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Wess-Zumino-Witten model

Conformal Field Theory

(3,p1,+ -+ ,pn) : Riemann surface with marked points
AL, -+, Ap @ level K highest weights
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Wess-Zumino-Witten model

Conformal Field Theory

(3,p1,+ -+ ,pn) : Riemann surface with marked points

A1, -+, Ap o level K highest weights

Hs(p, M) : space of conformal blocks

vector space spanned by holomorphic parts of the WZW partition

function.

Toshitake Kohno Monodromy representations



Wess-Zumino-Witten model

Conformal Field Theory

(3,p1,+ -+ ,pn) : Riemann surface with marked points

A1, -+, Ap o level K highest weights

Hs(p, M) : space of conformal blocks

vector space spanned by holomorphic parts of the WZW partition
function.

Geometry : vector bundle over the moduli space of Riemann
surfaces with n marked points with projectively flat connection.
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Representations of sl,(C)

g = sl2(C) has a basis

1 0 0 1 00
m=(o f)m=(0) = (10)
A 1 non-negative integer

V) : irreducible highest weight representation of sly(C) with
highest weight vector v such that

Hv=M, Fv=0
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Representations of an affine Lie algebra

g=9®C((£))®Cc: affine Lie algebra with commutation relation
X ©f,Y©g]=[X,Y]® fg+Rese=odf g (X,Y)c
K a positive integer (level)

g=NiaNyaN_

c acts as K -id.
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Representations of an affine Lie algebra

g=9C((&))®Cc: affine Lie algebra with commutation relation
X®[,Y®g]=[X,Y]® fg+ Rese=o df g (X,Y)c

K a positive integer (level)
g=N, oM &N

c acts as K -id.
Az aninteger with 0 < A< K

‘H : irreducible quotient of M, called the integrable highest
weight modules.
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Geometric background

G : the Lie group SL(2,C)
LG = Map(S!,G) : loop group
L — LG : complex line bundle with ¢;(£) = K
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Geometric background

G : the Lie group SL(2,C)
LG = Map(S!,G) : loop group
L — LG : complex line bundle with ¢;(£) = K

The affine Lie algebra g acts on the space of sections I'(L).

The integrable highest weight modules Hy, 0 < A < K, appears as
sub representations.

As the infinitesimal version of the action of the central extension of
Diff (S!) the Virasoro Lie algebra acts on H.
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The space of conformal blocks - definition -

Suppose 0 < A, -+, Ay < K.

P1,°,Pn € b

Assign highest weights Ay, .- , A, to p1,-- , Pn.

H; : irreducible representations of g with highest weight \; at
level K.
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The space of conformal blocks - definition -

Suppose 0 < A, -+, Ay < K.

P1,°,Pn € b

Assign highest weights Ay, .- , A, to p1,-- , Pn.

H; : irreducible representations of g with highest weight \; at
level K.

M,, denotes the set of meromorphic functions on 3 with poles at
most at p1,- -, Pn.
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The space of conformal blocks - definition -

Suppose 0 < Aq,---, A\ < K.

P1,°,Pn € D

Assign highest weights Ay, .- , A, to p1,-- , Pn.

H; : irreducible representations of g with highest weight \; at
level K.

M,, denotes the set of meromorphic functions on 3 with poles at
most at p1,- -, Pn.

The space of conformal blocks is defined as
Hs(p,A) = Hay @ @Ha, /(g © Mp)

where g ® M,, acts diagonally via Laurent expansions at
P1,- ,Dn-
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Conformal block bundle

¥4 : Riemann surface of genus g
P1,- - ,Pn : mMarked points on X,
Fix the highest weights Ay, -, A,.

Toshitake Kohno Monodromy representations



Conformal block bundle

¥4 : Riemann surface of genus g
P1,- - ,Pn : mMarked points on X,
Fix the highest weights Ay, -, A,.

The union
U HZ‘g (p7 >\)
P1,,Pn

for any complex structures on X, forms a vector bundle on M,
the moduli space of Riemann surfaces of genus g with n marked
points.
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Conformal block bundle

¥4 : Riemann surface of genus g
P1,- - ,Pn : mMarked points on X,
Fix the highest weights Ay, -, A,.

The union

U HZ‘g (p7 >\)
P17 5Pn

for any complex structures on X, forms a vector bundle on M,
the moduli space of Riemann surfaces of genus g with n marked
points.

This vector bundle is called the conformal block bundle and is
equipped with a natural projectively flat connection. The
holonomy representation of the mapping class group is called the
quantum representation.
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Mapping class groups

I'y » : mapping class group of the Riemann surface of genus g
with n marked points (orientation preserving diffeomorphisms of ¥
upto isotopy)

Iy is generated by Dehn twists.

