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: Mixed Hodge modules. Examples

X - complex algebraic variety.
MHM(X)= algebraic mixed Hodge modules on X
If X = pt is a point, then
MHM(pt) = MHSP = (polarizable) Q — MHS
e If X is smooth, then MHM(X) 5 M = (M, F, W), (K, W)),
with
e (M, F) a regular holonomic filtered Dx-module, with F a
good filtration.

e K a perverse sheaf
o isomorphism « : DR(M)*" ~ K ®q, Cx compatible with W.

If X is singular, use suitable local embeddings into manifolds
and filtered D-modules supported on X.
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Basic example: good variations of MHS

@ X — complex algebraic manifold of pure complex dimension n.

e (L,F,W) — good (i.e., admissible, with quasi-unipotent
monodromy at infinity) variation of MHS on X.

o (£ :=L®g, Ox, V) is a holonomic (left) D-module.

@ Hodge filtration F on L induces by Griffiths’ transversality a
good filtration Fy(L) := F7PL on L as a filtered D-module.

e «: DR(L)? ~ L[n], with shifted de Rham complex
DR(L) = [£ L -+ - L ®0o, Q%]

with £ in degree —n.
° ais compatible'with the inducgd fiItration'W defined by
W/(L[n]) := W'="L[n] and W'(L) := (W'™"L) ®q, Ox
o This data defines a mixed Hodge module L"[n] on X.
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Grothendieck groups of MHM

o Ko(MHM(X)) ~ Ko(DP?MHM(X)) — Grothendieck group of
(complexes of) MHM on X

e Ko(MHM(X)) is a unitary Ko(MHM(pt))-module, with
multiplication induced by exact external product with pt:

X : MHM(X) x MHM(pt) — MHM(X x {pt}) ~ MHM(X)

and
MeoQY~MRQY ~M

o Ko(MHM(X)) is generated by f.[j.L"] (or, alternatively, by
f.[iiL"]), with £ : Y — X a proper morphism from a complex
algebraic manifold Y, j: U < Y the inclusion of a Zariski
open and dense subset U with complement D a sncd, and L a
good variation of mixed Hodge structures on U.
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Filtered de Rham complexes

Theorem (Saito)
For any variety X, there is a functor of triangulated categories

Grf DR : DPMHM(X) — D?

coh

(X)

commuting with proper pushforward, with Gr,’f DR(M) = 0 for
almost all p and M fixed.

(a) If X is a (pure) n-dimensional complex algebraic manifold,
then for M € MHM(X), Grf DR(M) is the complex
associated to the de Rham complex of the underlying
algebraic left D-module M with its integrable connection V:

DRM) =M L -+ s M@0, Q]
with M in degree —n, filtered by
FoDR(M) = [FoM 5 -+ 5 Fp nM @0, Q%]
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Theorem (Filtered de Rham complexes, cont'd)

(b) X — smooth partial compactification of the algebraic manifold
X with complement D a sncd, and open inclusion j : X — X.

For a good variation (L, F, W) of MHS on X, (DR(j.L"), F)
is filtered quasi-isomorphic to the logarithmic de Rham
complex

DRiog(£L) = [L % -+ 5 L @0, 2% (log(D))]
with increasing filtration F_, := FP given by
FPDRiog (£) = [FPL ~ -« s FP=1L @, Q1% (Iog(D))]
where L is the canonical Deligne extension of L := L ®g, Ox.
In particular, Gr® ,DR(j.L"") is quasi-isomorphic to
Grf_-’DR/og( ) [G P£ GrV GrV G p— n£®ox Qn (|Og(D))]

(c) For (DR(jiL™), F), consider instead the Iogar/thmlc de Rham
complex associated to the Deligne extension L & O(—D) of L.

