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ABSTRACT. The linear optimization degree gives an algebraic measure of complexity
of optimizing a linear objective function over an algebraic model. Geometrically, it
can be interpreted as the degree of a projection map on the affine conormal variety.
Fixing an affine variety, our first result shows that the geometry of this conormal variety,
expressed in terms of bidegrees, completely determines the Chern-Mather classes of the
given variety. We also show that these bidegrees coincide with the linear optimization
degrees of generic affine sections.

1. INTRODUCTION

For a complex projective variety X C P", the mazimum likelihood (ML) degree of
X, denoted by MLdeg(X), is defined to be the number of critical points of a general
likelihood function pg° - - - p/(po + - - - + pn) 0T with u; € Z, on the smooth locus
of X'\ 'H, where H is the union of all coordinate hyperplanes and the hyperplane given by
po+---+pn =0. When X \ H is smooth, MLdeg(X) is equal, up to a sign, to the Euler
characteristic of X \ H (see [16]). When X \ H is singular, MLdeg(X) is equal to the
Euler characteristic of MacPherson’s local Euler obstruction function Fux\y (see [25]
and [20]). Noting that the Euler characteristic is the degree of the total Chern class, the
above results can be extended to relations between the ML bidegrees and MacPherson’s
Chern and Chern-Mather classes. Moreover, using a Chern class/Euler characteristic
involution formula of Aluffi, relations between ML bidegrees and sectional ML degrees
are established in [17] and [20]. In particular, in their recent paper [20], the authors
proved the Huh-Sturmfels involution conjecture of [17].

In this paper, we aim to find a linear analogue of the above-mentioned results. Given
an affine variety X C C", we define its linear optimization (LO) degree, denoted by
LOdeg(X), to be the number of critical points of a general linear function restricted
to the smooth locus X, of X. This gives an algebraic measure to the complexity of
optimizing a linear function over algebraic models X,,, N R", which are prevalent in
algebraic statistics and applied algebraic geometry. Similar to the ML degrees, we can
also define LO bidegrees b;(X) and sectional LO degrees s;(X), as we will discuss below.
Our first result (Theorem 1.1) is to relate the LO bidegrees b;(X) with the Chern-Mather
class of X. Furthermore, it is the case that s;(X) < b;(X), see Section 7, and our second
result (Theorem 1.4) states that the equality always holds.
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An equivalent definition of the linear optimization degree LOdeg(X) of an affine vari-
ety X C C" can be given as follows. Let T5C" be the affine conormal variety of X, i.e.,
the closure of the conormal bundle T | C" of Xieg in T*C". Consider the trivialization
T*C" = C™ x C™ of the cotangent bundle, where the first factor is the base and the
second is the fiber. Then the projection of T%C" to the second factor C" is a generically
finite map, and its degree is equal to LOdeg(X).

We define the LO bidegrees of X to be the bidegrees of T%C". More precisely, consider
the standard compactification C" x C" C P" x P", and let T%C" be the closure of T%C"
in P x P". We define the LO bidegrees of X, denoted by b;(X) or simply b;, to be the
coefficients of the Chow class of TxCn, that is,

(1) [T5Cn) = bo[P° x P"] + by [P' x P + -+ 4 by[P? x P"9) € A, (P" x P")

where d = dim X. In particular, by(X) = LOdeg(X). As we shall see later on (Proposi-
tion 6.2), these numbers b; equal the classical polar degrees if (and only if) the projective
closure of X is transversal to the hyperplane at infinity.

Fixing the standard compactification C* C P, we consider the local Euler obstruction
function Fuy of the affine variety X C C" as a constructible function on P”, with value
0 outside of X. Applying to it the Chern-MacPherson transformation ¢, : F(P") —
A, (P"), with F(P") the group of constructible functions on P, we get a class

(2) MY (X) = c.(Bux) = ao[P°] + a1 [P] + - - - + aq[P] € AL (P"),

which we refer to as the total Chern-Mather class of X. To emphasize the space X we
work with, we will occasionally use the notation a;(X) for the coefficients a; of (2).
For notational convenience, in (1) and (2) we set a; =b; =01if j ¢ {0,1,...,d}.
Our first result describes the relation between the LO bidegrees and the total Chern-
Mather class of X as follows.

Theorem 1.1. For any d-dimensional irreducible affine variety X C C", the sequences
{a;} and {b;} defined as in (1) and (2) satisfy the identity

(3) S bt =" a(—1)TH T (L)

0<i<d 0<i<d

Let us state two immediate consequences of Theorem 1.1, which were also considered
by other authors by different methods.

First, the equality of top degree coefficients in (3) reproves the following result of
Seade-Tibar-Verjovsky [29, Equation (2)] (see also [28, Theorem 1.2] and [21, Theorem
3.10]).

Corollary 1.2. For any d-dimensional irreducible affine variety X C C*, and H C C"
a general affine hyperplane, we have

(4) LOdeg(X) = by(X) = (~1)" - x(Bux

(Cn\H).

Secondly, by plugging t = —1 in (3), we derive the following relation between the
value of the local Euler obstruction function of an affine cone at the cone point, and
the LO bidegrees of the affine cone. More precisely, in the notation of (1), we get the
following result.
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Corollary 1.3. Assume that the d-dimensional irreducible affine variety X C C" is an
affine cone of a projective variety, and denote its cone point by O. Then

(5) Eux(0) = bg(X) — bg_1(X) 4 - + (=1)%(X).

