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1 Homotopy Groups

Definition 1.1. For each n > 0 and X a topological space with o € X, the n-th homotopy
group of X is defined as

W(X,zo) = {f: (I",0I") = (X, 20)}/ ~
where I = [0,1] and ~ is the usual homotopy of maps.

Remark 1.2. Note that we have the following diagram of sets:
(1", 01") ! (X, z0)

\ /
(I"/o1", 01" OI")
with (I"™/01™,0I™/OI™) ~ (S™, sg). So we can also define

(X, ) = {g (S™, s0) (X,xo)}/w.

Remark 1.3. If n = 0, then my(X) is the set of connected components of X. Indeed, we
have I° = pt and 9I° = (), so 7y(X) consists of homotopy classes of maps from a point into
the space X.

Now we will prove several results analogous to the case n = 1, which corresponds to the
fundamental group.

Proposition 1.4. Ifn > 1, then m,(X, xo) is a group with respect to the operation + defined

as:
(f+g)<81 S9 s ): f(2317$27...,$n) OSS]_S%
3 925 )y °on 9(281—1,82,...,5’”) %Sslgl

1) |

Figure 1: f+ g

(Note that if n = 1, this is the usual concatenation of paths/loops.)



Proof. First note that since only the first coordinate is involved in this operation, the same
argument used to prove that 7 is a group is valid here as well. Then the identity element is
the constant map taking all of I to xy and the inverse element is given by

—f(s1,82,. .., 8n) = f(1 —51,82,...,5n).

Proposition 1.5. Ifn > 2, then m,(X, x¢) is abelian.

Intuitively, since the 4+ operation only involves the first coordinate, if n > 2. there is enough
space to “slide f past ¢”.

Proof. Let n > 2 and let f,g € m,(X,x0). We wish to show that f + ¢ ~ g + f. Consider
the following visualization:
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Figure 2: f+g~g+ f

We first shrink the domains of f and g to smaller cubes inside /™ and map the remaining
region to the base point xy. Note that this is possible since both f and g map to xg on
the boundaries, so the resulting map is continuous. Then there is enough room to slide f
past g inside /™. We then enlarge the domains of f and g back to their original size and get
g+ f. So we have “constructed” a homotopy between f + g and g + f, and hence 7, (X, z¢)
is abelian. O

Remark 1.6. If we view 7, (X, z() as homotopy classes of maps (S”, sg) — (X, zo), then we
have the following visual representation of f + ¢ (one can see this by collapsing boundaries
in the above cube interpretation).

Figure 3: f + g, revisited



Next recall that if X is path-connected and xy,x; € X, then there is an isomorphism
67 : 7T1(X, ZEl) — 7T1(X,£B0)

where v is a path from z; to xg, i.e., v : [0,1] — X with v(0) = z; and v(1) = xy. The
isomorphism f, is given by

By([f1) = [v * f %]

for any [f] € m (X, z1), where ¥ = v~ and * denotes path concatanation. We next show a
similar fact holds for all n > 1.

Proposition 1.7. If n > 1 and X is path-connected, then there is an isomorphism [, :
(X, 1) = m, (X, zo) given by
By =Dy 1,

where v is a path in X from xy to xg, and v - f is constructed by first shrinking the domain
of f to a smaller cube inside I"™, and then inserting the path v radially from x1 to xog on the
boundaries of these cubes.
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Figure 4: 3,

Proof. 1t is easy to check that the following properties hold:
Ly (f+g) =y f+79
2. (ym)-f~v-(n-f), for napath from zy to z;
3. ¢z - f =~ f, where c,, denotes the constant path based at x.
4. B, is well-defined with respect to homotopies of v or f.

Note that (1) implies that 3, is a group homomorphism, while (2) and (3) show that 3,
is invertible. Indeed, if ¥(t) = (1 — t), then B;l = . O

So, as in the case n = 1, if the space X is path-connected, then m, is independent of the
choice of base point. Further, if 2o = x;, then (2) and (3) also imply that m (X, z¢) acts on
(X, zo) as:

T X Ty — Ty,

(v, [f]) = [y - f]
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Definition 1.8. We say X is an abelian space if m acts trivially on m, for alln > 1.

In particular, this implies that m; is abelian, since the action of m; on 7 is by inner-
automorphisms, which must all be trivial.

We next show that m,, is a functor.

Proposition 1.9. A map ¢ : X — Y induces group homomorphisms ¢, : m,(X,x9) —
TalY, 6(20)) given by [f] = [¢ o f], for all n > 1.

Proof. First note that, if f ~ ¢, then ¢o f ~ ¢pog. Indeed, if ¢; is a homotopy between f and
g, then ¢o1), is a homotopy between ¢o f and ¢pog. So ¢, is well-defined. Moreover, from the
definition of the group operation on 7,, it is clear that we have ¢o (f+g) = (¢po f)+ (¢og).
So ¢.([f + g]) = ¢.([f]) + ¢«([g]). Hence ¢, is a group homomorphism. O

The following is a consequence of the definition of the above induced homomorphisms:

Proposition 1.10. The homomorphisms induced by ¢ : X — 'Y on higher homotopy groups
satisfy the following two properties:

1. (¢O¢)*=¢*O¢*~
2. (’ldX>* - ’l'dﬂ—n(vao).
We thus have the following important consequence:

Corollary 1.11. If ¢ : (X, z9) — (Y, y0) is a homotopy equivalence, then ¢, : m,(X, xg) —
(Y, ¢(x0)) is an isomorphism, for alln > 1.

Example 1.12. Consider R" (or any contractible space). We have 7m;(R") = 0 for all i > 1,
since R™ is homotopy equivalent to a point.

The following result is very useful for computations:

Proposition 1.13. If p: X > X isa covering map, then p, : ﬁn()?,i) — (X, p(T)) is
an isomorphism for all n > 2.

Proof. First we show that p, is surjective. Let z = p() and consider f: (5", s0) = (X, z).
Since n > 2, we have that m (S") = 0, so fi(m1(S", 50)) = 0 C p.(m (X, 7)). So f admits a lift
to X, i.e., there exists f : (S™, s9) — (X, T) such that po f = f. Then [f] = [po f] = p.([f]).

So p, is surjective.

(57, 50) == (X, )
Next, we show that p. is injective. Suppose [f] € kerp.. So p.([f]) = [po f] = 0. Let
po f = f. Then f ~ ¢, via some homotopy ¢; : (S™, s9) = (X, x¢) with ¢; = f and ¢y = c,.

5



Again, by the lifting criterion, there is a unique 5,5 (9™, 80) — (55, z) with po 5,5 = ¢y.

Then we have p o§1 =¢1 = fand po 50 = o = Cg, S0 by the uniqueness of lifts, we must
have ¢; = f and ¢y = cz. Then ¢, is a homotopy between f and cz. So [f] = 0. Thus p, is
injective.

U

Example 1.14. Consider S' with its universal covering map p : R — S given by p(t) =
e?™  We already know that m(S') = Z. If n > 2, Proposition 1.13 yields that m,(S?) =
mn(R) = 0.

Example 1.15. Consider 7" = S x S x -+ x S, the n-torus. We have m,(T") = Z". By
using the universal covering map p : R® — 7™, we have by Proposition 1.13 that m;(7T") =
mi(R™) =0 for ¢ > 2.

Definition 1.16. If m,(X) = 0 for all n > 2, the space X is called aspherical.

Remark 1.17. As a side remark, the celebrated Singer-Hopf conjecture asserts that if X
is a smooth closed aspherical manifold of dimension 2k, then (—1)* - x(X) > 0, where Y
denotes the Euler characteristic.

Proposition 1.18. Let {X,}4 be a collection of path-connected spaces. Then

Tn (H XQ> > [[7n(Xa)
for all n.

Proof. First note that a map f : Y — [, X, is a collection of maps f, : ¥ — X,. For
elements of 7,, take Y = S™ (note that since all spaces are path-connected, we may drop
the reference to base points). For homotopies, take Y = S™ x I. ]

Example 1.19. A natural question to ask is if there exist spaces X and Y such that
(X)) = m,(Y) for all n, but with X and Y not homotopy equivalent. Whitehead’s Theorem
(to be discussed later on) states that if a map of CW complexes f : X — Y induces
isomorphisms on all 7,,, then f is a homotopy equivalence. So for the above question to have
a positive answer, we must find X and Y so that there is no continuous map f: X — Y
inducing the isomorphisms on m,’s. Consider

X =52xRP? and Y =RP? x S5



Then 7,(X) = m,(S2xRP?) = 7,(5?) x 7, (RP?). Since S? is a covering of RP3, for all n > 2
we have that 7, (X) = m,(5?) x 7,(5%). We also have m(X) = m;(5?%) x m (RP?) = Z/2.
Similarly, we have 7, (Y) = m,(RP? x $3) = m,(RP?) x 7,(5?). And since S? is a covering of
RP?, for n > 2 we have that m,(Y) = 7,(5%) x m,(S?). Finally, m(Y) = m (RP?) x m,(S?) =
Z]2. So

(X)) = m, (V) for all n.

By considering homology groups, however, we see that X and Y are not homotopy equivalent.
Indeed, by the Kiinneth formula, we get that Hs(X) = Z while H5(Y) = 0 (since RP? is
oriented while RP? is not).

Just like there is a homomorphism 7 (X) — H;(X), we can also construct homomor-
phisms
(X)) — H,(X)

defined by
[f 8" = X]| — fi[S"],

where [S"] is the fundamental class of S™. A very important result in homotopy theory is
the following:

Theorem 1.20. (Hurewicz)
If n>2 and m;(X) =0 for all i <n, then H;(X) =0 fori <n and m,(X) = H,(X).

