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ABSTRACT. We first investigate torus-equivariant motivic characteristic classes of toric varieties,
and then apply them via the equivariant Riemann-Roch formalism to prove very general Euler-
Maclaurin type formulae for full-dimensional simple lattice polytopes.

We consider T-equivariant versions mC3T and T}T,E =td! o mC},r of the motivic Chern and, resp.,
Hirzebruch characteristic classes of a toric variety X (with corresponding torus T'), and extend many
known results from the non-equivariant context to the equivariant setting. For example, the equi-
variant motivic Chern class mC;,r (X) is computed as the sum of the equivariant Grothendieck classes

of the T-equivariant sheaves of Zariski p-forms SA2§ weighted by y”. Using the motivic, as well
as the characteristic class nature of T)E (X), the corresponding generalized equivariant Hirzebruch
Xy-genus x;r (X, Ox(D)) of a T-invariant Cartier divisor D on X is also calculated.

Further global formulae for T)E(X ) are obtained in the simplicial context based on the Cox
construction and the equivariant Lefschetz-Riemann-Roch theorem of Edidin-Graham. Alterna-
tive proofs of all these results are given via localization techniques at the torus fixed points in
T-equivariant K- and, resp., homology theories of toric varieties, due to Brion-Vergne and, resp.,
Brylinski-Zhang. These localization results apply to any toric variety with a torus fixed point. In lo-
calized T-equivariant K-theory, we extend a classical formula of Brion for a full-dimensional lattice
polytope P to a weighted version. We also generalize the Molien formula of Brion-Vergne for the
localized class of the structure sheaf of a simplicial toric variety X to the context of mC},T (X). Sim-
ilarly, we calculate the localized Hirzebruch class in localized T-equivariant homology, extending
the corresponding results of Brylinski-Zhang for the localized Todd class (fitting with the equivariant
Hirzebruch class for y = 0).

As main applications of our equivariant characteristic class formulae, we provide a geometric
perspective on several weighted Euler-Maclaurin type formulae for full-dimensional simple lattice
polytopes (corresponding to simplicial toric varieties), coming from the equivariant toric geom-
etry via the equivariant Hirzebruch-Riemann-Roch (for an ample torus invariant Cartier divisor).
Our main results even provide generalizations to arbitrary equivariant coherent sheaf coefficients,
including algebraic geometric proofs of (weighted versions of) the Euler-Maclaurin formulae of
Cappell-Shaneson, Brion-Vergne, Guillemin, etc. (all of which correspond to the choice of the
structure sheaf), via the equivariant Hirzebruch-Riemann-Roch formalism. In particular, we give
a first complete proof of the Euler-Maclaurin formula of Cappell-Shaneson. Our approach, based
on motivic characteristic classes, allows us to obtain such Euler-Maclaurin formulae also for (the
interior of) a face, as well as for the polytope with several facets (i.e., codimension one faces) re-
moved, e.g., for the interior of the polytope (as well as for equivariant characteristic class formulae
for locally closed T-invariant subsets of a toric variety). Moreover, we prove such results also in
the weighted context, as well as for N-Minkowski summands of the given full-dimensional lattice
polytope (corresponding to globally generated torus invariant Cartier divisors in the toric context).
Some of these results are extended to local Euler-Maclaurin formulae for the tangent cones at the
vertices of the given full-dimensional lattice polytope (fitting with the localization at the torus fixed
points in equivariant K-theory and equivariant (co)homology). Finally, we also give an application
of our abstract Euler-Maclaurin formula to generalized reciprocity for Dedekind sums.
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1. INTRODUCTION

Many problems in mathematics, computer science or engineering can be cast in terms of count-
ing the number of elements of a finite set. For instance, in view of its connection with integer pro-
gramming, counting lattice points in (full-dimensional) convex polytopes is an important problem
in computational and discrete geometry, as well as in operation research and computer science.
Furthermore, since in many applications such polytopes come endowed with some continuous
function f (e.g., a probability distribution, or color intensity in a picture), it is often the case that
one is interested in computing the sum of the values of f at the lattice points contained in the
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polytope. The resulting expression is called the Euler-Maclaurin sum for f and P. The lattice
point counting problem then corresponds to the choice of the constant function f = 1. An Euler-
Maclaurin formula computes the Euler-Maclaurin sum for a suitable function f on P in terms of
integrals over the polytope and/or its faces, thus establishing a powerful connection between sums
(which encode discrete information) and integrals (which are continuous quantifiers); e.g., see [43,
Section 2] for an overview. A closely related problem is the computation of the volume of a lattice
polytope P (i.e., vertices of P are lattice points) in terms of discrete data. For example, Pick’s
formula computes the area of a planar triangle in terms of the number of lattice points in the trian-
gle and those on its boundary. More generally, it is well-known that for a full-dimensional lattice
polytope P the number of lattice points in the dilated polytope ¢P (for ¢ € Z~¢) is a polynomial
Ep(?) in the dilation factor ¢, called the Ehrhart polynomial of P, whose highest coefficient is the
volume of P.

As observed by Danilov [25], the lattice point counting problem is closely related to the cele-
brated Riemann-Roch theorem [5] from algebraic geometry, via the correspondence between lat-
tice polytopes and toric varieties. An n-dimensional toric variety X = Xy is an irreducible normal
variety on which the complex affine n-torus T ~ (C*)" acts with an open orbit, e.g., see [24, 25, 36].
Toric varieties arise from combinatorial objects ¥ C N @ R ~ R” called fans, which are collections
of cones in a lattice N ~ Z". Here N corresponds to one-parameter subgroups of T. Let M ~ Z"
be the character lattice of T. From a full-dimensional lattice polytope P C M @ R ~ R" one con-
structs (via the associated inner normal fan Yp of P) a toric variety Xp := Xy, together with an
ample Cartier divisor Dp, so that the number of lattice points of P, i.e., points of M N P, is com-
puted by the holomorphic Euler characteristic x(Xp, &(Dp)). The Riemann-Roch theorem of [5]
expresses the latter in terms of the Chern character of '(Dp) and the Baum-Fulton-MacPherson
homology Todd class td.(Xp) := td.([O%x,]) of the toric variety Xp, thus reducing the lattice point
counting problem to a characteristic class computation (see formulae (2.17) and (2.19)). Similarly,
a more intricate relation between lattice point counting and the theory of Goresky-MacPherson
homology L-classes was noted by the first and fourth author in [21]. Hence, the problem of finding
explicit formulae for characteristic classes of toric varieties is of interest not only to topologists
and algebraic geometers, but also to combinatorists, programmers, etc.

In [46, 45], the second and third author computed the motivic Chern class mC, and, resp., ho-

mology Hirzebruch classes Ty, YA‘y* [11] of (possibly singular) toric varieties. As important special
cases, they obtained new (or recovered well-known) formulae for the Baum-Fulton-MacPherson
Todd classes td,(X) = To.(X) = To.(X) (or MacPherson-Chern classes ¢, (X) = 7_1.(X)) of a
toric variety X, as well as for the Thom-Milnor L-classes L, (X) = T},(X) of a simplicial projec-
tive toric variety X. For instance, by taking advantage of the torus-orbit decomposition and the
motivic properties of the homology Hirzebruch classes, one can express the latter in terms of the
(dual) Baum-Fulton-MacPherson Todd classes of closures of orbits. (The same method also ap-
plies to torus-invariant subspaces of a given toric variety.) As a consequence, one gets generalized
Pick-type formulae, namely, generalizing Danilov’s observation one shows that the weighted lat-
tice point counting, where each point in a face E of the polytope P carries the weight (1 + y)dim(E ),
amounts to the computation of the Hirzebruch class Ty.(Xp) of the associated toric variety (see
Theorem 2.3 and Remark 2.4 for a precise statement). In the case of simplicial toric varieties (e.g.,
associated to a simple lattice polytope), these characteristic classes were computed in [46, 45] by
using the Lefschetz-Riemann-Roch theorem of Edidin-Graham [32] in the context of the geometric
quotient description of such varieties [23]; see Subsection 2.4 for an overview of such formulae.
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A natural generalization of the counting lattice point problem is the Euler-Maclaurin formula,
which relates the sum Y, cprps f(m) of the values of a suitable function f at the lattice points
in a lattice polytope P C My := M @ R to integrals over the polytope and/or its faces. In this
paper, we consider f to be either a polynomial on Mg or an exponential function f(m) = ()
or products of these two types of functions, where (-,-) : M x N — Z is the canonical pairing and
ZENc:=N®y;C= HOHIR(MR,(C).

Khovanskii and Pukhlikov [44] obtained an Euler-Maclaurin formula for the sum of the values
of a polynomial over the lattice points in a regular lattice polytope (corresponding to a smooth
projective toric variety). The first substantial advance for non-regular polytopes was a different
type of Euler-Maclaurin formula for simple polytopes achieved by the first and fourth authors in
[22, 53], by using their theory of topological characteristic L-classes of singular spaces (agreeing
with ﬁ* in this context). A few years later, the Khovanskii-Pukhlikov formula was extended to
simple lattice polytopes by Brion-Vergne [15] [16], the latter using the equivariant Hirzebruch-
Riemann-Roch theorem for the corresponding complete simplicial toric varieties, together with
localization techniques in equivariant cohomology. Other Euler-Maclaurin type formulae were
obtained by Guillemin [40] by using methods from symplectic geometry and geometric quantiza-
tion, by Karshon et al. [43] by combinatorial means, etc. While most of above-mentioned Euler-
Maclaurin formulae are obtained by integrating the function f over a dilation of the polytope, the
Cappell-Shaneson formula involves a summation over the faces of the polytope of integrals (over
such faces) of linear differential operators with constant coefficients, applied to the function; see
also [17] for some formulae of this type. Later on, these Euler-Maclaurin formulae have been
extended (even for non-simplicial toric varieties, resp., non-simple lattice polytopes) by Berline—
Vergne [9, 10] and Garoufalidis—Pommersheim [35], together with Fischer—Pommersheim [34], to
local formulae satisfying a Danilov condition (see also the work of Pommershein—-Thomas [5 1] for
such formulae for the Todd class in the non-equivariant context). In the geometric context of toric
varieties, all of these Danilov type formulae depend in a crucial way on the birational invariance
of the (equivariant) Todd class of the structure sheaf. However, this birational invariance property
does not apply to the more general context studied in this paper.

In the present work we consider T-equivariant versions mC;T and qu}; =td! omcgT of the motivic
Chern and, resp., Hirzebruch characteristic classes of [1 1], and we extend the formulae from [46,

] to the equivariant setting. Such constructions and results are first discussed in Section 3.
The proofs given in Section 3 are based on the Cox construction and the equivariant Lefschetz-
Riemann-Roch theorem of Edidin-Graham [37], and they resemble those of [46, 45], up to some
technical modifications dictated by the equivariant context. Alternative proofs of all these results
are given in Section 4.3 via localization at the torus fixed points. Here we restrict ourselves for
simplicity to the toric context, although many results hold in greater generality and have a long
history. We refer to Baum-Fulton-Quart [6] for the equivariant Lefschetz-Riemann-Roch theorem
for finite group actions, and to Goresky-MacPherson-Kottwitz [37] for a review of the localization
at torus fixed points. General versions of these localization results can be found in Anderson-Fulton
[4][Sections 5, 7 and 17] for equivariant (co)homology, Brion [ 14][Cor.2, Sec.2.3] for equivariant
Chow groups, and Thomason [54][Thm.2.1] for equivariant algebraic K-theory.

Furthermore, we explain the relation (cf. also [16]) between the equivariant toric geometry
via the (equivariant) Hirzebruch-Riemann-Roch (abbreviated HRR for short) and Euler-Maclaurin
type formulae for simple lattice polytopes (corresponding to projective simplicial toric varieties),
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fitting into the following diagram:

Euler-Maclaurin formulae for f <—— equivariant HRR for Dp

- 1

counting lattice points — HRR for Dp,

with Dp the T-invariant ample Cartier divisor associated to the simple lattice polytope P.

Our main results provide generalizations of the top row in the above diagram to arbitrary equi-
variant coherent sheaf coefficients, which for natural choices related to the toric variety (or the
polytope) give uniform geometric proofs of (weighted) Euler-Maclaurin formulae via the equi-
variant Hirzebruch-Riemann-Roch formalism. This includes, in particular, both versions of the
Euler-Maclaurin formulae, i.e., of Brion-Vergne and, resp., Cappell-Shaneson (both of which cor-
respond to the choice of the structure sheaf). Moreover, this provides a first complete proof of
the Euler-Maclaurin formula of Cappell-Shaneson, which is different from the one envisioned in
[22, 53]. Our approach, based on motivic characteristic classes, allows us to obtain such Euler-
Maclaurin formulae also for (the interior of) a face, as well as for the polytope with several facets
(i.e., codimension one faces) removed, e.g., for the interior of the polytope. Moreover, we prove
such results also in the weighted context, as well as for N-Minkowski summands of the given full-
dimensional lattice polytope (corresponding to globally generated torus invariant Cartier divisors
in the toric context). Finally, some of these results are extended to local Euler-Maclaurin formu-
lae for the tangent cones at the vertices of the given full-dimensional lattice polytope (fitting with
localization at the torus fixed points in equivariant K-theory and equivariant (co)homology).

In what follows we give a brief overview of our main results. Later on each section has its
own introduction with a more detailed description of the main results contained therein. We first
introduce some notations. For simplicity, in this introduction we formulate most of the results for
a complete simplicial toric variety (e.g., associated to a simple full-dimensional lattice polytope).

1.1. Rational equivariant cohomology. Let X = Xy be an n-dimensional complete simplicial
toric variety with fan £ C Ng = N®R and torus T = Ty. Denote by H(X;Q) the (Borel-type)
rational equivariant cohomology of X, and note that for a point space one has

Hy(pt;Q) =~ Q1. ., 1ta] = (AT)q-

Let M be the dual lattice of N ~ Z". Viewing characters m € M (resp., X" € Z[M|] ~ K(?)r (pt)) of
T as T-equivariant line bundles C, over a point space pt gives an isomorphism M ~ Pict(pt).
Taking the first equivariant Chern class cqlr (or the dual —cqlr) gives an isomorphism

c=ck, resp., s = —ch: M~ H3(pt; 7).

Hence, upon choosing a basis m; (i =1,...,n) of M ~ Z", one has that H}(pt;Q) = (AT)Q ~

Q[ty,--- 1], with t; = :I:cqlr(me[) fori=1,...,n. As explained in Subsection 2.5, H(X;Q) can
be described as a Hy(pt; Q) = (AT)Q-algebra. This fact plays an important role for proving Euler-

Maclaurin type formulae. In fact, we will be working with the completions I—AI{f (X;Q) and (/A\T)Q ~

Q|[[t1,-..,]] of these rings. Moreover, the equivariant Chern character ch” and Todd homology
classes td?f take values (upon using the equivariant Poincaré duality for the latter) in an analytic
subring (defined as the image of the analytic Stanley-Reisner ring, cf. (5.11))

(H:(X:Q))" C HE (X;Q),
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with (Hp(pt; Q)™ ~ Q{z1,....t,} =: (A%”)Q C <KT)Q the subring of convergent power series
(around zero) with rational coefficients, i.e., after pairing with z € N¢ one gets a convergent power
series function in z around zero, whose corresponding Taylor polynomials have rational coeffi-
cients.

1.2. Generalized equivariant HRR formula and applications. Let X = Xy be a complete sim-
plicial toric variety, with a T-equivariant coherent sheaf .%. The cohomology spaces H'(X;.7)
are finite dimensional T-representations, vanishing for i large enough. Using the corresponding
T-eigenspaces H'(X;.% ) m as in (2.44), on which ¢ € T acts by multiplication by x"(t), the (co-
homological) Euler characteristic of .% is defined by

(1.1) 2" ( =Y Z ) dimg H'(X;. 7 )y - ™) € (Af) gy C (A1)gp -

meM i=
For &, resp., .%, a T-equivariant vector bundle, resp., coherent sheaf on X, one then has the
following equivariant Hirzebruch-Riemann-Roch formula (cf. [31][Cor.3.1]):

(1.2) 1L(X, &0 F) :/XchT(g’)mdf([y]),

where [y : ﬁ{f (X;Q) — ﬁ{f (pt;Q) = (/A\T)Q is the equivariant pushforward for the constant map
X — pt. Here,

—~ T ~
! : Ko (X) — CH, (X)®Q — H,,(X;Q),

is the equivariant Riemann-Roch map of Edidin-Graham from [31][Thm.3.1] composed with the
equivariant cycle map [30][Sec.2.8], and we identify its target with the completed equivariant
cohomology ﬁrﬂ%* (X;Q) via equivariant Poincaré duality. The class td? (X) := td_ ([Ox]1]) is the
equivariant Todd class of X. See Subsection 2.7 for examples and applications of formula (1.2).

In Section 3.2, formula (1.2) is extended to a generalized equivariant Hirzebruch-Riemann-
Roch formula, cf. Theorem 3.13 (which is proved more generally for closed algebraic subsets of
X defined by T-invariant closed subsets, using the corresponding Ishida sheaves QF instead of the
Zariski sheaves):

X%, (X,0x(D ZX (X,Q% ® Ox (D)) -y”
(1.3)

_/chT (Ox (D)) NTE(X),

with D a T-invariant Cartier divisor on X, ch® the equivariant Chern character, and ﬁ‘; the sheaf
of Zariski p-forms on X. Here we use the following explicit description of the equivariant motivic
Chern class mC;r (X) and, resp., equivariant Hirzebruch class TyE (X) of X (which hold for any toric
variety, see Proposition 3.5):

dim(X) dim(X
(1.4) mCy(X)= Y [OF]r-y’ €Ky (X)[y] and T} (X Z th
p=0

(The reader unfamiliar with these characteristic class notions can take the formulae in (1.4) as their
definitions.)
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Let now P be a full-dimensional simple lattice polytope in M ~ R" with associated toric variety
X = Xp with torus T, inner normal fan ¥ = ¥Xp and ample Cartier divisor D = Dp. As a consequence
of (1.3), we obtain the following weighted formula (see Corollary 3.14):

(1.5) XL (X, 0x(D)) = ¥ (14+y)dimE Y glm)

E=P méeRelint(E)NM

where the first sum is over the faces E of P and Relint(E) is the relative interior of the face E.

Let us next consider a globally generated T-invariant Cartier divisor D’ on X = Xy, with associ-
ated (not necessarily full-dimensional) lattice polytope Py C My. Let X be the toric variety of the
lattice polytope Py, defined via the corresponding generalized fan X' as in [24][Prop.6.2.3]. There
is a proper toric morphism f : X — X, induced by the corresponding surjective lattice projection
N — Npy given by dividing out by the minimal cone of the generalized fan of Ppy. In particular,
f: X — Xp is a toric fibration, with ker(T — T’) connected. For ¢’ a cone in the generalized fan
Y/ of Ppy, let

(1.6) di(X/0') = |Ze(X /o),
with
(1.7) Y (X/o'):={c€X|0s CX, f(Os)= Oy, { =dim(Og) —dim(Ox)},

where Og (0 € X) and Oy (0’ € ¥') are T-, and resp. T’-orbits, and | — | denoting the cardinality
of a finite set. If E is the face of P corresponding to ¢’ € X', we denote these multiplicities by
dy(X/E). Then we have the following generalization of formula (1.5) (see Corollary 3.16 for a
more general statement)

e

(1.8) xyT(X,ﬁX(D/)): Z <Z(_1)Z,dZ(X/E),(1+y)£+dim(E)

E=P, \/>0 ) méeRelint(E)\M

By forgetting the T-action (i.e., setting s(m) = 0 for all m € M), we get the following weighted
lattice point counting for lattice polytopes associated to globally generated T-invariant Cartier
divisors:

19  nX.ox(D))=Y (Z(—l)”—dg(X/EHl+y)“dim(’5>>~!Relint(E>ﬂM\-

E=Py \{>0

1.3. Equivariant motivic Chern and Hirzebruch classes of toric varieties. In Section 3, we
extend the characteristic class formulae from [46, 45] for the motivic Chern and Hirzebruch classes
to the equivariant setting. Here we use the global Cox construction (see Subsection 2.1.2) and
the equivariant Lefschetz-Riemann-Roch theorem of Edidin-Graham [32]. Let X := Xy be an n-
dimensional complete simplicial toric variety with fan X. Then the equivariant Hirzebruch class
Tyll: (X) is computed by (cf. Theorem 3.21):

. -a et 0
Fp-(1+y p(g)Fp )eH{f(X;@)b’]a

110 L0 =0+y)"" ) I 7

g€Gx pex(1) —ap(g)-e
with » = [X(1)| the number of rays of X, and F, = [D,|T denoting the equivariant fundamental
class of the T-invariant divisor D, corresponding to the ray p € X(1). See Subsection 2.1.2 for the
meaning of Gy and ap(g) in the context of the Cox construction. Note that if X is smooth, then
Gy is just the identity element, and all a,(g) = 1. For y = 0, with 7" (X) = td} (X the equivariant
Todd class of X, formula (1.10) specializes to the classical counterpart of Brion-Vergne [16] for
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the equivariant Todd class of X. A more general statement is obtained in Theorem 3.27, for the
equivariant Hirzebruch classes of complements of T-invariant divisors in X = Xy a simplicial toric
variety associated to a fan X of full-dimensional convex support. Alternative proofs of all these
characteristic class formulae are given in Subsection 4.3 via localization at the torus fixed points,
as discussed below.

1.4. Localized equivariant motivic Chern and Hirzebruch classes. In Section 4, we apply lo-
calization techniques in T-equivariant K- and (Borel-Moore) homology theories of toric varieties,
due to Brion-Vergne [ 6] and, resp., Brylinski-Zhang [ 8], for the calculation of the T-equivariant
motivic Chern and Hirzebruch classes in the toric context. In this section the fan X need not to be
simplicial.

Let X = Xs be an n-dimensional toric variety with torus T = Ty such that the fixed-point
set XT # 0, e.g., X is projective. Let xo € X© be a fixed point corresponding to ¢ € X(n),
with Us the corresponding T-invariant open affine variety. Consider the multiplicative subset
S C ZIM] = K; (pt) generated by the elements 1 — x™, for 0 # m € M. Then we have the Brion-
Vergne localization isomorphism K; (XT)s ~ Kj (X)s induced by the inclusion of fixed points.
The projection map

Preg 1 Ko (X)s = Ko (X)s = K (xo)s = Z[M]s
can be calculated, after restriction to Ug, as pry, =So &, with x2 : K (Us) — Z[M]sum C Z[[M])]
the local counterpart of the equivariant Euler characteristic (1.1) (with " € Z[M| instead of e° (’")),
and S the corresponding summation map (defined on the subset Z[M|sum C Z[[M]] of “summable”
elements in Z[[M]]) as introduced by Brion-Vergne [16]. We then have (see formula (4.15) for a
more general version):

(1.11) Xe(mCr(X)|y,) = Y (1+y)dim©s) Y X" € ZIMsum @z Z[y],

T30 meRelint(cVNT+)NM

where the first sum is over the faces of o, with 6V the dual cone and 7+ C My the orthogonal
of T C Ng with respect to the canonical pairing. For y = 0, this specializes to xa (Ox|y, ), since
X has rational singularities, so that mCJ (X) = [Ox]r € K7 (X). Similar results hold for a closed
T-invariant algebraic subset of the toric variety X, see Remark 4.7. As a consequence, we get the
following weighted version of Brion’s formula (see Corollary 4.10).

Corollary 1.1. Let P be a full-dimensional lattice polytope with associated projective toric variety
X = Xp and ample Cartier divisor D = Dp. For each vertex v of P, consider the cone C, =
Cone(PNM —v) = 6/, with faces E, = Cone(E NM —v) for v € E. Then the following identity
holds in Z[M|s @y Zy):

(1.12) XT(X,I’I’LCE(X)@ﬁ)((D)) = Z x—V,S( Z (1+y)dim(E). Z X_m) '
E)NM

v vertex veEE=P méeRelint(

Brion’s formula [ 1 2] is obtained from (1.12) by specializing to y = 0.

In the case of a simplicial cone, we get more explicit formulae by using a Lefschetz type variant
trgl of the Euler characteristic y., and a corresponding summation map. Let & € X(n) be a sim-
plicial cone with uy,...,u, € N = Ng the generators of the the rays p; € (1), j=1,...,n. Let
N’ = N, be the finite index sublattice of N generated by uy,...,u,, and consider ¢ € Nj, = N so
that it is smooth with respect to the lattice N'. With T, T’ the corresponding n-dimensional tori
of the lattices N, resp., N’, the inclusion N’ < N induces a toric morphism 7 : US — Uy of the
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associated affine toric varieties. Let G4 be the finite kernel of the epimorphism 7 : T/ — T, so
that U;/Gs ~ Us. Let m, ,,...,mg, be the dual basis in the dual lattice M’ = My of N’, with
corresponding characters ap, : Go — C* of G¢ as in the global context of the Cox construction

mentioned before (see (2.6)). With these notations, we have (see Example 4.5 for details):

/
ma,i

_ b y ltyeap (gt x

Gol 2 M ()
which can be regarded as a local K-theoretical version of the global formula (1.10). For y =0,
this specializes to the Molien formula of Brion-Vergne [16], see (4.7). Similar results also hold for
S((xs (mC;T (V< X)|u,)), with V C X the open complement of some of the T-invariant divisors
Dy, see (4.17).

We next discuss some (co)homological counterparts of the above localization formulae, again
for X = Xy an n-dimensional toric variety with torus T = Ty such that the fixed-point set X T # 0.
Let L C (At)g = Hy(pt; Q) be the multiplicative subset generated by the elements £c(m), for 0 #
m € M. With x5 € X" a fixed point corresponding to & € X(n), there is an associated homological
localization map (for equivariant Borel-Moore homology) at x4,

pryg s HE(X;Q)p =~ HY(XT;Q)p — HY (x0; Q) = L7 (A7)g.

These K-theoretic and (co)homological localization maps are compatible with the equivariant Todd
class transformation of Edidin-Graham [3 1] (and Brylinski-Zhang [1&]), in the following sense:

(1.13) 8 (g (mCF (X)lu,))

)

Proposition 1.2. Let .F be a T-equivariant coherent sheaf on X = X, and let xo € X* be a given
fixed point of the T-action. Then:

~

114) @ ([ F])s, = pro (T (F]) = (S0 28)(F)) € L7 (A)g < L7 (An)e,

with ch™ : Z[M]s — L™ (A%")q induced by the T-equivariant Chern character on a point space.

As an example, we get by (1.11) the following localized equivariant Hirzebruch class formula
for the toric variety X = Xy (due to Weber [55][Thm.11.3], see also [52][Thm.6.1]):

TT (X )y = td” ([mc;f(x)]) = Y (14y)8m0) (T o) y "
Yo 1=0 méeRelint(cVNTL)NM
(1.15)

= Z (1 +y)dim(0f) .S Z oS(m)

720 meRelint(cVNT+)NM

Specializing the above formula to y = 0 reduces it to a corresponding localized Todd class for-
mula of Brylinski-Zhang [18] for td? (X)y, = Ty~(X)x,- In the case of a simplicial cone o € (n)
corresponding to x5 € X, formula (1.15) implies the following:

| n 1 dyeap(gl)-e o)
Il °

(1.16) Ty (X)xe = —=— —
T Gl S it 1-ap,(g71) e o)

This is exactly the localization of the global formula (1.10), as explained in Subection 4.3. Similar
results also hold for Tyﬂ; (V= X),,, with V C X the open complement of some of the T-invariant
divisors Dy, see (4.35).
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1.5. Euler-Maclaurin formulae for simple lattice polytopes. We now describe applications of
the above characteristic class results to Euler-Maclaurin formulae for full-dimensional simple lat-
tice polytopes.

1.5.1. Euler-Maclaurin formulae via polytope dilation. Let P be a full-dimensional simple lattice
polytope in Mg ~ R", with toric variety X = Xp, inner normal fan ¥ = ¥p and ample Cartier
divisor D = Dp. Let £(1) be the set of rays of ¥, corresponding to the facets F of P. For each ray
p € X(1),letu, € N be the corresponding ray generator. We also let Fj, := [D, | be the equivariant
fundamental class of the T-equivariant divisor Dy on X corresponding to the ray p € X(1). Let
P(h) be the dilation of P with respect to the vector i = (hp ) ey (1) With real entries indexed by the
rays of X. So, if P is defined by inequalities of the form

<m7uP> +Cp 2 07
with up the ray generators and ¢, € Z, for each p € X(1), then P(h) is defined by inequalities
(m,up> ‘|‘Cp +hp Z 0,

for each p € £(1). Then P(h) is also a simple polytope for A, small enough (p € X(1)). In these
notations, we have that D = Dp =} ,cy(1)¢p - Dp.

Using localization techniques and adapting arguments of Brion-Vergne to our setup, we get for
small iy, (p € £(1) and z € N¢ := Homp (Mg, C)) with all (igFp,z) # 0) the following key relation
(see Theorem 5.1) between the exponentional integral and localized cohomology classes at the
torus fixed points, based on the equivariant Hirzebruch-Riemann-Roch theorem:

e(i*O'leI‘(ﬁX(DP))vd

(1.17) / ™) dm = Lo lplisFp )
P(h) (,g(n) (Euy(xc),2)

Here, we use a more explicit description of the homological localization map pr,, given as pry, =

Euf(’xg), with ig : {x5} — X the fixed point inclusion and Euy (xs) := i (mult(o) ~Hp€6(1)Fp)
its generalized Euler class (see (4.23) for more details). Compare also with Theorem 5.8 for a
counterpart of exponentional integrals over the dilated tangent cones of the vertices of P. Using
this we get our our first abstract Euler-Maclaurin formula (see Theorem 5.18, Corollary 5.21 and

Proposition 5.22):

Theorem 1.3. Let [F] € K| (X) be fixed, and choose a convergent power series p(x,) € Q{x, |
p € X(1)} so that p(F,) = tdL ([F]) € (Hz(X;Q))™. Then, with p(%) the corresponding infinite
order differential operator obtained from p(xp) by substituting xp — pr, forall p € £(1), we have
for any polynomial function f on My:

d
a0 o(Z) ([, som-nam) -

|h:0

= Z <Zn:(—l)i.dimcHi(X;ﬁX(D) ®,§é‘)xm> - f(m) Lelma)

meM \i=0

as analytic functions in z € N¢ with z small enough.
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If v € P is a vertex with tangent cone Tan(P,v) and corresponding cone & € X(n), then for 7
small enough with —z € Int(0) we get:

P) e (i5p(Fp))
PR <m7z> — —p _ V. T ar
(19 p<9h) (/Tanmv)(h)e dm) o _< Euy(xc) ’Z> i e

Here (H{f (X; Q))an is the image of the convergent power series ring

Qfxp |p €X(1)} € Qllxp | p € Z(1)]] = HH(X:Q)

under the surjective evaluation homomorphismus x, — F, (p € £(1)). Then [#] € K;j (X) can be
represented by such a convergent power series p(xp) € Q{x, | p € (1)} thanks to Proposition
5.17.
It is important to note that the operator p(%) ( Jpny f(m) - elma) dm>| (with f =1 in the
h=0
local case) depends only on the class td; ([#]) € (H#(X;Q))“" and not on the chosen convergent
power series representative. Such a convergent power series representative exists since tdf([? ) e

(H#(X;Q))™. If one uses only polynomials in formula (1.18) (i.e., setting z = 0), this formula even
holds for p(x,) € Q[[x, | p € £(1)]] a formal power series with p(F,) = td; ([.F]) € ﬁi‘v(X;Q).

