HIRZEBRUCH-MILNOR CLASSES OF COMPLETE INTERSECTIONS

LAURENTIU MAXIM, MORIHIKO SAITO, AND JORG SCHURMANN

To the memory of Friedrich Hirzebruch

ABSTRACT. We prove a new formula for the Hirzebruch-Milnor classes of global complete
intersections with arbitrary singularities describing the difference between the Hirzebruch
classes and the virtual ones. This generalizes a formula for the Chern-Milnor classes in the
hypersurface case that was conjectured by S. Yokura and was proved by A. Parusinski and
P. Pragacz. It also generalizes a formula of J. Seade and T. Suwa for the Chern-Milnor
classes of complete intersections with isolated singularities.

Introduction

For the proof of his Riemann-Roch theorem [Hi|, F. Hirzebruch defined the x,-genus of a
compact complex manifold X by

Xy(X) =20, X (%) v € Z[y].
This specializes respectively to the Euler characteristic, the arithmetic genus, and the sig-
nature of X at y = —1,0,1. It is the highest degree part of the cohomology Hirzebruch
characteristic class T, (T'X) of the tangent bundle 7X. Using the Chern roots {a;} for T'X,
this cohomology Hirzebruch class is defined by

TH(TX) =18 Qy(a) € HY(X)[y),

with  Qy(a) = a(l +y)/(1 — e ™)) —ay € Q[y][[a]],

where Q, () is as in [Hi], 1.8 (see also (1.1) below), and H*(X) = H*(X, Q) in this paper.
(It is known that the theory works also for the Chow cohomology groups as defined in [Ful],
[Fu2].) Substituting y = —1, 0, 1, we see that Q,(a) € Q[y|[[«]] becomes respectively

l+a, a/(l—e), «f/tanha,

and hence T, (T'X ) specializes respectively to the Chern class ¢*(T'X), the Todd class td*(T' X),
and the Thom-Hirzebruch L-class L*(TX), see [HBJ], Sect. 5.4. In the smooth case, this

cohomology class T, (T'X) is identified by Poincaré duality with the (Borel-Moore) homology
class T(T'X) N [X] which will be denoted by T.(X).

A generalization of T,.(X) to the singular case was given by [BSY] using the Du Bois
complex in [DB] or Q. x € D°MHM(X), the bounded complex of mixed Hodge modules on
X whose underlying Q-complex is the constant sheaf Qx, where MHM(X) is the category
of mixed Hodge modules [Sa2]. The Hirzebruch class 7T,.(X) is actually a special case of
T,«(M*) defined for any M* € D'MHM(X) in [BSY], see (1.2) below.

Hirzebruch [Hi] also introduced the notion of virtual y,-genus (or x,-characteristic)
which is the y,-genus of smooth complete intersections X in smooth projective varieties Y.
The virtual Hirzebruch characteristic class T,2" (X) can be defined like the virtual genus (even
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in the singular case), see (1.3) below. In this paper, we show that the difference between the
Hirzebruch class and the virtual one is given by the Hirzebruch-Milnor class supported on
the singular locus of X, and prove an inductive formula to calculate it explicitly in the case
of global complete intersections with arbitrary singularities as follows.

Let Y(© be a smooth projective variety, and L be a very ample line bundle on Y(©. We
have the graded ring

Ry = @20 Rrr with Ry := INOARN ALY

Let s; € Rp,, with {a;} a decreasing sequence of positive integers. Let r be a positive
integer strictly smaller than dimY'®). For j € [1,7], set

Yy .— mke[l,j] 8;1(0) C Y(O),
and assume codimy Y ) = j. Define
X:=Y" y.=yrb,

Note that Y is not necessarily smooth. It is a complete intersection of codimension » — 1 in
a smooth projective variety Y(©). The sections s; (j € [1,7]) generate a graded ideal

Iy = @kzo Ixy, C Ry
Set
P(Rrx) = (Rex \{0})/C", P(lxp) = (Ixx \ {0})/C".
Replacing the s; without changing /x, we may assume by Proposition (3.2) below

SingYV c YW =X (5€[1,7]).

This condition is satisfied (and the s; generate the ideal Ix) if the s; are sufficiently general,
i.e. if ([s;]) belongs to a sufficiently small Zariski-open subset

Z/{] C H;:l P<IX,aj)7
where [s;] denotes the image of s5; in P(Ixq,).
Take a sufficiently general s, € Ry, ,,, and set

X' =s0)nY.

This is viewed as a complete intersection of codimension r — 1 in the smooth hypersurface
section s/71(0) of Y(©. Here “sufficiently general” means that [s'] belongs to a sufficiently
small Zariski-open subset U, of P(RL,,). It satisfies at least the following two conditions:

(1) The hypersurface section s.7'(0) transversally intersects all the strata of an algebraic

Whitney stratification of Y such that Y \ X is a stratum.

(2) For an embedded resolution of X C Y, the pullback of X’ is smooth and transversally
intersects any intersections of the irreducible components of the pullback of X.

Conditions (1) and (2) respectively define a non-empty Zariski-open subset of P(Ry,,)
for each choice of an algebraic Whitney stratification of ¥ or an embedded resolution of
(Y, X). Note that the intersection of finitely many non-empty Zariski-open subsets of Ry, 4,
is non-empty, and this is useful when we have to show the independence of the choices of the
sj, s; later. Note also that the Thom ay-condition follows from condition (1) (see [BMM],
[Pa]), and condition (2) follows from (1) if there is an algebraic Whitney stratification of
the embedded resolution such that the desingularization is a stratified morphism, i.e. any
stratum of the resolution is smooth over a stratum of Y.

We have

¥ :=Sing X D SingY D ¥’ := Sing X' = Sing Y N X".
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Let i p denote the inclusion morphism for A C B in general. Set f := (s,/s.)|y\x’.

Theorem 1. With the above notation and assumptions, there is M,(X) € H.(X)[y], called
the Hirzebruch-Milnor class, where Ho(X) := HEM(X,Q), and satisfying

(0.1) T (X) = Ty(X) = (inx)« M, (X),
(0.2) My(X) = Ty ((ix7.2)1 97 Quy ) + (i ) My (X7).

More precisely, choosing sufficiently general s € Ry, (j € [1,7]) inductively, we have a

mized Hodge module M(s},...,s.) on ¥ such that
My(X) = (—1)F T, (M(s ),
and My(X) is independent of the choice of the s;.

Here ¢;Qyy is viewed as a mixed Hodge module on ¥\ X’ up to a shift. (Note that
Qy [dim Y] is a perverse sheaf for any local complete intersection Y.) The monodromy around
X' of the local systems H7¢;Qyy|s on a stratum S of a Whitney stratification coincides
with the Milnor monodromy, since f = (s,/s).)|y\x» by definition. So it is rare that the
monodromy is trivial, and hence the situation is quite different from the one in [CMSS].
By Theorem 1, we have Tyf}j(X) = Tyr(X) for k& > dim% where T,}'(X) € Hi(X)[y]
is the degree k part of T)[*(X). This generalizes [CMSS], Cor. 3.3 in the hypersurface
case. Theorem 1 was proved in [CMSS]|, (1.17) in the case of hypersurfaces with isolated
singularities.

The above M, (X) may depend on the choice of the s;. However, it is well-defined if ([s;])
belongs to a sufficiently small non-empty Zariski-open subset U; of [[;_, P(Ix,) (although
it is not necessarily easy to write down explicitly U;), see Proposition (4.4) below. Note
that M,(X) coincides with this canonical one if it is invariant by any small perturbation
of the s;, i.e. if it is constant for any element in a sufficiently small open neighborhood of
([s5]) € ITj=1 P(Ix.a,) in classical topology.

