have the canonical isomorphisms

(15.4) HiigQux = B (m)uip;Quz (€ 2),
since

F*iﬁth,)} = wfﬂ-*(@h’f( = wf@h,X and (7‘-0)* Oi*D = ZS O Ty

It is well-known that the variation of mixed Hodge structures H, in Remark (1.2)(ii) (applied
to M* = i3¢th,i or zﬁf(@h,;() are direct sums of locally constant variations of Hodge
structures of type (k,k) with k£ € N, where Z is a stratum of the canonical stratification
associated with the divisor with normal crossings 7! f~1(0), see [St1], [St2] (and also [Sa4,
Proposition 3.5]). So the assertion (1.5.2) follows. This finishes the proof of Proposition (1.5).

We recall here the notion of topological filtration on the Grothendieck group (see [SGA6],
[Fu]) which will be used in Section 4.

1.6. Topological filtration. Let X be a complex algebraic variety, and Ky(X) be the
Grothendieck group of coherent sheaves on X. It has the topological filtration which is
denoted in this paper by G (in order to distinguish it from the Hodge filtration F'), and such
that G Ko(X) is generated by the classes of coherent sheaves F with dimsupp F < k, see
[Fu, Examples 1.6.5 and 15.1.5], [SGAG6]. It is known (see [Fu, Corollary 18.3.2]) that td,

induces the isomorphisms
(16.1) (tds)g : Ko(X)o — ), CHi(X)q,
o Gré(td,)g : Gr¥ Ko(X)g = CHi(X)g.

Moreover the inverse of the last isomorphism is given by Z — [Oy] for irreducible reduced
closed subvarieties Z C X with dimension k. Here we set

H.(X) := @, CHx(X)g,
and use the filtration G defined by

(1.6.2) GiH.(X) == D, H;(X).
This definition is valid also in the case Hy(X) := HEM(X, Q). Here
(1.6.3) Cr{(td,)g : Gri Ko(X)g = CHi(X)g — HEM(X, Q)

is identified with the cycle class map.

If X = PN, then Hy(X) = Q for k € [1, N]. These are canonically generated by the
classes of linear subspaces, and the CGr{ (td,)q are identified with the identity maps. For any
irreducible reduced closed subvariety Z C PV with dim Z = k, we have the positivity:

(1.6.4) Gr{(td.)g[Z] = deg Z >0 in HL(PY) =Q.
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Here deg Z is defined to be the intersection number of Z with a sufficiently general linear
subspace of the complementary dimension if £ > 0 (and deg Z = 1 if k = 0). Moreover, for
any coherent sheaf F on PV with dimsupp F = k, we have also the positivity:

(1.6.5) Gri[F] =Y, m;Gr{[Z] >0 in Gry Ko(PV)g = CHL(PY)g = Q,

where the Z; are k-dimensional irreducible components of suppF, and m; € Z-o are the
multiplicity of F at the generic point of Z; (i € [1,7]).

1.7. Hirzebruch class of a projective hyperplane arrangement. Let X C Y := P"
be a projective hyperplane arrangement. Let X; (i € Iy) be the irreducible components of
X (which are isomorphic to P"1). Set

S(X):={ZCX|Z=e X for some I C I, with I #0}

Put y(Z) := codimy Z. There are trivial local systems Ly of rank 7z on Z € S(X) together
with a quasi-isomorphism

icl

(1.7.1) Qx — Ky with K% =@, 4_; Lz
This follows for instance from [BuSa2, Lemma 1.8]. It implies that
(1.7.2) GYZV(Qh,X [dx]) = @dimzzk Ly z]dz].

where Ly, 7 is a constant variation of Hodge structure of type (0,0) on Z such that the
underlying Q-local system is L. (This is a generalization of the standard resolution of
the constant sheaf on a variety with simple normal crossings by using the constant sheaves
supported on intersections of irreducible components of the variety, see for instance [Stl,
Example 3.3].)

The quasi-isomorphism (1.7.1) implies that (—1)Y#)r, coincides with the Mdbius function
(see [OrSo, 2.1]). (Specializing to y = —1, the above argument then seems to be closely
related to a calculation of the Chern class of P" \ X in [Al].) By (1.7.2) the calculation of
the Hirzebruch class of X is reduced to that for projective spaces Z € S(X), and the latter
can be calculated by using the Euler sequence (see for instance [Ha, 11.8.20.1]). In this case,
the Hirzebruch-Milnor class may be more complicated than the Hirzebruch class of X.

2. Proofs of Theorem 2 and Proposition 1

In this section we prove Theorem 2 and Proposition 1 by using the short exact sequences
associated with nearby and vanishing cycle functors of mixed Hodge modules.

2.1. Construction. In the notation of the introduction, set S := C"*! with coordinates

t1,...,t.n1. We may assume m > 2 so that r = dim X x, since the case m = 1 is treated in
[MaSaSc1].

Let X C Y x S be the hypersurface such that, for any a = (ay,...,a,41) € S, we have
(2.1.1) XN (Y x{a}) = Xar+1 (= {sar+1 =0} CY),

where s, ,41 is as in the introduction (with n replaced by r + 1 if necessary).
For j € [0,7 + 1], set
(212) Sj = {tk:() (k’>])}CS, Xj =X Xg SjCX.