Remark 1.4. The formulae of Theorem 1.3 hold with the same operator p(%) (which is fixed by
the choice of a convergent power series p(x,) € Q{x, | p € (1)} so that p(Fp) = td} ([F]) €
(H{f (X; Q))a”), but applied to different full-dimensional simple lattice polytopes P corresponding
to different choices of ample divisors D = Dp on the toric variety Xy (e.g., for dilations of a given
polytope).

Note that by evaluating formula (1.18) at z = 0 and for f = 1 (i.e., forgetting the T-action), we
get a generalized volume formula, namely,

p(55) 0ot PO, = 2(X.04(D) 2 7).

with vol P(h) = [p;,) dm the volume of P(h) and the Lebesgue measure normalized so that the unit
cube in M C My has volume 1. See [15][Thm.2.15] for the case when .% = Ox (corresponding to
counting points in PN M) and .# = @y (corresponding to counting points in Int(P) N M).

In Subsection 5.3 we explain how formula (1.18) can be specialized to yield old and new Euler-
Maclaurin type formulae. In particular, we obtain an Euler-Maclaurin formula for a simple lattice
polytope with some facets removed (generalizing the classical case of (the interior of) a polytope),
see formula (5.27). We also obtain Euler-Maclaurin formulae for a face E of P (see Theorem 5.27)
and for the interior of E (see Theorem 5.26).

Another way to obtain examples of explicit weighted Euler-Maclaurin formulae is by consid-
ering the classes [#] := [mC;T (X)] € K§ (X)[y], or twisting these by Ox (D' — D), for D = Dp the
original ample divisor associated to the full-dimensional simple lattice polytope P, and D’ any
T-invariant Cartier divisor on X (see Theorem 6.2, Corollary 6.3 and Example 6.9).

Let D' be a globally generated T-invariant Cartier divisor on X, with associated (not necessarily
full-dimensional) lattice polytope Py C Mg. Let D' — D = Ypex(1)dpDp as a T-invariant Cartier
divisor. Let Xy be the toric variety of the lattice polytope Ppy, defined via the corresponding
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generalized fan. Consider the infinite order differential operator

d Y dp-=2— 1% d
1.20 T/ == | == . T, [ = —— (1
(1.20) )= (55) <@tz 1o ezmyb

with Ty(%) obtained by substituting Fp, % (for each p € £(1)) into the right-hand side of

formula (1.10) for the equivariant Hirzebruch class Ty'ﬂ; (X). For any polynomial f on Mg, one then
has by Theorem 1.3 the following new weighted Euler-Maclaurin formula:

)
. o{m:2) —
(1.21) T(ah) (/()f(m)e dm) =

lh=0

= Z (Z(—l)f.de(X/E).(1_|_y)€+dim(E)> . Z f(m)_e<m7z)7
E=P,

>0 meRelint(E)NM

with multiplicities dy(X/E) = dy(X/0’) as in (1.6), and the face E of Pp corresponding to the
cone ¢’ € ¥'. Note that in this context Pyy is an N-Minkowski summand of the original polytope P.

Forgetting the T-action (i.e., for f = 1 and z = 0), one gets the following volume formula (fitting
with (1.9)):

(1.22) Ty'(%) (vol P(h)),_,= X <Z(—1)€-dg(X/E) (14 y)FHdim(E ) IRelint(E) NM]|.

E=Py \{>0

Formula (1.21) also provides a generalization of the classical Euler-Maclaurin formula of Brion-
Vergne [16]. Indeed, specializing (1.21) to the case D = D/, with P = Ppy, one first gets the
following weighted Euler-Maclaurin formula:

(1.23) T, (8h> (/ f(m elm:z dm) 5 Z 1+y) dlm Z f(m)-e<m’z>.

E=P mERelint(E M

For y = 0 this further reduces to the classical Euler-Maclaurin formula of Brion-Vergne [16] for
simple lattice polytopes, and Khovanskii-Pukhlikov [44] for Delzant lattice polytopes (correspond-
ing to smooth projective toric varieties):

(1.24) Todd(ah) ( / f(m)-elm? dm>|h_0: Y f(m)-e™,

mePNM
with Todd(2.) = To( ).

For simplicity, we fix a basis my,...,m, of M ~ Z", with t; the corresponding coordinates on
My (for K = Q,R) with respect to this basis, so that a% =:0; fori=1,...,n. Following [43], in
Section 7 we introduce power series of the form

n

pltixp):= Y, palp) ]t
a=(0;)eNj i=1
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in Q{r1,...,ta,xp | p € (1)}, resp., Q[[t1, ..., tx,xp | p € £(1)]], as convergent, resp., formal power
series in the ;, xp, with corresponding differential operator

P (ai’ %) </P<h>f(m) e dm) o
~ B @) (flrm ) o)

a=(0;)eNj

for f a polynomial function on Mg, obtained by substituting t; — d;,xp — % into the power series

p(ti,xp). We can now state our second abstract Euler-Maclaurin formula based on equivariant
Hirzebruch-Riemann-Roch, see Theorem 7.10 and Corollary 7.11.

Theorem 1.5. Let X = Xp be the projective simplicial toric variety associated to a full-dimensional
simple lattice polytope P C M. Let ¥ := YXp be the inner normal fan of P, and D := Dp the ample
Cartier divisor associated to P. Let |[F] € K(’)Jr (X) be fixed, and choose a convergent power series

p(tixp) € Q{t1,... ta,xp | p € X(1)} so that p(s(m;),Fp) = tdX ([F]) € (H%(X;Q))an. Then, for
a polynomial function f on My,

d
o L elm2) —
(1.25) p (8,, 8h> (/P(h)f(m) e dm)

[r=0

= Z <i(—1)i.dimcHi(X;ﬁx(D) ®ﬁ)xm> - f(m) ,e<m,z>7

meM \i=0

as analytic functions in z with z small enough.

This time we take the ﬁ{f (pt;Q) = (/A\T)Q—algebra structure into account and present (Hz(X;Q))"
as the image of the convergent power series ring (see Proposition 7.1)

Q{1 twxp | P (1)} C Q11 tasxp | p € Z(1)]] = HF(X: Q)

under the surjective evaluation homomorphismus #; — s(m;) = —cL(Cym) (i =1,...,n) and xp —
Fp (p € X(1)).

Of course, Theorem 1.5 reduces to the first part of Theorem 1.3 in case

p(tixp) € Q{xp | p € Z(1)} CQfr1,...,tu,xp | p €X(1)}

does not depend on the variables ¢;. As before, the operator

0
L . p(mz)
p(d;, ah) (/P(h)f(m) e dm)

depends only on the class '[dlr([gZ ]) € (Hii (X; Q))an and not on the chosen convergent power series
representative. If one uses only polynomials in formula (1.25) (i.e., setting z = 0), this formula
even holds for p(t;,xp) € Q[[t1,...,ts,xp | p € £(1)]] a formal power series with p(s(m;),Fp) =
W@H([F]) € Hi(X; Q).

lh=0



14 S. E. CAPPELL, L. MAXIM, J. SCHURMANN, AND J. L. SHANESON

1.5.2. Euler-Maclaurin formulae of Cappell-Shaneson type. Let P C My ~ R" be as before a full-
dimensional simple lattice polytope, with associated projective simplicial toric variety X = Xp,
inner normal fan ¥ = Xp and ample Cartier divisor D = Dp. Instead of using a dilation P(h) of
the polytope P, the Euler-Maclaurin formula of Cappell-Shaneson [22, 53] uses a summation of
integrals over the faces E of P. In more detail, for any polynomial function f on My one has:

(1.26 Y fm= Y [ (pe(@sm)dm,
E=<P’E

mePNM

with pg(d;) € Q[[dy,...,d,]] suitable infinite order differential operators with constant rational
coefficients in the partial derivatives with respect to the coordinates of the vector space Mr. Here
the Lebesgue measure dm on E is normalized so that the unit cube in the lattice Span(Ep) N M has
volume 1, with Ey := E — my a translation of E by a vertex mg € E.

The infinite order differential operators pg(d;) appearing in (1.26) are defined through some
relations in what is called in [43][Sect.6] the Cappell-Shaneson algebra of P. In this paper, we give
a geometric proof of a generalized Cappell-Shaneson type Euler-Maclaurin formula with arbitrary
coherent sheaf coefficients.

For the use of integration over the faces E of P, we prove in Theorem 7.12 an analogue of (1.17)
for faces of a polytope. Let P(h) be the dilation of P with respect to the vector & = (hp ) pex(1) With
real entries indexed by the rays of X. Similarly, we consider the dilation E(h) of a fixed face E
of P, and let o € X be the cone corresponding to E. Then we have for small i, (p € £(1)) and
7 € N¢ := Homg (Mg, C) with all (igFp,z) # 0:

g<(i*ccvljr(ﬁx (DP))7Z>

(1.27) / '3 dm = mult(og) - - eXplpliclpa) (itFy,z) .
E(h) oe%(n) (Euy(xs),2) pegu) al'p

Let Vg := V;, be the closure of the T-orbit in X corresponding to og. As explained in Re-
mark 7.15, the equivariant fundamental classes [Vg]r generate ﬁr} (X;Q) asa ﬁ{% (pt;Q) = (Ar)o-
algebra. Let [[#] € K (X) be fixed, and choose elements pg(t;) € ﬁq*f (pt;Q) = (A1) ~=Q[[t1,. .. ,1]]
with

(1.28) Wi ([F)) = Y, pe(6)[Velr € Hy(X;Q) .
E=<P

Then tdY ([#]) = p(s(m;), ) € Hi(X;Q) for

(1.29) p(ti,xp) = Z (mult(GE)- H xp> -pe(ti) € Q[[t1,.. . twxp | p € Z(1)]].

EXP peoe(l)

With these notations, we can now state our third and final abstract Euler-Maclaurin formula based
on the equivariant Hirzebruch-Riemann-Roch theorem, which also provides a generalization, as
well as a first complete proof, of the Cappell-Shaneson Euler-Maclaurin formula, see Theorem
7.16 and Remark 7.17.

Theorem 1.6. Let X = Xp be the projective simplicial toric variety associated to a full-dimensional
simple lattice polytope P C M. Let ¥ := Xp be the inner normal fan of P, and D := Dp the ample
Cartier divisor associated to P. Let |[F] € Kg (X) be fixed, and choose the formal power series
p(tixp) € Q[t1,... ta, xp | p € X(1)]] as in (1.29). Then for a polynomial function f on Mg, we
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have:

(1300 ), /(pE(ai>f(m)) dm=)

E<p/E meM

(Z(—l)’ -dimc H'(X; Ox (D) ®,@)X_m> - f(m).
i=0

Remark 1.7. On the left hand side the (restriction of the) polynomial function pg(d;)f(m) on Mg
is integrated over E. Formula (1.30) of Theorem 1.6 holds with the same operators pg, (d;) (Which
are fixed by formula (1.28)), but applied to different full-dimensional simple lattice polytopes P
corresponding to different choices of ample divisors D = Dp on the toric variety Xy (e.g., for
dilations of a given polytope).

In the classical case .% := Oy, this is exactly Cappell-Shaneson’s recipe for the definition of the
differential operators pg(d;), described here geometrically in terms of the equivariant Todd class
td? (X) :=tdX([0x]) € I/-i{f(X;Q) (see [22][Thm.2] or [53, Sect.6.2]). In this case, (1.30) reduces
to the Cappell-Shaneson formula (1.26) (see Remark 7.17 for more details).

1.5.3. Generalized reciprocity for Dedekind sums via Euler-Maclaurin formulae. In Section 7.3,
we give an application of formula (1.30) to generalized reciprocity for Dedekind sums (see Corol-
lary 7.19 for a more general statement):

Corollary 1.8. In the context of Theorem 1.6, one gets the following identity:

(1.31) Y (pu(3)f)(0)=Y (i(—l)i~dimCHi(X;f >x—m) - f(m).

veP meM \i=0

where the left hand sum is over the vertices of P.

If # = Ox in (1.31), one gets for a polynomial function f on Mg the following identity:

Y. (pv(9)£)(0) = £(0).

veP
For instance, in the case of lattice polygons, this formula yields generalizations of reciprocity laws
for classical Dedekind sums (using, e.g., the explicit description of the operators p,(d;) from [22]).

The interested reader may also want to consult our paper [20], where a summary of results and
explanation of key ideas of this paper are given. Further calculations of (equivariant) motivic Chern
and Hirzebruch classes of (not necessarily simplicial) toric varieties are performed in [47, 48] via
the theory of (equivariant) mixed Hodge modules on toric varieties. This allows us to also consider
characteristic classes associated to the intersection cohomology complex. These calculations are
then applied to giving geometric proofs of several combinatorial results [7] from weighted Ehrhart
theory of (not necessarily simple) lattice polytopes, fitting also with the weights given by Stanley’s
g-polynomials.
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2. PRELIMINARIES

In this section, we collect preparatory material needed throughout the rest of the paper. In Sub-
section 2.1 we review basic terminology about toric varieties and lattice polytopes. In Subsection
2.2 we recall the relation, via the Riemann-Roch theorem, between counting lattice points in the
(interior of a) lattice polytope and the (dual) Todd classes of the associated toric variety. This re-
lation is generalized in Subsection 2.3 to a weighted lattice point counting (with certain weights
reflecting the face decomposition of a lattice polytope) by using the homology Hirzebruch classes
and a generalized version of the Hirzebruch-Rieman-Roch theorem. In Subsection 2.4, we recall
from [46] formulae for the Todd and Hirzebruch classes of a simplicial toric variety, which were
deduced in loc.cit. via the Lefschetz-Riemann-Roch theorem. Subsection 2.5 is devoted to intro-
ducing and describing the rational equivariant cohomology of a complete simplicial toric variety.
The equivariant Euler characteristic is defined in Subsection 2.6. Together with the equivariant
Chern character; this is then used in Subsection 2.7 to formulate the equivariant Riemann-Roch
theorem of Edidin-Graham.

2.1. Background on toric varieties and lattice polytopes. In this subsection we review some
basic facts and terminology from the theory of toric varieties and lattice polytopes. Specifically,
we recall the definition of toric varieties via fans (Subsection 2.1.1), we give a brief account of
the Cox construction of simplicial toric varieties as geometric quotients (Subsection 2.1.2), and we
describe the relation between lattice polytopes and toric varieties (Subsection 2.1.3). For complete
details, the interested reader is referred to [24, 25, 36, 49].

2.1.1. Toric varieties. Let M ~ Z" be an n-dimensional lattice in R”, with its dual lattice N =
Hom(M,Z). Denote the natural pairing by

() :MxN—TZ.

A rational polyhedral cone 6 C Ng := N®@R is a cone ¢ = Cone(S) on a finite set S C N. Such a
cone o is strongly convex if 6N (—o) = {0}. The dimension of a cone ¢ is the dimension of the
subspace of Nr spanned by ©. A face T of a cone o (we write T < 0) is a subset

t:={uecoc|(mu =0}Co
for some m € M NG, where
6={meMg | (mu)>0,Yuc o}

is the dual cone of . A one-dimensional face p of a cone o is called a ray. The collection of
rays of a cone o is denoted by o(1). For each ray p € (1), let u, be the unique generator of the
semigroup p N N. The {up},cq(1) are called the generators of 6. A cone o is called smooth if
it is generated by a part of the Z-basis of N. A cone o is simplicial if its generators are linearly
independent over R. The multiplicity mult(c) of a simplicial cone ¢ with generators up,, ..., up,
is [N/ (up, ..., up,)|, where N is the sublattice of N spanned by points in c NN, and | — | denotes
the cardinality of a (finite) set.

A fan X in Ny is a finite collection of strongly convex rational polyhedral cones in N so that
any face of 0 € X is also in X, and if 07,0, € X then 61N 0, is a face of each. The support of a
fan X is the set |Z| := Ugex © C Nr. The fan is called complete if |L| = Ng. X is called simplicial
if every cone in o € X is simplicial. We denote by X(i) the set of i-dimensional cones of ¥, and
similarly, by (i) the collection of i-dimensional faces of a cone ©.
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To any fan X one associates a toric variety Xy as follows. Each cone ¢ € X gives rise to an affine

toric variety

Us = Spec ((C[Mﬂ 6])
where C[M N &] is the C-algebra with generators { ¥ | m € MN & }. The toric variety Xy is obtained
by gluing these affine pieces together. The affine toric variety corresponding to the trivial cone {0}
is the torus Ty = N ® C* = Spec(C[M]). It follows that M can be identified with the character
lattice of Ty, i.e., M ~ Homgz(Ty,C*), while N ~ Homy(C*,Ty) is the lattice of one-parameter
subgroups of Ty.

The action of the torus Ty on itself extends to an algebraic action of 7y on Xy with finitely many
orbits O, one for each cone ¢ € X. In fact, by the orbit-cone correspondence, to a k-dimensional
cone o € X there corresponds a (n — k)-dimensional torus-orbit O =2 (C*)"~*, and the closure V
of Og is itself a toric variety and a Ty-invariant subvariety of Xy. In particular, each ray p € £(1)
corresponds to an irreducible Ty-invariant divisor Dp :=V, on Xy. Moreover, if o is a face of v,
i.e., 0 < v, then Oy, C Oy = Vs and

Vo= || Ov.
o=xv
So the toric variety Xy is stratified by the orbits of the 7y-action.

Let us also describe here, for future reference, the fan of the toric variety V4, i.e., the closure of

the orbit corresponding to the cone o € X. Let

N(o)=N/Ng,

with N denoting as before the sublattice of N spanned by the points in 6 NN. Let Ty(5) =
N (o) ®z C* be the torus associated to N(o). For each cone v € X containing o, let V be the image
cone in N(o)r under the quotient map Ng — N(o)gr. Then

2.1 Star(c)={VCN(o)r |0 =XV}

is a fan in N(o)g, with associated toric variety isomorphic to Vi (see [24][Prop.3.2.7]). Note that
Ty acts on Vi via the morphism

2.2) Ty — TN(G)

induced by the quotient map N — N(o).

If ¥ is a fan in Ny ~ R”, then the toric variety Xy is a complex algebraic variety of dimension
n, which is complete if and only if Xy is complete. The toric variety Xy associated to a simplicial
fan is called a simplicial toric variety. Such a variety is an orbifold and therefore also a rational
homology manifold, so it satisfies Poincaré duality over Q. The singular locus of a toric variety Xy,
is UceZsmg Vs, the union being taken over the collection Xgj,e of all singular (non-smooth) cones in
the fan X.

2.1.2. Cox quotient construction of simplicial toric varieties. In this subsection, we recall the Cox
construction of simplicial toric varieties as geometric quotients, see [23] and [24][Sect.5.1].

Let X be a fan in Ng ~ R”, with associated toric variety X := Xy and torus T := Ty = (C*)". For
each ray p € X(1), denote by u, the corresponding ray generator. Let » = |£(1)]| be the number of
rays in the fan X. For simplicity, we also assume that X = Xy contains no torus factor.

Using the fact that N ~ Homy,(C*, T) is identified with the one-parameter subgroups of T, define
the map of tori

peX(1)
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and let G := ker(y). Then G is a product of a torus and a finite abelian group, so G is reductive.
Let Z(X) C C” be the variety defined by the monoidal ideal

B(X):=(fs:0€X) where is:= H Xp
p¢o(l)
and (xp)peyx(1) are coordinates on C". Then the variety W := C"\ Z(X) is a toric manifold, and
there is a toric morphism
WX

The group G acts on W by the restriction of the diagonal action of (C*)", and the toric morphism

7 is constant on G-orbits. Moreover, Cox [23] (see also [24][Thm.5.1.11]) proved that if X = Xy,

is a simplicial toric variety containing no torus factor, then X is the geometric quotient W /G.
Under the quotient map 7 : W — X, the coordinate hyperplane {x, = 0} maps to the invariant

Weil divisor D, . More generally, if 0 is a k-dimensional cone generated by rays py, ..., Pk, then the
orbit closure V; is the image under 7 of the linear subspace W defined by the ideal (xp,,...,Xp,)
of the total coordinate ring C[x, | p € £(1)]. Let G4 be the stabilizer of Wi Then, if

(2.3) ap: (C*)"—=C*

is the projection onto the p-th factor (and similarly for any restriction of this projection), we have
by definition that

Go=1{g€G|ap(g)=1,Yp ¢ o(l)}
peo(l)

so G depends only on ¢ (and not on the fan X nor the group G). Here u, € N is the corresponding
ray generator for p € o(1).

For a k-dimensional rational simplicial cone o generated by the rays p1, ..., px one can moreover
show that
(2.5) Go ~ No/(ut, ... ux),

0 |G| = mult(o) is just the multiplicity of o, with mult(c) = 1 exactly in the case of a smooth
cone. Let m; € My for 1 < i <k be the unique primitive elements in the dual lattice M5 of Ny
satisfying (m;,u;) =0 for i # j and (m;,u;) > 0, so that the dual lattice M{; of (uy, ..., uy) is gener-
ated by the elements Taa] Then, for g =n+ (uy,...,ux) € Go = Ng/(u1,...,u;), the character

mj
mj,u;

ap,(g) is also given by (see [36][page 34]):

. . <m ',71)
(2.6) ap,(g) =exp (2mi-p,(g)), with 7,(g) := m :
Consider next the finite set
Gs = | Go.
cEer

In what follows we write as usual T < ¢ for a face 7 of o, and we use the notation 7 < o for a
proper face 7 of 0. Note that
T j 0o — GT g Gg.
Set
2.7) Go:=Gs\ |J Ge={g€Gs|ap(g) #1,Yp € a(1)}.

T<0
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Since G4 = {idg} for a smooth cone o, it follows that Gg = 0 if & is a smooth cone of positive
dimension, while G‘EO} =Gy = {idg}. Moreover,

Go=| | G5,

T0

(with | | denoting a disjoint union), so it follows that

(2.8) Gy=|JGs=|]|Gs={ids}u || G5,

oex oex 0% ing

with X, the collection of singular cones in X.

2.1.3. Lattice polytopes and their associated toric varieties. A polytope P C Mr := M QR 1is
the convex hull of a finite set S C My. P is called a lattice polytope if its vertices lie in M.
The dimension dim(P) of a polytope P is the dimension of the smallest affine subspace of My
containing P. A polytope P whose dimension equals n = dim(Mp) is called full-dimensional.
Faces of codimension one of P are called facets. A polytope P is called simple if every vertex of P
is the intersection of precisely dim(P) facets.

Let P be a full-dimensional lattice polytope. For each facet F of P there is a unique pair
(up,cr) € N x Z so that P is uniquely described by its facet presentation:

(2.9) P={me M | (m,ur)+cr >0, for all facets F of P}.

Here ur is the unique ray generator of the inward-pointing facet normal of F.
To a full-dimensional lattice polytope P one associates a fan Xp in Ng, called the inner normal
fan of P, which is defined as follows: to each face E of P associate the cone 6g by

or = Cone(ur | F contains E).
In particular, pr := oF = Cone(ur) is the ray generated by ur. Let
Xp = X):P

be the corresponding toric variety, which is commonly referred to as the toric variety associated
to the polytope P. As Xp is a complete fan, it follows that Xp is proper. If P is simple, then Xp is
simplicial. Moreover, if P is a Delzant (or regular) polytope, then Xp is smooth.

For a cone o € Xp associated to a face E of P, the corresponding orbit closure Vi, can be
identified with the toric variety Xg, with corresponding lattice polytope defined as follows (cf.
[24][Prop.3.2.9]): translate P by a vertex mg of E so that the origin is a vertex of Ey := E — my;
while this translation by mg does not change Xp or Xp, Ey is now a full-dimensional polytope in
Span(Ey). So Ey is a full-dimensional lattice polytope relative to Span(Ey) N M, and Xg is the
associated toric variety.

With the above notations, the divisor Dp of the polytope P is defined as:

(2.10) Dp:=Y crDr,
F

where F runs over the collection of facets of P and Dp is the torus-invariant divisor corresponding
to the ray pr. Then Dp is a torus-invariant Cartier divisor on Xp, which is ample and basepoint
free (e.g., see [24][Prop.6.1.10]). Hence Xp is a projective variety.

Remark 2.1. The above construction also works for P C My a full-dimensional lattice polyhedron
as in [24][Def.7.1.3]. Here a polyhedron P is the intersection of finitely many closed half-spaces.
P is called a lattice polyhedron, if its recession cone is a strongly convex rational polyhedral cone
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and the non-empty set of vertices of P belongs to M. If P is full-dimensional then it has a unique
facet presentation as in (2.9). In this case, the toric variety Xp has a fan Xp with full-dimensional
convex support in the sense of [24][page 265] (see [24][Thm.7.1.6]). Then the toric divisor Dp
of the polyhedron P as in (2.10) is a basepoint free (hence, by [24][Thm.6.3.12], a nef) Cartier
divisor (see [24][page 322 and Thm.7.2.2]). Moreover, the toric variety Xp is quasi-projective, and
therefore semi-projective in the sense of [24][Prop.7.2.9].

If P is a full-dimensional lattice polytope (or even a full-dimensional lattice polyhedron as in-
troduced before), one has (e.g., see [24][Prop.4.3.3])

(2.11) I'(Xp;Ox,(Dp)) = € C-x" cCM],
mePNM

where ™ denotes the character defined by m € M, and C[M] the coordinate ring of the torus Ty.
The nefness of Dp also yields that (e.g., see [24][Prop.9.2.3])

(2.12) H'(Xp; Ox,(Dp)) = 0, for all i > 0.
Moreover, if P is a full-dimesional lattice polytope, one has (e.g., see [24][Prop.9.2.7])
(2.13) H'(Xp; Ox,(—Dp)) =0, for all i # n,
and
(2.14) H"(Xp; Ox,(—-Dp))= P C-x™,
méelnt(P)NM

with Int(P) denoting the interior of P. Also, by toric Serre duality [24][Thm.9.2.10],

(2.15) @ C-x"=(H"(Xp:Ox,(—Dp)))’ ~ H’(Xp; Ox,(Dp) ® 0x,),
méent(P)NM

with @y, the dualizing sheaf of Xp, and H'(Xp; Ox,(Dp) ® wx,) = 0 for all i # 0.

Remark 2.2. If one wishes to apply the above formulae to the toric variety Xg associated to a face
E of a full-dimensional lattice polytope P as previously described, one needs to work with the
corresponding divisor

(2.16) DEg, = Dp_my|x; = Dplx; +div(x™).

2.2. Counting lattice points via Todd classes. Danilov used the Hirzebruch-Riemann-Roch the-
orem in [25] to establish a direct connection between the problem of counting the number of lattice
points in a lattice polytope and the Todd classes of the associated toric variety (see also [12, 15]).

Let P C Mi ~ R" be a full-dimensional lattice polytope with associated projective toric variety
X := Xp and ample Cartier divisor D := Dp. Then one has by (2.11) and (2.12) the following:

POM| = 2(X,0x(D)) = | ch(6x(D)N1d. (X),

1
¥ g P nacx)

k

(2.17)

with td, : Ko(X) — H.(X) ® Q the Baum-Fulton-MacPherson Todd class transformation [5] and
td.(X) := td«([Ox]). Here, Ko(X) is the Grothendieck group of coherent sheaves, and for H,(—)
one can use either the Chow group CH, or the even degree Borel-Moore homology group Hﬁf” .
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The second equality of (2.17) follows from the module property for td,, i.e., if B € K°(X) and
o € Ko(X), then (cf. [35][Thm.18.3]):

(2.18) td. (B ® &) = ch(B) Ntd,(x).
Similarly, (2.15) and the module property (2.18) yield:

(2.19) Int(P) M| = (X, Ox (D) ® wy) :/Xch(ﬁX(D))ﬂtd*([a)X]).

It thus follows from (2.17) and (2.19) that counting lattice points in (the interior of) a full-
dimensional lattice polytope P amounts to computing the Todd class td,(X) (resp., the dual Todd
class td, ([@wx])) of the associated projective toric variety X = Xp.

2.3. Weighted lattice point counting via the generalized Hirzebruch-Riemann-Roch. In this
subsection, we recall how the homology Hirzebruch classes of [ 1 1] can be used for counting lattice
points in a full-dimensional lattice polytope P, with certain weights reflecting the face decomposi-
tion
(2.20) P= | J Relint(E),

E=P
with Relint(E) denoting the relative interior of a face E of P. Recall that Brasselet-Schiirmann-

Yokura defined in [ 1 1] un-normalized homology Hirzebruch classes 7} (X) of a complex algebraic
variety X as the image of the distinguished element [idx] under a natural transformation:

Ty : Ko(var/X) — H.(X) @ Q[y]

defined on the relative Grothendieck group Ko(var/X) of complex algebraic varieties over X. A
normalized version Ty, (X) is obtained by multiplying each degree k-piece of Ty, (X) by (1+y) k.

With these notations, one has the following generalized Pick-type formula (see [46][Thm.1.3]):

Theorem 2.3. Let M be a lattice of rank n and let P C My be a full-dimensional lattice polytope
with associated projective toric variety X := Xp and ample Cartier divisor D := Dp. Then the
following formula holds:

2.21) Y (1 +)mE) . |Relint(E) N M| = / ch(6x (D)) N Ty (X),
E=P X

where the summation on the left is over the faces E of P, and the number of points inside a face E

is counted with respect to the lattice Span(E) N M.

Remark 2.4. In the notations of Theorem 2.3, we make the following observations:

(a) If y =0, then formula (2.21) reduces to (2.17); indeed, in the context of toric varieties, one has
the specialization: Ty (X)|y—0 = td«(X) (see [11]).

(b) The proof of (2.21) in [46] uses motivic properties of the homology Hirzebruch classes (see
[46][Thm.3.3]).

(c) The right-hand side of formula (2.21) is computed by the generalized Hirzebruch-Riemann-
Roch theorem (see [46][Thm.2.4]), namely:

%X, 0x(D)) ==Y x(X,Q% @ Ox(D))-»" Z/Xch(ﬁx(D))ﬂTy*(X)
(2.22) p=0

B /XCh(H_y)(ﬁX(D)) ﬂ'fy*(X),
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with ﬁ§ = j*Qieg the sheaf of Zariski p-forms on X and j : Xe; < X the inclusion of the non-

singular locus. This follows from the following calculation of the un-normalized homology Hirze-
bruch class (see [46][(1.2)]):

(2.23) T (X) = ¥t ([9F)) 57
p=0
The last equality in (2.22) is just a renormalization of the Chern character by powers of (1+y),
namely ch; ) (Ox (D)) := eI9)e1(@x(D)) wwhich makes up for the switch from Ty, (X) to YA"y* (X).
(d) For future reference, let us elaborate here on the meaning of formula (2.23). First recall that the
Hirzebruch class transformation 7y, for a variety X is defined by the composition

Ty :=td, omCy,

with mC, : Ko(var/X) — Ko(X)[y] the motivic Chern class transformation from [11]. Setting
mCy(X) := mCy([idx]), it was shown in [ 1] that mCy(X) can be computed from the filtered Du
Bois complex (Qx,F) of X [28]. More precisely, the following identification holds:
(2.24) mCy(X) =), [Q] "= ) (=1) [ (Q")] )" € Ko(X)D],

p>0 X i,p>0 X

where
% = Gl (Q%)[p] € Dl (X)

coh

is a bounded complex of sheaves with coherent cohomology, which coincides with the sheaf of
p-forms Q% on a smooth variety X. If X is a toric variety, there is a natural quasi-isomorphism
(see [42][p.119 and Prop.4.2])
P~ QP
QX - QX?
with ﬁ‘; denoting as before the sheaf of Zariski p-forms on X. In particular, for a toric variety X
this further yields:

-~

(2.25) mCy(X) =Y [QF] -y
p>0

and (2.23) is obtained by applying the Todd class transformation td, to (2.25).

