THE VANISHING COHOMOLOGY OF NON-ISOLATED
HYPERSURFACE SINGULARITIES

LAURENTIU MAXIM, LAURENTIU PAUNESCU, AND MIHAI TIBAR

ABSTRACT. We employ the perverse vanishing cycles to show that each reduced cohomol-
ogy group of the Milnor fiber, except the top two, can be computed from the restriction
of the vanishing cycle complex to only singular strata with a certain lower bound in di-
mension. Guided by geometric results, we alternately use the nearby and vanishing cycle
functors to derive information about the Milnor fiber cohomology via iterated slicing by
generic hyperplanes. These lead to the description of the reduced cohomology groups,
except the top two, in terms of the vanishing cohomology of the nearby section. We use it
to compute explicitly the lowest (possibly nontrivial) vanishing cohomology group of the
Milnor fiber.

1. INTRODUCTION

In his search for exotic spheres, Milnor [Mi] initiated the study of the topology of com-
plex hypersurface singularity germs. For a germ of an analytic map f : (C"*1,0) — (C,0)
having a singularity at the origin, Milnor introduced what is now called the Milnor fibration
f~YD3)N B. — D} (in a small enough ball B, C C"*! and over a small enough punctured
disc D C C), and the Milnor fiber F' := f~'(¢) N B, of f at 0. Around the same time,
Grothendieck [SGATI] proved Milnor’s conjecture that the eigenvalues of the monodromy
acting on H*(F';7Z) are roots of unity, and Deligne [SGATII] defined the nearby and van-
ishing cycle functors, 1y and ¢y, globalizing Milnor’s construction. A few years later, Lé
[Lé2] extended the geometric setting of the Milnor tube fibration to the case of functions
defined on complex analytic germs, using the existence of Thom-Whitney stratifications on
the zero set f~1(0), which was proved by Hironaka [Hi].

Since their introduction more than half a century ago, the Milnor fiber and vanishing cy-
cles have found a wide range of applications, in fields like algebraic geometry, algebraic and
geometric topology, symplectic geometry, singularity theory, enumerative geometry, com-
putational topology and algebraic statistics, etc. However, despite the enormous interest
and vast applications, the very basic question of describing the topology of the Milnor fiber
(e.g., Betti numbers) for arbitrary hypersurface singularity germs remains largely open.

The Milnor fiber of an isolated hypersurface singularity germ was completely described by
Milnor in [Mi]. The study of hypersurfaces with 1-dimensional singularities was initiated by
Yomdin [lo], Siersma [Sil, Si2, Si3, Si4], and continued and refined by Vannier [Va], Pellikaan
[Pel, Pe2], Schrauwen [Sch], de Jong [delJ]|, Zaharia [Zal], Tibar [Til, ST2], etc. Milnor
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fibers for higher dimensional singularities were studied by Lé [Lél], Zaharia [Za2], Shubladze
[Sh1, Sh2], Massey [Mal, Ma2, Ma3, Ma4, Ma5|, Nemethi [Nel, Ne2|, Tibar [Ti2, Ti3],
Dimca-Saito [DS], Libgober [Li], Maxim [Max1], Fernandez de Bobadilla [Fe, FM], etc.

In [Lé1], Lé developed a recurrent method for computing the Betti numbers of the Milnor
fiber, based on slicing the singularity by generic hyperplanes, and in [Va], Vannier described
a general handlebody model for the Milnor fibre of function germs with a 1-dimensional
singular locus. These results led Massey to a certain estimation of the Betti numbers of
the Milnor fiber, based on the polar multiplicities encoded into what he called the “Lé
numbers” (e.g., see [Ma3], and also [Mad4] for further developments).

In [DS], Dimca and Saito investigated local consequences of the perversity of vanishing
cycles, and computed the Milnor fiber cohomology from the restriction of the vanishing
cycle complex to the real link of the singularity. In particular, they show that the reduced
cohomology groups H'(F; Q) of the Milnor fiber are completely determined for i < n — 1
(and for ¢ = n — 1 only partially) by the restriction of the vanishing cycle complex to
the complement of the singularity. More precise computations are made in the case when
f71(0) is a divisor with normal crossings in a punctured neighborhood of the singular
point, and results are also given on the size of the Jordan blocks of the monodromy in
this particular case. If f is a homogeneous polynomial, a more refined dependence of the
vanishing cohomology on the singular strata was obtained by Maxim in [Max1, Proposition
5.1], and also Libgober [Li, Theorem 3.1] in the case when f defines a central hyperplane
arrangement.

In this paper, we study the Milnor fiber cohomology for hypersurface singularity germs
with a singular locus of arbitrary positive dimension. Before discussing our main results,
let us introduce some notation and assumptions. Unless otherwise specified, all cohomology
groups in this paper are with Z-coefficients.

For n > 1, we consider a nonconstant holomorphic function germ f : (X,0) — (C,0)
defined on a pure (n + 1)-dimensional complex singularity germ (X,0) contained in some
ambient (CV,0). We assume moreover that

rHA(X,Z) = n + 1,

with tHd(X,Z) denoting the rectified homological depth of X with respect to the ring Z,
as defined by Grothendieck [SGA2], see also [HL], [Sc]. For example, a local complete
intersection X of pure complex dimension n + 1 satisfies this property. Our assumption
on tHd(X,Z) is equivalent to the following two conditions: (i) the shifted constant sheaf
Zy[n+1] is a Z-perverse sheafon X, and (ii) the costalks of Zy[n+1] in the lowest possible
degree are free abelian; see Corollary 2.9 for a precise formulation of this equivalence. If
one is only interested in the Q-cohomology of the Milnor fiber (e.g., Betti numbers), it
suffices to assume that rHd(X, Q) = n + 1, which is equivalent to the fact that @, [n + 1]
is a Q-perverse sheaf on X.

In the formulation of our results, the notation X will tacitly mean a small enough repre-
sentative of the germ at 0 of the space X, that is, the intersection of X with an arbitrarily
small ball at the origin. The same convention applies to all the subgerms of (X,0). We de-
note by 3 the germ of the stratified singular locus of f (with respect to some fixed Whitney
stratification of X), and we assume that the complex dimension s at the origin of ¥ satisfies
0 < s < n. We denote by F the Milnor fiber of f at the origin, and let P := ¢;Zy[n| be the
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complex of perverse vanishing cycles. It is then well known that the reduced Milnor fiber
cohomology (i.e., the vanishing cohomology) of F' is computed by P, and the only possibly
non-trivial vanishing cohomology groups H *(F) are concentrated in degrees n —s < k < n.
Furthermore, the assumption rHd(X,Z) = n + 1 yields that the Z-perverse sheaf P also
satisfies the property of freeness of costalks in lowest possible degree. This property is
used in our paper to formulate cohomological substitutes for various homotopy-theoretic
statements for the Milnor fiber (which don’t necessarily hold if X is singular).

In the above notations, our first result (Theorem 3.1) uses only the perversity of the
vanishing cycles P to show that, if s > 2 and k < n—1, the group I:Tk(F) can be computed
from the restriction of the vanishing cycle complex to the singular strata of dimension
>n —k — 1 (see also Corollary 3.2 and Proposition 4.3). This is a strengthening of the
above mentioned result of Dimca-Saito (but from a different perspective, in the sense that
our result involves the intersection of the whole singular locus of f with a sufficiently small
open ball, while Dimca-Saito formulate their result in terms of the real link; see Remark
3.3(b) for more details), and it reduces the calculation of the vanishing cohomology to
a hypercohomology spectral sequence. This computation, while tedious in general, can be
made more explicit in the case of the least nontrivial vanishing cohomology group H"*(F).
In fact, if s > 1, Theorem 3.4 gives a monomorphism

(1.1) H"(F) = @ H"*(F{)™,

where the summation is over the collection {¥;;}; of s-dimensional singular strata of the
germ of Y at the origin, FsmZ is the transversal Milnor fiber to the s-dimensional stratum

Y, and A; denotes the action of 7 (X;,;) on H" *(F. ﬁl), with invariant subspaces appearing
on the right hand side of (1.1). This represents an extension to arbitrary singularities of
Siersma’s results [Si3] for 1-dimensional singularities in terms of the vertical monodromy,
as well as of the more recent development in [ST2], and answers Siersma’s conjecture made
in his overview [Si4]. It also provides an upper bound for the Betti number b,,_s(F'). Note
that the assumption rHd(X,Z) = n + 1 yields in addition that H"~*(F) is free, since the
right-hand side of (1.1) becomes in this case free.

If s > 2, Theorem 3.4(b) (see also (3.26) and Remark 3.5) expresses the “defect” of (1.1)
from being an isomorphism in terms of costalks of the perverse vanishing cycle complex
P at points in the (s — 1)-dimensional strata. In particular, this yields a lower bound for
by_s(F'), which to our knowledge is completely new. We also observe that, if s > 2 and
Y. does not contain any (s — 1)-dimensional strata, the monomorphism (1.1) becomes an
isomorphism.

If s > 1, monomorphisms similar to (1.1) are obtained in Theorem 3.1 for all vanishing
cohomology groups H*(F'), n—s < k < n—1, though not as explicit as in the case k = n—s.
The monomorphism (1.1) leads to divisibility results for the characteristic polynomials of
Milnor monodromies (Corollary 3.7), as well as to upper bounds for the dimension of the
monodromy eigenspaces and maximal sizes of Jordan blocks (Corollary 3.7). Furthermore,
similar statements can be formulated for the eigenspaces of vanishing cohomology in terms
of the generalized eigensheaves of the vanishing cycles (Theorem 3.8 and Corollary 3.9).

We next take a more geometric viewpoint for computing the Milnor fiber cohomology via
slicing. In §4 we present a sheaf theoretic interpretation of results of Lé [Lél] and Tibar
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[Ti2] on the computation of the number of vanishing cycles via iterated slicing by generic
hyperplanes. In Proposition 4.3, we then give (for s > 2) an interpretation of the reduced
Milnor fiber cohomology in terms of the vanishing cohomology of the nearby section of f
(introduced in [Ti2]). Upper bounds for the Betti numbers of the Milnor fiber are derived
via slicing in terms of polar multiplicities (Corollary 4.7).

This slicing technique enables us to develop in §5 a geometric method for the computation
of the lowest (possibly nontrivial) vanishing cohomology group H" *(F'), for n > s > 2, by
using its isomorphism with the vanishing cohomology of the nearby section. It turns out
that, by repeated slicing, the computation reduces to the case of a 2-dimensional singular
locus. We then describe a CW-complex model for the vanishing neighborhood of the nearby
section (Definition 4.2). This appears to be almost the same model as the one used in [ST2]
for computing the homology groups in case of 1-dimensional singularities via admissible
deformations of f. Based on it, we obtain in Corollary 5.3 and Theorem 5.5 a description
of H"*(F) in terms of the invariant submodule of a monodromy representation (5.6) on
the transversal Milnor fibre of the s-dimensional strata, which is in fact a genuine vertical
monodromy representation. The similarity with the terms and results of Theorem 3.4 is
striking. But surprisingly, this monodromy representation is totally different from (1.1)
used in Theorem 3.4, and in general cannot be deduced from it by a Lefschetz slicing
argument.

The results obtained from the perverse sheaf side and from the geometric side feed and
complete each other in the pursuit of computability. We detail a bunch of examples in
86, showing how the general theory works and emphasizing the efficacy of Theorem 5.5 in
computing H" *(F).