We briefly explain the construction of M,(X). There is a flat family Zr over a Zariski-
open subset T of C" defined by

Zr=Zn (YO xT) with Z:=N_{si=ts} YO xC.

Here tq,...,t, are the coordinates of C", and T" C C” is defined by the following condition:
teT <= dimZ, =dimY® —r with Z, := ZN (Y® x {t}) for t € C". (Note that Z
is a complete intersection in Y x T, and is flat over T, i.e. the t; — ¢; for i € [1,r] form a
regular sequence in Oz, (0 for any (y,c) € Zp. This follows from a well-known theory of
commutative algebra about regular sequences and flat morphisms, see e.g. [Ei].)

We have Z, = Y") = X by definition. Applying the iterated nearby cycle functors, we
define a mixed Hodge module on X by

M(s}, .0 80) =y, -y, Qp 2, [dim X,
which satisfies

T, (X) = (=) XT (M (s, ..., 8))).
Indeed, the nearby cycle functor of mixed Hodge modules corresponds to the Gysin morphism
of Borel-Moore homology via the transformation DR, in (1.2.1), see Proposition (3.3) below.
(Note that the latter transformation is denoted by mC), in [Sch2].) We can moreover prove
the injectivity of the canonical morphism of mixed Hodge modules

thx[dimX] — MI(Sll, . 8/),

rer
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together with the equality (0.2) at the level of the Grothendieck group of mixed Hodge
modules by increasing induction on r. Then M(s],...,s.) is defined to be the cokernel of
the above injection. It may depend on the s} (¢ € [1,7]) although its image by T}, (and hence
M,(X)) does not by using a one-parameter family together with Lemma (2.6) below, see

also [Sch3], Cor. 3.7.
By [BSY] and (1.3.4) below, T,.(X) and T,7"(X) respectively specialize for y = —1
to the MacPherson-Chern class ¢(X) (see [Ma]) and the virtual Chern class ¢"*(X) (called

the Fulton or Fulton-Johnson class, see [Fu2], [FJ]) with rational coefficients. Specializing
Theorem 1 and using [Schl], Prop. 5.21, we then get the following.

Corollary 1. With the notation and the assumptions of Theorem 1, there is M(X) € H.(X),
called the Milnor class, and satisfying

E(X) = e(X) = (in.x). M(X),
M(X) = c((is\xr 2)1 95 Qy ) +(isr 5) M (X).
Here C((iz\X/7z)! gony) is the MacPherson-Chern class [Ma] with Q-coefficients of the
associated constructible function. To get Corollary 1 with Z-coefficients (i.e. in H.(X, Z)),

we have to prove some assertions in this paper (e.g. Proposition (4.1)) with Q replaced by
Z, and use [Ve2] (and [Kel], [Ke2] if H.(X) = CH.(X)).

As special cases of Theorem 1, we also get the following.

Corollary 2. With the notation and the assumptions of Theorem 1, assume furthermore
r =1, 1.e. 'Y is smooth, or dim> = 0, i.e. X has only isolated singularities. Then the
second term in the right-hand side of (0.2) vanishes so that

(0.3) My (X) = Ty ((is\x 2)1 07 Quy )
If dim ¥ = 0, then we can omit (is\x ) (since XN X' =0), and
<O4) My(X> = @xESingX Xy<}~[. (FUU))

Here H*(F,) denotes the reduced Milnor cohomology of f : (Y,z) — (C,0) endowed with a
canonical mized Hodge structure, and x, 1s a polynomial defined by using its Hodge numbers,
see (1.2.7) below.

Note that x,(H*(F;)) is essentially the Steenbrink spectrum [St3] with information
on the action of the monodromy forgotten (see [CMSS], Remark 3.7 for a more precise
statement). This spectrum coincides with the spectrum of the complete intersection (Y, X)
at a general point of CxY(?) over 2 € Sing X defined in [DMS], if s;,...,s,_; and s/, ..., s’

)<

are sufficiently general. One can calculate x,(H"(F})) by taking an embedded resolution
of singularities and using the theory of motivic Milnor fibers [DL]| (which is explained in a
slightly different situation in Proposition (5.7) below). We can also apply a construction of
Steenbrink [St2] in the isolated singularity case or the theory of mixed Hodge modules as in
[BS], Th. 4.3.

By using [Schl], Prop. 5.21, we see that Corollary 2 specializes for y = —1 to a formula
for the Chern classes in the hypersurface case which was conjectured by S. Yokura [Yo2]
(see also [Yo3], [Yod]), and proved by A. Parusiniski and P. Pragacz [PP]. Note that the
formulation itself of Theorem 0.2 in loc. cit. cannot be generalized to the case of Hirzebruch
classes because of some monodromy problem. The equality (0.4) specializes for y = —1 to a
formula of J. Seade and T. Suwa for the Chern classes in the case of complete intersections
with isolated singularities (see [SeSu], [Su]).
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Note finally that the Hirzebruch-Milnor class M, (X)) can be calculated explicitly by using
(0.2), see Section 5 below. This is quite important form the view point of applications of
Theorem 1.

Part of this work was done during a visit of the second named author to Mathematical
Institute of Miinster University, and he thanks the institute for the financial support. The
first named author is partially supported by NSF-1005338. The second named author is
partially supported by Kakenhi 21540037. The third named author is supported by the SFB
878 “groups, geometry and actions”.

In Section 1 we review some basics of the Hirzebruch characteristic classes. In Section 2
we prove some properties of the Gysin morphisms which are used in later sections. In Section
3 we show some assertions in the global complete intersection case, e.g. Proposition (3.4).
In Section 4 we prove Theorem 1 after showing Proposition (4.1). In Section 5 we show how
the Hirzebruch-Milnor classes can be calculated explicitly.

Conventions.

1. A variety means a complex algebraic variety which is always assumed reduced and irre-
ducible except for the case of subvarieties (e.g. hypersurfaces) which may be non-reduced or
reducible. We assume a variety is quasi-projective when we use [Ful].

2. Cohomology and homology groups are always with Q-coefficients unless the coefficients
are explicitly stated.

3. In this paper, Hy(X), H*(X) are respectively HEM(X, Q) and H?**(X, Q) in order to sim-
plify the explanations. We have similar assertions for Hy(X) := CHy(X)q where H*(X) is

either the Chow cohomology in [Ful] or Fulton-MacPherson’s operational Chow cohomology
in [FM], [Fu2] (see [To] for the relation with H*(X, Q)).

4. The nearby and vanishing cycle functors 1, ¢y for D°MHM(X) are not shifted by —1
as in [Sal], [Sa2]. They are compatible with the corresponding functors for the underlying
Q-complexes without a shift of complexes, but do not preserve mixed Hodge modules.

5. We use left D-modules, although right D-modules are mainly used in [Sal], [Sa2]. The
transformation between filtered left and right D-modules is given by

(M, F) = QX" Y, F) @0y (M, F),
where (M, F') are left Dx-modules, and Gerg(imX =0 for p # —dim X.

1. Hirzebruch characteristic classes

In this section we review some basics of the Hirzebruch characteristic classes.