2.4. Todd and Hirzebruch classes of a simplicial toric variety. In the context of a simplicial
toric variety Xy (e.g., Xp for P a simple full-dimensional lattice polytope), a formula for the Todd
class td,(Xx) was obtained in [16] via equivariant cohomology, in [32] by using the Lefschetz-
Riemann-Roch theorem, and in [50] by using a resolution of singularities and the birational invari-
ance of Todd classes.

A formula for the Todd class td,(Xy) of a simplicial toric variety Xy can also be deduced from
a more general result of [46] on the computation of the (homology) Hirzebruch classes of [1 1] via
the Lefschetz-Riemann-Roch theorem [32]. More precisely, with the notations from Subsection
2.1.2, the following result holds with the projection character a, : T = (C*)” — C* as in (2.3) from

the Cox quotient construction, restricted here to Gy C T (see [46][Thm.5.4]):

Theorem 2.5. Let X = X5, be a n-dimensional simplicial toric variety, with r = |£(1)|. The un-
normalized and, resp., normalized Hirzebruch classes of X are computed by:

. can(e) - e—Dp]
(226) Ty*<X)=(1+y>""-<Z [ Lol ol e 7 >)ﬂ[X]-

g€Gy pex(l) 1 —ap(g)-e Pl
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(227) T (X) = ( y q el (ranle) -e‘[D”]“”))) ).

2€Gy pex(1) 1—ap(g)-ePrl1+)

In particular, for y = 0, either of (2.26) or (2.27) yields the following formula for the homology
Todd class td, (X) of a simplicial toric variety X = Xy (compare with [16, 32]):

(2.28) td,(X) := ( Y 11 Do) }> N[X].

2cGspex(1) L —ap (g)e e

A different formula for the Todd class td.(X) of a simplicial toric variety X := Xy was obtained
in [46][Cor.1.16], by also using the motivic properties of Hirzebruch classes in the context of the
orbit stratification of a toric variety. More precisely, with the notations from Subsection 2.1.2, we
have the following:

Theorem 2.6. Let X = Xy be a simplicial toric variety. Then:
(2.29) . (X) =) oa(o) ( Y, mult(z) J] 1[D I T1 3(Dp) ) N[X]
. * = . - p e 5
cex {r|lo=1} pet(1) 2 pét(1) tanh(%[DPD

where, for a singular cone ¢ € Ly,

1 1+ap(g)-e P
OV o) .gezG"o Zo() 1 —ap(g)-e 1]
(2.30) | P |
= . coth | wi-Y,(g)+ = |D ),
mult(o) gGZG% peral(l) ( %(8)+31Dp]

with o.({0}) := 1 and o.(c) := 0 for any other smooth cone ¢ € X.

Similar formulae were obtained by Cappell and Shaneson in the early 1990s in the case of
complete simplicial toric varieties, see [2 1, 53]. Note that Theorem 2.6 is deduced in [46][Sec. 6]
from the specialization for y = 1 of (2.27) (fitting for X a projective simplicial toric variety with
the Thom-Milnor L-class L.(X) of X), together with the use of the so-called Mock Hirzebruch and
T -classes for switching between Todd and L-classes.

2.5. Rational equivariant (co)homology of a toric variety. Let X be a complex algebraic variety
with an algebraic action of the torus T (e.g., X is a toric variety with torus T = Ty = Homg (M, C¥)).
Recall that the (Borel-type) rational equivariant cohomology of X is defined as

231) H(X:Q) == H*(ET x= X:Q),
where T < ET — BT is the universal principal T-bundle, i.e., BT = (BC*)" = (CP*)" and ET is
contractible. In particular, if X = pt is a point space,

(2.32) (Ar)g :=Hp(pt;Q) = H*(BT;Q) ~ Q[ty,...,1,].

For m € M, with M the character lattice of the torus T, one can view the corresponding character
X" : T — C* as a T-equivariant line bundle C,» over a point space pt, where the T-action on C is
induced via x". This gives rise to an isomorphism

M ~ Pic(pt).
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Note that m — —m corresponds to the duality involution (—)". Taking the first equivariant Chern

class k. (or the dual —cL = cko (—)Y) of Cyn gives an isomorphism

(2.33) c=cl resp., s=—ck: M~H2(pt;7)
and
(2.34) ¢, resp., s : Symgy(M) ~ Hrp(pt;Q) = (A1)

with Symqy (M) =&;_ Syml(‘@ (M) the (rational) symmetric algebra of M. Soif m; (i=1,...,n) are
a basis of M ~ Z", then H}(pt;Q) = (AT)Q ~Qlt1,... ta], witht; = £} (Cymi) fori =1,...,n.

Note that ET xTX is a fiber bundle over BT with fiber X, so H}(X; Q) is a H*(BT; Q) = (At)q-
algebra. Furthermore, restriction to fibers defines a graded ring homomorphism

iy t H(X;Q) — H*(X;Q)

called “forgetting the T-action”. For the definition of the T-equivariant Chow groups CH,;E (X) or
T-equivariant Borel-Moore homology groups HE BM (X) (or its versions with rational coefficients)
one uses finite dimensional approximations of ET given by open subsets U C V in a linear T-
representation V of high dimension so that T acts freely on U, with U C V of sufficiently high

codimension (compared to the given degree k), and defines (see e.g. [30, 18] and [4][Section 17]):

(2.35) CH{ (X) := CHy { gim(v)—dim)(U x7X) and H "M (X):=H, 5" UxrX).

= k+2(dim(V)—dim(’]I’))(
Here U x7 X will be in general only a complex algebraic space. These groups are (up to isomor-
phism) independent of all choices, and satisfy all the usual properties, e.g., one has a cycle class

map CH (X) — HL (X) := H;Tk’BM(X ), and for Z < X a closed T-invariant algebraic subset with
open complement U one has short exact sequences

(2.36) CH[(Z) — CH (X) = CHE(U) = 0
and long exact sequences
(2.37) o HPM(Z2) s B (X) - =P (U) > -

and similarly also with rational coefficients. If T acts on X with only finitely many orbits (like
for toric varieties), then HE BM (X;Q) vanishes in odd degrees, and the last sequences (with Q-
coefficients) become short exact sequences in even degrees (see, e.g., [ 18, 56]). In particular the
cycle class map induces for T acting on X with finitely many orbits a canonical isomorphism

CH!(X)®Q~H!(X;Q).

Similar results and definitions also hold for a general complex linear group G. Specific to the torus
context is a result of Brion [14][Thm.2.1], giving a presentation of CHE (X) only in terms of T-
invariant subsets of X. Now we come back to X a toric variety, working for this reason only with

even degree equivariant Borel Moore homology H. (X;Q) := H;;BM (X;Q).

If X is moreover a simplicial toric variety with torus T, then X is a rational homology manifold
so that equivariant Poincaré duality holds rationally. For any cone ¢ € X, the orbit closure V5 = O4
then defines via Poincaré duality an equivariant cohomology class

Volr € H2™9) (x; Q).
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We reserve the notation [D,|T € H%F (X;Q) for the equivariant cohomology class corresponding to
aray p € X(1). Then one has the relation:

(2.38) [VG]'JI‘ = mult(G) . H [Dp]T~
peo(l)

We assume now that X is a simplicial toric variety which has a fan X of full-dimensional con-
vex support (see [24][page 265]), e.g., X = Xp for P a full-dimensional lattice polyhedron. By
[26][Thm.3.6], the cohomology ring H*(X;Q) is even (i.e., it vanishes in odd degrees). Then the
proof of [24][Prop.12.4.7] yields an isomorphism of (Ar)g-modules

(2.39) Hp(X;Q) ~ (A1) ®o H"(X;Q).
In particular, the equivariant cohomology ring Hj(X;Q) is a free (A)g-module. Moreover, in

this case the ordinary cohomology ring H*(X;Q) is determined by the (AT)g-algebra structure of
H(X;Q) via the isomorphism

(2.40) H*(X;Q) ~ H (X; Q) /Il HA(X; Q),

where It C (Ar)g is the ideal generated by positive degree elements, as in [16][Prop.3.2] or
[24][Cor.12.4.8]. (In particular, the quotient (AT)q/IT ~ Q gives Q the structure of a (Ar)g-
module.) See also [37][Thm.14.1] for more general results of this type for complex varieties with

a torus action, e.g., (2.39) holds by [37][Thm.14.1 (8)] for a complete complex algebraic variety X
which is a rational homology manifold.

For the remaining of this Subsection 2.5, we assume moreover that X is a complete simplicial
toric variety.

There are several different descriptions of the rational equivariant cohomology Hy(X;Q) of a
complete simplicial toric variety X = Xy associated to the fan X in Ng = N®R, e.g., see [14],
[24][Sect.12.4] or [4][Chapter 8]. Such descriptions, which are recalled below, are related to var-
ious aspects of the Euler-Maclaurin formulae for simple lattice polytopes (see Sections 5 and 7
below):

(a) Hp(X;Q) can be realized as the Stanley-Reisner ring SR@(Z) of the fan X, i.e., (see, e.g.,
[24][Sect.12.4]),
SR@(Z) = Q[x1,...,%]/ ~sr ~ Hp(X;Q)

x; — [Dilr = cx(0(Dy)),
with x; of degree 2, and D; the T-invariant divisor corresponding to the ray p; = (i;) € £(1) with
ray generator u; (i = 1,...,r). The Stanley-Reisner relation ~gg is generated by

xiy 5, =0,

for distinct i; with {p;;|j = 1,...,s} not spanning a cone of X.
(b) H(X;Q) can be realized as the ring Ry of continuous piecewise polynomial functions (aka,
polynomial splines) with rational coefficients on the fan X (see, e.g., [16][Prop.3.2] or [24][page

606]). This can be seen by starting with the following exact sequence in equivariant cohomology
(as appearing in the proof of [24][Lem.12.4.17]):

(2.41) 0—Hy(X;Q) = P Hi(Us;Q) —» P HiU:Q),
c€X(n) 7€X(n—1)

where Us C Xy denotes as usual the unique T-invariant open affine subset containing the corre-
sponding T-orbit Og, and O = x5 € X are the T-fixed points in the case o € £(n) (i.e., 0 is of
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top dimension n). Note also that x5 corresponds to a vertex of the lattice polytope P in the case
when X = Xp is the corresponding inner normal fan. There are equivariant deformation retracts
Us — Og for any o € X (e.g., see [24][Prop.12.1.9(a)]), hence

Hp(Us;Q) ~ Hp(05;Q).

Moreover, for 6 € X(n) one gets by (2.34):
H}(05;Q) ~ Hy(x6:Q) ~ Symq(M),

and for 7 € £(n— 1) one has an isomorphism

Hy(0¢;Q) =~ Symg(Mz),
forM; =M/ 7L N M. So the localization sequence (2.41) translates into the exact sequence
(2.42) 0— Hy(X:Q) = P Symgy(M) — b Symgy(Mz)

oe€X(n) TeX(n—1)

with Symgy (M), resp., Symgy (M) the ring of polynomial functions with rational coefficients on

o € X(n), resp., T € X(n—1). In other words, an element of H}:(X;Q) can be thought of as a
collection {5 }ex(n), Where fo is a polynomial function on o, such that fs|: = for|r Whenever
ocno'=teX(n—1).

(c) H}(X;Q) can also be described as the Hy(pt; Q) = (AT)@—algebra

(AT)@[X] yeue ,xr]/ ~ ~ H%(X,Q)

xi — [Dilr = ep(O(Dy)),
and ~ generated by the Stanley-Reisner relation ~gg as well as
r
(2.43) +m = c(m) = —s(m) = c[(Cyn) = Z (m,uj)x; forallme M,
i=1
with u; the corresponding ray generators. Here we consider the +-sign in the case when we use
the isomorphism

¢: Symgy(M) ~ Hy(pr; Q) =: (A1)q
coming from C%r as usual in algebraic geometry (see, e.g., [4][Chapter 8]). But the use of the
minus-sign and the isomorphism

s : Symgy(M) =~ H(pt; Q) =: (A1)
1

induced from cg o (—)v (e.g., as in [24][Sect.12.4]) fits better with the corresponding Euler-
Maclaurin formulae and the equivariant Riemann-Roch theorem (e.g., see [24][Sect.13.3]).

Remark 2.7. The inclusion Q[xy,...,x,] C (AT)@[xl ,-..,Xr] induces the natural map

Q[xl,...,xr]/ ~SR — (AT)@[xl,...,xr]/N,

which is an isomorphism relating parts (a) and (c) above, see Lemma 7.1 and compare also with
[4][Chapter 8]. Note that in (a) and (b) the (AT)Q—algebra structure of Hp(X;Q) is not explicitly
mentioned, but follows then from relation (2.43) (compare also with [24][Sect.12.4]).

In the context of a complete simplicial toric variety X = Xy there is also no difference between
the rational equivariant (co)homology ring and the corresponding rational equivariant Chow ring
of X (see [14][Sect.5]). Finally note that by (2.40) one has that c%r((C%m) — 0 under the natural
map Hp(X;Q) — H*(X;Q) obtained by forgetting the T-action.
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As it shall be indicated below, the equivariant Chern character ch® (&) of a T-equivariant line
or vector bundle & on X, as well as the image of the equivariant Todd homology class td! (X) €

HI(X;Q) ~ CH E (X) ® Q under equivariant Poincaré duality, live in the completion
Hi(X;Q) =[] HL(X:Q),
i>0
with R
Hi (p1;Q) = Ql[t1,. ., ta]] = (Ar) -
Under the isomorphisms described in this subsectlon, this completion corresponds to:
(@) Q[[x1,...,x]]/ ~sr zﬁ{'f(X;QA). -
(b) the corresponding completion Ry ~ Hp(X;Q) of the ring of continuous piecewise polyno-
mial functions with rational coefficients on the fan X.
(c) (AT)Q[[xl,...,xr]]/ ~ ~ Hi(X;Q).
Abstractly, these are completions of connected integer graded commutative rings R* with respect
to the maximal ideal R~ given by positive degree elements.

In fact, as we will see and use later on, the equivariant Chern character and Todd homology
classes live in an analytic subring (defined as the image of the analytic Stanley-Reisner ring, see
(5.11)): R

(Hp(X; Q)" € Hr(X;Q),
with Q{z,...,t,} ~ (Hj(pt;Q))"" =: (A%”)Q C <KT)Q the subring of convergent power series
(around zero) with rational coefficients, i.e., after pairing with z € Ny = N ®7 K (for K = R,C)
one gets a convergent power series function in z around zero, whose corresponding Taylor polyno-
mials have rational coefficients.

Remark 2.8. The injectivity part of the sequence (2.41) still holds (as in [24][Cor.12.4.9]) even if X
is only a simplicial toric variety with a fan of full-dimensional convex support, since the equivariant
cohomology of X is a free (Ar)g-module.

2.6. Equivariant Euler characteristic. Assume that a torus T with character lattice M acts lin-
early on a finite dimensional complex vector space W, with eigenspace

(2.44) Wym :={weW |t-w=x"(t)w forallt € T},
for ¥ a character of T. Then, as in [24][Prop.1.1.2], one has an eigenspace decomposition
W= P Wyn.
meM
This induces an isomorphism
(2.45) Ky (pt) = ZM], W]~ Y dimcWyn- ™.
meM

Let X = Xy be a complete toric variety of dimension n, with a T-equivariant coherent sheaf .% .
The cohomology spaces H'(X;.%) are finite dimensional ']I‘-representations, vanishing for i large
enough. We define the K-theoretic Euler characteristic of % a

XX, F) = H(XF) =Y (1) ’(X 7)) € Kp(pr)

i

=Y Z 1) dimc H'(X; F ) ym - X™ € Z[M].

meM i=

(2.46)
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By applying the equivariant Chern character ch” : Z[M] ~ K9 (pt) — (A%”)Q C (/A\T)@, we further
get the cohomological Euler characteristic of %

(2.47) 2" ( =Y Z ) dime H' (X ) yn - ™ € (Af) g € (A1) -

meM i=

Let D be a torus-invariant Cartier divisor on X. For each i > 0, consider the weight decomposi-
tion of H'(X; Ox (D)) given by (e.g., see [24][Sect.9.1]):

(2.48) H'(X;0x(D)) = P H'(X; Ox(D))m,

meM

induced via a Cech resolution from

(2.49) H°(Us; 0x (D)) = @ H® (Us; Ox(D))m C C[M],

where each H(Ug; Ox (D)), is either 0 or C - x™.

For comparing this weight decomposition with the eigenspace decomposition of (2.44), we re-
call here that in this paper the torus T acts from the left on C[M] (with M ~ Hom(T, C*)) as follows:
if t € Tand f € C[M], thent- f € C[M] is given by p — f(t~' - p), for p € T (see [24][pag.18].
But some other references like [16] use a different convention). In particular, ¢- "™ = x™(t~") x™,
so that

H'(X;0x (D)) = H'(X; 0x(D)) -

So, via s(m) = ¢(—m) = —c{ (Cyn), formula (2.47) translates into the equivariant Euler charac-
teristic of D, as defined in [24][Def.13.3.2]:

(2.50) x"x,0xD))= Y Z ) dim H'(X; O (D)) - €™ € (AF) g C (A1)gy -

meM i=
Note that 7, 2T (X,0x(D)) = x(X,0x(D)), where i* 0, (AT)Q — Q sends elements of positive
degree to zero (i.e., one forgets the T-action).

Example 2.9. In the special case when Xp is the projective toric variety associated to a full-

dimensional lattice polytope P C Mr ~ R", and Dp is the corresponding ample Cartier divisor,
then the formulae (2.11)—(2.14) yield

(2.51) x"(Xp,Ox,(Dp)) = Y &™)
mePNM

and

(2.52) X" (Xp, Ox,(~Dp)) = (-1)" Y e

méelnt(P)NM
U

Example 2.10. For later applications, let us also consider the following more general context. Let
X be a toric variety and D a torus-invariant Cartier divisor. Then

(2.53) [(X;0x(D))= @ C-x"cCm]
mePpNM
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where ¥ denotes the character defined by m € M, and Pp is the polyhedron associated to the
divisor D (see [24][Prop.4.3.3]). If, moreover, the fan of X has full-dimensional convex support
and O (D) is globally generated, then Pp is a lattice polyhedron (see [24][Thm.6.1.7]), and

(2.54) H'(X;0x(D)) =0, foralli >0

(e.g., see [24][Prop.9.2.3]). Hence, for X complete and D as above (with Pp the corresponding
lattice polytope), we get

(2.55) X'X,0x(D)= Y " e(Af)g C (Ar)g

mePpNM
]

2.7. Equivariant Chern character and equivariant Riemann-Roch map. Let X be a complex
algebraic variety with an algebraic action of the torus T with character lattice M (e.g., X is a toric
variety). For any T-equivariant vector bundle & — X, one can define equivariant Chern classes
¢l (&), equivariant Todd classes Td" (&) and an equivariant Chern character ch” (&) in ﬁi'i (X;Q),
by means of the corresponding Chern roots, see [31][Sect.3.1] for complete details. Forgetting the
T-action, these notions reduce under iy : ﬁ:ﬁi (X;Q) — H*(X;Q) to the classical non-equivariant
counterparts. For example, if D is a T-invariant Cartier divisor on X, then the equivariant Chern
character of the line bundle O (D) is given by:

(2.56) ch™(0x (D)) = eIt = 1+ [D]r + 1' D)3 +--- € HA(X;Q),

2!

where [D]r = ] (0x(D)) € H3(X;Q) is the equivariant cohomology class of the torus-invariant
Cartier divisor D. Forgetting the T-action yields: i%ch™ (0x (D)) = ch(0x(D)).

We denote as usual by K% (X) the Grothendieck group of T-equivariant vector bundles on X,
and we let Kg (X) denote the Grothendieck group of T-equivariant coherent sheaves on X. If X is
smooth, then K% (X) ~ Kg (X), since in this case any T-equivariant coherent sheaf has a finite res-
olution by T-equivariant locally free sheaves (see, e.g., [29][page 28] and the references therein).
In general, the tensor product gives a ring structure on K2(X), and K;j (X) is a module for this ring.

Note that the Chern character ch” induces a contravariant, functorial, ring homomorphism
ch™: KO(X) — H(X:Q).
Edidin-Graham defined in [3 | ][Thm.3.1] an equivariant Riemann-Roch map which in our setup
can be given as
— T A~
td? : K (X) — CH, (X) @ Q — H,.(X;Q),
with the same functoriality as in the nonequivariant case of Baum-Fulton-MacPherson [5]. Here,
we use the completions

CH. (X = [] cHfx)2Q, and HI(X;Q):= [] HF(X:Q).
i<dim(X) z<d1m( )
(These equivariant Chow and Borel-Moore homology groups can be non-zero also in negative de-
grees, but they vanish in degrees bigger than dim(X)). Compare also with [ 8] for the homological
version of this transformation.
The transformation td" has the following properties:

(a) (functoriality) td! is covariant for T-equivariant proper morphisms;
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(b) (module property) if B € K2(X) and & € K] (X), then:
(2.57) tdf (B o) =ch™(B)NtdY ().
Forgetting the T-action, one recovers under the forgetful map CH jf (X) — CH.(X) the classical

nonequivariant Todd class transformation of Baum-Fulton-MacPherson [5].
The equivariant Todd class of X is defined as:

tdy (X) =t} ([Ox]n)).
If X is smooth, one also has the normalization property (see [2][Sect.6.1] or [29][Remark 3.2]):
(2.58) tdy (X) = Td" (Tx) N [X]r,
with TdT(TX) the equivariant cohomological Todd class of the tangent bundle Tx of X.

Example 2.11. Assume X = pt is a point space. By the normalization property, td” (pt) = [pt].
So by the module property, one gets via the equivariant Poincaré duality that td. : K(')[F (pt) —
H! (pt; Q) reduces to the equivariant Chern character, resp., Euler characteristic map

eh” = " (pr,—) : ZIM] = K(pt) = (M) € (Ar)gy.
O

For a complete variety X, using the functoriality and module properties of td” (cf. [31][Thm.3.1])
for the constant map f : X — pt, one gets the following equivariant Hirzebruch-Riemann-Roch for-
mula:

Theorem 2.12 (Equivariant Hirzebruch-Riemann-Roch). Let X be a complete complex algebraic
variety with an algebraic action of the torus T, and let &, resp., %, be a T-equivariant vector
bundle, resp., coherent sheaf on X. Then

(2.59) 1T(X,E0F) = / ch (&) NidT ([ 7)),
X

where [y : HY(X:Q) — HY (pr:Q) = (AT)q is the equivariant pushforward for the constant map
X — pt.
Example 2.9 and Theorem 2.12 yield the following:

Corollary 2.13. Let P C Mg ~ R" be a full-dimensional lattice polytope, with corresponding
projective toric variety X = Xp and ample Cartier divisor D = Dp. Then:

(2.60) Yy el = / ch™(0x (D)) Ntdr (X),
mePNM X
@.61) Y = [ en(0x(p) i ([exe)
melnt(P)NM X
Proof. Formula (2.60) follows directly from (2.51) and (2.59). For (2.61) we proceed as in (2.15)
and (2.19), using the fact that toric Serre duality holds equivariantly. U

Similarly, Example 2.10 and Theorem 2.12 yield:
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Corollary 2.14. Let X be a complete toric variety, and D a globally generated torus-invariant
Cartier divisor with associated lattice polytope Pp C My. Then

(2.62) Yy etm= / ch™(0x (D)) Ntdr (X).
mePpNM X

3. EQUIVARIANT CHARACTERISTIC CLASSES OF TORIC VARIETIES.

In this section, we first extend in Subection 3.1 the characteristic class formulae from [45, 46]
for the motivic Chern and Hirzebruch classes of a toric variety to the equivariant setting. Further-
more, we calculate the pushforward of these classes under toric fibrations, using the motivic nature
of these characteristic classes. This will be used in Subsection 3.2 for applying the generalized
equivariant Hirzerbruch-Riemann-Roch formula in the context of a globally generated T-invariant
Cartier divisor. In Subsection 3.3, we use the global Cox construction (as reviewed in Subsection
2.1.2) and the equivariant Lefschetz-Riemann-Roch theorem of Edidin-Graham [32] for computing
various equivariant characteristic classes in a suitable context of simplicial toric varieties, includ-
ing the classical projective case, as well as the case for the complement of a T-invariant divisor.
Alternative proofs of all these characteristic class formulae will be given in the next section via
localization at the torus fixed points.

3.1. Definition. Properties. In this subsection we recall the definitions of equivariant motivic
Chern and Hirzebruch classes of complex varieties with an algebraic T-action.

3.1.1. Egquivariant motivic Chern class transformation. For X a complex algebraic variety with an
algebraic T-action, the (relative) equivariant motivic Grothendieck group Kgr (var/X) of varieties
over X is the free abelian group generated by symbols [Z — X], where Z is a complex algebraic
T-variety and Z — X is a T-equivariant morphism, modulo the additivity relation:

Z—-X|=[U—X]+[Z\U — X],

for U C Z an open T-invariant subvariety. If X = pt is a point space, then K, (var/pt) is a ring
with product given by the external product of morphisms, and the group K(?)T (var/X) is a module
over K (var/pt) with respect to the external product via the identification pt x X ~ X.

For any equivariant morphism f : X — Y of complex algebraic T-varieties, there is a well-
defined push-forward f; : K (var/X) — Kj (var/Y) defined by composition. One can also define
an exterior product: K; (var/X)X K] (var/X') — K; (var/X x X') via the cross-product: [Z —
X|x[Z'=X=ZxZ — X xX'].

The following result provides an equivariant analogue of the motivic Chern class transformation
of [11]; see [1][Thm.4.2] for the quasi-projective context and [33][Sec.2.3 and 2.4] for the general
context. (Note that these results use (implicitly) the equivariant weak factorization theorem as in
[8][Thm.3.4].)

Theorem 3.1. Let X be a complex algebraic variety with an action of the torus T. There exists a
unique natural transformation

mC;T L Ky (var/X) — Kj) (X)]Y]

satisfying the following properties:

(a) (functoriality) mC;r is covariant for T-equivariant proper morphisms;



32 S. E. CAPPELL, L. MAXIM, J. SCHURMANN, AND J. L. SHANESON

(b) (normalization) if X is smooth, then
dim(X)
(3.1) mC?(lidx]) = A(TE) = Y [APTi]r 3" € K2(X)D] = K3 (X))
p=0

Moreover, mC;T commutes with exterior products.

As a consequence of these properties, the transformation mC;E is determined by its image on
classes [f : Z — X| = fi[idz], where Z is a smooth variety and f : Z — X is a T-equivariant proper
morphism. For such [f], one has:

mCy ([f :Z = X]) = fumCy (lidz)) = f.(Ay(T7) ® [07]).
So the uniqueness of mC;T follows from equivariant resolution of singularities.

Definition 3.2. The equivariant motivic Chern class of a complex algebraic variety X with an
algebraic T-action is defined as:

mC;r(X) = mC;T([idX]).

We next discuss a calculation of motivic Chern classes in terms of cubical hyper-resolutions,
which will be used for proving a generalized equivariant Hirzebruch-Riemann-Roch theorem in
the toric context. Choose an equivariant simplicial resolution f, : X, — X of X derived from a
cubical hyper-resolution in the sense of [4 | ][Théoreme 2.15], with each X; a smooth T-variety and
fi : Xi — X a proper T-equivariant morphism (with dim(X;) < dim(X) — 7). Then
(3.2) lidy] = Y. (= 1)'[f; : Xi = X] € K (var/X).

1
Indeed, (3.2) follows from the inductive construction of an equivariant cubical hyper-resolution, by
the following abstract equivariant blowup relation. Let f : X —>Xbea proper T-equivariant map of
complex quasi-projective varieties. Let D C X be a T-invariant subvariety, with E := f~!(D) X.
Assume f: X \ E — X \ D is an isomorphism. Then

(3.3) X = X]—[E — X] = [idx] — [D — X] € K (var/X).
Applying the transformation mC;r to (3.2) yields:
mCE(X) = Z(—l)imcg([fi 1 Xi — X))

1

(34) =2 (=1 i (A (Tx) @ [Ox,])

= (Z(_l)lﬁ*([gih‘)> _yp_
p>0

i
In particular, for any p > 0, the Grothendieck class
Y (1) fi (% 1) =t [RFQF |1 € Ko (X)
is independent of the choice of an equivariant cubical hyper-resolution, and it provides an equi-
variant analogue of the Grothendieck class | Q7| € Ko(X) appearing in (2.24), corresponding to
X

the graded pieces of the filtered Du Bois complex of X. So, while an equivariant version of the
Du Bois complex is not available in the literature, the Grothendieck classes of its graded pieces



EULER-MACLAURIN FORMULAE 33

are well defined equivariantly by the equivariant blow-up relation. This is sufficient for the pur-
pose of this paper (but see also [4&] for an alternative approach based on equivariant mixed Hodge
modules).

As an application of the above formula (3.4), Weber [55][Thm.5.1, Rem.5.2] deduces the fol-
lowing result:

Theorem 3.3. Let X be a smooth complex algebraic T-variety, and U CX an open subvariety so
that X \U =: D =" D; is a T-invariant simple normal crossing divisor. Then.:
(3.5) mCy ([U — X]) = [0x(=D) © AQx (log D)]r € K3(X)[] =~ K (X)[y].

In fact Weber [55][Thm.5.1, Rem.5.2] formulated his results in the non-equivariant context,

but his proof also works T-equivariantly as follows. By the inclusion-exclusion formula for the
T-equivariant motivic Chern class one has

66  mC(U—X)= Y (DImci(Dr=X)= ¥ (DA,
I1c{1,....m} Ic{l,...m}
with Dy := (;¢; D; smooth T-invariant closed subvarieties (and Dy := X). Similarly
[Ox(-D)lr= Y, (~=1)"[6p,)r € Kp(X) ~ K; (X).
Ic{1,...,m}
Then Deligne’s weight filtration of the sheaf of logarithmic p-forms
QF (logD) = APQy (log D)
is also T-equivariant, and similarly for the T-invariant normal crossing divisor

D= U D; C Dy,

IcJ
so that the calculation of Weber [55][Thm.5.1, Rem.5.2] holds T-equivariantly:
(3.7 Y (—)[AQ} ] = [0x(—D)® A,Q) (log D)t € K§(X)[y] ~ Kj (X)[y] .