Let us note that when X is the affine cone on a projective variety, like in the above
Corollary, Theorem 1.1 can already be derived from a combination of results contained
in [27] and [2]; see Section 1.1 below for a comparison of our results with prior works.
Moreover, in view of our Proposition 6.2, Corollary 1.3 reproves [33, Corollaire 5.1.2],
but it also recovers [2, Proposition 3.17] in view of our Theorem 1.1.

By analogy with the sectional maximum likelihood degrees, we now introduce sectional
LO degrees of affine varieties as follows. For any 0 < i < d, we define the ¢-th sectional
LO degree of X, denoted by s;(X) or simply s;, to be

(6) $i(X) :=LOdeg(X NH;N---NH;),

where Hy, ..., H; are generic affine hyperplanes. Then so(X) = LOdeg(X), and s4(X)
is the degree of X. Here, for notational convenience, we also set s; = 0 for ¢ > d.
Our next result shows that the LO bidegrees and sectional LO degrees coincide.

Theorem 1.4. Let X C C" be any wrreducible affine variety, and let b; and s; be its LO
bidegrees and LO sectional degrees, respectively. Then s; = b; for all 1.

Our formula in Theorem 1.1 shows that the Chern-Mather class of the affine variety
X is determined by the LO bidegrees. The relationship is more involved than the
corresponding result for ML bidegrees ([20, Theorem 1.3]) because, while the logarithmic
cotangent bundle of the pair (P",P™\ (C*)") is trivial, the one of (P",P™\ C") is not.
(See Proposition 4.1 for a remedy of this issue.) By contrast, Theorem 1.4 shows that
there is a simple relation between the LO bidegrees and the sectional LO bidegrees,
unlike the ML degree situation where the relationship is given by an involution formula
(see [20, Theorem 1.5]). In particular our result gives, via (4) and (6), a topological
interpretation of all LO bidegrees as Euler characteristics, that is,

bi(X) = (— l)d_iX(EuXﬁHlﬂmmH,-

with d = dim X. The equality between LO bidegrees and the sectional LO degrees also
shows that, when computing the LO bidegrees, orthogonal subspaces are sufficiently
general (see Corollary 7.2).

C”\H¢+1)7

In Section 6, we discuss the relation between the LO bidegrees of an affine variety and
the polar degrees of its projective closure (see Proposition 6.2). As a consequence, we
generalize Theorem 13 of [6] to singular varieties (see Corollary 6.3). As already hinted
on above, in view of formula (5) this relation also allows us to express the value of local
Euler obstruction of an affine cone at the cone point in terms of the projective polar
degrees of the projective variety we are coning off (compare with [2, Proposition 3.17]).

In Section 7, we provide a bijection between critical points of a linear objective function
on X restricted to a linear space with a set of points in the affine conormal variety; see
Proposition 7.1 and Corollary 7.2.
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Remark 1.5. We believe our results here motivate further analogous investigations for
other objective functions like Euclidean distance [9], p-norms [18] and bottlenecks [8].
Moreover, Proposition 7.1 encourages a revisitation into the maximum likelihood esti-
mation case [16, 5, 15] to find an involution at the level of critical points.

1.1. Comparison with other works. Let us clarify here the difference between our
approach and some of the more classical works.

As above, let X C C" be an irreducible affine variety with conormal space T5C" C
T*C". Instead of taking the fiberwise projectivization C(X,C") := P(T%C") C P(T*C")
as in, e.g., Sabbah [27], we first compactify the fibers of T*C" by taking their projective
closures, i.e., T*C" = C" x C* C C™ x P, so that we keep track of conic subvarieties
contained in the zero section of T*C", and then we compactify C" x P" using the trivial
projective bundle C" x P™ C P" x P". Other authors, like Aluffi [2] or Parusinski-Pragacz
[24], consider the projective closure X C P" of X, together with its corresponding
projective conormal variety C(X,P") := P(T%P") C P(T*P").

Note that Sabbah’s formula [27, Lemme 1.2.1] applied to X C C" computes the
Chern-Mater class of X in the Borel-Moore homology of X. The same formula applied
to X C P" computes the Chern-Mather class of X in the Borel-Moore homology (or
Chow group) of X, and resp., of P, upon using the proper pushforward. By contrast,
we relate our compactification of T*C"™ in P x P™ to a twisted logarithmic cotangent
bundle of P", and compute the Chern-Mather class of X in A,(P™) via Ginsburg’s
microlocal interpretation of Chern-MacPherson classes (cf. [11]). In fact, we derive
Theorem 1.1 as a consequence of our main result from [20, Theorem 1.1], recalled below
in Theorem 2.2, which computes the Chern classes of the extension by zero to P of the
local Euler obstruction function Fux of the affine variety X C C™.

This kind of relation between conormal varieties, Chern classes, and polar varieties,
has been already considered by [27], [33], [2], etc. For example, when X is the affine cone
on a projective variety, or more generally, if the projective closure X of X is transversal
to the hyperplane at infinity H., of P, Theorem 1.1 can be derived from a combination
of results contained in [27] and [2]. This is the case when H,, is not contained in the
dual variety of X, see Section 6 for more results in this direction.