1.1. Cohomology Hirzebruch classes. Let X be a smooth complex algebraic variety of

dimension n. The cohomology Hirzebruch characteristic class T,/ (T'X) of the tangent bundle
TX is defined by

(1.1.1) T5(TX) = ITizy Qyai) € H(X)[y],
where (), () is explained as below and the {o;} are the (formal) Chern roots of T'X, i.e.
[T (1 + ait) = 320 ¢ (TX)E.
We have normalized and unnormalized power series (see [Hi], 1.8 and [HBJ], 5.4.):

112)  Qle)= Yoy Gy = 20X ¢ qpa

l1—e@
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Their initial terms are as follows:

(1.1.3) Qy(0) =1, Qy0)=1+y.
These two power series have the following relation
(1.1.4) Qy(@) = (1+y)7' Qy(a(l+y)).

1.2. Homology Hirzebruch classes. Let X be a complex algebraic variety. Let MHM(X)
be the category of mixed Hodge modules on X. For M* € D*MHM(X), its homology
Hirzebruch characteristic class is defined by

Tye( M) := td(144). (DR M) € Ho(X) [y, ;o] with

DR, [M'] =37, , (=1)" [H'GIEDR(M")] (=y) € Ko(X)[y,y™"],
setting F? := F_,. Here we define

(1) - KO(X)[yayil] — H.(X) [y, m}

(1.2.1)

i,p

to be the scalar extension of the Todd class transformation
td, : Ko(X) — H.(X)

(denoted by 7 in [BFM]) together with the multiplication by (1 +%)~* on the degree k part
(see [BSY]). The last multiplication is closely related to the identity (1.1.4), and we have
actually by [Schl], Prop. 5.21

Ty (M) € Ho(X)[y,y™'].

In this paper, we set Hy(X) := HEM(X, Q) to simplify the arguments, see Convention 3. In
some other papers (as [BSY], [CMSS], etc.), DR,[M?*] is denoted by mC,(M?*). (Note also
that it is nontrivial to show that the H'Grh.DR(M?*) are Ox-modules in the singular case,
see [Sal], Lemma 3.2.6.)

By definition we have for k € Z
(1.2.2) DR, [M* (k)] = DR, [M"] (—y) 7",  Tpu(M*(k)) = T, (M®) (=y) 7",

where the Tate twist (k) on the filtered D-module part is given by the shift of the filtration
[k] which is defined by

(1.2.3) (F[K))P := FPY* (F[k]), :== F,p.
The homology Hirzebruch characteristic class T,.(X) is defined by applying the above
definition to the case M* = Qy, x (see [BSY]), i.e.
Tys(X) := Tyu(Qu,x) = td144)DRy[X] € H.(X)[y],
with DR, [X] := DR, [Qu x|

This coincides with the definition using the Du Bois complex [DB] by [Sa3], and it is known
that T,,.(X) belongs to H.(X)[y], see [BSY]. In case X is smooth, we have

(1.2.4) DR, [X] = A,[T*X],
where A, [V]:= 3" [APV]yP for a vector bundle V. Indeed, we have
(1.2.5) DR(Qp.x) = DR(Ox)[—n] = Q% with n:=dim X,

and the Hodge filtration F? on Q% is given by the truncation o, in [D1].

To show the coincidence with the above definition of 7,.(X) in the smooth case, we
need the relation (1.1.4) together with some calculation about Hirzebruch’s power series
Qy(c) as in [HBJ], Sect. 5.4 or in the proof of [Yol], Lemma 2.3.7, which is closely related
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to the generalized Hirzebruch-Riemann-Roch theorem in [Hi|, Th. 21.3.1. This coincidence
is part of the characterization of the Hirzebruch characteristic classes for singular varieties,
see [BSY], Th. 3.1.

By a generalization of the Riemann-Roch theorem [BFM], td, commutes with the push-
forward under proper morphisms, and so does T},. If we apply this to ax : X — pt with
X compact, then the pushforward for H., is identified with the degree map or the trace
morphism, and we have

(1.2.6) Ko(pt) =7, H.(pt)=Q, MHM(pt) = MHS,

where MHS is the category of graded-polarizable mixed Q-Hodge structures in [D1]. By
definition we have for H* € D*MHS

(1.2.7) Ty (H") = xy(H") =3, (—1)? dime Gro HL (—y)P.

So the degree 0 part of T}, (X) is identified with x, (H*(X)) if X is compact and connected.
Here the cohomology groups H*(X) (with the zero differential) is defined in D*MHS by [D1],
and this is compatible with [Sa2] by [Sa3] (using [Cal).

1.3. Virtual Hirzebruch classes. Hirzebruch also introduced the notion of virtual yx,-
genus (or y,-characteristic) which is the y,-genus of general complete intersections X in
smooth projective varieties Y. Let X be a complete intersection in a smooth projective
variety Y. The virtual Hirzebruch characteristic class T,;"(X) can be defined like the virtual
genus by

(1.3.1) T"(X) = td144)DRY'[X] € Ho(X)[y],
with DR}"[X] the image in Ko(X)[[y]] of
(1.3.2) Ay (T3 X) = Ay [T7Y ]/ Ay [N5v] € KO (X)),

and DR}"[X] belongs to Ko(X)[y] by Proposition (3.4) below. Here K°(X), Ko(X) are re-
spectively the Grothendieck group of locally free sheaves of finite length and that of coherent
sheaves. We denote respectively by T*Y and N} Iy the cotangent and conormal bundles,
and the virtual cotangent bundle is defined by

Ty X = [T*Y|x] — [Nx)y] € K(X).

More precisely, N Jy in the non-reduced case is defined by the locally free sheaf Zx /Z% on

X where Zy C Oy is the ideal sheaf of the subvariety X of Y. Here we set for a virtual
vector bundle V on X in general

(1.3.3) AV =30 Lo APV Y € K°(X)[[y]].
We can also define 7,%"(X) by using the virtual tangent bundle
Toir X = [TY’X] — [Nx/y] € KO<X),

together with the above cohomological transformation 75 as in [CMSS] (in the hypersurface
case) so that

(13.4) T8 (X) = THTw X) N [X] in HL(X)[y)

see Proposition (1.4) below. Here [X] := } . m;[X;] is the fundamental class of X with
m; the multiplicities along the irreducible components X; of X. We have the equality
T, (X) = T,0"(X) if X is smooth. The problem is then how to describe the difference in the
singular case, which is called the Hirzebruch-Milnor class. (For the degree-zero part, i.e. on
the level of Hodge polynomials, see also [LM].)
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1.4. Proposition. The equality (1.3.4) holds in Ho(X)|[[y]] under the assumption that X is
a locally complete intersection in a smooth variety Y of pure codimension r.

Proof. By the compatibility of ¢d, with the cap product [BFM], we have
td, (DRY"[X])= ch(A, T3 X) Ntd.(X) in H(X)[[y]],

where DR}"[X] is as in (1.3.1), and ch denotes also the scalar extension of the Chern char-
acter ch : K°(X) — H*(X) under Q < Q[[y]]. By [Vel], Th. 7.1, we have
td.(X) == td.([Ox]) = td.(i*[Oy]) = i'td.(Y) N td* (Nx/y) ",
and
td,(Y) =td"(TY)N[Y].
Using the relation of 4*, i* with the cap product (see (2.3.4) below), we then get
td. (DRY"[X])= ch(A T X) - td* (Tun X)) N [X].

vir

Let o; and f3; be respectively the (formal) Chern roots of TY|x and Nx/y. Then

m™ 1 ) L /(1 — e
(AT X) -t (T ) = Lzl e /(L= 7))
[l (T +yem®) - B/ (1 —e7)
where m = dimY and r = m —n with n = dim X. Indeed, if ¢(~;) denotes a (formal) line
bundle class with the first Chern class v, in some ring extension of K°(X), then

ch(C(y1) -+ €)= ch(fly + -+ )= e,
and this implies (see also [Hi])
ch(Ay T35 X) =TT (1 +ye ) /Ty (1 +ye™™).
Since td(14,)« is the composition of td, with the multiplication by (1 + y)™* on Hy(X),

and the last multiplication corresponds to the multiplication by (1 + y)¥ on H*(X) under
the cap product, we then get the desired equality as follows:

td (144 (DRVir[X])
B I 1(1 + ye—(1+y) ) ai(1+y)/(1 — e~ (14v)
[T (L e P ) 5,1+ )1~ 30
I @+ ) /(L
[T5-1 (Qu(B;(1+ )/ (1 +
- TJ([TY|X NX/Y)
= T (T X) N [X],

N(1+y)"[X]

1+y))
]

))

where the relation (1.1.4) between the power series (), and va is used, see also [BSY], (1.1)
and [Yol], Lemma 2.3.7. This finishes the proof of Proposition (1.4).