Ic{1,....m}

3.1.2. Equivariant Hirzebruch class transformation. Let X be a complex algebraic variety X with
an algebraic T-action. An equivariant version of the Hirzebruch class transformation of [1 1] can
be defined as follows (see also [2, 55]).

Definition 3.4. The un-normalized equivariant Hirzebruch class transformation Tyﬂ; is the compo-
sition: T
1. = td, omCy : Kg (var/X) — CH. (X) @ Q)] — Hy,(X) ® Qlyl,

while a normalized version YA"yE is obtained by precomposing Ty'{E with the normalization functor
W\, CH. (X CH. (X:Qly,(1+y)71]) := cHT (X 14+y)~!
(1y) ' CH, (X)®Qp] = CH, (X;Qly, (1+y)']):= ] CH;(X)@Q,(1+y)"]
i<dim(X)
given in degree k by multiplication by (14 y) .
By construction, both transformations Ty'ﬂ; and ’T}E are covariant for T-equivariant proper mor-

phisms and they commute with exterior products. The corresponding equivariant Hirzebruch
classes of X are defined as:

TE(X) = TR (fidx]) , TE(X) = T2 (i)
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If X is smooth, then by (3.1) we get
dim(X)
(3.8) Th(X)= Y i ([QF]r)-»"
p=0
The following result is an equivariant version of [46][(1.1) and (2.13)], generalizing (3.8) to the
singular toric context:

Proposition 3.5. Let X be a toric variety with torus T. Then

dim(X)

(3.9) mCy(X) =Y [QF]r ¥y’ € KJ (X)]],
p=0

where ﬁ‘; is the sheaf of Zariski p-forms on X. Moreover,

dim(X) R
(3.10) To(X)= Y td([QF]r)-»".
p=0

In particular, the top degree in y of mC;T (X), resp., TyE(X ), is given by the equivariant class

(x| of the dualizing sheaf, resp., td. ([wx]r). Similarly, for y =0, we get mC(')E(X) = [Ox|T
and T (X) = td2 (X).

Proof. First note that (3.10) is obtained by applying the transformation td" to (3.9).

Choose an equivariant cubic hyper-resolution f, : X, — X of X (obtained by adapting to the
equivariant context the results from [4]][Exposé V, Sect. 4]). The natural map SAZ§ —R f_*Qg
of T-equivariant sheaf complexes is, by [3][Thm.4.3], a quasi-isomorphism after forgetting the
T-action. In particular, R f_*Q;}_ is concentrated in degree zero, and also given by a reflexive sheaf

(since this is the case for ﬁp, see [24][Prop.8.0.1, eqn.(8.0.5)]). This map then has to be a T-
equivariant isomorphism since the restrictions of these two sheaves to the T-invariant smooth locus
Xsm of X are canonically isomorphic to Qgsm as T-equivariant sheaves. U

Remark 3.6. The statement of Proposition 3.5 holds more generally, for X a T-invariant closed sub-
variety (i.e., a closed union of torus orbits, corresponding to a star-closed subset £’ C X) in a toric
variety with torus T and fan X. Instead of Zariski differential forms, one has to use the correspond-

ing sheaves of Ishida differentials ﬁf( from [42], with canonical sheaf @y := ﬁ?m(x). To endow

each Elf( with a canonical T-action, one proceeds as indicated in [3][Introduction], by realizing
them as subsheaves of f,.QF, with f: M — X any T-equivariant resolution of singularities. Note
that these pushforward sheaves are independent of the choice of resolution by the birational invari-
ance of Qf,l. In the notations used in the proof of Proposition 3.5, the natural map §§ —R f_*QI;}_
of sheaf complexes is a quasi-isomorphism. If the T-equivariant cubic hyper-resolution starts with
a resolution of singularities & : Xo — X, then this morphism is even T-equivariant. This implies
that
dim(X)
3.11) mCy (X) =Y [Qflr-y" € Ky (X)D].
p=0

Note also that 529( ~ O, as T-equivariant sheaves. If X is already a toric variety, these Ishida
sheaves coincide with the Zariski sheaves, with the canonical T-action, as used above.
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Let Xy be a toric variety defined by a fan X, with X := Xy C Xy a T-invariant closed algebraic
subset of Xy defined by a star-closed subset £’ C X. Let Oy be the orbit of the cone ¢ € ¥/, with
ig : Vo — X the orbit closure inclusion. Then, by additivity, the following equivariant version of
[46][Prop.3.1] holds:

Proposition 3.7.

(3.12) mCy (X) =Y mC} ([0 = X]) =Y (ic):mCy ([0 = V5)).

ocy oecy/
A similar formula holds for the equivariant Hirzebruch classes Tyg (X) and YA”y'{E (X).

Moreover, toric geometry can be used as in [46][Prop.3.2] to get the following result (see also
[55][Cor.11.2)):

Proposition 3.8. For any cone ¢ € X, one has:
(3.13) mCy (06 = Vol) = (14+)4™%) - [ay, ]p,

with @y, the canonical sheaf of Vs, viewed as a T = Ty-equivariant sheaf via the quotient map
In — Ty(c) given by (2.2). Therefore,

(.14) T,1([06 = Vo) = (1+)"™(%) . d] [0y, ]r)-
In particular, if Vs is complete, then

315 1 ([06 = Vo)) := T2 ([06 = Vo — pt]) = (—1 —y)4M(%) € Qy] € (Ar)g[y].

Proof. Let \70 f—"> Vs be a toric resolution of singularities of V5. Then VG is a toric variety obtained
by refining the fan of V. Let O — Vs be the natural open inclusion, with complement the simple
normal crossing divisor Dgs whose irreducible components correspond to the rays in the fan of Vs.
Note that Ds is a TN(G)—invariant (hence a T-invariant) divisor. Then formula (3.5) applied to the

open inclusion Os — Vs yields by the functoriality of mC;E with respect to the proper morphism
fo that:

(3.16) mCy ([0c = Vo)) = (fo)+ ([0 (~Do) ®AyQ»l‘76 (logDo)]r).

However, since Vo is a smooth toric variety, the locally free sheaf Q'IV (logDg) is in fact Ty(c)-

equivariantly, hence also T-equivariantly, a trivial sheaf of rank equal to dim(Vy) = dim(Oy), e.g.,
see [24][(8.1.5)]. So we get that:

G170y, (~Do) @ AQ (logDe)lr = (14+)™0). [0}, (~Do)lr € K5 (Vo).

Furthermore, note that the canonical dualizing sheaf @y on the toric variety Vo is precisely

given by ﬁ%(—Dc), e.g., see [24][Thm.8.2.3]. And since the toric morphism fy : Gg — Vs 18
induced by a refinement of the fan of V, it follows from [24][Thm.8.2.15] that there is a TN(G)—
equivariant, hence also T-equivariant, isomorphism:

(3.18) fc*a)% ~ y,.
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Altogether, we obtain the following sequence of equalities:
mC;E([OG — Vc]) - (1 +)’)dim(06) ’ (fo-)*([ﬁ‘”/o(—Da)]T)
(3.19) = (1+4y)™%) . (f5). (o5, ]7)
= (14y)™%). [ay,]r,

where the last equality is a consequence of (3.18) and the vanishing of the higher derived image
sheaves of ay ie., R (fc)*a)% =0, forall i > 0, see [24][Thm.9.3.12].

By applying the Todd class transformation tdlT to equation (3.13), we obtain formula (3.14).
Finally, formula (3.15) follows from

2 (Vo, av,) = (1)),

which is obtained by equivariant Serre duality and x " (V;, Oy, ) = 1. The latter equality is just a
special case of (2.55) for D the zero divisor, so that (D) = 0. O

Using the functoriality of the equivariant motivic Chern and Hirzebruch classes, we get a relative
version of Proposition 3.7 as follows. Let f : X — X’ be a proper toric morphism of toric varieties,
with the corresponding lattice homomorphism fy : N — N’ surjective (i.e., f is a toric fibration
in the sense of [26][Prop.2.1]), so that in particular ker(T — T’) is connected, Let fr: T — T
be the corresponding map of the associated tori, so that T acts on X’ via f. Let X, ¥’ be the fans
of X, resp., X’. Since f is a toric fibration, a T-orbit Os (0 € X) is mapped by f to a T’-orbit
f(Os) = Og (0’ € X)), such that the restriction map fo = f|o, : O — O is isomorphic to a
projection O =~ Oy X Og /51 — Ogr, With Og g1 = (C*)* and £ = dim(O4) — dim(O) the relative
dimension of f (see [26][Lem.2.6 and Prop.2.7]). Let U C X be alocally closed T-invariant subset
(i.e., a locally closed union of T-orbits of X), with

(3.20) dy(U/0") := |£(U/0")|
and
(3.21) Y (U/o"):={0€X|0s CU, f(Os)=0g, £ =dim(Og) —dim(Ogy)}.
Proposition 3.9. Under the above notations and assumptions we have
fmCl(U=X)) =Y Y d(U/o) (—y—1)" mC]([0e = X))
o'eX (>0
(3.22) Z Z Cd U /e’y (1 Jry)£+dim(0’(,) o, r.
o'eX (>0

A similar formula holds for f, TyE([U — X]).

Proof. By functoriality and additivity of mCT, we have

fmCl (U = X)) =mCT(U—=X5x)= Y ¥ ¥ mcl(0s—X5x1).
o’'cx/>00ex,(U/o’)
For (> 0,0’ € ¥/ and 6 € £(U/0’) fixed, we have

06 =X 5 X =[06 13 05 — X].

Let us choose a splitting of the surjection fr : T — T’ so that T = T & T”. By using [26][Lem.2.6]
and the proof of [26][Prop.2.7], there is a T-equivariant isomorphism Og ~ Oy’ X Og /51 — Og1,
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with T acting on Oy by fr : T — T" and on Og /¢ via the projection T — T” — Oy /5. Here, the
surjective group homomorphism T” — O /o' 18 given in the proof of [260][Prop.2.7]. We then have

0623 051 = X' = [0 = X'] X [0 /o7 — pI].

Using the multiplicativity of mC!, we get

mC([06 23 05 = X)) = mCT (051 — X)) BmCT ([0g /61 — pt]).

Here, mCE ([Og = X']) is calculated by (3.13) using the factorization Oy < Vg < X', Finally,
mC;T ([O/6r — pt]) = (=1~ y)! by (3.15) and using a projective toric compactification of O /o'

The corresponding formula for the equivariant Hirzebruch class follows by applying the equi-
variant Todd transformation to (3.22). [

Remark 3.10. By forgetting the action, the corresponding non-equivariant version of (3.22) holds
with the same proof.

We not get back to the general context, where a surjection of tori T — T’ (as in the above results)
yields an identification of equivariant characteristic classes with respect to T and T, as we explain
next. Let the complex torus T act on a complex algebraic variety X, with a subtorus T” acting
trivially and fitting into a short exact sequence of algebraic tori

1T ->T—>T —1

so that one has an induced action of T on X. Then a T’-equivariant coherent sheaf or vector bundle
on X gets via the surjective homomorphism T — T’ a corresponding T-structure, inducing natural
“change of group homomorphisms”

(3.23) K% (X) = K2(X) and KJ (X)— K{ (X),

compatible with ring and module structure coming from the tensor product. Similarly one has in
equivariant (co)homology natural “change of group homomorphisms”

(3.24) H(X:Q) - HA(X:Q) and HY (X;Q) — HX(X:Q),

compatible with ring and module structure coming from the equivariant cup and cap product, as
well as compatible with the corresponding completions. These “change of group homomorphisms”
are induced via the following finite dimensional approximations of ET and ET’. Choose open
subsets U C V (resp. U’ C V') in a linear T- (resp. T'-) representation V (resp. V') of high
dimension so that T (resp. T”) acts freely on U (resp. U’), with U C V (resp. U’ C V') of sufficiently
high codimension. Then one can also use U x U’ C V x V' as an approximation of ET, together
with the submersion

(UxU)x1X =U xpX

coming from the T’-equivariant submersion of free T’-spaces (U/T") x U’ x X — U’ x X. The
induced smooth pullback (and similarly for cohomology)

H (X;Q) = Hy gim(u")—dim(1) (U’ X1 X5 Q) = Hi s gim(uxv7)—dim(m) (U X U') x1X;Q) = H{ (X: Q)

is well defined and independent (up to isomorphism) of all choices, inducing the “change of group
homomorphisms”™ as above. Moreover, these “change of group homomorphisms™ are injective in
this context, as follows from the next result.
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Proposition 3.11. Let the complex torus T act on a complex algebraic variety X, with a subtorus
T" acting trivially. Let T' := T /T" and choose a compatible splitting of these tori and of their
corresponding character lattices

T=T'@®T" and M=M oM".
These splittings then induce the following factorizations
K((X) =~ K. (X) @z K (pt) - and - KG(X) ~ K5 (X) @z.K5 (1),
as well as
HF(X,Q) ~ Hp(X,Q) ®g (Ap)g and HI(X,Q) ~ HY (X,Q) ®g (Ar)g.

so that the “change of group homomorphisms” above are given by tensoring with the distinguished
elements

(CXO € K%/(pt) resp. 1e (AT”)Q .

Finally, these factorizations and therefore also the “change of group homomorphisms” are com-
patible with the corresponding equivariant Chern character and Todd class transformations.

Proof. Regard X as X x pt, with the T-action corresponding to the product action of T” on X and of
T” on pt. Then the factorizations in equivariant K-theory follow from suitable Kiinneth formulae.
Similarly in equivariant (co)homology, if one chooses U C V above also of such a product type
with respect to T = T' & T”. By their definitions these fit then with the corresponding “change
of group homomorphisms” as stated. The last statement finally follows from the multiplicativity
under cross-products of the equivariant Chern character and equivariant Todd class transformation,
see [31]. O

As a consequence, we have the following.

Corollary 3.12. In the setup of Proposition 3.11, let & ,.7 be a T’-equivariant vector bundle, resp.,
coherent sheaf on X, with induced T-action via the projection T — T’. Then

(3.25) ch™([£]n) = ch™ ([£]r) and wd} ((Flr) =t ((Flr)
under the “change of group homomorphisms” as above.
Proof. Choose a splitting T = T’ & T”. Then we get by Proposition 3.11:
W ([F)n) =} ((F]p) ©d] ()
= ([Z]p) @1,
and similarly for the equivariant Chern character. U

In particular, in the notations of Proposition 3.8, the surjection of tori T — T’ := Ty(s) yields an
identification

(3.26) td? ([, ]r) = T ([ow, ])-
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3.2. Generalized equivariant Hirzebruch-Riemann-Roch. Let Xy be a complete toric variety
defined by a fan X, with X := Xy» C Xy a T-invariant closed algebraic subset of Xy defined by a
star-closed subset X’ C X. Let D be a T-invariant Cartier divisor on Xy. The equivariant Hirzebruch
polynomial of D|x is defined by the formula:

dim(X)

(327 2 (X,0x(D)x):= Y "X, Q& 0x(D)x) y € (AT')QD] © (/A\T)Qb’],
p=0

with £NZ§ denoting as in Remark 3.6 the sheaf of Ishida p-forms on X.
Then we have the following result:

Theorem 3.13. (Generalized equivariant Hirzebruch-Riemann-Roch)
In the above setup, the equivariant Hirzebruch polynomial of D|x is computed by the formula:

(3.28) 1 (X, Ox (D)) = [ en™(Ox (D)) M)

Proof. This follows as in [46][Theorem 2.4], by making use of Proposition 3.5, Remark 3.6 and
the module property (2.57) of td’. 0

As a consequence, we obtain the following weighted version of formula (2.51):

Corollary 3.14. Let P be a full-dimensional lattice polytope with associated projective toric vari-
ety Xp and ample Cartier divisor D = Dp. Let X := Xp be the T-invariant closed algebraic subset
of Xp corresponding to a polytopal subcomplex P' C P (i.e., a closed union of faces of P). Then:

(3.29) 2K, 00,D)x) = ¥ (1+y)8mE. y s,

E<P meRelint(E)NM
Proof. For aface E of P', denote by ig : Vi, := Xg < X the inclusion of the orbit closure associated
to the (cone of the) face E. Note that we have dim(E) = dim (O ). Let T := Ty 4, be the quotient

torus of T corresponding to Xf.
Then, by Theorem 3.13, Proposition 3.7 and Proposition 3.8, the following equality holds:

1 (X, O (D)) = | (O (D)) NTEX)

= ¥ (0+)9E) [ o (03,(D) ) N i)t ([0 o).
E=P' X

It remains to prove that for any face E of P/, we have that:

(3.30) / b (Gy, (D)x) N (ip)td (ol = Y e,
X meRelint(E)NM



40 S. E. CAPPELL, L. MAXIM, J. SCHURMANN, AND J. L. SHANESON

This follows from the functorial properties of the cap product and formula (2.16). Indeed,

| b (03 (D)]x) 1 (i)t ([, )) = [ (i)' eh” (63, (D)) N1 ([ )

E

=/ ch™((ie)"(Ox, (D) x)) Ntd; ([ox, )

(2.16)

= ).

:ec(mo)/x ch™ (O, (Dg,)) Ntd? ([ox,]r)
E

2 emctm) [ o™ (05, (D)) N1 (1)
E

(2:01) s(mo) . ( y es<m>>
méeRelint(E—mgy)NM

_ Z es(m) ,

ch” (O, (D, — div(x™))) Ntd} ([ox;])

méeRelint(E)NM

where (*) uses Proposition 3.11 and Corollary 3.12. Here my is a vertex of E as in (2.16), so that
Eq := E —my is a full-dimensional lattice polytope in Span(Ey) relative to the lattice Span(Ey) "M,
with Xg the associated toric variety. 0

Remark 3.15. For future use, we include here the following formula, which one gets as in the proof
of (3.30), but using O, instead of wy,:

(331) [ (0, D)) N (e (O] = F e
X meENM

This is also a special case of Corollary 3.14 fory=0and P' = E.

As another application, we use Theorem 3.13 in the context of a globally generated T-invariant
Cartier divisor D on a complete toric variety X with associated torus T. Let Pp C Mg be the
lattice polytope corresponding to D, and let Xp be the toric variety of the lattice polytope Pp,
defined via the corresponding generalized fan as in [24][Prop.6.2.3]. By [24][Thm.6.2.8], there
is a proper toric morphism f : X — Xp, induced by the corresponding lattice projection N — Np
given by dividing out by the minimal cone of the generalized fan of Pp. In particular, f : X — Xp
is a toric fibration. Let Mp — M be the associated inclusion of dual lattices. Choosing a vertex
mg of Pp, we get that P' := Pp —my C Mp is a full-dimensional lattice polytope. Let D’ be the
ample divisor on Xp associated to P, with ¥’ the inner normal fan of P’ (defining Xp), so that
there is a one-to-one correspondence between cones 6’ € ¥/ and faces E’ of the lattice polytope
P, and by translation to the faces E of Pp. Then, by the proof of [24][Thm.6.2.8], one gets that
O (D —div(x™)) ~ f*0(D'), as T-equivariant sheaves.

Following the notations of Proposition 3.9, let Z C X be a closed T-invariant subset with asso-
ciated multiplicities d;(Z/o") as in (3.20), denoted here via the above correspondence as d;(Z/E).
We can now prove the following.

Corollary 3.16. With the above notations,

es(m) _

(3.32) x;T(Z,ﬁX(DﬂZ): Z <Z<_1)f,d€(Z/E).(1+y)z+dim(E)>
E=Pp \z0 méeRelint(E)NM
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Proof. By the generalized Hirzebruch-Riemann-Roch Theorem 3.13, the projection formula, and
functoriality of Hirzebruch classes, we have

1 (2.0x(D)lz) = [ b (x(D)|) T (2)
= | en"(ox (D) N Tz = X)
=00 [ eh®(f" 0 (D) T (12 = X))

=0 [ (0 (D) N ATE(Z = X)

@e“'”“(z Y (D' di(Z/E)- (14y) Ty e“’"’)
E"NM

E'XP' (>0 méeRelint(
= ¥ X0 dz/E) (L) ey,
E=Pp (>0 méeRelint(E)NM
where the equality () follows by using (3.22) and (3.30). O

Example 3.17 (Rigidity of the equivariant y,-genus). If, in Corollary 3.16, we take D = 0, then
Pp={0} C M C Mg, so dy(Z/{0}) is just the number of /-dimensional torus orbits in Z. Hence,
formula (3.32) becomes in this case

(3.33) 212,07 = Y (=D d(2/10}) - (14y)" | -&©.

>0
Note that this formula does not take into account any equivariant information. So, forgetting the
T-action,

X(Z,07) = <Z(—1)é'd£(z/{0})'(1+y)g) :

£>0
In particular, for Z = X and y = 0, this becomes y (X, Ox) = 1. O

Remark 3.18. Note that if D is an ample T-invariant Cartier divisor, then the above morphism f is
the identity of X, so formula (3.32) reduces to (3.29) since the multiplicities d/(Z/E) are given as
follows: dy(Z/E) =0 for £ > 0, and dy(Z/E) is either 1 or 0, depending wether the orbit associated
to E is included or not in Z.

Remark 3.19. By forgetting the T-action in formula (3.32), we get the following weighted lattice
point counting for lattice polytopes associated to globally generated T-invariant Cartier divisors.
More precisely, in the above notations, we get the following generalization of Theorem 2.3 and of
[46][Cor.1.8] for Z a T-invariant closed subset in a complete toric variety X:

E<Pp \/>0

(334 x(Z,0x(D)z)= Y} (Z(—l)f-dg(Z/E)-(l—i—y)“dim(E))-\Relint(E)ﬂM|.

3.3. Equivariant Hirzebruch and Todd characteristic classes of simplicial toric varieties. The
previously mentioned formulae of Subsection 2.4 for the Todd class and Hirzebruch classes of a
simplicial toric variety hold with the same proofs (up to some small modifications, as explained be-
low) for the equivariant versions of these characteristic classes, compare also with [32][Rem.4.3].
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Different proofs of all these results, independent of the equivariant version of the Lefschetz-
Riemann-Roch from [37][Thm.3.1 and Rem.4.3], will be given in Subsection 4.3 via localiza-
tion at the torus fixed points. Nevertheless, the approach of this subsection is useful to derive
global expressions for the equivariant characteristic classes of interest, which will then be local-
ized. The equivariant version of the Lefschetz-Riemann-Roch of Edidin-Graham [32][Thm.3.1
and Rem.4.3] in the context of the Cox construction should be seen as a counterpart to the corre-
sponding Lefschetz-Riemann-Roch Theorem of Baum-Fulton-Quart [6] in the context of an action
by a finite group G, see especially [6][Section 4] for the calculation of the Todd class td, (X /G) of
a corresponding quotient variety X /G. These methods have also been used in [19] for the calcula-
tion of the Hirzbruch classes of such a quotient variety X /G for G finite.

Let X := Xy be a simplicial toric variety associated to a fan X of full-dimensional convex sup-
port, e.g., X = Xp is the semi-projective simplicial toric variety corresponding to a simple full-
dimensional lattice polyhedron P C M. This includes the cases of full-dimensional simple lattice
polytopes, as well as full-dimensional rational pointed polyhedral cones. The assumption that ¥ is
of full-dimensional convex support implies that X contains no torus factors, so we can use the Cox
construction as described in Subsection 2.1.2. Moreover, this allows us to make use of Remark
2.8.

In addition, we prove formulae for the equivariant Hirzebruch classes Tyg([U — X]), with U the
open complement of a T-invariant divisor Dg := ek Dp, for K C X(1). Similarly, we indicate
here the argument even for the Hirzebruch classes of an orbit closure V¢, for T € X, pointing out
the needed modifications in the proof.

The arguments here are based on the Cox construction. With the notations from Subsection
2.12,let w: W :=C"\Z(X) — X be the toric morphism, with G the kernel of the corresponding
map of tori y: T := (C*)" — T (here r = |X(1)|). Since X is a simplicial toric variety containing no
torus factor, it follows that X is the geometric quotient W /G, with G acting with finite stabilizers.
If 7 1s a cone of X, then the orbit closure V; is the image under 7 of a linear subspace W; C W.
We have the following formula (in which we omit the symbols for pushforwards under closed
embeddings).

Lemma 3.20.
(335l ((mAT,)) = (1) " dT (nC (v2) € AT (4 QD] = B (X Q).

Proof. By (2.41), it suffices to check formula (3.35) after restriction to each Uy, with Uy the T-
invariant open affine subset of X containing the corresponding T-fixed point x4, for o € £(n). We
have 771 (Ug) ~ C" x (C*)"", with T ~ T x (C*)"~" =: T x T’ acting on the respective factors,
and the factor C" corresponding to the rays of ¢ and T" = (C*)"" acting freely by multiplication
on itself. Similarly, G ~ G x T’, with G5 C T a finite subgroup. So, above Uy, T can be factorized
as a composition of the free quotient 7 : C" x (C*)"~" — C" by the T’-action, followed by a finite
quotient map @ = 75 : C" — C"/Gs = Uy Similarly, n! (UsNVr) >~ L x (C*)", with L, C C"
a linear subspace. Then

~ T/ _
(BT (yn) = AT (T4Y)
since T(Tc*),,,, ~ (C*)"" x T4, with T acting by the co-adjoint action on the cotangent space 7

of T’ at the identity element id € T’. This is the trivial T'-bundle of rank r — n, since T’ is an
abelian group, so that AyT(* oy = (14+y)"". Finally, in K(')Ir (Us)[y], we have by Proposition 3.5
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and Corollary 3.12 that
+\Go
The desired formula (3.35) follows by applying the equivariant Todd transformation. OJ

By the equivariant version of the Lefschetz-Riemann-Roch theorem of Edidin-Graham (see
[32][Thm.3.1 and Rem.4.3]), applied to the left-hand side of formula (3.35), the proof of the for-
mulae of Subsection 2.4 for the Todd class and Hirzebruch classes of projective simplicial toric
varieties hold with the same proofs in the equivariant setting. For later applications, we work
with the cohomological images td” (X) € H:(X;Q) and Ty'{E(X ) € HA(X;Q)[y], resp., YA"yE(X ) €
ﬁff (X; QD)) :=[Ti>0 H-(X;Q[y]) of these classes under equivariant Poincaré duality. In the nota-
tions of Subsection 2.1.2, one has the following equivariant counterpart of Theorem 2.5:

Theorem 3.21. Let X := Xz be a simplicial toric variety associated to a fan ¥ of full-dimensional
convex support. Then the equivariant Hirzebruch classes TyE (X) and TyE (X) are computed by:

‘ a e p ~
Fp-(1+y P(g)_Fp )er‘f(X;Q)M,

336)  TLX)=(01+y"" Y I

g€Gy pex(1) 1_aP<g)'e
. F, -(1+y-ap(g)~e_FP(1+y)) ~
(3.37) =Y I] = - € Hy(X; QD)
’ scGrpex(y  1—ap(g)-e Fpity)
with r = |£(1)|, and F, = [Dp|T denoting the equivariant fundamental class of the T-invariant

divisor Dy corresponding to the ray p € X(1).

Corollary 3.22. If X := Xy is a smooth toric variety associated to a fan X of full-dimensional
convex support, then Gy is the trivial group. Hence, the equivariant Hirzebruch classes of X are
given by:

Fp-(H—y-e_FP)

T n—r
(3.38) LX) = (10" [l ——=
peX(1)
N F.-(1 .o Fo(1+y)
(3.39) Th(X) = p(1ty-e )

pex(y 1 e folin)

Remark 3.23. In particular, by setting y = 0 in Theorem 3.21, we recover the equivariant Todd
class formula of [16] given by the following expression in H}(X;Q):

F
3.40 td; (X) = P
(540 gEZGZPEE(I) I—ap(g)-e

Similarly, setting y = 0 in Corollary 3.22, one gets the equivariant Todd class for such a smooth
toric variety. Finally, if X is projective, the specialization at y = 1 fits with suitable L-classes, i.e.,
ﬁ*(X ) = L(X) is the Thom-Milnor L-class of a projective toric variety X (cf. [19][Cor.1.2] and
[46][Cor.1.2]). There is also an equivariant version of formula (2.29), which can be proved via
the the specialization for y = 1 of (3.37) exactly as in [46][Sec. 6], by using the corresponding T-
equivariant Mock Hirzebruch and T-classes. We leave the details of this calculation to the reader.

Moreover, taking the top degree of y in (3.36) and using (3.10), yields the following.
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Corollary 3.24. Under the assumptions and notations of Theorem 3.21, we have:

Fo e F
(3.41) T ((ox]r) = ¥ ap(8) - Fp ¢
g€Gs pex(1) 1—ap(g)e "

€ Hi(X;Q).

Remark 3.25. Note that formula (3.41) coincides with (3.40) upon substituting —F, for Fj, for each
p € X(1), i.e., these classes are exchanged by the cohomological duality involution on I-AL}(X ;Q)
given by multiplication with (—1)’ in degree 2i. (Recall that under our assumptions I—AI{f (X;Q) is

even, by (2.39). In fact this is true in greater generality, e.g., ﬁﬁf (X;Q) is even in case T acts on a
complex algebraic rational homology manifold with finitely many orbits, see [56].)

In Section 5 below, formula (3.41) will be used for proving Euler-Maclaurin type formulae for
lattice points in the interior of a full-dimensional polytope, generalizing formula (2.19) for lattice
point counting. The next results are motivated by the fact that, instead of deleting all facets of the
polytope P, one can just delete some of the facets Fj, i € K C Xp(1).

Lemma 3.26. Let X := Xy be a simplicial toric variety associated to a fan ¥ of full-dimensional
convex support. Let U C X be the open complement of the divisor Dk :=Upex Dp, for K C X(1).
In the notations of the Cox construction, let Wy = {xp = 0} C W be the inverse image of Dy
under the quotient map ©w: W — X. Then the preimage U of U under 7 is the complement of the
T-invariant normal crossing divisor Wg = Upecx Wp in W, and

(3.42) tdf((n*mcjf ([U = W])°) = (1+y)™"-dL (mC} (U < X])) € Hp(X:Q)[y].

Proof. By the inclusion-exclusion formula for the equivariant motivic Chern classes, one has as in
(3.6) that

(3.43) mCl (U = X)) =Y (=)/lmC ([D; — X]),
ICK
with D; = ﬂpe 1Dp. Similarly,

(3.44) mCI ([T — W) = ¥ (=1)mCT (W, — w]),

ICK
with Wy = (1,¢;Wp. The assertion follows now by applying formula (3.35) to the summands on
the right-hand side of the two identities above. U

By formula (3.5), in the above notations we have:

(3.45) mCT ([T = W) = [6w (~Wk) ® A,y (log Wi )] € KJ (W)

Then by the equivariant version of the Lefschetz-Riemann-Roch theorem of Edidin-Graham (see
[32][Thm.3.1 and Rem.4.3]), applied to the right-hand side of formula (3.45), we get the following
generalization of Theorem 3.21:

Theorem 3.27. Let X := Xy be a simplicial toric variety associated to a fan X of full-dimensional
convex support. Let U C X be the open complement of the divisor Dk :=pex Dp, for K C X(1).