Moreover, there is also a relative version of the Hurewicz theorem (see the next section
for a definition of the relative homotopy groups), which can be used to prove the following:

Corollary 1.21. If X and Y are CW complexes with m(X) = m(Y) = 0, and a map
f X = Y induces isomorphisms on all integral homology groups H,, then f is a homotopy
equivalence.

We’ll discuss all of these in the subsequent sections.

2 Relative Homotopy Groups

Given a triple (X, A, xy) where xyp € A C X, we define relative homotopy groups as follows:
Definition 2.1. Let X be a space and let A C X and xo € A. Let

"' ={(s1,...,8,) € I" 5, =0}
and set
J = oI\ InL,
Then define the n-th homotopy group of the pair (X, A) with basepoint xqy as:
To(X, A, mg) = {f - (1", 01", J"") = (X, A, z0) } ) ~

where, as before, ~ is the homotopy equivalence relation.
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I(n-1)

Alternatively, by collapsing J"! to a point, we obtain a commutative diagram

(In, 6[”, Jn_l) f (X, A, xo)
\ /
(Dn’ Sn—l’ 80)
where g is obtained by collapsing J"~!. So we can take

(X, A, z0) = {g: (D", 5" ", s0) = (X, A,z0) }/ ~ .

*® 0

A sum operation is defined on m,(X, A, x¢) by the same formulas as for m,(X, zg), ex-
cept that the coordinate s, now plays a special role and is no longer available for the sum
operation. Thus, we have:

Proposition 2.2. Ifn > 2, then m,(X, A, zo) forms a group under the usual sum operation.
Further, if n > 3, then m,(X, A, xo) is abelian.

Remark 2.3. Note that the proposition fails in the case n = 1. Indeed, we have that
7T1(X7A,l'()> = {f : (Ia {Oa 1}’ {1}) — (X,A,Jfo)}/ ~ -

Then (X, A, zg) consists of homotopy classes of paths starting anywhere A and ending at
Xp, SO we cannot always concatenate two paths.



Just as in the absolute case, a map of pairs ¢ : (X, A, z9) — (Y, B, yo) induces homomor-
phisms ¢, : m,(X, A, x9) — m, (Y, B,yo) for all n > 2.

A very important feature of the relative homotopy groups is the following:

Proposition 2.4. The relative homotopy groups of (X, A, xq) fit into a long exact sequence

o (A, 1) B (X, 20) D (X, A, o) 2 1 (A, o) — - — mo(X, m) — 0,
where the map O, is defined by O,[f] = [f|m-1] and all others are induced by inclusions.

Remark 2.5. Near the end of the above sequence, where group structures are not defined,
exactness still makes sense: the image of one map is the kernel of the next, which consists
of those elements mapping to the homotopy class of the constant map.

Example 2.6. Let X be a path-connected space, and
CX : =X x[0,1]/X x {0}

be the cone on X. We can regard X as a subspace of CX via X x {1} C CX. Since CX is
contractible, the long exact sequence of homotopy groups gives isomorphisms

m(CX, X, 20) = m,—1(X, 20).

In what follows, it will be important to have a good description of the zero element
0 € m (X, A, xo).

Lemma 2.7. Let [f] € m,(X, A, xo). Then [f] = 0 if, and only if, f ~ g for some map g
with image contained in A.

Proof. (<) Suppose f ~ g for some g with Image g C A.

% 0

x_0 A x0 — X

tt1




Then we can deform I" to J" ! as indicated in the above picture, and so g ~ ¢,,. Since
homotopy is a transitive relation, we then get that f ~ c,,.
(=) Suppose [f] =0 in 7,(X, A, z0). So f =~ c;,. Take g = c4,. O

Recall that if X is path-connected, then m, (X, x¢) is independent of our choice of base
point, and 7 (X) acts on 7,(X) for all n > 1. In the relative case, we have:

Lemma 2.8. If A is path-connected, then B, : m,(X, A, x1) = m,(X, A, o) is an isomor-
phism, where v is a path in A from xq to .

W/

f
Yy AV

7

NN

Figure 5: relative (3,

Remark 2.9. In particular, if o = 1, we get an action of m;(A) on m,(X, A).
It is easy to see that the following three conditions are equivalent:
1. every map S* — X is homotopic to a constant map,
2. every map S* — X extends to a map D'*! — X, with S* = 9D,
3. mi(X,x0) =0 for all g € X.
In the relative setting, the following are equivalent for any ¢ > 0:
1. every map (D', 0D") — (X, A) is homotopic rel. D* to a map D' — A,
2. every map (D!, 0D%) — (X, A) is homotopic through such maps to a map D* — A,

3. every map (D', 0D") — (X, A) is homotopic through such maps to a constant map
D — A,
4. (X, A, x9) =0 for all zy € A.
Remark 2.10. As seen above, if a : S™ = de"™! — X represents an element [a] € 7, (X, o),
then [a] = 0 if and only if « extends to a map "™ — X. Thus if we enlarge X to a space
X' = X U, e"™ by adjoining an (n+ 1)-cell "™ with « as attaching map, then the inclusion

j X — X’ induces a homomorphism j, : m,(X, z9) — m,(X', xo) with j.[a] = 0. We say
that [a] “has been killed”.

10



The following is left as an exercise:

Lemma 2.11. Let (X, o) be a space with a basepoint, and let X' = X U, e" ™! be obtained
from X by adjoining an (n+1)-cell. Then the inclusion j : X — X' induces a homomorphism
Js (X, o) = (X', x0), which is an isomorphism for i < n and surjective for i = n.

Definition 2.12. We say that the pair (X, A) is n-connected if m;(X, A) =0 fori <n and
X is n-connected if m;(X) =0 fori <n.

In particular, X is O-connected if and only if X is connected. Moreover, X is 1-connected
if and only if X is simply-connected.

3 Homotopy Extension Property

Definition 3.1 (Homotopy Extension Property). Given a pair (X, A), a map Fy: X =Y,
and a homotopy f, : A =Y such that fo = Fo|a, we say that (X, A) satisfies the homotopy
extension property (HEP) if there is a homotopy F; : X — Y extending f; and Fy. In other
words, (X, A) has homotopy extension property if any map X x {0} UA X I — Y extends to
amap X X I =Y.

Proposition 3.2. Any CW pair has the homotopy extension property. In fact, for every CW
pair (X, A), there is a deformation retract r: X x I — X x {0} UA X I, hence X x I —-Y
can be defined by the composition X x [ - X x {0JUA XTI =Y.

Proof. We have an obvious deformation retract D" x I —— D" x {0} U S"~! x I. For every
n, consider the pair (X, A, U X,,_1), where X, denotes the n-skeleton of X. Then

X x I =[X,x{0}U (A, UX,_1)xI]UD" x I,

where the cylinders D™ x I corresponding to n-cells D" in X'\ A are glued along D™ x {0} U
S™=1 % I to the pieces X, x {0} U (A, UX, 1) x I. By deforming these cylinders D" x I we
get a deformation retraction

ot Xo X I — X, x {0} U (A, UX, 1) x I
1 1
n—1"7 __n]’we

get a deformation retraction of X x I onto X x {0} U A x I. Continuity follows since CW
complexes have the weak topology with respect to their skeleta, so a map of CW complexes
is continuous if and only if its restriction to each skeleton is continuous. O

Concatenating these deformation retractions by performing r, over [1 —

4 Cellular Approximation

All maps are assumed to be continuous.

11



Definition 4.1. Let X and Y be CW-complexes. A map f : X — Y s called cellular if
f(X,) C Y, for all n, where X,, denotes the n-skeleton of X and similarly for Y.

Definition 4.2. Let f : X — Y be a map of CW complexes. A map f': X — Y is a cellular
approximation of f if f' is cellular and f is homotopic to f.

Theorem 4.3 (Cellular Aproximation Theorem). Any map f : X — Y between CW-
complexes has a cellular approximation f' : X — Y. Moreover, if [ is already cellular
on a subcomplex A C X, we can take f'|a = f|a.

The proof of Theorem 4.3 uses the following key technical result.

Lemma 4.4. Let f: X Ue™ = Y UeF be a map of CW complezes, with e”, e* denoting an
n-cell and, resp., k-cell attached to X and, resp., Y. Assume that f(X) C Y, f|x is cellular,

andn < k. Then f £ f' (rel. X) , with Image(f') C Y.

Remark 4.5. If in the statement of Lemma 4.4 we assume that X and Y are points, then
we get that the inclusion S™ < S* (n < k) is homotopic to the constant map S™ — {so} for
some point sy € S*.

Lemma 4.4 is used along with induction on skeleta to prove the cellular approximation
theorem as follows.

Proof of Theorem 4.3. Suppose f|x, is cellular, and let ¢” be an (open) n-cell of X. Since
e is compact, f(e™) (hence also f(e")) meets only finitely many open cells of Y. Let e* be
an open cell of maximal dimension in Y which meets f(e"). If k£ < n, f is already cellular
on e,. If n < k, Lemma 4.4 can be used to homotop f|x, ,uer (rel. X,,—1) to a map whose
image on e” misses e*. By finitely many iterations of this process, we eventually homotop
flx,_iuen (rel. X,—1) toamap f': X,,_1 Ue™ — Y, i.e.,, whose image on e" misses all cells
in Y of dimension > n. Doing this for all n-cells of X, staying fixed on n-cells in A where f
is already cellular, we obtain a homotopy of f|x, (rel. X,,_1 UA,) to a cellular map. By the
homotopy extension property 3.2, we can extend this homotopy (together with the constant
homotopy on A) to a homotopy defined on all of X. This completes the induction step.
For varying n — oo, we concatenate the above homotopies to define a homotopy from f
to a cellular map f (rel. A) by performing the above construction (i.e., the n-th homotopy)
on the t-interval [1 —1/2",1 — 1/27+1]. O

We also have the following relative version of Theorem 4.3:

Theorem 4.6 (Relative cellular approximation). Any map f : (X, A) — (Y, B) of CW pairs
has a cellular approrimation by a homotopy through such maps of pairs.