2. Gysin morphisms

In this section we prove some properties of the Gysin morphisms which are used in later
sections.

2.1. Construction. Let i : X — Y be a locally complete intersection morphism of pure
codimension r. By [Fu2], [Vel] there are Gysin morphisms

(2.1.1) it CHR(Y) = CHp_(X), ' : HEM(Y) = HBM, (X)(r),
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in a compatible way with the cycle map. These are constructed by using the deformation
to the normal cone ¢ : Z — S := C such that ¢~'(0) = Nx,y and ¢~ (S") = Y'xS" where
S’ .= C*. More precisely, Z is the complement of the proper transform of Y x{0} in the
blow-up of Y’ x.S along X x{0}, see loc. cit.

We recall here the definition of the Gysin morphism for Borel-Moore homology (see
[Vel]). We have the isomorphisms

(R* ¢ Qz)o = HY(Nxv), R'qQzls =ag'HI(Y),
where ag : S’ — pt is the natural morphism. So we get the cospecialization morphism
(2.1.3) sp*: HY(Nx)y) — HE(Y).
Taking the dual, we get the Gysin morphism
(2.1.4) i HPM(Y) =5 HPM (Nxgy) & H2,(X)(r),

where the last isomorphism is induced by the pullback under the canonical morphism 7y :
NX/Y — X.

The above definition implies the compatibility with the pushforward under a proper
morphism p : Y — Y such that X = X xyY has codimension r everywhere in Y. In this
case we have the cartesian diagram

X 47
o . Lo
X Sy
and
(2.1.5) itop, = ploi.

Indeed, the specialization morphism sp, in (2.1.4) is compatible with the pushforward by
proper morphisms, and Ng v X is the base change of N,y — X by the hypothesis.

2.2. Sheaf-theoretic description [Vel]. With the above notation, set Z, := ¢~'(s), and
let i, : Z, — Z denote the inclusion for s € S. We have

(221) ZO = Nx/y, ZS =Y (8 7£ 0)

Let p: Z — Y be the canonical projection. Set ps := poig: Zs; — Y.
For s € S we have the canonical flasque resolutions

Q5T Q5T
together with the canonical morphisms
(2.2.2) 5 — (is) Iy,

which are compatible with Qz — (4,).Qz,. Indeed, (is),Z} is naturally isomorphic to the
canonical flasque resolution of (i5).Qz,, and this resolution is functorial for morphisms of
sheaves. The dualizing complex D?, is defined by

D% (V) := Hom(I'.(V,Z,*),Q) for open V C S,
and similarly for D% . Then we have by (2.2.2) the canonical morphisms
(is). D%, — DY.
They induce the canonical morphisms
(2.2.3) I'(Z,, D3 ) = I'(S, ¢.D%),
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and this is a quasi-isomorphism for s = 0. We thus get the canonical morphisms of complexes
(224)  T(Y,Dy) =(Z1,Dy,) = I'e(S,¢.Dy)] < I'(Z,Dy,) = T(Nxv, Dy, ),

where i means an quasi-isomorphism.
For any open subset U C Y, set

XU =XnN U, ZU = pil(U>, ZU,s = ZU N ZS, qu ‘= q|ZU : ZU — S.
Then

45" (0) = Nxypo, gy’ (s) =U (s #0),
and (2.2.4) implies the canonical morphisms of complexes

(2.2.5) D(U,Dy) = Le(S. (qv).Dy,) = T(Nxy 0, Dy, ,)-

Here we have presheaves defined by associating to U respectively
k k
FC(S7 (QU>*DZU)> F(NXU/U7DNXU/U)7

and these are sheaves. So we get the canonical morphisms of sheaf complexes on Y, and this
gives the morphism in the derived category D%(Y, Qy)

(2.2.6) D3 — (iomy).Dy,,, & i.D%(r)[2r],

where my : Nx/y — X denotes the canonical projection and the last quasi-isomorphism
is given by 7. So we get the sheaf-theoretic description of the Gysin morphism in (2.1).
(This is a detailed version of a slight modification of a sketch of an argument in [Vel], Sect. 8
where a point of S” = C\ {0} was not chosen as in the above argument. We may assume
that this point is 1 by using an equivariant C*-action on ¢ : Z — S.)

2.3. Compatibility with the cap product. Let ¢ € H/(Y, Q). By the canonical isomor-
phism

(2.3.1) H'(Y,Q) = Hom(Qy, Qy[5]),
together with Dy = Qy ® Dy, we get the morphism
(2.3.2) ¢n: HPM(Y, Q) — HPM(Y, Q).

So the above sheaf-theoretic construction of the Gysin morphism implies the compatibility
with the cap product

HPM(Y, Q) = HPY,(X,Q)(r)
(2.3.3) len Lic¢n
HP(Y) = HPY o (X)(r)
le.
(2.3.4) i(CNE) =d*¢ni'¢ for (€ HI(Y,Q), ¢ € HPM(Y).
Since 4'[Y] = [X], this implies the commutative diagram
HPHY) () 5 HH(X) (n)
(2.3.5) Iy Inix]
HPMY) = H2(X)(r)
This is used in the proof of [CMSS], Lemma 3.1 in the hypersurface case (i.e. r = 1).
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2.4. Principal divisor case. Assume X is a globally principal divisor on Y, i.e. there
is a function on Y with X = f7'(0) and r = 1. Then the Gysin morphism induces a
‘well-defined” morphism

(2.4.1) it CHR(Y \ X) — CHp_1(X),
using the exact sequence
CHL(X) 5 CHL(Y) L CHL(Y \ X) — 0,

where ‘well-defined’ means that i' : CHy(Y') — CHy_;(X) factors through the surjection j*.
Indeed, the composition 7' o, vanishes by the triviality of the normal bundle.
By [Vel], Th. 7.1, we have

(2.4.2) td, oi* = i'otd,.
where i* : Ko(Y) — Ko(X) is the pull-back of the Grothendieck groups of coherent sheaves
defined by the mapping cone of the multiplication by the global defining function f of X.
Using the exact sequence

Ko(X) % Ko(Y) 5 KoY\ X) = 0,

the last definition implies that the composition i* o4, vanishes so that ¢* induces also a
‘well-defined” morphism

(2.4.3) i Ko(V\ X) = Ko(X).

We have a similar property for the nearby cycle functor ¢y with f a global defining
function of X, and we have the ‘well-defined” functor

(2.4.4) Pe[—1] : MHM(Y \ X) — MHM(X).
Indeed, the restriction gives the surjection MHM(Y) — MHM(Y \ X) by extendability of
mixed Hodge modules in the algebraic case, and ¢y M’[—1] is independent of the extension
M’ of M to Y by using the functorial morphism id — j,j*, since ¢y M"[—1] vanishes if
supp M" C X.