PR N
Dehn twist along the curve C

I'y » acts on Hy, : quantum representation pg .
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Action of Dehn twists

A basis of the space of conformal blocks is given by trivalent
graphs labelled by highest weights dual to pants decomposition of

the surface.
OO0

271 A

The Dehn twist along ¢ acts as e
(A, : conformal weight)
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Braid groups

A braid and its closure (figure 8 knot)

genus 0 case : The flat connection is the KZ connection, which
is interpreted as Gauss-Manin connection via hypergeometric
integrals.
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The case g =0

p1,- -+ Png1 € CP with ppyq = o0
Assign highest weights A1, -+ ; Apt1 € Z to p1,- -+, Prti1-

Toshitake Kohno Monodromy representations



The case g =0

p1s- > Pnt1 € CP with ppyy = o0
Assign highest weights A1, -+ ; Apt1 € Z to p1,- -+, Prti1-

We have a flat vector bundle over the configuration space

Xn:{(zl,-~,zn)€C”; Zi#zja 17&]}

with KZ connection.
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The case g =0

p1s- > Pnt1 € CP with ppyy = o0
Assign highest weights A1, -+ ; Apt1 € Z to p1,- -+, Prti1-

We have a flat vector bundle over the configuration space

Xn:{(zl,-~,zn)€C”; Zi#zja 17&]}

with KZ connection.

The monodromy representation is the quantum representation of
the braid groups.
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KZ connections

{1,} : orthonormal basis of g w.r.t. Killing form.
Q=3 Lol
r; 1 g — End(V;), 1 <i < n representations.
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KZ connections

{1,} : orthonormal basis of g w.r.t. Killing form.
Q=3 Lol
r; 1 g — End(V;), 1 <i < n representations.

;; : the action of €2 on the i-th and j-th components of
Vi@ @ V.

1
= =3 Qydlog(z — 2), C
W= 2 jdlog(z — z;), ke C\{0}

w defines a flat connection for a trivial vector bundle over the
configuration space X,, with fiber V1 ® --- ® V,, since we have

wAw=20
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Monodromy representations of braid groups

As the holonomy we have representations

Op: P, — GL(V1® - -®V,).

In particular, if Vi =--- =V, =V, we have representations of
braid groups
0. : B, — GL(V"®).
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Monodromy representations of braid groups

As the holonomy we have representations

Op: P, — GL(V1® - -®V,).

In particular, if Vi =--- =V, =V, we have representations of
braid groups
0. : B, — GL(V"®).

We shall express the horizontal sections of the KZ connection :
dy = wey in terms of homology with coefficients in local system
homology on the fiber of the projection map

T Xogn — Xn.
Xnm : fiberof m, Y, = X5 m/Sm
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Gauss-Manin connection

L : rank 1 local system over Y, ,,,
m = %()\1+"'+)\n_)\n+1)
Hp,m : local system over X,, with fiber Hy, (Y, m, £)

Theorem

There is an injective bundle map from the conformal block bundle

U 7_(CPI (pv )‘) — Hn,m

via hypergeometric integrals. The KZ connection is interpreted as
Gauss-Manin connection.
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Asymptotic faithfulness

Any two elements of the mapping class group are distinguished by
the quantum representation for sufficiently large K (J. Andersen).

By[k] : normal subgroup of the braid group B,, generated by o¥,
1<:<n—1.

1 2 n

|- XH ‘

Theorem (L. Funar and T. Kohno)

For any infinite set {k}, we have (), B,[2k] = {1}.

A positive answer to Squier’s conjecture.
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Images of quantum representations

The quantum representations are projectively unitary.

pk : Ty — PU(Hsx,)

The k-th Johnson subgroup acts trivially on the k-th lower central
series of the fundamental group m(%).

The image of the quantum representation is “big” in the following
sense.

Theorem (L. Funar and T. Kohno)

Suppose g > 4 and K sufficiently large. Then the image of any
Johnson subgroup by px contains a non-abelian free group.
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Images of braid groups

Images of braid groups Bs in the mapping class group by the
quantum representation pg are related to Schwarz triangle groups.

tessellation of the Poincaré disc by the triangle group

Toshitake Kohno Monodromy representations



Lattices and cyclotomic integers

Gilmer and Masbaum show in the case kK = K + 2 is odd prime,
the image of the quantum representation pg is contained in

PU(Oy)
where O, is the ring of cyclotomic integers:
0, C Q(627ri/m)

Suppose g, K sufficiently large.

Theorem (L. Funar and T. Kohno)

pi (Ly) is of infinite index in PU(O,).

Reference: L. Funar and T. Kohno, On images of quantum
representations of mapping class groups, arXiv:0907.0568
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