The equivariant Hirzebruch classes Tyg([U — X]) and @E([U — X|) are computed by:
T
T1.([U = X])
(3.46) - Fy-(14y)-ay(g)-e o Fy-(14y-ay(g)-etr
B (RS IAT) b (15-ap(g) - )

cECupek  1—ap(g)-e™® ok T-ap(g)-efh
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T2 ([U = X])

(347) . Z HFp(l+y)ap<g)eFP(l+y) Fp(1+yap(g)e_FP(l+y))
¢€Gs pEK 1‘“;)(8)'64"(1”) pEK 1‘%(8)'64”(1”) ’
with r = |£(1)|, and Fy, = [Dp|T denoting the equivariant fundamental class of the T-invariant

divisor Dy corresponding to the ray p € X(1).

Proof. The proof is similar to that of Theorem 3.21 and is based on the equivariant Lefschetz-
Riemann-Roch theorem. We only indicate here the changes. Instead of calculating the equivariant

twisted Chern character chT(i;—) (8), 8 € G, of ATy, for iy : W& — W the fixed point set inclusion,
one now has to calculate this for Oy (—Wx) ® A,Ql, (logWk). Here, for & € K%(W), the twisted
equivariant Chern character is defined as

chT 1,6)( Z x(g chT (&),

where & ~ @, & is the finite decomposition of & into sheaves & on which g acts by a (complex-
valued) character x. These sheaves &) are also ﬁ‘—equivariant since T is an abelian group.
We now have to evaluate chT(iz—)(g) on

Ow (—Wk) @ AyQjy (log Wi ) ~ H{ (Ow (—=W,) @ pry AyQ¢(log{0})) g AyOw (—W,).
pe PEK

Here prp : W — C is the projection to the p-th factor, with T ~ (C*)" acting factorwise via the

projection ap : T — C* to the corresponding p-th factor. So the calculation can be done factorwise,
with N
ch™ (igAy O (—Wp))(g) = ig (1 +y-ap(g™!) - e7™),
for p ¢ K, and zp := [Wp|5 € HZ (W Q) the corresponding equivariant fundamental class as in
[46][eqn.(5.13)]. By the 1nclu510n exclusion formula, for {0} C C and p € K, we get:
[Ow (—Wp) @ pryAy Q. (log{0})] = [AyOw (~Wp )] — [0, ).
So

chT< (Ow(~Wp) @ priA, Q&(log{o}))>(g)

=i (1 y-ap(g™")-e7) — el (i} ([Ow] ~ (6w (~Dp)]) (e)

= iz(l +y-ap(g™h) e ) —i;(l —ap(g™h) e )

=iy (1+)-ap(g™")-e7%).
Then these formulae are pushed forward via (ig) using the projection formula, and one applies
the ring isomorphism ¢ : H%(W;Q) ~ H1(X;Q). Note that z, maps to F,, under the identification
0 : H% (W;Q) ~ H3(X;Q). Finally, note that g € Gy if and only if g~! € Gy. This completes the
proof for the un-normalized equivariant Hirzebruch classes. To get the formula for the normalized

equivariant Hirzebruch classes, we just have to substitute (1+y)™" - [X]t for [X]r € H;, (X;Q)
(implicitly used in the equivariant Poincaré duality), and (1 +y) - F, for F, € H*(X;Q). O
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For later use, and since the needed notation was already introduced in the previous result, let
us sketch a proof of the following extension of the Todd class formula (3.40) to the T-equivariant
coherent sheaf 7. (0w ® Cxﬁ)c, for m : W — X the quotient map of the Cox construction and "

a character of T.

Lemma 3.28. With the above notations, we have

(3.48) df (m(oweCu)’) = Y 2" ") [I F—rF
( * ) gGZC;z pgl)l—ap(g)e i

Fp . e<’%7eP>'FP

with {ep }pey(1) the standard basis of the lattice N =7/,

Proof. Comparing to the proof of the classical Todd class formula (3.40), we need to calculate
chT(i:; (Ow® C%m))(g) instead of chT(iZ,(ﬁW))(g) = 1. This is given by

k(i3 (O @ ) )(8) = iy (X7 () ™),
with c(m) =Y, (m,ep)zp € H%(W;Q), e.g., see [24][Prop.12.4.13(b)]. O

Remark 3.29. Note that if K = 0, Theorem 3.27 reduces to Theorem 3.21. At the other extreme,
if K =X(1), one gets for the un-normalized class first by specializing to y = 0 just Corollary 3.24,
and using this one then recovers for arbitrary y formula (3.14) in the case of the zero cone.

Remark 3.30. For y = 0, both formulae of Theorem 3.27 specialize to the following Todd class
type formula, which will fit later on with the Euler-Maclaurin formulae for polytopes with some
facets removed:

Fy-ay(g)-efr F,
(3.49) I ([U < X]) = p dp'8) ¢
geZG);pI;( 1—ap(g) e~ ,,1;( I—ap(g)-e
Note that in view of Remark 3.6, one also has

(3.50) To([U < X]) = td> (X) —td? (Dg).

7FP *

4. LOCALIZATION IN EQUIVARIANT K-THEORY AND APPLICATIONS

In this section we apply localization techniques in T-equivariant K-theory (Subsection 4.1) and
T-equivariant homology theory (Subsection 4.2) of toric varieties, due to Brion-Vergne [16] and,
resp., Brylinski-Zhang [ 18], for the calculation of the T-equivariant motivic Chern and Hirzebruch
classes in this toric context. Here the calculation of the localized equivariant Hirzebruch class
for a toric variety is due to Weber [55][Thm.11.3] (see also [52][Thm.6.1]). Our localization
techniques in T-equivariant homology theory are selfcontained and independent of the unpublished
paper of Brylinski-Zhang [18]. In the simplicial context, these localizations can be made explicit
by using a Lefschetz type Euler characteristic in the local affine context, instead of using the
global equivariant Lefschetz-Riemann-Roch theorem. Finally, we recast in Subsection 4.3 the
formulae of the previous section for the equivariant Hirzebruch classes of simplicial toric varieties
via localization at the torus fixed points.

We restrict ourselves for simplicity to the toric context, although many results hold in greater
generality and have a long history. We refer to Goresky-MacPherson-Kottwitz [37] for a review
of the localization at torus fixed points. General versions of these localization results can be found
in Anderson-Fulton [4][Sections 5, 7 and 17] for equivariant (co)homology, Brion [I14][Cor.2,
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Sec.2.3] for equivariant Chow groups, and Thomason [54][Thm.2.1] for equivariant algebraic K-
theory. See in particular [4][Section 17.4] and [ 4][Section 4] for the general theory of equivariant
multiplicities for “nondegenerate” torus fixed points.

4.1. Localization in equivariant K-theory. Let X = Xr be an n-dimensional toric variety with
torus T = Ty such that the fixed-point set XT £ 0, e.g., X is projective.
By [16][Prop.1.5], the inclusion i : X < X induces an injective morphism of Kq% (pt)-modules

i Ky (XT) = K (X)
which becomes an isomorphism

i K3 (XT)s = K3 (X)s
upon localization at the multiplicative subset S C Z[M] = K (pt) generated by the elements 1— ",
for 0 # m € M. Note that

T (yT T
Ky (X") = P Ky (x),
xeXT

from which one gets via the isomorphism i, a projection map of K(?)T (pt)-modules, called here the
K-theoretic localization map at x,

pre: Ky (X)s~ @ Ko (x)s — K (x)s = Z[M]s.
xexT

Let x = x5 C Uy be the T-fixed point corresponding to a cone 6 € X(n) of maximal dimension, as
in (2.41), where Uy C X is the unique T-invariant open affine subset containing xo = Os. Then
the localization map at x factorizes via restriction over Uy as:

pre Ky (X)s — K§ (Us)s ~ Kj (x6)s = Z[M]s.
We now explain a different description of the isomorphism (denoted also by pry)
pre Ky (Us)s ~ Ky (x5)s = Z[M]s

by using the eigenspace decomposition (2.44). As in [16][Sect.1.3] (or [24][Def.13.2.2]), a formal
power series f € Z[[M]] is called summable if there is g € Z[M] and a finite subset I C M \ {0}
such that in Z[[M]] one has: f-[],,c;(1 —x™) = g. Let

S(f) =g [T —2™ " € Z[M]s
mel
be the sum of f, which is easily seen to be independent of the factorization. Let
Z[[M]]sum C Z[[M]]

be the subset of summable elements in Z[[M]]. This is a Z[M]-submodule of Z[[M]], and the
summation map S induces a homomorphism of Z[M]-modules

S: Z[[M]]Sum — Z[M]S

Let .% be a T-equivariant coherent sheaf on Us. Then W := H(Uy;.%) has an eigenspace de-
composition W = P,y Wy (see [16][Sect.1.3]) with eigenspaces Wy of finite dimension as in
(2.44) (although W = H°(Uy;.%) could be infinite dimensional). Then

4.1) Xo(F) =Y dimgWyn-x™ € Z[[M]]
meM
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is summable (cf. [16][Prop.1.3]). This then induces a homomorphism of Z[M]-modules (see
[16][Rem.1.3])

4.2) Xo Ko (Us) — Z[M]sum
such that the composition So 2 induces after localization the map pr, since
(4.3) %o (i([Cyr]) = 2™ € Z[M] C Z[M]gun.

Remark 4.1. Let .# be a T-equivariant coherent sheaf on the toric variety X. Then also the global
cohomology H*(X;.%) has an eigenspace decomposition with all eigenspaces of finite dimension
so that the corresponding equivariant Euler characteristic y ( 7 ) is summable (see [16][Cor.1.3]).

For applications to the case of simplicial cones, we next introduce a Lefschetz type variant of the
Euler characteristic xg , and a corresponding summation map S. Let o € X(n) be a simplicial cone
with uy,...,u, € N = N the generators of the the rays p; € 6(1), j=1,...,n. Let N' = N be the
finite index sublattice of N generated by uy,...,u,, and consider o € Nﬁ{ = N so that it is smooth
with respect to the lattice N'. With T, T’ the corresponding n-dimensional tori of the lattices N,
resp., N’, the inclusion N’ < N induces a toric morphism 7 : Ul — Ug of the associated affine
toric varieties. Let G4 be the finite kernel of the epimorphism 7 : T — T, so that US /G ~ Us
(e.g., see [24][Prop.1.3.18]).

Letm; € M = Mgy, 1 <i<n,be the unique primitive elements in the dual lattice M of N satisfying
(mj,uj) =0 for i # j and g; :== (m;,u;) > 0 so that the dual lattice M" = M, of N’ is generated by

the elements m; = ';ﬁ Let dp; Gs — C* be the characters of G4 as introduced in (2.6).
J

For .7’ a T’'-equivariant coherent sheaf on U/, the vector space W' := HO(U%;.%#") has an
eigenspace decomposition W' = @, W}’C .+ as before. Since T’ is abelian, its finite subgroup

Go acts on W' respecting this eigenspace decomposition. We can then introduce the Lefschetz
type Euler characteristic

(4.4) 115 (F)i= 52 @ X (g Wy = Wo) 2" € ClM .
mEM’gEG

In this context, the notion of summable is defined almost as above, but using the multiplicative
subset 8’ C C[M'] generated by elements 1 —a- ™, for 0 £ m' € M’ and a € C*. This induces a
homomorphism of Z[M']-modules

try Ky (UL) — CIM)sum.
The fact that trg/(ﬁ’ ') is summable will be explained below for sheaves %' = Oyt ® me', with

m' € M', whose classes generate Kg (UL) (as in the proof of [16][Cor.1.2]). There is also a corre-
sponding summation map

S, : C[[M/]]Sum — C[M,]S/,
so that the following diagram of Z[M]-linear maps commutes:

KT (U3) 2 ClM o —S CIM

4.5) ﬂgal T T

Kf(Us) —
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Here, 77 is induced by the corresponding exact functor given by taking the Gs-invariant part
of the pushforward for the finite map 7, which is T = T’/Gs-equivariant. The monomorphism
Z[[M]]sum — C[[M"])sum and the algebra map Z[M]s — C[M’]¢ are induced by the lattice injection
M— M.

Example 4.2. If F = Ox|y,, then
%E(ﬁX’Uc) = Z Xﬁm EZ[A/I]sum-

meoVnNM
If, moreover, o is a smooth cone with mg ;, i = 1,...,n, the minimal generators of oV, then
n
T —mg i \k
Xo (Oxlug) = [TCY (x5,
i=1 k>0
hence (as in [24][Lem.13.2.4])
n
1
(4.6) S(e (Oxlve) = 11— =ar-
=11 X
If o is only a simplicial cone, with the same notation for the minimal generators of ¢, we get for

= ﬁ)U(/y that

/ 1 1 _ —m_ .
”g(ﬁU{,):G— Z H Z(api(g 1)'% m"”)k )
|G| ¢€Goi=1 \k>0
hence this series is summable, and by applying diagram (4.5) to %' = Oy, with Oy, ~ noe (ﬁU(ry),
we recover Molien’s formula (see [16][page 24]):
1 " 1

4.7 S(xo (Ox|vs)) = == /

° Gol (&G, i1 1 —ap,(g71) - ™o

€ CM']s.

Recall here that, by our convention (following [24]), T acts on y” by ¢- ¥ = x™(t~') x™. Note that
[16] uses Oda’s convention [49][pag.6]: 1 - " = x™(¢)x™, which explains the sign difference. [

Example 4.3. Consider the case of a simplicial cone ¢ € X(n) with minimal generators of ¢V as
before. We get for .7/ = Oy @C o (with m’ € M") that

trjarl(ﬁUé(X)(c m! |Go-| Z x H Z (apl %_m::;,i)k>7

8€Gs i=1 k>0
hence this series is summable, and by applying diagram (4.5) to ./ = Oy, ©C o with 7 =
ﬁf"(ﬁU(/’ ®(me/), we get
1

(4.8) S(x. x" — cC[M']g.
(G |G0"5EZGG Hl_ap,(g_l)'x_ma7i [ ]S

O

Example 4.4. Back to the general case, for 6 € ¥(n), consider .# = Ox(D)|y,, with D a T-invariant
Cartier divisor on X. Then one gets

%E(ﬁx(D)’Ucy) =x " Z x"e Z[M]suma

meoVNM
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where mg € M is uniquely defined so that D|y, = div()x~"¢)|y,. The sequence {ms € M | 0 €
X(n)} is the Cartier data of D, in the sense of [24][Thm.4.2.8]. In other words, Ox(D)|y, =~
Ugs X (CWm6 as T-equivariant line bundles (e.g., see [24][page 609]), so that for any T-equivariant
coherent sheaf on X, we have

(4.9) Xo (F @ Ox(D)|vs) = 27" 25 (F|us).

O

Example 4.5. Generalizing the case of Oy, by [24][Prop.8.2.18], one has for any 0 < p < n =
dim(X):

N dim(O o
%E(Q;}‘UG) = Z ( ( T)) Z 2" € ZIM]sum-
120 p meRelint(cVNtL)NM
Hence,
(4.10) Xe(ox|u,) = Y 2™ € ZIM]sum-

meRelint(oV)NM

In particular, if X is quasi-projective, then

Ao (mC(X)|u,) = Y (14y)4m(0) Y X" € ZM)sum @z Z[y].
720 meRelint(cVNTH)NM
If, moreover, o is a smooth cone with mg ;, i = 1,...,n, the minimal generators of ¢V, then
T T - k
18 (mCT (X, ) =TT 1+ +9)- L™ ).
i=1 k>1
hence
n 1 +v- —Mg i
(4.11) S(%E(mCE(X)IUa)) :Hl_yx—)f% € ZIMs.
i=1 '

Consider now the case of a simplicial cone ¢ with minimal generators of o as before, and let
= QP p>0,resp., [F] = mc;f’(ug,) = Y5 [Q7,]-¥" € Ky (Ug)[]. Then

U/’
trg (mC'(U o) T X H(H 1+)- Y (ap (g~ 1)-%""&")")-

g€Ggi k>1
By applying diagram (4.5) to .# QZ, , with .# = 1¢ (Qp ) ~ QP |y, resp., [F'] = mC;r’(U(',),

with [#] = mC;T(X)|UG, we get

1 Z T l+y: aPz(g71>'x7

€ CM'g.
‘Gc|g€G i=1 1—ap, (g_l)-xf o

@12 s(xd T (X)) =

Finally, one can twist the sheaves Q§ by Ox (D), for D a T-invariant Cartier divisor, and use
(4.9) to get the corresponding identities. U

Remark 4.6. Let V = C" be a T x G-represention with G a finite group and 0 an “attractive” torus
fixed point (i.e., the torus weights m/ of the coordinate T-characters for i = 1,...,n are contained
in some open half space). For g € G, denote by ap,(g) € C* the values for g of the corresponding
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characters of the cyclic subgroup (g) C G generated by g. Then the same argument of proof shows
for the T-variety X := C"/G (with its isolated “attractive” torus fixed point x := 0 € C"/G):

1+y-ap(g")-x ™
S(}( (mCT ) |G| ZH Pi —

geGi=l1 1_apl(g ) x

In the special case of a T = C*-action, such a formula is also discussed in [27][Thm.1] for a
comparison of the localized equivariant Hirzebruch class of X with an (extended) Molien series.

Remark 4.7. If, more generally, we work with X = Xy a closed T-invariant algebraic subset of the
toric variety Xy corresponding to a star-closed subset Y/ C X, similar localization formulae hold

for the sheaves Q% of Ishida p-forms of X (extended by zero to Xy). More precisely, using now
[3][Sect.3], one gets for 0 < p < dim(X):

< d OT _
(4.13) 1) = Y ( im( )> Y X" € ZIM)sum.
méERelint

1=0,7eY/ p int(oVNT+)NM

In particular, if X = V; C Xy is the orbit closure for 7 < ¢ of dimension d, then 5251( = Qy,, SO We
get by (3.13) that

(4.14) Xo (MCo([0r = X5))|us) = X5 (0, |u,) = )y X" € ZIM)sum.

méeRelint(oVNtL)NM

Example 4.8. Let Z = Xy be a closed T-invariant algebraic subset of X = Xy corresponding to a
star-closed subset X’ C X, with open complement V := X \ Z. Then

75 (mC(V = X)lu, )
4.15) _ Z (1 +y)dim(01) Z x—m S Z[M]sum ®ZZ[y]‘

T=0,7¢Y/ meRelint(oVNT+)NM
We now consider the case when Z = Dk := J,cx Dy, for K C 2(1), and o € Z(n) is a smooth,

resp., simplicial cone.
Let us first assume that ¢ is smooth, with mg ;, i = 1,...,n, the minimal generators of V. Then

13 (mCT(V = X))o, )

= ]I ((1+y)- (x""“ﬂ')")- I1 <1+(1+y)- (x"""”')k>,
NK k k>1

pica(1) >1 piec(1\K
hence
1_|_ .y Mo 1+ Ly Mo
416) S (xa(mC([V = X)lu,)) = [1 % —2 A e ziM)s.
pes(nk  + X 77 pesiink L TX T
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Consider now the case of a simplicial cone ¢ with minimal generators of 6" as before, and let
V' =Ug \ Dgr, with Dgr = Upegs D)y, for K’ := o(1) NK. Let [F'] = mC;T/([V’ — U[]). Then

trg, (mC;r/([V — U{,]))

1
:G_Z [T [ (1+9) X (ap(e e
| G|g€GGPi€K/ k>1
I1 (1 +(1+y) Z(api(gl)x_mé’ﬂ')k) :
pica(1)\K' k>1
By applying (4.5) to [F'] = mC} ([V' < U}]), with [F] = 27 ([F"]) = mCF([V < X]) |y, we
get

@17 8 (23 TV = XDy, ) =

Loy (1+y) ap(g") 2" Lty-ap(g) g "o
|G| .

—m’ —m’

8€Gs pico(1)NK l—api(g_l)-x ol pec(1)\K 1—ap,~(g‘1)-x i
O

We now explain the following equality, originally due to Brion [12], where we follow the ap-
proach of [16][Cor.1.3] (see also [24][Thm.13.2.8] for a special case):

Theorem 4.9. Let X = Xy be a complete toric variety of complex dimension n, with ¥ a T-
equivariant coherent sheaf on X. Then the K-theoretic Euler characteristic of % can be calculated
via localization at the T-fixed points as:

(4.18) X7 = ¥ 8(xe(Zlu,)) € ZiM]s.
ocX(n)

Proof. Let xs = Og C U be the torus fixed point corresponding to ¢ € X(n). The assertion follows
from the commutativity of the lower right square of the following diagram:

Bocsw KT (o) ——  KJ(X) 2 zM
T
Bocrm Kj (i0)s ——  KJ(X)s s zMls
T ~ T ZU(SOXE)
Doecrn) Ko (xo)s —— Doern) Ky (Us)s —— Z[M]s.

The vertical maps are the natural localization maps (upon restriction to the Ugs’s for the middle
map). The commutativity of the outer square follows from (4.3). The lower left square commutes
by the functoriality of restriction and localization. This yields the desired commutativity of the
lower right square. U

As a consequence, we get the following weighted version of Brion’s equality [12][page 655],
see also [24][Cor.13.2.10(a)].
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Corollary 4.10. Let P be a full-dimensional lattice polytope with associated projective toric va-
riety X = Xp and ample Cartier divisor D = Dp. For each vertex v of P, consider the cone
C, = Cone(PNM —v) = o/, with faces E, = Cone(ENM —v) for v € E. Then the following

V>

identity holds in Z[M|s Q7 Z[y):

4.19) AT (X,mcf(x) ® ﬁX(D)> - Y xS < Y (I4yi®. y %"”) .

v vertex vEE<P méeRelint(E, )M
Proof. By the definition of the inner normal fan Xp of P, one has for any vertex v of P that 6, =
va , with C, defined as above (see [24][page 76]). By dualizing, it follows that C, = va (cf.
[24][Prop.1.2.4]). By [24][Prop.1.2.10], the faces E, of C, are exactly of the form GVV N+, with
T = 0,. Note also that the Cartier data for D = Dp over Ug, is exactly given by mg, =v € M, see

[24][(4.2.8)].
The desired identity (4.19) follows now from Theorem 4.9 together with Example 4.5 and for-

mula (4.9). [

Remark 4.11. A direct calculation of x* (X,mCJ (X) ® Ox (D)), without using localization tech-
niques, can be obtained from [24][Lem.9.4.8 and Thm.9.3.1], as follows:

420) A" (X,mc;r <X)®ﬁx(D)) =Y (14ymEL Y e ZIM] @z Z]Y).
ExP meRelint(E)NM

This is a K-theoretic version of Corollary 3.14. For y = 0, formula (4.20) reduces to
XX, 0x(D)= Y, x"ezM),
mePNM

which can already be deduced from (2.11) and (2.12).
For y = 0, formula (4.19) therefore reduces to Brion’s equality:

4.21) Y x"=x"x.0x(D)=Y x‘”-S< Yy x"")-

mePNM v vertex meC,NM

Remark 4.12. Equation (4.19) also holds for P be a full-dimensional lattice polyhedron with asso-
ciated semi-projective toric variety X = Xp and nef Cartier divisor D = Dp (as in Remark 2.1), if
one uses on the left side

S (XT (X,mcg?(x) ® ﬁX(D)))
as in Remark 4.1 (using [ 16][Cor.1.3]).

4.2. Localization in equivariant homology. Let Xr be an n-dimensional toric variety with torus
T = Ty. Let X = Xy be a T-invariant closed algebraic subset of Xy, defined by a star-closed subset
¥/ C ¥, such that the fixed-point set X = 0.
By [18][Lem.8.4, Lem.8.5], the inclusion i : X T, X induces an injective morphism of Hy (pt; Q)-

modules

i, : Hy (X":Q) — H) (X:Q)
which becomes an isomorphism

i HY(XT;Q), ~ HT (X;Q)y,

upon localization at the multiplicative subset L C (Ar)g = Hy(pt; Q) generated by the elements
+c(m), for 0 # m € M (cf. [18][Cor.8.9]).
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In fact, for a T-orbit Oy with stabilizer torus T C T one has
O6 ~T/Ts ~T X, {pt}

so that
H "M (04:Q) ~ H "™ (pt; Q) ~ Symg(Ms)

is concentrated in even degrees, with Mg := M/ o NM the character lattice of Ts. So for ¢ of
positive dimension (i.e., O is not a T-fixed point), there is some 0 # m € 6= N M with c(m)
acting by zero on HE ’BM(OG; Q). Letting X; C X be the closed union of T-orbits in X of dimension
at most 7, with X;\ X;_ a disjoint union of orbits O of dimension i (and X_| := 0), the stated results
follow by induction on i (with X T — X,) from the short exact sequences (coming from (2.37)):

0 — H2BM (X, 1:Q) — HoP™ (X Q) — HLPM (X\Xi_1:Q) — 0.

Remark 4.13. In particular, by applying the localization isomorphism to both X and Xy, it follows
that the homomorphism H (X;Q); — H) (Xs;Q), induced by inclusion is injective. So in the
following it suffices to work in the localized homology H (Xz; Q) of the ambient toric variety.

Let us now assume that X = Xy. Since

HI (x".Q) = P H (x:Q),
xeXxT

one gets via the isomorphism i, a projection map of Hy(pt;Q)-modules, called here the homolog-
ical localization map at x,

pretHy (X;Q), =~ P HI (6 Q) — HY (6:Q), = L™ (Ar)g.

xexT

Remark 4.14. Tf X is a toric variety with H_ (X;Q) a finitely generated free (A)g-module (e.g.,
X is a complete simplicial toric variety, see [24][Prop.12.4.7]), then the algebraic localization map
H!(X;Q) — HI'(X;Q) is injective.

Before giving a more classical description of the homological localization map pr, in the context
of simplicial toric varieties, let us formulate the following compatibility of pr : HX (X;Q); —
HT (x; Q) with cap products. As before, X = Xy is a toric variety, with x € X T andleti,: {x} =X

*

be the inclusion map. Then, for any a € ﬁ{f (X;Q)z and b € HY (X;Q)., we have:
(4.22) pri(and) =ii(a) N pry(b).

This follows from the definition of pry, since the cap product N commutes with pullback for open
inclusions, together with the projection formula for a closed inclusion.

Assume now that X = Xy is a simplicial toric variety, so that one has equivariant Poincaré duality
with Q-coefficients (recall that in the non-complete case, H. denotes equivariant Borel-Moore
homology):

N[X]r: HE(X; Q) = HY (X Q)L

For this reason, in the following we use in this context interchangeably homology and cohomology,
with a cap product in homology corresponding to multiplication in cohomology.
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Proposition 4.15. Let X = X5 be a simplicial toric variety of dimension n, with xs € X" a torus
fixed point and inclusion map is : {xs} — X. Then

is F 7T
(4.23) Prio = =5 — Hi(X; Q)L — Hi(x6; Q)1
Euy (xs)
with the generalized Euler class of the fixed point xs in X defined by

0% Eul(xg) =1, (mult(G)- I1 [D,,]T> cQ-L.

pea(l)

IfX is, moreover, a complete simplicial toric variety, let [y : ﬁ{f (X;Q)L — I:j{f (pt:Q)L=L"" (//{T)Q
be the equivariant Gysin map (or, equivalently, the equivariant pushforward) for the constant map
X — pt. Then

4.24) =X AH(XQ)L— B (prQ)L

cex(n E”X Xo)

Proof. For ¢ € X(n) a cone of maximal dimension, formula (2.38) written in homological terms
becomes:

(muu<o>- I [DM) N Xl = (o). ol

peo(l)
Using (4.22), we get

io (mult(c)- I1 [Dp]T> Npr (X]r) = pry, (i) [xe]T) = [xo]T,

pea(l)
where the last equality follows from the fact that the composition pry_ o (is), is by definition just
the identity. The factor i}; (mult(G) Tlpes) [Dp]'[r) is by definition the generalized Euler class 0 #

Eu}(xs) (this is non-zero by the formula above, since [x¢]r # 0), and it is an element in Q - L (see
[24][Lem..13.3.5]) since any divisor on a simplicial toric variety is Q-Cartier ([ ][Prop 4.2.7)).
So formula (4.23) follows now from the projection formula (4.22), i.e., for a € H T(X;Q)r, we
have:

hchr

Pryg (an[X]r) = ig(a)N m-

For the second assertion, note that the map
| B > By (@) =L (Re)g
corresponds (by the functoriality of pushforward) under the localization isomorphism
H (X:Q),~H (x";Q),= P H (x
xeXT
to the sum of localization maps pry, x € X T ie.,

[~ 5 prs B0 - Az r

o€eX(n)
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Remark 4.16. If the fixed point xs corresponds to a smooth cone ¢ € X, then mult(c) = 1 and
the divisors D, (p € o (1)) are Cartier divisors. Moreover, the normal bundle N, Us of xs in the
smooth affine variety U 1s given by

NeyUs = €D O(Dp)ls,-
peo(l)
Hence £ u}? (xs) = cr (Ny,Us) is the classical equivariant Euler class of the fixed point x4, given
by the top equivariant Chern class of the normal bundle N, Us.

5 ( > with Euy (x) = c; (NoX), holds in general
uy X

for a “nondegenerate” (and therefore also isolated) T-fixed point x in a smooth T-variety X of
dimension n, with i, : {x} — X the inclusion and N,X = T, X the corresponding normal or tangent
space in x (see, e.g., [4][Prop.17.4.4 (i1)]). Here “nondegenerate” just means that cjlr (N:X) #£0,i.e.,
all T-weights on N,X = T,X are non-zero. Similarly, this applies in an “orbifold” context like in
Remark 4.6, but this time with a T x G representation V = C" such that 0 is only a “nondegenerate”
T-fixed point with the finite group G acting effectively on V, so that the projection map 7w : V —
X :=V/G is of degree |G|, i.e., m.([V]|r) = |G| - [X]|r. Here one should use then for the isolated
T-fixed point x := 0 € V /G the “generalized Euler class” (see, e.g., [4][Prop.17.4.4 (vi)])

0% Euy (x) := |G| -¢, (V) € Hi(0;Q)° = H(x: Q).

The corresponding integration formula (4.24) is often attributed to Atiyah—Bott and Berline—Vergne
(see, e.g., [4][Notes to Chapter 5]).