The novel contribution of Theorem 1.1 (and of its consequence in Theorem 1.4) is
that it applies to all affine varieties without any additional assumption of infinity. For
example, in [21] we prove a conjecture from [9] by applying formula (4) to the compu-
tation of the Euclidean distance degree of the multiview variety, which does not have
good behavior along infinity.
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2. CHARACTERISTIC CYCLES. CHERN CLASSES. MICROLOCAL INTERPRETATION

In this paper, we work in the complex algebraic context, with A, denoting the Chow
group. By convention, we use subscripts for characteristic classes valued in Chow groups,
and we use superscripts whenever a characteristic class is of cohomological nature (e.g.,
Chern classes of a vector bundle).

Let X be a smooth complex algebraic variety, and denote by F(X) the group of
algebraically constructible functions on X, i.e., the free abelian group generated by
indicator functions 1z of closed irreducible subvarieties Z of X. An important example
of a constructible function on X is the MacPherson local Euler obstruction function Fuy
of an irreducible subvariety Z of X, see [19].

Let L(X) be the free abelian group spanned by the irreducible conic Lagrangian
cycles in the cotangent bundle 7% X. Recall that irreducible conic Lagrangian cycles in
T*X correspond to the conormal spaces 17X, for Z a closed irreducible subvariety of
X. Here, for such a closed irreducible subvariety Z of X with smooth locus Zg, its
conormal variety 77X is defined as the closure in 7% X of

77 X ={(: €T"X | 2 € Ziey, E€T]X, &
The characteristic cycle functor C'C' establishes a group isomorphism
CC: F(X)— L(X),
which, for a closed irreducible subvariety Z of X, satisfies:
(7) CC(Euy) = (-1)"™Z. T X,

In [19], MacPherson extended the notion of Chern classes to singular complex algebraic
varieties by defining a natural transformation

et F(—=) — Au(—)
from the functor F'(—) of constructible functions (with proper morphisms) to Chow (or
Borel-Moore) homology, such that if X is a smooth variety then c.(1x) = ¢*(TX) N[X].
Here, ¢*(TX) denotes the total cohomology Chern class of the tangent bundle TX, and

[X] is the fundamental class of X. For any locally closed irreducible subvariety Z of a
complex algebraic variety X, the function 1 is constructible on X, and the class

AM(Z) = c,(15) € A (X)

*

is usually referred to as the Chern-Schwartz-MacPherson (CSM) class of Z in X. Simi-
larly, the class

TzZrcg = O}

M 7)) = c.(Buy) € A (X)

is called the Chern-Mather class of Z, where we regard the local Euler obstruction
function Fuy as a constructible function on X by setting the value zero on X \ Z.

Results of Ginsburg [11] and Sabbah [27] provided a microlocal interpretation of Chern
classes, by showing that McPherson’s Chern class transformation ¢, factors through the
group of conic Lagrangian cycles in the cotangent bundle. We recall this construction
below, following, e.g., [4].

Let E be a rank r vector bundle on the smooth complex algebraic variety X. Let
E = P(E @ 1) be the projective bundle, which is a fiberwise compactification of £
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(with 1 denoting the trivial line bundle on X'). Then E may be identified with the open
complement of P(E) in E. Let 7 : E — X and 7 : E — X be the projections, and let
¢ := c*(O%(1)) be the first Chern class of the hyperplane line bundle on E. Pullback via
7 realizes A,(FE) as a A,(X)-module. An irreducible conic do-dimensional subvariety
C C E determines a d¢-dimensional cycle C' in E and, by [10, Theorem 3.3], one can

express [C] € Ag.(E) uniquely as:

dc

(8) C]= Y g%nzcl(0),

j=dc—r
for some ¢F(C) € A;(X). The classes

Cgc—r(o)’ cte 7CdEC (C)
defined by (8) are called the Chern classes of C'. The sum

dc

j=dc—r

is called the shadow of [C]. For our applications, we will mainly work with conic La-
grangian cycles in cotangent bundles, in which case we have do = r. In fact, the termi-
nology “Chern classes of C” is justified by the following result, applied to the cotangent
bundle 7* X and elements of the group L(X) of conic Lagrangian cycles:

Proposition 2.1. [4, Proposition 3.3] For any constructible function ¢ € F(X), the
Chern classes of the characteristic cycle CC(p) equal the signed MacPherson Chern
classes of ¢, namely:

0 AN (CO) = (-1P - () € A;(X), j=0,....dim(X),
where ¢;(¢) denotes the j-th component of MacPherson’s Chern class c.(¢).

If Z C X is a closed irreducible subvariety, one gets from (7) and (9) the following
identity:

(10) X (TEX) = ()Y (1) (2),

j
Jj=0
with cj»wa(Z ) denoting the j-th component of the Chern-Mather class of Z.

We end this section by recalling our main result from [20], which was used there for
proving the Huh-Sturmfels involution conjecture in maximum likelihood estimation.

Let X be a smooth complex algebraic variety, and let D C X be a normal crossing
divisor. Let U := X \ D be the complement, and let j : U < X be the open inclusion.
Let Q% (log D) be the sheaf of algebraic one-forms with logarithmic poles along D, and
denote the total space of the corresponding vector bundle by 7*(X, D). Note that
T*(X, D) contains T*U as an open subset. Given a conic Lagrangian cycle A in T*U, we
denote its closure in T%(X, D) by Aje. With this notation, the following result holds.
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Theorem 2.2. [20, Theorem 1.1] Let ¢ € F(U) be any constructible function on U.
Then

(11) P (CCTp),, ) = ¥ (CC(p)) € A(X),
where, if CC(p) = 32, nely, then CC(9),, = >4 nk(Ap)iog. Here, on the right-hand

side of (11), ¢ is regarded as a constructible function on X by extension by zero.

