CHARACTERISTIC VARIETIES OF HYPERSURFACE COMPLEMENTS
YONGQIANG LIU AND LAURENTIU MAXIM

ABSTRACT. We give divisibility results for the (global) characteristic varieties of hypersurface
complements expressed in terms of the local characteristic varieties at points along one of the
irreducible components of the hypersurface. As an application, we recast old and obtain new
finiteness and divisibility results for the classical (infinite cyclic) Alexander modules of com-
plex hypersurface complements. Moreover, for the special case of hyperplane arrangements,
we translate our divisibility results for characteristic varieties in terms of the corresponding
resonance varieties.
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1. INTRODUCTION

1.1. Foreword. The study of the topology of complex algebraic varieties is a classical subject
going back to Zariski, Enriques, Deligne, Hirzebruch or Arnol'd. A particularly fruitful approach
consists of using local topological information at singular points in order to extract global
topological properties of singular algebraic varieties.

A celebrated result in this circle of ideas is Libgober's divisibility theorem for the classical
(infinite cyclic) Alexander invariants of complements to complex affine hypersurfaces with only
isolated singularities, including at infinity (see [Lib82, Lib83, Lib94]). More precisely, Libgober
showed that the (only nontrivial) global Alexander polynomial of such a complement divides
the product of the local Alexander polynomials associated with each singular point. The
second-named author ([Max06]) extended these divisibility results to the case of hypersurfaces
with arbitrary singularities and in general position at infinity. Furthermore, this global-to-
local approach was used in [DMO07] to show that such divisibility results also hold for certain
multivariable Alexander-type invariants, called the Alexander varieties (or support loci) of the
hypersurface complement.

The Alexander varieties of a topological space are closely related to the so-called characteris-
tic varieties (or jumping loci of rank-one local systems), which are topological invariants of the
space. It is known that the characteristic varieties of any smooth quasi-projective variety and
of any hypersurface singularity germ complement are unions of torsion-translated subtori of the
character torus, by work of Budur-Wang [BW14, BW15] building on a result of Arapura [A97].
The interplay between the characteristic and Alexander varieties of any topological space is
investigated in detail in [PS10].

1.2. Main results. Let f : C"*' — C (n > 2) be a reduced homogeneous polynomial of
degree d > 1. Then f defines a global Milnor fibration f : M — C* with total space

M =C" N\ f7H(0)
and Milnor fiber F' = f~1(1). Let V be the hypersurface in CP" defined by f, and set
M*=CP"\ V.

Assume that f = f;----- fr, where f; are the irreducible factors of f with degree d;. Then
V; = {fi = 0} are the irreducible components of V.

Let V;(M) and V;(M*) denote the i-th characteristic varieties (i.e., jumping loci of rank one
local systems with non-trivial i-th homology group) for M and M*, respectively (see Definition
2.14). These are sub-varieties of the r-dimensional torus (C*)", which is the scheme of the

multivariable Laurent polynomial ring T', := C[t1, ¢, ", ,t,, t7 Y.
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The aim of this paper is to establish a relationship between the characteristic varieties (the
jumping loci of rank-one local systems with ) of M and M*, and to compute them in terms
of the corresponding local invariants around singularities via divisibility-type results.

One of our main results, Theorem 5.2, relates the characteristic varieties of M and M* as
follows:

Theorem 1.1. For any k > 0,

k k r
(1.1) Vi) =) c vt = D).

(Here, for an ideal I of a commutative ring R, we denote as usual by V (/) the reduced
subscheme of Spec(R) defined by I.)

We also derive general divisibility-type results expressing the global characteristic varieties
V(M) and V;(M*) of M and M*, respectively, in terms of the local topology around singu-
larities. Let us describe some of these results in more detail. Let x € V be a point, and B,
be a small open ball in CP" centered at z. Set M} = M* N B, for the local complement.
Set I, = {i | fi(x) = 0}. In order to account for the possibility that some f; does not
vanish at z (i.e., i ¢ I,), we introduce the uniform (local) Alexander varieties W' (M*, v,,),
see Definition 2.5 and Definition 3.6 for details. We denote by W(M?*, v,), W/ (M*, v,)
and V(M) the union of the corresponding (uniform) Alexander varieties and characteristic
varieties, respectively. Then one of our main divisibility results can be stated as follows (see
Theorem 5.4 for a precise formulation):

Theorem 1.2. With the above notations, for any k < n — 1 we have that:

k k
(1.2) Vi) =iy ¢ | Wl (Mg vg),
i=0 =0 Scw
where the union is over the strata of V; with dim¢ .S > n —k — 1 and xg € S is arbitrary.

When coupled with results of [PS10] about the relation between local Alexander and charac-
teristic varieties (cf. Theorem 2.16), Theorem 1.2 above implies that the characteristic varieties
(resp. Alexander varieties) of M and M* are (up to degree n — 1) contained in the union of
the local characteristic varieties at points along one of the irreducible components of V.

Our divisibility results are optimal in the sense that no additional assumptions on the hyper-
surace are needed. Moreover, our results improve on the divisibility theorems for the Alexander
varieties obtained by Dimca and the second-named author in [DMO07], see Remarks 4.4 and
5.5.

The uniform local characteristic varieties used in the proof of Theorem 1.2 were first in-
troduced by Budur, and play an important role in the relation with Bernstein-Sato ideals, see
[Bud15A] for details. In this paper, we also provide a correction to loc. cit., see Proposition
3.7 and Remark 3.8.

In the special case of hyperplane arrangements, the above divisibility results can be sharpened

as follows (see Theorem 5.14):
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Theorem 1.3. Let M* = CP"\V be the complement of an essential hyperplane arrangement.
Then, for any k <n —1,

k k

(1.3) v = Vi) c | vz x v t=1}

i=0 i=0 e itlog
where the union is over the strata of V; with dim¢ S > n —k — 1, and xg € S is arbitrary.

In the course of proving Theorem 1.2, we also investigate (and obtain divisibility results for)
the Alexander and characteristic varieties of the space

U:=CP"\ (VUH),

where H is any hyperplane in CP", which is in general position with respect to the hypersurface
V. These are then related to V;(M) and V;(M*) via the n-homotopy equivalence U — M,
see Proposition 5.3.

As an application of Theorem 1.2, we obtain the following characterization of the topological
Euler characteristic of ' and M* (see Corollary 5.12), which generalizes several known results
obtained by different techniques:

Corollary 1.4. Assume r > 2 and V satisfies one of the following assumptions:

(a) V is an essential hypersurface, i.e., (\;_, Vi = 0.
(b) One of the irreducible components of V, say Vi, is smooth and transversal to (\,_, V;.
(c) V' is a normal crossing divisor along any point of (\,_, V;.

Then
(1.4) (—1)"X(F) = (~1)"d - x(M*) 2 0.

1.3. Summary and applications. The paper is organized as follows.

In Section 2, we investigate the relationship between the homology and resp. cohomology
Alexander varieties. In Section 3, we introduce the Sabbah specialization complex associated
to an affine hypersurface, and compute the stalks of its cohomology sheaves in terms of
the corresponding local cohomology Alexander modules. The proofs of the above-mentioned
divisibility results of Theorem 1.2 are carried out in Sections 4 and 5. In particular, we derive
vanishing results for the homology Alexander polynomials in Section 5.2. In Section 5.3, we
focus on the special case of hyperplane arrangements.

Sections 6 and 7 are devoted to applications of these divisibility results.

In section 6, we first recall the definition of the Dwyer-Fried invariants. Dwyer and Fried
[DF87] observed that the homological finiteness properties of free abelian covers are completely
determined by the Alexander varieties. Moreover, it was noted in [PS10] that in the previous
sentence one can replace the Alexander varieties by the characteristic varieties. By combining
this fact with our divisibility results, we recast several finiteness and divisibility results for
classical (infinite cyclic) Alexander modules of hypersurface complements, e.g., Libgober's
results for hypersurfaces with only isolated singularities, including at infinity [Lib94], or the

second-named author’s results for hypersurfaces in general position at infinity [Max06]. We
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also obtain a divisibility result for the classical Alexander invariants of essential hyperplane
arrangements, which (to our knowledge) seems to be new (see Remark 6.9):

Proposition 1.5. Assume that V is an essential hyperplane arrangement in CP" with r
irreducible components. Choose one of the irreducible components of V', say Vi, as the
hyperplane at infinity. Then the classical (infinite cyclic) Alexander modules of M* are torsion
up to degree n — 1. If w;(t) (i < n — 1) denotes the corresponding i-th Alexander polynomial
of M*, then the roots of w;(t) have order (r — 1)!.

In Section 7, we first introduce the resonance varieties R'(—) and recall the tangent cone
inclusion (cf. [Lib02]), which establishes a nice relationship between the characteristic varieties
and the resonance varieties. It is known that for the special case of hyperplane arrangements,
the tangent cone inclusion becomes an equality. Using this fact, we translate our divisibility
results for the Alexander and characteristic varieties of hyperplane arrangement complements
into similar results for the corresponding resonance varieties (see Theorem 7.9):

Theorem 1.6. Let M* be the complement of an essential hyperplane arrangements. Then,
for any k < n — 1, we have:

k k
(15) Jxon =R« J@ae) < vy = =0y,

e iglog
where the union is over the strata of V; with dim¢ S > n — k — 1 and xg € S is arbitrary.

Here, R{(M) and Ri(M*) denote the i-th resonance varieties of M and M*, respectively, while
for a finite connected n-dimensional CW-complex X, we set (see Definition 7.1):

R(X) = U RI(X).

Note that the resonance varieties R'(M) and R*(M*) are both homogeneous sub-varieties of
the affine space C”, with coordinates z = (z1,- -, 2,).

Remark 1.7. If M* is the complement of an essential hyperplane arrangement of dimension
n, then Denham-Suciu-Yuzvinsky showed ([DSY15, Theorem 1.3]) that both the characteristic
varieties and resonance varieties of M* propagate, i.e.,

Vo(M*) C Vi(M*) C -+ CV,(M*),
RO(M*) C RYM*) C -+ C R (M¥).
Note that M exhibits similar properties, since M is also a complement of an essential hyperplane

arrangement of dimension (n+ 1). So in this case the left hand sides of inclusions in (1.3) and
(1.5) can be replaced by Vi.(M) = Vi (M*) and R*(M) = R¥(M*) (k < n — 1), respectively.