2. PRELIMINARIES

In this section, we review several concepts which play an important role in the remainder
of the paper. In §2.1, we recall some background on constructible complexes and perverse
sheaves. In §2.2; we recall the notion of rectified homological depth and indicate its relation
to perverse sheaves. In §2.3, we introduce the nearby and vanishing cycle functors associated
to a holomorphic map, and describe their relation to the cohomology of the Milnor fiber.

2.1. Perverse sheaves. In this section, we recall the definition of perverse sheaves (e.g.,
see [Di, Max2| for a quick introduction).

Let A be a noetherian commutative ring of finite global dimension. Let X be a complex
analytic variety, and denote by D°(X) the derived category of bounded complexes of sheaves
of A-modules.

Recall that a sheaf F of A-modules is said to be constructible if there is a Whitney
stratification W of X so that the restriction F|g of F to every stratum S € W is an A-
local system with finitely generated stalks. A bounded complex F* € D?(X) is said to be
constructible if all its cohomology sheaves H7(F*) are constructible. Denote by D%(X) the
full triangulated subcategory of D?(X) consisting of constructible complexes (i.e., complexes
which are constructible with respect to some Whitney stratification).

All dimensions below are taken to be complex dimensions.
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Definition 2.1. (a) The perverse t-structure on D’(X) consists of the subcategories
PD=Y(X) and PD="(X) of D’(X) defined as:
PD=(X) = {F € DY(X) | dimsupp 7 (F*) < j,Vj € Z},
PD%(X) = {F € D’(X) | dim cosupp’ (F*) < j,Vj € Z},

where, for k, : {x} — X denoting the point inclusion, we define the j-th support and, resp.,
the j-th cosupport of F* € D%(X) by:

supp’(F7) = {z € X | HI(k;F*) # 0},
cosupp’ (F*) = {z € X | Hi(kLF") # 0}.
Here, k*F* and k. F" are called the stalk and, resp., costalk of F* at x.
(b) A complex F* € D?(X) is called a perverse sheaf on X if F* € PD="(X)N?D="(X).

(c) We say that F+ € DY(X) is strongly perverse if F» € PD="(X) and DxF* € PD=°(X),
with Dx denoting the dualizing functor.

EXAMPLE 2.2. Assume X is of pure complex dimension with ¢ : X — pt the constant map
to a point space, and let Ay = ¢*A be the constant A-sheaf on X. Then:

(a) Ay[dim X] € PD=°(X).
(b) If X is a local complete intersection then Ay [dim X] is a perverse sheaf on X (e.g.,
see [Di, Theorem 5.1.20]).

It is important to note that the categories »D="(X) and ?D="(X) can also be described
in terms of a fixed Whitney stratification of X. Indeed, the perverse t-structure can be
characterized as follows (e.g., see [Max2, Theorem 8.3.1]):

Theorem 2.3. If 7' € D%(X) is constructible with respect to a Whitney stratification W
of X, then:
(i) stalk vanishing:
FePD(X) <= VSeW, Vo e S: H(kF) =0 for all j > —dim S.
(i) costalk vanishing:
F €PD(X) <= VSeW, Vo e S: H(KLF)=0 for all j < dim S.
O

REMARK 2.4. (a) If S € W is a stratum of X with inclusion map kg : S — X, the above
costalk vanishing condition for S is equivalent to:
(2.1) HI (kyF) =0, forall j < —dimS.

(b) If A is a field, the notions of perverse sheaf and strongly perverse sheaf coincide. Indeed,
in this case, the universal coefficient theorem yields that F+ € PD=°(X) if and only if
DxF € PD=(X).

We conclude this section with the following.

Proposition 2.5. Assume that the ring A is a principal ideal domain (e.g., A = 7). If
F+ € D%X) is constructible with respect to a Whitney stratification W of X, then DxF* €
PD=Y(X) if and only if the following two conditions are satisfied:

(i) F- € PD(X);
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(ii) for any stratum S € W and any x € S, the costalk cohomology HY™5 (k! F*) is free.

In particular, F* is strongly perverse (with respect to W) if and only if F* is perverse and
property (ii) above holds (i.e., costalks of F* in the lowest possible degree are free on each
stratum,).

Proof. Let S € W and z € S, with inclusion k, : {x} — X. Properties of the dualizing
functor and the universal coefficient theorem yield:

HI(k:DxF*) =2 HI(Dxk,F*) = Hom(H 7 (kF*), A) @ Ext(H 7 (kL F), A).
The desired equivalence can now be checked easily. 0

2.2. Rectified homological depth. In this section we recall the notion of rectified ho-
mological depth, and indicate its relation to (strongly) perverse sheaves.

Let X be a complex analytic space of complex pure dimension. Following [Sc, Definition
6.0.4], we make the following.

Definition 2.6. The rectified homological depth tHd(X, A) of X with respect to the com-
mutative base ring A is > d (for some d € Z) if

(2.2) Dx(Axld]) € PD=*(X).

As pointed out in [Sc], the above definition agrees with the notion of rectified homological
depth introduced by Hamm and Lé [HL| in more geometric terms.

ExaMPLE 2.7.  (a) One always has rHd(X, A) < dim(X), and rHd(X, A) = dim(X) if
X is smooth and nonempty.
(b) If X is a pure-dimensional local complete intersection, then rHd(X, A) = dim X (cf.
[Sc, Example 6.0.11]).

In view of Example 2.2(a) and Definition 2.1(c), we have the following equivalence (see
also [Sc, (6.14)]):

Proposition 2.8. For any nonempty pure-dimensional complex analytic space X, we have:

rHd(X,A) =dim X <= Ay[dim X] is strongly perverse.
U

As a consequence, Remark 2.4(b) and Proposition 2.5 yield the following.

Corollary 2.9. Let X be a nonempty pure-dimensional complex analytic space with a Whit-
ney stratification V.
(a) If A is a field, then:
rHd(X,A) =dim X <= Ay[dim X] is perverse.
(b) If A is a principal ideal domain, then rHd(X, A) = dim X if and only if the following
two conditions are satisfied:
(i) Ax[dim X]| is perverse.
(ii) for any stratum S € W and any x € S with k, : {x} — X, the costalk
cohomology HY™S (k! A [dim X]) is free.
0
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2.3. Nearby and vanishing cycle functors. Let n > 1, and consider a nonconstant
holomorphic function germ f : (X,0) — (C,0) defined on a pure (n + 1)-dimensional
complex singularity germ (X, 0) contained in some ambient (CV,0). Assume as in [Ti2]
that

(2.3) rHA(X,Z) = n + 1,

with rHd(X,Z) denoting the rectified homological depth of X with respect to the ring Z
(cf. Definition 2.6). As seen in Example 2.7(b), a local complete intersection X of pure
complex dimension n + 1 satisfies this property. By Proposition 2.8, our assumption on
rHd(X,Z) is equivalent to the condition that the shifted constant sheaf Zy[n + 1] is a
strongly perverse sheaf on X, which by Corollary 2.9 means that: (i) the shifted constant
sheaf Zy[n + 1] is a perverse sheaf on X in the usual sense, and (ii) on each stratum, the
costalks of Zy[n + 1] in the lowest possible degree are free abelian. (Moreover, the weaker
condition rHA(X, Q) = n + 1 is equivalent to the fact that @, [n + 1] is a Q-perverse sheaf
on X, which is the hypothesis considered in [DS].)

Since Y := f71(0) is a principal divisor on X, it follows from [Sc, Example 6.0.11] that
rHd(Y,Z) = n, and hence Zy [n] is a strongly perverse sheaf on Y in the above sense.

We denote by s, ¢ the nearby and vanishing cycle functors associated to f (e.g., see
[Di, Max2| for a quick introduction). Recall that if u : Y = f~1(0) < X is the inclusion
map, there is a distinguished triangle of functors

(2.4) ut — wf — ©OF [il

Moreover, the nearby and vanishing cycle complexes ¢sZy and ¢sZy encode the Milnor
fiber cohomology at points along Y, in the sense that

(2.5) HY(F,) = HYWLy). and  HM(FL) = HE (9L ).,

with F, denoting the Milnor fiber of f at x € Y, and where H*(—), computes the stalk
cohomology at x. In particular, the vanishing cycle complex ¢¢Zy is supported on the
stratified singular locus Singy,,(f) of f with respect to a fixed Whitney stratification W of
X, which is contained in Y as a set germ at the origin.

It is also known that the shifted functors Py := 1s[—1] and Py; := ps[—1] preserve
strongly perverse sheaves (e.g., see [Sc, Theorem 6.0.2, Remark 6.0.6]), so under our as-
sumptions the shifted nearby and vanishing cycle complexes ¢;Zy[n] and, resp., ¢¢Zx[n]
are strongly perverse sheaves on Y. In particular, these perverse sheaves have free costalks
in the lowest possible degree. We refer to P1¢, Py as the perverse nearby and vanishing
cycle functors.

If we work with C-coefficients, let us denote by A the monodromy of ¢;Cy, with its
Jordan decomposition h = h,hs, where hy is semi-simple (and locally of finite order) and
h., is unipotent. For any A € C, we set

YrACx :=ker(h, — \) C ¥;Cy

and similarly for ¢;,Cy, in the category of shifted perverse sheaves. It follows from the
definition of vanishing cycles that 17 Cy = ¢ \Cy for A # 1. Moreover, we have decom-
positions

U Cx = P vraCx, ¢Cx =P saCx.
A A
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and for x € Y we have isomorphisms
(2.6) H*(Fy; C)y = H*(paCx)e and  H*(F,; C)y = H (psaCx)a,

with H*(F,;C), the corresponding \-eigenspace of the action of the semi-simple part of
the Milnor monodromy on H*(F,;C).

3. MILNOR FIBER COHOMOLOGY VIA PERVERSE VANISHING CYCLES

In this section, we investigate the cohomology of the Milnor fiber as a consequence of the
fact that, up to a shift, the nearby and vanishing cycle functors preserve perverse sheaves.
In §3.1 we show that each reduced cohomology group of the Milnor fiber, except the top
two, can be computed from the restriction of the vanishing cycle complex to only singular
strata with a certain lower bound in dimension. The same method applies to the study of
the monodromy eigenspaces of Milnor fiber cohomology; this is discussed in §3.3. In §3.2,
we discuss divisibility results for the characteristic polynomials of Milnor monodromy, and
upper bounds for the maximal size of Jordan blocks.

3.1. Betti bounds via perverse vanishing cycles. In this section, we derive informa-
tion on the Milnor fiber cohomology as a consequence of the perversity of vanishing cycles
(compare also with [DS]).

Under the notations and assumptions of §2.3, we consider the stratified singular locus
3 1= Singy(f), which is defined as the union of the singular loci Sing fjw, of the restrictions
of f to the strata W; of fixed Whitney stratification V. Let us remark that ¥ is a closed
set and a subset of Y. We may and will assume in the following that it is a union of strata
in W. Let s := dimg 2.

Let B, be a Milnor ball for f at the origin, that is, the intersection of a small enough ball
at the origin of the ambient space CV with a suitable representative of the germ (X, 0). Let

F=B.Nnf'y), 0<y<e,

be the Milnor fiber of f at the origin.
Assume 0 < s < n and let

P =" ps(Zx[n+1]),
where Py := ps[—1] denotes as in §2.3 the perverse vanishing cycle functor associated to

f. Since Z[n + 1] was assumed to be a perverse sheaf on X, we get that P is perverse on
Y = f71(0). Moreover, since P is supported on 3, we obtain that

7)0 = P|E
is a perverse sheaf on ¥ (e.g., see [Max2, Corollary 8.2.10]). For any integer k we have:
(3.1) H*(F) 2 H*"(P)o = H"(Py)o.