LAURENTIU MAXIM & JORG SCHURMANN Characteristic classes of mixed Hodge modules



Hirzebruch classes of mixed Hodge modules

The transformations Gr,fDR induce group homomorphisms

Gr/ DR : Ko(MHM(X)) — Ko(X) ~ Ko(DZ,,(X))

Definition (Brasselet-S.-Yokura)
@ The Hodge-Chern class transformation of a variety X is:
DRy : Ko(MHM(X)) — Ko(X) ® Z[y*]
DR, ([M]) = 5., (~1)/ [H/GrEDR(M)] - (~y)?
@ The un-normalized Hirzebruch class transformation is:
T, == tdy 0 DR, : Ko(MHM(X)) — H.(X) ® Q[y*]
with td, : Ko(X) = H.(X) ® Q the Todd class transformation

of the singular (G-R-R) thm of Baum-Fulton-MacPherson,
linearly extended over Z[y*!], and H.(X) := HEM(X).
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Definition (Brasselet-S.-Yokura)
@ The normalized Hirzebruch class transformation is:
Ty = td(11,).9DR, : Ko(MHM(X)) = H.(X)2Qly, ;52]
where
td(11y)s : Ko(X) @ ZIy*'] = Hi(X) ® Qly, 77y

is the scalar extension of td, together with the multiplication
by (14 y)~* on the degree k component.

@ Homology Hirzebruch characteristic classes of a complex
algebraic variety X are defined by evaluating at the (class of
the) constant Hodge module QQ:

Tyu(X) == Tu([QF]), Tyu(X) == T,.([QF]) € H(X)2Qly]-
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@ The transformations DR, and (by Riemann-Roch) T, and
'T'y* commute with proper pushforward.
°
Ty([M]) € H(X) ® Qly*™],
and for y = —1:
T_1.([M]) = c([rat(M)]) € H.(X) © Q
is the MacPherson-Chern class of the constructible complex
rat(M) (i.e., the MacPherson-Chern class of the constructible
function defined by taking stalkwise the Euler characteristic).
o If X is Du Bois, i.e., the canonical map
Ox % Gr2DR(QY) € D2,(X)
is a quasi-isomorphism (cf. Saito), then

Tox(X) = Tou(X) = td,([Ox]) =: td,(X)

for td, the Todd class transformation.

LAURENTIU MAXIM & JORG SCHURMANN Characteristic classes of mixed Hodge modules



Example: X — smooth partial compactification of the algebraic manifold
X with complement D a sncd, and open inclusion j : X — X.

e Recall: if (L, F, W) is a good variation of MHS on X, then
(DR(ji L"), F_.) ~ (DRog(L), F*)
with the F_, := FP induced by Griffiths" transversality.
o Define
DRY(RjiL) := 32,[GrE(LD)] - (—y)P € KOA(X)Iy™1],
with K%(X)= Grothendieck group of algebraic vector bundles
o Get
DR, (Ij+L"]) = DRY(Ri.L) N (A, (2% (1og(D))) N [0x]).
@ Similarly, for
DRY(jiL) := 32,[0x(=D) ® Gr2(L)] - (-y)P € KO(X)[y*1],
get
DR, ([iiL"]) = DR (jiL) N (A, (2% (10g(D))) N [O5]).
e For j =id: X — X, get the Atiyah-Meyer type formula:
DRy ([L"]) = DR”(L) N (A (Tx) N[Ox])
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Corollary (Properties of Hirzebruch classes)

@ Normalization: if X is smooth, then
Ty (X) = TJ(Tx)N[X], Tyu(X)=T;(Tx)NI[X]
with T#(Tx) and T;(Tx) defined by power series

1+y))

Q(a) = ), Qo) = ) € Qbylllel]
@ Degree: If X is compact:

[ 10= [ B0 = (1Y dimGEH(X0) - (y)?
X X I
= xy(X)
e Multiplicativity: DRy, T+, T y+ commute with external
products, e.g.,:
DR, ([M® M']) = DR, ([M]) X DR, ([M'])
for M € D°PMHM(Z) and M' € DPMHM(Z").
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Additivity of Hodge-Chern and Hirzebruch classes

Proposition (M.-Saito-S.)
For a complex variety X, fix M € DP MHM(X) with K := rat(M).
Let S = {S} be a complex algebraic stratification of X so that for

any S € 8: S is smooth, S\ S is a union of strata, and the
sheaves Ls ¢ 1= HZK|5 are local systems on S for any .

