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1 Introduction

Definition. Let IF be a number field, e.g. , R or C, and V' a vector
space over [F of dimension [. Let z;, 29, ..., x; be a basis of the dual
space V* of V', and S = F|z1, x5, ..., 2 the V* symmetry algebra.
We make identification V = F'. |
A hyperplane H in F' is the zero set of a degree one polynomial o =
a1xy + - - +aqx; — b, e,

H = {(z1,%2,..., 1) €F|la=air1 + -+ az; — b= 0} = ker(a).
A hyperplane arrangement A in F! is a finite set of hyperplanes
A={H,Hs,..., H,}
Let a; = a;1x1+ - - «+a;x; — b; be the definition polynomial hyperplane
n
H;. Then f4 = [] a; is the definition polynomial of .A.
References: -
[1] Orlik P., Terao H. Arrangements of hyperplanes[M]. Berlin: Springer-Verlag, 1992
[2] Stanley P. An Introduction to Hyperplane Arrangements [M]. In: Geometric Combinatorics

Edited by: E. Miller and V. Reiner, and B. Sturmfels, AMS and IAS/Park City Mathematics Series
Vol.13, 2007
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Examples. The Coxeter Arrangements
1) The Braid arrangement

Al—l = {HZ] — ker(a;i 7 $])|1 <71 < ] < l}
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Examples. The Coxeter Arrangements
2) D) = Al—l U {ker(xz' == 513])‘1 <1< < l}
3) B; = D; U {ker(z;)|1 <1 < [}.

By :
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51. Introduction:

Graphic arrangements FFIE.
Orlik-.

Falk R &.

Given a finite simple graph G = (V, &), where
V = {1,2,...,l} is the vertex set and & is the
edge set, there 1s a graphic hyperplane arrange- —
ment A(G) associated with G defined by A(G) = wur
{HUH’L,]} = g}, where Hzg . ker(:z:z- = ZC])

The braid arrangement A;_; = A(K;),
where K 1s the complete graph with vertex set )V =
{1,...,l}andedgesetE = {{7,j}|1 <1< j <}
Each graphic hyperplane arrangement is a subar-
rangement of A(K7).
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31. Introduction: Topics to Study

515

The union |J H of hyperplanes in A is a i

HEA | HEIE
hypersurface defined by the polynomial f, = Orlik-.

a1 - - - ap. The complement e

M=V\ | ) H

HeA

R RR 7T

«»]
]

1s of interests. e.g.

H

o [fIF = R, M i1s non-connected. The number of
chambers, the faces of the chambers,etc.

H

o Iflf = C, M is connected. The topological
structure:homotopy type, homotopy groups, ho-
mology groups,. . .
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g1. Introduction

The fundamental group of )M

FAIE
If V = C!, the fundamental group 7w(M) of the tgv/,‘k-m

complement M o
is an interesting and complicated invariant of A.
Although authors (e.g., Salvetti, Randell, etc) have
given the descriptions of (M), i
it is difficult to calculate 7(M) for an arrangement.
There several algorithms for the computation.

e Salvetti, Randell (see the book of Orlik and
Terao);

N8~ 28
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e Cohen-Suciu Algorithm:;
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51. Introduction:
The Global invariant of A ﬁ&

Orlik-.

The lower central series of w(M) is a chain of =
normal subgroups

G = W(M),Gk_l_l = |G, Gq| for k>1,

R RR 7T

IR I
L]

where [A, B| denotes the subgroup generated by
commutators of elements in A and B.

The ranks ¢;. of the finitely generated abelian —
groups (G./G}..q are topological invariants of the
arrangement A.

Falk called the third rank ¢35 = rankG3/Gy -~
the global invariant of A
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31. Introduction: Falk’s Problem —

Falk posed the following problem in his paper
(Europ. J. Combinatorics, 22(2001) ).

Falk’s Problem. Give a combinatorial interpreta-
tion of ¢3.

R RR 7T
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Falk also pointed out that this problem remains R0~z
open, even for graphic matroids.
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¢1. Introduction: Main Results s
¥FIE

1) We proved the following theorem by combi- Oﬂlk-
natorial method: |

Theorem. For graphic hyperplane arrangement

A(G),
O3 = 2(# K3+ #K,), BER

where # ./, is the number of cliques with v vertices

in the graph GG with which the arrangement A(G) Rz

associated.

H

2) By using ¢3 as the invariant, we classified the
line arrangements with at most 6 line.
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Falk R &.