The support condition for the perverse sheaf Py on X then yields (e.g., as in [Max2, Propo-
sition 10.6.2]) that the only possibly non-trivial integral reduced cohomology H F(F) of F
is concentrated in degreeNs n—s<k<n.

The computation of H*(F) is equivalent via (3.1) to the computation of the hyperco-
homology group H* (B, N ¥;Py), where B, is as above a Milnor ball for f at the origin.
For convenience of notation, we will follow the convention mentioned in the introduction,
namely we will assume throughout the paper that we work in a sufficiently small open ball
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B around the origin, and replace B. N Y% with simply 3, B.NY with Y, B, with X, etc.
In particular, we shall write

(3.2) HE(F) = H"(35Py),

with H* denoting the hypercohomology functor.

Denote by & a Whitney stratification of Y so that P is S-constructible. Upon refining
W, we can assume that any stratum in S is also a stratum in W. Since we work in a
neighborhood of the origin, we can further assume (after shrinking X, and restricting to a
normal slice through the origin as in Example 6.1 below) that the origin is the only zero-
dimensional stratum of S and ¥ is the union of strata of complex dimension < s. Let us
make the following notations:

¥, = the union of /-dimensional strata of S (so ¥y = {0});
U, = the union of strata of S of complex dimension > /.

Then each U, is an open subset of ¥, and
(33) Es:(]sg(]s—lg"'g[]O:ZJ
with Eg = Ug \ Ug_H. Set
77@ = PO|U¢

and note that P, is a perverse sheaf of U,.

We are now ready to prove the following result, which can be seen as an enhancement
of results from [DS]. However, note that while [DS] works with Q-coefficients and the
restriction of the vanishing cycle complex to the real link (see Remark 3.3(b) below), our

result holds over the integers and is formulated in terms of the germs of strata of the
stratified singular locus of f.

Theorem 3.1. Let f: (X,0) — (C,0) be a nonconstant holomorphic function defined on
a pure (n+ 1)-dimensional complex singularity germ satisfying the property that Z[n + 1]
1s a Z-perverse sheaf on X. Assume that the stratified singular locus ¥ of f is of complex
dimension s > 0. If F' denotes the Milnor fiber of f at the origin, then using the above
notations for the stratification of 3, the following hold:

(a) for any j =0,...,s —1 there is a monomorphism
(3.4) H" *H(F) — H Y (Uy_j; Ps_).

(b) if s > 2, then for any j =0,...,s — 2 there is an isomorphism
(3.5) H" 4 (F) 2 H Y (U,_j_1: Po_j_1).

Proof. As already mentioned above, we assume that the singularity germ X is represented
by its intersection with a sufficiently small open ball B, at the origin of CV.

(a) Fix an integer j = 0,...,s — 1. In the notations preceding the theorem, for any
0 </¢<s—j—1 consider the inclusions

Vg ug
Eg — U[ — Ug+1

and the attaching distinguished triangle

(36) Uggvglpg — Pg — RUE*UE*PZ [—ll
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with vp = vy, and u,*Py = Pyy1. The hypercohomology long exact sequence associated to
(3.6) contains the terms

(3.7) cee = H_S+j(25; Ug!’Pg) — H_S+j(Ug; Py) — H_S—H(Ug+1; Pri1) — -

The group H=**(3,;v,/'P;) is computed by a hypercohomology spectral sequence whose
FEs>-term is given by

(3.8) B3 = HP (S H (vd Py)).

Since v,'P, is a constructible complex on ¥, its cohomology sheaves are local systems on
every connected component of Y,. Hence, by reasons of dimension, EY = 0 if p < 0 or
p > 20. On the other hand, the costalk condition (2.1) for the perverse sheaf P, on U, (with
the induced stratification) yields that H?(v,/'P;) = 0 for all ¢ < —¢. Therefore, E}? = 0 if
q < —L. Altogether, since —s + j < —/, we get that E}Y? = (0 for any pair of integers (p, q)
with p 4+ ¢ = —s + j. The spectral sequence (3.8) then implies that

(3.9) H=*H (S5 v, Py) 2 0.
By combining (3.7) and (3.9), we get a monomorphism
(3.10) H™H (U Pe) = H - (Upsr; Peyr)

for any 0 < ¢ < s—j—1. Together with (3.2) and noting that ¥ = Uy, the above discussion
yields a composition of monomorphisms

H Y *H(F) 2 HH (Up; Py) — HH (U Py) < - s H (U, Py),
thus completing the proof of (3.4).

(b) Let us now assume that s > 2 and fix an integer j = 1,...,s — 1.
In view of (3.9), the long exact sequence (3.7) contains the terms:
(3.11) - — H‘Sﬂ‘l(E@; Uglpg) — H_S+j_1(Ug; Py) — H_8+j_l<Ug+1; Pri1) >0 — -

For any 0 < ¢ < s — 7 — 1, the same arguments used for studying the spectral sequence
(3.8) yield that H~t~1(3,; v,'Py) 22 0 since —s + j — 1 < —£. In particular, (3.11) yields
isomorphisms

H™ 7N U Pe) = H 7N (Urga; Prya)
for all 0 < ¢ < s—j — 1. Together with (3.2), this then yields isomorphisms

(312) ﬁn_s+j_1(F) = H_S+j_1(U0; Pg) = H_S+j_1(U1; Pl) =... = H_S+j_1(U5_j; Ps_j).
The isomorphism (3.5) is then obtained by reindexing (i.e., replacing j by j+1in (3.12)). O

An immediate consequence of Theorem 3.1(b) is the following.

Corollary 3.2. If s > 2, then for any j = 0,...,s — 2, the group f[n—s+j(p;z) depends
only on the singular strata of dimension > s — j — 1 of Sing,(f).

REMARK 3.3.

(a) Assuming s > 2 and fixing j = 0,..., s — 2, if there are no strata of dimension s —j —1,
then Us_; = Us_;_1, so in this case (3.5) is a finer result than (3.4). In general, the
right-hand side of either (3.4) or (3.5) can be computed via the hypercohomology spectral
sequence, though explicit computations can be tedious. N

(b) The results of Theorem 3.1 and Corollary 3.2 show that H(F) for j < n — 1 (resp.,
j = n — 1) is completely (resp., partially) determined by the restriction of the vanishing
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cycle complex p¢Zy to the complement of the singular point at the origin. A similar
statement, though not as explicit as Corollary 3.2, can be derived from [DS, Theorem 0.1],
where one considers the restriction of the vanishing cycle complex to the real link of the
singularity. Specifically, if K denotes the real link of 0 € Y = f~1(0), i.e., the intersection
of Y with a sufficiently small sphere around 0 in a smooth ambient space CV, then under
our assumptions and notations one gets isomorphisms

(3.13) HY(F;Z) = HNK; 9L x| )
for all K <n — 1, and a monomorphism
(3.14) H"N(F;Z) — H" (K 0Ly | )

For the benefit of the reader, we include here the elementary proof of (3.13) and (3.14).
Recall that X is represented by its intersection with a Milnor ball B, at the origin. Denote
by i : {0} — Y and j : Y \ {0} — Y the inclusion maps. Let P be a Z-perverse sheaf on
Y. The costalk conditions for P yields the vanishing:

(i) H*(@'P) =0if k < 0.
Moreover, it is well known that
(i) H*(i*Rj.j*P) = H*(K; P|k), where K is the real link of 0 € Y.
By applying the pullback i* to the attaching triangle
WP = P = Rj.jP L
and using the fact that %4, ~ id, one gets the distinguished triangle

(3.15) P = P = i*Rj. P Y

In view of (i) and (ii), the long exact sequence of hypercohomology groups associated to
(3.15) yields isomorphisms

(3.16) H*(i*P) 2 H*(K; Plk), V k< —1,
and a monomorphism
(3.17) H'(i*P) — H Y(K;P|k).

To obtain (3.13) and (3.14), one simply applies (3.16) and (3.17) to the perverse vanishing
cycles P :=Pp(Zyx[n + 1]). It should be noted that Dimca and Saito worked in [DS] with
Q-coefficients, but as seen above their result extends easily to the integers.

Finally, let us compare the above arguments with the statement and proof of our Theo-
rem 3.1. It is well known that complex analytic sets are locally conelike (see [BV]), hence
Uy = X\ {0} is stratwise topologically equivalent with the product of the link of 0 in X
(that is, K N'X) with an open interval (0,¢). Therefore, in the special case s — j = 2, the
isomorphism (3.5) reproves (3.13) with £ = n — 2. In all other cases, our isomorphism (3.5)
is strictly finer than (3.13). Moreover, the monomorphism (3.4) specializes, after setting
s — 7 =1, to (3.14), while none of the other cases addressed by (3.4) (except at j = 0)
has a counterpart in [DS]. This justifies our assertion that Theorem 3.1 provides a new
perspective and an enhancement of some of the results from [DS].

(c) If f is a homogeneous polynomial, a more refined dependence of the vanishing cohomol-
ogy on the singular strata was obtained in [Max1, Proposition 5.1] (see also [Li, Theorem
3.1] for the case when f defines a central hyperplane arrangement).
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In what follows, we specialize Theorem 3.1 to the case j = 0, to derive more explicit
information about H" *(F'), that is, the lowest (possibly non-trivial) cohomology group
of F' (compare also with [DS, Section 3.5] for a related discussion). Just like in Theorem
3.1, most arguments used in the proof of Theorem 3.4 below use only the perversity in the
usual sense of P. But the statement about the freeness of H"*(F') (part (d) of Theorem
3.4 ) requires the strong perversity of P, deduced via Proposition 2.8 from the assumption
rHd(X,Z) = n + 1. We first introduce some notations.

Recall that

Us = Z:s = |_|Zs,i7

where Y ; are the s-dimensional (connected) strata of 3. Denote by Fg”l the Milnor fiber
of f at a point z,; € X,,;. Let N be a normal slice to the stratum >,; at the point x;
(i.e., a smooth analytic subvariety of CV, transversal to X, at ;). By the base change
formula for vanishing cycles (e.g., see [Sc, Lemma 4.3.4]), we get

ie., H*F ) can be identified with the k-th reduced cohomology of the Milnor fiber of the
restriction f|x of f to the normal slice N to the stratum X ;. For this reason, we will simply
refer to F;”z as the transversal Milnor fiber of f along ¥, ;. Furthermore, by transversality,
the function f|y has an isolated (stratified) singularity at x,;, and hence the point z,; is
an isolated point in the support of the perverse sheaf vy, Zxy[n — s|. Therefore, the stalk
cohomology of ¢y Zx~yn — s] at x,; is concentrated in degree 0. This then implies that
f]k(Fsml) is trivial except possibly in degree k = n—s. Denote by H;ﬂ,z‘ the rank of f[”*S(FSmZ)

For any ¢, the fundamental group m(2;;) of the stratum X, acts on I:j”_S(FQ‘Z) via a
homomorphism

(3.19) Ap s m(Esi) — Aut (H"*(FD)),

which determines a local system L,; on ¥,;, with stalk fI”_S(FL:”z) We refer to A; as
the local system monodromy along the stratum ;. If m(X,;) = Z (e.g., if s = 1), the
homomorphism A; can be regarded as an automorphism A; : H nTH(ED) — H "TE(FD); in
this case, it will be referred to as the vertical monodromy along X ;, by analogy with the
case s = 1 considered in [Si3].

Let us also denote by {¥;_1 ;}; the collection of connected singular strata of dimension
s — 1, and for each j we fix a point z; € Xy ;.

With the above notations and under the hypotheses of Theorem 3.1, we can now prove
the following.!