Note that dimS; = j, and the fiber of X; — S; over a = (ay,...,a;) € S; coincides with
Xaj in the introduction (j € [0,r + 1]). For j € [1,7 + 1], set

(213) Sa,j = {tk = ag (k < j), tk == 0 (k > j)} C SJ, Ya,j = X XS Sa,j C Xj
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Then Y, ; is a one-parameter family containing X, ;_; over t; = 0 and X, ; over t; = a;. By
the definitions of Uj, faj—1 in the introduction, there are natural isomorphisms
(2.1.4) Uj = Ya; \ (X X Say) (CY X Saj) (j €[l,r+1)),
such that f, ;1 on the left-hand side is identified with ¢; on the right-hand side, since

fago1 = (saj1/8{™)u, = ((s = Xizy arsi™)/si™ v, = a; on Xa;\ X,
Here the complex number a; is identified with the variable ¢; so that the disjoint union of
Xaj with a; varying (including a; = 0) is identified with Y, ; (where X, ; for a; = 0 is
identified with Xa,j—l-)
By (2.1.4) we get the isomorphism

(2.1.5) 0, Quva, = (s 5 W50 Quu, (G € [Lr+1]).
Indeed, the following is shown in [MaSaSc2, Section 2.4]:
(2.1.6) 06,Qnya, |, anx: = 0.
For j € [1,7 + 1], we have the short exact sequences of mixed Hodge modules on X, ;
(2.1.7) 0= Qnxa, i [n— 1] = ¥, Quy, [0 — 1] = ¢, Quy,,[n —1] =0,

since the a; are sufficiently general.

2.2. Proof of Theorem 2. We may assume m > 2 as in (2.1). There are non-empty
Zariski-open subsets S5 C Sj (j € [1,7 + 1]) such that the Dj; := S; \ S5 are divisors on S;
containing S;_; and satisfying

(221) Dj_l D) (DJ \ Sj_l) N Sj_l (] € [2, T+ 1]),
and moreover, by setting
Xf =X Xg S]O CXj, y]" =X Xg (Sj\(D]\S]_l)) CX]',

there are short exact sequences of mixed Hodge modules on &7, for j € [1,7 + 1]

(2.2.2) 0= Quap ,[dja] = ¥4, Quyeldjallay , = @1, Quygldja]lxy , =0,
where d;_; := dim X;_; (= n+ j —2). We may furthermore assume

(2.2.3) Supp (@, Quyslwe ) = Bjo1 x S5 C A7y,

(2.2.4) @t;Qnyels; ixse | is locally constant over S7_y,

by shrinking S5_, if necessary. (Here ¥; ; = ﬂ] ! X, NYx = Sing X, ;_; since m > 2.) For
the proof of (2.2.4) we use the deformation to the normal bundle in (2.4) below together
with a Thom-Sebastiani theorem in Theorem (3.2) as well as Remarks (2.5) below.

These imply by decreasing induction on k € [2,j — 1] :
(2.2.5) Uy e,y (04, Qnyels,ixse_, )]s xsp , 18 locally constant over Sp_;.

In the notation of (2.1) we have the isomorphisms

(226) wtj Qh,Ya,j = wthh,y; ’Xa,j,17 (Ptj Qh,Ya’j = SDthh,yJ‘.’ ’Xa,j,17

such that the restriction of the short exact sequence (2.2.2) to X, j_; is identified with (2.1.7),
since the a; are sufficiently general. (Indeed, the V-filtration induces the V-filtration on the
restriction to the transversal slice Y, ; C V¢ passing through X, ;1 C &}, see [DiMaSaTo,
Theorem 1.1]. Moreover this restriction morphism induces a bistrict surjectlon for (F,V),
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see [DiMaSaTo, Lemma 4.2]. So the assertion follows, since the weight filtration W is given
by the relative monodromy filtration.)

We then get the assertion (4) in Theorem 2 by applying the iterations of nearby cycle
functors 1, (k < j) to (2.2.2) and using (2.1.5), (2.2.6). Here we also need [Sch4] (or
[MaSaScl, Proposition 3.3]) together with [Ve, Theorem 7.1] in order to show that the
virtual Hirzebruch class 7] yv*ir(X ) can be obtained by applying the iteration of the nearby
cycle functors ¢y; (j <7+ 1) to Qpye,,. This finishes the proof of Theorem 2.

2.3. Proof of Proposition 1. The limit in the formula (7) is defined by
<2'3'1) lim OTy* (Xa,jJrl) = Ty* (wtj+1Qh7Ya,j+1)7

Aj+1—
in the notation of (2.1), where the index j is shifted by 1. The assertion (7) then follows
from (2.1.5), (2.1.7) and (2.2.4-6). This finishes the proof of Proposition 1.

We review here some basics of deformations to normal bundles which will be needed in
the proof of Theorem 3.