Convention: Unless otherwise specified, all homology and cohomology groups will be assumed

to have C-coefficients.
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2. ALEXANDER VARIETIES AND CHARACTERISTIC VARIETIES

In this section, we introduce three types of jumping loci associated to a space and establish
a relation between homology Alexander varieties and cohomology Alexander varieties.

2.1. Algebraic preliminaries. Let I, = C[ty,t;",--- ,t,,t '] be the Laurent polynomial
ring in r variables. T", is a regular Noetherian domain, and in particular it is factorial. If A is
a finitely generated I',-module, the support locus of A is defined by the annihilator ideal of A,
ie.,

(2.1) Supp(A4) = V(ann(A)).

By construction, Supp(A) is a Zariski closed subset of the r-dimensional affine torus (C*),
where (C*)" is the scheme defined by I',. The support locus Supp(A) is called proper, if it
has at least codimension 1 in (C*)".

For A = (A1,---,A) € (C)", let my be the corresponding maximal ideal in I',. For a
I',-module A, we denote by Ay the localization of A at the maximal ideal m,. For A =T,
we use the simpler notation I'y. Then, if A is of finite type, we have that

(2.2) Supp(A4) = {A € (C)" [ Ay # 0}.

Let P be a prime ideal in T",, of height 1. Since I', is a regular Noetherian domain, the
localization of I', at P, denoted by I'p, is a regular local ring of dimension 1. So I'p is a
discrete valuation ring, hence a principal ideal domain. A prime ideal P of height 1 in ', is
principal, and we let A(P) denote the generator of P, which is well-defined up to multiplication
by units of I',.

Assume that Supp(A) is proper in (C*)", i.e., ann(A) # 0. Then, if V(P) € Supp(A),
Ap = 0. On the other hand, if V(P) C Supp(A), then ann(A) C P and ann(Ap) =
{ann(A)}p # 0, hence Ap is a torsion I'p-module. This shows that Ap has finite length as
a I'p-module, which is denoted by lg(Ap). The characteristic polynomial of A is defined by

(2.3) A(A) = H A(P)W9Ar),

where the product is over all the prime ideals P in I, of height 1 such that V(P) C Supp(A).

Since SuppA is proper, this product is indeed a finite product. The prime factors of A(A)
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are in one-to-one corespondence with the codimension one irreducible hypersurfaces of (C*)”

contained in Supp(A). Note that if codim Supp(A) > 1 then A(A) = 1. If Supp(A) = (C*)",
then A(A) =1 by convention.

Remark 2.1. Sabbah used the alternating product of the above characteristic polynomials to
define the Zeta function of a I',-module complex, see [Sab90, Definition 2.1.12]. The support
of the I',-module A can also be defined by the first Fitting ideal of A, see [DMO07].

Lemma 2.2. If A — B — C is an exact sequence of finitely generated I".-modules, then
Supp(B) C Supp(A) U Supp(C).

Moreover, if Supp(A) and Supp(C') are proper in (C*)", then so is Supp(B), and A(B) divides
A(A) x A(C).

Proof. Using the exactness of localization (see [Wei94], p.76), for any A € (C*)" as above we
get an exact sequence Ay — By — C). If A ¢ Supp(A) U Supp(C), then A\, = 0 = C,.
Thus By =0, i.e., A ¢ Supp(B).

Let P be a prime ideal in T', of height 1. By the exactness of localization, we get an exact
sequence Ap — Bp — Cp. Assuming that Supp(A) and Supp(C) are proper in (C*)", it
follows that lg(Bp) < lg(Ap) + lg(Cp). So A(B) divides A(A) x A(C). O

Lemma 2.3. [Ser65, Proposition 4(c)] If A and B are finitely generated I',-modules, then
Supp(A ®r, B) = Supp(A) N Supp(B).

2.2. Alexander varieties. Assume that X is a finite connected n-dimensional CW complex
with m(X) = G. Let v : G — Z" be an epimorphism, and consider the corresponding free
abelian cover X" of X. The group of covering transformations of X" is isomorphic to Z" and
acts on the covering space. By choosing fixed lifts of the cells of X to X", we obtain a free
basis for the chain complex C, (X", C) of I',-modules.

Remark 2.4. ([DMO07, Remark 2.2]) Though the ring I, is commutative, it should be regarded
as a quotient ring of C[m;(X)], which is non-commutative in general. Hence, one should be
careful to distinguish the right from the left I',-modules. The ring I',. has a natural involution
denoted by an overbar, sending each t; to t; := t;l. To a left I',-module A, we associate
the right I',-module A, with the same underlying abelian group but with the I',.-multiplication
given by a-c¢+—— ¢-a, fora € Aand c € T',.. In this paper, we regard C,(X",C) as a complex
of right I',-modules. Conversely, to a right I', module A, we can associate a corresponding

left module A by using the involution. Moreover, it can be seen that A = (A).

Let us now define

Supp(A) := {(t1, -~ +t,) € (C*) | (7, ,1;") € Supp(A)}
and
A(A)(ty, - t) = A(A) (-

Then Supp(A) = Supp(A4) and A(A) = A(A).
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Definition 2.5. The i-th homology Alexander module A;(X,v) of X associated to the epi-
morphism v is by definition the I",-module H;(X",C). Similarly, the i-th cohomology Alexan-
der module A*(X,v) of X is by definition the i-th cohomology module of the dual complex
Homy, (C.(X",C),T',), where T, is considered here with the induced right I',-module struc-
ture, as in Remark 2.4.

Since X is a finite n-dimensional CW complex, it is clear by definition that
Ai(X,v) =0= A(X,v) for i > n.

Definition 2.6. The i-th homology Alexander variety of X associated to the epimorphism v
is the support locus of the annihilator ideal of A;(X,v):

Wi(X’ V) = Supp(AZ-(X, I/)),

and, the corresponding i-th homology Alexander polynomial is A;(X,v) = A(A;(X,v)).
Similarly, the i-th cohomology Alexander variety of X associated to the epimorphism v is the
support locus of the annihilator ideal of A*(X,v):

W!(X, v) == Supp(A'(X,v)),
and, the corresponding i-th cohomology Alexander polynomialis A'(X,v) := A(AY(X,v)).

Since X is a finite CW-complex, the chain complex C,(X" C) is of finite type, so the
corresponding (homology or cohomology) Alexander varieties are well-defined. The (homology
or cohomology) Alexander varieties and (homology or cohomology) Alexander polynomials are
homotopy invariants of X.

Remark 2.7. For the one-variable case, the homology Alexander polynomials coincide with the
classical Alexander polynomials, as studied e.g., in [Lib94, Max06], while the homology Alexan-
der varieties can be identified with the sets of roots of the corresponding classical Alexander
polynomials.

If v is the composition map: (X ) — Hy(X,Z) — Free H (X, Z), where the first map is
the Hurewicz (or abelianization) map and the second map just kills the torsion part, then we
simply write A;(X) := A;(X,v), W;(X) := W;(X,v), Ay(X) := A;(X,v), and similar nota-
tions are used for the cohomology versions. Moreover, if Hy(X,Z) is free, this corresponding
cover is called the universal abelian cover, and the covering map is denoted by ab.

Here we only give the definition of these Alexander invariants with C-coefficients, but see
[PS10, Section 3.2] for arbitrary field coefficients.

2.3. Homology versus cohomology Alexander varieties. In this section, we employ here
the spectral sequence approach from [DMOQ7, section 2.3] in order to relate the homology and
resp. cohomology Alexander varieties. More precisely, A*(X) can be computed from A, (X)
by using the Universal Coefficient spectral sequence:

(2.4) Extd (A,(X),T,) = A™(X),
8



Using the exactness of localization, we then get the following localized spectral sequence for
any A € (C)":

(2.5) Ext{, (As(X)x,Ta) = A(X),.
The next proposition is a direct consequence of [DMO07, Proposition 2.3].

Proposition 2.8. For X a finite connected CW-complex and any k > 0, we have:
k k
(2.6) Uwix) cJwix).
i=0 =0

Proof. If X\ ¢ |Jf_, W;(X), then we have by (2.2) that A4;(X), = 0 for all 0 <7 < k. Then
the spectral sequence (2.5) yields that A*(X), =0 for i < k. Hence A ¢ U, W/(X). O

Since C., (X, C) is a complex of finitely generated free I',-modules, we have the following
I',-module complex isomorphism:

Homyr, (Homr, (C. (X, C),I',),T,) = C (X, C).

So, similarly, we also have a Universal Coefficient spectral sequence computing A*(X) from
A (X):

(2.7) Ext{ (A"=5(X),T}) = Ap_s—g(X)
and a corresponding localized spectral sequence for any A € (C*)"™:
(2.8) Extf, (A"=5(X)x, )) = Ansq(X),.

Proposition 2.9. For X a finite connected CW-complex of dimension n, and any k < n, we
have:

(2.9) U W;(X) C U W (X).
Moreover, ) )
(2.10) UWi(X) = UWi(X).

Proof. The first claim follows from the spectral sequence (2.8) by an argument similar to that
of Proposition 2.8. The second claim follows from (2.6) and (2.9). O

Remark 2.10. Since Ao(X) =T'./m1, where 1 = (1,--- ,1), it follows from [DMO07, Proposi-
tion 2.3] that A°(X) = 0.

Remark 2.11. Since X is a finite n-dimensional CW-complex, A, (X) is torsion-free as a I',-
module. So, if A, (X) # 0, then W, (X) = (C*)". Moreover, (2.9) yields that W,,(X) C
W"(X), hence W*(X) = (C*)". In particular, A, (X) = A"(X) = 1.

Next, we investigate the relationship between the Alexander polynomials A, (X) and A*(X).
9



Proposition 2.12. Assume that Uf:o W;(X) is proper in (C*)". Then, for any i < k,
(2.11) A1 (X) = AY(X).
Therefore, there is an exact correspondence between the codimension 1 irreducible hypersur-

faces of (C*)" contained in W;_1(X) and W'(X), respectively, fori < k.

Proof. Let P be a prime ideal in T, of height 1. By the exactness of localization at P, we get
from (2.4) a localized spectral sequence:

(2.12) Ey? = Ext] (As(X)p,I'p) = AT X)) p.
['p is a discrete valuation ring, hence a principal ideal domain. So E;? = 0 for ¢ > 1. Note
also that E5¥ = Exty (As(X)p,I'p) is always free, and Eyt = Extr, (As(X)p,Tp) is always

torsion as a ' p-module. So the spectral sequence (2.12) degenerates at E. Since [JI_, W;(X)
is proper, we have that

Ext{ (A5(X),T,) = Homr, (4,(X),T,) =0, for any s < k.