Theorem 3.4.  (a) There is a monomorphism

(3.20) H'™(F) = @ H" ()™,

IM. Saito communicated to us that parts (a)-(c) of Theorem 3.4 can also be deduced from arguments
implicit in [DS].
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where Fsml is the transversal Milnor fiber to the s-dimensional stratum X, ;, and A,

is the local system monodromy along ¥ ;.
In particular, taking ranks yields the inequalities:

(3.21) bu_s(F) < ZrankH” S(FhyA < Zu“

(b) If, moreover, s > 2, then
(3.22) by—so(F) > rank H™*(FD)% = “rank H*7} (i, P)™ o),
i J

where x; is some point in the (s — 1)-dimensional stratum Ys_; ;.

(c) If s > 2 and the germ of the singular locus ¥ at the origin has no strata of dimension
s — 1, then (3.20) is an isomorphism and the first inequality in (3.21) becomes an
equality. N

(d) If tHA(X,Z) =n+ 1, then H"*(F) is free.

Proof. (a) We continue to use here the notations from Theorem 3.1. First note that (3.4)
yields a monomorphism

H'"(F) — H (S, Py).

The hypercohomology spectral sequence together with the support condition for perverse
sheaves then yields that (e.g., see [Di, Proposition 5.2.20])

H™ (5 Pa) = H (S 1 @HO Seii M0 (Py)s,

)

By constructibility, H~*(Ps)|s,, is a local system on X,; with stalk H”*S(Fsdji), which in
our previous notations is exactly L;. Finally, it is well known (e.g., see [Max2, Exercise
4.2.16]) that

HO(ZS,'L'; Es,i) = ﬁniS(Fsr?i)Aiv
with the right-hand side denoting the fixed part of H "5 (F sml) under the A;-action. Alto-

gether, this proves (3.20), while (3.21) follows by computing ranks in (3.20).
(b) Let us next assume that s > 2. By setting j = 0 in (3.5) we get an isomorphism

(3.23) H"*(F) 2 H™*(Uy-1; Po-1)-
Consider the inclusions
Es—l & Us—l <i Us - Es

i.e., in the notations o eorem 3.1, @« = vs_; an = Us_1) an e correspondin
i in th tati f Th 3.1 d d th ponding
attaching triangle

(3.24) Wwa' Pyt = Py — RA5P, U

2Since we are interested only in the A;-invariant part of H nos(F ?,)7 it is clear that this is equal to the
intersection of the invariant submodules over some set of generators of m(Xs;). See also (5.6) and the
conjecture after it.
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with oy = o, and *Ps_1 = P,. In view of (3.23), the hypercohomology long exact sequence
associated to (3.24) contains the terms
(3.25) N
s S H(S ' Pey) = HYS(F) - H (U Py) —» H (S, Pey) — -+
As in the proof of Theorem 3.1, a spectral sequence computation yields that
H_S(Es—l; CY!,]Ds—l) = 07
and, as in the proof of (3.20) above, we have:
H—S(US; ’]DS) o @ Hn_s(ng)Ai‘
Therefore, (3.25) yields the exact sequence
(3.26) 0— H"*(F) — H"*(FM")% = H (S50 Pey) — -

Since a'P,_; is a constructible complex on ¥,_;, its cohomology sheaves are local systems
on every connected component Y, ;; of ¥,_;. Moreover, the hypercohomology spectral
sequence yields that

H ™ (S CV!Ps—l) =~ H(,-1; H_SH(‘)‘!PS—l))
(3.27) = @ HO (S5 H T (@' Pyy)
J

Z:s—l,j>’

If x € ¥,_1, with inclusions
(B} 82, S U,
and i/, := ao k, : {x} — Us_1, then we have as in [Sc, Remark 6.0.2(1)] that
ko 2 kya'2(s — 1)) 2 (1) [2(s — 1)].
In particular, the stalk of H~*"!(a'P,_;) at a point z € ¥,_; is computed by:
(3.28) H o (@ Pocr)e = H M (K2 Poy) & H (1) Po-r)

xz

Furthermore, if i, : {x} < Y is the inclusion map, then it follows (e.g., using the proof of
[Max2, Corollary 8.2.10]) that

(3.29) (i)' Pe_y =it P.

T

Therefore, after choosing a point z; in each (s —1)-dimensional stratum X,_; ;, we get from
(3.27), (3.28) and (3.29) that

(330) H78+1<2371;Oé!7)571) ~ @Hsflﬁ!xjp)ﬂﬂgs—l,j)'
J

The inequality (3.22) follows now by taking ranks in (3.26) and using (3.30).
The assertion in (c) follows immediatly from (3.26).

To prove (d), we deduce from (3.20) that it suffices to show that H"~*(F, ) is free, for
each i. In the notations of (3.18), we have:

HH_S(FQ) = Hn_S(SOf\NZXmN)mS,i = HO(SOf\NZXmN[n - 5])96

Since the point x,; is an isolated point in the support of the perverse sheaf ¢ Zxny[n—s|,
the stalk and costalk cohomology of ¢y Zx~y[n — 5] at x,; are isomorphic, and they are
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concentrated in degree 0. It is therefore enough to show that ¢y Zxny[n — 5] is a strongly
perverse sheaf.

For this, we first note that the assumption rHd(X,Z) = n+ 1 implies via Proposition 2.8
that Zy [n+ 1] is strongly perverse. Then the fact that N is transversal to the stratification
of X can be used to show that Zy,y[n + 1 — ] is strongly perverse on X N N. Indeed,
by transversality, X N N gets an induced stratification with strata of the form SN N for S
a stratum in X. For a stratum S of X and x € SN N, we denote by k. : {z} =& X NN
and k, : {x} < X the point inclusions. If we let iy : X N N < X be the inclusion map,
then iy o k! = k,, and iy = i%[—2s] (see, e.g., [Sc, (6.44)]). The fact that Zyx[n + 1 — 3]
is perverse on X N N follows immediately from the perversity of Zy[n + 1] (see, e.g., [Sc,
Lemma 6.0.4]). Moreover,

HOS (1 g+ 1)) 2 HO™S (1) Zocl + 1)) 2 HOWS (0,5, Zcn + 1 - 25])
= F S () Ll + 1 5]),

which translates into the fact that the perverse sheaf Zyy[n+1—s] on X NN is strongly

perverse. Finally, the stability of strong perversity under the perverse vanishing cycle

functor ¢y, [—1] implies that ¢ Zxy[n — s is a strongly perverse sheaf, as desired.”
Let us point out that the freeness is also proved in Theorem 5.5(a). O

REMARK 3.5. The exact sequence (3.26) shows that the “correction” of (3.20) from being
an isomorphism depends only on the (s — 1)-dimensional strata of the singular locus %
and of the costalks of the perverse vanishing cycle complex P at points in these strata. A
similar remark also follows from Theorem 5.5 after reducing to s = 2 by iterated slicing.
As we will see in some of the examples in §6, the monomorphism (3.20) is not in general
an isomorphism if (s — 1)-dimensional strata are present in .

REMARK 3.6. If we work with Q-coefficients, the statements and proofs of Theorems 3.1
and 3.4 hold in the category of mixed Hodge modules, provided that QX exists in the
derived category of mixed Hodge modules (e.g., if X is a complete intersection in a complex
manifold, cf. [Sai, Proposition 2.19]). In particular, under this assumption, (3.4) is a
monomorphism in the category of mixed Hodge structures and (3.5) is an isomorphism of
mixed Hodge structures.

3.2. Characteristic polynomials of Milnor monodromy. Jordan blocks. In this
section, cohomology groups are taken with C-coefficients. Let h and h; denote the Milnor
monodromy on the cohomology of F', and on the transversal Milnor fiber F’ Q‘Z to some s-
dimensional stratum, respectively. Let charh‘ Fin-s(F) denote the characteristic polynomial of

the monodromy % acting on H"*(F). Let by(V, 1) denote the dimension of the eigenspace
corresponding to the eigenvalue A of the linear operator p acting on the vector space V,
and let J\(V, 1) denote the maximum of the sizes of the Jordan blocks.

Since the monomorphism (3.20) is compatible with the Milnor monodromy actions, with
these notations we get the following.

Corollary 3.7. The characteristic polynomial chary g, . divides IL chary, | g 14, -

In particular, Charh‘ﬁn_s(F) divides the product HZ charhi‘ﬁn_s(m,).

3Similar arguments regarding freeness are used by the authors in the proof of [MPT, Theorem 1.2], in
the context of vanishing cohomology of complex projective hypersurfaces.
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Moreover, we have the inequalities:
(1) bACH™*(F), h) < 30, ba(H"*(FD) ™ hy).
(ii) JN(H"(F), h) < 32 INH"(FL)™N, hi).
O

Corollary 3.7 extends the results [Ti2, Corollaries 3.2 and 3.3]; compare also with [DS,
Section 3.3].

3.3. Eigenspaces of monodromy. The proofs of Theorems 3.1 and 3.4 apply to any
perverse sheaf supported on the stratified singular locus of f, e.g., to the generalized eigen-
sheaves ¢, Cyx (A € C) of vanishing cycles. With the notations of §2.3, consider the
C-perverse sheaf

P i="psa(Cxln + 1))
on Y, and let ¥* be the support of P* with sy, = dim ¥*. Then
Psr = Py
is a perverse sheaf on ¥* and we have the isomorphisms:
(3.31) HY(F;C)y = 1M (PY)o = HE T (P))o 2 HF" (SN PY).
The support condition for perverse sheaves then yields immediately that
(3.32) H" 7 (F;C), =0

for all j > 0, so the only interesting A-eigenspaces of Milnor monodromy are H F(F;C)y
with k = n — sy,...,n. Let us next note that ¥* C ¥ is a closed union of strata in the
Whitney stratification of Y, and it is exhausted by opens as in (3.3), where we use the
upperscript A when considering strata which are contained in ¥*. Let us set

A ._ DA
P = 7)0|U£>‘

and note that P} is a perverse sheaf of U} (i.e., on the union of strata in ¥* of complex
dimension > ¢). With these notations, the proof of Theorem 3.1 adapted to the perverse
sheaf P on ¥* yields the following (for j = 0, compare also with [DS, Section 3.5]).

Theorem 3.8. (a) For any j =0,...,s\ — 1 there is a monomorphism
rTn—s j . —s j A . DA
(333) H A (Fa C)z\ — H >\+J(US>\_]', ,PSA—]')'
(b) If sy > 2, then for any j =0,...,s\ — 2 there is an isomorphism
(3:34) H™H(F Oy 2 H (U2 5P ).

O

By specializing (3.33) to j = 0, and denoting by A the local system monodromy rep-
resentation along the i-th component ¥} ; of the top dimensional stratum of %%, with

transversal Milnor fiber F, g i» we get as in Theorem 3.4 the following (see also [DS, Section
3.3]).
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Corollary 3.9.
A

(3.35) H"\(F;C), — P (fNI”‘S*(Fm :C)a )Ai :

Sx,t?

Moreover, (3.35) becomes an isomorphism if ¥* contains no strata of dimension sy — 1. O

Taking dimensions, Corollary 3.9 yields (with self-explanatory notations) the following
Betti number estimate refining Corollary 3.7(1):

(3.36) b (F) < ZdlmH” AED SO < an o (FD )

4. MILNOR FIBER COHOMOLOGY VIA ITERATED SLICING

In this section, we use nearby and vanishing cycle functors to derive information about the
Milnor fiber cohomology via slicing. We also make use here of the vanishing neighborhood of
the nearby section of [Ti2], which gives the geometric counterpart of the slicing via perverse
sheaves.