2.4 Deformations to normal bundles. In the notation of the introduction, set
xh = (s;/s;)\Uj (i=1,...,7—1).
Since Z7_ | = Ha, =0} CcU; =Y\ X}, we have the decomposition

(2.4.1) Vi = Ngo v, = Z5_y x T,

where the left-hand side is the normal bundle of Z7_; in U;. The total deformation space U;
of U; to the normal bundle V; can be defined by

Uy = SpeCU- (@iezzéf? L ® t_i)a

where IZo C Oy, is the ideal of Z37 1, and IZO = = Oy, for i < 0. We can identify U; with a
relative afﬁne open subset of the blow—up of U x C along Z3 ; x {0}, on which the functions

vi=aft (i=1,...,57—1)

are well-defined, where ¢ is the coordinate of the second factor of U; xC, that is, the parameter
of deformation. Note that the normal bundle Vj is contained in U; as the fiber over ¢t = 0
(which is a relative affine open subset of the exceptional divisor of the blow-up), since

Vi = SpeCUj (@z;o I%';fl/l—é}r_ll ® t_i)-
Set
zi 1= Tily, (i=1,...,5—1).
These give the decomposition (2.4.1) by inducing coordinates of the second factor of (2.4.1).
Consider now the following function on ; :

(242) fa,jfl = W;(S/S;m”Uj - zj 1 i :Cz )

where 7; : U; — Uj is the canonical morphism. Restricting over ¢ = 1, we have
(2.4.3) fa,j—l|t:1 = fa,j—la

On the other hand, restricting over ¢t = 0, we get

(244) fa,j—1|Vj = p?“f( ) Z] 1A 2, = prlf] 1 ZJ 1@z,

where pry : V; — Z7_, is the canonical projection, and f]’~_1 is defined just before Theorem 1.
To (2.4.4) we can apply a Thom-Sebastiani theorem (see Theorem (3.2) below).
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Remarks 2.5. (i) The restriction of f;j_l to a sufficiently small neighborhood U of Z7 , xC
in U; is a topologically locally trivial family parametrized by ¢ € C, since the s are sufficiently

general. The vanishing cycle functor along ]ﬂ”va’j,l for @hﬂj’. commutes with the restriction to

t = c for any ¢ € C. This follows from [DiMaSaTo| as in the proof of (2.2.6). (Here analytic
mixed Hodge modules are used.)

(ii) Let M be a mixed Hodge module on X x C. Assume its underlying Q-complex is
isomorphic to the pull-back of a Q-complex on X by the first projection p : X x C — X.
Then M is isomorphic to the pull-back of a mixed Hodge module on X by p up to a shift
of a complex. Indeed, we have the isomorphism p*p,M — M in this case. (We apply this
to X = Z;—l and M = (,0]‘2’]_71@}171,6 [duj - 1”2;9_1)(@.)

2.6. Proof of Corollary 1. We specialize Theorem 1 to y = 1 (using [Sch3, Proposition
5.21]) and restrict to the degree 0 part. Since the vanishing cycle functor commutes with
the restrictions to the intersections of X} (see [Sch2, Lemma 4.3.4], [DiMaSaTo), it implies
that there is M(X) € H.(Zx) satisfying ¢""(X) — ¢(X) = (is, x)M(X), and

(26.1)  M(X) =37 (1= m) ((is,m0)ec(EMxls,) = (is,,, 5« c(EMxls,., ).

So we get the first equality of (10) in Corollary 1. For the second equality of (10), we have
to show

(2.6.2) (is,.mx )+c(EMxls, ) = c(EMx) N (7250),

This follows from an analogue of Verdier’s Riemann-Roch theorem for the MacPherson Chern
classes under transversal pullbacks, see [Schl, Corollary 0.1] or [Sch6, Corollary 2.7]. (Note
that the denominator ¢;(L)? in (2.6.2) corresponds to (i, sy )«(is,s,)'.) This finishes the
proof of Corollary 1.

Remark 2.7. We can show directly the equality between the last terms of (10) and (12).
(This would give a certain reliability to the calculations in (2.1-4).) It is enough to show

(2.7.1) o =y m(l—my () in Z[[a]],
since 1+1mz = 1 — 722 and the action of ¢;(L)""" on H.(Xx) vanishes by r = dim Xy.
(Note that the cap product with m¢i(L) (= ¢1(L®™)) corresponds to (igg{ygx)*(iglxgx)!.)

Set z := {77 so that x = 1% in Z[[z]]. Then (2.7.1) holds since

(2.7.2) e = s = e (1 = m)’ 1z,

Example 2.8. Let Y; (i = 1,2) be a smooth hypersurface of degree a; > 2 in P" (n > 3)
with g; a defining polynomial. Assume Y7, Y5 intersect transversally so that Y1 NY5 is smooth.
Take m € N with b, := m/a; € N (i = 1,2). Let X be a hypersurface of degree m defined by

g:=g" —cg? for ce C* sufficiently general,
so that Sing X = Y] N Y3, where we assume b; > 2 (i = 1,2). We have in this case

(2.8.1) EMy (z) = —][2,(b; — 1) for any z € SingX = ¥; NYj.

i=1
Let X’ be a sufficiently general smooth hypersurface of degree m in P". We denote by

x(n'; a1, as) the Euler number of a smooth complete intersection of degree (ay,as) in PV
(n' < n), see Remark (2.9) below. Corollary 2 then implies that y(X’) — x(X) is given by

(2.8.2) _H?:1(% —1)-(x(n; a1, as) — Z;:f m(1 —m)’'x(n—j; a1, as)).
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On the other hand, (13) implies that x(X’) — x(X) is given by

(2.8.3) —H?Zl(%_ — 1)-(X(n; ay,as) — x(n;ay, ag,m)),

where x(n; a1, az,m) = x(Y1NY2NX’). The Euler numbers of smooth complete intersections
can be calculated as in Remark (2.9) below. We have the equality between (2.8.2) and (2.8.3)
as a special case of Remark (2.7). Note that, fixing ay, as (for instance, setting a; = ay = 2),
it is enough to calculate only x(n'; aq, as) in (2.8.2) for any m € N with m/a; € N, although
we have to calculate also x(n;ay, as, m) for every such m in (2.8.3).