The result in the above theorem 1s contained 1n:

H.Schenck, A.Suciu, Lower central series and
free resolutions of hyperplane arrangements, Trans.
Amer. Math. Soc. 354 (2002),

The argument of Schenck and Suciu uses fairly
higher method: homological algebra. T

It 1s worthwhile to have such a direct and simple
proof of this formula.
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2 Combinatorial Description of Global In-

variant

Exterior algebra
For an arrangement A = {Hy,..., Hy,},

define E! = & Ke;, and the exterior algebra |

i=1
E = E(A) = N(EY) of E'. We have
n n
EV=K E'=@PKe;, ..., E=6 EP.
b1 p=0

Define a K-linear operator 0 : £ — E by
01 =0,0e;,=1,1=1,2,...,n,and for p > 2

p
k—1 ~
a(eil ‘o ez-p) — kzl(—l) €1 eik ‘o eip,
where ¢;, indicates the omitted element.
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515

Combinatorial Description of ¢;:Circuits )
Given an ordered p-tuple S = tg%l;l/i(_

HZp) — (7/17 e 7’[;p>, Write Falk T 8.

(Hi oo

€S = €}y - - €, = €., and NS = H; N-- NH;,.

P
A p-tuple S is independent if codim(NS) = |S| and
S is dependent if NS # ¢, codim(NS) < |S].

We call S a circuit of E if it is minimally de-
pendent, and in this case call e g a circuit by abusing R 2

the terminology.
Denote by C(.A) the set of all circuits of F,

-

RIS
Ll v ]
and by C, = C;(\A) the subset of C(.A) of length p.
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32. Combinatorial Description of ¢s:
Orlik-Solomon algebra

The so-called Orlik-Solomon ideal of A is
I =< {0eg|S is dependent} U {eg| NS =0} >f .
n

Iisgraded I = & IP, IP = [ N EP.

p=0
Obviously I = I'' =0, and
I? = span({aewk\([{“ H;, H}) is circuit} U

{ewev|Hy N Hy = 0}) as a vector spaces.
The Orlik-Solomon algebra of A is the quo-
tient algebra OS = OS(.A) = E/I. It is graded

[ [
OS = EPOosP = P EP/IP.
p=0 p=0
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32. Combinatorial Description of ¢s:
k—adic closure of OS(A)

The k-adic Orlik-Solomon ideal 1;. of I =
I(A)is anideal of £ : I =< Y, I' >
Example:

L=0and h=<DP>p, Ii=<I?4+1°>5.
Note that /;. 1s a graded ideal of £ with
I = (Iy)) = EPN I,
The k-adic closure of OS(.A) is the quotient algebra
OS.(A) := E/I;., which is a graded algebra for
each k

[ [
08, =€ oSt = EP/ 1L,
p=0

p=0
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2. Combinatorial Description of ¢s: YFAE.
Falk’s definition of ¢ Orlik-

Define I El X ]2 — E3 Falk FE .
bylu(a@)b) =a /b= ab.
Falk defined and proved that

B3 = dim(ker(j)).

The following formula is due to Falk
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b3 = 2 (”; 1) — n - dim OS%(A) + dim OS3(A).
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3 Combinatorial Proof Orlik-

About dim OS°(A) "
Lemma 1. Let A = A(G) be a graphic arrange-

ment, then dim OS?(A) = (Z) = 7= K3,
Proof.
dim OS*(A) = dim(E*/I?) = dim E? — dim I°.

=

It is obvious that [? = spang{de;irle;ir € C3}.
Hence, dim I? = #Cq = # K.

H
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33. Combinatorial Proof: Orlik-
About dim OS3(A) = dim B3/ I3 |
Note that A

]23 — J°E = spanK{esﬁeijkls € [n, €k C3}

Since es0e; ;. = €4, for each s € 4, j, k, the gener- L
ating set of /. 5’ consists of two parts C3 U D3, where
D3 ={esO¢;jkle; 1 € C3,s € n] \ 1,7,k }
Lemma 2. For simple graph G and the graphic
arrangement A(G), I3 = span(C3) @) span(Ds3).
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33. Combinatorial Proof: About D;

Example. We consider the dimension
of span(Ds3) for graphic hyperplane arrange-
ment A3 associated with complete graph K.
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33. Combinatorial Proof: About D;

_The 12 elements in D3 are as follows.