4.1. Setup and notations. As before, let n > 1 and consider a nonconstant holomorphic
function germ f : (X,0) — (C,0) defined on a pure (n + 1)-dimensional complex singu-
larity germ (X, 0) contained in some ambient (CV,0). We work under the notations and
assumptions of §2.3, in particular we assume that rHd(X,Z) = n + 1 or, equivalently, that
Zy[n+1] is a strongly perverse sheaf on X in the sense of Definition 2.1(c); see Proposition
2.8 and Corollary 2.9(b).

Let [ : (CY,0) — (C,0) be a general linear function germ, i.e., transversal to all the
strata of W of X except at 0. The restriction of [ to X, to f~1(0), or to any other subset
shall be clear from the context and will also be denoted by [. Set

Y = f40), H:=1"Y0), f':=flg, Y = f"10)=YNH.

In what follows, we will consider the composition of inclusion maps
{O}&Y’&Y&X, with i:=u'0i : {0} =Y.

As in §3.1, we consider a Milnor ball B, C X for f at 0. The generic choice of [ implies
that the stratified singular locus Singy, (1, f) of the map germ (I, f) : (X,0) — (C?,0) is the
union I'(1, f)UX of the stratified singular locus ¥ of f with the so-called polar curve T'(l, f),
see, e.g., [Lé2, Ti2, Ti3]. It follows that (I, f) intersects the fibre (I, f)71(0,0) only at the
origin. In turn, this implies that the map germ (I, f) is open at the origin of the target,
and that there exists a fibration outside the discriminant A := (I, f)(I'(l, f) U ¥), in the
following sense: there exist disks (denoted by D) of small enough radii 0 < v < ' < €
such that the map (I, f) : B — C?, with B := B.NI"Y(D,y)N f~1(D.,), restricts to a locally
trivial fibration:

(4.1) (£ BN ) HA) = T\ A

It also follows that the fibration (4.1) is also independent of the choices of the constants,
cf. [Lé2, Ti2, Ti3]. Since the complement of the discriminant A is path connected, it follows
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that the fibre of the map (4.1) is unique. Let us denote it by F”’. In particular, F” is the
Milnor fibre of f” and also

F'~ BN f (y)ni(n)

for0 <y n<Kek 1.
We refer to Remark 4.5 for map germs involving several general functions, and for a
different approach by [MP] where the functions are non-generic.

4.2. Cohomological version of Lé’s attaching result. Here we recall the cohomolog-
ical version of a well known result of Lé [Lél] concerning the CW structure of the Milnor
fiber. It has already been discussed in this form in [Sab2] or [Ma2].

By applying the distinguished triangle (2.4) for the nearby and vanishing cycle functors
associated to [ : (Y,0) — (C,0) to the complex ¢¢Zy on Y, we get the distinguished
triangle

x [1
(42) WL = Gty Ly — prigLy
Applying the functor ¢* to (4.2) yields the distinguished triangle

-k /% /% 1
(4.3) Ly — Ly — oLy

Applying the cohomology functor H*(—) to (4.3) and using (2.5) yields the following long
exact sequence of groups

(4.4) o= HYF) = HM Ly )o — HM (oL )o — HH(F) — -
We include the following well known result and its proof for future reference:

Lemma 4.1. For any integer k,
(4.5) HE (hibsLx )o = H (F') = H* (Y phiZy )o-

Proof. With ,n, € as in §4.1, the generic choice of the linear function [ implies that {~!(n)
is smooth in the ambient space CV, and transversal to a fixed Whitney stratification W of
the set germ (X \ {0},0). Letting

f= f|szf1(n),
there a base change isomorphism (e.g., see [Sc, Lemma 4.3.4]):
(4.6) (Vs Zx) |11ty = Y FLx i1 (-

Then using (2.5) we get:
HE (P Zy)o = HF (BN 1 (n) N f7H(0); 4Ly )
= HYBn 17 () 0 fH0) U ilxri1(py) = HY (BN () 0 f7H () Z) = HE(F).

To show the isomorphism H* (¢ Zy)o = H*(F') we repeat the above procedure. What
makes it possible is the genericity of [ as discussed in §4.1. This genericity implies, roughly
speaking, that commuting the functors ¢; and v yields the isomorphism (4.5). O

By combining (4.4) and (4.5), we get that
(4.7) H* sy )o = H W (F,F).
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Since [ is generic, the origin {0} is an isolated point in the support of the strongly per-
verse sheaf PP (Zy[n + 1]) on Y, and hence the cohomology of i"P@,Pv (Zyx[n + 1]) is
concentrated in degree zero. Moreover, since

HE (s Ly )o = H* (" orsly) = HY (i/*p@lpwf@)( [n+ 1]))
>~ HE ((i,)!p@lp¢f(ZX [n + 1]))7
we get that H* (o Zy)o =0 for all k #n — 1, and
H"osLx)o = H"(F. F') = Z7

: fll:(lalee. long exact sequence (4.4) together with (4.5) and (4.7) then yield the isomorphisms
(4.8) H*(F) = HY(F'), for k<n—1,

and an exact sequence

(4.9) 0— H" Y F)— H"(F') = Z" — H"(F) — 0,

where

Tr = intO(F<l7 f)v f_l(o))
is a polar intersection multiplicity at O (see §4.1 for the definition of the polar locus T'(l, f)).
Note that by (4.9) one has that b,(F) < 7¢, where b,(F') is the n-th Betti number of the
Milnor fiber of f at the origin. We will give a sharper bound in (4.32) below.

4.3. Milnor fiber cohomology and the vanishing neighborhood of the nearby
section. We give here a sheaf-theoretic version of the cohomological results obtained by
Tibar in [Ti2, Theorem 2.2], which will play a fundamental role in this paper, and which
we could not locate in this form in the literature.

We start by evaluating the distinguished triangle (2.4) for the nearby and vanishing cycle
functors associated to ! : (Y,0) — (C, 0) on the complex ¢;Zy on Y, to get the distinguished
triangle on Y’

* 1
(4.10) u oLy — il — o1l 1

Applying i"*, and then taking the long exact sequence obtained by applying the cohomology
functor H*(—), one then gets by using (2.5) the long exact sequence

(4.11) - = HH(F) = HMupsx)o = HM (wipsLy)o — HH(F) — -

Since PP (Zx [n+1]) is a perverse sheaf on Y, the support condition for perverse sheaves
yields that

HE(WipsZx)o = H (i PPy (Zx[n + 1)) =0 if kb >n— 1.

Furthermore, since [ is generic, we obtain as before that H*(¢;p;Zy)o = 0 for all k # n—1.
Altogether, we get from (4.11) isomorphisms

(4.12) H*(F) 2 1 (YypsZy)o itk <n—1,

and an exact sequence

(4.13) 0— H" Y(F) = H" " (WpsZix)o — H" NprpsZy )o — H(F) — 0.
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Let us next give a geometric interpretation of (4.12) and (4.13). Since 1), is a functor of
triangulated categories, by applying it to the distinguished triangle on Y

(4.14) Ly — ULy — oLy
we get a new distinguished triangle

1
(4.15) By — Bty Ly — iprLy

of constructible complexes on Y’. Applying the functor H*(—), of taking the stalk coho-
mology at the origin, one gets the long exact sequence

(4.16) = HN DLy o = HE (Wi Ly )o — HF (Wi Zix)o — -+
We have that
(4.17) H* (WZy)o = H*(B.NY NI~ (n)) = H*(B.n f~1(Dy) NI~ (n),

where D, C C is a closed disk of radius v centered at the origin. Following the notations
from [Ti2] and from §4.1, we set

Fp = B0 f7H(Dy) N7 (1)

and note that F'N F}, = F’. In the last isomorphism of (4.17) we used the fact that FJ,
deformation retracts to the complex link Clk(Y,0) = B.NY N{7'(n) of the hypersurface
Y = f71(0) at the origin. Plugging (4.5) and (4.17) in (4.16), we obtain for any k¥ < n — 1
an isomorphism

(4.18) M (rpsLy)o = H N (Fp, F).
We can therefore restate (4.12) as an isomorphism
(4.19) HY(F)~ H™YF), F) ifk<n—1.

Furthermore, since by excision we get H*(FUF},, F') = H*(F},, F"), the long exact sequence
(4.13) can be identified with the long exact sequence of (reduced) cohomology of the pair
(F'U F},, F). So in particular we have the identification

H"oupsLx)o = H"(F U Fp),
and (4.13) becomes the exact sequence from [Ti2, Theorem 2.2}, namely
(4.20) 0— H" Y(F) — H"(F},,F') — H"(F U Fj,) — H"(F) — 0.

For future reference, let us record here the fact that the above discussion also shows that
the reduced cohomology H*(F' U F)) is concentrated in degree n (where it is free).

Let T be a small tubular neighborhood of the complex link Clk(3,0) = B.N X NI"(n)
of ¥ in the slice [71(n). By retraction we get (as in [Ti2]) the isomorphism:

(4.21) H*(F}, F'Y = H*(T, TN F"),

which provides us with a replacement of the pair (F7},, F’) appearing in (4.19) and (4.20)
by the pair (7,7 N F").

Definition 4.2. We call the pair (7,7 N F’) the vanishing neighborhood of the nearby
section, and we call H*(T,T N F") the vanishing cohomology of the nearby section of f.
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The Milnor monodromy A of the cohomology H*(F') is induced by a geometric mon-
odromy which acts on F' by moving along a small circle y(t) = exp(2int)y, and on the slice
F'=B.N f~'(y) NI~ (n) by moving along the circle {y(t) = exp(2int)y} N{z =n} C C*
It acts as the identity on F}, and on the neighborhood T'.

There is another geometric monodromy, defined by moving the slice | = n around the
circle exp(2int)n for t € [0,1]. We call it the sectional [-monodromy. This acts on F”,
on Fj,, on T, and it acts as the identity on F. Its induced action on the Z-cohomology
groups of all these spaces will be denoted by L, which in the previous notations can also
be identified with the action on H* (¢ Zy)o induced from the monodromy action on .

4.4. Tterated slicing, iterated nearby and vanishing cycles. We focus now on the
computation of the vanishing cohomology of the nearby section which, as can be seen from
(4.19), yields the cohomology of the Milnor fiber F', except in the two top dimensions.

In what follows, we calculate the Milnor fiber cohomology using repeated slicing by
general hyperplanes Hy := {l, = 0} for 1 < k < s— 2, with each [;, general linear functions
with [(0) = 0, as in §4.2 and §4.3.

Let X®) .= X N H,N---N Hy, with X = X, and consider the function germ

f® - (Xx® 0) = (C,0)

with Milnor fiber F*®) at the origin. In particular, F) = F’ and we set F( = F.
Let Y® = (f®)=10) = Y N H,N---N Hy. By the genericity of the hyperplane slices,
Y®) .= ¥ N H N---N Hy, is the singular locus of f*) and its Whitney stratification is
induced by that of X.

The Milnor fiber F® is also identified with B. N (I, f&=9)~1(5,~), the tube FY is

defined similarly to FJ, in §4.3, and T™® is a tubular neighborhood of the complex link
Clk(X™,0) of the singular locus X*), where T® := T. As in §4.3, the reduced integral

cohomology H*(F*=1 U Fgc)) is concentrated in degree n — k + 1.