. Is5 = 15x i i i
If js: S < S < X is the inclusion map of a stratum S € S, then:

[M] =" (1) [Us):LE,] Z( 1) (i5 x )« [(is 5)1LE ]

St

In particular,
DR, ([M]) = Y5, (—1)" (i5.x)« DRy [(is 5)iLY ]

Ty*(M) = Zs,z (_1)Z (i§,x)* Ty* ((is,§)! Lg,e)'
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Explicit computation of summands DR, |(is 5)iL4 /]

Theorem (M.-Saito-S.)

Let L be a good variation of MHS on a stratum S and

is.z S < Z a smooth partial compactification of S so that
D:=2Z\S is a sncd and is g = mz o sz for a proper morphism
7z7:Z — S. Then:

DR, ([(is §)iL"]) = (w2)«[DR ((is,2):L") N Ay (2% (log(D))] -

In particular, if L is the canonical Deligne extension on Z of
L = L®gs Os, then:

Ty ((is 5 )i L") Z( 1)(mz).tds [Oz(—D)®GrELRQ%(log D)](—y
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Application: Hirzebruch classes of

Theorem (M.-S.)

Let X5 be the toric variety defined by the fan X.. For any cone
o € X, with orbit O, and inclusion iy : O, — O, = V,,, have:

DR,([(io)Q8,]) = (1 +y)*™(%) - [y, ],

where wy, is the canonical sheaf on the toric variety V.

Corollary
Let Xy be the toric variety defined by the fan L. Then:

DR,(Xz) = gex (1 +y) ™) - wy,].
Tys(Xg) = Ygex (14 y)m(O) - tdy(fwy,]).

Tyu(Xe) = Xk (14 ) im0k - td ([wy, ]).
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Corollary

(a) (Ehler’s formula) The (rational) MacPherson-Chern class
c«(Xs) := c([Qx,]) of a toric variety Xs is computed by:

a(Xg) = Ton(Xs) = > [Vol.

oEX

(b) The Todd class td.(Xs) of a toric variety is computed by:

td(Xs) = Tox(Xz) = Z tdi([wv, ])-

oEL
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Application: Weighted lattice point counting

Corollary ( )

If Xp is the projective toric variety associated to a full-dimensional
lattice polytope P C Mg = R", and ¢ € Z~¢ then:

Z (1+y)dim(Q) . #(Relint(EQ) N M) — / eIPp] A T,+(Xp)
Q=P Xp

n=2 2 1—y?
= (1+y)°- Area(P) + 5 #(OP N M) + x,(P).

Remark (y =0, )

#((POM) = > #(Relint((Q) N M) = / eIl A td, (Xp).

Q=P Xp
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: Equivariant Setting

@ Let G a finite group acting algebraically on a quasi-projective
variety X.

o A G-equivariant object in DPMHM(X) is an object M with a
G-action given by isomorphisms

g M —gM (g€ G),

such that g = id and g, = gi(1n) 0 g for all g, h € G.
o Let DP¢MHM(X) be the category of G-equivariant objects in
the derived category D°MHM(X). Similarly for Df(;ff(X).
e DYC(—)is not triangulated in general, hence it is different
from D2(—) of Bernstein-Lunts.
o Using equivariant distinguished triangles in D®(—), can define
a Grothendieck group Ko(D?¢(—)) so that:
Ko(DP°MHM(X)) = Ko(MHM® (X)), Ko(D22 (X)) = KE(X).

coh
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Equivariant Hodge-Chern and Hirzebruch classes

Saito’s transformations Gr) DR : DPMHM(X) — D, (X)

coh

commute with the push-forward g, induced by each g € G, so get
induced equivariant transformations

GrfDR® : D>¢MHM(X) — D,

coh (X)
The G-equivariant Hodge-Chern class transformation is:
DRS : Ko(MHM® (X)) — K£(X) @ Z[y*!]
DRY (IM]) := 3=; (1) [H/(GrfDRE(M))] - (—y)P.
The (un-normalized) Atiyah-Singer class transformation is:

Ty, (= &) = td(— g)°DRY : Ko(MHM® (X)) = H.(X&)@C[y*']

with tdi(—; g) : KE(X) — Hi(X8) ® C the Lefschetz—Riemann
—Roch transformation of Baum-Fulton-Quart and Moonen.
Equivariant classes of X are defined by evaluating at [Q4].
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Properties of equivariant classes

DRE and T, (—;g) commute with proper pushforward and .
If G = {id}, then DR = DR, and T, (—;id) = T, (—)®C.
If X is Du Bois, then To,(X;g) = td([Ox]; g) =: tdu(X; g).
Degree: If X is projective, then:

/[Xg] T,,(X;g) = Z(—l)jtface(g|G’Fij(XiC))(—Y)p
=: X;,(X;g)-
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Relation with non-equivariant classes

Let G act trivially on the quasi-projective variety X.
Define the projector

\Gr 2 Vs

geai

acting on the categories D®»¢MHM(X) and Df(;g(X), for 14 the
isomorphism induced from the action of g € G.

The projector (—)¢ is well-defined since DPMHM(X) and D2, (X)
are Karoubian Q-linear additive categories.

The exact functor (—)¢ induces functors

[—]€ : Ko(MHME (X)) = Ko(MHM(X)), [-]¢ : K£(X) — Ko(X).

Proposition
[-]€ o DRyG = DR, o [-]® : Ko(MHME® (X)) — Ko(X) @ Z[y™]
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Hirzebruch classes of global quotients

Theorem (Cappell-M.-S.-Shaneson)

Let G be a finite group acting algebraically on the quasi-projective
variety X. Let 78 :=mwo 8 : X8 — X /G, with projection

m: X — X/G and inclusion i8 : X8 — X. Then, for any

M € D>¢ MHM(X), we have:

(M) = 150 30w T, (M)

geaG

Corollary

In the above notations, and for M = QY get:

T,.(X/G) = |G|Z7T (X g).

geiG
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Symmetric Products of Mixed Hodge Modules

The n-th symmetric product of a quasi-projective variety X is:
X .= x"/¥,.

If 72 X" — X is the projection map, the n-th symmetric
product of M € DPMHM(X) is defined as:

M) = (7, MEYE € DPMHM(X(M),

where

o M¥" ¢ DPMHM(X™) is the n-th external product of M with
the induced X ,-action (Saito).

o (—)*" is the projector on the ¥ -invariant sub-object.
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Example
o if M= (@)F(’ then:

(n)
(QQ) = Q%)
o if M= IC{ := IC{/[— dim X] then:

(/C’Q’)( "ot

o for f : Y — X a proper map and M := f*(!)Q'{l, the
equivariant Kiinneth formula (Saito) yields:

(r0@t)"” = fat,
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Theorem (M.-Saito-S.)

There is a canonical isomorphisms of graded MHS

° n). n)\ ~, LJe® n.sqn Yh ~ ° . >,
HE (X7 MDY o HE ) (X7 RTM) S <® H(c)(X'M)> ,

in a compatible way with the corresponding isomorphisms of the
underlying Q-complexes.
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Theorem (M.-Saito-S.)
For X a quasi-projective variety and M € D°*MHM(X), let

hp’q’k(X, M) = hP:q(H(kC)(X; M)) = dlm(c GerGrW

k .
) ptaH(c)(Xi M)

be the corresponding Hodge numbers. Then:
S| D0 A M) yexd(—2)k | e

n>0 \ p,q;k
1 (—1)%-h0 (X M)
- H (1 —yPqukt>

P;q,k
(©) (x(m gy, g0 — © x,m)- &
foy( ’ ) t exp Zx—y’( ’ ) r

n>0 r>1
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Characteristic Classes of Symmetric Products

Theorem (Cappell-M.-S.-Shaneson-Yokura)

Let X be a complex quasi-projective variety with Pontrjagin ring
PH.(X) = 3020 (H«(X(™) ® Qly*1]) - 7 := T2, Hu (X)) ® QIy*1].