Then the spectral sequence (2.12) yields that Exty (A;—1(X)p, T'p) = AY(X)p, for i < k.
The claim follows now from the Universal Coefficient Theorem for the principal ideal domain
I'p. U

Remark 2.13. The results stated in this subsection hold more generally, for the Alexander
varieties and Alexander polynomials associated to any epimorphism v : G — 7.

2.4. Characteristic varieties. Let X be, as before, a finite n-dimensional connected CW-
complex with m1(X) = G. Let C* be the multiplicative group of non-zero complex numbers.
Then the group of C-valued characters, Hom(G, C*), is a commutative, affine algebraic group.
Each character p € Hom(G, C*) defines a rank one local system on X, denoted by £,.

Definition 2.14. The i-th characteristic variety of X is the Zariski closed subset of the
character group Hom(G, C*) defined as:

Vi(X) = {p € Hom(G,C") | dim¢ H;(X, £L,) # 0}.
Remark 2.15. V;(X) is filtered by the closed subsets

Vi(X) = {p € Hom(G,C") | dime H;(X, L,) > k},
for all & > 0.

Remark 2.16. Some references define the characteristic varieties by using cohomology rather
than homology:

V'(X) = {p € Hom(G, C*) | dime¢ H'(X, £,) # 0}.
Let p denote the inverse of p in the character group Hom(G, C*), then
(2.13) H'(X, L) 2 Home(H;(X, £,),C).

Therefore, V;(X) = Vi(X), where Vi(X) = {p € Hom(G,C*) | p € V{(X)}.
10



The characteristic varieties V;(X') are homotopy invariants of X, see [Sul4, Lemma 2.4].
If v:m(X)=G — Z" is an epimorphism, then v induces an embedding
v*: (C*)" = Hom(Z",C*) — Hom(G, C").

The following relationship between the characteristic varieties and the homology Alexander
varieties was established in [PS10]:

Theorem 2.17. ([PS10, Theorem 3.6]) For any k > 0 and any epimorphism v : G — 7,

(2.14) Uwi(x,v) = im(v) 0 (U vi(x>>.

1=0

Let Hom(G,C*)? denote the identity component of the algebraic group Hom(G, C*), with
G = m(X) as before. Set:

V(X) = U Vi(X) and W(X) = .UWi(X)'

Then the following result follows at once from Theorem 2.17:

Proposition 2.18. If X is a finite connected CW-complex of dimension n, then:
(2.15) W(X) = V(X) N Hom(G, C*)°.

Remark 2.19. It is known that for any character p of m(X), the following identity holds:
X(X,L,) = x(X) (see [Di04, Proposition 2.5.4]). Hence, if x(X) # 0, we have that V(X)) =
Hom(G, C*) and W(X) = Hom(G, C*)°. So, V(X) and W(X) are interesting to study only
when x(X) = 0.

3. SABBAH SPECIALIZATION COMPLEX AND LOCAL ALEXANDER MODULES

In this section, we recall the definition of the Sabbah specialization complex associated to
an affine hypersurface, and compute the stalks of its cohomology sheaves in terms of the local
cohomology Alexander modules.

For any complex algebraic variety X and any commutative ring R, we denote by D(X, R)
the derived category of bounded cohomologically R-constructible complexes of sheaves on X.
For a quick introduction to derived categories, the reader is advised to consult [Di04].

Definition 3.1. For ¥ € D% X, T,) and a point z € X, the i-th support of F at x is defined
by
Supp}, () := Supp(H'(F).) € (C7)",
and the i-th characteristic polynomial of F at x is defined by
§(F) = A(H(F).,).

The support of F at x is then set to be the union
Supp,,(F) := (_J Supp},(F).

11



The multi-variable monodromy zeta-function of & at x is defined as:

Z(F,) =] o(F) V"

3.1. Alexander modules of hypersurface complements. Let V' be a hypersurface in CP"
defined by a degree d reduced homogeneous polynomial f. Assume that f = f;----- fr, where
fi are the irreducible factors of f, so V; = {f; = 0} are the irreducible components of V.

Choose a hyperplane H € V' in CP" as the hyperplane at infinity. Without loss of generality,
assume that CPP" has coordinates [z : - - : z,] and H = {xy = 0}. Then C* = CP" \ H has
coordinates (zy,---,x,). Set g; = fi(l,z1,---,x,) and g = [[;_, g, so & = (g1, , 9r)
defines a polynomial map from C" to C". Set

Di={gi=0}, D= U;:1 D,
and
U=C"\D=CP"\ (VUH).

It is known that H,(U,Z) = Z" is torsion free ([Di92],(4.1.3),(4.1.4)), generated by meridian
loops ~; about each irreducible component V;, 1 < ¢ < r. If 7., denotes the meridian about
the hyperplane at infinity, then there is a relation in Hy(U,Z) : Y., div; + Ve = 0, where

We can associate to the hypersurface complement U the homology (resp. cohomolgy)
Alexander varieties W;(U) (resp. W¥(U)) and homology (resp. cohomolgy) Alexander polyno-
mials A;(U) (resp. A*(U)) as defined in Section 2.2. Note that U has the homotopy type of a
finite n-dimensional CW complex. So A;(U) = 0 = AY(U) for i > n, and A,,(U) is torsion-free
as a [',-module.

Define a local system £ on U with stalk I', and representation of the fundamental group
determined by the composition:

m (W) — H (U, Z) — Aut(T,),
where the first map is the abelianization, and the last map is defined by v; — ¢;, i.e., the action
of 7; on I, is given by the multiplication with ¢;. Let £ be the dual local system, whose stalk
at a point x € Wis £ := Homr (L., T).
For F € D%(X,T,), let DF denote its Verdier dual and F denote its conjugation (i.e., F is
defined by composing all module structures with the involution). Then there is an isomorphism
of local systems: £V ~ [, see [DMO07, section 2.2].

The Alexander modules of U are related to the above local system by the following I',.-module
isomorphisms:

(3.1) H;(U, L) = A;(W) and HY(U, £) = A" (W)
for all 7. Note that since U is smooth of complex dimension n, we also have that
DL =L[]2n] and D(DL) = L.
Remark 3.2. The following isomorphism follows by an argument similar to the one used in the

proof of [Max06, Corollary 3.4]:

(3.2) A (W) = H2(U, L),
12



The second named author proved this isomorphism in the one-variable case by using intersec-
tion homology, see [Max06, Corollary 3.4]. Since the intersection homology theory is defined
for any Noetherian commutative ring of finite cohomological dimension ([B83, pp.68]), this
isomorphism also holds for the multi-variable Laurent polynomial ring T',..

3.2. Sabbah specialization complex. The Sabbah specialization complex (see [Sab90], and
its reformulation in [Bud15A]) can be regarded as a generalization of Deligne's nearby cycle
complex.

In our notations, consider the following commutative diagram of spaces and maps:

D—sCr<t YT e
CoE
Cr—— (C*)" =——(C*)r

where 7 is the universal covering of (C*)", and the right-hand square of the diagram is cartesian.

Definition 3.3. ([Bud15A, Definition 3.2]) The Sabbah specialization complex functor of g
is defined by

g = i*RI,Rm(l o m)* : DY(C",C) — D¥(D,T,),
and we call 9gCcn the Sabbah specialization complex.
Remark 3.4. ([Bud15A, Remark 3.3]) The Sabbah specialization complex can be viewed as a

generalization of Deligne’s nearby cycles. In fact, when r = 1, ¢oJ as defined here equals
1gF[—1] as defined by Deligne (see [Bry86], page 13), where R is replaced by R,.

For short, in the following we write C for the constant sheaf Ccn on C™.

Lemma 3.5. [Bud15A, Lemma 3.4] We have the following distinguished triangle in D’(C™, T',.):

(3.3) WE — RLL — ihC 2.
In particular, 1Y¢C = i*RIL.L.

3.3. Local Alexander modules. Let x be a point in D and B, be a small open ball centered
at z in C". Set U, = UNDB,. Denote by I, = {i | g;(z) = 0} and r, = #|I,|. Itis known that
H,(U,,Z) is torsion free. The map H;(U,,Z) — H,(U,Z) induced by the natural inclusion
can be viewed as a composition of the following two maps:

(3.4) H(U,,Z) » 7' — 7" = H (U, Z)
where Z'* is the free abelian group generated by the meridian loops {~;}ics,. The first map
in (3.4) is surjective and the second map is injective. (In the special case of hyperplane

arrangements, the first map in (3.4) is always an isomorphism.)
Let v, denote the canonical epimorphism:

(3.5) m(Uy) 3z

defined by the composition
m(Uy) > Hi(UZ) — 7'
13



of the first map in (3.4) with the abelianization map. Let V(U,) denote as before the union of
the characteristic varieties of U,. Then Theorem 2.17 yields that W(U,, v,) = V(U,)Nim(v}).
The embedding v identifies the variables along branches that come from the same global
irreducible component. For a concrete situation, see Examples 3.9 and 3.10.

Let I, be the sub-ring of ', with variables {¢;};c;,, and I',_,. be the sub-ring of I, in the
remaining variables. Then ', =T, ®¢ ', .

Definition 3.6. The uniform Alexander varieties of U, are defined by
WY (Uy, 1) = Wi(Uy, 1) X (C*)™7 and Wl (U, v,) = W(Uy, 1) X (C*)7",
where (C*)"~"= is the scheme corresponding to I',_,._.

The characteristic varieties of the local complement U, have been studied by Budur-Wang
in [BW15]. In particular, V(U,) is a finite union of torsion-translated subtori. By combining
this property with the fact that the Alexander variety W(U,, v,) = V(U,) Nim(v}) can be

T

defined over Q, we get that the involution does not change W(U,, v,.). Moreover, if W(U,, v,)
is proper, then the involution keeps AY(U,,v,) = A;_;(U,, v;) unchanged.