The case of a 1-dimensional singular locus having been considered before, we focus now
on the higher dimensional case n > s > 2. Combining the slice isomorphism (4.8) on the
one hand, with the isomorphism (4.19) and the exact sequences (4.20) on the other hand,
we get the following:

Proposition 4.3. Let n > s > 2. For each fived 2 < k < s, there are isomorphisms
H" 5(F) = g F(FU)) = groky(pl) 7l) o pU+)
forany g =1,...,k—2. Moreover, for 1 < k < s—1 we have the following exact sequence
0 — ﬁn—k(F(k—l)) N Hn_k+1<T(k_1), T(k—l) N F(k))
N j_\j’nkarl(F(kfl) U Fl()k)) SN ﬁnkarl(F(kfl)) s 0’

where H'F(F) & Hn=k(Fk=1) O

The groups H9(TW, TW N FU+Y) appearing in Proposition 4.3 can be described by an
iteration of nearby and vanishing cycle functors, as follows.

Proposition 4.4. For any integers ¢ > 1 and j > 1,
(4.22) HU(FD) 2= 414y, Ly o,
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(4.23) HIY(TD, 70 0 FUT) = 49y, b, 05 o
Proof. The isomorphism (4.22) is the extension of (4.5) by iteration, and follows from it by
induction using the genericity of the linear functions [y,...,l; (see also Remark 4.5).
We now prove (4.23). By (4.21), we have an isomorphism
(4.24) Hq(T(j),T(j) N F(j+1)) ~ Hq(FgH),F(jH)),
with

(4.25) Fg™ = B.n(f9) (D)1 (1301) = Ban(FD) 7 0)N1 (1) = Clk(YD), 0),
with ~, ;11 sufficiently small. To prove (4.23) it is therefore sufficient to show that
(4.26) HI(FR ™ FOUD) = U1y, 9r L.
Applying the functor ¢y, ,, %, ..., to the distinguished triangle (4.14) on Y, we get a new
distinguished triangle on Y U+1):

1
(4.27) Vioy ooV ly = Uy Ly — Yy - V05l B

By applying the cohomological functor H*(—)g to (4.27), we get a long exact sequence
(4.28)

= HIy 0Ly )o — HI(W, - U rLx )o — HI(Y,, - VnprLy)o — -
As already shown in (4.22),
(4.29) H Wiy, - Uy Lx)o = HI(FUHY),
and the same formula yields that
(430) Hq(z/}lj+1 SR 1/}1le>0 = HY (BE nyn l1_1<7]1> M- l]_-i}l (nj-‘rl))

for small enough 7y,...,7n;41. By the genericity of the linear functions [y, ...,1;11, there is
a homotopy equivalence

B.NY NI ) N0 (ny4) = BenY NI 0)N - 07H0) NG (ny40) = Clik(YY), 0),

defined by moving (11, ..., 7n;,1;+1) along a straight path to (0, ...,0,7;11). Combining this
fact with (4.25) and (4.30), we therefore have an isomorphism

(4.31) HI (W, oy )o = HU(FE™),
Plugging (4.29) and (4.31) into the long exact sequence (4.28) yields (4.26), thus completing
the proof. 0

REMARK 4.5. Note that, by the genericity of the linear forms /;, the map (f,l,...,(;),
for 7 > 1, defines a stratified isolated singularity at the origin (e.g., it is an ICIS in case
of X = C"1), and therefore it is an open map at the origin of the target and defines a
stratified fibration outside its discriminant (which is actually included in a hypersurface).
This is a particular case of a map “sans éclatement” in the terminology of Sabbah [Sabl].
Consequently, H(¢y, ...y sZy)o in formula (4.22) is independent of the order of the
nearby cycle functors in the sequence. A non-generic situation occurs in [MP, Section 3],
where the iterated nearby cycles do not commute anymore, where the map may not be

open* anymore, and where the stratified fibration has a very special meaning depending on

4We may refer to [JT] for a study of images of map germs in relation with singular fibrations.
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the order of the functions in the map. A formula similar to (4.22) also holds in this general
situation after fixing an ordering of the defining functions, see [MP, Formula (8)].

4.5. Betti bounds and polar multiplicities. In this section we indicate how the slicing
technique yields Betti bounds for the Milnor fiber.

We begin with describing an upper bound of the top Betti number of the Milnor fiber.
While this result is known (e.g., see [Ti2, Corollary 2.3]), for completeness we include here
a proof in the spirit of §4.3.

Corollary 4.6. ([Ti2, Corollary 2.3], [Ma3, Theorem 3.3])
(4.32) bo(F) < A\ +b,(Clk(X, 0)),
where \° := 7 — 1, = into(T, f7(0)) — into(T, 171(0)).

Proof. By applying the functor ¢; to the distinguished triangle (4.14) on Y, we get a new
distinguished triangle

il
oy — prbsLx — o5l
on Y’ which, upon applying the functor H*(—)y of taking the stalk cohomology at the

origin and the fact mentioned earlier that H*(¢1p;Zy)o = 0 for all k # n — 1, yields the
short exact sequence

(433) 0— %nil(QDIZy)o — ,Hnil(g@lwaX)o — Hnil(QOZQOfZX% — 0.
Using the notation from (4.9), we get from (4.20) and (4.33) together with (2.5) that
(4.34) by (F) < 75 — b1 (CIk(Y, 0)).

On the other hand, since Zy[n + 1] is strongly perverse on X, the complex link Clk(X;,0)
of X at the origin has its reduced cohomology concentrated in degree n (e.g., see [Max2,
Corollary 10.6.3]), where it is free (by the freeness of lowest degree costalks). Similarly,
since Zy [n] is strongly perverse on Y (cf. §2.3), the reduced cohomology of the complex
link Clk(Y,0) of Y at the origin is concentrated in degree n — 1, where it is free (again, by
the freeness of costalks). The long exact sequence for the reduced cohomology of the pair
(Clk(X,0),Clk(Y,0)) then yields that
H"(CIk(X,0),Clk(Y,0)) = Z"™
is free, with
71 = b, (Clk(X,0)) + b,_1(CIk(Y, 0)).
It is known by work of Lé (see, e.g., [Ti2, Facts 1.1(b,c)] and the references therein) that
T = into(F, l_l(O))
is a corresponding polar intersection number for [. Our claim follows now from (4.34). O

The following two relations are consequences of iterated slicing and repeated application

of (4.8) and (4.9):

(4.35) by (F) = by (FE D) and b, i (F) < by_p(F®).
These yield the inequality:

(4.36) bp_p(F* DY < b, (F®),  for k>1,
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which can be used to get the following generalization of Corollary 4.6 (compare also with
[Ti2, Corollary 2.3 | and [Mad4]):

Corollary 4.7. Let s > 1. For any k=0,...,s — 1, we have the bounds:

(4.37) bpie(F) < by i, (F®) < X* 4+ b, _,(CIK* (X, 0)),
where
(4.38) A* = into(C (L, fM), (F*)71(0)) — into(T (L, ), (1) 7(0)),

O

REMARK 4.8. The numbers A* which occur in (4.38) are the analogues of the sectional
Milnor numbers p* defined by Teissier [Tel, Te2], in the sense that p* verify the same
equality (4.38) in case X = C""! and f has an isolated singularity. In Massey’s terminology,
A* are called “Lé numbers”, see e.g. [Ma2].

5. THE GEOMETRIC COMPUTATION OF H" *(F)

In this section we compute the lowest (possibly nontrivial) group H"*(F) by using
the isomorphism with the vanishing cohomology of the nearby section.” Namely, from
Proposition 4.3 for k£ = s and j = s — 2, we have:

(1) F=H(F) & s (FO-) & o) (1062, 7062 0 pe),

Consequently, N N
"2 (F) = A" (F,)
where g := fig,n.nH,_ o, M = n — s+ 2, with dim Sing(g) = 2, and Fj, denotes the Milnor
fibre of the function germ g.
In the remainder of this section we will therefore compute H™ 2(F,). For the sake of
simplicity we will use the previous notations, namely instead of g we use f, assume that
the dimension of its singular locus is 2, and compute H" 2(F).

5.1. Computing the vanishing cohomology of the nearby section. Let n > 3 and
s = dimSingf = 2. As before, we denote by ¥, the union of the strata of Singf of
dimension 2, and by ¥; the union of the 1-dimensional strata of Singf. We may have
singular 1-dimensional strata which are inside or outside .

The cohomology of the Milnor fiber H*(F) is known to be concentrated only in degrees
n,n — 1 and n — 2. From (4.19) and (4.20) we know that it is computed by the vanishing
cohomology of the nearby section in dimension n — 2, namely we have the isomorphism:

H"(F)= H" YT, TnFWY),
and the inclusion: _
H" Y (F) — HYT,TnFY),
where we recall that T is a small tubular neighborhood of B. N Sing f NI~'(n) in the slice
I7Y(n), and FO := B.nl " (n) N f~1(7).
We therefore focus on the computation of the vanishing cohomology H*(T,T N FM) of
the nearby section.

SAll these computations also apply for an admissible deformation of f.
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The singular slice
S =N (n)

is a union of curves, so let S = S;U...US,, be its decomposition into irreducible components.
The finite set of points ¥y NI~ (n) is the union RUU,_,Q;, where R is the set of all isolated
singularities outside S of the slice B. N Singf N I7'(n), and where Q; := S; N ¥; will be
called the set of special points of S;. Let S* := S\ U_,Q;, and S := S; \ @Q; for each i.

Let B, be a Milnor ball at the point r € R in the slice [7'(n), and let Ts denote a small
tubular neighborhood of S in the same slice. Then F, := B, N F'™ is the Milnor fibre of an
isolated hypersurface singularity at r, and therefore its reduced cohomology is concentrated
in the top dimension. With these notations one has:

Lemma 5.1.
H"*(F) = B" (T, T 0 FO) = H"\(Ts, Ts 0 FY)
(5.2) H"Y(F) — HT,Tn FY) = H'(Ts, Ts 0 FO) & (G H"(F,)

reR

Proof. We have the direct sum decomposition:

HYT,TnFY) =~ H*(B,, B, N FY) & H*(Ts,Ts N FY).

reR

Since H*(B,, B, N FW) = H*~1(F,) is concentrated in dimension * = n, the first term is a
direct summand of H™(T,T N F) and the assertion follows. O

5.2. A CW-complex model of the pair (Ts,Ts N FM). To study the cohomology of
the pair (T, Ts N F (1)), we shall construct a CW-complex model guided by the technique
displayed in [ST2|, and which was inspired in turn by the method developed in [ST1] for
the projective setting.

The small tubular neighborhood Ty is the union 7§ U B of the tubular neighborhood
TS of S*, together with By = |_|qu B,, where B, denotes a small enough Milnor ball at
q € Q in the slice [7(n).

Each component S; has a generic transversal Milnor fiber FI", on the cohomology of which
71(Sy) acts. Let " denote its Milnor number.

The pair

(Ts, Ts N FY) = (T35 U Bq. (T3 N FY) U (Bu N FWY))
comes into a relative Mayer-Vietoris long exact sequence
oo = HY(Ts, Ts N FW) — HY(T%, TeN FY) @ H*(Bg, Bo N FWY) —

(5.3) X X
— H*(T5 N B, (TeN FYYN (Bon FW)) — ...

that we analyze in the following.

5.2.1. The intersection term (T& N Bg, (T& N FW)N (Bg N FW)). This is a disjoint union
of pairs localised at points ¢ € (), namely one pair for each local irreducible branch of the
germ (5, q).