Proof. First we use the cellular approximation for f|4 : A — B. Let f': A — B be a cellular
map, homotopic to f|4 via a homotopy H. By the Homotopy Extension Property 3.2, we
can regard H as a homotopy on all of X, so we get a map f': X — Y such that f'|4 is a

h.e.
cellular map. By the second part of the cellular approximation theorem 4.3, f/ ~ f”, with
"+ X — Y acellular map satisfying f'|4 = f”|a. The map f” provides the required cellular
approximation of f. O
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Corollary 4.7. Let A C X be CW complexes and suppose that all cells of X \ A have
dimension > n. Then m;(X,A) =0 fori <n.

Proof. Let [f] € mj(X, A). By the relative version of the cellular approximation, the map of
pairs f : (D', S""!) — (X, A) is homotopic to a map g with g(D*) C X;. But for i < n, we
have that X; C A, so Image g C A. Therefore, by Lemma 2.7, [f] = [¢] = 0. ]

Corollary 4.8. If X is a CW complex, then m;(X, X,,) =0 for all i < n.

Therefore, the long exact sequence for the homotopy groups of the pair (X, X,,) yields
the following;:

Corollary 4.9. Let X be a CW complex. For i <n, we have m;(X) = m;(X,,).

5 Excision for homotopy groups. The Suspension Theo-
rem

We state here the following useful result without proof:

Theorem 5.1 (Excision). Let X be a CW complex which is a union of subcomplexes A and
B, such that C' = AN B is path connected. Assume that (A, C) is m-connected and (B, C)
is n-connected, with m,n > 1. Then the map m;(A,C) — m;(X, B) induced by inclusion is
an isomorphism if i < m+n and a surjection for i =m + n.

The following consequence is very useful for itering homotopy groups of spheres:

Theorem 5.2 (Freudenthal Suspension Theorem). Let X be an (n—1)-connected CW com-
plex. For any map f : S* — X, consider its suspension,

Nf: xS =951 - vX.
The assignment
[/l € m(X) — [Ef] € mia(EX)
defines a homomorphism m;(X) — m;41(2X), which is an isomorphism fori < 2n—1 and a
surjection for v = 2n — 1.

Proof. Decompose the suspension XX as the union of two cones C'; X and C_X intersecting
in a copy of X. By using long exact sequences of pairs and the fact that the cones C'. X and
C_X are contractible, the suspension map can be written as a composition:

7Tz(X> = 7T1'+1(C+,X) — 7Ti+1(EX, C,X) = 7TZ'+1<EX),

with the middle map induced by inclusion.

Since X is (n — 1)-connected, from the long exact sequence of (CLX,X), we see that
the pairs (C1X,X) are n-connected. Therefore, the Excision Theorem 5.1 yields that
Tir1(Cr, X) — m (X, C_X) is an isomorphism for ¢ +1 < 2n and it is surjective
fori+1=2n. O

13



6 Homotopy Groups of Spheres

We now turn our attention to computing (some of) the homotopy groups m;(S™). For ¢ <
n,i = n+ 1,n+ 2,n+ 3 and a few more cases, these homotopy groups are known (and
we will work them out later on). In general, however, this is a very difficult problem. For
i = n, we would expect to have 7, (S™) = 7Z by associating to each (homotopy class of a) map
f: 8" — S™its degree. For i < n, we will show that 7;(S") = 0. Note that if f: S* — S™ is
not surjective, i.e., there is y € S™\ f(S%), then f factors through R", which is contractible.
By composing f with the retraction R" — z, we get that f ~ c¢,,. However, there are
surjective maps S° — S™ for i < n, in which case the above “proof” fails. To make things
work, we “alter” f to make it cellular, so the following holds.

Proposition 6.1. Fori < n, we have m;(S™) = 0.

Proof. Choose the standard CW-structure on S* and S™. For [f] € m;(S™), we may assume
by Theorem 4.3 that f : S* — S™ is cellular. Then f(S%) C (S™);. But (S"); is a point, so f
is a constant map. ]

Recall now the following special case of the Suspension Theorem 5.2 for X = S™:
Theorem 6.2. Let f: S* — S™ be a map, and consider its suspension,
Yf:ns =9" 5 nen = gnth

The assignment

[f] € m(S™) — [Sf] € mia(S™)

defines a homomorphism 7;(S™) — w11 (S™™), which is an isomorphism m;(S™) = m; 11 (S™)
fori < 2n —1 and a surjection for i =2n — 1.

Corollary 6.3. 7,(S™) is either Z or a finite quotient of 7 (for n > 2), generated by the
degree map.

Proof. By the Suspension Theorem 6.2, we have the following:

124

= (1) = ma(S?) 2 my(S%) 2 ()
0

To show that m(S') = m(S?), we can use the long exact sequence for the homotopy
groups of a fibration, see Theorem 11.8 below. For any fibration (e.g., a covering map)

F

N\

E

|

B
there is a long exact sequence
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oo — m(F) — m(E) — m(B) — mq (F) — -+ (6.1)
Applying the above long exact sequence to the Hopf fibration S' < S3 — 52, we obtain:
s (S — m(S?) — m(S?) — T (S) — T (SP) — - --
Using the fact that m(S?) = 0 and 71(S%) = 0, we therefore have an isomorphism:
mo(S?) = m (S 2 Z.

Note that by using the vanishing of the higher homotopy groups of S!, the long exact
sequence (11.8) also yields that

m3(5%) = my(S?) 2 Z.

Remark 6.4. Unlike the homology and cohomology groups, the homotopy groups of a finite
CW-complex can be infinitely generated. This fact is discussed in the next example.

Example 6.5. For n > 2, consider the finite CW complex SV S™. We then have that

P

To(ST VvV S™) = 7, (St V Sn),

—~—

where S! Vv S™ is the universal cover of S'V S™, depicted below. By contracting the segments

-1 0 1

2

Figure 6: universal cover of S! Vv S»
between consecutive integers, we have that
Stvsn~\/ sy,
keZ

with S} denoting the n-sphere corresponding to the integer k. So for any n > 2, we have:

ma(S'V S = m(\/ Sp),

keZ

which is the free abelian group generated by the inclusions S < \/, ., Si. Indeed, we have
the following:
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Lemma 6.6. m,(\/,S2) is free abelian and generated by the inclusions of factors.

Proof. Suppose first that there are only finitely many S?’s in the wedge \/, S4. Then we
can regard \/, S& as the n-skeleton of [, S%. The cell structure of a particular S consists
of a single O-cell €Y and a single n-cell, €. Thus, in the product [], S? there is one 0-cell

e? =], €2, which, together with the n-cells

U(H e%) X e,

a fFa

form the n-skeleton \/, S&. Hence [], SH\V,, S has only cells of dimension at least 2n, which
by Corollary 4.8 yields that the pair ([], S%, V., S%) is (2n — 1)-connected. In particular, as
n > 2, we get:

ma(\/ S7) = 7rn<H sg) =~ [T 7a(S2) = P ma(st) = Pz

To reduce the case of infinitely many summands S to the finite case, consider the
homomorphism ¢ : @ 7,(Sr) — m,(\V, S4) induced by the inclusions SI — \/ Sk
Then & is onto since any map f : S™ — \/_ SI has compact image contained in the wedge
sum of finitely many S”’s, so by the above finite case, [f] is in the image of ®. Moreover, a
nullhomotopy of f has compact image contained in the wedge sum of finitely many S'’s, so
by the above finite case we have that ® is also injective. O]

To conclude our example, we showed that m,(S'V S™) = 7, (\ .z SP), and m,(Vj.eq SP) is
free abelian generated by the inclusion of each of the infinite number of n-spheres. Therefore,
7,(S1 Vv S™) is infinitely generated.

Remark 6.7. Under the action of 7 on m,, we can regard m, as a Z[m|-module. Here
Z[m] is the group ring of m with Z-coefficients, whose elements are of the form ) n47va,
with n, € Z and only finitely many non-zero, and -y, € 7. Since all the n-spheres S}’ in the
universal cover \/, _, Sp are identified under the 7;-action, 7, is a free Z[m]-module of rank
1, i.e.,

T = Zm| 2 Z[Z) &2 Z[t, t 71,
1—t
1t
n—t",

which is infinitely generated (by the powers of t) over Z (i.e., as an abelian group).

Remark 6.8. If we consider the class of spaces for which 7 acts trivially on all of 7,’s, a
result of Serre asserts that the homotopy groups of such spaces are finitely generated if and
only if homology groups are finitely generated.
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7 Whitehead’s Theorem

Definition 7.1. A map f : X — Y is a weak homotopy equivalence if it induces isomor-
phisms on all homotopy groups m,.

Notice that a homotopy equivalence is a weak homotopy equivalence. The following
important result provides a converse to this fact in the world of CW complexes.

Theorem 7.2 (Whitehead). If X and Y are CW complezes and f : X — Y is a weak
homotopy equivalence, then f is a homotopy equivalence. Moreover, if X is a subcomplex of
Y, and f is the inclusion map, then X s a deformation retract of Y.