Proposition 3.7. With the above assumptions and notations, for any x € D, we have:
Suppfc(@bg(}) = W' (U, vy) x (C*)" 7

Supp, (1gC) = W/ (U, v,).
Moreover, Supp, (¢¢C) is proper in (C*)", so, for any i > 0,

(36) 5Z(¢gc):ﬂ = Al(u.m Vz) - Ai—l(uz; Va:)-

Proof. By Lemma 3.5, there exist I',-module isomorphsims: 3*(¢,C), = H*(U,, Ly,), for
all . On the other hand, we have:

(3.7) C*(Us, £|y,) 2= Homyr,, (C.(Uy), T';) = Homp,, (C(Ug?), Ty,) @c Ty,

where the first isomorphism follows from the definition of the cohomology of a local system.
In fact, since C,(UY*) is isomorphic to a direct sum of copies of the ring I',_, we only need
to show that (3.7) holds for C,(U¥*) = T',,. As already stated, the first isomorphism in (3.7)
follows from the definition of the local system cohomology. Moreover,

Homl",«x (Frly Fr) = Fr = Fm ®(C Fr—rm = I_I()Inl"r‘r (Frmy Fm) ®(C Fr—rﬂm

where all the isomorphisms are I',.-module isomorphisms. Hence (3.7) follows.

So H'(YC), = A/(Uy,vy) ®c Ty, and ann(H (gC),) = (ann(A*(U,,v,))), where
{ann(Ai(U,,v,))) is the ideal in T, generated by ann(Ai(U,,v,)). Therefore, Supp’ (1sC) =
Wi(Uy, vz) X (C*)" "=, and §*(vgC), = AUy, ;). Since the involution does not change
W(U,, v,), we then conclude that Supp, (¢C) = W/ (U,, v,).

As we will show later on in Proposition 6.5, W(U,, v;) is proper in (C*)"=. Thus Supp, (¢¢C)
is proper in (C*)". Finally, (3.6) follows from Proposition 2.12 together with the fact that the

involution keeps A’(U,, v,) unchanged. O
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Remark 3.8. Proposition 3.7 is similar to, but more detailed than [Bud15A, Lemma 3.18], which
in turn is an extension of [Sab90, 2.2.5]. [Bud15A] draws two conclusions out of this calculation:
that one needs and can introduce W*" as here, and Supp“/. The last conclusion is not
correct, as Proposition 3.7 points out, namely Supp“™/ should stay simply Supp in [Bud15A].
N. Budur [Bud15B] has communicated to us that, indeed, our Proposition 3.7 above is the
correct version, and therefore it simplifies all the statements in [Bud15A] concerning Supp“™,
by replacing it with Supp.

Since Supp, (¢gC) is proper in (C*)", we say that the Sabbah specialization complex is a
torsion I',.-module complex, i.e., the stalks of its cohomology sheaves are torsion I',-modules.

Example 3.9. Nodal curve case: Choose g = 22 — z3(zo + 1), and z = (0,0). Then
H(U,,Z) =72 and V(U,) = {(1,1)}. The map v} gives an embedding: C* — (C*)?, where
vi(t) = (t,t). So W(U,,v,) = {1}.

Example 3.10. Choose g; = x? — x3(wy + 1), and let g, be a generic linear polynomial.
Set z = (0,0). Then U, is homotopy equivalent to S* x (S'\/S'), and H,(U,,Z) = Z3.
Hence V(U,) = V(s1s2s3 = 1). The map v/} gives the embedding (C*)? — (C*)3, where
Vi(ty, ta) = (t1,t1,t2). So W(Uy,, v,) = V(t3t, = 1) C (C*)2

Next, we give some vanishing results for A;(Uy, ).

Example 3.11. Assume that D is a normal crossing divisor (NC) at z. Then U is con-
tractible. Thus V(U,) = {1}, and W(U,, v,) = im(v}) N V(U,) = {1}. So Supp,(¢¢C) =
Wil (U, v,) = (C*) "= If r, > 2, then A;(U,,v,) =1 for all 4.

Example 3.12. Assume that D is an isolated non-normal crossing divisor at . Then U has
the homotopy type of a bouquet of (n — 1)-spheres, see [DL07, Theorem 3.2]. So Ay(U,) =
Iy, /m1, and A;(U,) =0 for 0 < i <n — 1. It follows that A;(U,,v,) =1 forall i <n —1,
if rp, > 2.

Example 3.13. Choose = € ();_, D;, where r > 2. Assume that D; is smooth and D,
intersects the other components of D transversally in B,. Set W, := B, \ J,_, D;. If follows
Clty, 7
that U% ~ (U.)® x R (see [DMO7, Remark 3.3]), hence A;(U,) = A;(U)) ®¢ %
L —
Then W(U,,v,) is proper in the sub-torus of (C*)" defined by {¢t; = 1}, so it has at least
codimension 2 in (C*)", and A;(U,, v,) = 1 for all 4.

4. DIVISIBILITY RESULTS FOR HYPERSURFACES TRANSVERSAL AT INFINITY

From now on, we always assume that the projective hypersurface V' is transversal (in the
stratified sense) to the hyperplane at infinity H (i.e., g = [[;_, g is transversal (or regular) at
infinity). Then the affine hypersurface D = {g = 0} is homotopy equivalent to a bouquet of
(n — 1)-spheres, i.e.,

(4.1) D~\/s",
o
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where 1 denotes the number of spheres in the above join (cf. [DP03, page 476]). It is shown
in loc.cit. that p can be determined topologically as the degree of the gradient map associated

to f.
In this section, we give a general divisibility result (compare also with [DM07, Theorem 3.2])
for the Alexander varieties of U = CP" \ (V U H) by using the associated residue complex.

4.1. Residue complex and its stalks. First, let us introduce the residue complex.

Definition 4.1. Let j : U < CP" be the inclusion map, and let £ be the I',-local system on U
defined in Section 3.1. The residue complex R* associated to U is defined by the distinguished
triangle:

(4.2) GL = R — o U

Remark 4.2. The residue complex is a generalization of the peripheral complex used in [Max06].
In fact, when r = 1, the residue complex R* as defined here equals the (shifted) peripheral
complex $*[—2n] as defined by Cappell and Shaneson, see [CS91] or [Max06].

Recall from Section 3.1 that DL = £[2n]. Then we have:
DjL = Rj,L[2n], and DRj,L = 5,L[2n).
So, by dualizing (4.2), we see that, up to a shift, R® is a self-dual (i.e., R* = DR*[—2n + 1]),

I',-perverse sheaf. Moreover, by comparing the two distinguished triangles (3.3) and (4.2), we
have that

R°|p = ¢gC.
Then similar properties hold for ¢4,C, since D is openin V U H.

Next, we compute the stalk cohomology of R°®. It is clear from definition that R* has
compact support on VUH. Fix a Whitney b-regular stratification 8 of V. By the transversality
assumption, there is a stratification 8’ of V' U H with strata of the form: H\V N H, SN H
and S\ SN H, where S € §. Then Supp,R* is constant for = in a given stratum of 8. The
computation of stalk cohomology for ®* will be divided into the following 3 cases, according
to the type of strata in 8"

(1) If 2 € D=V \ H, then ®*|p = ¢,C, hence H'(R*), for z € D is already computed
in Section 3.3. In particular, we have in this case that

Supp, (R°®) = W“m'f(uz, Vg).

(2) If z € H\ V, the link pair of H\ V is (S',0), and the corresponding generator 7, is
mapped to [[;_, ¢; 4 under the representation defining the local system L. So, in this case,

g_fz(g%o)xg{ F /(HZ 1 1 —1> i:1,

0, otherwise,
hence

Supp, (R°*) = Ht
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(3) If x € HNV, assume that x € SN H with dim¢ S > 0, where S € 8. Set U, := B, —V.
The transversality assumption implies that U ~ (U’)% x R, and the deck group action on the
product factor R is given as in the previous case. Choose an arbitrary point x5 € S\SNH C D.
Then the Kiinneth formula yields that

U-Ci(g%-)m %Hi<uxs,ﬁ\uzs) ®r, F’"/<H ti—di = 1)

i=1

D Hi_l<uxs7£"uzs) ®F'r Fr/<H t;di = 1>
i=1
In particular, Lemma 2.3 implies that in this case we get:

SuppA?R') = Wumf(u:vsa sz> ﬂ V(H tliii = 1).
=1

The above stalk calculations, combined with Proposition 6.5 below, show that Supp, (R®)
is always proper, for any z € V U H. So R*® is a torsion I',-module complex. Moreover, the
involution does not change Supp, (R*) for any z.

4.2. Divisibility results for Alexander varieties and characteristic varieties. The fol-
lowing theorem is proved by using methods similar to those of [Max06], where the second
named author obtained general divisibility results for the classical (one-variable) Alexander
invariants of the hypersurface complement U by making use the peripheral complex.

Theorem 4.3. Assume that the hypersurface V.. C CP" is transversal to the hyperplane at
infinity H. Fix a Whitney stratification 8 of V, and let 8’ be the induced stratification of
V' UH as above. Then, for any 0 < k < n — 1, we have that

k k

(4.3) v = U WiW) € [ W (U, vag),

1=0 SCDy

where the last union is over the strata S of 8’ contained in a fixed irreducible component D,
of D with dim¢ S >n —k —1 and x5 € S is arbitrary. Moreover,

(4.4) U Vi(U) = L_J W;(U) V(H th =1).

In particular, W;(U) and V;(U) are proper in (C*)" for all i < n — 1.
Proof. The proof is divided into 3 steps.

Step 1. We first compute the Alexander modules A;(U) (i < n — 1) in terms of the residue
complex R°.

Let v and v be the inclusions of CP" \ V; and respectively V; into CP". By applying the
compactly supported hypercohomology functor to the distinguished triangle

v, 0L = 3L — wutHL [il,
17



we have the following long exact sequence:
(4.5) oo VL0 L) — HP(CPY, 51L) — H7HCP™ \ Vi, u™ji L) — -

Since U is smooth of complex dimension n, we have that L[n] € Perv(U). The inclusion
k: U< CP"\ V; is a quasi-finite affine morphism, hence k£L[n] € Perv(CP" \ V;) (e.g., see
[Di04], Corollary 5.2.17). Since CP" \ V] is an n-dimensional affine variety, Artin's vanishing
theorem (e.g., see [Sch03], Corollary 6.0.4) yields that:

(4.6) H* 7 (CP"\ Vi, kL) = 0 for i < n.
Note that v*j,£ = k£, and recall that by Remark 3.2 we have that
A (W) = H'H(U, L) = H*(CP", jiL).
Therefore, the long exact sequence (4.5), together with the vanishing from (4.6), yields that:
A; (W) = ™ (Vy,0'5L0) fori <n —1,
and A,_;(U) is a quotient of the T',-module H"*(V,v'5L).

Step 2: Next, we prove the divisibility result (4.3) for k =n — 1.
Let ¢ be the map from V; to a point. Then

H2n—i(‘/1’ U!j!,ﬁ») ~ H2n—i(RC*U!j!L)

s H™(Re,v'jiD(L))

~H (Re,D(v*Rj.L))

= H™(D(Ra(R*n)))
where (1) follows from DL = £[2n).