Let K, be the set of indices for the irreducible branches at ¢ € (). We use the same set
of indices K|, for the corresponding small loops around ¢ in S*.
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When we are counting the local irreducible branches at some point ¢ € (); on a specified
component S; then the set of indices for the local branches of the curve germs (.S;, ¢) will

be denoted by K.
With these notations we get the following decomposition:

(5.4) H*(T§ N Bg, (TsN FW) N (Bon FW)) = 5 @5 H*(2i.C).
qeQ keKy

One such local pair (2, Cy) is the bundle over the component of the link of the corre-
sponding irreducible branch of the curve germ (5, ¢), having as fiber the local transversal
Milnor data (EJ, F{"). These data depend only on the component S; containing the local
branch indexed by k, and therefore we have (Ej, F{") = (Ef, F{"), and in particular the
Milnor numbers equality ufl = uf.

5.2.2. The geometric monodromy and a CW-complex model for (Z,Cy). The relative coho-
mology groups in the above direct sum decomposition (5.4) are concentrated in dimensions
n — 1 and n, and depend on the local system monodromy v along the link Cj, by the
following Wang sequence:

(5.5) 00— H"(2,,Cp) — H™YED, FM S B Y(ED, EM) — H"(Z5,C) — 0,
from which we obtain:

H" (2,Cr) 2 ker (v —id | H"2(F)),  H"(Z,Cr) = coker (v, —id | H"2(F]))
for any k € K,, ¢ € Q.

After [ST1, ST2], the pair (2, Cx) has the following structure of a relative CW-complex,
up to homotopy. Each bundle over some circle link can be obtained from a trivial bundle
over an interval by identifying the fibers above the end points via the geometric vertical
monodromy v,. To obtain Zj from Cj, one first attaches (n — 1)-cells ¢y, . . . ) Cp to the fiber
F{" over the identified end points in order to kill the ;) generators of H, »(F}'). Next, one
attaches n-cells eq, . . ., eun to the preceding (n — 1)-skeleton. The attaching of some n-cell
is as follows: consider some (n — 1)-cell a of the (n — 1)-skeleton and take the cylinder I x a
as an n-cell. Fix an orientation of the circle link, attach the base {0} x a over a, then follow
the circle bundle in the fixed orientation by the monodromy v, and attach the end {1} x a
over vg(a). At the level of the cell complex, the boundary map of this attaching identifies
to v, —id : v/ /S
5.2.3. Cohomology of (Bg, Bo N FW). Since By is a disjoint union, one has the direct sum
decomposition

H*(Bq, B FO) = (D H' (B, F,).
qeQ
into the local Milnor data of the hypersurface germs (f~*(0) N 17*(n),q) which have 1-

dimensional singular locus. Therefore the relative cohomology H*(B,, F,) = H*1(F,) is
non-zero only for k =n — 1 and k = n.

5.2.4. A CW-complex model for (T, TiNFWY)). Each irreducible 1-dimensional component
29 of Sing fi—o is a curve germ, and hence its link B, N XY is a circle. Our S U R is
an admissible deformation of Sing fi—o in the sense’® of [ST2, §3.1], i.e., an isotopy at the

SMoreover, Jli=y 18 an admissible deformation of fj;—o in B..
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boundary 0B.. Therefore the boundary 0B.NS; of the irreducible curve S; is diffeomorphic
to the link of the corresponding 2, hence it is diffeomorphic to a circle, and in particular
each S; contains at least one singular point.

We call this circle the outside loop of S}, for any 7, and denote by U the set of outside loops
of S*. Note that over any loop u; € U we have a local system monodromy v, : Y/ Z“im,
and this monodromy is invariant in the admissible deformation.

Starting from the outside loop u;, we retract the Riemann surface with boundary S; to a
bouquet configuration I'; of loops connected by simple paths which have a single base point
z; € SF. These loops will be indexed by the set ;. Let us count how many loops are in W;.
There are 2g; so-called genus loops, where g; is the genus of the normalisation of the compact
singular Riemann surface obtained from S; by contracting its circle boundary to one point.
Besides those loops, there are 7, = ) 4cq; 7S¢ loops, where the set K introduced at §5.2.1
is indexing the local branches of S; at ¢ € );. We thus have #W; = 2¢; + ;.

The pair (T2, TiNF®) decomposes into the connected pairs (T}, TNF M) along the curve
components S;. Let us denote the projection of the tubular neighborhood by 7g : 7§ — S*.
Each pair (T}, T N FY) is then homotopy equivalent to the pair (7' (I;), 75" (T;)) N FO.
We endow the latter with the structure of a relative CW-complex as we did with (Z,C)
at §5.2, namely for each loop the similar CW-complex structure as we have defined above
for some pair (2, Cy). The difference is that the pairs (2, Cy) are disjoint whereas in S}
the loops meet at a single point z;. We therefore take as reference the transversal fiber
F" := FY N 75! (z) over the point z;, and we attach the (n — 1)-cells only once to this
single fiber in order to kill the 1 generators of H"2(F]").

The n-cells of (T}, Ty N FM) correspond to the fiber bundles over the loops in the bouquet
model of S¥. Namely over each loop, one attaches a number of uf' n-cells to the fixed
(n — 1)-skeleton described before, precisely one n-cell over one (n — 1)-cell of the preceding
(n — 1)-skeleton.

We introduce here some more notations before stating one of the consequences of the
above described CW-complex structure: for any w € W;, we denote by v, the vertical
monodromy along the loop in S} indexed by w. We sometimes abbreviate (v, — id |
H™2(F)) by (v, — id).

Let

(5.6) Ay i my(SF, z) — Aut(H"2(E": 7))

be the vertical monodromy representation, and let H"~2(F")# denote the submodule of
invariants. Let us point out that in general this representation cannot be related by a
Lefschetz slicing argument to the monodromy representation defined at (3.19). It is also a
priori not clear how the respective submodules of invariants are related. In view of Theorem
3.4(c) and of the forthcoming Corollary 5.3, we conjecture that they are equal, i.e., that

H2(FM)A = Hn=2(FMA for any i € I.
Lemma 5.2.  (a) We have the isomorphisms:

Hn_l(ﬂ*,ﬂ* N F(l)) ~ ﬂ ker(yw —id | Hn—2<ﬂm))’

weW;

H™(T;,T; 0 FU) = coker( @D (v — id | H™*(F"))).

weW;
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(b) The Mayer-Vietoris exact sequence (5.3) is trivial except of the 6-terms sequence:

0— H" Y(Ts,Tg N FV) » P H" > (FM)4 @@HH %@@ker v, — id)

iel q€Q qeQ keK,
(5.7) — H™(Ts,Ts N F %@coker EB —id | H"2(FM)) @EBH” L
el weW; q€Q

- EB @ coker (v —id | H”fz(F;Z“)) — 0.

qeQ keK,

(¢) x(Ty, Ty N FW) = (=1)"(2g; + 7 — D), where g; is the genus of the normalised of
S; and 7; is the total number of the local branches of ¥; at the points Q);.

(@)
(5.8) XT.TAFD) = =S ((F) = 1)+ (~1)" Y@ + 7 — Dl + (~1" S g

qeQ i€l re€R

Proof. From (4.19), (4.20) and (4.21) we know that H7(Ts,Ts N F1) =0 for j < n — 2
and j > n. By (5.4) and §5.2.2,

H*(T§N Bq,(TsnFY)n (Bon FY) = B 5 H*(2:.Ch)

q€Q keK,

is concentrated in dimensions n — 1 and n, and its Euler characteristic is zero since it is a
direct sums of relative circle bundles. And by §5.2.3, H*(Bg, BoNFW) is also concentrated
in dimensions n — 1 and n.

We also have that H*(T¢, TsNFW) = @, H*(T;, T N FW) is concentrated in dimen-
sions n — 1 and n. Indeed, the relative CW-complex model of (T}, T;* N F™M) is the bundle
over a bouquet of loops indexed by W; with fiber (E", F/"), and contains cells in dimensions
n and n — 1 only. In the following commuting diagram of exact sequences (5.9), where
the vertical arrows are induced by inclusion, we have on the first row the relative Wang
sequence for the bundle (Z,,C,) over one such loop cf (5.5), and on the second row the
relative Wang sequence for the total bundle. At the level n, the chain group is generated
by all n-cells corresponding to the elements of W;. In the second row, H" (T}, T} N FM)
identifies to the kernel of the boundary map 9 = ¢y, (v — id), and this kernel is the
intersection (,,cyy. ker(vy, —id | H"2(EM):

(5.9)
Hn—l(Zwycw) N anl(Egh’ Fz’m) Vo —id Hn—l(E’Eh’ Fz’m) _ Hn(zw,cw)
0 1= 1 1
n—1 * * (1) n—1 h h ®wewi (v —id) n—1 h h n * (1)
H"(T7, Ty nFY) — H" (E],F") — @wewi H" Y (E{,F") - H"(T;7,T; nF'Y)

By taking the direct sum over w € W in the left hand commutative square of (5.9) we get
a surjective map H™(T;, T; N FN) — @,y H" (2w, Cu) = @, ey, coker (v, — id).
Counting the ranks in the lower exact sequence yields the above claimed formula for y.
(5.8) is obtained by taking the Euler characteristic in the Mayer-Vietoris long exact sequence
(5.7), and using Lemma 5.2(c). O

We give the first consequence of the above model in case Q = ). This yields the following
slight extension of Theorem 3.4(c).
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Corollary 5.3. Let n > 3 and dimSingf = 2. If . N%; = 0 then:
Hn72(F> o~ @an2(};1im)/§,’

H" Y(F) — @coker( P (v —id) e P HE(F)

Proof. By the above construction we have
(Ts, Ts N FO) = | |(17, 77 0 FW)
iel
and our result follows by Lemma 5.2(b), by (5.2) and from the Mayer-Vietoris sequence
(5.7) which reduces to two isomorphisms since @ = (). UJ

5.3. End of the computation of H"?(F). We continue the computation without any
restrictions on the set (). The function germ f;,—, at some point g € @ is a function germs
with 1-dimensional singularity, and we have denoted by Fj its Milnor fiber. Let us denote
by 0.F the intersection of its boundary 0B, N F;, with the tubular neighborhood T¢ of
S*. Then we have a disjoint union 0y Fy, = | |, K, Cy, according to the local branches of the

singular locus germ (S, q).
By [Si3], see also [ST1, Prop. 3.2], we have:

Lemma 5.4. [Si3] The nontrivial part of the long exact sequence of the pair (F,, 0F,) is
the following 6-term exact sequence
0— H" *(F,) — H" (8, F,)) — H" (F,, 0. F))
— H""Y(F,) = H" Y (0,F,) — H"(F,,0,F,) = 0
OJ

From the above exact sequence we use only the inclusion from the left hand side, which
reads as:

(5.10) H"(F,) < H"(0:F,) = @D ker(vy, —id | H"(F})).

kEK,
The last isomorphism follows from the equality dyF, = | |, K, Cr and from the following
Wang sequence, the relative version of which has been evoked in (5.5):

(5.11) 0— H"%(C) — H" *(F") "= H"2(F") — H"1(C},) — 0.

Let us point out that in the direct sum of (5.10), each fiber F}' identifies with the
transversal fiber F/" for the i € I corresponding to k in the decomposition Ky = ic; Ko
Let us denote by ¢, the composition of the injection ¢ from (5.10) with the projection on
the direct summand ker(vy, —id | H"2(F}")).