In particular, if ¢ = Euy for Z C U an irreducible subvariety, then for A = T;U we
get from (10) and (11) that:

(12) CZ*(XD(A]og — (_— dlmZZ EA( )
7>0

Formula (12) will play a fundamental role in the proof of Theorem 1.1 in Section 5.

3. SEGRE CLASSES AND SHADOW OF TWISTED CYCLES

Let C' be a cone over a variety Y, typically a subcone of a vector bundle. Let P(C)
be the projectivization of C, with projection 7 : P(C') — Y. We also let P(C' & 1) be
the projective completion of C, with projection map 7. Denote the tautological line
bundle on P(C' @ 1) by Opce1)(—1), and denote its inverse by Opcg1)(1). Following
[10, Chapter 4], we define the Segre class of C, denoted s,(C), to be the class in A.(Y)
defined by:

(13) s s (Zc (Opcan (1))’ N[P(Ce 1)]) :

>0

The i-th Segre class s;(C) is the i-th graded piece of s,(C). If the cone C is of pure
dimension d¢ over Y, then:

5(C) = 7. (M (Opcan (1) NB(C & 1)]) € A(Y).

Example 3.1. If F is a vector bundle on Y, then s.(F) = ¢*(E)~!' N [Y]; see [10,
Proposition 4.1(a)].

Remark 3.2. The addition of the trivial factor 1 is needed to account for the possibility
that P(C') may be empty, e.g., when C'is contained in the zero section of a vector bundle.
However, if C' is an irreducible conic variety such that P(C') is nonempty, then cf. [10,
Example 4.1.2], we have:

(14) $:(C) = . (Z ! (Op(cy(1))' N [P(C)]> :

>0
In particular, in this case, we have s;(C') = 0 for i > dim C.

Let Y be a smooth projective variety and let D be a reduced divisor with complement
U =Y\ D. Let E be a vector bundle on Y, and let C' C E be an irreducible conic
subvariety whose support in Y is not contained in D. We consider E|y as the common
open subset of F and E(D) := E® Oy (D). Denote the closure of CN(E|y) in E(D) by
C". The following proposition is a straightforward generalization of [10, Example 3.1.1].
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Proposition 3.3. Under the above notation, we denote the dimension of C' by d¢. If C
is not contained in the zero section of E, then the Segre classes of C and C" are related
by the identity

(15) Sde—i—1(C") = Z (Z) (=D N sag—j—1(C)  for alli> 0.

0<j<i J
Proof. Under the natural isomorphism P(F) = P(E(D)), the projectivization P(C) of
C is the same as that of C’. Notice that Oppp)(—1) = Opg)(—1) @ 7 (Oy(D)).

Moreover, the pullback of ¢'(Op(g)(1)) to P(C) is equal to ¢'(Op(c)(1)). Thus, the Segre
classes of C' and C’ can also be expressed as

$.(C) =, <Z c! (OIP’(E)(l))i N [MC)])

and

where 7 : P(E) = P(E(D)) — Y is the projective bundle map.
Combining the above equations and using the projection formula, we have

Sao-i-1(C") = 7. (¢ Qe (1)) = ' [D]) N [B(C)])

=y (Z:>(—[D])i_j N (¢ (Opm) (1)) N [P(C)])

o<j<i ™

for any ¢ > 0. O

We can use the following elementary formula to simplify formula (15).

Lemma 3.4. As power series, we have the following identity:

k+n k 2 n+1 —n—1
> () =1—t+?—-- )" =1+t L
k>0 n

Corollary 3.5. Under the notation and assumptions of Proposition 5.5, we have

(16) 5.(C) = 321+ D)7 M sg gt (O,

J=0
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Proof. By Proposition 3.3 and Lemma 3.4, we have

(@)= 3 (M) D) N ©)

k>0 J
B k+7\, ik s .
— ; <k220< ; )( (D)) ) N Sao—-1-5(C)
= 0 D) Mg 14(©). A

Remark 3.6. When the irreducible subvariety C' C E is contained in the zero section,
by definition, we can identify C' and C” as the same subvariety of Y. Thus, in this case,
we have s,(C) = s,(C"). Moreover, by definition, all Segre classes of C' and C” vanish
except in degree de. In other words, $.(C) = s.(C") = 54.(C) = 54, (C").

We recall here the following useful fact.

Proposition 3.7. [3, Lemma 2.12] For any conic subvariety C in a vector bundle E
over'Y, one has

(17) ¢,/ (C) = c*(E) N s.(0),

with c¢*(E) denoting the total cohomology Chern class of E, and cZ(C) the shadow of C
(as defined in the previous section,).

Combining Corollary 3.5 with Proposition 3.7, we have the following.

Corollary 3.8. For any irreducible conic subvariety C' in a vector bundle E over Y,
and C" defined as above, we have

(18) PO =) L+ D) N (0),

k>0
where 1 is the rank of E.

Remark 3.9. When k > 7, ¢, (C') = 0 by (8). So the summation in (18) stops at
kE=r.