The above argument can be generalized to the case where g = [],., @ —c [L-. gl with
Y; == g;'(0) C P" smooth of degree a;, | J; ¥; has normal crossings, and D ice @ibi =
Corollary 2 is better when we fix the g; with b; varying.

i>e aZbZ
Remark 2.9. Let X be a smooth complete intersection of degree (dy,...,dx) in P", that
is, X is defined by homogeneous polynomials g; of degree d; (i € [1,k]) and dim X =n — k.
As a special case of Hirzebruch theory [Hi], it is well-known (see for instance [Nav]) that the
Euler number of X, denoted by x(n;d,...,dy), is given by the coefficient of 2™ in

(2.9.1) Ynsdy,. . dy) = (L4 2" I, 122 € Z[a) /(2" (= H* (P).
More precisely, v(n;d, ..., dy) expresses the image of the (virtual) Chern class of X under

the inclusion X < P™ using Poincaré duality (see [MaSaSc2, 1.4.5]), and the product of the
d;x in the numerator comes from this. (Note that the intersection number of X with a linear
subspace in P" generating H*"~2%(P",Z) is d; - - -dy.) For instance, if n = 2, k = 1, then
the Euler number of a plane curve of degree d is given by 3d —d? =2 — (d — 1)(d — 2) as is
well-known.

3. Application of Thom-Sebastiani theorem

In this section we prove Theorems 3 and 4 after explaining the Thom-Sebastiani theorem
for underlying filtered D-modules of constant mixed Hodge modules.

3.1. Algebraic microlocalization. Let Y be a smooth complex algebraic variety (or a
connected complex manifold) with f a non-constant function on Y, that is f € T'(Y, Oy )\ C.
Set

(3.1.1) (B, F) := (i) (Oy, F) = (Oy[9)], F[~dy]),

with dy := dimY, and F[m], = F[m]™ = F™? = F, ,, in general. Here (i;)? is the
direct image of filtered D-modules with iy : Y < Y x C the graph embedding by f, and
t is the coordinate of the second factor of Y x C, see (1.2.4). The last isomorphism is as
filtered Oy [0;]-modules, where the sheaf-theoretic direct image (if). is omitted to simplify
the notation. Note that g &/ € Oy[9)] is actually identified with g d/6(t — f), where

6t —f):= ﬁ € OYxc[ﬁ}/OYxc-

Moreover 6(t — f) is also identified with f* (and —0;t with s), see for instance [Mal].

In this section, the Hodge filtration F'is indexed as in the case of right D-modules (since
there is a shift of filtration under the direct images by closed embeddings for left D-modules,
see (1.2.4)). So we have

(3 1 2) GrFBf = {Oyatp-i-dy if > _dY;
N p

0 otherwise.

By (1.2.2) this does not cause a problem when we use the de Rham functor DR.
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Let gf be the algebraic microlocalization of By (see [Sa6]), that is,
(3.1.3) (By, F) = (Oy[8,,0;7'], F) with GifB; = Oy0P™™ (pez).
Let V be the microlocal V-filtration on B ¢ along t = 0, see [Sa6]. This is defined by modifying
the V-filtration of Kashiwara [Ka] and Malgrange [Mal] on By, see also [MaSaSc3].

By construction there are canonical isomorphisms

(3.1.4) can : Gr$y(By, F) = Gi (B, F)  (a < 1),

(3.1.5) OF - (Bp; F.V) = (B FI=k|,V[-k]) (k€ 1Z),
where can in (3.1.4) for a = 1 is strictly surjective by [Sa2, Lemma 5.1.4 and Proposition
5.1.14]. Indeed, setting
X = f10) Y,
we have a short exact sequence of mixed Hodge modules

can

(3.1.6) 0 = Quxldx] = ¥p1Quy[dx] — vr1Qnyldx] = 0,
and can in (3.1.4) for @ = 1 is identified with the underlying morphism of filtered Dy-
modules of the morphism can in (3.1.6).

Note that we have for a € (—1,0] (see for instance [MaSaSc3, 1.1.9])

(3.1.7) GrfGig B, =0 (p < —dx).

We have a Thom-Sebastiani theorem as below. This is a special case of the assertion

mentioned in [Sa6, Remark 4.5], and follows from [MaSaSc3, Theorem 1.2] or [Sa9] (see
also [DeLo], [GeLoMe] for the motivic version, and [ScSt], [Va] for the isolated hypersurface
singularity case).
Theorem 3.2. Let Y, be a smooth complex algebraic variety (or a connected complex
manifold) with f, a non-constant function, that is, f, € I'(Y,,Oy,) \ C, for a = 1,2. Set
Y =Y, xYs with f = fi+ fo. Then there are canonical isomorphisms of filtered Dy -modules
for a € (—1,0] :

G (B, F) = @aycrw O (Bpy, F) R Grim (B, F)
& @aleJ(a) GI‘?}l (Bfn F) X Grg_l_m(Bva F[_l])7

by replacing Y, with an open neighborhood of X, := f;1(0) in Y, (a = 1,2) if necessary,
where

(3.2.1)

I(a) == (—1,0] N ]o,c + 1) J(a) = (—=1,0]N]a—1,a).
Note. Setting s = a — ay, ah = a — 1 — oy, we have

(3.2.2) a; € I(a) <= ai, ag € (—1,0], ar € J(a) <= a1, ay € (—1,0].