Note that D(Rci(R*|v,)) = RHomp, (Re;(R®|v,),T,). Then we have the following spectral
sequence (e.g., see [B83, p.243])

(4.7) Extf (H:(V4,R*),T,) = H*" 95(V;,0'5L).

On the other hand, D(DL) = £, so we have a similar spectral sequence:

(4.8) Extl (H*"*(Vi,v'5L),T,) = HP(V4, R*)

By using the same arguments as in the proofs of Proposition 2.8 and Proposition 2.9, we obtain
2n 2n
U Supp (7 (V1,0'5.L)) = | Supp(H:(V1, B*)).
=0 =0

Recall from Step 1 above that A;(U) = H*{(V;,v'5L) fori < n—1, and A, 1(U) is
a quotient of the I'.-module H"*'(V;,v'51£). Then by Lemma 2.2 we have that W;(U) C
Supp(H*"~#(Vy,v'5,.L) for i <mn — 1. Thus:

n—1 n—1 2n
(4.9) U wWiw) c | Supp(H***(V3,v'5.L)) € | Supp(Hi(Vi, Re)).
=0 =0 =0
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By using the compactly supported hypercohomology long exact sequence for the inclusion of
strata of V;, we get by Lemma 2.2 that

Supp(H:(Vi, %°)) € | Supp(H(S, %*|s)),

where S runs over all strata of 8 contained in V;. Note that H'(S,R*|s) is the abutment of
a spectral sequence with the Ey-term defined by E5y? = H?(S,H?(R*)), and Supp’(R*) is
constant along the stratum S. By using the exactness of localization and the corresponding
localized spectral sequence, it follows that if A ¢ Supp(R®|s) then A ¢ Supp(H!(S, R*|s)).
So
Supp(H, (S, R*|s)) C Supp(R*]s) = Supp(R°|s),

where the last identification follows from the fact that the involution does not change Supp,. (%),
see the analysis of the stalks of R*® in Section 4.1.

If S C Dy, then it follows from the discussion of the previous section that Supp(R®|s) =
Wil (U, v, ), for zg € S arbitrary. Similarly, if S C ViN H, there exists a stratum S’ C D
such that Supp(R°*|s) = W/ (U, , s, ) N V(T t% = 1), where zg € S’. Altogether,

i=1"

n—1
(4.10) Uwiw) c [ W (Uag, 1)
=0 SCD1
If we replace V; by the hyperplane at infinity H, then the stalk calculations for R® over H
yield that

(4.11) D W;(U) C V(ﬁtfi =1).

Step 3: We use the Lefschetz hyperplane section theorem to complete the proof of the theorem.

Fix 1 <k <n—1. Consider L = CP*™ a generic (k + 1)-dimensional linear subspace

of CP", such that L is transversal to V.U H. Then W = LNV is a k-dimensional, reduced

hypersurface in L, which is transversal to the hyperplane at infinity Z N L of L. Moreover, by

the transversality assumption, L N D has a Whitney stratification induced from D, with strata
of the form SN L.

By applying the Lefschetz hyperplane section theorem ([Di92], (1.6.5)) to the section of
U by L, we see that the inclusion UN L < W is a homotopy (k + 1)-equivalence. Hence
W;(UNL) =W;(U) for i < k. Using the fact that the link pair of a stratum SNLin LND is
the same as the link pair of S in D, the claim follows by reindexing (replace s by s—(n—k—1),
where s = dim¢ 5). O

Remark 4.4. Similar results are stated in [DM07] for W/(U) (i < n—1), see Theorem 3.2 and
Theorem 3.6 in loc.cit. However, by using (2.6), it can be seen that the statement of Theorem
4.3 is sharper than the above mentioned results from [DMO7]. For the curve case, (4.4) is first
proved by Libgober in [Lib92, Corollary 3.3].

Corollary 4.5. A,,(U) =0 if and only if u = 0.
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Proof. If 1 = 0, then U admits an infinite cyclic cover which has the homotopy type of a
finite CW-complex of dimension (n — 1) (e.g., the generic fibre of g, see [LiM15, Proposition
4.6(c)]). It then follows that the universal abelian cover U has the homotopy type of an
(n — 1)-dimensional CW-complex, so A, (U) = 0.

Conversely, if A,(W) = 0, then V,,(U) = 0, so U/, Vi(W) = U, Vi(U) = V(U). Theorem
4.3 shows that V(U) is proper in (C*)", hence by Remark 2.19 we get that x(U) = 0. Thus
5= (—1)"x (W) = 0. .

Remark 4.6. A typical example with ;1 = 0 is the affine hypersurface complement M defined
in the introduction. Moreover, in the isolated singularities case, the condition ;1 = 0 implies
that U is the affine complement of a homogeneous polynomial, up to a change of coordinates
(see [Huh12, Theorem 1] or the reformulation from [Liul6, Theorem 4.3]). The hypersurface
complement U with the transversality assumption and i = 0 exhibits many similar properties
with M, e.g., V(U) ¢ V([]_,t% = 1). For more results in this direction, see [Liul6,

=1 "1

Proposition 4.2] and [LiM15, Proposition 4.6].

Example 4.7. Let U be the complement of the arrangement of 4 lines in C? defined by
g=z(x—y)(z+y)(2x—y+1). Then g is transversal at infinity and the line {22 —y+1 = 0}
intersects the other components transversally. So Vi (U) C V(ty = 1) NV (¢t1tatsty = 1). (In
fact, these two sets are equal, see [Su00, Examples 2.5 and 3.7].)

5. A MORE GENERAL SETTING
Let V' C CP" be, as before, a degree d hypersurface defined by the homogeneous polynomial
f=1I— fi, and set
M*:=CP"\ V.
Then f also defines a hypersurface f~1(0) in C"*!, the affine cone on V. The complement
M :=C"\ f7H0)
is the total space of the global Milnor fibration f : M — C*, whose fiber
F = Y1)

is called the Milnor fiber of f. Then there exists a d-fold covering map py : F — M*.
The Hopf map induces a fibration:

p: M — M*.

As we will show later on in the proof of Proposition 5.3 below, the transversality assumption
implies that m; (U) = w1 (M) = G, so {7;}1<i<, are also generators of H,(M,Z) = 7.

In this section, we pass on the divisibility results from U to M and M*, respectively. As an
application, we obtain vanishing results for the homology Alexander polynomials A;(M), for
1 <n—1.
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5.1. Divisibility results. To obtain the relation between the characteristic varieties of M and
M*, we need to use the total turn monodromy operator defined in [CDOO02]. The following
description can be found in [Di04, Section 6.4].

Fix a base point a € M and denote by o, the loop ¢ — exp(2mit)a for ¢t € [0, 1]. Choosing
a generic line L passing through a, transversal to f71(0), and close to the line Ca (which
contains the loop 0,), we see that the element o, € m (M, a) is given by the product (in a
certain order) of the elementary loops o; for j = 1,--- ,d, based at a and associated to the
intersection points in L N f~1(0).

By [Di92, Proposition 4.1.3] we have that

H\(M*,2) =7""® (Z/ged(dy, - - ,d,)Z) .
Moreover, Hy(M*,Z) = Hy(M,Z)/{[o1] + - - - + [04]), and note that
[0a] = [o1] + -+ + [oa] = di[m] + - - + di ]

in H,(M,Z).

For A = (A1,-+,A\) € (C*)" = Hom(G, C*), consider the corresponding rank one local
system £ on M defined by the representation p, € Hom(m (M, a),C*), which sends each
generator «y; of Hy(M,7Z) to \;. We define the total turn monodromy operator of L) to be
the invertible operator:

T(LA) = p)\(O'a) S Aut(@) = C.
Since [0,] = di[n1] + -+ + d.[v] in Hi(M,Z), we get that

T

T(Ly) =[N ecC.

i=1

As we will see below, the complex number J]._, )\fi plays a key role in describing the local

system RIp.L,. In fact, as shown in [Di04, Section 6.4], for any x € M*, we have:

E° = ker(IT, A" 1), g =0,
HIU(RpLr)e =S E' = coker([[_, M — 1), ¢=1,
0, otherwise.

Ifx¢ V(I tfi =1), ie., []. A% £ 1, then Rip,.Ly = 0 for all ¢. Thus, for all i, we

1=1""

obtain in this case that H'(M, L)) = H'(M*, Rp.£Ly) = 0. Then the duality result (2.13)
yields that H;(M, Ly) = 0, or equivalently X ¢ V(M). Thus V(M) C V([]_, t¥ = 1),

)

which also implies that V(M) c V([],_, t% = 1), since the involution A — X := A\~ keeps

i=1 b
V([T , t% = 1) unchanged. The latter inclusion was already mentioned in Remark 4.6.
If X\ € V([T_, t% = 1), then E° = C = E'. By the arguments used in [Di04, Proposition
6.4.3], there exists a rank one local system £} on M* such that £, = p*L5. In fact, the
21



representation of £ on M factors through the representation of £ on M™:

(5.1) m (M) —> 7 (M*)

K l .

P

(C*
where p, is the epimorphism induced by the Hopf map p. Here p, and pj} are the representation
homomorphisms defining £, and L3, respectively. (Note that the relation "' d;7; = 0 in
H\(M*,Z) is sent by p} to [[/_, t¥* = 1.) The sheaves R%p, L, are local systems on M* for
q = 0,1, and trivial otherwise. As shown in [Di04, Proposition 6.4.3], the following construction
gives the representations defining Rip. L) (¢ =0,1): for v € E9, and o € w1 (M*), we set
a-v=px(B)(v)

where (3 is any lifting of o under the epimorphism p,. According to the commutative diagram
(5.1), this shows that the local systems RIp, L, (¢ = 0,1) coincide with £}. As a consequence,
the F,-page of the Leray spectral sequence induced by the Hopf map p : M — M*,

(5.2) E3T = H*(M*, Rip,Ly) = H*T9(M, L)

reduces to 59 = H5(M*, L%) for ¢ = 0,1 and trivial otherwise. Hence this spectral sequence
degenerates at Fjs.

Proposition 5.1. Under the above assumptions and notations, we have that
These two sets are equal if, in addition, one of the irreducible components of V' is a hyperplane.

Proof. By Remark 2.16, it suffices to prove the claim for V(M). Assume X\ ¢ V'(M*) U
Vi-Y(M*). Then Ey° = H/(M*,£%) = 0 and E "' = H"'(M*,£%) = 0. The spectral
sequence (5.2) yields that H*(M, £,) = 0, hence \ ¢ V(M).