Remark 3.10. If C' is the zero section of F/, then the Segre class of C' is the fundamental
class of Y. In this case, by (17) we get c.(F) = ¢*(F) N [Y] = ¢Z(C) and, similarly,
c(E(D)) = c*E(D)(C’ ). Corollary 3.8 reduces to the well-known (cohomological) Chern
class formula

(19) ¢(E(D))= ) ¢(E)-(1+[D])

0<i<r



10 LAURENTIU G. MAXIM, JOSE ISRAEL RODRIGUEZ, BOTONG WANG, AND LEI WU

Proof of Corollary 3.8. First, we assume that C' is not contained in the zero section of E.
By equations (16) and (17), we have

c?PNC") = ¢ (B(D)) N 5.(C")

= (Z (B (1+ [DD”) n (Z(l + D)7 sdcj1<c>.>

= Y () (4 DY) s (©)

=> (1+[D)*"'n ( > d(E)N sdc-kﬂ-_l(O))
k>0 0<i<k

= Z(l + D)+ n CdEc—k—l(O)'

This is equivalent to (18) since, by (17) and Remark 3.2,
e (C) = F(E) N sqpak(C) = 0.
k>0
When C'is contained in the zero section of F, by (17), (19) and Remark 3.6, we have
cZPNC") = (B(D)) N 540(C)

=Y A(E)-(1+[D])" N sa.(C)

0<:<r

= Z (14 D) N (ai(E) N sqa(C))

0<i<r

= > A+[D) T nek ()

0<i<r

which is the same as (18) by Remark 3.9. O

4. TWISTED LOGARITHMIC COTANGENT BUNDLE

Fix the standard compactification C" C P", and denote the complement divisor by
H.. Denote the coordinate functions of C" by z;, 1 < i < n. The following proposition
will allow us to relate the results in the previous section and the study of LO bidegrees.

Proposition 4.1. The twisted logarithmic cotangent bundle Q. (log Hoo)(Hso) 48 a triv-
ial bundle. Moreover, the 1-forms dz; extend to global sections of Qp.(log Hy)(Hys), and
they form a trivialization of Q5. (log Hy)(Ho).

Proof. Let pg,...,p, be the homogeneous coordinates of P” such that z; = ;%' Let

Uy C P™ be the affine chart defined by py # 0. In Uy, the vector bundle Q. (log Hoo ) (Hyo)

is equal to Qf., and the sections dz;, 1 < i < n, generate the locally free sheaf Qf..
Without loss of generality, we need to show that the sections dz;, 1 < 1 < n,

extend to sections of Qf.(log Hy)(Hu)|y, and they generate the locally free sheaf
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QL. (log Ho)(Hoo)|y,- In fact, in Uy,
Ao — d (&) _d (Pi/]h) _ dpi/p) pi dpo/p1) 1
' Do Po/p1 Po/p1 P po/p1 Po/pr
Clearly, they are sections of Q. (log Hy)(Hs)|u, - Notice that for i > 2,
d(pi i
o) p gy,
po/pr P
Thus, as subsheaves of Q.. (log Hoo)(Hoo) |1,
dpo/p1) 1 d(p2/p1) d(pn/p1)>
po/pr po/pi po/pr T po/m
Thus, the sections dzi, ..., dz, generate Qb, (log Hyo)(Hoo) |y, - O

dZi

OU1 . (dzl,...,dzn) = OU1 . (

5. THE PROOFS

In this section we prove our main results stated in the introduction.

Proof of Theorem 1.1. Recall that X C C" is a d-dimensional irreducible subvariety. De-
note the conormal variety T%C" by A. Let Ajog be the closure of A in E == Q.. (log Hy).
Then, by formula (12),

o (Rug) = (1) 3 (~1Pe)(x).
Jj=0
Therefore, following the notation in Section 1, we have
C*E(Klog) = (_1)d ' (aO[PO} - al[Pl] +oeee (_1)dad[Pd]) S A*(]Pm)-
On the other hand, by Proposition 4.1, F(Hy) = Qp.(log Hy)(Hs) is trivial. By
formulas (1) and (8), we have
¢7 ) (Rig) = bo[P) + Ba[P] + - + 04[] € AL ("),

/!

where A, is the closure of A in E(Hy). Applying Corollary 3.8 with Y = P", D = H,
C = Klog, we obtain the following relations between sequences a; and b;,

(20) S bt =" a1 (L4 )

0<i<d 0<i<d
as asserted by Theorem 1.1. 0
Proof of Corollary 1.2. By [1, Proposition 2.6],

b
1+b

where h € A,,_1(P") is the hyperplane class. Under the assumption that
co(Bux) = ag[P°] 4+ a1 [PY] + - - - + ag[PY,

c(Bux|g) = co(Euy)
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we have
er(Bux) = c.(Buxlu) = (1— ) @)+ P+ )
T ( ]P’ ]+ aq] ]P’l] ._|_ad[]P’d])
= (D'aPT+ D> (D) T wP + -+ ag[PY).
0<i<d 1<i<d
Therefore,

X(Bux|cmu) = x(Bux) — x(Eux|n) = /n (ce(Bux) = co(Bux|n)) = Y (=1)a;.

0<i<d

On the other hand, it follows immediately from (20) that by = > ;< (—1)%"a;. There-
fore, o

bo = (=1) - x(Bux|emn),
as desired. 0

Proof of Corollary 1.5. The degree zero component of the Chern-Mather class ¢M(X) :=
c.(Buyx) € A.(P") equals the Euler characteristic of the local Euler obstruction function.
In other words, in the notation of (2), we have

ap(X) = x(Euy).