As for Borel-Moore cohomology, we have the long exact sequence
(2.4.5) oo HPY(X) B HPM(Y) D HPM(Y \ X) = HPM(X) = -

and the next proposition shows the vanishing of the composition
(2.4.6) HPM(X) & HPM(Y) S HPM(X)(1).
2.5. Proposition. With the above notation and the assumptions, the composition of the

two morphisms in (2.4.6) vanishes.

Proof. By the construction in (2.1), the restriction of sp, to the image of i, is essentially the
identity. More precisely, we have

(2.5.1) 8Dy 0 dx = (50)w + HPM(X) = HM (Nxyy),
where 5o : X < Ny/,y is the zero-section. We have moreover
(2:5.2) so = (7))~ s HPM(Nyyy ) — HPG(X)(1),
where my : Nx/y — X is the projection. Indeed, we have

(2.5.3) shoma = id : HPM(X) — HPM(X),

since the deformation to the normal cone is identified with a trivial deformation.
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So the assertion is reduced to
(2.5.4) spo(s50) = 0.
Since the normal bundle Nx/y is trivial, we have a section s; whose image is disjoint from
that of sg, and s} oy = id by the same argument as above. So the assertion is further
reduced to

(2.5.5) sy (s0)x = 0.

This is more or less trivial by the construction of s} since the images of sy and s; are disjoint.
(The reader can also use (2.1.5) together with the fact that the codimension of an empty set
can be any number.) This finishes the proof of Proposition (2.5).

By a similar argument, we have the following.

2.6. Lemma. Let X be a complex algebraic variety. Let i, : X = X x {t} — X x C denote
the inclusion for t € C. Then i} : Ho(X x C) — H._1(X) is independent of t € C.

Proof. Let Y := X x C so that Y = Ny/y where X = X x {t} C Y. Then the assertion
follows from (2.5.2).

3. Global complete intersections

In this section we show some assertions in the global complete intersection case, e.g. Propo-
sition (3.4). We first give proofs of the following lemma and proposition for the convenience
of the reader. These are related to the independence of the choice of the sections s;. They
should be well-known to specialists.

3.1. Lemma. Let L be a line bundle on a smooth variety X, and s; € I'(X, L) fori € [1,m].
Assume ﬂie[l’m] s;5(0) = 0. Then there is a non-empty Zariski-open subset U of P™~! such
that the zero locus of Zie[l’m] tis; in X is smooth for any t = (t1,...,t,) € U.
Proof. Consider

Z = {(y,t) € X x P 3,y tisi(y) = 0},
By the Sard-type theorem, it is enough to show that Z is smooth. Set

Uj:={t; 20} cP™ ' X, := X \s;(0).

Then X = J, X;, and Z N (Xime_l) is covered by X; x U; with 7 # j by the definition of
Z. Moreover, Z N (Xi X Uj) is defined by

ti/t; == pz (/1) (sk(y)/si(y)) in X; x Uj,
where the ¢, /t; (k # j) are the affine coordinates of U;. So the assertion follows.
3.2. Proposition. Let L be a very ample line bundle on a projective variety Y. Let s; €
LY, L®*) (i = 1,...,r) with a; a decreasing sequence of positive integers where r > 2. Set
Yy 0) = MNicp i s7H0)(j=1,...,7). Assume Y \ Y™ is smooth and codimyY ") =r. Then,
the YD\ Y are smooth for any j € [1,r — 1] by replacing s; with s; + D i Siasi if we
choose the s, € T(Y, L®@~)) generically.

Proof. We proceed by increasing induction on r > 2. Consider the embedding Y < P by
the line bundle L. Let {Téi)}ke[wi] be a basis of I'(Y, L®). We apply Lemma (3.1) to the
case where X =Y \ Y, m =" v, ., and the s; (j € [1,m]) in Lemma (3.1) are given
by the restrictions of

T,Earai)si (k €[1,Vay—a;), 7 € [1,7]).
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Note that the intersection of the zero loci of 7" ™)s; (k € [1, V4, _a,]) coincides with s;'(0)
for each ¢ € [1,7]. We may assume that the coefficient of s; does not vanish since this
condition defines a non-empty Zariski-open subset of P™~! (and the intersection of any two
non-empty Zariski-open subsets of P™~! is non-empty). So we get the assertion for j = 1,
and hence for r = 2. Moreover, the assertion for » > 3,7 > 2 is reduced to the assertion
with Y replaced by YV, and (r,5) by (r — 1,5 — 1). Thus we can proceed by induction on
r. This finishes the proof of Proposition (3.2).

The following was shown in [Sch2] without assuming the condition that the variety Y is
embeddable into a smooth variety. We give here a simplified proof assuming this condition.
This proposition will be used in the proof of Proposition (3.4) below.

3.3. Proposition ([Sch2]). Let f : Y — C be a non-constant function on a complex algebraic
variety. Assume 'Y is embeddable into a smooth variety. Set Yo := f~1(0) with the inclusion
10 : Yo = Y. Then, for any bounded complex of mixzed Hodge modules M*® on'Y , we have

isDRy[M'] = DR, [y M*](1 +y) in Ko(Yo)ly,y™ '],
iE)Ty*(M.) =Ty (Py M) in HO(YE))[?J)?/_%

where Yy M* is viewed as a complex of mized Hodge modules on Yj.

(3.3.1)

Proof. Tt is enough to show the first equality since the second equality follows from it using
[Vel], Th. 7.1. (Here the term (1 + y) disappears since if send Hg(Y) to Hy_1(Yp).) We
may assume that M*® is a mixed Hodge module M on Y. By assumption there is a closed
embedding Y — Y’ with Y’ smooth. Set

Z=YxCcZ =Y xC.

Let iy : Y < Z be the graph embedding, and (M, F') be the underlying filtered left D-
module of the direct image of M by if, see [Sal]. It has an increasing filtration V' of
Kashiwara and Malgrange such that d;t — a is nilpotent on Gr{,M. (In this paper we use
left D-modules, and V' corresponds to V_, in loc. cit., see Convention 5.)

Setting Z'* := Y'xC*, we have V*M|z+ = M|z+ for any a € Q. (Indeed, for any
m € M, we have t'm € V*M for i > a and ¢ is invertible on Z'*). Using the well-definedness
of (2.4.3), the left-hand side of (3.3.1) can be given by applying if to the mapping cone

(3.3.2) C(GryDRyc(VM) &% Grym 'DRy o (VIM)),

and considering it in Ky(Yy)[y,y '] (using [Sal], Lemma 3.2.6). Here a, b can be any rational
numbers satisfying

(3.3.3) a—1>b>0.

(This implies that [Sal], (3.2.1.3) is not needed in [Sch2].) By [Sal], (3.2.1.2), we have the
isomorphisms

(3.3.4) t: VoM = VM for any a > 0.
So the left-hand side of (3.3.1) is given by
(3.3.5) —DR,[(V*/V*) (M, F)] + DR, [(V*/V**)(M, F[-1])],

where (V¢/V@ ) (M, F) and (V°/VP) (M, F) are viewed as filtered left Dy,-module. (For
the shift of filtration [—1], see (1.2.3).)
As for the right-hand side of (3.3.1), we have by definition

(3.3.6) Ui(M, F) = @ae 0 Grv (M, F)[1],
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where the shift of complex by 1 comes from Convention 4. So we get (3.3.1) by using (1.2.2)
and (3.3.4). This finishes the proof of Proposition (3.3).