Let us now get back to the context of a general toric variety X = Xy with XT # 0. The equivariant
Todd class transformation td] commutes with pushforward for closed inclusions i, and pullback
J* under open inclusions. So tdlT is compatible with the two diagrams below:

Remark 4.17. The localization formula pry =

KI(XT) —“— KT(X) AL(xXT;Q) —"“— HL(X;Q)
(4.25) l lf _ l lj*
K (xs) —— KI(Us) AL (x6:Q) —= HI(Us:Q)

To extend this property to the localized versions, we need to show that the ring homomorphism
ch™: Z[M] ~ K%(pt) — (A%)q C (/A\T)@ given by the equivariant Chern character is compatible
with the multiplicative subsets used for localization. This fact follows as in [24][pag.644]; indeed,
if 0 # m € M, then

1 — eclm)

c(m) S (A%n)@ - (KT)Q’

chT(1— ™) =1—¢" = ¢(m)

with ¢(m) € L and the convergent power series % € (Af')g C (/A\T)@ being invertible (since

its constant coefficient is a unit). So ch” induces a ring homomorphism of localized rings
ch” : Z[M)s ~ K2(pt)s — L™ (A% c L' (A1)g -

In particular, this localized version of the equivariant Chern character ch” can be applied to the
image of the summation map S : Z[[M||sym — Z[M|s, where by abuse of notation we denote

ChTOS <Zam )::S(Zam.ec(m)>,
meM meM
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extending the corresponding formula ch™(¥,,cpsam - ™) = Lomeps @m - €< for finite sums in
Z[M] - Z[[M]]Sum

Remark 4.18. In the context of diagram (4.5), we have also to consider the extension of the Chern
character to the complexified K-theory
ch™ : C[M'] ~ K% (pt) @7, C — (A%)c C (A)c,
which is compatible with localization
/ -1 —1,7
ChT . C[M/]S/ ’zK%(pt)S/ ®Z(C —)Ll ( %’})C CL/ (A']T’)(C'

Here, §' C C[M'] is as before the multiplicative subset generated by elements 1 —a - ™, for
0#m eM and a € C*, and L' C (Ap)c = Hy(pt;C) is the multiplicative set generated by
the elements +a - c(m'), for 0 # m’ € M’ and a € C*. The compatibility with localization follows
as above, using in addition that

/ ! . / ~
ch™(1—a-x")=1—-a-¢) € (Af)c C (Ap)c,
for a # 1 and 0 £ m’ € M’, is an invertible convergent power series since its constant coefficient

1 —a is a unit (which is also true for a # 1 and 0 = m’ € M’). These two Chern characters ch™ and
ch” fit into a commutative diagram

T ~
(C[M,]S/ L} L/_I(A%r/l)(c e L/_I(AT/)C

(4.26) T T T

b g ~1(R
ZM)s L L\(A%)g — L' (Ar)g.
The last two vertical arrows are injections (between convergent, resp., formal Laurent series with
rational or complex coefficients).

By the module property (2.57) of the equivariant Todd class transformation and the functori-
ality of ch” under pullbacks, it follows that td” is compatible with the corresponding localized
versions of the diagrams appearing in (4.25), with the corresponding maps labeled i, being now
isomorphisms, as used in the definitions of the localization maps pr, in K-theory and homology,
respectively.

Proposition 4.19. For a T-equivariant coherent sheaf F on X = Xs, and x5 € X" a given fixed
point of the T-action, we have:

421 ([ F])s = pro (W ([F]) = b (Soxd)(#)) € L™ (Af)g € L7 (Ar)g

and
LI (7)) = P Wi ([F])x, - xolr
(4.28) o€x(n) .
= @ o ((Sex3)(F))-xo)r € AT (X Q1.
c€X(n)

Proof. Indeed, using the explicit calculation of the localization map in equivariant K-theory (as in
the previous subsection), we have:

pria (X (17)) = W (pri, (1)) = ch” (S0 x3)(F)) .
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The second formula just follows from the isomorphism i : I-AIE (XT;Q)L ~ I/-i,? (X;Q)r. U

Example 4.20 (Localized equivariant Hirzebruch and Todd classes). Assume now that Xy is a toric
variety. Let, moreover, X := Xy be the T-invariant closed algebraic subset defined by a star-closed
subset ¥’ C X, with xo € X" a given fixed point of the T-action. By using (4.27) and (4.13), the
following identity holds in L™ (A%") o ®7 Z[y] C L™! (K’E)Q ®z Z[y):

T2 (%), = (mCT (X)),

— Z (1 _l_y>dim(07) . (ChT OS) Z Xfm
(4.29) T=0,7€Y/ meRelint(oVNT+)NM
- gemers[ @ e
1=0,7€Y/ meRelint(cVNTL)NM

We thus have in ﬁE(X;Q)L ®z Zly] (compare also with [52][Thm.5.3], [55][Thm.11.3]):

@30 L'IIx)= P Y (14y)im0).s Y PACON IR I PR

ccy/(n) \730,7€Y méeRelint(cVNTL)NM

Specializing the above formulae to y = 0, or applying (4.27) to the structure sheaf .# = Ox (ex-
tended by zero to the ambient toric variety, which now can be arbitrary) we get the following
result:

4.31) Wd'X)= Y S Y S| e LY Ao c L7 (Ar)g,
120,7€Y meRelint(cVNTH)NM

and

432 L'dixX)= @ | ¥ s Y ™ | | [xo]r € HI (X: Q)L
oy (n) \120,7€Y méeRelint(cVNtt)NM

In the case ¥' = X, formulae (4.31) and (4.32) reduce to a result of Brylinski-Zhang [ |8][Thm.9.4]:

(4.33) td’ (Xg)x, =S ( Y eS<m>> e L™ (A% Cc L™ (Ar)g,
meoVNM
and
(4.34) L'dl (X)= P S ( Y eS<'">> [xolT € HY (X35 Q)1.
ceX(n) meoVNM

0

Remark 4.21. We refer to the work of Rychlewicz [52][Section 7] for the dicussion of interesting
positiviy properties of the localized Hirzebruch classes qu}; (X)x

o

Example 4.22 (Localized equivariant Hirzebruch classes for complements of divisors). Let X = Xy
be a toric variety with V := X \ Dk, and Dx = Upcx Dp for K C X(1). Let 0 € X(n) be a simplicial
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cone with x5 € X" the corresponding T-fixed point. Then we get by (4.17) and Proposition 4.19
the following identity in L'~ (Af)chlcl Y Ap)ebl:

435) T1(V = X)), =t ([mc;f (V= X])])

Xo

1 Z H (1+y)-ap, (g e~ Clm ) ' l+y- Clp,»(gfl) e~ Clm )
e

- m —c(m’ ) —c(m’

8€Gs pico(1)NK l—ap,-(g_l)' # pico(1)\K l—api(g_l)-e o)

In particular, if ¢ is a smooth cone, then

(1+y) (mo'l) . 1+y.e_c(m6ﬁi)
l—e —c(mg,;) 1— e*c(mo'_’[) )

T.(V—=X),= ]I

piEG(l)ﬂK piGG(l)\K

with m’(r ; = mg ; for all i (since o is a smooth cone).
By specializing (4.35) to y = 0, we get a local version of the Todd type formula (3.49). In
particular, for y = 0 and o smooth, we get:

e_c(mo,i) 1

(4.36) To. ([V = X)), = B B
piECE!)IﬁIK 1 —e€ ( G“’l) pzeg)\K 1 —e ( O',z)

In the case when K = 0, we thus obtain a more explicit expression for the equivariant Hirzebruch
and Todd classes of X localized at x5. ]

As a consequence of Proposition 4.19 and Theorem 4.9, we also have the following.

Corollary 4.23. Let X = Xy be a complete toric variety of complex dimension n, with % a T-
coherent sheaf on X. Then the cohomological Euler characteristic of % can be calculated via
localization at the T-fixed points as:

x,.7)= Y (ch'os) (x;%%c))

(4.37) oexln) R
= Y W (), €L (A)g C L Rl
cecX(n)

Translating Theorem 4.9 into the (co)homological context, using Proposition 4.19 and, in the
simplicial context, Proposition 4.15, we get the following consequence.

Corollary 4.24. Let X = Xy be a complete toric variety, D a T-invariant Cartier divisor, with F
a T-equivariant coherent sheaf on X. Then the cohomological equivariant Euler characteristic of
Ox (D) ® .7 is computed by

43%)  ATXoxD)eF) = ¥ pr, (W (0x(D)e.F)) €L (Ao
ceX(n)
If, moreover, X is a simplicial toric variety, then

(4.39) xT (X,0x(D)® F) = Z i:;(e[D]Ttdlr([ﬁ]))

eL ' (AP
coxty  Eux(xo)
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4.3. Equivariant Hirzebruch classes of simplicial toric varieties via localization. In this sub-
section, we explain how to reprove Theorems 3.21, 3.27 and Lemma 3.28 by localization tech-
niques, instead of using the equivariant Lefschetz-Riemann-Roch theorem of [32][Thm.3.1 and
Rem.4.3] (as done in Subsection 3.3).

Let X := Xy be a simplicial toric variety associated to a fan X of full-dimensional convex support.
Then the equivariant cohomology of X is a free (At)g-module (by (2.39)), so that the injectivity
part of the sequence (2.41), resp., (2.42), still holds for the equivariant cohomology (as pointed out
in Remark 2.8). Hence the corresponding map for the completed equivariant cohomology rings is

injective, i.e.,
D i H:(:Q) = D Hilr;Q
o€X(n) oe€X(n)
By localizing at the multiplicative set L, and using the exactness of localization, we get an injective

map
D is:H:(X:Qr— P Hi(x: Q1.
oe€X(n) oecX(n)
So it is enough to check these characteristic class formulae by using for each fixed point x4,
o € X(n), the induced restriction map pry,

Plrxs

(4.40) H3(X:Q) = Hy(X:Q)L =¥ Hp(x: Q)1 — Hiv(x0:C)p,
with the middle arrow pry, as in (4.23). Even the direct sum @gey(n) Prx, of these induced

restriction maps is still injective, since the localization map on the integral domain H: 1(x5:Q) —

I/-iT (x5 Q) is injective, and pry, = differs from i} by the unit

E??()

Euy(xg) = ig (mult(c)- H [Dp]qr> = |Gy H igFp € Hr(x5;Q)L.
pea(l) pea(l)
Moreover, as mentioned after diagram (4.26), no information is lost if we consider complex instead
of rational coefficients.
To reprove formula (3.48) of Lemma 3.28 by localization, we start with the local version dis-
cussed in the following example.

Example 4.25. Let 6 € £(n) be a simplicial cone with minimal generators {mg ;}; of 0" as in the

context of diagram (4.5). For .# := = ¢ (ﬁU/ ®C x’"') with m" € M’, we get by Proposition 4.19
and formula (4.8) the identity
1 / "= 1 PN
@4 td ([P = Y A" (g)e™) — € Hi/(x6:C)p.
TGl &, e e i

O
Using Example 4.25, we can now reprove formula (3.48) of Lemma 3.28 by localization tech-
niques. Recall that the global formula

F . e<’7‘7ep>'Fp ~
p
T o € H(

<

(4.42) td? (n*(ﬁvv@C ) Y« I

¢€Gy pex(l) 1—ap(g)e

;Q),

with {ep } pex(1) the standard basis of the lattice N = Z*l and 7 in the dual character lattice M,
is formulated i 1n terms of the Cox construction 7 : W — X. So let us now compare, for a fixed
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0 € ¥X(n) with Ug the T-invariant open affine subset of X containing the corresponding fixed point
Xo, the local and global formulae (4.41) and, resp., (4.42).
To simplify the notation, assume o (1) ={p,...,pn}. We next adapt the arguments of [ 1 6][page
24] to our context. If g € Gy \ Gg, by (2.4) there exists a p € X(1) with ap(g) # 1, so that
(m.ep)-F
P f’; to Us becomes 0. Thus, the summation on the right-hand side of

1 —dp (g)e
(4.42) reduces after restriction to Uy to a summation over g € Gg. If g € G5 and p ¢ (1), then

F-elmep)-Fp
pe -7 to Us becomes 1. So the product on the right

I—ap (8)e
hand side of (4.42) reduces to a product over p € ¢(1). As in the proof of formula (3.35), we

have 7~ 1(Ug) = UL x (C*)", with T ~ T’ x (C*)"™", G ~ G x (C*)"™", and U, /G4 = Us.
Let m =m' +m"” € M' & M" be the corresponding character decomposition. Note that C,u is a

the restriction of

ap(g) = 1, so that the restriction of

trivial (C*)"~"-equivariant line bundle on (C*)"™", so we can assume that m” = 0 is the trivial
character. By the projection formula, the restriction of 7. (0w ® (anz)G to Uy 1s isomorphic to the
% appearing in (4.41). Finally,

~ F .e<n~17€P>’FP
Pl < Y 2" I1 1p——Fp)

8€Gy peX(1) —ap(g)e
1 F, .e<”~17€p>'Fp
= 0 Y 2 I 22 -
Euy(x G) 8€Gy pex(l) I—ap(g)e
n F. . e<m/7epi>'Fpi
rrnikd WA | ey
EMX G) g€Gs i=1 1 —api(g)e Pi
% “ e<ml’ePi>’FPi
x" "l —
|G°| geZG:c ’ (H 1 —ap,(g)e
) " :
X Y
|G"| ¢€Go 1111 1—ap (g 1) e e )

where the last equality uses (2.43) for the torus T’ to show that igFp, = c(mg ;) and c(m') =

" (' ep,)i5Fp,, as well as changing g by g~! in G5. Also note that a,(g) for ¢ € Gy and
p € X(1) fits with the corresponding a,(g) for g € G5 and p € (1), as in (2.6).

Altogether, the local formula (4.41) is obtained from the global formula (4.42) upon applying
the homological localization map pr, of (4.40). U

Remark 4.26. We leave it to the reader to give a similar proof of formula (3.46) of Theorem 3.27
via localization using the corresponding localized classes from (4.35). For the special case of
formula (3.36) of Theorem 3.21 this is also worked out in [20][Section 4.2].

5. EULER-MACLAURIN FORMULAE VIA EQUIVARIANT HIRZEBRUCH-RIEMANN-ROCH

An Euler-Maclaurin formula relates the sum Y,,,c pras f(m) of the values of a suitable function f
at the lattice points in a polyhedron P C My := M ® R to integrals over suitable polyhedra. Here,
we are interested in the case where P is a polytope or a cone. The corresponding results for pointed
cones will fit with the localization results developed in the previous section.
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We begin this section with a short overview in Subsection 5.1 of relations between the equivari-
ant Hirzebruch-Riemann-Roch theorem and Euler-Maclaurin type formulae obtained via polytope
dilations, as indicated in works of Khovanskii-Pukhlikov [44] and Brion-Vergne [16].

In Subsection 5.2 we extend the approach of Brion-Vergne from [16] by allowing arbitrary T-
equivariant coherent sheaf coefficients. The key formulae for relating exponentional integrals to
toric geometry are Theorem 5.1 for dilated polytopes and Theorem 5.8 for dilated tangent cones.
We derive an abstract Euler-Maclaurin type formula (even for exponential functions instead of
polynomials), based on the equivariant Hirzebruch-Riemann-Roch theorem and the motivic for-
malism of equivariant characteristic classes developed in the previous sections. See Theorem 5.18
and Corollary 5.21 for the case of dilated polytopes and Proposition 5.22 for the case of dilated
tangent cones. To deal with various convergence issues in the context of exponential functions, we
introduce and use an analytic version of the T-equivariant cohomology ring (see equation (5.11)).

The abstract Euler-Maclaurin formula is specialized in Subsection 5.3 to various situations, re-
covering many known Euler-Maclaurin type formulae, as well as obtaining several new ones in a
uniform way dictated by toric geometry. Example 5.23 (resp., Example 5.24) study first the clas-
sical case of (the interior of) a simple lattice polytope. Theorem 5.25 studies the case of a simple
lattice polytope with some facets removed, whereas Theorem 5.27 (resp., Theorem 5.26) considers
the case of (the relative interior of) a fixed face of a simple lattice polytope. The final Example
5.28 deals with the case of a lattice polytope associated to a globally generated T-invariant Cartier
divisor on a projective simplicial toric variety.

5.1. Brief overview of Euler-Maclaurin formulae. The theory of valuations for rational poly-
hedra P C My was applied by Khovanskii and Pukhlikov in [44] to obtain Euler-Maclaurin type
formulae for Delzant polytopes (corresponding to smooth projective toric varieties) in terms of
infinitesimal movements P(h) of the polytope. More precisely, for a polynomial f one has the
identity:

(5.1) Todd(%) ( o f(m) dm) | = ; f(m).
=0 mEPNM
Here, if the polytope P is the lattice polytope defined by inequalities of the form
(myurp) +cp >0,
with up the facet normals, the polytope P(h) with shifted faces is defined by inequalities
(m,up)+cp+hp >0,

with h = (hp)F a vector with real entries indexed by the facets F of P. Moreover, Todd(%) is the
differential operator defined by:

? B
) = I[1 —

F facet | — e 9hp

Todd(

The relation between formula (5.1) and the equivariant Hirzebruch-Riemann-Roch theorem is
only indicated in [44], but not used (but see, for instance, the proof of [24][Thm.13.5.6]). More-
over, it is clearly pointed out that exponential functions f(x) = ¢®2) are needed to work with
rational polyhedral cones. From this, one then gets the result for polynomials f (compare also
with [24][Sect.13.5]).
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For a direct extension of (5.1) to simple lattice polytopes, with a corresponding more compli-
cated Todd operator Todd (%), see [15] as well as the nice survey [43]. The approach to the Euler-
Maclaurin formula (5.1) through the equivariant Hirzebruch-Riemann-Roch theorem for projec-
tive simplicial toric varieties corresponding to simple lattice polytopes is due to Brion-Vergne, see
[16][Thm.4.5].

5.2. Euler-Maclaurin formulae via polytope dilations. In the following, we explain a uniform
approach to various Euler-Maclaurin formulae for simple lattice polytopes or pointed cones, for-
mulated in terms of dilations of the polytope or cone. To have a unified language, assume P is
a full-dimensional simple lattice polyhedron in My with associated (semi-projective) toric variety
X = Xp and inner normal fan £ = Xp. Let P(h) be the dilation of P with respect to the vector
h = (hp)pex(1) With real entries indexed by the rays of X (since we use the related toric geometry),
or equivalently, by the facets of P (if one would like to formulate everything directly in terms of
P). So, if P is defined by inequalities of the form

<m,1/£p> ‘Jl‘Cp > 0,
with up, the ray generators and ¢, € Z, for each p € X(1), then P(h) is defined by inequalities
<m,1/lp> ‘I‘Cp +hp 2 0,

for each p € £(1). For later use in the context of weighted Euler-Maclaurin formulae, we also
define a parametrized dilation P, (/) of P by:

Py(h) :=={me M| (mup)+(1+y)-cp+hp >0, forall p € X(1)},

with & = (hp), as before a vector with real entries indexed by the rays p of X. Note that Py(h) =
P(h), and P,(0) =: P, is the dilation of P by the factor 1+ y (with y now treated as a complex
number).

Let us first consider the case when P is a full-dimensional simple lattice polytope in M. In
what follows, we adapt the arguments of Brion-Vergne [16][Thm.4.5] to our context. If / is in a
small enough open neighborhood U of the origin in R” (with r the number of facets of P), then
P(h) is again a simple polytope of the same combinatorial type, and similarly for P,(h). Let us fix
heUNQ" and y € Q, and choose k € N so that k- P,(h) is a lattice polytope in Mg with ample
Cartier divisor

Dk~Py(h) = kDPV(h) =k ( Z ((1 +y) *Cp +hp) 'Dp) R
pex(l)
where Dp =} sy (1) Cp - Dp is the ample Cartier divisor of P. On a simplicial toric variety any divi-
sor is Q-Cartier ([24][Prop.4.2.7]), so that Dp,,(h) has an equivariant fundamental class with rational
coefficients satisfying k- [Dp, () I1 := [k Dp, ()T = cl(Ox (k-Dp,()))s €.g., see [24][Prop.12.4.13].
Applying formula (2.60) for k- P(h), and using the fact that the associated toric variety does not
change under polytope dilation, we get

(5.2) y  em= / K Prnlt T (X) € (A%)g C (Ar)g.
mek-B,(h)\M X

A localized version of formula (5.2) can be derived from (4.24) as:

i (K Prmlr
(5.3) Z Sm — Z M

i (dT (X)) e LN A®) g € L' (AT)g -
mek-Py ()M oty Eux(xs) ¢
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Let us now recall the identification s : Symgy (M) ~ Hy(pt;Q) =: (AT)@, and let z € Ng :=
N ®z C = Homg (Mg, C) be given. By the universal property of Sym, z induces R-algebra ho-
momorphisms

(—,z) : Symp (M) — C,
by which we can view (p,z) for z now variable and p € Symp (M), resp., p € (Symp (M))*" fixed,

as a C-valued polynomial on Ng, resp., as a convergent power series function around zero in Ng.
Assume now that z is chosen so that (Euy (xs),z) # 0 for each o € £(n), i.e., (i5F,,z) # 0, for

eachray p € o(1) of o € £(n). Applying the function (— % -z) to (5.3), we get

1 €<
(5.4) Yy o= %

mek-Py(h)nM oex(n) (Euy (xs), % 2)

9
is[Dpy(nylT:2)

i (W (X)), 7 -2)-

x| —

Note that by the Riemann sum approximation of an integral, we have:

1 1 1
lim — (m,1-z) _ lim — (m,z) :/ (m,z) d ’
1m E e 1m E e b e m

k—soo k't
- méek-Py(h)NM meP,(h)NiM y()

with the Lebesgue measure dm normalized so that the unit cube in M C My has volume 1 (which
explains the use of the factor kin). We next study the limits on the right-hand side of (5.4). Note
that

K (B (o), 7 2) = (B (50).2)

since (Euy (X),7) is a (non-zero) homogeneous polynomial of degree 7 in z. Finally, we have that
1
(5.5) lim (i, (td (X)), - -z) = 1.
k—>o0 k
Indeed, by formula (3.40), we have
<l>)C<FF P> % : Z)
<i*6FP7%'Z> ’

(5T (X)), 2= ¥

gcGrpex(1) 1 —ap(g)-e”

with F, = [Dp]7 denoting the equivariant fundamental class of the T-invariant divisor D, corre-
sponding to the ray p € (1), and note that for & fixed (or k = 1) this is a convergent power series
function around zero in z. Finally,
lim _ leFpi-2) _JO, ifap(e) #1,
k—boo 1— ap (g) . ef<i*GFP7%‘Z>

1, ifap(g) =1.

So only g = idg contributes a non-zero limit to (5.5), and this contribution is 1. Altogether, we get
the following result.

Theorem 5.1. In the above notations, we have
i5[Dpyw)2)

(
(m,z) d — ¢
e m =
/P(h) G€§(n) <Eu)’¥ (-xo'),Z>

)
(5.6) ot
= e{(1+y)ise (Ox (Dp)).2) . exp o lisFp.2)

oex(n) (Eu)ﬂ; (xs),2)
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Remark 5.2. The left hand side of (5.6) is a continuous function in s near zero, and for all z € N,
resp., in y, whereas the right hand side is an analytic function in /4 near zero, and for z € N¢c away
from the linear hyperplanes (i§F),,z) = 0 for each ray p € o(1) of o € £(n), resp., in y. But then
both sides of this equality have to be analytic functions in h near zero and all 7 € N¢, resp., in
y € R, with the corresponding Taylor series around zero converging uniformly on small complete
neighborhoods of zero in the variables /4 and z (cf. also [43][page 27]).

For later use, let us now state the following consequence of Theorem 5.1 (compare also with
[15][Lem.3.11]).

Corollary 5.3. Let f be a polynomial function of degree d on Mg. Then |, P, () f(m) dm is a
polynomial function in h of degree bounded above by d + n.

Proof. We follow the idea of proof from [15][Lem.3.11], adapted to our language. By replacing in
(5.6) z by tz, with 0 # ¢ € R small (so that also (igFp,tz) # 0 for each ray p € 6(1) of o € X(n)),
and multiplying both sides by " , we get an equality of analytic functions in #, with each term
on the right hand side also analytic even in zero, since (E u}? (x6),z) # 0 is homogeneous in z of
order n. Now taking the Taylor expansion at ¢ = 0 of these two analytic functions, we get for z
small and away from the linear hyperplanes (igFp,z) = 0 for each ray p € (1) of o € X(n), that
the assertion holds for f(m) = (m,z)¥, for any given non-negative integer k. This then implies the
statement for any polynomial f(m). O

Corollary 5.4. Let X = Xp be the toric variety associated to a simple full-dimensional lattice poly-
tope P C Mg, with D = Dp the corresponding ample divisor. Let F be a T-equivariant coherent
sheaf on X. Then, for a polynomial function f on My, the expression

(5.7) ) (f(—l)f-dimCH"(x;ﬁx((l+y)D)®ﬁ)xm) - f(m)

meM \i=0

is a polynomial in 1+ y. Moreover, the value of this polynomial at O (i.e., for y = —1) is given by

) (i(—l)i.dimCHi(X;gz)x_m) - f(m).

meM \i=0

Proof. Using the ideas of the above corollary (as in [ 5][Prop.4.1]), the assertion follows from the
formula

Z (i(_l)i'dimcHi(X;ﬁx((l+y)D)®ﬂ)xm) (M)

meM \i=0
i5105]2)

- L (Eu}(xc),2)

ocX(n)

o (14y)-ize (Ox (Dp)).2)

= i (tdY (1F
L TGy el (FDa,

which can be deduced from (4.39), upon pairing with z € N¢. U

(ig(td; ([F])).2)

Remark 5.5. For . = Oy, the expression (5.7) becomes

), f(m)

meMNP,
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as in [15]. For the function f = 1, this further specializes to the classical Ehrhart polynomial. As
another special case, for [F] = mC} ([0 — X]) € K (X), (5.7) calculates

Y, fm)

meMMRelint(Ey)
with E the face of P corresponding to a cone 7 € X.

We next explain (in Theorem 5.8 below) a result analogous to Theorem 5.1 for the dilation
Tan(P,v)(h) := (v+C,)(h) =v(h)+C,

of the tangent cone Tan(P,v) = v+ C, of a vertex v of the polytope P, with C, = Cone(PNM —v) C
My a full-dimensional simple lattice cone with vertex 0. The arguments from the case of a full-
dimensional lattice polytope apply similarly to the tangent cone, once the approximation of the
integral fcv( h) e\ dm by the corresponding Riemann sum is explained. The corresponding equi-
variant Hirzebruch-Riemann-Roch formula in this setting is (4.33), with 6V = C, and v corre-
sponding to the torus fixed point x5 in the T-invariant open affine neighborhood Uy associated to
o € X(n). In this local context i1 = (hp ), is now a vector with real entries indexed by the rays p of
c=C).

Proposition 5.6. With the above notations, one has that Y ,,cc,nym e and fcve<m7z> dm are

convergent (locally uniformly) to meromorphic functions in L_I(A%”)C, for z € N¢ satisfying
—z € Int(0). Moreover,

1

1 1
lim — Z e™Ed = lim — Z elm?) :/ ™3 dm,
k—oo k”l m€k~Cv(h)ﬂM k—oo k’l mecv(h)ﬂ%M v(l’l)

with h € Q" a small enough dilation vector, and k € N so that k- C,(h) is a simple pointed lattice
cone in M.

Proof. Let 6 € £(n) be a smooth n-dimensional cone with generators ug 1,...,Us, , of the rays
P1s---,Pn € 0(1), and let mg 1, ...,mg , be the dual basis of M = @ N-mg ;. Then

ma) _TT[ N (omesdyii | - T L (i5(di(X)),2)
Z e >_H<Z(e< : >)]>_H1_e<ma7,~,z>_ (El(xo),2) |

meC,NM i=1 \ ji=0 i=1

with all (mg ;,z) <0 for —z € Int(0), and the corresponding geometric series locally uniformly
convergent in these z. The last equality follows from (4.36) (for K = 0), using the identification
s : Symg(M) ~ (AT)q. Similarly,

/ M2 dm = 1

L1 (menz)’

for —z € Int(o) and convergence as before, with the Lebesgue measure dm normalized so that the
unit cube in M C Mp has volume 1 (see also [38][eq.(8)] and [44][Prop.1]). By the multiplicativity
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of the equivariant Todd class transformation, we get as in the case of a polytope that
1 | 12 elitmoid
lim — e Ed = lim — _
k—soo kT Z k—soo kTt II;I 1— e<mc7,i7%'z>

ehitmoid) - (mg i, 1 -2)

n
= lim ;
kil \ (1= etk ) - (mg ,2)

n _ehl <m0',i7z>

i=1 <m07i7Z>

— eZ?:lhi<mo'.,i7Z> .

— eZ;’:l hi<m6-ivz> / e<m71> dm
C

= "3 dm.
Cy(h)

For the proof of the case of a simplicial cone by smooth subdivisions, let us remark that the above
approximation by Riemann sums for the full cone C, holds similarly for the cone CX := C,\ U,cx F;
with some facets F; (i € K C (1)) removed. More precisely, one gets

elma.is2) 1 (s (TE(V = X)), 2)

Z elma) — H - . — =
meCknM ica(i)nk 1 — elmai) ica(ifk 1 — elmo.id) (Euy(xs),2)

b

with the last equality following from (4.36), for V. = X \ U;cx Dp; (with the divisors D, corre-
sponding to the divisors of the original polytope P). The series on the left hand side are locally
uniformly convergent to a meromorphic function in L™ (A%"), for z € N satisfying —z € Int (o).
Moreover, a similar proof yields in this case that

1

limo Y e = [ e,
K ek CR M Co(h)

In the general case, let C, be as before a full-dimensional simple lattice cone with vertex 0. The
assumption that C, is simple will be needed in the following arguments only for the property that
C,(h) is then also simple for & = (h,) small enough. Consider a refinement C, = Ji_, C; of C, by
smooth full-dimensional lattice cones with vertex 0, see, e.g., [24][Thm.11.1.9] in the dual context
of toric resolutions by fan refinements. Then, considering each newly introduced facet F' for only
one of the cones it belongs to, we get a disjoint union C, = | [}, CI-K" into smooth full-dimensional
lattice cones with vertex 0 and with some facets removed. Let z € N¢ be so that —z € Int(o), with
o = C). Then we also have that —z € Int(0;) with 6; = CY’. So we can apply the case of smooth
cones to all of the C;. Then

Z e<m-,Z>:Z Z o(m2)
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is convergent (locally uniformly) to a meromorphic function in L~! (ATF")c, for z € N satistying
—z € Int(o). Moreover,

1 1 al
l' _ <‘ ]’E'Z> — / <‘”7Z> d _—/ <‘”7Z> d ,
kln'olo o E e i_E] Ci(h) e m Cv(h) e m

mek-C,(h)nM

with & € Mg ~ Q" a small enough dilation vector, and k € N so that k- C, () is a full-dimensional
pointed lattice cone in Mp. OJ

Remark 5.77. By the above smooth decomposition method, one can get more explicit expressions
for the summation appearing in formula (4.33). In the context of the tangent cone Tan(P,v) of a
simple full-dimensional lattice polytope P at a vertex v, we also get the identification

(5.8) Y e = (! (X)y,,2) = <S< Y e“””) ,z> e L7 (Af)g,

meC,NM meocVNM

for —z € Int(o). The left hand side is a convergent series for such z, whereas the right hand side
is a corresponding meromorphic function on N¢. Furthermore, still assuming —z € Int(0), we
get more generally, for T < ¢ corresponding to a face E of P containing the vertex v, a similar
interpretation for the following equality:

)y " = (T5.([0r = X])xg:2)
meRelint(C,NE)NM
5.9
= <S Y et ,z> e LAY .
Relint(cVNtt)nM

As a consequence of the above discussion, we can now give a geometric meaning to the localized
summands of formula (5.6).

Theorem 5.8. Let v € P be a vertex of the full-dimensional simple lattice polytope P C My, with
tangent cone Tan(P,v), for C, = Cone(PNM —v) C My a full-dimensional simple lattice cone with
vertex 0. Consider its dilation

Tan(P,v)(h) = (v+Cy)(h).