For M € DPMHMI(X), the following identity holds in PH.(X):

S0 T (M) - t7 = exp (5,0 W, (A Ty, (M) - £)),
where:
(a) d": X — X(") js the composition of the diagonal embedding
ir : X == A (X) < X" with the projection 7, : X" — X().,
(b) W, is the r-th homological Adams operation, which on
Hi(X") ® Q := HEM(X"; Q) (k € Z) is defined by
multiplication by r—lk together with y — y".
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Corollary

Let X be a complex quasi-projective variety. Then

> T (X e = exp | Do W, (diT(y), (X)) t7

n>0 r>1

Corollary (Ohmoto)

After a suitable re-normalization, for y = 1 get

(m)y. ¢n — re(x) L
Z (X)) -t = exp ch* p

n>0 r>1
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: Specialization of Hirzebruch classes
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Virtual tangent bundle of a hypersurface

o Let X <5 Y be a complex algebraic hypersurface (orlci) in a
complex algebraic manifold Y, with normal bundle NxY .

o If X is smooth: 0 - Tx — Ty|x — NxY — 0.
@ A normal bundle Nx Y exists even if X is singular !

@ The virtual tangent bundle of X is:
TY" = [Ty|x — Nx Y] € K°(X)

° T)‘?r is independent of the embedding in Y, thus it is a
well-defined element in K°(X), the Grothendieck group of
algebraic vector bundles on X.

o If X smooth: Ty =[Tx] € KO(X).
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Characteristic classes

o Let R be a commutative ring with unit, and
c*: (KYX),®) = (H*(X) ® R,U)
a multiplicative characteristic class theory of complex

algebraic vector bundles, with H*(X) = H?>*(X;Z).

@ Associate to a hypersurface (or Ici) X an intrinsic homology
class (i.e., independent of the embedding X — Y):

V(X)) = c*(TY) N [X] € Ho(X) @ R,

where [X] € H.(X) is the fundamental class of X.

@ Let cl.(—) be a functorial homology characteristic class theory
for complex algebraic varieties, so that

o Normalization: if X smooth, then cl,(X) = c/*(Tx) N [X].
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(a) Todd classes
cl* = td*=Todd class, and td, : Ko(X) — H«(X) ® Q, the
Baum-Fulton-MacPherson Todd class transformation, with
td.(X) := td.([Ox]).

(b) Chern classes
cl* = c*=Chern class, and c, : Ko(Df(X)) — F(X) — H(X)
the functorial Chern class transformation of MacPherson, with
¢ (X) == c(Qx). (Here F(X) is the group of constructible
functions on X.)

(c) Hirzebruch classes
cl* T* Hirzebruch class, and
T : KO(MHM(X)) — Hy(X) ® Q[y*!] the normalized
homology Hirzebruch class transformation, with

T,«(X) := T,.(QY).
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e If X is smooth:
(X)L (T N X e (Tx) N [X] ™ el (X) .
e If X is singular, the difference

Ml (X) = YT (X) — ch(X)

depends in general on the singularities of X.

@ By the exact sequence

H*(Xsing) & R L> H*(X) & R L H*(Xreg) & R
and j*Mcl,(X) = Mcl(Xieg) = 0, get:
Ml (X) € Image(i,)

e Corollary: c/}™(X) = clx(X), for k > dim Xsing.
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Problem: Describe Mcl.(X) in terms of the geometry of the
singular locus Xsing of X.

Upshot: Compute the (very) complicated homology class cl.(X)
in terms of the simpler (cohomological) virtual class and invariants
of the singularities of X.
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Specialization for globally defined hypersurfaces

@ Let Y be a smooth complex algebraic variety, and f : Y — C
an algebraic function, with X := {f = 0} of codimension one.

o Let X <L> Y, so NxY is a trivial line bundle.

o Let ¢r, 0r : DP(Y) — DP(X) be Deligne's nearby and resp.
vanishing cycle functors.

Theorem (Verdier)

(a)
tdy o ije = i' o td, : Ko(Y) = He1(X) @ Q
with ij. - Ko(Y) — Ko(X) induced from Li*, and

i : Hi(Y) = Hi_1(X) the corresponding Gysin morphisms.