3.4. Proposition. Let M'(s},...,s.) and A (T35, X) be as in the introduction and (1.3)
respectively. Then

DR, [M'(s], ..., s))] = (=)™ ¥ A, (T3 X) i Ko(X)[[y]][y~"].

»er vir

Hence A,(T3,X) € Ko(X)[y] (= Ko(X)[y,y~ '] N Ko(X)[[y]]). and
Ty (M'(sY, ..., 8))= (1) > T (X).

Proof. Tt is enough to show the first equality, since the last assertion follows from it by [Vel],

Th. 7.1 applied to the inclusion X — Zr. In the notation of the introduction, set
Tp={ty=0 (k<)Y CT, Z:=2ZxrTj

with the inclusions i; : Z; — Z;_1. Let ix : X — Z denote the composition of the ¢; for

j € [1,7]. Set n:=dim X. Applying Proposition (3.3) to the i;, we get

(3.4.1) (=1)"DRy[M(s}, ..., 8.)] = ixDRy[Qnz, (1 + )"

Let U be a non-empty Zariski-open subset of T" such that Zy := Zr x7 U is smooth
over U. Let T*(2y/U) denote the relative cotangent bundle. Since T*U is trivial, we have
DRy [Qnz, (1 +y)™" = AT Zp](1 + )"
= Ay [T*(20/U)|= i%, opri (A [TY Q)T A [L5]),
where iz, : Zy < YO x U and pry : YO x U — Y© are natural morphisms, and L} is the
dual of a very ample line bundle L; such that s; € [(Y®, L;). (Here it is not necessary to
assume that L; = L®%.)

In order to apply inductively (2.4.3) and (2.4.4), we have to take Zariski-open subsets
U;, Uj of Tj (5 € [0,7 — 1]) satisfying the two conditions
(3.4.3) Ui\Tj1 = Ui\ Tjn, Uy = U0 T # 0,
by increasing induction on j € [0,r — 1], where U] = T, = {0}, and (2.4.3), (2.4.4) will be
applied to the base changes of the inclusions

Uiy =U;NTj0 = Uj.
If j =0, we set Uy := U. In general, if U is given, then U; can be any Zariski-open subset
of T satisfying the two conditions in (3.4.3). Here a canonical choice would be the maximal
one satisfying the two conditions, i.e.
Uj =T\ (T3 \ (U; U Tj14)).

This means that T} \ Uj is the union of the irreducible components of T} \ U} which are not
contained in 7).
Consider now the inclusions

(3.4.4) Z

i+
which are obtained by the base change of the inclusions U}, < U; — U by Zy — U for
j € [0,7—1]. The assertion then follows from the ‘well-definedness’ of (2.4.3) and (2.4.4) (as
is explained in (2.4)) which we apply to the inclusions (3.4.4) inductively. This finishes the
proof of Proposition (3.4).

(3.4.2)

1<—>ZUJ7
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4. Proof of the main theorem

In this section we prove Theorem 1 after showing Proposition (4.1) below. A proof of the
latter has been presented in the proof of [PP], Prop. 5.1 in case Y is smooth, where they
demonstrated the contractibility of the Milnor fiber using the integration of a controlled
vector field as in [Mi]. We give a sheaf-theoretic proof using an embedded resolution.

4.1. Proposition. Let X be a hypersurface of a projective variety Y such that X is a very
ample divisor, and Y \ X is smooth. Let X' be a sufficiently general member of the linear
system associated with X so that we have a one-parameter family Y = [[.cp1 Ye with Yy = X,
Y, = X'. Here P! is identified with C U {oc} by the inhomogeneous coordinate t of P'. Let
7Y — Pl be the projection. Set X" := X N X'. Then

O Qylxr =0, de. Y Quxr = Qxo.

Proof. We first treat the following simple case.

(a) Normal crossing case. Assume that Y, X’ are smooth, X is a divisor with simple
normal crossings, and X’ transversally intersects any intersections of irreducible components
of X. (Here it is not necessary to assume that X is a very ample divisor.) Let g be a local
equation of X around x € X” = X N X’. Let y1,...,y, be local coordinates of Y such that
locally

g=1Ily™ X' ={y. =0},
where r < n:=dimY and m; > 1(i € [1,7]). Then we have locally
Y={g=uyst} CYXC,
where ¢ is identified with the affine coordinate of C C P!. So the Milnor fiber of 7 : ) — P!
around z € X N X’ C 7 1(0) is given by
{(yla s 7yn) eC” | g = ynt7 Z;Lzl |yz’2 < 82}'
where 0 < [t| < & < 1. This is identified with
{rse o ynm) € C N S0 Jual® + 18P T T Ly < €
This set is contractible by using the natural action of A € [0, 1] defined by
>‘<y17 < 7yn71> = ()‘yla - 7)\yn71)~

So the assertion in the normal crossing case follows.

(b) General case. Let o : (Y, X) — (Y, X) be an embedded resolution of singularities such
that X := o71(X) is a divisor with simple normal crossings. By assumption, X’ := ¢~ 1(X’)
is smooth and transversally intersects any intersections of irreducible components of X. So

X' is the total transform of X’ , and we get the one-parameter family
Vi Lo Vo with = X, Vo = X"
Set N N
Vo =1y Yoo Yvi=1leyYe with U:=P"\{0}.
Let 7y : Yy — P, 7y iU — P! denote the canonical morphisms. Then o induces
5U:§U%yU with %U:nanU:ﬁU%yU%U.
Let o, : 370 — Y. (c € U) be morphisms induced by o. Set

X":=XNX, X":=XNX with o":=o0|g : X" = X".
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By the definition of fU, Yy, we have the inclusions
WX XU < Yy, i X"xU< Yy over U,
and ¢ induces an isomorphism
(4.1.1) Vo \ i, (X" x U)" Yy \ iy (X" x U).
Consider now the distinguished triangle

E#
(4.1.2) Qy, —% R(51).Qy, — Conedf — .

By the definition of oy and using (4.1.1), we have
(4.1.3) Cone &} 2 (if,).prjK” with K" := Cone(Qx» — Ro’Qz.),

where pri : X" x U — X" is the first projection.
Let ¢ be the affine coordinate of C C P*. Since the nearby cycle functor commutes with
the direct image by a proper morphism, we have a canonical isomorphism

R(UO)*w%*tQﬁU = wﬂ'*th* QﬁU ’

By the assertion in the normal crossing case together with the proper base change theorem,
we then get

RO_;,Q)?// L> RO’: (¢%*toU )}//)
= R‘(O-(])*l/)%*tQj)U X = /le'*tRai*ijU

Let iy : Yo < Y denote the inclusion. Apply the functorial morphism i — 1.+ to the
distinguished triangle

(4.1.4)

X// N

a#* ~ ~
Qy — R(0).Qz — Cone ot +—1>,
which is the extension of (4.1.2) over P'. Restricting these over X” C X = Yj, and using

the ‘well-definedness’ of the nearby cycle functor as in (2.4.4), we then get a morphism of
distinguished triangles

+1
Qxr — Ro!Qx. - K' —

(4.1.5) 1 ! I
~ 1

Ve Quylxr = eiREQp, Ixr — K" =

where the right vertical isomorphism follows from (4.1.3). Moreover, the middle vertical

morphism is an isomorphism by (4.1.4). So the left vertical morphism is an isomorphism.
This finishes the proof of Proposition (4.1).