Remarks 3.3. (i) Since the de Rham functor DR is compatible with the exterior product X,
we can deduce from Theorem (3.2) the following isomorphisms of complexes of Oy-modules
for € (—1,0], p € Z:
Gr2 DRy (Gl By)
(3.3.1) = ®a1+a2:a,p1+p2:p Gr?' DRy, (G By,) K Grz}QDRy2(Gr{'}28f2)
@ @a1+a2:o¢—1,p1+p2+1:p GIJ}IDR,Yl (Grglgfl) IX Grl})’—?DRYQ (Gr(‘l/?gfé)?

where ay, a2 € (—1,0], and F? = F_,. (Note that Gr'lp = Grﬁ,&[fl} with pl, :=py + 1.)
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Setting A\, = exp(—2miay,), we have a, = —€(\,) (a = 1,2), and
(332) a1+ ay < —1 <— f()\l) —|—£(/\2) > 1.
If these equivalent conditions are satisfied, then (3.3.1) says that the index p of the Hodge
filtration F' increases by 1. This is very important for the proofs of Theorems 3 and 4.

(ii) In the notation of (3.1), assume Y, = C with coordinate xo, and fy = a 25" with a € C*.
Then the Milnor fiber Fj, o consists of m points, and

C if =1 and X\ # 1,

3.3.3 H(F, o, C)y =
( ) (Fro0, ©)x {O otherwise,

where H denotes the reduced cohomology. This implies

C if po =0, QQE{%,...,m—_I},
0 otherwise.

(3.3.4) Gri?DRy, (Gr? By,) = {

Note that we have in this case
(335) (pry - prlcya Ac ﬁo(ﬁ}m()? C)[_l]

3.4. Proofs of Theorems 3 and 4. We get (5) in Theorem 3 by Proposition (1.5), and
the assertion (6) follows from (2.4.3-4), (3.3.1-2), (3.3.4-6) together with Remarks (2.5).
Theorem 4 also follows by using (3.3.1-2) and (3.3.6) together with the compatibility of the
Todd class transformation td, : Ko(X) — H.(X) with cross products (or Kiinneth maps),
see [BaFuMa, Section II1.3]. This finishes the proofs of Theorems 3 and 4.

Remarks 3.5. (i) By the proof of Theorem 4, the assertion holds at the level of Grothendieck
groups. We have the following equality in Ko(Xx)[y"/¢]:

(3.5.1) DRy{p;Qny, Ts) = —DRy[¢s,Qnyi, Ts] ® DRy, Qnys, Ts).

(ii) Theorem 4 does not necessarily hold if there are non-zero critical values ¢, of f, (a =
1,2) with ¢; + ¢ = 0, since the last condition is equivalent to the condition ¥y # Xy, X X, .
However, we can apply Theorem 4 with f, replaced by f, — ¢, (a = 1,2) in the above case.

(iii) In Theorem 4, X is never compact even if X7, Xy are compact, since X is the inverse
image of the anti-diagonal of C x C by f; x f5. Extending the situation in Theorem 4, we
may consider the case where f;, f> are proper morphisms from smooth varieties to P* and X
is defined by the inverse image of the anti-diagonal of P* x P, In this case X is compact. We
can apply Theorem 4 by choosing an appropriate local coordinate of P! on a neighborhood
of each critical value ¢, of f, (a = 1,2) with (c;, ¢3) belonging to the anti-diagonal of P! x P!.

4. Relation with rational and Du Bois singularities

In this section some relations with rational and Du Bois singularities are explained.

4.1. Primitive decomposition of nearby cycles. Let Y be a smooth complex algebraic
variety (or a connected complex manifold), and f be a non-constant function on Y, that is,

feT(Y,0y)\ C. Assume X := f~1(0) C Y is reduced in this section.
With the notation of (3.1), we first show the short exact sequence

(4.1.1) 0= OxQowy = F_q, CriB; <5 F_y Gl By — 0.

Here

Wy = (pwzg Cwy, wy :=Homoy(wx,Ox),
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with p: X — X a resolution of singularities, and
wx = wy ®o, Ox,

since X is globally defined by f, see [Sab, Lemma 2.9].

For the proof of (4.1.1), we use the monodromy filtration W on Gry,B; shifted by dy,
which is uniquely characterized by the following conditions:

N(W; Gry,By) C W, oGy By (i € Z),
N*: Gry ;GryBy = Gry._; Gry By (i >0).
The primitive part is defined by
(4.1.3) PGty ,; GryBy = Ker N'*' C Gryl Gy By (i > 0),

(4.1.2)

with © Grl?; +iGryy By =0 (i < 0). This implies the primitive decomposition

(4.1.4) Gl Gry By = @20 N* (VGrl o, GryBy)  (j € Z),

and the co-primitive part can be expressed by

(4.1.5) Ni(PGrZ[;H Gry By) = Ker(GrZ[;_i Gry By N Grg[;_i_Z Gri/Bf)
= Ker(Grl)_; GryB; == Gry._; GryBy) (i = 0).

