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OUR OBJECTS
A = {Hl, e ,Hn}, H; C R? lines.
M= M(A)=C?\ |J H; ® C, complement.
i=1

GOAL

Proposing a new relation between real structure

and topology of M (A), which is also related to
minimality of M (A).
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1 Backgrounds: 1. Real structure



2 Backgrounds: 1. Real structure
Def. Let A= {H,...,H,} arrangement in R*.

ch(A) := {C : connected compo’s of R" \ UHZ}
bch(A) := {C : bounded chambers}.

HZ& . A = {H1, Hs, H3}

Co Cs C~ Ch(A) — {Cla s ey 07}

/ bCh(A) — {05}
C1 Cy




2 Backgrounds: 1. Real structure

Known facts on “real structrue v.s. M(A)":



2 Backgrounds: 1. Real structure

Known facts on “real structrue v.s. M(A)":
Thm. (Zaslawsky) M(A) = C*\ | H; ® C,

ch(A)| =) bi(M(A))
| beh(A)| = (1) x(M(A))
Hs

H2\ A:{H17H27H3}

>< bo + b1 + bz =
bo — b1 + by =




2 Backgrounds: 1. Real structure
Known facts on “real structrue v.s. M(A)":

Thm. (Deligne) A ={H;,...,H,} induces a
simplicial decomposition of RP*, M (A) is

K(m, 1). /\

/

—

_ e .




2 Backgrounds: 1. Real structure

Known facts on “real structrue v.s. M(A)":

Thm. (Salvetti) Homotopy type of M(A) is
recovered from oriented matroid of A.

H3 Oriented Matroid of A:
(+ - _)7 (_ T _>7 <_ _l_ _)7 ("i_ - _l_):
(— — —) (++4+) O——),(=0—),(+ —0), (= —0),
(_ +0)7(O_ +>7(_O+)7(+O+>7
Hl (0 4+ +),
(+ — +) (0O — 0), (—00), (00+).




2 Backgrounds: 1. Real structure
Known facts on “real structrue v.s. M(A)":

Thm. (Aomoto, et al.) Let £ be a generic
complex rank one local system on M (.A). Then

0 -

HA(M(A), £) = D C-[0 , k=t

Céebch(A)




2 Backgrounds: 2. Minimality of M (A)



2 Backgrounds: 2. Minimality of M(A)

Thm. (Dimca-Papadima, Randell)
M (A) is homotopic to a finite minimal CW
complex X (i.e. fi(k-cells) = b (M(A)).)

Rem. In general

f(k-cells of X') > br(X).



2 Backgrounds: 2. Minimality of M(A)

Thm. (Dimca-Papadima, Randell)
M (A) is homotopic to a finite minimal CW
complex X (i.e. fi(k-cells) = b (M(A)).)

It I1s proved by Morse theoretic arguments.



2 Backgrounds: 2. Minimality of M(A)

Thm. M (A) is homotopic to a minimal CW complex X.
Proof for ¢ =1, A = {0, 1}.

()



2 Backgrounds: 2. Minimality of M(A)

Thm. M (A) is homotopic to a minimal CW complex X.
Proof for ¢ =1, A = {0, 1}.

SO(Z) — Jz(z-1)



2 Backgrounds: 2. Minimality of M (A)

Thm. M(A) is homotopic to a minimal CW complex X.
Proof for ¢ =1, A = {0, 1}.

SO(Z) — Jz(z-1)

—grad ¢
y ! !
— o <— ~— 0 —> ~— 0 —>

_1T ¢0 ¢1



2 Backgrounds: 2. Minimality of M (A)

Thm. M(A) is homotopic to a minimal CW complex X.
Proof for ¢ =1, A = {0, 1}.

P(2) = | 2o
N \ % —grad ¢
Rl ! b~

— — . <— O — <— O —p <

_1T ¢0 ¢1



2 Backgrounds: 2. Minimality of M (A)

Thm. M(A) is homotopic to a minimal CW complex X.
Proof for ¢ =1, A = {0, 1}.

SO(Z) — Jz(z-1)

N \ % —grad ¢ sits
Dl b b

—_ — 0 ¢ ~4—

1 bty e

Cr(p) = {p1,p2}



2 Backgrounds: 2. Minimality of M (A)

Thm. M(A) is homotopic to a minimal CW complex X.
Proof for £ =1, A = {0, 1}.