4.2. Proof of Theorem 1. We proceed by increasing induction on r. We fix s1,..., s,
such that
¥ :=Sing X D SingY D ¥ := Sing X' = SingY N X",
in the notation of the introduction, e.g. Y := Y=Y X :=Y® X' =Y ns.70).
Let ) be the blow-up of Y along X” := X N X’ so that
Y=1lep: Yo with Yy=X, Y, =X".

Here we use ¢ to denote a point of P!, and the coordinate ¢, will be used to define the nearby

and vanishing cycle functors.
Set T, :={t; =0 (1 <i<r)} CT. Then

V\Ye 22,0 (YO xT).
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Set Vy = Y xp. U with U a sufficiently small non-empty Zariski-open subset of 7T, such
that the hypersurface {s, = c¢s.} C Y is smooth and intersects transversally any strata of
Whitney stratifications of Y® (0 < k < r) for any ¢ € U. Set U’ := U U {oo} C P!. Let
ic 1 Y. <= Yy denote the inclusion for ¢ € U’. Set

/U’ = MI(S,D s 75;-1)'37[;/7 M/c = Z: /U’[_l] (C € U,)

These are mixed Hodge modules on Yy and Y. (¢ € U’) respectively, and moreover Y,
transversally intersects any strata of a Whitney stratification of Yy compatible with M, by
shrinking U if necessary. (Here U’ may contain oo € P!, since X’ = {s/. = 0} C Y is assumed
to be sufficiently general in the one-parameter family Y. = {s, =cs.} CY (c € U).)

Set n = dim X. By inductive hypothesis applied to the smooth projective variety
{5, = cs.} € YO for ¢ € U’, we have short exact sequences of mixed Hodge modules on
Y. (cel)

(4.2.1) 0= Quny,[n] > M., - M. — 0,

where the last term is defined by the cokernel of the injection. (Indeed, the restriction by the
inclusion {s, = cs.} — Y(© commutes with the nearby cycle functors by [DMST].) They
imply a short exact sequence of mixed Hodge modules on YV

(4.2.2) 0= Quy,, [n+1] = My, — My — 0,
together with the isomorphism
M. =My [-1] (c € U).

Applying the nearby cycle functor ¢, to (4.2.2), we get an exact sequence of mixed Hodge
modules on X

(4.2.3) 0 = by, Qny,, [n] = M'(s],...,5.) = Y, My [—1] = 0.

Here we use the well-definedness of (2.4.4) which implies that v, can be defined for mixed
Hodge modules defined on the complement of {¢, = 0}. We have moreover the short exact
sequence

(4.2.4) 0 — Qux[n] = ¥, Qny,, [n] = 01, Quyln] — 0,

since X is a complete intersection so that Qx[n] is a perverse sheaf. These exact sequences
imply the injectivity of the natural morphism

Qnx[n] = M'(s),....,s).

Let M(s),...,s!) be its cokernel. Then we have a short exact sequence of mixed Hodge
modules
(4.2.5) 0 — ¢, Quy[n] = M(sy,...,s.) = by, My [—1] — 0.

Set f:= (s./s.)|[y\x’ as in the introduction. Since ¥ := Sing X D SingY’, the support
of ¢;Qpy is contained in ¥\ X', and ¢ Qv [n] can be viewed as a mixed Hodge module
on ¥\ X’'. By Proposition (4.1) we get

(4.2.6) 01, Qny[n] = (is\x'x)1 05 Quny 0],

where ix\x7 x : X \ X’ <= X is the inclusion, and the left-hand side is viewed as a mixed
Hodge module on 3. So the proof of Theorem 1 is reduced to Proposition (4.3) below, except
for the independence of the s’. To show the latter, we consider the one-parameter families

siyi=(1=N)s;+As] (AeC) for je[l,r],
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if we are given sufficiently general s and s7 for j € [1, 7], where X is independent of j € [1,7].
Then the assertion follows from Lemma (2.6). (See also the proof of Proposition (4.4) below.)

4.3. Proposition. With the above notation, 1y, My/[—1] is supported in X', and
My(X') = (=1)" Ty (1, Mor[-1]).

Proof. By inductive hypothesis, we have
supp M, C SingY, =% (celU’),

where the last equality holds since s/ is assumed to be sufficiently general. So My is
viewed as a mixed Hodge module on ¥ x U’ and this can be extended to a mixed Hodge
module on ¥ x C by extendability of mixed Hodge modules in the algebraic case, where
C is the complement of some point of P'. By Proposition (3.3) together with (2.4.2) and
Lemma (2.6), we then get the assertion. (Note that the non-characteristic restriction i for
any ¢ € U’ trivially commutes with DR, up to the factor as in Proposition (3.3).) This
finishes the proofs of Proposition (4.3) and Theorem 1.

4.4. Proposition. In Theorem 1, M,(X) is independent of the choice of the s; if ([s;])
belongs to a sufficiently small non-empty Zariski-open subset Ur of H;zl P(Ix.;).

Proof. Since M(s),...,s.) in the introduction may depend also on sy,...,s,, we denote it

»er

by M(s,s’) with s := (s1,...,5,), 8 := (s],...,s.). By the construction of M(s,s’) in the

»er

introduction, there is a non-empty Zariski-open conical subset U; r of

H;:JX,%’ X nglRLvaw

together with a mixed Hodge module M, , on ¥ xU;  such that M(s,s’) is the restriction
of My, , by the inclusion ¥ x {s,s'} < ¥ xU; r, and moreover this inclusion is strictly non-
characteristic for the underlying perverse sheaf Fy, , of My, ,, i.e. Fy, , is a topologically
locally constant family of perverse sheaves parametrized by U . (This can be shown for
instance by using [BMM] together with a Whitney stratification of the total space, since its
restriction to a sufficiently general fiber is a Whitney stratification.)

We then get the independence of M, (X) by the choices of s,s’ using Lemma (2.6)
together with a one-parameter family as in the last part of the proof of Theorem 1 in (4.2).
Since the independence of s is already shown, the assertion follows.

4.5. Remarks. (i) Let Zr — T be as in the introduction. If X = Z, has an isolated
singular point z, then we have a mixed Hodge structure on the vanishing cohomology. This
can be defined by restricting the morphism Z; — T over a generic smooth curve on T
passing through 0 and using an embedded resolution of singularities as in [St2]. (This can
be calculated also by using mixed Hodge modules as in [BS], Th. 4.3.) The associated mixed
Hodge numbers are independent of the choice of the generic smooth curve by the theory
of spectra for arbitrary varieties which uses the deformation to the normal cone (see e.g.
[DMS], Remark (1.3)(i)). By a similar argument these mixed Hodge numbers coincide with
those given by Corollary 2 assuming that sq,...,s,_; and s},..., s, are sufficiently general
(by using Proposition (3.2)).

(ii) For a germ of a complete intersection with an isolated singularity (X,0), there is
a versal flat deformation p : (X,0) — (5,0) in the following sense: any flat deformation
(X',0) — (57,0) of (X,0) is analytically isomorphic to the pull-back of p by some complex
analytic morphism (57,0) — (S,0), see [KS], [Tju]. Choosing a generic smooth curve on S
passing through 0, we also get a mixed Hodge structure on the vanishing cohomology, and
the associated mixed Hodge numbers are independent of the choice of the generic curve, see
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also [ES]. Moreover these numbers coincide with those given in Remark (i) above by using
[DMS], Cor. 3.4.

5. Explicit calculations of the Hirzebruch-Milnor classes

In this section we show how the Hirzebruch-Milnor classes can be calculated explicitly.