Suppose that X is an affine cone of a (possibly singular) projective variety, with cone
point at the origin O. Then O is the only fixed point of the C*-action on X. Since Fux
is invariant under the C*-action, the Euler characteristic x(Fuyx) is equal to Eux(O),
the value of Fuy at the origin O. Thus, we have

Eux(0) = ap(X).
Plugging t = —1 in (3), we obtain the desired equality (5). O
Proof of Theorem 1.4. As in the Introduction, we write
co(Buy) = ao[P°] + a1 [P'] + - - - + aq[P7),

where we consider Eux as a constructible function on P* which vanishes on P\ X. By
Corollary 1.2, we know that

si = (=) '\ (Buxnmnonm; lom iy, )

= (=1)""X(Buxam,n-nm,) + (1) " X (Buxnmn-nm,,, )

where Hy,..., H; are general affine hyperplanes in C". By [I, Proposition 2.6],

X(Buxnmne-nm,) = /Pn (%) ci(Bux),
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where h € A,,_1(P") is the hyperplane class. Therefore,

v (i) ¢ (1)) et
Sl R (‘1—26)10"@“’()

= (-”dfpn 1ib (_12‘))i (gajhn]) |

Thus,

> o= [ () () o

0<i<d i>0 P >0

v nj 1 _f).t—l)i‘ .
- [ o 1+b§( )
_ d n—j 1 h'til - n
- [ ey (1)
—_ (_1)\d [ 1—. n
= L e ey

— 0 [ Y ey

1,520

- <_1)dzaj(—1)j(1 +thy "
= (—1)‘12_:(1]»(—1)]'(1 + 1)t

Jj=0

On the other hand, formula (3) of Theorem 1.1 shows that the last term in the above
sequence of equalities is exactly Zogig 4 bi - t"7". Hence b; = s;, for all 0 < i < d. 0

6. LO BIDEGREES AND PROJECTIVE POLAR DEGREES

Let X be an affine variety in C* and let X be its closure in P*. As before, we use
T5C" C T*C" = C" x C" to denote the affine conormal variety of X, and following the
notation of [31], we use Ny C P™ x (P")" to denote the projective conormal variety of
X. In this section, we compare the two conormal varieties and their bidegrees.

First, let us review the definitions of the affine and projective conormal varieties. For
simplicity, we start with the case when X, and hence X, is smooth. In this case,

TiC" = {(x,u) € T°C" = C} x C} | x € X and ulz,x = 0}.
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Here u = (uy,...,u,) corresponds to the parallel 1-form ) ,_.. wdzr; on C", and
u|7, x = 0 means that x is a critical point of the linear function ), <icn Wili. Equiva-
lently, u|r, x = 0 if and only if a level set of ), .. w;x; is tangent to X at x. On the

other hand, following [26], the projective conormal variety is the (n — 1)-dimensional
subvariety of P x (P™)¥ defined by

Ny = {(p, H) e P"x (P")Y |p € X and H is tangent to X at p},

where the dual projective space (P")Y parametrizes hyperplanes in P". In general, when
X or X is singular, we use the above formulas to define the conormal varieties along the
smooth locus, Tk, C" and Nk, . Then we let TXC" and Nx be their closures in 7*C"
and P™ x (P™)Y, respectively.

Let Hy, € (P") denote the hyperplane at infinity in P, and let 7y, : (P")Y --» P!
be the rational map given by projecting from H,,. Since the C*-action on C]} by scalar
multiplication preserves the subvariety T5C" C C} x C!', we can take the fiberwise
projectivization P(T%C") C C? x P"~!, and denote its closure in P* x P"~! by P(T3C").
Then the affine and projective conormal varieties are related as follows.

Proposition 6.1. Assume that X is not contained in any proper affine subspace, that
is, X is not contained in a hyperplane. Under the above notation, the rational map
id X 7o o PPX(P™)Y —=» PP ! restricts to a birational map between N and P(T5Cm).
Hence, we have an equality of subvarieties of P* x P,

(21) id X 7o (Ny) = P(T%Cn),
where we regard the left-hand side as the closure of id X7 (N5 \ P" X {Hw}).

Proof. Since both Ny and P(T%C"™) are irreducible, it suffices to show that id x7.
induces a bijection between general points in Ny and P(T%C"). In fact, fix a general
point (x,H) € N, where x € X, and H is tangent to X at x. Let the defining
equation of H be ugpg+ - - -+ u,p, = 0, where p; are the homogeneous coordinates of P".
The restriction of H to the affine chart py # 0 is the level set {ujx; +- - +u,z, = —up}
of the linear function [, = wyzy+- - - +u,x,, where x; = p;/po are the affine coordinates.
The projection id X7, forgets the value of ug and only remembers the linear function
ly (up to scalar). Given the point x and the linear function [,, there is a unique level
set of [,, containing x. Thus, the restriction of id X7, to N is generically injective. In
other words, id X7, induces a birational equivalence between N+ and its image.