Let (X,D) be the projective toric variety with ample Cartier divisor associated to P. Denote by
Xo € X the torus fixed point corresponding to v € P, with associated cone 6 = C,/ € ¥(n). Then
for z € Ng satisfying —z € Int(o), we have

e(v2) .
(5.10) / M) gm=— " XpeonolisFpz)
Tan(P.)(h) (Eux(xc),2)
Proof. In light of the above proposition, one only has to note that if;c] (€'(D)) = —c(v) = s(v) €
Hi(pt;Q) ~ M. O

Remark 5.9. The left hand side of the equality (5.10) is an analytic function in & near zero and
—z € Int(0), resp., in y € R. Moreover, this integral is locally uniformly convergent in z. The
right hand side of (5.10) is an analytic function in % near zero and y € R, as well as a meromorphic
function in z which is holomorphic outside the hyperplanes (igFp,z) = 0 for eachray p € o(1).
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Back to the context of a projective simplicial toric variety associated to a full-dimensional simple
lattice polytope P C MR, in order to relate the right-hand side of formula (5.6) to the equivariant
Hirzebruch-Riemann-Roch formulae we have to introduce the analytic subring

(5.11) (H:(X;Q)™ c Hi(X:;Q)
defined as the image of the analytic Stanley-Reisner subring (depending only on the fan X)

SRG (2) :==Q{xp | p €X(1)}/ ~sr C Ql[xp | p €X(1)]]/ ~sr=: SR(X)
under the isomorphism SEQE) ~ I/-i{; (X;Q) given on generators by xp — Fp, p € X(1). Given
an element p(Fp) € (Hi(X;Q))™", with p(xp) € Q{x, | p € £(1)} a convergent power series, one
gets for the restriction i to a fixed point x4 that
(5.12) pliskp) = is(p(Fp)).

Here, the convergent power series on the left side corresponds to the image of p(x,) under the
evaluation homomorphism

Qfxp |p € 2(1)} = (AF')q : xp = igFp € HE (p; Q) = Mg .
Remark 5.10. Regarding o € X(n) as a fan, we have a corresponding (analytic) Stanley-Reisner

ring

SRG'(0) ==Q{xp|pea(l)} < Qllx |p e oc(l)]=:SRg(0),
with an isomorphism SE@B) ~ I-Alii(Uo;Q) < gj(xG;Q) given onangenerators by xp = ighp,
p € o(1). Then the restriction map (Hi(X;Q))" — (Hi:(Us;Q))™" is induced from a corre-
sponding restriction map SR (X) — SRy (0), sending xp — 0 if p ¢ o(1). We get the following
factorization of the right hand side of (5.12):
i : (Hp(X; Q)" — (Hp(Us: Q)™ — (Hp(x0: Q)™

As a consequence of Theorem 5.1 and Remark 5.2, we get by differentiation and convergence
the following.
Corollary 5.11. Let p(%) € @{a?—lp lpeX(l)} C @[[% | p € £(1)]] be an infinite order differ-
ential operator with constant rational coefficients, i.e., obtained by substituting xp % into a

convergent (near zero) power series with rational coefficients p(x) € Q{xp | p € Z(1)} C Q[[xp |
p € X(1)]]. Then, in the above notations, we get for z small enough and away from the hyperplanes
(igFp,z) =0 for each ray p € 6(1) of 6 € £(n) the following formula:

J o (14y)-iscT (0x (Dp)) 2)
5 () _ o
P (ah> (/f)y(h) ¢ dm) Z <p(lch),Z>

=0  ocX(n) (E”;E(Xc),@
ok T
(5.13) v i (e(ler) l(ﬁX(D))p(Fp)> Z
Gex(n) Euy (xo) ’

B </Xe(””‘CWX“’>>p<Fp>,z> '

If px € Q[aan | p € £(1)] is the corresponding truncation of p up to order k, then both sides of
(5.13) applied to py converge for k — oo locally uniformly in these z to (5.13) applied to p.
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Remark 5.12. By (5.13), the operator p(%) < [, 0 e(msz) dm) | depends only on the equivalence
. h=0
class of [p(x)] € SR{j(Z) and not on the chosen convergent power series representative.

Remark 5.13. Assume in addition in Corollary 5.11 that ( [y e(lﬂ’)'cjlr(ﬁx(m)p(Fp),Z) is a conver-
gent power series in z near zero (for y € R a fixed parameter, e.g., y = 0). Then one gets as an
application of Cauchy’s integral formula (see also [43][page 27]), that both sides of (5.13) applied
to py converge for k — oo and z small locally uniformly to (5.13) applied to p. In particular, this
limit commutes with finite order differentiations with respect to z (and z small enough).

Corollary 5.14. Let p(%) € Q[[aan | p € £(1)]] be an infinite order differential operator with

constant rational coefficients, i.e., obtained by substituting xp Iy into a formal power series

with rational coefficients p(x) € Q[[xp | p € X(1)]]. Then for a polynomial function f on Mg, we

have the following formula:
~1(5) (e deeng).a)

519 0(35) (7000

where on the right hand side the operator ( f (a%)) | acts on a formal power series in z.
z=0

ln=0

Proof. Let first p(%) € @[aan | p € £(1)] be a finite order differential operator with constant ratio-

nal coefficients, i.e., obtained by substituting x, — aan into a polynomial with rational coefficients

p(x) € Qlxp | p € £(1)]. Then the result follows from applying the operator < f (%)) to (5.13).

‘Z:O
Here we first need to assume that z is small enough and away from the hyperplanes (igFp,z) =0

for each ray p € o(1) of o € X(n), since the localization formula is used; however, formula (5.13)
then holds for all z small enough (and y € R fixed) by continuity, since the left hand side of (5.13)
is analytic in z near zero by Remark 5.2. Moreover, by Corollary 5.3 the left hand side and there-
fore also the right hand side of (5.14) only depend on a truncation of p up to order n + deg(f).
Especially the left hand side is well defined and the stated equality holds for a formal power series
with rational coefficients p(x) € Q[[x, | p € Z(1)]]. O

Remark 5.15. By (5.14), the operator p(%) < J, Py(h) f(z) dm) depends only on the equivalence

h=0

o —

class of [p(x)] € SRp(X) and not on the chosen formal power series representative.

As a consequence of Theorem 5.8 and Remark 5.10, we get the following local version of
Corollary 5.11:
Corollary 5.16. Let p(%) € @{aan lpeX(l)} C @[[% | p € (1)]] be an infinite order differ-
ential operator with constant rational coefficients, i.e., obtained by substituting xp % into a

convergent (near zero) power series with rational coefficients p(x) € Q{xp | p € £(1)} C Q[[xp |
p € X(1)]]. Fix a vertex v € P with tangent cone Tan(P,v), and let & € ¥(n) be the corresponding
cone. Then, for z small enough and —z € Int(0), we have the following formula:

0 e¥- (i’(‘,p(Fp))
(5.15) <—> (/ em2) dm> = (P,
P\ on Tan(Py)(h) o Euj(xs) ¢
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If pr € @[a&Tp | p € £(1)] is the corresponding truncation of p up to order k, then both sides of
(5.15) applied to py converge for k — oo locally uniformly in these z to (5.15) applied to p.

We also have the following.

Proposition 5.17. Let X = Xy be a complete simplicial toric variety. For any class [F| € K(?)F (X),
its equivariant Todd class is an element in the analytic cohomology ring of X, i.e.,

td} ([F)) € (HF(X; Q)™ C Hi(X; Q).
Proof. For .% = O, this follows from the explicit formula given in (3.40). More generally, this
holds for sheaves .# = m.(Oy ® Cxﬁ)G as in the explicit formula (3.48). As in the proof of
[16][Cor.1.2], the equivariant Grothendieck group Kar (X) is generated by classes of sheaves of the
form n*(ﬁW®Cx,z)G. O

Altogether, we get the following abstract Euler-Maclaurin formula based on the equivariant
Hirzebruch-Riemann-Roch theorem.

Theorem 5.18. Let X = Xp be the projective simplicial toric variety associated to a full-dimensional
simple lattice polytope P C M. Let ¥. := Xp be the inner normal fan of P, and D := Dp the ample
Cartier divisor associated to P. Let [F] € K(')E (X) be fixed, and choose a convergent power series

p(xp) € Q{xp | p € £(1)} so that p(Fp) = ! ([F]) € (H:(X;Q))™". Then

((3) ),

(5.16) n
=Y (Z(—l)i.dimcHi(X;ﬁX(D) ®y)xm> elma)

meM \i=0

as analytic functions in z with z small enough, and with x* (X,0x (D) ® F) € (A%")q the coho-
mological equivariant Euler characteristic of Ox (D) ® %.

Proof. Equation (5.13) for y = 0 can now be calculated as

9)(/ (m.2) ) < T(6x(D)) 4T
pl = e\ dm = /ecl XWhd, ([#]),2
(ah " N [ (17)

= (A"(x,6x(D) 7).2),

where the last equality follows from the equivariant Hirzebruch-Riemann-Roch formula (2.59).
The second equality of (5.16) follows from (2.47) which uses the eigenspace decomposition, with
the minus sign of (5.16) due to the appearance of c(m) = —s(m) in (2.47). Recall that we work
with the identification s : Symg (M) ~ Hy(pt;Q) =: (AT)Q. Finally, in the proof we first need to
assume that z is small enough and away from the hyperplanes (i Fp,z) = 0 for eachray p € o(1)
of o € X(n), since the localization formula is used; however, formula (5.16) then holds for all z
small enough, by Remark 5.13. U

Evaluating (5.16) at z = 0, we get the following generalized volume formula.

Corollary 5.19. In the notations of the previous theorem, we have

(5.17) p(55) 0ot P, = 2(X.0x(D) 9.),
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with vol P(h) = [p,)dm the volume of P(h), and the Lebesgue measure normalized so that the
unit cube in M C My has volume 1.

Example 5.20. The classical volume formula [15][Thm.2.15] corresponds to .% = O for p given
by the Todd operator Todd (%) of (5.20) below, with x(X,0x(D)) = |PNM]|. O

Corollary 5.21. Let X = Xp be the projective simplicial toric variety associated to a simple full-
dimensional lattice polytope P C Mp. Let ¥ := Xp be the inner normal fan of P, and D := Dp
the ample Cartier divisor associated to P. Let [F] € Kgr (X) be fixed, and choose a formal power
series p(xp) € Q[[xp | p € Z(1)]] so that p(Fp) = td} ([F]) € ﬁ%(X;Q). Then for a polynomial
function f on My, we have:

519 p(5) ([, fan) =¥ (i(—l)i-dimch<x;ﬁx<D>w*)xm> (m).

|h:0 meM \i=0

Proof. This follows from Corollary 5.14 by applying the operator < f ((%)) to the last term of
’ 7z=0
formula (5.16), seen as a formal power series in z. L]

Let us finish this subsection with a local counterpart of Theorem 5.18. Using Remark 5.10,
Corollary 5.16 and Proposition 4.19, we get:

Proposition 5.22. Let X = Xp be the projective simplicial toric variety associated to a simple full-
dimensional lattice polytope P C Mg ~R". Let ¥ := Xp be the inner normal fan of P, and D := Dp
the ample Cartier divisor associated to P. Let [F| € Kg (X) be fixed, and choose a convergent
power series p(xp) € Q{x, | p € (1)} so that p(F,) = td} ([F]) € (H:(X;Q))™. Fix a vertex
v € P with tangent cone Tan(P,v), and let ¢ € ¥(n) be the corresponding cone. Then, for z small
enough with —z € Int(0), we have the following formula:

p (%) ( L™ dm) =@l
= <eV~ChT <(Sox2)(ﬂ)> ,Z> :

5.3. Examples of Euler-Maclaurin formulae. In this subsection, we explain how various special
cases of Corollary 5.21 and Proposition 5.22 yield old and new Euler-Maclaurin type formulae.

In the global context of Corollary 5.21, let X = Xp be the projective simplicial toric variety
associated to a full-dimensional simple lattice polytope P C Mp. Let £ := Xp be the inner normal
fan of P, and D := Dp the ample Cartier divisor associated to P. We fix a polynomial g on Mp,
and let f(m) = g(m) - e be a quasi-polynomial, with z € Nc small enough. In the context
of a tangent cone at a vertex v of P as in Proposition 5.22, we only use an exponential function
f(m) = €™ with z € N¢ small enough and —z € Int(c). In this local case, p(x) is restricted to
the variables Fp, p € o(1) (as in Remark 5.10), with o € X(n) the cone corresponding to v. In
the concrete formulae below, this amounts to using the cone ¢ as a fan instead of X, and the finite
group G4 instead of Gy.

(5.19)
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Example 5.23. The first case we consider is the classical one of the Euler-Maclaurin formula for

the polytope P. Here we choose .% = Ox and the infinite order differential operator
9
(5.20) Todd (2- - Y 11 e Q=L | pex()},
g€Grpex(l) 1 —ap(g)-e o

as dictated by formula (3.40) for td (X). Then the equivariant Euler characteristic formula (2.51)
yields the Euler-Maclaurin formula of Brion-Vergne [16][Thm.4.5], extended here to a quasi-
polynomial f:

(5.21) Todd (%) ( /P " f(m) dm) 5 = me;mM f(m).

As explain before, the left-hand side of (5.21) only depends of the class of Todd (%) in the analytic
Stanley-Reisner ring of X. For example, another such representative corresponds to the power
series fitting with (the equivariant version of) Theorem 2.6, expressing the Todd operator in terms
of suitable L-class versions. If P is a Delzant polytope, one recovers formula (5.1) of Khovanskii-
Pukhlikov, fitting also with the equivariant Todd class of smooth projective toric varieties (e.g.,
obtained by setting y = 0 in Corollary 3.22).

In the local case of the tangent cone Tan(P,v) of P at a vertex v, using (5.8) we get (see also

[44][Thm.1], [43][egn.(B.1)]):

P
(m,z) _ v, (m,z)
(5:22) Todd (ah) </Tan<av><h> ¢ dm) ¢ Y e

=0 méeTan(Py)NM
U

Example 5.24. An Euler-Maclaurin formula for the interior of a simple lattice polytope P can be
obtained similarly by using the dual Todd operator

a (g>.i. T ahp
(523)  Todd" ( ;h) Yy [ — 2
8€GzpeX(l) 1 —ap(g)-e

corresponding to the sheaf .% = @y and its dual Todd class td_ ([wx]r) of formula (3.41). In
particular, by the equivariant Euler characteristic formula (2.52) one gets:

(5.24) Todd" (%) ( /P " f(m) dm) = Y fim).

lh=o  melnt(P)NM

|
=

In the local case of the tangent cone Tan(P,v) of P at a vertex v, using (5.9) we get:

d
v (m.z) — ova) . (m.z)
(5.25) Todd <8h> (/Tan(ﬂv)(h)e dm) e E e .

ln=0 méelnt(Tan(Py))NM
U

More generally, one can prove an Euler-Maclaurin formula for a polytope with some facets
removed, see also [43][Prop.7.2] for the case of Delzant polytopes. Let P be a full-dimensional
polytope with r facets Fy, ..., F,. For a subset K C {1,...,r}, let PK be the set obtained from P by
removing the facets F;, i € K. For example, P® = P and P{1"} = Int(P). Let £(1) = {p1,...,p,}
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be the rays of the inner normal fan of P, and denote by & = (hy,...,h,) a vector of real numbers

indexed by the facets of P (i.e., h; := hp,). Consider the following operator in Q{% li=1,...,r}

ap(9): g€

(5.26) Todd® (aah) Y 11 | h

gEGZIGKl—ap (g .e 9 igéKl—api(g>.g oh;

corresponding to formula (3.49) for the equivariant Todd class of [#] = mC) ([U < X]), with
U = X \ Dk the open complement of the divisor Dx = U;cx D; and D; := D,,. Moreover, by
(3.50) and Corollary 3.14 for y = 0, applied to X and Dg, one gets a corresponding equivariant
Hirzebruch-Riemann-Roch formula for td} (6 (D) @ mCj ([U < X])), namely

/Xtdlr(ﬁX(D)®ng([U<—>X])): Y e,

mePKNM

For its local counterpart, we use (4.35) for y = 0. With the above notations, together with (5.9),
this then gives the following.

Theorem 5.25. Let P be a full-dimensional simple lattice polytope in My, and let f be a polynomial
function on M. Then:

(5.27) ToddK<aah) ( / [y 7 dm> = Y f(m).

lh=0  mePKnM

In the local case of the tangent cone Tan(P,v) of P at a vertex v, we get:

0
K (m,z) — L), (m,z)
(5.28) Todd (Bh) (/Tan(av)(h)e dm) e Z e .

ln=0 meTan(Py)XNM

We next explain an Euler-Maclaurin formula for the interior of a face of a simple lattice poly-
tope. Let P be a full-dimensional simple lattice polytope in My, and fix a face E of P. Let 0 := o
be the corresponding cone in the inner normal fan ¥ = Xp of P, with V5 = V5, = X the closure
of the orbit of 0 in X = Xp. Denote by ig = is : Vo — X the closed inclusion map. Then V;; is a
simplicial toric variety whose fan is Star(o), as defined in (2.1), which is built from cones 7 € £
that have o as a face. Recall that T = 7Ty acts on Vs via the morphism Ty — Ty(s). Then we get,
as in Corollary 3.24 and with the above notations, the following formula:

. . 7F
(5.29) dog =iy ¥ ellfe?

8€Gstar(c) pEStar(o)(1) - ap (g) "€

with p € Star(o)(1) being a short notation for p € (Js<, V(1) \ (1). Using (2.38) and the pro-
jection formula, this gives the equivariant Todd class of %] = [(is )0V, |:

a N P )
(5.30) W (o)) = Y mult(): ] F- [ p(8)-Fp .

8€Gs1ar(o) peo(l)  peStar(o)(1) 1—ap(g)-e

Using (3.30), this yields the following result (where we use the above notations):
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Theorem 5.26. Let P be a full-dimensional simple lattice polytope in M, and let f be a polynomial
function on My. Then, for a fixed face E of P, with corresponding cone o in the inner normal fan
Y of P, one has:

(5.31) Toddy (%) (/P (h)f(m>dm> = ) flm,

lh=0  mcRelint(E)NM

where
(6) 5 e
0 0 ap(8) z-e °*
(5.32) Toddy, (%) = Y mult(o) J] 5 P
gEGSmr(G) peao(l) P pEStar(c)(1) 1 — ap (g) . eim

We next discuss a similar Euler-Maclaurin formula for a face of a simple lattice polytope. With
the same notations, we have by (3.40) the following formula:

(5.33) wd; ([Ov,]r) = i »

—F
geGStar(a)PGSl‘ar(G)(l) 1 _ap(g) e P

As before, the projection formula yields the equivariant Todd class of [.#] = (i)« Ov,]:

(5.34) Wi ([(is)«Ov,)) = Y, mult(c H Fp I1 s

8€Gsiar(o) peo(l peStar(c)(1) l—ap(g)-e

—Fp

Using (3.31), this yields the following result:

Theorem 5.27. Let P be a full-dimensional simple lattice polytope in M, and let f be a polynomial
function on My. Then, for a fixed face E of P, with corresponding cone & in the inner normal fan
Y of P, one has:

(5.35) Todds (%) ( [, fom dm) ~ Y f(m),

|n=0 meENM
where
J

(5.36) Todds < ; h> Y mult(c)- ai U
8€Gstar(o) peo(l) P peStar(o)(1) 1 —ap( ) ~Ihp

Other interesting coherent sheaves to consider are the Zariski sheaves Q‘;} of p-forms on the toric
variety X. In the next section, these will be considered all at once via the formal sum

BRLr-y" € K§ (X)),
P

and similarly for suitable motivic Chern classes mC;r of T-invariant constructible subsets of X.

We leave it to the reader to specialize the generalized volume formula (5.17) to all situations
discussed in this section.

Another way to obtain examples of explicit Euler-Maclaurin formulae is by twisting the coherent
sheaf .7 by Ox (D’ — D), for D = Dp the original ample divisor associated to the full-dimensional
lattice polytope, and D’ any T-invariant Cartier divisor on X. By the multiplicativity of the equi-
variant Todd class transformation for the coherent sheaf #' = Ox (D' — D) ® %, we have

td? ([#]) = PPl 1d] ().
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So,if p(xp) € Q{x, | p € £(1)} is a convergent power series with p(Fy) =td ([F]), then p'(x, ) :=
eLocx 9% . p(x,) € Q{x, | p € £(1)} is a convergent power series with p/(F,) =td? ([Z']), where
D' —D =Y ,cy(1ydpDp as a T-invariant Cartier divisor.

Example 5.28. As a last concrete example of this section, assume D' is a globally generated T-
invariant Cartier divisor on X, with associated (not necessarily full-dimensional) lattice polytope
Ppy C M. Consider the infinite order differential operator

d 2 d
(5.37) Todd' (%> = P i -Todd(%>
with Todd (%) as in (5.20) and d,’s as above. Then the equivariant Euler characteristic formula
(2.55) yields the following new Euler-Maclaurin formula for a quasi-polynomial f.

(5.38) Todd (%) ( /P e dm) = Y f(m).

lh=0 mePpNM

Note that Py is an N-Minkowski summand (in the sense of [24][Def.6.2.11]) of the original poly-
tope P, and any such N-Minkowski summand comes from a globally generated Cartier divisor D,
see [24][Cor.6.2.15]. O

6. WEIGHTED EULER-MACLAURIN FORMULAE

In this section we discuss several weighted (or parametrized) Euler-Maclaurin formulae, gen-
eralizing the weighted lattice point counting. For this purpose, we explain in Subsection 6.1 the
use of an additional dilation parameter y fitting with the equivariant Hirzebruch classes and their
renormalization. In Subsection 6.2, we specialize the parametrized version of the Euler-Maclaurin
formula to various situations, recovering some known weighted Euler-Maclaurin type formulae
from [7, 39], but also obtaining several new ones in a uniform way dictated by toric geometry.
For instance, we get weighted Euler-Maclaurin type formulae for simple polytopes in Theorem
6.2 and Corollary 6.3, and for simple polytopes with some facets deleted (e.g., for the interior of
a polytope) in Theorem 6.4 and Corollary 6.5. Similarly, we obtain such weighted formulae for
faces of simple polytopes in Theorem 6.7 and Corollary 6.8, as well as for N-Minkowski sum-
mands of simple polytopes corresponding to globally generated T-invariant Cartier divisors on the
corresponding toric variety in the formulae (6.21) and (6.22).

6.1. Abstract weighted Euler-Maclaurin formulae. Let X = Xp be the projective simplicial
toric variety associated to a full-dimensional simple lattice polytope P C M ~ R". Let ¥ :=Xp be
the inner normal fan of P, and D := Dp the ample Cartier divisor associated to P.

Let a convergent power series p(xp) € Q{xp | p € (1)} be given. Additionally, we may start
with a polynomial in y with coefficients consisting of such power series, as we will need in the
applications of this section. Define a corresponding renormalized series

p((1+y)xp)
(1+y)"

To treat it as a convergent power series, one needs to assume that y € R\ {1} is fixed or it belongs
to a complete subset.

py(xp) = € Qly, (1+y) Ik [ p € Z(1)]].
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Let py(%) be the corresponding parametrized infinite order differential operator obtained from
Py(xp) by substituting x, — %, for all p € £(1). Then formula (5.13) translates into the follow-
ing:

: Py\ 57 / e dm - Ap((1+y)-igFp),2).
"\oh) \Jnw o ol (1) (Eug (x0).2) o

Let [Z] € K] (X) be fixed, and choose a convergent power series p(x,) € Q{x, | p € (1)} so
that p(F,) =td} ([F]) € (Hz(X;Q))“". Applying the proof of Theorem 5.18 to formula (6.1), one

then gets
d
i <m,z> d
P (9h) (/Py(me m) o
(6.2) . -
=) (Z(_Ui.dim@H"(X;ﬁX(D)®ﬁ)%m> lIy)mz)
meM \i=0

Here, the use of the renormalized power series p, and polytope P,(h) correspond to multiplying
each degree 2k equivariant cohomology class by (1 +y)X. (This is just the cohomological Adams
operation w+y) ) In particular, via the identification s : M ~ H% (pt;Z), m € M gets multiplied by
I+y.

For any polynomial f defined on Mg, by applying the operator ( f (a%)) to formula (6.2), we

|z:0

get the following parametrized Euler-Maclaurin formula:
) (10 4)
Py | = f(m) dm
g (ah Py(h) ( ) lh=0
(6.3) ,
= Z <Z(—l)i -dim¢ H'(X; 0x (D) ® 9)%—m> f((14y)m) .
meM \i=0

Moreover, if f is homogeneous of degree deg(f), then f ((1+y)m) = (14 y)3e). £(m).

Remark 6.1. In the local case of Euler-Maclaurin formulae for a tangent cone Tan(P,v), we only
work with the unnormalized equivariant Hirzebruch classes qul; and the dilation Tan(P,v)(h) of the
tangent cone. In this context, a renormalization is not needed.

6.2. Examples of weighted Euler-Maclaurin formulae. In this subsection, we apply the above
renormalization not just to classes of coherent sheaves, but directly to examples of the type

PBRLr-y" € K§ (X)),
V4

as well as for suitable motivic Chern classes mC;T of T-invariant constructible subsets of X.

The weighted lattice point counting of Theorem 2.3 (and Remark 2.4), coupled with the ex-
pressions (3.36) and (3.37) from Theorem 3.21 for the equivariant Hirzebruch classes, suggest
that a weighted Euler-Maclaurin-type formula can be computed by using the Hirzebruch (or,
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parametrized Todd) differential operators defined by replacing % for Fp:

5 _ 0
m~(l+y~ap(g)-e )

B(2) e E I 9

8€Gx pex(l) l—ap(g)-e o

and
*%(lﬂ))

3 g (1+y-ap(g) e
g (%) . Z H — 0= (1+4)

§€Gx peX(l) l—ap(g)-e 7
The passage from Ty(%) to YA’y(%) is just a special case of our general procedure of moving from
p(%) to py(%). This therefore fits with the renormalization of Hirzebruch classes, from TyE (X)
to T,(X).

Weighted Euler-Maclaurin formulae were considered from a combinatorial point of view in
[39][Thm.1.1 and Rem.1.2] for Ty(%), and more recently in [7][Thm.1.5] for @E (X). We reprove
here the following result (see [39][Thm.1.1 and Rem.1.2] for Ty(%) and [7][Thm.4.6] for T’y(%))
from the point of view of generalized Hirzebruch-Riemann-Roch formula:

Theorem 6.2. For z € N¢ small enough, one has in the above notations:

0 .
6.4 T (= / meld ) =Y (14" (m2)
© y(ah) < i ) 2,01+ -

EXP meRelint(E)NM

(3 |
_ <m7Z> — dlm(E) <(]+y)mvz>
65 T (ah> (/Py(h)e dm) Y (1+y) Y e .

=0 E=P meRelint(E)NM

In the corresponding local case of the tangent cone Tan(P,v) of P at a vertex v, for z € N¢ small
enough with —z € Int(o),we get

a im V. m
©6) Ty(ﬁ) </Tan(Pv)(h)e<m7Z> dm) = Y (apiELtD y e

lh=0  E=Tan(Py) meRelint(E)NM

Proof. To deduce formula (6.4), instead of [.Z] € Kg (X) one considers the motivic Chern class
mC;r (X) € K& (X)[y], with Ty (X) := tdE(mC;T (X)). We work with the power series p(xp) :=
Ty(xp) € Q{xp | p € X(1)}[y] fitting with the differential operator 7( %) Formula (6.4) follows
now from (5.16) (linearly extended in y), using the equivariant Hirzebruch-Riemann-Roch formula
of Corollary 3.14, applied to the case P’ = P. Formula (6.5) is then obtained via renormalization
using (6.2).

For the local result, we use (4.29) together with (5.9). O

Using (6.3), one then obtains the following result (see also [39][Thm.1.1 and Rem.1.2] and
[71[Thm.1.5]):

Corollary 6.3. For any polynomial function f on My, one has:

(6.7) Ty(%) ( / ™ dm) =Y (™™ ¥ fm).

lh=o  E=XP meRelint(E)NM
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68 (5) ([, mdn) = T ¥ pm),

o E=P meRelint(E)NM

Note that the Brion-Verne Euler-Maclaurin formula for the simple lattice polytope P is obtained
from either (6.7) or (6.8) by specializing to y = 0. Moreover, for y = 1, one gets Euler-Maclaurin
formulae corresponding to operators related to suitable L-classes, i.e., Tj,(X) = L,(X) the Thom-
Milnor L-class of X (see [46, 19]). Taking the top degree in y on both sides of (6.7) recovers
formula (5.24).

Next we prove a weighted Euler-Maclaurin formula for a polytope with some facets removed.
Here and below, for simplicity, we only indicate such a formula for a polynomial f, while we leave
it to the reader to formulate the corresponding exponential formula. Let P be a full-dimensional
polytope with r facets Fi,...,F,. For a subset K C {1,...,r}, let PX be as before the set obtained
from P by removing the facets F}, i € K. So P? = P and P~} = Int(P). Let Z(1) = {p1,...,p,}
be the rays of the inner normal fan of P, and denote by h = (hy,...,h,) a vector of real numbers in-
dexed by the facets of P (i.e., h; := hy,). Consider the following operator in @{% li=1,...,r}]]:
(149) ap(8) e 21y apg)e )

) _ +y)-ap8) g5 e g\l Ty-ap(g)e
(6.9) Ty’((%) =01+y"" Y T1 — = FRm

geiGyiek l_api(g).eiahi i¢K l—api(g).eiaihi

corresponding to formula (3.46) for the equivariant Todd class of mc}‘ ([U = X]), withU =X \ Dg
the open complement of the divisor Dg = |J;cx D; and D; := D,,. By additivity,

W (mCL([U = X)) = Tu([U = X)) = T (X) — T3 (D)

By Corollary 3.14, applied to X and Dg, one gets a corresponding equivariant Hirzebruch-Riemann-
Roch formula:

6.10) /td}f (oxD)omCl (U= X)) = ¥ (1+yimE.  y o
X E=<PK meRelint(E)NM

With the above notations this then gives the following.

Theorem 6.4. Let P be a full-dimensional simple lattice polytope in My, and let f be a polynomial
function on M. Then:

6.11) TyK(%) </P (h)ﬂm)dm) = Y (4y™E. Y fm).

lh=0 E=<PK méeRelint(E)NM
By renormalization, TyK (%) changes to
—(14vy)2-
TN (1+y)-ap(g)- £ ™o 2 (14y.ap(g)e
n\an) = L 11 Eneraa | —() 2
8€Gy i€k 1—ap(g)-e i gk 1—ap(g)-e I

oh
fitting with formula (3.47). We thus get by (6.3) the following

_(1“’)’)9%1,)

Corollary 6.5. Let P be a full-dimensional simple lattice polytope in My, and let f be a polynomial
function on M. Then:

(6.12) @K(%) (/P ‘(h)f(M)dM) = Y (4+y)™E. Y f((+y)m).