es0eigg = —eas6 + €136 + €123, (1) es0erzs = —e16 + €146 + 6124 , (7)
es0eia6 = —€ang + €156 + €125, (2) €a0e1as = €au5 + €125 — 612 7 (8)
esfeiqs ='€345 + €135 — €134, / (3) €s0€145 = €456 = €156 + €146, IJI (9)
e10egss = €135 — €125 +€123,  (4) es0€35 = —e345 + €245+ 6234f, (10)
e60ea3s = €356 — €256 + €236, (D) €10€346 = €146 — €136 + €134, (11)
e20e346 = €46 — €236+ €234,  (6) e50€346 = —€us6+ €356 + €345. (12)

There are two relatons,

—(1) + (6) + (7) =~ (11) = O(ewzs) = (3) — (4) = (8) + (10)
(2) = (7) — (8) +(9) = O(eauss) = (5) + (6) — (10) — (12) -
Hence rank(D3) = 10.
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33. Combinatorial Proof: Computing D;
Define

D), = {e;0e;ji|e:0¢eiji € Ds,t, 1, j, k are not in the same K, of G},
Dy = {ei0e;ji|eOei;r € Ds,t,i,7, k are edges of some K, in G}. |

Lemma

1) Vector set Dy is a basis of span(D5), and
dim(span(D5)) = (n — 3)#K3 — 124K,

2) span(Ds) = span(Ds) @ span(D?).
3) dim(span(DY)) = 10#K}.
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4 Classifying Line Arrangements

3 13 classes line arrangement with 6 lines

|

/
/
/

N

Pic

VAN N

code  [2°] [25

dim(fi ) 20 20

_/_

]

/N AN

[2531] [2831]

20 18

Pic .
code  [21]
dim(fi ) 14

L

s \}F
X\
A\

/

A

[243141]  [274!] [214]

20 18 8 |

Pic

N

A\

code  [28] [2532]

dim(L) 20 20

7 S

[2641] [2134]

20 6

o, 8 9 9 9

K

code [233141]

[ P

z#:;;%z'

pNY

[2234] [2451] [214]

18 20 - |

o, 10 10 8 14
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34. Classifying line arrangements by ¢;
3 13 classes line arrangement with 6 lines

N
L
| oo B
pic —%
xK A 2= K ¥
code  [241] gy (2] [61] code  [27] [25] [  [2%3f]
dm(L) 19 14 " 20 dim(L) 20 16 20 20

0 12 11 9 B
----- -----|
Y
% % % ic I R N Y
P A N OSC <

|
|
|
code [2934]  [263%]  [2%]  [21231] code [22]  [212]  [2s32]  [2837] |
|
|

dim(r) 14 12 0 4 dim ( 1;_) 10 12 18 20

0, 11 12 15 14 o, 12 12 10
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34. Classifying line arrangements by ¢;
3 13 classes line arrangement with 6 lines

) \ N 3( \\\ . ,/ A\ \ / /
P SN ZES \ P y _* '
IC \\\ - \ |- N \ N

code  [2637] [2931] [2931] [2931] code [2732] [2732] [2732] [2732]

dim(r) 18 14 14 16 dm(r) 14 16 16 16
o, 10 11 11 11
i ) | ) [ )
% P \%T__ |
S, N z
Pic : = L NZ Pic i\ ;ﬁQl
/ N \ J2 AAN *é |

code [2433]  [2433]  [2w031]  [21031] code [ou31]  [ou3t]  [9841]  [o841] |

dlm(Ij) 18 18 12 12 dim(lj_) 8 8 14 14

' |
0, 10 10 12 12 o, 15 13 11 11
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34. Classifying line arrangements by ¢;
3 13 classes line arrangement with 6 lines

Pi i A% %;
I1C. _
. S N
code [2832] [2837] [283%] [2837]
dim (7 ) 12 12 12 12

@, 12 12 12 12

-k F X

code [2533] [2533] [2932] [2932]

L

=

dhn(l;) 16 16 8 8

2

o, 11 11 13 [
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34. Classifying line arrangements by ¢;
3 13 classes line arrangement with 6 lines

9,

o i@ T~ \ B )

10

14
16
20
22
40
70

codes

[2%]

[214]‘ [21231]

[213]\ [21031]\ [2932]

[2633]. [222]. [22031]. [2832]

[2°41]. [2%]. [2°3°]. [2°3%]

[2732]

217, [263141]. [2334]. [2841]. [2632].
[2732]. [2931]

[2831]. [2741]. [25341]. [2234]. [2632]. [2%3%]
[273]

[2°32]. [2°41]. [2%3141] [2°33]. [2°]
2] [2°57]

[2631]. [28]. [245Y]

(6] [2°]

[2°]
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