Now, we only need to prove the equality (21). By the earlier discussions, putting
u = (uy,...,u,), then (x,u) defines a point in P(T%C"). Conversely, a general point
(x,u) of P(T%C") corresponds to a linear function l, = ujx; + - - - + u, 2, (up to scalar)
and a critical point x of [,|x. Let H be the projective closure of the level set of I,
containing x. Then id X7 (x, H) = (x,u). Thus, equality (21) follows. O

Using the above result, we will derive relations between the LO bidegrees of X and
the polar degrees of X. First, let us recall the definitions. As in the introduction, the
LO bidegrees b;(X) (or simply b;) are the bidegrees of the closure of the affine conormal
variety T%C"™ in P x P". More precisely, they are defined by the following formula

[T5Cn] = bo[P° x P + by [P x P"71 4 -+ 4 by[P4 x P"79] € A, (P" x P"),
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where d = dim X . Similarly, the polar degrees 6;(X) (or simply &;) of X are the bidegrees
of the projective conormal variety Ny C P™ x (P")Y. More precisely, they are defined
by (see e.g., [31, Section 2])

[NY] =0 [IEDO X [[anl] 4+ .. 4 5d+1[Pd % Pnid*l]_

Proposition 6.2. The bidegrees of TxC" C C7 x CI! and the bidegrees of Nx C P" x
(P™)Y coincide in the sense that

if and only if the hyperplane at infinity Hy, is not a point in the dual variety X' c (P™)V.

Proof. Fixing i, let L"~* C P™ be a general linear subspace of dimension n — i, and let
L? c P"! be a general linear subspace of dimension i. By Bertini’s theorem, L"~% x L
intersects P(T%C") in P* x P! transversally, and the intersection consists of b;(X)
points. Now, we assume that Hu is not in X ', that is, Ny N (P" x {Hx}) = 0. Let
M1 C (P")V be a general linear space of dimension i + 1 passing through the point
H,,. Then L"* x M*™! is cut out by i general hyperplanes in P* and n — ¢ — 1 general
hyperplanes in (P™)" passing through H,.. Since Ny N (P" x {Hy}) = 0, by Bertini’s
theorem, L"~" x M**! intersects Ny transversally at 6;,1(X) points. By Proposition 6.1,
if M*! is the cone over L' with vertex H., then id X7 induces a bijection between
Ny N (L™ x MY and P(T5C™) N (L"~% x LY). Hence b;(X) = 6;41(X).

Next, we assume that Ha is in X . Let e be the codimension of X in (P™). We
claim that b, 1(X) < 6.(X). Let L"~*! € P" be a general linear space of dimension
n—e+1,let L¢ C (P")Y be a general linear space of dimension e, and let M¢ C (P™)Y be
a general linear space of dimension e containing H,,. Denote by py : P x (P")Y — (P™)Y
the second projection and, by abusing notation, we also use py to denote any of its
restrictions. Since the dual variety X" has codimension e, any fiber of the map

p2 @ Ny — X’
has dimension at least e — 1, and a general fiber has dimension exactly e — 1. Thus, the
restriction
pe: Ng N (LT x (PY)Y) = X

is surjective and generically finite, whose degree we denote by h. Then X" intersects
L¢ transversally at 6.(X)/h points. By Bertini’s theorem and Proposition 6.1, away
from H, X" intersects M¢ transversally at b._1(X)/h points. By assumption, H is
contained in the intersection of X ' and Me¢. Moreover, the intersection multiplicity of
X' Me at H® is positive (see [10, Proposition 7.1] or [30, Section V.3, Theorem 1]).
Since the global intersection numbers satisfy X' Le=X"M ¢, the above arguments

imply that be_1(X)/h < 6.(X)/h, that is, b._1(X) < 5e(X). O

Combining Theorem 1.4 and Proposition 6.2, we obtain the following generalization
of [6, Theorem 13] (see also [31, Proposition 2.9]) to singular varieties.

Corollary 6.3. Let X C C" be an affine variety, with projective closure X C P".
Assume that the hyperplane at infinity Hy, is not contained in X', Then the sectional
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LO degrees of X coincide with the polar degrees of X, that is, 5;(X) = d;41(X) for all
0<i<dimX.

Remark 6.4. If the affine variety X C C” is defined by homogeneous polynomials,
i.e., X is the cone of a projective variety, then its closure intersects the hyperplane at
infinity H., transversally. In this case, Hy is not contained in 7\/, and hence we have
0i1(X) = 5;(X) = b;(X), for all 0 <4 < dim X. For example, if X C C? is defined by
the vanishing of the determinant of the matrix [%g %% %g] then the LO bidegrees of X
and the polar degrees of X are given by

[T5C9) = 6[P° x PY] + 12[P* x P¥] + 12[P? x P7] + 6[P® x P°] + 3[P* x P9,

[Nx] = 6[P° x P + 12[P! x P7] + 12[P? x P%] + 6[P? x P°] + 3[P* x P4

The following examples illustrate that, when H,, € 7\/, the two sets of bidegrees
considered above are different.

Example 6.5. Let X in C? be the curve V(22 +y* + 2* — 1,y — 2*). The curve X and
its projective closure X = V(2® +y* + 2% — v*, yu — 2?) are smooth. The LO bidegrees
of X and the polar degrees of X are given by

[T5C3] = 6[P° x P?] 4 4[P! x P?,
[Nx] = 8[P° x P?] + 4[P! x P!).

In this case, X" has codimension 1, and as predicted by Proposition 6.2, by = 6 < d; = 8.
Note that this example satisfies the assumption that the real algebraic curve obtained
by intersecting X and R? is compact (compare with [6, Theorem 13]).

Example 6.6. If X C C* is the hypersurface V(22x5 — x324) then its projective closure
is X = V(2225 — 292374). The dual variety X" contains the point 0:0:0:0:1] and
is defined by the binomial 32y, + 4yoysys. The LO bidegrees of X and the polar degrees
of X are very different:

[T5Cn] = 1[P° x P*] + 4[P' x P?] + 5[P* x P?] 4 3[P* x P!],
[Nx] = 3[P° x P] + 6[P' x P?] + 6[P* x P'] + 3[P* x P°].