Indeed, the first isomorphism follows from the primitive decomposition (4.1.4). As for the
last isomorphism, note that the canonical morphism

can : Gy, By — Gr%,gf
is identified with the morphism
can : Gry,B; — G135y,
which is defined by —Gryd;. Moreover, for the latter, we have
N = Varocan,

where Var is defined by Gryt, and is injective, see [Sa2, 5.1.3.4]. So the last isomorphism
of (4.1.5) also follows.

Returning to the proof of (4.1.1), we get by (3.1.7)

(4.1.6) F_g (N'("GrY) ,; GryBy)) = F_g—i("Gr) ., GryBy) =0 (i > 0),
and it follows from [Sa5, Proposition 2.7] that
(417) Fde (PGI'ZI)/( GI‘%/Bf) = @X®@Xw}/(,

since By is a left D-module. So (4.1.1) follows.

We denote by ICxQ), the mixed Hodge module of weight dx such that its underlying
Q-complex is the intersection complex ICxQ. We have

(4.1.8) ICxQp, = Gry (Qux[dx]) = "Gry v 1Quy [dx],

where the two isomorphisms follow from [Sa4, 4.5.9] and (3.1.6) together with the primitive
decomposition as in (4.1.4).

Comparing (4.1.1) with (3.1.6), we see that the exactness of (4.1.1) is essentially equivalent
to

(419) Fde (@h,X[dX]) - Fde(ICX@h) == C~L)X.
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Here we set in general

(4.1.10) FpyM = F, M,

if (M, F') is the underlying filtered right D-module of a mixed Hodge module M, where
Po = min{p YA GrfM #+ O}.

These are independent of embeddings of algebraic varieties into smooth varieties as long as
right D-modules are used.

4.2. Rational singularities. With the notation and assumption of (4.1), we have the
following canonical isomorphism by (4.1.1):

(4.2.1) (wx /Bx)@oywy = Foay (Bs/V'By),
(see also [Sa5, Theorem 0.6]), since
(4.2.2) F_ 4, (B;/V>'Bs) = Ox,

where V=% :=V** (0 <e <« 1) for @ € Q in general.

Indeed, by (3.1.7), (3.1.4-5), and [Sa2, 3.2.1.2], we have
(4.2.3) F 4 V7B =F_4,B; =0y, F_ g V7'By =t(F_q,V""By).
Thus (4.2.2) and (4.2.1) follow.

As a corollary of (4.2.1), we see that X has only rational singularities if and only if
(4.2.4) F_g (B;/V>'Bs) =0, orequivalently F_q (¢;Qpyldx]) =0,
under the notation (4.1.10), see also [Sa5, Theorem 0.6] (and [Sal] in the isolated singularity
case). Consider the classes
[(wx/@x)®0,wk] = [Foax (By/V™'By)].

wx /Bx] = [Foay (0sQuyldx])] in Ko(Ex).

These may be called the irrationality of the singularities of X at least in the X x projective
case by the argument after (4.2.7) below. In the isolated singularity case, its dimension is
called the geometric genus, see for instance [Sal].

(4.2.5)

If X has only rational singularities, then the last condition in (4.2.4) implies

(4.2.6) DRy (07 Qny[dx]]|yix = [Frax (9sQuyldx])]=0 in Ko(Xx),

(see also (1.2.6)), where |4, means taking the coefficient of y**. (Recall that right D-modules
are used in (4.1.10).) Moreover we have the following.

(4.2.7) The converse holds if X x is a projective variety.

Indeed, if the singularities of X are irrational, then we can show the non-vanishing of (4.2.6)
in K,(PY)g with PV projective space containing Xx by using the topological filtration in
(1.6) together with the positivity (see (1.6.4-5)) of the image by the cycle class map (1.6.3)
of the coherent sheaf

F =F_4, (¢sQnyldx]).

4.3. Du Bois singularities. With the notation and assumption of (4.1), let Dy, x be the
dual of Qp, x. Since Qp x[dx] is a mixed Hodge module, so is Dy, x[—dx]. Then we have the
short exact sequence of mixed Hodge modules

(431) 0— g0f71(@h,y(1)[dx} Vi) wf,l@h,Y[dX] — ]Dh,X(_dX)[_dX] — 0,
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which is the dual of (3.1.6) (up to a sign). Indeed, Var is the dual of can in (3.1.6) up to a
sign, see [Sa2, Section 5.2]. The underlying exact sequence of filtered D-modules of (4.3.1)
is identified with

(4.3.2) 0 — (Im N, F) — (Gry, By, F) — (Coker N, F) — 0,
and the primitive decomposition (4.1.4) implies
(4.3.3) Gry (Coker N, F) = "GrY) _(Gr}, By, F) (i >0),

since the graded quotients Gr''' commute with taking the cokernel of N, see [Sa2, Proposi-
tion 5.1.14]. Setting

C/DX = FO(Dh,X[_dX]) == GI"OF(DR(]D}L’)([—CZ)(])),
we then get by (4.3.1-3) and (4.1.6)

(4.3.4) Ty = Feay (D x(—dx)[—dx]) = F_ay (¥71Quy[dx]).
Combined with (4.2.2), these imply
(4.3.5) (wx [Ty )@oxwk = Foay (B /V'Bf) = F_ay (B;/V'By).