5.1. Stratification. The first term of the right-hand side of (0.2) in Theorem 1 can be
described explicitly as follows. Let S be a complex algebraic stratification of ¥\ X’ such
that the H7¢;Qy|s are local systems for any j € N and S € S. Then H’p;Qy|s underlies
the variation of mixed Hodge structure H’ ig,z\ «PfQny. Here it is enough to assume that
each stratum S € S is a locally closed smooth subvariety and the Whitney conditions are
not needed as long as we have local systems on each stratum. We have the following.

5.2. Proposition. With the above notation and assumption, we have
(5.2.1) Ty (i 2107 Qny )= D jenses (1) Ty (5,01 (Hi5 5 x5 Qny ).

Indeed, this follows from the following.

5.3. Proposition. Let X be a complex algebraic variety. Let M* € D°MHM(X), and K*
its underlying Q-complex. Let S = {S} be a complex algebraic stratification of X such that
for any S € S, S is smooth, S\ S is a union of strata, and the H'K*|s are local systems on
S for any i. Let js: S — X denote the inclusion. Then

(5.3.1) Ty M) = 3 g, (=1 T (s ) H' (js)* M),

where H' for (js)*M® is associated to the classical t-structure as in [Sa2], 4.6.2 (which
coincides with the usual t-structure on the derived category of mixed Hodge modules up to a
shift if it is restricted to a stratum of the stratification) so that H'K*|s underlies variations
of mized Hodge structures H'(js)*M".

Proof. Set Xy := Ugim g< S € X. We have the canonical inclusions
ijXk\Xk_lg)Xk, ’Lka"—>X,

together with the distinguished triangles

(5.3.2) (i) G )M = (i) M® = (i1 )sif (M 53
These imply the following identity in the Grothendieck group of DPMHM(X)
(5.3.3) (MT =325 (k) ()i M?].

Moreover, jg is the composition of jg : S — X} with i, where £ = dim S. So the assertion
follows.

5.4. Logarithmic forms. The right-hand side of (5.2.1) can be described as follows. Let M
be an admissible variation of mixed Hodge structure on a stratum S more generally, where we
may assume that M is a polarizable variation of Hodge structure by taking the graded pieces
of the weight filtration W. Let M be the underlying Og-module with the Hodge filtration F' of
the variation of mixed Hodge structure. Take a smooth partial compactification igz : S — Z
such that D := Z\ S is a divisor with simple normal crossings and moreover igy = mzoig 2
for a proper morphism 75 : Z — . Here D cannot be empty, since we take a stratification
of ¥\ X" and X' is a hyperplane section. Let M2° be the Deligne extension with eigenvalues
of the residues of the logarithmic connection contained in (0, 1]. Then we have the following.
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5.5. Proposition. With the above notation, we have
(5.5.1) Ty ((isohM)= 3, (=1)U(77)utd (14 [GrpMZ° @ Q% (log D)] (—y)"*.

Proof. Let (My, F') be the underlying filtered Dz-module of (igz) M. Then we have a
canonical inclusion

(5.5.2) (M3° ® Qy(log D), F)[dim Z] < DRy(My, F),

where the filtration F' on (M;° @ QO (log D) is shifted by —p as usual. Moreover, it is
a filtered quasi-isomorphism by [Sa2|, Prop. 3.11, see also [CMSS], 3.3. So the assertion

follows from the commutativity of ¢d, with the pushforward by proper morphisms [BFM],
see also [CMSS], 3.3

5.6. Motivic Milnor fibers. It is also possible to use the theory of motivic nearby fibers
[DL] (see also [St1]) to calculate the first term of the right-hand side of (0.2). Let o :

(Y, X) — (Y, X) be an embedded resolution inducing the isomorphism outside the singular
locus of X,.q and such that X := ¢71(X) and o7 1(X) are divisors with simple normal

crossings, where simple means that the irreducible components E; of X are smooth. (Such a
condition for 0~!(3) is satisfied if it is a divisor and the other conditions are satisfied. ) Let

m; be the multiplicity of X along E; (i = 1,...,s). Put X' := o~ }(X’). For I C {1,...,s},
set

Ep =i By Ep=E\X', Ep:=E\ (UgB).
Let f be the pull-back of f to Y \ X'. There are smooth varieties E}O together with finite
étale morphisms v; : E/° — E° such that (71)*QE,O H)7Qy, see [DL]. Note that we can
get these varieties by taking the normalization of the base change of f by a ramified m-fold
covering of an open disk where m = LCM(m;), see [St1]. They may be called the Stein
factorization of the Milnor fibers, see [Lo]. Let j; : E ° s | 1 be a smooth compactification
such that ~; is extended to 7; : EI — FE;. We have canonical morphisms

i1y Ery— Er, oy = 0oz 10 H(E) = X.
Set N :={I Cc{l,...,7} | Ef Co (2)}. Then we have the following.

5.7. Proposition. With the above notation and assumption, we have

Ty ((imx0.9)105Qny) = Xpens (09070 Ty (1)1 Q) ) (1 + )17

(5.7.1)
— Ty (2) + (iznxr3) Ty (BN X).

Proof. Let h: 2 — C be the normalization of the base change of f : Y=Y \ X —C by
the m-fold ramified covering C — C defined by ¢ +— t™ where m = LCM(m;) with m; the

multiplicity of X along E;. Set Z} := h~'(0). There is a canonical morphism v : Z] — X \55 ‘.
Set
Ef =y"YEP), mr:=GCD(m; (i € I)).
Then the induced morphism ~; : E/° — EP° is finite étale of degree my. By [St1] we have
A v([,i)
HionQaz g = @ Qgp(—i) with v(1,0) = (171,
since Z| is a divisor with V-normal crossings on a V-manifold Z’. So we get

v(1,i)

MY Qylep =D (71):Qpp(—0)-
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This is an isomorphism as Q-complexes. However, it holds as variations of Hodge structures
of type (i,1) since the Hodge filtration is trivial.
Let j: X \ X’ < X denote the inclusion. By Proposition (4.1), we have

Ot Qry = N1 Quy\x = (ix)s 05, 1 (C(Qh,X\X' — wah,Y\X’))-
Here the second isomorphism follows from the distinguished triangle
1
Qh,X\X' — wah,Y\X’ — SOth,Y\X' -
together with the fact that ¢;Qpy\x+ is supported on ¥\ X".
By the commutativity of the nearby cycle functor with the direct image by a proper
morphism, we have

ViQuy\x = (@3)*¢th,?\5{/ )

where of, : X \ X’ — X \ X’ is the restriction of 0. So the assertion follows from Proposi-
tion (5.3). This finishes the proof of Proposition (5.7).

5.8. Remarks. (i) The term (14 y)/I=! in (5.7.1) comes from the mixed Hodge structure
on the cohomology of the irreducible components of the Milnor fiber which is homeomorphic
to (C*)MI=1 in the normal crossing case and corresponds to (1 — L)¥I=! in [DL]. (Note that
the stalks of the nearby cycle sheaves are given by the cohomology of the Milnor ﬁbers)
Here we may assume that EI \ E is a divisor with simple normal crossings replacing Ey if
necessary. In this case, let EI j be the irreducible components of E; \ E" ° which are assumed

smooth. Set EI =N e JE] ; Where EI 0= EI if J = (). Then the usual resolution argument
implies

(5.8.1) Ty (G0 Q)= 2y (=D ir,0) Ty (B ).

(ii) In Theorem 1 and its corollaries and also in Propositions of this section, most of
the formulas hold also on the level of the Grothendieck group of mixed Hodge modules and
hence on that of coherent sheaves by using DR, (except for (5.5.1) which is also valid, or
rather meaningful, only on the level of the Grothendieck group of coherent sheaves).
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