If, in addition, one of the irreducible components of V' is a hyperplane, then M = M* x
C* (see [Di04, Proposition 6.4.1]). So the spectral sequence (5.2) degenerates at Es, and
H{(M, L) = H(M*, L})® H~(M*,L3). The claim follows. O

The next result establishes a close relation between the characteristic varieties of M and
M*, respectively.

Theorem 5.2. For any k > 0,
(5.3) U%(M) - UVZ(M*>

Proof. (C) It follows from Proposition 5.1.

(D) The proof is done by induction on k. By Remark 2.16, it suffices to prove the claim for
Vi, For k=0, VO(M) = {(1)} = V°(M*). Suppose A € [JI_, VI(M*). We may assume that
A ¢ Uf:_ol Vi(M*), and A € V¥(M*), for otherwise the proof is complete, by the induction

hypothesis. These assumptions translate into Fy? = 0 for s < k and H*(M*, £}) # 0. Thus,
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H*(M, Ly) = Ey° = EY® = H*(M*,L3}) # 0.
So A € V¥(M) and the proof is completed. O

d:
= M dd, = : :
Set G m(M*) and d] acd(dr )

Hom(m (M*),C) — Hom(m(M),C) = (C*)". So we can regard Hom(m(M*),C) as a
subset of (C*)". In fact, we have that

Hom(G*, C*) = V(' % = 1), and Hom(G*,C*)* = V([ £} = 1).

i=1" i=1"1

The Hopf map induces an injective map

The following proposition is a direct consequence of Theorem 5.2 and [Liul6, Corollary 6.5].
In particular, it reproves (4.4).

Proposition 5.3. Assume that the hyperplane at infinity H is transversal to the hypersurface
V C CP". Then, for any k < n — 1, we have:

k k k r

(5.4) Uviw) = Vi) =iy cv(J [ e = D).

1=0 =0 =0 =1

Proof. Since H is transversal to V/, it follows from [Liul6, Corollary 6.5] that the affine hy-
perplane {xy = 1} in C"*! is transversal to the affine hypersurface f~!(0). Note that U
is isomorphic to {zg = 1} N M. The Lefschetz hyperplane section theorem shows that the
natural inclusion U = {xg = 1} N M < M is an n-homotopy equivalence; in particular,
m (W) = m (M) =G. Then, for any i <n — 1, we have:

W;i(U) = Wi (M), Ay(U) = Ay(M) and V;(U) = V;(M).
The claim follows now from Theorem 5.2. O

Fix a Whitney b-regular stratification 8 of V. Since V is transversal to H, for any S € 8 we
can find a point x € SN D such that U, = M}, where M} = M* N B,. Here B, is a small
ball in CP" centered at z. By using Proposition 5.3, the divisibility results for U (cf. Theorem
4.3) can be now translated into similar properties for M and M*, respectively.

Theorem 5.4. With the above assumption and notations, for any k < n — 1 we have that:

k k k

(55) (W) = Vi) = [ JVi(m) c (| W (Mg ve)) V(] ] 6 = 1),
1=0 1=0 =0 ScW =1
k r
(5.6) Uwir) < (| weid (raz,ve)) n V[ 6 = 1.
=0 ScVvi =1

where the unions are over the strata S € 8 contained in Vi with dim¢ S > n — k — 1 and

xg € S is arbitrary.
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Remark 5.5. Theorem 5.4 is a generalization of Theorem 4.3. Indeed, let us replace V' by
V UH. Set dy =1, and let ¢y be the corresponding coordinate for H in the torus defined by
the fundamental group. As shown in Example 3.13, the transversality assumption implies that,
for any z € H, V*"/(U,) C V(to = 1). Note that

th—l Vit =1) = Ht =1) x V(to = 1).

Then the divisibility resuIt (5.5) along H gives (4.4), while (4.3) can be obtained from the
divisibility results (5.5) for V; by intersecting with V (¢, = 1).

Since W(U,, v,) = V(U,) Nim(v}), the divisibility results (5.5) can be restated as saying
that the global characteristic varieties (except the top one V,,(M*)) are contained in the union
of the local characteristic varieties along one irreducible component.

For the one-variable case, the above divisibility results imply the corresponding ones for the
classical Alexander invariants of the infinite cyclic cover. More results in this direction are given
in next section.

Since the divisibility results of Theorem 5.4 hold for each irreducible component of V', we
get better estimates by taking the intersection over all the irreducible components.

Corollary 5.6. Assume r > 2 and V satisfies one of the following assumptions:

(a) V is a normal crossing (NC) divisor at any point of the components Vy,--- |V, of V,
where m < r.
(b) Every irreducible component {Vy,---,V,,}, with m < r, is smooth and intersects

transversally all other components of V.
Then dimV;(M*) < r —m — 1 for all i < n — 1. In particular, if m = r — 1, then,
Uiy Vi(M) = =) Vi(M*) are just finite sets of torsion points.

Proof. It suffices to prove the case m = 1, whereas the case m > 2 follows by taking intersec-
tions. If V is only a NC divisor along V7, then Examples 3.11 shows that the local Alexander
varieties along V) are contained in the subtori V (¢, = 1), i.e., Wi/ (U,,v,) C V(t; = 1).
On the other hand, as shown in Example 3.13, the transversality assumption of () yields the
same fact that W/ (U,,v,) C V(t; = 1). Then in both cases,

U Vi(M*) C V(ﬁtfi =1V =1),

with dimension at most (r — 2). O

Example 5.7. Assume that V' is at most a NC divisor at any point x € V. Then

U v = v = ).

Example 5.8. Assume that » = 2, and say that V; and V5 have at most isolated singularities,

and they intersect transversally. Then, for x € V, N Va, W(M}) = {(1,1)}; while for z € V;
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(i =1,2), but z & Vy N Va, Wil (M v,) C UV (t; = \;), where )\; are the eigenvalues of
the local Milnor fibration at the point x € V;. So, by taking intersections, the divisibility result
(5.5) yields that

n—1

J Vi) € {00 he) [ AEA2 = 1} U{(1,1)}

i=0
with A;, Xy being eigenvalues of the local Milnor fibration at the singular point of V7, V5,
respectively.

Finally, it is also natural to ask what can be said about V(M) = V(M*). The next result
follows at once from Remark 2.19 and Theorem 5.2.

Proposition 5.9. For M and M* defined as above, we have that

W(M) = V(M) =V(M*) C V(ﬁtfi =1).

If, in addition, x(M*) # 0, the above four sets are equal, and W(M*) = V(][ £ = 1).

i=1"

Proposition 5.9 is very similar to [Bud15A, Proposition 3.20], except that we do not impose
any restriction on ged(dy, - - ,d,).

5.2. Vanishing of Alexander polynomials. In this section, we derive vanishing results for
the homology Alexander polynomials A;(M), for i < n — 1.

Theorem 5.10. Assume that the hypersurface V- C CP" is transversal to the hyperplane at
infinity H. Then, for fixedi < n—1, the prime factors of A;() = A;(M) are among the prime
factors of the local Alexander polynomials A, (U, , v, ) associated to strata S C (,_, D;, with
dimcS=s>n—-k—1land0<¢g<n-—s—1.

Proof. The prime factors of A;(U) are in one-to-one correspondence to the codimension one
irreducible hypersurfaces in (C*)" contained in ' W;(U). Theorem 4.3 shows that the prime
factors of A;(U) (i < n —1) are among the primes factors of the local Alexander polynomials
Ay(Uyg, vyy) associated to strata S C D. We only need to show that the local Alexander
polynomials A, (U, V), with S & (;_, D;, are coprime with A;(U).

Assume that € D, but = ¢ (,_, D; (i.e., 7, < 7). Then A, (U,,v,) is a polynomial in
the variables {t;};cs,. Since r, < r, it follows that gcd(A, (U, v2), [[1—, £ — 1) = 1. On the
other hand, by (4.4) we get that A;(U) (i < n —1) divides (J]/_, t& — 1). Altogether, we get
that ged(A,(Uy, vz), A (U)) = 1. O

Set f = (fi, -+, f.). Then f defines a polynomial map from C"*! to C". The following

proposition is proved in [Bud15A, Corollary 3.9] by using Sabbah's generalization of A'Campo’s
formula ([Sab90, 2.6.2]).

Proposition 5.11. Z(yxC)y = (T[/_, t¥ — 1)™X™"), where 0 is the origin of C"*'.
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Since f is homogeneous, the local Milnor fibration at the origin is fiber diffeomorphic to the
global Milnor fibration of M, see [Di92, Exercise 3.1.13]. In particular, the corresponding local
and global Alexander polynomials coincide. Then the next result follows at once from Theorem
5.10, Proposition 5.11 and Examples 3.11, 3.13.

Corollary 5.12. Assume that V' is transversal to H, r > 2, and V' satisfies one of the following
assumptions:
(1) V is an essential hypersurface, i.e., (\._, Vi = 0.
(2) One of the irreducible components of V', say V1, is smooth and transversal to (;_, V.
(3) V is a normal crossing divisor along any point of (),_, V;.
Then A;(U) = A;(M) =1 foralli <n—1, and

dim(U Vi(U)) = dim(o V(M) = dim(o V(M) <1 — 2.

Furthermore,
An(M) — (thdz _ 1)(—1)nX(M*)‘
i=1

In particular,
(5.7) (=1)"x(F) = (=1)"d - x(M") = 0.

Proof. Since W(M) C V([T/_, t¥ = 1), then W(M) is proper in (C*)". By using Proposition
3.7, we have that §°(¢¢C)y = AY(M) = A;_1(M) for all i. Therefore,

(Ht;il _ 1>_X(M*) = Z(¢fC)0 p— H(sl(wa)é_l)l _ H Ai(M)(_l)i-H.
=1 5 ;

By using Theorem 5.10 and Examples 3.11, 3.13, we see that in all three situations above we
get: A(W) = Ay(M) = 1foralli < n—1. Hence (Tt —1) """ = A,(M)0"", 50

i=1 Y
(5.8) An(M) = (Ht?i _ 1)(—1)nx(M*).
i=1

Since the degree of A, (M) is non-negative, we must then have that
(5.9) (—1)"x(M*) > 0.
U

Remark 5.13. The inequality (5.9) generalizes several known results obtained by different tech-

niques:
(1) The first situation generalizes [Di02, Corollary 2.2] for essential hyperplane arrange-
ments, where (5.9) is proved by using My-tame polynomials. In fact, in this case D is

homotopy equivalent to a bouquet of (n — 1)-spheres. The same result is also proved

in [DJLO7, Proposition 2.1] by induction.
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(2) A typical example for the second situation is an affine hypersurface complement U with
the transversality assumption at infinity. In fact, in this case we have that (—1)"y(U) =
p = 0.