Since the dual functor D commute with DR (or rather DR™', see [Sa2, Section 2.4.11]) and
also with Gr% by definition, we have by the definition of &y just before (4.3.4)

(43.6) D(@) = GrDR(Q x[dx]).
Here the left-hand side is the Grothendieck dual of the Ox-module &%, and we have
D(F) := RHomo, (F,wx[dx]) for F & D, (Ox).
It follows from (4.3.6) that X has only Du Bois singularities (see [St3]) if and only if
(4.3.7) Wy = wy,

(since D(wx) = Ox[dx]). This condition is equivalent to the vanishing of the Ox-modules
in (4.3.5). Moreover the last condition is equivalent to

(4.38) Foay (p1Qnyldx]) = Flax (07,2 Qny[dx]) = 0.
This implies by using [BuSal, Theorem 0.1]
(4.3.9) X has only Du Bois singularities if and only if let(f) = 1,

where the log canonical threshold lct(f) is defined to be the minimal jumping coefficients as
in the introduction. Indeed, we have by [BuSal, Theorem 0.1]

(4.3.10) G(aX) = GOy C Gry(Dy[s]f°) C Gy By (Va € Q),
where G(aX) = J((a — €)X/ T (aX) for 0 < ¢ <« 1, and Dy|[s]|f* is as in Remark (4.4)(i)
below.

Remarks 4.4. (i) The assertion (4.3.9) is equivalent to [Sa8, Theorem 0.5] where the
statement is given in terms of the maximal root —a; of the Bernstein-Sato polynomial
br(s). Indeed, it is well-known that

(4.4.1) let(f) = ay.

This follows, for instance, from [BuSal, Theorem 0.1] (see also (4.3.10)) combined with
an assertion in [Mal] (more precisely, the roots of the Bernstein-Sato polynomial consist
of rational numbers —a with Gi{;(M;/tMy) # 0 where My := Dy[s]f* C By, see also a
remark after (3.1.1)). This well-known assertion, however, does not seem to be quoted in
[KoSc], although the theorem in [Sa8] explained above is mentioned after [KoSc, Corollary
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6.6], where it is shown that a reduced hypersurface X C Y has only Du Bois singularities if
and only if (Y, X) is a log canonical pair, see also Remark (ii) below.

(i) It is well-known (and is easy to show) that (Y, X) is a log canonical pair with X reduced

if and only if let(f) = 1. Indeed, let p : (Y, X) — (Y, X) be an embedded resolution. We
have

(442) )? = p*X = 5(:/ + Zz ml-Ei, Wy = (p*wy)(zz I/,LEZ) (mi, v; € Z>0),
where the E; are the exceptional divisors of p, and X' is the proper transform of X. (The

last equality is equivalent to that div(Jac(p)) = 3, v;E;, where Jac(p) is the Jacobian of p
with respect to some local coordinates of Y, Y.) By (4.4.2) we then get

(4.4.3) wg()N(') = (p'wy (X)) (X, (i — i) E;).
Since let(f) = min JC(f) by definition, the equality (4.4.3) implies
(Y, X) is a log canonical pair <= v; —m; > —1 (Vi)
(4.4.4) ,
— (;+1)/m; =21 (Vi) < let(f) =1,

where the first equivalence is by the definition of canonical pairs together with (4.4.3), see
[KoSc]. The last equivalence follows from the well-known assertion:

(4.4.5) let(f) = min{(v; + 1)/m;} if let(f) <1 or min{(y; +1)/m;} < 1.

By the definition of JC(f) (see for instance [MaSaSc3, Section 2.1]), the last assertion can

be verified by calculating the integration of p*(|f|™>*w A @) on Y, where w is a nowhere
vanishing holomorphic form of degree dy locally defined on Y, and o € (0,1]. Indeed, this
can be reduced to a well-known assertion saying that we have for g € R, c € Ry

/rﬁdr<oo — [f>-—1.
0

4.5. Proof of Theorem 5. We first show the second case where X is globally defined by
a function f on Y. By the induced polarization on the nearby and vanishing cycle mixed
Hodge modules (see [Sa2, Section 5.2], [Sa3]), we have the self-dualities

D(pf41Qnydx]) = (p72Qnyldx])(dx),
D(0s1Qny[dx]) = (pr1Qny[dx])(dx + 1),

since 721 = ¢r21, and dy = dx + 1. (Note that the monodromy filtration is self-dual.)
These imply in the notation of (4.1.10)

D(GT%DR(SOﬁaél@hy [dXD) = GY%XDR(‘;Of,#lQh,Y [dx])
= Iy (07,21Qny [dx]),
D(GT%DR(SOf,l@h,Y[dXD) = GY?JX+1DR(90f,1@h,Y[dX])
= 0.
Recall that right D-modules are used in (4.1.10).