The following consequence is very useful in practice:

Corollary 7.3. If X and Y are CW complexes with m(X) =m(Y) =0, and f : X - Y
induces isomorphisms on homology groups H, for all n, then f is a homotopy equivalence.

The above corollary follows from Whitehead’s theorem and the following relative version
of the Hurewicz Theorem 10.1 (to be discussed later on):

Theorem 7.4 (Hurewicz). If n > 2, and m;(X, A) = 0 for i < n, with A simply-connected
and non-empty, then H;(X,A) =0 fori <n and m,(X,A) = H,(X, A).

Before discussing the proof of Whitehead’s theorem, let us give an example that shows
that having induced isomorphisms on all homology groups is not sufficient for having a
homotopy equivalence (so the simply-connectedness assumption in Corollary 7.3 cannot be
dropped):

Example 7.5. Let
f:X=8" < (StvSyue™ =Y (n>2)

be the inclusion map, with the attaching map for the (n + 1)-cell of Y described below.
We know from Example 6.5 that ,(S' Vv S") = Z[t,t7!]. We define Y by attaching the
(n + 1)-cell ™! to STV 8™ by a map ¢ : S" = de"™! — STV S™ 50 that [g] € 7,(S* Vv S)
corresponds to the element 2¢ — 1 € Z[t,t~']. We then see that

ma(Y) = Z[t, 171/ (2t = 1) # 0 = ma(X),

since by setting ¢ = 1 we get that Z[t,t7']/(2t — 1) = Z[1] = {& | k € Zs} C Q.
In particular, f is not a homotopy equivalence. Moreover, from the long exact sequence
of homotopy groups for the (n — 1)-connected pair (Y, X), the inclusion X < Y induces
an isomorphism on homotopy groups 7; for ¢« < n. Finally, this inclusion map also induces

isomorphisms on all homology groups, H,(X) = H,(Y) for all n, as can be seen from cellular
homology. Indeed, the cellular boundary map

Hn—i—l(Yn—l—h Yn) — Hn(Yn7 Yn—l)

is an isomorphism since the degree of the composition of the attaching map S™ — S' v S"
of e"*! with the collapse map S'Vv S" — S"is 2 — 1 = 1.
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Let us now get back to the proof of Whitehead’s Theorem 7.2. To prove Whitehead’s
theorem, we will use the following:

Lemma 7.6 (Compression Lemma). Let (X, A) be a CW pair, and (Y, B) be a pair with Y
path-connected and B # (). Suppose that for eachn > 0 for which X\ A has cells of dimension
n, (Y, B,by) = 0 for all by € B. Then any map f: (X, A) — (Y, B) is homotopic to some
map '+ X — B fixzing A (i.e., with f'|a = fla).

Proof. Assume inductively that f(X,_; U A) C B. Let e* be a k-cell in X\ A, with char-
acteristic map « : (D, S*1) — X. Ignoring basepoints, we regard a as an element
[a] € (X, X1 U A). Then fila] = [f oa] € m(Y,B) = 0 by our hypothesis, since
ek is a k-cell in X\ A. By Lemma 2.7, there is a homotopy H : (D*, S¥1) x I — (Y, B) such
that Hy = f o @ and Image(H;) C B.

Performing this process for all k-cells in X'\ A simultaneously, we get a homotopy from
f to f’ such that f'(X, U A) C B. Using the homotopy extension property 3.2, we can
regard this as a homotopy on all of X, i.e., f ~ " as maps X — Y, so the induction step is
completed.

Finitely many applications of the induction step finish the proof if the cells of X \ A are
of bounded dimension. In general, we have

f ;Ii fl; with fl(Xl UA) g B,
1

fl ~ fQ, Wlth f2(X2 UA) g B,

Ho

fn—a = fn, with f,(X,UA) C B,

and so on. Any finite skeleton is eventually fixed under these homotopies.
Define a homotopy H : X x I — Y as

H=H;on [1-3451- L]

a2

Note that H is continuous by CW topology, so it gives the required homotopy. [

Proof of Whitehead’s theorem. We can split the proof of Theorem 7.2 into two cases:

Case 1: If f is an inclusion X — Y, since m,(X) = m,(Y) for all n, we get by the long
exact sequence for the homotopy groups of the pair (Y, X) that 7,(Y,X) = 0 for all n.
Applying the above compression lemma 7.6 to the identity map id : (Y, X) — (Y, X) yields
a deformation retraction r : Y — X of Y onto X.

Case 2: The general case of a map f : X — Y can be reduced to the above case of an
inclusion by using the mapping cylinder of f, i.e.,

My = (X x ) UY/(2,1) ~ f(x).
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Xxl X
Xx {1} — ~
/ / JMI
Y Y

Figure 7: The mapping cylinder My of f

Note that My contains both X = X x {0} and Y as subspaces, and M deformation retracts
onto Y. Moreover, the map f can be written as the composition of the inclusion i of X into
My, and the retraction r from M; to Y

FiX=Xx{0}<5 M5y

Since M} is homotopy equivalent to Y via r, it suffices to show that My deformation retracts
onto X, so we can replace f with the inclusion map ¢. If f is a cellular map, then M; is a
CW complex having X as a subcomplex. So we can apply Case 1. If f is not cellular, than
f is homotopic to some cellular map ¢, so we may work with g and the mapping cylinder
M, and again reduce to Case 1. [

We can now prove Corollary 7.3:

Proof. After replacing Y by the mapping cylinder My, we may assume that f is an inclusion
X =Y. As H,(X) = H,(Y) for all n, we have by the long exact sequence for the homology
groups of the pair (Y, X) that H,(Y, X) = 0 for all n.

Since X and Y are simply-connected, we have m; (Y, X)) = 0. So by the relative Hurewicz
Theorem 10.1, the first non-zero 7, (Y, X) is isomorphic to the first non-zero H, (Y, X). So
(Y, X) = 0 for all n. Then, by the homotopy long exact sequence for the pair (Y, X), we
get that

Tn(X) Z 7, (Y)

for all n, with isomorphisms induced by the inclusion map f. Finally, Whitehead’s theorem
7.2 yields that f is a homotopy equivalence. O

Example 7.7. Let X = RP? and Y = S? x RP>. First note that m(X) = 7 (V) = Z/2.
Also, since S? is a covering of RP?, we have that

(X)) =2 m(S%), i>2.
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Moreover, m;(Y') = m;(S?) x m;(RP>), and as RP> is covered by S =, ., S", we get that
WZ(Y) = 7TZ‘(S2) X 7Ti<SOO), 1> 2.

To calculate ;(S°°), we use cellular approximation. More precisely, we can approximate any
f 8" — S by a cellular map g so that Image g C S™ for i < n. Thus, [f] = [¢] € m(S™) =
0, and we see that

(X)) 2 m(S?) 2 m(Y), i>2.

Altogether, we have shown that X and Y have the same homotopy groups. However, as
can be easily seen by considering homology groups, X and Y are not homotopy equivalent.
In particular, by Whitehead’s theorem, there cannot exist a map f : RP? — S? x RP®
inducing isomorphisms on m, for all n. (If such a map existed, it would have to be a
homotopy equivalence.)

Example 7.8. As we will see later on, the CW complexes S? and S? x CP* have isomorphic
homotopy groups, but they are not homotopy equivalent.

8 CW approximation

Recall that map f : X — Y is a weak homotopy equivalence if it induces isomorphisms on
all homotopy groups m,. As seen in Theorem 10.3, a weak homotopy equivalence induces
isomorphisms on all homology and cohomology groups. Furthermore, Whitehead’s Theorem
7.2 shows that a weak homotopy equivalence of CW complexes is a homotopy equivalence.

In this section we show that given any space X, there exists a (unique up to homotopy)
CW complex Z and a weak homotopy equivalence f : Z — X. Such amap f: Z — X is
called a CW approximation of X.

Definition 8.1. Given a pair (X, A), with ) # A a CW complex, an n-connected CW model
of (X, A) is an n-connected CW pair (Z, A), together with a map f : Z — X with f|a = ida,
so that f. : mi(Z) — mi(X) is an isomorphism for i > n and an injection for i =n (for any
choice of basepoint).

Remark 8.2. If such models exist, by letting A consist of one point in each path-component
of X and n =0, we get a CW approximation Z of X.

Theorem 8.3. For any pair (X, A) with A a nonempty CW complez such n-connected models
(Z,A) exist. Moreover, Z can be built from A by attaching cells of dimension greater than
n. (Note that by cellular approzimation this implies that m;(Z, A) =0 fori <n).

We will prove this theorem after discussing the following consequences:

Corollary 8.4. Any pair of spaces (X, Xg) has a CW approzimation (Z, Zy).
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Proof. Let fy: Zy — Xy be a CW approximation of X, and consider the map g : Zy — X
defined by the composition of f; and the inclusion map Xy — X. Let M, be the mapping
cylinder of g. Hence we get the sequence of maps Zy — M, — X, where the map r : My, — X
is a deformation retract.

Now, let (Z, Zy) be a 0-connected CW model of (M, Zy). Consider the composition:

(f, fo) : (Z, Zo) — (M, Zo) “¥ (X, X,)

So the map f : Z — X is obtained by composing the weak homotopy equivalence Z — M,
and the deformation retract (hence homotopy equivalence) M, — X. In other words, f is a
weak homotopy equivalence and f|z, = fo, thus proving the result. O

Corollary 8.5. For each n-connected CW pair (X, A) there is a CW pair (Z,A) that is
homotopy equivalent to (X, A) relative to A, and such that Z is built from A by attaching
cells of dimension > n.