90(2) — Jz(z-1)




2 Backgrounds: 2. Minimality of M(A)

Hence
M(A) = {—1} UU(p1) UU(p2)

gives a minimal complex. (q.e.d.)

This Is an “existence’ result.
—> T he attaching maps are not clear.



2 Backgrounds: 2. Minimality of M(A)

There are two approaches to describe attaching
maps:

(i) Analyzing Lefschetz hyperplane section
theorem (Y.).
(ii) Using discrete Morse theory on Salvetti

complex. (Salvetti-Settepanella, et al.)

Today: Describe “dual” stratification.




2 Backgrounds: 2. Minimality of M(A)

Observation: 'y and (5 are stable cells.




2 Backgrounds: 2. Minimality of M (A)

U .= M(A)\S1 J S5
0 S 1 So

Key observation: M(A) =U U S; L Ss,

— 1
Slz(o,l):{Z€C|2Z ER<O},

So = (1,00) = {ZE(C| z——ll ER<0}>

S1,S2 and U are contractible.



2 Backgrounds: 2. Minimality of M(A)
Key observation: M(A) =U U S; L S,,

—1
S1:(O,1):{Z€C‘ZZ €R<O}7

52:(1700): {ZE(C| Z——ll ER<O},

S1,S52 and U are contractible.

We will generalize this semi-algebraic
stratification to / = 2.



3 Minimal Stratification



3  Minimal Stratification
Setting: o A= {Hy,...,H,}, H; C R*

o Fix a generic flag FY C F (with orientation)
s.t. F'! does not separate intersections of A, and
F° does not separate A N F'!.

Def.

ChQ(A)
={C|CNnF'=0}
— {01702703704}

Fl PI’Op. |Ch2 ‘ — bQ.




3 Minimal Stratification
Numbering:o FY < H, N F' < ... < Hy N F*.
o a;(FY) <0, (i=1,...,n)

(Put ag = —1 for simplicity.)
FY C {Oéi < O}
— - F!
....................
Ho H,



3 Minimal Stratification
Key Definition:

S, — {z c M(A)

Rem.

If a < bin R,
Ss {zeC| 22 e R}

(a, b)




3 _Minimal Stratification
Key Definition: S; = {z c M(A)
Thm.

(0) S; is an orientable 3-manifold.

(1) Sz M Sj, and Sz A Sj Is union of C & ChQ(A)

satisfying oza_(l?gj) < 0 and aj‘i(l((g) < 0.
(2) S7 = S \ Lceen, C is contractible 3-mfd.
(3) U= M(A)\ ||, S; is contractible 4-mfd.

Rem. M(A) =UUL],_; SiUlcea, C




3 Minimal Stratification
Consider S = {(z1,22) € C* | s Roo}



3 Minimal Stratification
Consider S = {(z1,22) € C* | s Roo}

22
} TR? C?
veT,R? — x++v/—1v

12




3 Minimal Stratification
Consider S = {(z1,22) € C* | s Roo}

22} (2 —i,4—2i) ¢ S

12

TR? C?
/ veT,R? — x++v/—1v

<1

/(2+7;,—3+2@')¢S




3 Minimal Stratification
Consider S = {(z1,22) € C* | 22 € R}

<2

12

f TR c?
(—2i,2i) € S | / veT,R? — x+4++/—1v

<1

-

(244,—-3+1.5i) €S



3 Minimal Stratification
Consider S = {(z1,29) € C? | z—; c Roo}




3 Minimal Stratification
Consider S = {(z1,22) € C* | s Roo}

<22

12

} TR? C2
[ veT,R? — x++v/—1v

1




3 _Minimal Stratification
Key Definition: S; = {z c M(A)
Thm.

(0) S; is an orientable 3-manifold.

(1) Sz M Sj, and Sz A Sj Is union of C & ChQ(A)

satisfying oza_(l?gj) < 0 and aj‘i(l((g) < 0.
(2) S7 = S \ Lceen, C is contractible 3-mfd.
(3) U= M(A)\ ||, S; is contractible 4-mfd.

Rem. M(A) =UUL],_; SiUlcea, C




3 Minimal Stratification

Example.

We shall outline
the proof with:

So = {Z—i - R<Q} S1 = {Oél c R>O}



3 Minimal Stratification

Contractibility of S
""" retracting to the interval A;




3 Minimal Stratification
We skip the contractibility of U. (Complicated.)



4 Fundamental group m (M(A))



4 Fundamental group m (M(A))

S o 51| A={0,1}

co O - M(A) = C\{0,1}
So = (0,1)
Sl — (1,00)

How to recover w1 from stratification?