So the first assertion of Theorem 5 in the second case follows from the assertion concerning
(4.3.8), since D? = id and

(4.5.3) My(X) = td.[GriDR(¢;Qny)]-

(4.5.1)

(4.5.2)

To show the converse, assume that X is not Du Bois, that is,
(4.5.4) F = Foay (0521Qnyldx]) # 0.
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By (4.5.2-3) we have to show
(4.5.5) td,[D(F)]#0 in H.(PY),

where we can replace H.(Xx) with H.(PY) by the compatibility of td, with the pushforward
by proper morphisms. Then the assertion follows by using the topological filtration on
Ko (PN)g and H. (PV) in (1.6) together with the positivities in (1.6.4-5) (see also an argument
after (4.2.7)). This finishes the proof of Theorem 5 in the second case.

For the proof in the first case, note that the support of F in (4.5.4) is independent of the
choice of a local defining function of X (where the ambiguity comes from the multiplication
by a nowhere vanishing function). However, we have to take here the direct image (isg v )
of a mixed Hodge module. This can be calculated as in the proof of Proposition (1.4),
and the latter shows that it is enough to take the closure of the support of the coherent
sheaf which gives the non-Du Bois locus. This closure is independent of the choice of s/,
and taking the direct image does not cause a problem as long as s} is sufficiently general
so that X| = s,7'(0) does not contain this support. So the assertion follows. Here it is
enough to consider the summand in the formula (4) in Theorem 2 with j = 1 by using the
addition theorem for the log canonical threshold (see [MaSaSc3, Corollary 1]) together with
Theorem 3. This finishes the proof of Theorem 5.

Remark 4.6. We do not know a priori the support of the coherent sheaf in the above
argument, and there might be some problem about the genericity condition on s} (that is,
the condition that s;7'(0) does not contain the support). It may be better to argue as

follows:

On a dense Zariski-open subset U of the parameter space of s}, X} = s,(0) intersects the

strata of a Whitney stratification of X transversally so that M(X) can be defined. Moreover
My(X) in the graded pieces of the topological filtration in (1.6) is independent of the choice
of &', since it is given by the cycle map, see (1.6). (Here [DiMaSaTo] is also used.) There is
another dense Zariski-open subset U’ of the parameter space of s} such that X| = s,7'(0)
does not contain the non-Du Bois locus. We have U C U’, since the image of the cycle map
would vanish if s} ¢ U’. So no problem occurs.

4.7. Proof of Proposition 2. The duality isomorphisms in (4.5.1) are compatible with the
action of the semisimple part of the monodromy T}, where the e(«)-eigenspace is the dual
of the e(—a)-eigenspace, see also [Sa6, 2.4.3]. The argument is then essentially the same as
in the proof of Theorem 5 by using the topological filtration in (1.6) together with [BuSal,
Theorem 0.1] (see also (4.3.10)) which gives the relation with the jumping coefficients. This
finishes the proof of Proposition 2.

4.8. Isolated hypersurface singularity case. Let f : (Y,0) — (A,0) be a germ of
a holomorphic function on a complex manifold Y such that X := f~!(0) has an isolated
singularity at 0, where A C C is an open disk. Let uy be the Milnor number of f. As in
[St2], the spectrum

Sp(f) = Yttt € Z[t']
with a; < o1 (4 € [1, up — 1) is defined by
(4.8.1) #{i|as; = a}=dim Gr%ﬁdY_I(F},O,C)e(_a) (p:=[dy —a], a €Q),
where Fj denotes the Milnor fiber of f, and [:Tk(Fﬁo, Q) is identified with H*¢,;Qy .

Set Y :=Y xa A" with p,, : (A',0) — (A, 0) a totally ramified m-fold covering. Let 3 be
the smallest positive rational number such that e(3) (:= €2 is an eigenvalue of the Milnor
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monodromy of f. Assume

(4.8.2) L <8

The following three conditions are then equivalent to each other:
(a) (X,0) is a Du Bois singularity.
(b) (Y’,0) is a rational singularity.
(¢) f:Y — Ais a cohomologically insignificant smoothing.
Condition (¢) means that Gr%H*(Fyo,C) = 0 (Vk), see [St3]. (This condition is invariant
by the base change of A.)

Set h = f— 2™ on Y x C with z the coordinate of C so that Y’ = h=1(0). Then the above
three conditions are respectively equivalent to

(a) ajp; > 1. (b)" ap1 > 1. (¢) afpu, <dy —1.

Indeed, the first two equivalences follow from the arguments related to conditions (4.2.4),

(4.3.8), and the last one from the above definition of spectrum, see (4.8.1). We have moreover
the symmetry (see [St2]):

(4.8.3) apitop;=dy if i+j=p+1,

together with the Thom-Sebastiani theorem as in [ScSt], [Va]:

(4.8.4) Sp(h) = Sp(f) Sp(9),

where g := 2™. Since Sp(g) = 31" t*™ (see Remark (3.3)(ii)), we then get
(4.8.5) ap1 = gy + %

So the equivalences between (a), (b), (c) follow.

In the case p,, is associated with a semi-stable reduction, the above equivalences are a
special case of [St3, Theorem 3.)] combined with [Is, Theorem 6.3] where an arbitrary
smoothing of a normal (or Cohen-Macaulay) isolated singularity is treated. We take a
projective compactification of f as in [Br| to apply [Is].
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