Proof. Let (Z, A) be an n-connected CW model of (X, A). By Theorem 8.3, Z is built from A

by attaching cells of dimension > n. We claim that Z " x (rel. A). First, by definition, the
map f : Z — X has the property that f, is an isomorphism on 7; for ¢ > n and an injection
on 7,. For i < n, by the n-connectedness of the given model, m;(X) = m;(A) = m;(Z) where
the isomorphisms are induced by f since the following diagram commutes,

71 x

|, ]

A, A

(with A < Z and A < X the inclusion maps.) For i = n, by n-connectedness of (X, A) the
composition

Tn(A) > T (Z) — m,(X)

is onto. So the induced map f. : m,(Z) — m,(X) is surjective. Altogether, f. induces
isomorphisms on all 7;, so by Whitehead’s Theorem we conclude that f : 7 — X is a
homotopy equivalence.

We make f stationary on A as follows. Define the quotient space

Wy = M;/{{a} x I ~ pt,Va € A}

of the mapping cylinder M; obtained by collapsing each segment {a} x I to a point, for any
a € A. Assuming f has been made cellular, Wy is a CW complex containing X and Z as
subcomplexes, and W; deformation retracts onto X just as My does.

Consider the map h : Z — X given by the composition Z — W; — X, where W; — X
is the deformation retract. We claim that Z is a deformation retract of Wy, thus giving
us that h is a homotopy equivalence relative to A. Indeed, m;(Wy) = m;(X) (since Wy is a
deformation retract of X) and m;(X) = m;(Z) since X is homotopy equivalent to Z. Using
Whitehead’s theorem, we conclude that Z is a deformation retract of W. O
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Proof of Theorem 8.3. We will construct Z as a union of subcomplexes
A=Z,C 2y C -

such that for each £ > n + 1, Z,, is obtained from Z;_; by attaching k-cells.

We will show by induction that we can construct Z; together with a map f; : Zp — X
such that fi|4 = id4 and fi. is injective on 7; for n < i < k and onto on ; for n < i < k.
We start the induction at & = n, with Z,, = A, in which case the conditions on m; are void.

For the induction step, & — k + 1, consider the set {¢,}, of generators ¢, : S¥ — Z of
ker (fk* : Wk(Zk) — Wk(X)) Define

Vi1 = Zg Uy Ug, bt

«

where ef*1 is a (k + 1)-cell attached to Z along ¢,.

Then f;, : Z, — X extends to Yi,;. Indeed, f;, 0 ¢, : S*¥ — Z, — X is nullhomotopic,
since [fx © ¢a) = frx[a] = 0. So we get a map ¢ : Y11 — X. It is easy to check that the g,
is injective on m; for n < i < k, and onto on 7. In fact, since we extend fi on (k + 1)-cells,
we only need to check the effect on 7. The elements of ker(g,) on 7 are represented by
nullhomotopic maps (by construction) S*¥ — Z, C Yyy1 — X. So g. is one-to-one on 7.
Moreover, g, is onto on 7y since, by hypothesis, the composition 7 (Z;) — 76 (Y1) = mr(X)
is onto.

Let {¢p : ST — X7} be a set of generators of my1(X, 7o) and let Zp 1 = Yiyy \/3{ S’g“.

We extend g to a map fry1 : Zry1 — X by defining fk+1|515+1 = ¢p. This implies that fj1

induces an epimorphism on 7;;. The remaining conditions on homotopy groups are easy
to check. O

Remark 8.6. If X is path-connected and A is a point, the construction of a CW model for
(X, A) gives a CW approximation of X with a single O-cell. In particular, by Whitehead’s
Theorem 7.2, any connected CW complex is homotopy equivalent to a CW complex with a
single 0-cell.

Proposition 8.7. Let g : (X, A) — (X', A") be a map of pairs, where A, A" are nonempty
CW complexes. Let (Z,A) be an n-connected CW model of (X, A) with associated map
f:(Z,A) = (X,A), and let (Z', A") be an n'-connected model of (X', A") with associated
map f': (7' A") — (X', A"). Assume that n > n'. Then there exists a map h : Z — Z',
unique up to homotopy, such that h|s = g|la and,

(Z,4) —1 (X, 4)

commutes up to homotopy.
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Proof. The proof is a standard induction on skeleta. We begin with the map g : A —
A" C 7', and recall that Z is obtained from A by attaching cells of dimension > n. Let
k be the smallest dimension of such a cell, thus (A U Z;, A) has a k-connected model,
fe: (ZF A) — (AU Zy, A) such that fi|a = ida. Composing this new map with g allows us
to consider g as having been extended to the k skeleton of Z. Iterating this process produces
our map. ]

Corollary 8.8. CW-approzimations are unique up to homotopy equivalence. More generally,
n-connected models of a pair (X, A) are unique up to homotopy relative to A.

Proof. Assume that f : (Z,A) — (X, A) and [’ : (Z',A) — (X, A) are two n-connected
models of (X, A). Then we may take (X, A) = (X', A’) and g = id in the above lemma
twice, and conclude that there are two maps hy : Z — Z' and hy : Z' — Z, such that
fohy ~ f (rel. A) and f'ohy~ f (rel. A). In particular, f o (hy o hy) ~ f (rel. A) and
f'o(hgohy) >~ f' (rel. A). The uniqueness in Proposition 8.7 then implies that h; o hy and
ho o hy are homotopic to the respective identity maps (rel. A). ]

Remark 8.9. By taking n = n’ is Proposition 8.7, we get a functoriality property for
n-connected CW models. For example, a map X — X’ of spaces induces a map of CW
approximations Z — Z'.

Remark 8.10. By letting n vary, and by letting (Z", A) be an n-connected CW model for
(X, A), then Proposition 8.7 gives a tower of CW models

Z?

A\

A—s70— o X

with commutative triangle on the left, and homotopy-commutative triangles on the right.

Zl

Example 8.11 (Whitehead towers). Assume X is an arbitrary CW complex with A C X a
point. Then the resulting tower of n-connected CW modules of (X, A) amounts to a sequence
of maps

= 72— 7= 7' = X

with Z™ n-connected and the map Z" — X inducing isomorphisms on all homotopy groups
m; with i > n. The space Z° is path-connected and homotopy equivalent to the component
of X containing A, so one may assume that Z° equals this component. The space Z! is
simply-connected, and the map Z!' — X has the homotopy properties of the universal cover
of the component Z° of X. In general, if X is connected the map Z™ — X has the homotopy
properties of an n-connected cover of X. An example of a 2-connected cover of S? is the
Hopf map S% — 52
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Example 8.12 (Postnikov towers). If X is a connected CW complex, the tower of n-
connected models for the pair (CX, X), with CX the cone on X, is called the Postnikov
tower of X. Relabeling Z" as X"~ !, the Postnikov tower gives a commutative diagram

X3
X2

/

X —= X!

where the induced homomorphism 7;(X) — m;(X™) is an isomorphism for i < n and
mi(X™) =0 if ¢ > n. Indeed, by Definition 8.1 we get m;(X") = m(Z"™!) 2 1;(CX) = 0 for
i >n+1.

9 Eilenberg-MacLane spaces

Definition 9.1. A space X having just one nontrivial homotopy group m,(X) = G is called
an Filenberg-MacLane space K(G,n).

Example 9.2. We have already seen that S' is a K(Z,1) space, and RP> is a K(Z/2Z,1)
space. The fact that CP* is a K(Z,2) space will be discussed in Example 11.16 by making
use of fibrations and the associated long exact sequence of homotopy groups.

Lemma 9.3. If a CW-pair (X, A) is r-connected (r > 1) and A is s-connected (s > 0), then
the map m;(X, A) — m;(X/A) induced by the quotient map X — X /A is an isomorphism if
1 <r—+sandontoifi=r—+s+ 1.

Proof. Let C'A be the cone on A and consider the complex
Y=XUu,CA

obtained from X by attaching the cone C'A along A C X. Since C'A is a contactible
subcomplex of Y, the quotient map

Y —Y/CA=X/A

is obtained by deforming C'A to the cone point inside Y, so it is a homotopy equivalence.
So we have a sequence of homomorphisms

1%

(X, A) — m(Y, CA) — m(Y) — mi(X/A),
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where the first and second maps are induced by the inclusion of pairs, the second map is an
isomorphism by the long exact sequence of the pair (Y, CA)

0= 7Tl<CA) — 7Tz<Y) — 7Ti(Y, CA) — Wifl(CA) = 0,

and the third map is the isomorphism ¢,. It therefore remains to investigate the map
mi(X,A) — m(Y,CA). We know that (X, A) is r-connected and (CA, A) is (s + 1)-
connected. The second fact once again follows from the long exact sequence of the pair
and the fact that A is s-connected. Using the Excision Theorem 5.1, the desired result
follows immediately. m

Lemma 9.4. Assumen > 2. If X = (V/, Sy) Ul et is obtained from \/, Sy by attaching
(n+ 1)-cells eg“ via basepoint-preserving maps ¢ : S§ — \/, Sy, then

(X)) = m(\/ S2)/(d5) = (D Z)/ (d5)-

Proof. Consider the following portion of the long exact sequence for the homotopy groups
of the n-connected pair (X,\/, S2):

T (X, \ S2) =25 ma(\/ S2) — ma(X) — ma(X,\/ S2) =0,

where the fact that m, (X, , S) = 0 follows by Corollary 4.8 of the Cellular Approximation
theorem. So m,(X) = m,(\/, S%)/Image(0).