4 Fundamental group m (M(A))

@ Drsl A =1{0,1}
M(A) =C\{0,1}

So = (0,1)
Sl — (1,00)

Since strata are contractible,
S7 and S9 determine transversal generators
c1 and ¢y uniquely (up to homotopy).

How to recover w1 from stratification?



2 Minimal Stratification

Example. X5: surface of genus g = 2.
Computing 1 (X2) from stratification.



2 Minimal Stratification

Example. X5: surface of genus g = 2.
Computing 71 (22) from stratification.

2o

D @Y



2 Minimal Stratification

Example. X9: surface of genus g = 2.
Computing 71 (22) from stratification.

2o

D @Y

(1 O-dim stratum.



2 Minimal Stratification

Example. X9: surface of genus g = 2.
Computing 71 (22) from stratification.

S;: 1-dim strata.



2 Minimal Stratification

Example. X9: surface of genus g = 2.
Computing 71 (22) from stratification.

Y1

Sy i‘ S1

s 22
S92



2 Minimal Stratification

Example. X9: surface of genus g = 2.
Computing 71 (22) from stratification.




2 Minimal Stratification

Example. X9: surface of genus g = 2.
Computing 71 (22) from stratification.




2 Minimal Stratification

Example. X9: surface of genus g = 2.
Computing 71 (22) from stratification.

Y4

Where is the relations?



2 Minimal Stratification

Example. X9: surface of genus g = 2.

Computing 71 (22) from stratification

—1_—1
/71’)’271 ’YQ 73’Y4’73 V4

[v1,72]lv3,74) =1

Look at codim = 2 stratum.



2 Minimal Stratification

To compute 71 (M (A)), we will follow the
Strategy:

1. Stratify M = [ |, S\ by contractible strata.
2. Generator +—— codim = 1 strata.
3. Relation «+— codim = 2 strata.

Qe

M(A)=UUSy USSUCH



4 Fundamental group w1 (M (A))
Generators: Meridians (with base —v/—1).

Fe ﬂM(A)




4 Fundamental group m (M(A))

Relations:
(1) Attach to C' € chy(A) a permutation
(il,ig,. ,Zn) of (1, .. ,n) dS

i < e < g, g < e < iy

Passing through Passing through
right side of C left side of C

(2) Associate to C' a relation
R(C) Y2 - Yn = YirYia - Vin-
Thm. 7T1(M) = <")/1, NS ) | R(C),C - Ch2(A)>




4 Fundamental group m (M(A))

Thm.
7T1(M)

10

<f)/17 oo In ‘
R(C) =719 = Yir(€) ** Yin(C):

C' € chy(A)).



4 Fundamental group m (M(A))

Example

12345
71 (M) = <71, ., vs | = 14235 = 13425 = 13452 >
— 34512 = 45123 = 41235

5(left) 4(right) 3(left) 2(left) 1(righ



4 Fundamental group m (M(A))

Example




4 Fundamental group m (M(A))

Example

7T1(M)

12

(V1,72,73,7Y4 | no relations )



4 Fundamental group m (M(A))

Example

1234 = 2134

7'('1(M) = <’Yl)’727f737fy4




4 Fundamental group m (M(A))

Example

1934 — 9341 >

7T1(M): <’717’727fy37fy4 — 34192 = 4123



4 Fundamental group w1 (M (A))

E | 123456 = 123465
Xamp (S 7.(.1(]\4> o <’717 c e Y6 = 234561 = 345612
= 123645 = 236145
345612 = 235614 = 356124
= 213456 = 261345 >
= 612345 = 561234
356124 561234
612345
534561 235614
236145 261345
123645
12346
F
.............................................................. >




4 Fundamental group m (M(A))
Thm.

ﬂ-l(M('A)) :<717---77n‘
Y1+ Y = Yy (C)  Yin(c)s C € cho)

Cor. m1(M(A)) has a positive homogeneous
presentation.



4 Fundamental group m (M(A))

Potential applications:

e Qualitative study on m; (word problem etc.)

o my(M(A)). (Let p: 5% — M(A) be
differentiable and generic. Then the isotopy
class

o (| JSi) s

determines |[¢] € mo(M(A)).)



Reference:
M. Yoshinaga, Minimal stratifications for line

arrangements and positive homogeneous
presentations for fundamental groups.

arXiv:1105.1857

Thank you.