By the exact sequence (5.3) via Lemma 5.2(a) and the exact sequence (5.7), and from
the expression of the second direct summand given in §5.2.3, we have H"%(F) = ker j,

where j is the following morphism:

(5.12) P a A ENY o @ H2(E) 5 @ @ ker (v —id | H™2(E])).

el qeQ q€Q keK,

v —id
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Let j1 : @, H=2(FMAi D ,co Dick, ker (v —id) denote the restriction of j to the
first summand. We will denote by j, the restriction of j to the second summand. By
Lemma 5.2(a) and (b), j; identifies with the map:

(5.13) @ m ker (v, —id | H"2(FM) @ @ ker (v, —id | H*72(F)),

el weW; qeQ keKy,

which is the diagonal map, in the sense that, for each fixed ¢ € I such that Q; # (), the
intersection from the left side injects into each of the members of the direct sum from
the right taken over ¢ € @;. Indeed, by the CW-complex model of T}, if Q; # 0, the
intersection ),y of kernels from the left side of (5.13) injects in each kernel ker(v; — id)
from the right side, for any k¥ € K, and ¢ € @;. On the other hand, if @Q; = (), then
Nwew, ker(v, —id | H"=2(FM) is clearly included in ker j. So, if Iy := {i € I | Q; = 0}, let
Jj1 denote the restriction of j; from (5.13) where in the source we take only the direct sum
D, o corresponding to the indices I \ 1.

Let us denote by j;(H" 2(F")4:) the subgroup in ker(v, — id | H" 2(F) for every
k € K4 and g € ;. With all these notations and preliminaries we obtain the following:

Theorem 5.5. Assumen > 3 and s = 2.
(a) H"2(F) is free. The morphisms ]{ and 7o are injective.
(b) H"2(F) = G & @,c;, H"2(F")™, where G = Imj{ NImyj, is a submodule of

D hEH2EN YA () wlHTHE)))].

ieI\Ip qEQq,kEKg;

Proof. (a). We have H"2(F) = ker j, where j is given in (5.12), and this is consequence
of the assumption rHd(X) = n+ 1. The freeness follows then from the fact that the source
of j is a free Z-module, since H" 2(F"4i are free, and H" 2(F,) are also free by (5.10),
both being consequences of the assumption rHd(X) = n+ 1 (see also the proof of Theorem
3.4(d)).

We have seen before that 7| is injective and it is actually the diagonal map for each fixed
t € I. Let us now consider

j @ HTF)— P P ker (v, —id | H*>(F}))

qeQ qeQ keK,

as the restriction of j to the second summand. After taking the direct sum € q4cq at both
sides of (5.10), we deduce the injectivity of js.
(b). From the CW-complex model and by the same argument as for Corollary 5.3, we get

the inclusion ker j D @, H"2(F™4i Since 7, and j, are injective, we deduce:

ker j = (Imj; N Imjy) & GB H"*Q(Fim)‘@i
i€lp
Next, for any fixed ¢ ¢ Iy, let us consider the following restriction, where in the target
we take the summands over K,; only:

j HHEYY @ @ H2(F)— @@ €D ker (v —id | H**(F]))

qeQ; q€Q; k€K y;
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Its kernel is then isomorphic j; (H" 2(FM4) N Nycaurer,, ta(H"(Fy)), due to the fact
that j; is the diagonal map.

Nevertheless, when we take the direct sum over i € I\ Iy, the kernels may not add up
since there is interaction between different S; due to the fact that whenever g € @) belongs
to several irreducible components S;, then the fiber F, contributes with ¢, (H" ?(F,)) for
all those indices k such that k € K . Therefore we do not get ker j as a direct sum but as
a submodule only; our claim is proved. 0

We immediately get from the above theorem the following:

Corollary 5.6. Letn > 3. Let [y :={i € I\ Iy | H" 2(F,) = 0 for some q € Q;}.
(a) G is isomorphic to a submodule of @qeq, H" *(F,). In particular, if I = I, then
il

H"2(F) = 0.
(b) bua(F) < Xiep g, min{by—2(F}), bua(Fy) | g € Qi}-

6. EXAMPLES

In this section, we apply our results to specific computations on examples. Let us refer
here again to [Za2, Ne2|, not only for very interesting and sharp results about the Milnor
fibre in a class of functions with s = 2, but also for examples of computations in homology.
More computations in homology are done in [ST2| in case of admissible deformations of
1-dimensional singularities, which case, as we have already mentioned before, has common
grounds with our case s = 2, whereas the computations in cohomology are different.

EXAMPLE 6.1. If the singularity at the origin of f : (X,0) — (C,0) is contained in a
positive dimensional stratum S, say of complex dimension r < s < n, then by the local
product structure around the origin we get:

H* ™Y (F)= ...~ H"(F) =0,

So in this case the reduced cohomology of the Milnor fiber F' is concentrated in degrees
[n —s,n —r]. In terms of vanishing cycles, this can be seen from the base change property
(e.g., see [Sc, Lemma 4.3.4]) as follows: if H is a normal slice (in the ambient space CV)
through the origin to the stratum S containing the origin, then we have for f’ := f|g and
with G°® a bounded constructible complex that:

(6.1) ep(G°n) = (0sG°) -

Let us consider the example f : C* — C given by f = xyz. The singular locus of f
is given by ¥ = H,, U H,, U H,,, with H,, := {z =y = 0}, H,, = {& = z = 0},
H,, := {y = z = 0}. These three complex 2-planes intersect mutually along the line
H,y, ={r =y =2 =0} = C. Then ¥ has a Whitney stratification with three 2-
dimensional strata

Z32,1 = ny \ nyza E2,2 = sz \ nyz> E2,3 = Hyz \ nyza

each homotopy equivalent to a circle, and a 1-dimensional stratum »; = H,,.. The transver-
sal type of each of the three 2-dimensional strata is A;, and each vertical monodromy A;
is the identity. Formula (3.20) yields in this case that H!(F) < Z3. It appears that this
inclusion is strict, which also shows that the monomorphism in (3.20) is not in general an
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isomorphism. Indeed, since the singularity of f at the origin is contained in a 1-dimensional
stratum, by slicing with a generic C3 through the origin reduces the calculation of H'(F')
to the case of the 1-dimensional singularity defined by zyz = 0 in C3, for which the origin
is a O-dimensional stratum. This was considered by Siersma in [Si3], who computed that
the Milnor fiber F' at the origin is homotopy equivalent to S* x S, hence H'(F) = Z2.
This calculation can also be performed via Theorem 5.5(a): indeed, we have j; = id, and
hence H'(F) = ker j = Im (jy : Z? — Z3) = Z2, since j, is injective.

EXAMPLE 6.2. Let f : C* — C be given by f = xyzu. The singular locus of f is 2-
dimensional and is given by

Y¥=H,yUH,,UH,,UH,,UH,, UH,,,

where H,, := {z =y = 0}, etc, thus each component is a 2-plane in C*. Any two of the
six components of ¥ intersect either along a complex line, e.g., Hy, N Hy, = Hyyo = {z =
y = z = 0} is the w-line, or at the origin, e.g., Hy,, N H,, = {(0,0,0,0)}. Moreover, any
three (or more) of the six components of ¥ intersect at the origin, e.g., Hy, N H,, N Hyy =
Hypo ={r=y=2=u=0}=1{(0,0,0,0)}. A Whitney stratification of ¥ can be given
with six 2-dimensional strata, one for each component of ¥, which are of the form

E2,1 = ny \ (nyz U Ha:yu) =C" x (C*v

etc. There are four 1-dimensional strata of the form H,,, \ H,,., = C*, and the origin
H.yw = {(0,0,0,0)} is a O-dimensional stratum.

Each of these 2-dimensional strata has the homotopy type of S' x S* and A;-transversal
type. The two generators of the fundamental group Z? of a 2-dimensional stratum act
trivially on the first cohomology group, Z, of the corresponding transversal Milnor fiber,
so the vertical monodromy along each of the 2-dimensional strata is the identity. Formula
(3.20) yields the inclusion H'(F) < Z5.

Let us further use Theorem 5.5. A generic slice [ = 1 has 1-dimensional singularities. We
have that S is a configuration of 6 lines intersecting at 4 points, where 3 lines pass through
each of the 4 points.” Thus Sf ~ C**, i = 1,...,6, and each local vertical monodromy
around such a puncture is the identity. We compute j and find that the image of j;
has 6 generators. Intersecting it with the image of j, introduces 3 relations among these
generators, more precisely a symmetric linear relation between 3 generators in each of the 4
punctures, and resolving the system yields finally 3 linear relations among the 6 generators.
We get H'(F) = ker j = Z3.

On the other hand, by direct computation, the fibre F' = {zyzu = 1} is homotopy
equivalent to S* x S* x S hence H'(F') = Z3, confirming the above result.

EXAMPLE 6.3. Let f : C* — C be given by f = 22z + y?u. The hypersurface f = 0 has
a 2-dimensional singular locus ¥ = {x = y = 0}, with Whitney strata %y = {(0,0,0,0)},
¥ = {(0,0,0,u) | u # 0} U{(0,0,2,0) | 2 # 0} and 3y = {(0,0,z,u) | 2 # 0,u # 0}.
The transversal Milnor fiber F™ to the stratum ¥, is the Milnor fiber of the singularity at
(0,0) of the curve 22 + y? = 0 in C?, so F ~ S. It follows from Theorem 3.4(a) that if F
denotes the Milnor fiber of f at the origin, then

HY(F) — Z.

"One may refer to [ST2, §5.4] for a related computation in homology in case of an admissible deformation
of a 4 planes central arrangement.
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On the other hand, it can be seen by using the Thom-Sebastiani theorem that £ = S'x S ~
S3. so in fact H'(F) = 0.

In the setting of Theorem 5.5, slicing with the hyperplane u+ 2 = 1 and taking advantage
of the homogeneity which implies that all the fibrations are global, we get S* ~ C**, where
the vertical monodromies v; around the two special points are —id. This implies that
ker(v; — id) = 0 and therefore Theorem 5.5(b) yields indeed that H'(F) = 0.

EXAMPLE 6.4. Let f : C* — C be given by f = 2? + z(y* + 2% + u?). The singular locus
of the hypersurface f = 0 has a Whitney stratification with a zero-dimensional stratum
Yo ={(0,0,0,0)} and a two-dimensional stratum

Yo = V(z,y* + 22 +u?)\ {(0,0,0,0)}.

The transversal Milnor fiber F™ to the stratum Y, is the fibre of a A, singularity. The
stratum Y, is homotopy equivalent to the link of a quotient surface singularity of type Aj,
hence 7 (33) = Z/2. Since there are no 1-dimensional strata, Theorem 3.4(c) shows that
the first cohomology group of the Milnor fiber F' of f at the origin is computed as:
Hl(F) ~ Hl(Fm)Z/2.

Note that we can write f = P(h,g), withh =2 :C* - C, g=9*+22+u*: C!' - C
and P = h% + hg, so the Milnor fiber F' at 0 can be deduced from [Nel, Theorem A] as
having the homotopy type of S*V 83V S3, which gives H'(F) = Z. Alternatively, after a
change of coordinates, we note that F'is the Milnor fiber of the singularity at the origin of
the polynomial 2% + (y* + 2% 4+ u?)?, and its homotopy type can be easily deduced via the
Thom-Sebastiani theorem as the suspension on two disjoint S?’s.

Let us indicate how this isomorphism follows from Theorem 5.5(b). By this result we
get HY(F) = HY(F™)? since the stratum S is the complex link of ¥, hence homotopy
equivalent to a circle. We compute the vertical monodromy v of H'(F™) along S. We
first slice near the origin with [ = u = 7 and consider the restriction f|,—, = f'(z,y,2) =
2?2 + z(y* + 22 + n?) with singular locus S = Z(x,9* + 2% + n?). We consider a circle
y?>+ 22 =t > 0 (in real coordinates) which is a geometric generator of the fundamental

group of S. The monodromy action v on H'(F™) = Z along this circle is the identity, thus
HY(F) 2 ker(v —id | HY(F™)) = Z.
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