We have the identification X/V/, Sy ~ V; S5t so by Lemma 9.3 and Lemma 6.6 we
get that m,1 (X, V, S5) = mup1 (Vg Sg“) is free with a basis consisting of the characteristic
maps g of the cells eg“. Since O([®4]) = [¢p], the claim follows. O

Example 9.5. Any abelian group G can be realized as m,(X) with n > 2 for some space
X. In fact, given a presentation G' = (g, | 75), we can can take

x=(Vsuler
a 3

with the S[’s corresponding to the generators of G, and with GE—H attached to \/, SI by
a map f : Sy — /Sy satisfying [f] = 75. Note also that by cellular approximation,
m;(X) = 0 for ¢ < n, but nothing can be said about m;(X) with i > n.

Theorem 9.6. For any n > 1 and any group G (which is assumed abelian if n > 2) there
exists an Eilenberg-MacLane space K(G,n).

Proof. Let Xn11 = (V, Sa) UUp egﬂ be the (n — 1)-connected CW complex of dimension
n + 1 with m,(X,4+1) = G, as constructed in Example 9.5. Enlarge X, 11 to a CW complex
Xp42 obtained from X, by attaching (n + 2)-cells e§+2 via maps representing some set of
generators of m,11(X,41). Since (X192, Xpny1) is (n + 1)-connected (by Corollary 4.8), the
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long exact sequence for the homotopy groups of the pair (X2, X,,11) yields isomorphisms
i (Xnao) = mi(X,uy1) for i < n, together with the exact sequence

)
oo = Tpgo (X2, Xog1) = Tt (Xng1) = T (Xog2) — 0.

Next note that 0 is an isomorphism by construction and Lemma 9.3. Indeed, Lemma 9.3
yields that the quotient map X, .o — X,12/X,+1 induces an epimorphism

Tnt2(Xny2, Xng1) = Tnyo(Xngo/Xng1) = 7Tn+2(\/ Sy,
Y

which is an isomorphism for n > 2. Moreover, we also have an epimorphism 7, 15(\/ N S;”r?) —
Tnt+1(Xnt1) by our construction of X, 5. As 0 is onto, we then get that 7, 1(X,12) = 0.
Repeat this construction inductively, at the k-th stage attaching (n + k + 1)-cells to
X, 1 to create a CW complex X, ;1 with vanishing 7, and without changing the lower
homotopy groups. The union of this increasing sequence of CW complexes is then a K (G, n)
space. ]

Corollary 9.7. For any sequence of groups {Gy, }nen, with G,, abelian for n > 2, there exists
a space X such that m,(X) = Gy, for any n.

Proof. Call X" = K(G,,n). Then X =[] X" has the desired prescribed homotopy groups.
]

Lemma 9.8. Let X be a CW complex of the form (\/, S5)UU, et for somen > 1. Then
for every homomorphism 1 : m,(X) — m,(Y) with Y a path-connected space, there exists a
map f: X — Y such that f, =1 on m,.

Proof. Recall from Lemma 9.4 that m,(X) is generated by the inclusions i, : S? < X. Let
f send the wedge point of X to a basepoint of Y, and extend f onto S! by choosing a
fixed representative for ¥ ([is]) € m,(Y"). This then allows us to define f on the n-skeleton
X, =V, S of X, and we notice that, by construction of f : X,, = Y, we have that

fellia]) = [f 0ia) = [f|82] = Y([ia)).

Because the i, generate 7,(X,), we then get that f, = 1.

To extend f over a cell egH, we need to show that the composition of the attaching map

¢p = S™ — X, for this cell with f is nullhomotopic in Y. We have [f o ¢g] = f.([¢s]) =
¥([¢s]) = 0, as the ¢g are precisely the relators in m,(X) by Example 9.5. Thus we obtain
an extension f : X — Y. Moreover, f, = v since the elements [i,| generate m,(X,) =
T (X). O

Proposition 9.9. The homotopy type of a CW complex K(G,n) is uniquely determined by
G and n.

26



Proof. Let K and K’ be K(G,n) CW complexes, and assume without loss of generality
(since homotopy equivalence is an equivalence relation) that K is the particular K(G,n)
constructed in Theorem 9.6, i.e., built from a space X as in Lemma 9.8 by attaching cells of
dimension n + 2 and higher. Since X = K1, we have that m,(X) = 7,(K) = m,(K’), and
call the composition of these isomorphisms ¢ : m,(X) — m,(K’). By Lemma 9.8, there is
amap f: X — K’ inducing ¢ on ,. To extend this map over K, we proceed inductively,
first extending it over the (n 4 2)-cells, than over the (n + 3)-cells, and so on.

Let e*? be an (n + 2)-cell of K, with attaching map ¢, : S"*' — X. Then f o ¢, :
S™1 — K’ is nullhomotopic since m,41(K’) = 0. Therefore, f extends over eZ*?. Proceed
similarly for higher dimensional cells of K to get a map f : K — K’ which is a weak
homotopy equivalence. By Whitehead’s Theorem 7.2, we conclude that f is a homotopy
equivalence. O

10 Hurewicz Theorem

Theorem 10.1 (Hurewicz). If a space X is (n — 1)-connected and n > 2, then H;(X) =0
fori <mn and m,(X) = H,(X). Moreover, if a pair (X, A) is (n — 1)-connected with n > 2,
and m(A) =0, then H;(X,A) =0 for alli <n and m,(X, A) = H,(X, A).

Proof. First, since all hypotheses and assertions in the statement deal with homology and
homotopy groups, if we prove the statement for a CW approximation of X (or (X, A)) then
the results will also hold for the original space (or pair). Hence, we assume without loss of
generality that X is a CW complex and (X, A) is a CW-pair.

Secondly, the relative case can be reduced to the absolute case. Indeed, since (X, A) is
(n — 1)-connected and that A is 1-connected, Lemma 9.3 implies that m;(X, A) = m;(X/A)
for i < n, while H;(X, A) = H;(X/A) always holds for CW-pairs.

In order to prove the absolute case of the theorem, let xq be a 0-cell in X. Since X,
hence also (X, xg), is (n — 1)-connected, Corollary 8.5 tells us that we can replace X by
a homotopy equivalent CW complex with (n — 1)-skeleton a point, i.e., X, 1 = zo. In
particular, H;(X) = 0 for i < n. For showing that m,(X) = H,(X), we may disregard
any cells of dimension greater than n + 1 since these have no effect on =, or H,,. Thus we
may assume that X has the form (V/, Sy) U U, egH. By Lemma 9.4, we then have that
m(X) =2 (B,Z)/{¢p). On the other hand, cellular homology yields the same calculation
for H,(X), so we are done. O

Remark 10.2. One cannot expect any sort of relationship between 7;(X) and H;(X) beyond
n. For example, S™ has trivial homology in degrees > n, but many nontrivial homotopy
groups in this range, if n > 2. On the other hand, CP> has trivial higher homotopy groups
in the range > 2 (as a K(Z,2) space), but many nontrivial homology groups in this range.

Recall the Hurewicz Theorem has been already used for proving the important Corollary
7.3. Here we give another important application of Theorem 10.1:
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Theorem 10.3. If f : X — Y induces isomorphisms on homotopy groups m, for all n, then
it induces isomorphisms on homology and cohomology groups with G coefficients, for any
group G.

Proof. By the universal coefficient theorems, it suffices to show that f induces isomorphisms
on integral homology groups H.(—;Z).

We only prove here the assertion under the extra condition that X is simply connected
(the general case follows easily from spectral sequence theory, and it will be dealt with
later on). As before, after replacing Y with the homotopy equivalent space defined by the
mapping cylinder My of f, we can assume that f is an inclusion. Since by the hypothesis,
Tn(X) & m,(Y) for all n, with isomorphisms induced by the inclusion f, the homotopy long
exact sequence of the pair (Y, X) yields that m,(Y, X) = 0 for all n. By the relative Hurewicz
theorem (as m1(X) = 0), this gives that H, (Y, X) = 0 for all n. Hence, by the long exact

~Y

sequence for homology, H, (X) = H,(Y) for all n, and the proof is complete. ]

Example 10.4. Take X = RP? x 5% and Y = 5% x RP3. As seen in Example 1.19, X and
Y have isomorphic homotopy groups m, for all n, but H5(X) 2% H5(Y). So there cannot
exist a map f: X — Y inducing the isomorphisms on the m,.

11 Fibrations. Fiber bundles

Definition 11.1 (Homotopy Lifting Property). A map p : E — B has the homotopy lifting
property (HLP) with respect to a space X if, given a homotopy ¢, : X — B, and a lift
go : X — FE of go, there exists a homotopy g; - X — E lifting g; and extending qo.

X %o E

gt

Definition 11.2 (Lift Extension Property). A map p : E — B has the lift extension property
(LEP) with respect to a pair (Z, A) if for all maps f : Z — B and g : A — E, there ezists a
Lift f -+ Z — E of f extending g.

Remark 11.3. (HLP) is a special case of (LEP), with Z = X x [0,1], and A = X x {0}.
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Definition 11.4. A fibration p : E — B is a map having the homotopy lifting property with
respect to all spaces X.

Definition 11.5 (Homotopy Lifting Property with respect to a pair). A map p : E — B has
the homotopy lifting property with respect to a pair (X, A) if each homotopy g; : X — B lifts
to a homotopy g; : X — E starting with a given lift gy and extending a given lift g, : A — E.

Remark 11.6. The homotopy lifting property with respect to the pair (X, A) is the lift
extension property for (X x I, X x {0} UA x I).