A different proof of (5.9) will be given in Corollary 6.11 of the next section.

5.3. Hyperplane arrangements. In this section, we focus on the special case of hyperplane
arrangements. Without loss of generality, we assume that V' is an essential hyperplane arrange-
ment. Note that H,(M},7Z) = Z"*, so the first map in (3.4) is an isomorphism. Moreover,
since the local defining polynomial is homogeneous, we also have that:

V(M) =WOL) c V(][] ti=1).
iel,
Then the following divisibility result for hyperplane arrangements holds:
Theorem 5.14. Let M* = CP" \ 'V be the complement of an essential hyperplane arrange-
ment. Then, for any k <n —1,

k k

(5.10) v = Vi) c | vz x v t=1}

i=0 i=0 Scwvy il
where the union is over the strata S of Vi with dim¢ S >n—k — 1, and x5 € S is arbitrary.

Proof. The claim follows from Theorem 5.4 and the observation that for any z € V' we have:

T

V([[t=vnv([t:i=0=v([t:=1) xV(]]t: =D.

i€l i=1 i€l ¢l

l

Remark 5.15. Theorem 5.14 can be used to derive nonresonance-type results for rank-one local
systems, such as [Di04, Theorem 6.4.18].

For A € V([[;_, t: = 1), let £} be the corresponding local system on A*.
Definition 5.16. ) is called generic at z if [[;c; A # 1 or [[,; A\ # 1.
The next result should be compared with [DJLO7, Theorem 5.3].

Corollary 5.17. Let M* be the complement of an essential hyperplane arrangements. Assume
that \ is generic for any point x € Vi. Then
. CEV™XMT) =,
Hi(M”, £5) = { 0, otherwise.

Proof. By Theorem 5.14, we see that if \ is generic along V7, then \ ¢ | J7—)' V;(M*), and the
claim follows. 0
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6. DWYER-FRIED INVARIANTS AND CLASSICAL ALEXANDER MODULES

In this section, by using the Dwyer-Fried invariants, we recast some old and obtain new finite-
ness and divisibility results for the classical (infinite cyclic) Alexander modules of hypersurface
complements.

6.1. Dwyer-Fried invariants. In this subsection, we introduce the Dwyer-Fried sets, and
establish a relation with the characteristic varieties. As before, we assume that X is a finite
connected n-dimensional CW complex, with 7, (X) = G. Let H (X, Z)/(torsion) = Z" be the
maximal torsion free abelian quotient of GG, where r = b;(X). The following brief introduction
on the Dwyer-Fried sets can be found in [Sul2B].

Fix an integer 1 < m < r, and consider the regular covers of X, with deck groups Z™. Each
such cover, X” — X, is determined by an epimorphism v : H{(X,Z) — Z™. The induced
homomorphism in rational cohomology, v* : Q™ — H'(X,Q), defines an m-dimensional Q-
vector subspace, P, = im(v*), in HY(X,Q) = Q". On the other hand, any m-dimensional
Q-vector subspace can be realized by some epimorphism H,(X,Z) — Z™.

Proposition 6.1. [DF87] The connected, regular covers of X, with deck groups Z™, are
parametrized by the Grassmannian of the m-planes in H'(X,Q), via the correspondence:

{regular Z™-covers of X} <— {m-planes in H'(X,Q)}
X" = X «— P, = im(F).
Definition 6.2. The Dwyer-Fried invariants of X are the subsets
QF (X)={P, € Grp,(H'(X,Q)) | by(X") < oo for i < k}.

The Q-sets are homotopy-type invariants of X, see [Sul4, Lemma 3.5]. The next result was
first proved in [DF87, Theorem 1], and further improved in [PS10].

Theorem 6.3. [PS10, Corollary 6.2] Assume that X is a finite connected CW complex. Let
exp denote the exponential map from C" to (C*)". Then, for any k > 0, we have that

k

(6.1)  QF(X)={P, € Grn(H'(X,Q)) | (exp(Py 2C)n( wx») is finite}.

i=0
Example 6.4. In the setup of Example 5.8, we get that |/~ W;(U) is finite. So Q5 (U) # 0.

6.2. Classical Alexander modules. We now analyze in detail one particular regular cover
for the hypersurface complement U in C™. In this subsection, we will not assume that the
hypersurface V' C CP" is transversal to the hyperplane at infinity H.

Recall that H,(U,Z) = Z". Let Ik denote the epimorphism H;(U,Z) — Z, which maps
the generators ~y; to 1z. (Here Py, = ([1,---,1]) € Gri(H'(U,Q))). Consider the infinite
cyclic cover U° of U defined by [k, which is usually referred to as the linking number infinite
cyclic cover. The Alexander modules H;(U¢) are finitely generated ' = C[¢t, ¢ ']-modules.
If H;(U°) is a torsion I'-module, let w;(t) denote the corresponding Alexander polynomial of
H;(U°). Many of the classical finiteness and divisibility results about H;(U) for i < n —1 can

be recovered by applying Theorems 5.4 and 6.3 to this specific regular cover.
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Note that if V' is irreducible (i.e., r = 1), the infinite cyclic cover coincides with the universal
abelian cover. In this case, H;(U¢) is a torsion I-module if and only if W;(U) is proper, and
W;(U) consists of the collection of the roots of w;(t).

Forz € D =V \ H, the composed map H;(U,,Z) — H;(U,Z) X 7 is an epimorphism,
where the first map is induced by the natural inclusion U, — U. We will use the notation
lk, for this composed map. Recall the notation g = [],_, ¢; introduced in Section 3.1. For
x € D, let F, be the local Milnor fibre of g at x, which is homotopy equivalent to a finite CW

complex. Then the corresponding local infinite cyclic cover US is homotopy equivalent to £,
so Py, € Q¥(U,) for any k > 0.

Proposition 6.5. For z € D, V(U,) is proper. Moreover, W(U,, v,.) is proper in (C*)™.

Proof. The local infinite cyclic cover US is homotopy equivalent to the Milnor fibre F,, so
Theorem 6.3 yields that exp(Py, ® C) N V(U,) is finite. Note that H;(U,, Z) is torsion free.
If V(U,) is not proper, then V(U,) = (C*)"(U=) and exp(Py, ® C) NV(U,) = exp(Py, ® C)
is infinite, which gives a contradiction.

For the second claim, note that the map [k, factors through Z™. In fact, we have a diagram

Vy

’7T1(ug3> —_— H1<uz,Z) AL Hl(u,Z)

lks
Ik

Z

where the horizontal map is the composed map in (3.4). It follows that exp( Py, ®C) C im(v}).
Recall that W(U,, v,)) = im(v:) N V(U,). Then

exp( P, ® C) N W(U,, v,) = exp(Pr, ® C) N V(U,) Nim(v)) = exp(Py, @ C) N V(U,).

So exp(Py, ® C) N W(U,, ,) is also finite. A similar argument as above then shows that
W(U,, v,) is proper in (C*)"=. O

Set T ={(a, - ,a) | a € C*} C (C*)". It is clear that exp(Pj ® C) = T. Similarly, set
Ty = {(a,--- @) |a e C} C (C)™.

Proposition 6.6. Assume that Py, € Ql(W). Then, for all 0 < k < j, (Uf:o W;(U)NT
equals the collection of the roots of the Alexander polynomials {w;(t)}o<i<k. Similarly, for
x € D, W(U,, v,) NT, is the collection of all the eigenvalues for the local Milnor fibration of
g at x.

Proof. If (a,---,a) € U?:o W;(U) = Uf:o V;(U), then there exists 0 < ¢ < k such
that H;(U,L,) # 0. Since Py, € QJ(U), the Milnor long exact sequence shows that
dim H;(U,L,) = N(i,a) + N(i — 1,a) > 0, where N(i,a) is the number of the direct
summands in the (t — «) part of H;(U), see [DNO4, Theorem 4.2]. So a must be a root of
wi(t) or w;_1(t), and vice versa.

29



Note that, for any z € D, Py, € Q’f(ux) for k > 0. As shown in the proof of Proposition
6.5, T, N (U Wi(Us, 1)) = exp(Pi, ® C) N (UL, Vi(Us)). So the second claim follows
by a similar argument as the first part of the proof. O

Remark 6.7. The statement of the above proposition should be known to experts, and it had
been part of the mathematical folklore. For example, the corresponding claim for curve case
can be found in [Lib01, Section 1.3.4]. We include it here since we were not able to find a
written proof of it in the general case (compare also with the more recent result from [BW15,
Proposition 1.3]).

Note that, by combining Theorems 5.4 and 6.3, we get that, if | W*"/(U,,v,) NT is finite
along one of the irreducible components of V U H, then Py, € Q7 1(U).

Let us now fix some notations. Set dy = 1, and let ¢, be the corresponding coordinate for
H in the torus defined by the fundamental group. We analyze the local Q-sets in the following
three cases:

(a) if x € D, then Py, € Qi(U,) for any i > 0, so W/ (U,,v,) N T = W(U,,v,) NT,
is always a finite set.

(b) if v € H\VNH, then points of V([]/_, t&* = 1)NT satisfy t, = a~%. Since H\VNH
is smooth, then W™/ (U, v,) = V(t; = 1), hence a? = 1. Therefore, we have only
finite choices for a.

(c) The case when = € V' N H will be treated in more detail below. More precisely, we aim

to show that, under some good assumptions for V' N H, we have that P, € Q)1 (U).

Proposition 6.8. Assume that V' and H satisfy one of the following assumptions:

(1) V U H is an essential hyperplane arrangement.
(2) H intersects V' transversally.
(3) VU H is a normal crossing divisor along any point of V N H.

Then Py, € Q"1 (W), ie., Hy(U°) is a torsion T-module fori < n — 1.

Proof. In the first case, V U H is an essential hyperplane arrangement, so without loss of
generality we can assume that, fora e VNH, z € ViN---NV,NH, where 1 <k < r. Then
Wil (U, 1) € V([T t: = 1). Note that points of V(IT\_yti = )N V([[yt:=1)NT
satisfy a" % = 1 (as, in the hyperplane arrangements case, we have d = r). Here T C (C*)",
where (C*)" has coordinates ¢ = (t1,--- ,t,) € (C*)". Since k < r, we can have only finitely
many choices for a.