7. APPLIED ALGEBRAIC GEOMETRIC CONTEXT

The algebraic degree of an optimization problem is a well studied topic in applied alge-
braic geometry. It appears in numerous fields including statistics [5, 13, 25], semidefinite
programming [12, 23, 26], computer vision [14, 21|, physics [7, 32|, and polynomial opti-
mization [22]. A recent useful machine learning application of optimizing linear functions
on varieties appears in Wasserstein optimization [6] and, more generally, in computing
the distance to a variety with respect to any polyhedral norm [6, Equation 3.2]. In
many of these applications, the computational results rely on the notion of genericity
and counting intersection points. In this section, we make use of Theorem 1.4 to bring
our results into this realm, and to provide a bijection between critical points of a linear
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objective function on X restricted to a linear space with a set of points in the affine
conormal variety.

We fix an affine variety X in C". Recall that 7*C" ~ C? x C, where x and u denote
the coordinates of vector and covector components of T*C". The conormal variety
T%C" inside of C! x CJ is of dimension n. Let L be an affine subspace of codimension
i. Throughout this section, for u = (uy,...,u,) in CI, we define the linear function
hy : C* — C,(21,...,2,) = wxy + -+ Upz,. We let LT C C" denote the affine
subspace orthogonal to L containing u. Then L x L C C? x C" is n-dimensional.

Proposition 7.1. Let u be a generic point in C;! and L C C? be a generic affine subspace
of codimension i. Then, p is a critical point of hy restricted to (X N L)yeg if and only
if there exists a unique y € C" such that (p,y) € TxC" N (L x LL). In particular, the
number of points in TxC" N (L x L) equals s;(X).

Proof. Denote by W,, the set of critical points of hy on (X N L),e,. For each p € Wy, we
know u is in the row span of the Jacobian of generators of the ideal of X N L evaluated
at p because p is a critical point of the linear function hy, restricted to (X N L)ee. In
other words, there exist y € C" and z € C" such that u =z + y with

(1) z is in the row span of the Jacobian of generators of the ideal of L,
(2) y in the row span of the Jacobian of generators of the ideal of X evaluated at p.

Recall L is the orthogonal complement of L translated to pass through the point wu.
Therefore y € L. So for p € Wy, we have (p,y) € T5C" N (L x LL). Uniqueness
follows from Theorem 1.4. For the other implication, first notice that the genericity of
L and u implies that the intersection T%C" N (L x L) lies over X,eq. Moreover, since
L is generic, the sectional LO degree s;(X) is the number of critical points of h, on
(X N L)yeg, hence the last assertion follows. O

Corollary 7.2. Foru and L as in Proposition 7.1, there are b;(X) points of intersection
in TC" N (L x LE).

Proof. Let M be a generic affine linear space of codimension n—i. Then T5%C"N (L x M)
consists of b; points of intersection by definition of LO bidegree. Since L is generic and
L is a generic translate, we have L x L} is a generic translate and T5C" N (L x L)
consists of finitely many points (by Bertini’s theorem). Since L is of codimension n —1,
the number of points in T%C" N (L x L) is at most b;. Thus, it suffices to show the
cardinality of T%C" N (L x L) is at least b;. This follows from Proposition 7.1 and
Theorem 1.4. U

Remark 7.3. Corollary 7.2 is in stark contrast to the maximum likelihood degree
case [20] where the ML bidegree b; is usually a strict upper bound on the ML sectional
degree s;.

Example 7.4 (Tllustrative). Let X be the sphere in C? defined by z3+x3+x3 = 100. The
LO bidegrees and sectional LO-degrees of X are (by, b1, ba) = (50, $1, 52) = (2,2,2). With
this setup, our interest is in b (X)) and s1(X). We let u = (10,5,17) and L = V(23 —6)
so that L = V(y; —10,y5 —5). Then, T%C"N (L x L}) has b; = 2 points. To compute
s1(X), we can find the set of two critical points of hy restricted to (X N L), to be

(23) {(2a, @, 6) € C* : 5a® = 64}.
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From (23), we can recover T5C" N (L x L) by following the proof in Proposition 7.1.
We have the Jacobian of {z3 + 23 + 22 — 100, x3 — 6} evaluated at p = (2c, @, 6) is

da 2a 12
0O 0 1

We see how u is a linear combinators of the rows of the evaluated Jacobian:

10 - b
4-64

75
) (40&, 2a, 12) + (——Oé + 17) ’ (07 0, 1)

u=(10,5,17) = =

We take y = (10,5, 22a) and so y —u = (0,0, 22« — 17) is in the row span of (0,0,1).
Thus,

7 32 7 32

75
TyC"N (L x L) = {(2a,a,6, 10, 5, 3—2a> eC¥*xC?: 502 = 64} .

Remark 7.5. In Example 7.4, we chose L to be a general coordinate hyperplane for
illustrative purposes. This is not sufficiently generic for every example. For instance, if
we let f = 1+ x; + 23 + 23 instead, then the LO bidegrees of V(f) are the sequence
(2,4,3). However, T5C" N (L x L) has only one point: (—3473/16,1/4,6, 10,5, 1080),
and so L x LE does not intersect the affine conormal variety at b; points.
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