Remark 11.7. The homotopy lifting property with respect to a disk D™ is equivalent to the
homotopy lifting property with respect to the pair (D™, dD™), since the pairs (D™ x I, D™ x
{0}) and (D™ x I, D™ x {0} U9D" x I) are homeomorphic. This implies that a fibration
has the homotopy lifting property with respect to all CW pairs (X, A). Indeed, the homotopy
lifting property for disks is in fact equivalent to the homotopy lifting property with respect
to all CW pairs (X, A). This can be easily seen by induction over the skeleta of X, so it
suffices to construct a lifting g; one cell of X'\ A at a time. Composing with the characteristic
map D" — X of a cell then gives the reduction to the case (X, A) = (D™, 0D").

Theorem 11.8 (Long exact sequence for homotopy groups of a fibration). Given a fibration
p: E— B, pointsb € B and e € F := p~(b), there is an isomorphism p, : 7,(E, F,e) —
(B, b) for all m > 1. Hence, if B is path-connected, there is a long eract sequence of

homotopy groups:
- — ma(F,e) — mp(E,e) 25 m,(B,b) — my_1(F,e) — -+ — mo(E,e) — 0

Proof. To show that p, is onto, represent an element of 7,(B,b) by a map f : (I",0I") —
(B, b), and note that the constant map to e is a lift of f to E over J"~! C I". The homotopy
hftlng property for the pair (1", 0I""1) extends this to a lift f I™ — E. This lift satisfies
f(8I") C F since f(OI") = b. So f represents an element of m,(E, F,e) with p.([f]) = [f]
since p f f. o _

To show the injectivity of ps, let fo, fi : (I, 01", J" ') — (E, F, e) be so that p.(fo) =
p*(fN'l) Let H : (I" x I,0I" x I) — (B,b) be a homotopy from pfo to pf1 We have a
partial lift given by fo on I" x {0}, fion I x {1} and the constant map to e on J" ! x I.
The homotopy lifting property for CW pairs extends this to a lift H:I"xI—E giving a
homotopy f, : (I",dI", J"Y) — (E, F,e) from fy to f;.

Finally, the long exact sequence of the fibration follows by plugging 7,(B,b) in for
7 (F, F,e) in the long exact sequence for the pair (F, F'). The map m,(E,e) = m,(E, F,e)
in the latter sequence becomes the composition m,(E,e) — m,(E, F,e) & m,(B,b), which
is exactly p. : m,(E,e) — m,(B,b). The surjectivity of mo(F,e) — mo(E,e) follows from
the path-connectedness of B, since a path in F from an arbitrary point x € E to F' can be
obtained by lifting a path in B from p(x) to b. O
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Definition 11.9. Given two fibrations p; : F; — B, i = 1,2, a map f : 1 — FEy 1is
fiber-preserving if the diagram

E, _F B,
Px %2
B

commutes. Such a map f s called a fiber homotopy equivalence if f is both fiber-preserving
and a homotopy equivalence, i.e., there is a map g : Ey — Ey such that f and g are fiber-
preserving and f o g and go f are homotopic to the identity maps by fiber-preserving maps.

Definition 11.10 (Fiber Bundle). A map p : E — B is a fiber bundle with fiber F if, for any
point b € B, there exists a neighborhood Uy of b with a homeomorphism h : p~*(Uy) — Uy x F
so that the following diagram commutes:

p 1 (U,) h Uy, x I

Us

Remark 11.11. Fibers of fibrations are homotopy equivalent, while fibers of fiber bundles
are homeomorphic.

Theorem 11.12 (Hurewicz). Fiber bundles over paracompact spaces are fibrations.
Here are some easy examples of fiber bundles.

Example 11.13. If F'is discrete, a fiber bundle with fiber F' is a covering map. Moreover,
the long exact sequence for the homotopy groups yields that p, : m(F) — m(B) is an
isomorphism if ¢ > 2 and a monomorphism for ¢ = 1.

Example 11.14. The Mobius band I'x [_171]/<0 y) ~(1,—y) St is a fiber bundle
with fiber [—1, 1], induced from the projection map I x [—-1,1] — I.
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Example 11.15. By glueing the unlabeled edges of a Mobius band, we get K — S (where
K is the Klein bottle), a fiber bundle with fiber S*.

Example 11.16. The following is a fiber bundle with fiber S*:

St §2H(C €M) — CP"

(205 -y2n) > [20 1 ...t 2n) = [2]
For [z] € CP™, there is an i such that z; # 0. Then we have a neighborhood
Ug={lzo:...: 1.1z} =C"
(with the entry 1 in place of the ith coordinate) of [z], with a homeomorphism

p ' (Uy) — Uy x S

(205 .-y 2n) = ([20 0 -0z, 2/ 2i)-

By letting n go to infinity, we get a diagram of fibrations

Sl\ ) Sl\ ) ) Sl\
S2I+1 C S2I+3 C o C S ~ {pt}
cpr C cprtt C . C cp>

In particular, from the long exact sequence of the fibration
St ey §° — CP™
with S contactible, we obtain that

Z =2

ie.,
CP>™ = K(Z,2),
as already mentioned in our discussion about Eilenberg-MacLane spaces.

Remark 11.17. As we will see later on, for any topological group G there exists a “universal
fiber bundle” G — EG =% BG with EG contractible, classifying the space of (principal)
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G-bundles. That is, any G-bundle 7 : E — B over a space B is determined by (the homotopy
class of) a classifying map f : B — BG by pull-back: m = f*rg:

G\G\EG

Z B

~ {pt}

From this point of view, CP> can be identified with the clasifying space BS! of (principal)
Sl-bundles.

Example 11.18. By letting n = 1 in the fibration of Example 11.16, the corresponding
bundle

St 8% — CP!' = 82 (11.1)
is called the Hopf fibration. The long exact sequence of homotopy group for the Hopf fibration
gives: my(S?) = m(SY) and 7,(S3) = 7,(S?) for all n > 3. Together with the fact that
CP> = K(Z,2), this shows that S? and S® x CP> are simply-connected CW complexes

with isomorphic homotopy groups, though they are not homotopy equivalent as can be easily
seen from cellular homology.

Example 11.19. A fiber bundle similar to that of Example 11.16 can be obtained by
replacing C with the quaternions H, namely:

83— ST HP".

(Note that S4"*3 can be identified with the unit sphere in H"™'.) In particular, by letting
n =1 we get a second Hopf fiber bundle

3 ey ST — HP' = 5% (11.2)
A third example of a Hopf bundle
ST ey S5 68 (11.3)

can be constructed by using the nonassociative 8-dimensional algebra O of Cayley oc-
tonions, whose elements are pair of quaternions (ai,as) with multiplication defined by
(ay,a9) - (by,by) = (aiby — boag, asbhy + bya;). Here we regard S'° as the unit sphere in
the 16-dimensional vector space Q% and the projection map S — S® = O U {oo} is
(20,21) + 2027 " (just like for the other Hopf bundles). There are no fiber bundles with
fiber, total space and base spheres, other than those provided by the Hopf bundles of (11.1),
(11.2) and (11.3). Finally, note that there is an “octonion projective plane” QP? obtained by
glueing a cell €' to S® via the Hopf map S'® — S8; however, there is no octonion analogue
of RP™, CP"™ or HP" for higher n, since the associativity of multiplication is needed for the
relation (2zq,- -+, 2n) ~ A(20,- - , 2,) to be an equivalence relation.
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Example 11.20. Other examples of fiber bundles are provided by the orthogonal and uni-

tary groups:

O(n—1) <= O(n) — S"*
A Ax,

where z is a fixed unit vector in R". Similarly, there is a fibration

Un—1)— U(n) — S* 1
A Ax,

with x a fixed unit vector in C". These examples will be discussed in some detail in the next

section.

12 More examples of fiber bundles

Definition 12.1. For n < k, the n-th Stiefel manifold associated to R* is defined as
Vo (RF) := {n-frames in R*},

where an n-frame in R* is an n-tuple {vy, ..., v,} of orthonormal vectors in R¥ i.e., vy, . ..

are pasrwise orthonormal: (v;,v;) = &;;.
We assign V,(IR¥) the subspace topology induced from
Vo(RF) € SF1x .o x §F1)

vV
n times

where S*~1 x ... x S*¥~! has the usual product topology.
Example 12.2. V;(RF) = S*1.
Example 12.3. V,,(R") = O(n).
Definition 12.4. The n-th Grassmann manifold associated to R¥ is defined as:
Gn(RF) := {n-dimensional vector subspaces in R*}.

Example 12.5. G;(R*) = RP*!

There is a natural surjection

p: Va(R") — G, (R")

given by
{v1,..., 05} — spanf{ovy, ..., v,}.

7Un

The fact that p is onto follows by the Gram-Schmidt procedure. So G,,(R¥) is endowed with

the quotient topology via p.
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Lemma 12.6. The projection p is a fiber bundle with fiber V,,(R™) = O(n).

Proof. Let V € G, (R¥) be fixed. The fiber p~1(V) consists on n-frames in V = R", so it
is homeomorphic to V;,(R"). Let us now choose an orthonormal frame on V. By projection
and Gram-Schmidt, we get orthonormal frames on all “nearby” (in some neighborhood U of
V') vector subspaces V'. Indeed, by projecting the frame of V' orthogonally onto V' we get a
(non-orthonormal) basis for V’; then apply the Gram-Schmidt process to this basis to make
it orthonormal. This is a continuous process. The existence of such frames on all n-planes
in U allows us to identify them with R™, so p~*(U) is identified with U x V,(R"). O

To conclude this discussion, we have shown that for k£ > n, there are fiber bundles:
O(n)— V,,(R*) — G,,(R¥) (12.1)

A similar method gives the following fiber bundle for all triples m < n < k:

Vi m(RF™M =V, (RF) — 22—V, (RF) (12.2)
{v1, ..., —={v1,. .., 0}

Here, the projection p sends an n-frame onto the m-frame formed by its first m vectors, so
the fiber consists of (n — m)-frames in the (k — m)-plane orthogonal to the given frame.