(b)
coothr =i oc : Ko(DP(Y)) = He1(X)
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Corollary ( of Verdier specialization)

()

Mtd,(X) := tdy"(X) — tde(X)= 0

(b) ,
c(X) = a(¥r(Qvy))

hence
M (X) 1= Meu(X) = ¢"(X) = eu(X)= c(pr(Qvy))

with C*(gof(Qy)) S H*(Xsing)-
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Recall:
H*(rQy)x =~ H*(F; Q) , H*(9rQy)x =~ H*(F; Q)

for F, the Milnor fiber of f at x € X.

Example
If X has only isolated singularities, then

M) = 32 (=1,

Xexsing

for ux the Milnor number of the IHS (X, x) C (C"*1,0).
In general, M.,(X) is called the Milnor class of X.
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Specialization of Hodge-Chern and Hirzebruch classes

o r, pf admit lifts ¥ [1], oH[1] to Saito’s mixed Hodge
modules.

@ Aim: Search for the counterpart of Verdier's specialization for
DRy and T,.
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Motivating example

o Let i: X :={f =0} — Y be a smooth hypersurface
inclusion, and L a good variation of MHS on Y.

o Atiyah-Meyer: DR, ([L"]) = DRY(L) N (A, (T3) N [Oy])

P'DR,(IL"]) = " (DR (L) UAL(Ty)) N i ([Ov])
= (DRI UA("Ty)) N [Ox]
= Ay(NxY) N DRy ([*L"])
= (L+y) DR, (i"[L"])
= —(L+y) DRy ([ (L")

@ Claim: This identity holds for a singular hypersurface X and
any M € MHM(Y).
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Specialization of Hirzebruch classes

Theorem (S.)

Let Y be a smooth complex algebraic variety, and f : Y — C an

algebraic function, with X := {f = 0} < Y of codimension one.
Then

(a)
~(1+y) DR, (%f'(=)) = i'DR(~)
as transformations Ko(MHM(Y')) — Ko(X)[y™1].

)

Ty (WH () = ' Tyu(=) : Ko(MHM(Y)) = Hy(X)@Qly™].
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Remark

The proof uses the algebraic theory of nearby and vanishing cycles
given by the V -filtration of Malgrange-Kashiwara in the context of
strictly specializable filtered D-modules, together with a
specialization result about the filtered de Rham complex of the
filtered D-module underlying a mixed Hodge module.

Corollary

.|

MTy (X) = T, (X) = Ty (X)= =Ty, (o (1QV])
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Example (Isolated singularities)

If the n-dimensional hypersurface X has only isolated singularities,
then

MT, (X)= D (~1)"([H"(Fc Q)),

XeXsing

where Fy is the Milnor fiber of the IHS (X, x).

Remark
The Hodge polynomial

Xy(IH"(Fx; Q) := ) dimc GrEH"(Fy; €) - (—y)P

is just a special case of the Hodge spectrum of (X, x).
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Theorem (Cappell-M.-S.-Shaneson)

Let X ={f =0} C Y, for f : Y — C an algebraic function on a
complex algebraic manifold Y. Let Sg be a partition of the singular
locus Xsing into disjoint locally closed algebraic submanifolds S,
such that the restrictions of(Qy)|s have constant cohomology
sheaves (e.g., these are locally constant sheaves on each S, and
the pieces S are simply-connected). For each S € Sy, let Fs be the
Milnor fiber of a point s € S. Then:

MT, (X)=>" (T,(5) = T,(5\95))  xy([H*(F Q)]

~
SIS horizontal info vertical info
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The case y = —1

MTy (X)ly=-1 = Mu(X) © Q = c.(¢r(Qy))-

@ Hence, for y = —1, the previous formula holds without any
monodromy assumptions.
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Assume X has only Du Bois (e.g., rational) singularities. Then:

Q 7). (X)ly=0 = tdu(X).
@ Hence: MT, (X)|,—0 = Mtd, =0, a class version of
Dolgachev-Steenbrink cohomological insignificance.

© E.g., If X has only isolated Du Bois singularities, get:
dimCGrgﬁ"(FX; C)=0, forall x € Xging

Q Ishii:
x € Xsing 1s an isolated Du Bois singularity

0

dimcGreH"(F;C) =0
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More details to follow in the discussion session!
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