In the second and third cases, the transversality and the normal crossing assumptions along
V N H both imply that W/ (U,,v,) C V(ty = 1) for any z € V N H, hence a¢ = 1. O

Remark 6.9. Proposition 6.8 shows that in the above three cases the Alexander module H;(U°)
is a torsion I'-module for all i < n — 1. Note that by Theorem 5.4 we have that

Uo WiW) N'T € {User, W (U, ves)} N V(ITp 5 = 1) AT,
where the union is over the strata of one irreducible component V; of V U Vj with dim¢ S >
n—k—1and zg € S is arbitrary. By using Proposition 6.6, we obtain the corresponding
divisibility result for w;(t) (: < n —1).
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Let us now explain in more detail some consequences of our divisibility results:

(1) Assume that V' U H is an essential hyperplane arrangement. It was proved by Dimca
that H,;(U°) is a torsion I-module for i < n — 1, see [Di02, Theorem 2.2]. To our
knowledge, the following results are new: the divisibility result along H shows that the
roots of w;(t) (¢ < n — 1) have order r!; while the divisibility result along one of the
irreducible components, say Vj, shows that the roots of w;(t) (i < n — 1) are among
{a | am=D" =1} and the zeros of local characteristic polynomial w,(z5)(t) associated
toxg € S C Dq,intherangedimcS=s>n—-1—iand 0<q¢<n—1-s.

(2) Assume that H intersects V' transversally. The transversality assumption implies that
Wil (U, v,) C V(tg = 1) for any 2 € H. The divisibility result along H yields
that the roots of w;(t) (i < n — 1) have order d, a result already obtained by the
second named author in [Max06, Theorem 4.1]. Moreover, the divisibility result along
V1 shows that the roots of w;(t) (i < n — 1) are among the roots of w,(zg)(t), in
the range dim¢ S = s >n—1—iand 0 < g <n—1—s. Here w,(xs)(t) is the
g-th characteristic polynomial of the monodromy of the local Milnor fibration of ¢ at
xg € S C Dy. So we also recover the second-named author's divisibility results for
Alexander polynomials, see [Max06, Theorem 4.2].

Remark 6.10. Assume that V' has only isolated singularities including at infinity. This is the
case considered by Libgober in [Lib94]. He showed that Py, € Qi(U,) for any i > 0, if
x € Sings(V). Then Py € Q7 HW), ie., Hy(U) is a torsion T-module for i < n — 1.
It follows by the Lefschetz hyperplane section theorem that w;(t) = 1 for 1 < i < n — 2,
see [Lib94], so the only interesting Alexander polynomial is w,_1(t). The divisibility result
along V' vyields that the roots of w,_i(t) (besides 1) are among the roots of w(z)(t), for
x € Sing(V) U Sing. (V). Here, for x € D, w(x)(t) is the corresponding top characteristic
polynomial of the local Milnor fibration of g at x; while for z € Sing..(V'), w(z)(t) is defined
as in [Lib94, Definition 4.1]. We therefore recast Libgober's divisibility result for the Alexander
polynomials, see [Lib94, Theorem 4.3].

Corollary 6.11. Under the assumptions of Proposition 6.8, we have that
(6.2) (=1)"x(U) = 0.

Proof. Since U is an affine variety, U is homotopy equivalent to a finite n-dimensional CW
complex. Hence H,(U°) is a free I-module. Proposition 6.8 shows that H;(U°) is a torsion
I'-module for i <n —1. So

x(U) = (—1)" rank H,,(U°),
hence (—1)"x(U) = rankH,(U°) > 0.

7. RESONANCE VARIETIES AND STRAIGHTNESS

In this section, we introduce the resonance varieties, and describe their relation with char-
acteristic varieties. As before, we assume that X is a finite connected n-dimensional CW
complex. Consider the cohomology algebra A* = H*(X,C), with dim¢ A* = r. For each

a € A, we have a? = 0. Then, multiplication by a defines a cochain complex:
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(A% a) : A 5 AL 5 A2
known as the Aomoto complex.

Definition 7.1. The resonance varieties of X are defined by:
RY(X) ={a € A' | dim¢ H(A®,-a) # 0}

Note that, if A* =0, then R*(X) = ). The sets R'(X) are homogeneous algebraic varieties
of the affine space A! = C" (see [Sul2A, Lemma 3.2] ), and they are homotopy invariants of
X, see [Sul2A, Lemma 3.3]. Set

R(X) = U RI(X).

7.1. Tangent cone inclusion and locally straight space. Assume that W C (C*)" is a
Zariski closed set. Let J be the ideal in the ring of analytic functions C{ty,--- ,t,} defining
the germ of W at 1, and let in(.J) be the ideal in the polynomial ring C[ty,--- ,¢,] spanned
by the initial forms of non-zero elements of J.

Definition 7.2. The tangent cone of W is defined by
TC,(W) =V (in(J)).

Libgober [Lib02] established a connection between characteristic varieties and the resonance
varieties by the following tangent cone inclusion:

Theorem 7.3. Let X be a finite connected n-dimensional CW complex. Then, for any k < n,

(7.1) TC (| JWi(X)) € URi(X).

i=0
Definition 7.4. [Sul2A, Definition 6.1] Assume that X is a finite connected n-dimensional
CW complex. We say X is locally j-straight if the following conditions are satisfied for each
k<7

(a) All components of Uf:o W;(X) passing through the origin are algebraic subtori.

(b) TC1 (Ui Wil X)) = ULo R'(X).
If conditions (a) and (b) hold for all j > 1, we say X that is a locally straight space.

Remark 7.5. The variety M* = CP" \ V is affine and smooth, so, by [BW14, Theorem 1.1],
the characteristic varieties V;(M*) are finite unions of torsion translated subtori. Recall also
that by Theorem 2.17 we have that

k k

Jwi(are) = (| Vi(M)) N Hom(G*,C*)°.
=0 =0

So condition (a) is always satified for M*. Similar considerations apply to the spaces U =

CP"\ (VUH) and M =C"\ f71(0), where f is the homogeneous polynomial defining V.
32



7.2. Divisibility results for resonance varieties. First, we establish a relation between the
resonance varieties R*(M*) and RY(M) of M* and M, respectively. Note that R(M) C
HY(M) = C", while R(M*) € H'(M*) = C"'. However, the Hopf map p : M — M*
induces a monomorphism p* : Hl(M*) — HY(M), so we can regard R*(M*) also as subsets
of H'(M). More preC|se|y V(T = 1) has ged(dy, - - ,d,) irreducible components in
(C*)r, with V(] 1t/ = 1) being the component passing through (1,---,1). (Recall here
that d; = d; /gcd(dl, -, d,).) The linear subspace associated to V([];_, td; =1)inC"is
defined by >, diz = 0, and we denote by L this (r — 1)-dimensional (C vector subspace.
Then L = pu(Hl(M*)) and, by Propositions 5.9, 2.18, and the tangent cone inclusion, we
have that

z17,

R(M*) C L.

If, in addition, x(M*) # 0, then Proposition 5.9 and the tangent cone inclusion yield that
R(M*) = L.

Proposition 7.6. For any i > 0,

(7.2) RI(M) = R (M*)UR™H(M™).

Proof. We have an isomorphism of graded algebras (see [Di04, Proposition 6.4.1]):
(7.3) H*(M)= H*(M")® H*(C").

Then

R(M) = | ] RP(M*) x RIC*) = RI(M*) URTH (M),
ptg=i
where the first equality follows from the (proof of the) product formula in [PS10, Proposition
13.1], and the last equality follows from the fact that RY(C*) = {0} for ¢ = 0,1, and empty,
otherwise. O

The following corollary is a direct consequence of Proposition 7.6.

Corollary 7.7. For any k > 0,

k k
(7.4) UMM) = Umi(M*).

Moreover, M* is a locally j-straight space if and only if M is so.

Proof. The identification in (7.4) follows at once from (7.2). As already pointed out in Remark
7.5, the locally straightness of A/* and M only depend on condition (b) for each of these spaces.
Note that Theorem 5.2, combined with Theorem 2.17, yields that

k
Jwi(r) = U Vi(M*)) N Hom(G*,C*)° U W;(M)) N Hom(G*, C*)°.
1=0 =0

Then the straightness claim follows from the equality (7.4). O
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In view of the considerations preceding Proposition 7.6, Corollary 7.7 yields that:
R(M) =R(M*) C L.

For the local case, the map v, induces an embedding: % : Q™= — H'(M* C). Motivated
by the equality |Jf_, Wi (M, v,) = im(v2) N (UL, Vi(M?)), we now define local resonance
varieties by

R(M?, v,) = im(vh) N R(MY).
The corresponding uniform local resonance variety R%"/(M*, v,) is then defined by
R (M* vy) = R(M, v,) x C "=,

Theorem 7.8. Assume that the hypersurface complement M* = CP"\V is a locally j-straight
space. Then, for any k < min{j,n — 1}, we have

(7.5) UW(M) = UW(M*) c (Y ®m (g ve)) N L

sSc»

where the union is over the strata S of Vi with dim¢c S >n —k — 1 and x5 € S is arbitrary.

Proof. For k < min{j,n — 1}, we have that

092%‘(]\4*) =, TCl(O W,(M*))

1=0

(2) unt * - d;
C T (| W (Mg v ) V(][ £ = 1)}
SCcwvp i=1

(3) .
C (U &Mz v N L

xs?
N %
where (1) follows from the locally j-straightness of M*, (2) follows from (5.6) and the fact

that, if Wy C W, then T'Cy(W,) C TCy(Ws), and (3) is a consequence of the tangent cone
inclusion. O

Let V be a hyperplane arrangement in CP", with complement M*. Then it is known that M*
is locally straight, see [Sul2A, Proposition 11.1]. The following result follows from Theorem
5.14 by using an argument similar to that of Theorem 7.8:

Theorem 7.9. Let M* be the complement of an essential hyperplane arrangements. Then,
forany k <n —1,

(7.6) URin) =R () ¢ |JARM;) x V(D z=0)},
i=0 i=0 scw il

where the union is over the strata S of Vi with dim¢c S >n —k — 1 and x5 € S is arbitrary.
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It is well known that resonance varieties of hyperplane arrangement complements are deter-
mined by the intersection lattice. A basic open problem is to find concrete formulas expressing
this dependence. Theorem 7.9 sheds some light into this problem.
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