Example 12.7. If £ = n in the bundle (12.2), we get the fiber bundle

O(n — m)—> O(n) — Vin(R™). (12.3)

Here, O(n—m) is regarded as the subgroup of O(n) fixing the first m standard basis vectors.
So V,,(R™) is identifiable with the coset space O<n)/0(n —m) OF the orbit space of the free
action of O(n —m) on O(n) by right multiplication. Similarly,

G (R™) O(n)/O(m) % O(n —m)

where O(m) x O(n—m) consists of the orthogonal transformations of R" taking the m-plane
spanned by the first m standard basis vectors to itself.
If, moreover, we take m = 1 in (12.3), we get the fiber bundle

O(n — 1)¢ O(n) gnt (12.4)
A0
(i 7)
B+——- Bu

with v € S™! some fixed unit vector. In particular, this identifies S"~! as an orbit (or
homogeneous) space:

51 = 0 1)
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Example 12.8. If m = 1 in the bundle (12.2), we get the fiber bundle

Vo (RFH sV, (RF) —— 5%, (12.5)
By using the long exact sequence for bundle (12.5) and induction on n, it follows readily
that V,,(R¥) is (k — n — 1)-connected.

Remark 12.9. The long exact sequence of homotopy groups for the bundle (12.4) shows
that m;(O(n)) is independent of n for n large. We call this the stable homotopy group m;(O).
Bott Periodicity shows that m;(O) is periodic in ¢ with period 8. Its values are:
i |1 2 3 45678
w~0) |Z/2 Z/2 0 Z 0 0 0 Z

Definition 12.10.
Va(R®) = | Vo (RY) Gn(R™) == | ] Gu(R¥)
k=1 k=1

The infinite grassmanian G,,(R>) carries a lot of topological information. As we will see
later on, the space G, (R*) is the classifying space for rank-n real vector bundles. In fact,
we get a “limit” fiber bundle:

O(n)——V,(R*®) — G,(R™). (12.6)
Moreover, we have the following;:
Proposition 12.11. V,,(R*>) is contractible.

Proof. By using the bundle (12.5) for k — oo, we see that m;(V,(R*)) = 0 for all i. Using
the CW structure and Whitehead’s Theorem 7.2 shows that V,,(R*) is contractible.
Alternatively, we can define an explicit homotopy h; : R — R*> by

hi(z1,xg,...) == (1 —t)(x1,29,...) + (0,21, 29, ...).

Then h; is linear for each t with kerh; = {0}. So h; preserves independence of vectors.
Applying h; to an n-frame we get an n-tuple of independent vectors, which can be made
orthonormal by the Gram-Schmidt process. We then get a deformation retraction of V,,(R*>)
onto the subspace of n-frames with first coordinate zero. Repeating this procedure n times,
we get a deformation of V,,(R*) to the subspace of n-frames with first n coordinates zero.

Let {ey,...,e,} be the standard n-frame in R*. For an n-frame {vq,...,v,} of vectors
with first n coordinates zero, define a homotopy k; : V,,(R*) — V,,(R*) by

ke ({1, .. o)) == [(1 = t){v1, ..., v} + t{e1, ..., en}] o (Gram — Schmidt).

Then k; preserves linear independence and orthonormality by Gram-Schmidt.
Composing h; and k;, any n-frame is moved continuously to {ej,...,e,}, the standard
n-frame. Thus k; o h; is a contraction of V,,(R>). O
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Similar considerations apply if we use C or H instead of R, so we can define complex or
quaternionic Stiefel and Grasman manifolds, by using the usual hermitian inner products in
C* and HF, respectively. In particular, O(n) gets replaced by U(n) if C is used, and Sp(n)
is the quaternionic analog of this. Then similar fiber bundles can be constructed in the
complex and quaternionic setting. For example, over C we get fiber bundles

U(n)—V,(C" -~ G, (CH), (12.7)
with V,,(C*) a (2k — 2n)-connected space. As k — 0o, we get a fiber bundle
U(n)——V,(C*) — G,(C™), (12.8)

with V,,(C*) contractible. As we will see later on, this means that V,,(C>) is the classifying
space for rank-n complex vector bundles. We also have a fiber bundle similar to (12.4)

U(n — 1)¢ U(n) Szt (12.9)

whose long exact sequence of homotopy groups then shows that m;(U(n)) is stable for large n.
Bott periodicity shows that this stable group m;(U) repeats itself with period 2: the relevant
groups are 0 for ¢ even, and Z for i odd. Note that by (12.9), odd-dimensional spheres can
be realized as complex homogeneous spaces via

Sanl o~ U(n)/U(n B 1)

Many of these fiber bundles will become essential tools in the next chapter for computing
(co)homology of matrix groups, with a view towards classifying spaces and characteristic
classes of manifolds.

13 Turning maps into fibration

In this section, we show that any map is homotopic to a fibration.
Given a map f : A — B, define

Ef:={(a,v)|a€ A, v:][0,1] = B with v(0) = f(a)}.

E is a topological space with respect to the compact-open topology. Then A can be regarded
as a subset of Ey, by mapping a € A to (a,cy(q)), where cy(q) is the constant path based at
the image of a under f. Define

E; B
(a,7) = (1)

Then p|s = f, so f = poi where 7 is the inclusion of A in Ef. Moreover, i : A — Ey is a
homotopy equivalence, and p : Ey — B is a fibration with fiber A. So f can be factored as
a composition of a homotopy equivalence and a fibration:

h.e. fibration
Ac—te gt p
\i/
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Example 13.1. If A = {b} — B and f is the inclusion of b in B, then E; =: Pp is the
contractible space of paths in B starting at b (called the path-space of B):

In this case, the above construction yields the path fibration
QB =p (b)) — Pp — B,

where QB is the space of all loops in B based at b, and P — B is given by v — ~(1).
Since Ppg is contractible, the associated long exact sequence of the fibration yields that

m(B) = m,_1(QB) (13.1)

for all 7.

The isomorphism (13.1) suggests that the Hurewicz Theorem 10.1 can also be proved by
induction on the degree of connectivity. Indeed, if B is n-connected then QB is (n — 1)-
connected. We'll give the details of such an approach by using spectral sequences.

The following result is useful for computations:

Proposition 13.2 (Puppé sequence). Given a fibration F — FE — B, there is a sequence
of maps
i PB—QF — QF — QOB —F — E — B

with any two consecutive maps forming a fibration.

Exercises

1. Let f: X — Y be a homotopy equivalence. Let Z be any other space. Show that f
induces bijections:

£ 12, X] = [2.Y] and f*: [V, Z] = [X, 2],

where [A, B] denotes the set of homotopy classes of maps from the space A to B.
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2. Find examples of spaces X and Y which have the same homology groups, cohomology
groups, and cohomology rings, but with different homotopy groups.

3. Use homotopy groups in order to show that there is no retraction RP" — RP* if n > k > 0.
4. Show that an n-connected, n-dimensional CW complex is contractible.

5. (Extension Lemma)
Given a CW pair (X, A) and a map f: A — Y with Y path-connected, show that f can be
extended to a map X — Y if m,_1(Y) = 0 for all n such that X \ A has cells of dimension n.

6. Show that a CW complex retracts onto any contractible subcomplex. (Hint: Use the
above extension lemma.)

7. Ifp: (f{,fl,:z?g) — (X, A, z0) is a covering space with A = p~1(A), show that the map
Py (X, A, Tg) — m, (X, A, x0) is an isomorphism for all n > 1.

8. Show that a CW complex is contractible if it is the union of an increasing sequence
of subcomplexes X; C X, C --- such that each inclusion X; — X, is nullhomotopic.
Conclude that S is contractible, and more generally, this is true for the infinite suspension
Y2(X) == U,50 2"(X) of any CW complex X.

9. Use cellular approximation to show that the n-skeletons of homotopy equivalent CW
complexes without cells of dimension n + 1 are also homotopy equivalent.

10. Show that a closed simply-connected 3-manifold is homotopy equivalent to S3. (Hint:
Use Poincaré Duality, and also the fact that closed manifolds are homotopy equivalent to
CW complexes.)

11. Show that a map f: X — Y of connected CW complexes is a homotopy equivalence if
it induces an isomorphism on m; and if a lift f : X — Y to the universal covers induces an
isomorphism on homology.

12. Show that 77(S*) is non-trivial. [Hint: It contains a Z-summand.]

13. Prove that the space SO(3) of orthogonal 3 x 3 matrices with determinant 1 is homeo-
morphic to RP?.

14. Show that if S¥ — S™ — S™ is a fiber bundle, then k =n — 1 and m = 2n — 1.

15. Show that if there were fiber bundles S*~! — S§?"~1 — S" for all n, then the groups
m;(S™) would be finitely generated free abelian groups computable by induction, and non-zero
ifi>n>2.

16. Let U(n) be the unitary group. Find 7 (U(n)) for k =1,2,3 and n > 2.

17. If p : E — B is a fibration over a contractible space B, then p is fiber homotopy
equivalent to the trivial fibration B x F' — B.
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