=0  E=PK méeRelint(E)NM
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Remark 6.6. In the corresponding local case of the tangent cone Tan(P,v) of P at a vertex v, for
z € Ng¢ small enough with —z € Int(o), we get by (4.15), (4.17) (4.35), together with (5.9), the
following:

(6.13)

d .
TX (_) ( / o(m3) dm) _ (14 y)dm(E) o 002). om)
Y \dh Tan(P,y)(h) lho Z Z

E=Tan(Pv)X meRelint(E)NM

We next discuss a weighted Euler-Maclaurin formula for a face of a simple lattice polytope.
Let P be a full-dimensional simple lattice polytope in Mg, and fix a face E of P. Let 0 := of be
the corresponding cone in the inner normal fan ¥ = YXp of P, with V5 = V., = Xg the closure of
the orbit of o in X = Xp. Denote by i = is : V5 — X the closed inclusion map. Then V; is a
simplicial toric variety whose fan is Star(o), as defined in (2.1), which is built from cones 7 € £
that have o as a face. Recall that T = T}y acts on Vs via the morphism Ty — TN(G). We have by
(3.36) the following formula:

Fy - (1 +y-ap(g)-e_FP)

(6.14) Tl (lidy,]) = (1 +y)" "5 | % I1

slgumo pestar(o)() 1 —ap(8)-e
The projection formula then yields the computation of the following equivariant Hirzebruch class:
TE (Vo = X])
6.15 Foo(l4y-a o
©1 =(1+y"" Y mutc) [ /- J] - (1+y-ap(g)-e %)

—F
8€Gstar(o) pco(l) peStar(c)(1) I —ap (8)-e '

Using Corollary 3.14, this yields the following result:

Theorem 6.7. Let P be a full-dimensional simple lattice polytope in My, and let f be a polynomial
function on My. Then, for a fixed face E of P, with corresponding cone o in the inner normal fan
Y of P, one has:

616 1 (5 ) ([, smdn) = T @t T ),

l-0  E'=E meRelint(E')\M
where
d
TF ( =-
@)
_ 9
(6.17) ) ] %(Hy_ap(g)-e ahp)
= (1_|_y)n r, Z mult(G)- H T -
8€Gsiar(o) pea(l) P peStar(o)(1) 1—ap(g)~e dhp

For y = 0, formula (6.16) specializes to (5.35). Taking the top degree in y on both sides of (6.16)
gives back formula (5.31).
By renormalization, TyE (%) changes to

_ 9
2 (1+y-ap(g)-e ()35
TE ( J ) : Z mult(o) o e
y =, = . _ - L
dh 8€Gs1ar(o) pco(l) ahp pEStar(c)(1) 1— ap (g) e (1+y) ohp
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We thus get by (6.3) the following

Corollary 6.8. In the above notations, we get

6.18)  TF <%) ( /P ) dm)| =Y (14+pmEL Y f(14y)m).

E'<E méeRelint(E" )NM

For y = 1, one gets Euler-Maclaurin formulae corresponding to operators related to suitable
L-classes, i.e., T1.«(Xg) = L.(Xg) the Thom-Milnor L-class of Xg.

Another way to obtain examples of explicit weighted Euler-Maclaurin formulae is by twisting
the equivariant motivic Chern class mC;Ir by sheaves of the form O (D' — D), for D = Dp the
original ample divisor associated to the full-dimensional lattice polytope, and D’ any T-invariant
Cartier divisor on X. In the next example, we illustrate this principle in the case of mC;T (X),
corresponding to Theorem 6.2 and Corollary 6.3.

Example 6.9. Let D’ be a globally generated T-invariant Cartier divisor on X, with associated (not
necessarily full-dimensional) lattice polytope Ppy C Mg. Consider D' — D = Ypex(1)dpDp as a
T-invariant Cartier divisor. Let Xy be the toric variety of the lattice polytope Ppy, defined via the
corresponding generalized fan as in [24][Prop.6.2.3]. Then, by [24][Thm.6.2.8], there is a proper
toric morphism f : X — Xy, induced by the corresponding lattice projection N — Npy given by
dividing out by the minimal cone of the generalized fan of Ppy. In particular, f : X — Xjy is a toric
fibration. For ¢’ a cone in the generalized fan of Py, define as in (3.20)

do(X/0") == |Zi(X /0")|
with
Y(X/o) :={c€X|0sCX, f(Os) =04, { =dim(Og) — dim(Oy)}.
Consider the infinite order differential operators

d Y dy- =0 d
/ . =PeZ(1) 4P Fhp
(6.19) Ty (8h) =e P Ty(8h)
and
~ 0 (14y)-X d-2 ~ (0
/ — PeX(1)“P Iy
(6.20) Ty<8h>' e P T 5 )

with 7}(%),@(%) as in Theorem 6.2 and Corollary 6.3. For any quasi-polynomial f on Mg, one
then has by (3.32) the following new weighted Euler-Maclaurin formulae:

(@20 Ty/(%) (/Pw)f(m) dm) -

|h:0

-y (Z(_N.dg(x/E).(1+y)”dim(E) f(m).

>0 > méeRelint(E)NM

[ B
(622 Ty(%> (/Py(h)f(m) dm) N

[r=0

=) (Z(—l)g-de(X/E)-(1+y)”dim(E))- Y, f+y)m).

E=Py \£>0 méeRelint(E)NM
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As noted in Example 5.28, Ppy is an N-Minkowski summand (e.g., in the sense of [24][Def.6.2.11])
of the original polytope P, see [24][Cor.6.2.15]. O

7. EULER-MACLAURIN FORMULAE VIA THE CAPPELL-SHANESON ALGEBRA

In this section we provide generalizations of Cappell-Shaneson’s Euler-Maclaurin formula [22,

] and explain its connection to equivariant toric geometry. These Euler-Maclaurin formulae of
Cappell-Shaneson type do not use a dilation of the lattice polytope, but a summation of integrals
over the faces.

In Subsection 7.1 we recall the classical Euler-Maclaurin formula of Cappell-Shaneson [22,

], formulated in terms of the so-called Cappell-Shaneson algebra (cf. [43]), and explain in
Remark 7.3 the identification of this algebra with the completed equivariant cohomology ring of the
associated simplicial toric variety (regarded as an algebra of the completed equivariant cohomology
ring of a point space).

In Subsection 7.2, we prove in Theorem 7.10 and Corollary 7.11 another abstract Euler-Maclaurin
formula, again for arbitrary T-equivariant coherent sheaf coefficients (with the classical case corres-
ponding to the structure sheaf). The main result is Theorem 7.12, which relates exponential inte-
grals over the dilation of a face of a simple lattice polytope to toric geometry. This is the key
ingredient in the proof of Stokes’ type formulae given in Corollary 7.13 and, resp., Theorem 7.14,
which bridge integrals over the dilated polytopes and their faces. Putting these results together,
we finally obtain in Theorem 7.16 our new general Euler-MacLaurin formula of Cappell-Shaneson
type, again for arbitrary T-equivariant coherent sheaf coefficients (with the classical case corre-
sponding to the structure sheaf; see Remark 7.17 for more details on this classical case). As
before, we specialize this abstract formula in (7.29) and Example 7.18 to contexts dictated by
various natural choices of coefficients attached to the projective simplicial toric variety, i.e., with
coefficients the canonical sheaf, the motivic Chern class (also of an open complement of a torus
invariant divisor), or the canonical and, resp., structure sheaf of a T-orbit closure.

Finally, in Subsection 7.3, we indicate an application of our abstract Euler-Maclaurin formula
to generalized reciprocity for Dedekind sums.

7.1. Cappell-Shaneson algebra vs. completed equivariant cohomology ring. Let P C My ~
R” be a full-dimensional simple lattice polytope. Instead of using a dilation P(h) of the polytope
P, the Euler-Maclaurin formula of Cappell-Shaneson [22, 53] uses a summation of integrals over
the faces E of P (compare also with [17][Sect.3.7]). More precisely, for any polynomial function
f on MR one has:

(7.1) Y fm=Y /E (pe(@)f) (m)dm

with pg(d;) € Q[[d1,...,d,]] suitable infinite order differential operators with constant rational
coefficients in the partial derivatives with respect to the coordinates of the vector space Mi. Here
the Lebesgue measure dm on E is normalized so that the unit cube in the lattice Span(Ep) "M has
volume 1, with Ey := E — my a translation of E by a vertex mg € E.

The infinite order differential operators pg(d;) are defined through some relations in what is
called in [43][Sect.6] the Cappell-Shaneson algebra of P:

o/ (P):=Q|[d1,...,0,]][Ur | F afacet of P]/ ~
with relations
(7.2) Ur,---Up, =0 for distinct F; with F1N---NF =0,
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and

d
+Z m,np)Up =0 for all m € M (or a basis of M).

(7.3) >m

Here % is the differentiation in the direction of m, with nr € M the minimal lattice vector orthog-
onal to F and pointing into P. Let us rewrite this presentation of the algebra <7 (P) (given above in
terms of the polytope P) into the language of this paper using another description of the completed
Stanley-Reisner ring

Qlfxp | p € Z(1)]]/ ~sr=: SRg(X)
of the associated toric variety Xp and the inner normal fan ¥ = Yp. Note that the inner normal
vector nr corresponds to the generator u, of the ray p € X(1) corresponding to F. For simplicity,
we fix a basis my,...,m, of M ~ 7", with t; the corresponding coordinates on My (for K = Q,R)
with respect to this basis, so that a% =0;fori=1,...,n. Then

Qlt1s- - tnsxp | p € Z(1)] 2 Q[0 ..., 0, Ur | F afacet of P]

via t; — d; and x, — Up, with F the facet of P corresponding to p € X(1). The relation (7.2)
corresponds to the Stanly-Reisner relation ~gg, and the relation (7.3) translates into

(7.4) ti+ Z (mi,np)xp =0 fori=1,.
pex(l
Denote by ~ both relations together on Qlty,...,ty,xp | p € £(1)]. These are also homogeneous for

the usual grading doubled (i.e., with x, and #; of degree two). Then one gets (see also [4][Lemma
8.3.2]):

Lemma 7.1. The inclusion Q[x, | p € £(1)] = Q[t1,...,t4,xp | p € X(1)] induces an isomorphism
of graded rings

SRo(Z) =Qlxp | p €Z(1)]/ ~sr — Qlt1, ..., ta,xp | p €X(1)]/ ~

and their formal power series completions

SRo(X) =Qllxp | p € Z(D)]]/ ~sp — Qllt1, - tnxp [ p €X(1)]]/ ~,
with the analytic Stanley-Reisner subring SR (X) = Q{xp | p € £(1)}/ ~sr identified with the
image of the projection from Q{t1,... ,ty,xp | p € £(1)}.

Proof. Using the invertible variable transformation

Xp = Xp, ti— l‘l-/ = ti+2p62(1) <m,~,np>xp

(fori=1,...,nand p € £(1)), the claim is reduced to the corresponding inclusion
Qlxp | p € X(1)] = QI 1, %p [ p € E(1)]
with ~ given by ~gg and ¢/ = 0 for i = 1,...,n. In this case the results are obvious. ([l

Corollary 7.2. Using the isomorphism
s : Symg(M) = (Ar)g = Hi(pt;Q); m = —cp(Cyn)
together with Q[ty, ... ,t,] = Symg(M), one gets isomorphisms of (AT)Q-algebras
SRQ(E) = Qltt, o tatp | p € X(1)]/ ~= (A)glip | p € E(1))/ ~= HE(X: Q)
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and

SRQ(E) = Qlltt,- vt xp | p € E(D)])/ ~= (Ar)gllxp | p € D]/ ~= H2(X: Q).
with t;— s(m;) = —cL(Cym) fori =1i,...,n, and xp — F, = [Dp]r = cL(O(Dp)) for p € £(1).
Proof. 1t suffices to note that the relation (7.4) corresponds to (2.43). 0]

Remark 7.3. Let P C Mg be a simple full-dimensional lattice polytope with associated projective
toric variety X = Xp and the inner normal fan ¥ = ¥Xp. Fix a basis my,...,m, of M ~ 7Z". There is
an algebra homomorphism from the Cappell-Shaneson algebra <7 (P) to the completed equivariant
cohomology ring

A (P)=Q[[dy,...,3|[Ur]/ ~— SRo(T) ~ Hi(X;Q);
Uk xp ~ Fy = [Dply = c~(0/(Dy))

as a Q[[d1,...,0]] ~ ﬁii(pt;(@) ~ (/A\T)Q—algebra by 0; ~t; ~ s(m;) = —cL(x™) fori=1,...,n,
and with the facet F of P corresponding to the ray p € X(1). As we shall now explain, the alge-

(7.5)

bra map (7.5) is in fact an isomorphism. In abstract terms, the completions SRg(X) ~ ﬁ?f (X;Q)
are completions of connected integer graded commutative rings R* with respect to the maximal
ideal R>Y given by positive degree elements, whereas .27 (P) uses the completion with respect to
the maximal ideal IT of Q[d},...,d,] =~ (qu)@. As (AT)@[UF] is not a finitely generated (AT)Q—
module, the completion functor with respect to It is only left exact. In particular, there is an

injective algebra homomorphism <7/ (P) — (H@))I , which factorizes (7.5). Using the re-
T

lations defining <7 (P), one gets as in [22][Proposition on page 888] or [53][6.1, page 621] that
the image of this monomorphism is the (KT)Q-submodule generated by the equivalence classes
[Ve] € &7 (P) associated to all faces E of P. This also shows that one gets a natural algebra homo-
morphism Q[[Ur]] — </ (P) inducing algebra homomorphisms

HY (X;Q) = &/ (P) = (Ar)gllp]]/ ~ -
Since this composition is an isomorphism, the first arrow is injective and the second is surjective.
Using the fact that H3(X; Q) ~ (AT)@ ®oH*(X;Q), one also has that (H@)) ~ (/A\T)Q ®Q

It
H*(X;Q), which is also generated as a (AT)Q-module by the equivariant fundamental classes of

the orbit closures [V, |T associated to all faces E of P (since H*(X;Q) is generated as a Q-vector
space by the fundamental classes [V, |). This shows that .7 (P) ~~ <Hﬁi(X ;@))I . Finally, the
T

natural algebra homomorphism (Hii/(X\Q))I — ﬁ:ﬁi (X;Q) is an isomorphism by [ 3][Prop.1.4].
Therefore, the homomorphism (7.5) is an iSOl:JITIOI'phiSI’n.

7.2. Euler-Maclaurin formulae via the Cappell-Shaneson algebra. In this subsection we pro-
vide a new proof of the Euler-Maclaurin formula of Cappell-Shaneson [22, 53], as well as several
generalizations.

Let us now introduce the key functionals following [43][Section 6].

Definition 7.4. Let
n
pltnxp) = Y, palxp)[[67 € Qftr, ... tnxp | p € E(1)},
i=1

a:(a[)eNg
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resp., Q[[t1,...,tn,Xp | p € X(1)]] be a convergent, resp., formal power series in the #;,x,. Then
) ) L
(16) p <8i, —) (/ elm2) dm) = )Y pals) (/ [0 ™ dm)
oh ) \Je(w o (e O \JPid o
resp.,
D p (a- i) ( / f(m) dm) = Y ) ( / [105 f(m) dm)
oh P(h) =0 a=(0;)eNg oh PUiET =0

for f a polynomial function on M. Note that, in the second case, in the last term only finitely
many summands are non-zero due to Corollary 5.3.

Of course in (7.6) one has to explain in which sense the series is convergent, as will be discussed
in the following. As a consequence of Theorem 5.1 (with y = 0), Remark 5.2 and Corollary 5.11,
we get by differentiation and convergence the following.

Corollary 7.5. Let p(d;, %) € Q{di,...,0n, pr | p € (1)} be an infinite order differential op-

erator with constant rational coefficients, i.e., obtained by substituting t; — dj,xp % into a
p

convergent power series p(ti,xp) € Q{t1,...,15,xp | p € X(1)} with rational coefficients. Then, in
the above notations, we get for z small enough and away from the hyperplanes (igFp,z) = 0 for
each ray p € o(1) of o € L(n) the following formula:

p(a,-,%) (/P(h)ém@dm)h - X;, <8h) (/ Ha% " )

a= lh=0

(a
eliscl (Ox(Dp)), )
(7.8) a=(a)eNg = (GEZ(n) <E”£(xc),z> c
B Z iy (e(cl (0x (D)) <Za:(a[)eN8 T, S(mi)aipa<Fp))> Z
oeX(n) Eu}g(XG) )

= </Xe(cqlr(ﬁX(D))p(S(mi),Fp),z> ‘

If pr € Q04 ...,0, % | p € £(1)] is the corresponding truncation of p up to order k, then both
sides of (7.8) applied to py converge for k — o locally uniformly in these 7 to (7.8) applied to p.

Proof. The second equality follows from [T}, 8“’ m.z) =TT, (m; ,2)%e™2) and Corollary 5.11.

The third equality uses m; = i;s(m;) € M ~ H2 7(pt;Q) for s(m,) 6 HZ(X;Q). The last equality
follows from equation (4.24), where the element p(s(mi),Fp) corresponds to the image of p(;,xp)
under the evaluation homomorphism

Qft1,....tnsxp | p €E(1)} — (H3(X;Q))™ = t; = s(my),xp — Fp .
0
Remark 7.6. By (7.8), the operator p(d;, ai) ( Ip Pl e(mz) dm) depends only on the equivalence

=
class of [p(ti,xp)] € SRY (X) = Q{t1,...,tn,xp | p € E(1)]}/ ~ and not on the chosen convergent

power series representative.
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Remark 7.7. Assume in addition in Corollary 7.5, that <fXe(CF(ﬁX(D))p(s(mi),Fp),z) is a conver-
gent power series in z near zero. Then one gets as an application of Cauchy’s integral formula
(see also [43][p.27]), that both sides of (7.8) applied to p, converge for n — oo and z small locally
uniformly to (7.8) applied to p. In particular, this limit commutes with finite order differentiations
with respect to z (and z small enough).

Corollary 7.8. Let p(d;, %) € Q[[d1,---,0n, aan | p € £(1)]] be an infinite order differential op-

erator with constant rational coefficients, i.e., obtained by substituting t; — dj,xp % into a

formal power series p(t;,xp) € Q[[t1,...,ta,Xp | p € £(1)]] with rational coefficients. Then for a
polynomial function f on Mg, we have the following formula:

(7.9) p (a,-,%) (/P(h)f(m) dm) 5 :f((%) (</Xec?(ﬁxw))p(s(m,-),Fp),z>> ,

|z:0

where on the right hand side the operator ( f ((%)) acts on a formal power series in z.

|z:0
Proof. The proof is similar to that of Corollary 5.14. U

Remark 7.9. By (7.9), the operator p(d;, %) ( Jpny f(2) dm) depends only on the equivalence

lh=0
—_—

class of [p(ti,xp)] € SRg(X) and not on the chosen formal power series representative.

Altogether, we get the following second abstract Euler-Maclaurin formula based on the equi-
variant Hirzebruch-Riemann-Roch theorem.

Theorem 7.10. Let X = Xp be the projective simplicial toric variety associated to a simple full-
dimensional lattice polytope P C M. Let ¥ := Yp be the inner normal fan of P, and D := Dp the
ample Cartier divisor associated to P. Let [.F] € K(ﬂ)r (X) be fixed, and choose a convergent power

series p(ti,xp) € Q{t1,...,ta,xp | p €X(1)} s0 that p(s(m;), Fy) =td} ([F]) € (H:(X;Q))™. Then

d
O, — / (m2) g ) ={ 4T (X,0x(D)® %),
p( a/’l)(P(h)e m o <%( x(D)® )Z>

(7.10) ;
=Y (Z(—l)i-dimCHi(X;ﬁx(D)®L92)x—m> celmal

meM \i=0
as analytic functions in z with z small enough, and with x* (X,0x (D) ® F) € (A%")q the coho-
mological equivariant Euler characteristic of Ox(D) ® 7.

Proof. Equation (7.8) can now be calculated as

3w, - (i
h P(h) o X

= (X" ox D)0 7)),

where the last equality follows from the equivariant Hirzebruch-Riemann-Roch formula (2.59)
as in the proof of Theorem 5.18. Finally, in the proof we first need to assume that z is small
enough and away from the hyperplanes (i Fp,z) = 0 for each ray p € 6(1) of o € X(n), since the
localization formula is used; however, formula (7.10) then holds for all z small enough, by Remark
7.7. 0J
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Note that Theorem 7.10 reduces to Theorem 5.18 in the case when

p(tisxp) € Q{xp [ p € E(1)} C Q{t1,.. st xp | p €Z(1)}

does not depend on the variables #;. Similarly, the next Corollary reduces in this case to Corollary
5.21.

Corollary 7.11. Let X = Xp be the projective simplicial toric variety associated to a simple full-
dimensional lattice polytope P C Mp. Let ¥ := Xp be the inner normal fan of P, and D := Dp
the ample Cartier divisor associated to P. Let [ F] € Kgr (X) be fixed, and choose a formal power
series p(ti,xp) € Q[[t1, ... tu,xp | p € Z(1)]] s0 that p(s(m;),Fp) = td} ([F]) € ?Ir}(X;Q). Then
for a polynomial function f on My, we have:

(03 ()

ln=0

(7.11) .
=Y | Y (-1) - dimcH' (X; Ox(D) @ .F ) yn | - f(m).
meM \i=0
Proof. This follows from Corollary 7.8 by applying the operator < f ((%)) to the last term of
’ 72=0
formula (7.10), viewed as a formal power series in z. L]

For the use of integration over the faces E of P instead of dilation of the facets of P by a
parameter hp (p € X(1)), we next prove an analogue of Theorem 5.1 for faces of a polytope.

Assume P is a full-dimensional simple lattice polytope in M with associated toric variety X =
Xp and inner normal fan ¥ = Xp . Let P(h) be the dilation of P with respect to the vector h =
(hp) pex(1) With real entries indexed by the rays of X. So, if P is defined by inequalities of the form

(m,up) +cp 20,
with up the ray generators and ¢, € Z, for each p € X(1), then P(h) is defined by inequalities
(m,up) +cp+hp >0,

for each p € X(1). Similarly, we consider the dilation E () of a fixed face E of P, and let o € X
be the cone corresponding to E.

Theorem 7.12. In the above notations, we have
/ (m,z) ( ) Z e(%c?(ﬁx(DP(m))?Z) H < >
eV dm = mult OF) - . . Fp7Z
o ocxt (Eux(x):2)  pecyy

e<(i*acrlﬂ‘(ﬁX (DP))7Z>

(7.12)

= mult(og) - Z . oLp hp(icFp,2) . (it Fp7Z> )
o€ex(n) (Euy(xc),2) peg(l) ’

Proof. The proof is similar to that of Theorem 5.1, with the following modifications. Instead of
tdX (X), we use td. ([(ig)« Ov,,]), which s given by formula (5.34), together with the corresponding
equivariant Riemann-Roch formula of (3.31) which is used for the calculation of Riemann sums
approximating the integral. The Lebesgue measure dm on E(h) is now normalized so that the
unit cube in the lattice Span(Ey) N M has volume 1, with Ey := E — my a translation of E by a
vertex mg € E. As before, (Eu}(xs),z) is a homogeneous polynomial of degree n in z, but the
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additional factor [Tpcq,(1)(i5Fp,2) is homogeneous of degree codim (E), fitting with the use of the

multiplication factor needed for the Riemann sums considered here. Finally, we have

1
kdlm(
. 1 ok . 1 ok
(7.13) lim (kCOdlm(E) - (zc(tdlr([(tE)*ﬁng])),%-z>) =mult(op)- [] (i6Fp.2)-
peok(l)

This follows from formula (5.34) by the same calculation as in the proof of Theorem 5.1. U

By combining the results of Theorem 5.1 and Theorem 7.12, we obtain as an application a
formula which relates integration over faces with a differentiation with respect to the corresponding
I’s.

Corollary 7.13. Let f be a polynomial on M. Then
(7.14) / F(m)e"™ ) dm = mult(og) - / F(m)e™ dm,
E(h) pea 1y Ohp

as analytic functions in z and h near zero. In particular,

(@)

—mult(op) [] %p(%) (/ S dm) ,

peog(1) lh=0

or p(xp) a polynomial in the variables x,, p € X(1) (or a convergent power series as in
P\Xp) a poly o> P gent p

the context of Remark 5.13).
(b)

(7.16) p (%) </E(h)f(m) dm) = mult(ox) H 8hp p (%) (/P(h)f(m) dm) -

ln=0 peok(
for a formal power series p(xp) in the variables xp, p € X(1).

Proof. For f =1, formula (7.14) follows by comparing the results of Theorem 5.1 and Theorem
7.12. In the general case, we apply the operator f (a%) to both sides of the formula obtained for
f =1. In (b) we finally evaluate the result at z = 0. By Corollary 5.3, a formal power series (as
opposed to a convergent one) can be used in (7.16). U

In particular,

(7.17)

0
- ... <mvz> d — 0
ahPl ath /P(h)f(m)e "

if the corresponding facets for different p; (i = 1,..., k) do not intersect.
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As another application of Corollary 7.13, we can mention the following reformulation of the
classical Euler-Maclaurin formula (5.21) of Brion-Vergne (using (2.8)), for f a polynomial func-
tion on MR (see also [43][page 22]):

Y fm=3% Y ]I

oh
e (f rman)
mePNM EXPgeGo, pexX(l) | —ap(g)e P(h) =0
1

:Zmult Z H o

1 (/
E=P (0F) 8€Go, pgor(1) 1 — e_% peoe(l) 1 —ap(g) -e_% E) In=0

9

(7.18)

The Euler-Maclaurin formula using the last operator is due to Guillemin, see [40][Thm.1.3 and
Eqn.3.28].

As a further application of Theorem 7.12, we give an algebro-geometric proof of the Stokes’
formula for polytopes (see also [43][Prop.6.1]).

Theorem 7.14. Let P C My be a full-dimensional simple lattice polytope, with corresponding
inner fan ¥. Let E,, denote the facet of P corresponding to the ray p € X(1). For a fixed mo € M,
let aim() be the differentiation in direction of my. Then,

d
(7.19) L soetmcam=— ¥ (moup)- [ e dm.
P(k) Img pe%%l) g Ep(h)

Proof. Recall that
s(mo) = —cp(Cym) =~ Y (mo,up)-Fp € H{(X: Q).
pex(l)
Then

/ ie<mvz> dm:/ (mg,z) - €™ dm
P(h) dmg P(h)

(et (Ox(Dpy)):2)

(5.6) e

= ) <m0,z>
Geg(n) <EM)T((x0')aZ>
e(ﬁﬁ?(ﬁx (Dp(n)))2)

= L g (et

lisel (Ox(Dp(y)) 2)
__ i) (it Fp,

peX(1) oeX(n)

7.12) Z <I71(),up>'/ e(m2) dm,

pex(1) Ep(h)

as desired. n

Applying the operator f (a%) to formula (7.19) for f a polynomial function on My, we get the
following: '

(720 fy gt e dm=— % {mog)- [ e dm

dmg pex(l) Ep(h)
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as analytic functions in 4 and z near zero. Further evaluation at z = 0 yields the identity
d
(7.21) / —f(m) dm = — (mo,up) / f(m) dm,
P(n) Imo pezz‘z ) Ep(h)

as polynomial functions in 4 near zero.

Remark 7.15. By Remark 7.3, there is a surjection <7/ (P) — I-AI{f (X;Q), as (JA\T)@-modules, with
</ (P) generated by the equivalence classes of [Vg| € o7 (P), which are mapped to the equivariant
fundamental classes [V, |1 of orbit closures corresponding to all faces E of P. Hence, H}(X;Q)

is generated as a (/A\T)@-module by the equivariant fundamental classes [V, |T.

Let [7] € K} (X) be fixed, and choose elements
pe() € Hi(pQ) = (Ar)g = Q1]

with
(7.22) WX ([Z]) = Y pe(t) Ve ]r € Hi (X;Q).
E=P
Then N
td; ([#]) = p(s(mi), Fp) € Hi(X:Q),
for
(7.23) p(ti,xp) = Z (mult(GE)- H xp> -pe(ti) € Q[[t1,...,twxp | p € Z(1)]].
EXP peog(l)

Altogether, with these notations, we get our third and final abstract Euler-Maclaurin formula
based on the equivariant Hirzebruch-Riemann-Roch theorem, which provides a generalization of
the Cappell-Shaneson Euler-Maclaurin formula (see Remark 7.17 below).

Theorem 7.16. Let X = Xp be the projective simplicial toric variety associated to a simple full-
dimensional lattice polytope P C M. Let ¥ := Yp be the inner normal fan of P, and D := Dp the
ample Cartier divisor associated to P. Let 7] € K (X) be fixed, and choose the formal power
series p(ti,xp) € Q[[t1,...,ta,Xp | p € X(1)]] as in (7.23). Then for a polynomial function f on Mg,
we have:

7249 Y / (pE(9:)f) (m) dm =Y (f(—l)"-dimccH’(X;@(D)@ﬁf)xm> - f(m).
E=p'E meM \i=0

Proof. The assertion follows from Corollary 7.13 by the following calculation:

P (a,-, %) (/Pw)f(m) dm) o

=) <mult(GE)~ I1 %) (/P(h) (Pe(9))f) (m) dm)

lh=0

(7.25) E=P peok(l)
- 0; d
y (1., Pe@r) () am) 5

= Ea,' m m.
L [ e@n
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Here the first equality follows from the definition (7.7) of p(d;, %) ( /. pn) f (m) dm) and the

ln=0

choice (7.23) of p(t;,xp). Then the second equality follows from (7.16), and the final equality is
just continuity in A. 0
Remark 7.17. In the classical case .% := Oy, this is just Cappell-Shaneson’s recipe for the defini-

tion of the differential operators pE(a) described here geometrically in terms of the equivariant
Todd class td> (X) := td} ([0x]) € HT(X ;Q) (see [22][Theorem 2]). More precisely, the differ-
ential operator & =Y p<pPg - Ug € Q[[0),...,0,]][Ur] used in [53][6.2, page 622] and [22][page
888] maps under the homomorphism (7.5) to a presentation of the equivariant Todd class tdlT (X)=
Ye<p PE(t)[Voe]T € ﬁ{E(X ;Q). Indeed, the classes [V, | are the images of the elements Ug €
QI[01,---,]][UF] used in loc.cit., and the operators P € Q[[d\,...,d,]] are deduced in [22, 53]
from a representative T(E) € Q[[d1,...,d,]][Ur] mapping to the equivariant Todd class td> (X)
calculated via the equivariant version of Theorem 2.6. So we can choose pg to be the images of
these Pg in (/A\T)Q under (7.5). Hence, the presentation

p(ti,xp) == Z (mult(GE)- H xp> -pe(ti) € Q[[tr,...,tn,xp | p € £(1)]]

E=P peoe(l)

chosen here is exactly the image of & in Q[[t1, ... ,#,]]{[xp]]-
In this case, when .% := Oy, the right hand side of (7.24) becomes Y.,,cp f (m) by Example
5.23. Specializing further to f = 1 yields then the classical formula (see, e.g., [30][page 112]):

(7.26) |PNM| = Z rg - vol(E)
E=P

with rg = pg, (0) the constant coefficient of pg, and

(7.27) td.(X) =Y relVe] € H (X;Q)
E<P

the non-equivariant version of

(7.28) W ([0x]) = Y pe(t) Vo]t € Hi(X;Q).
EXP

When 7 := @y, the right hand side of (7.24) becomes Y.,,cin(p)npr f(m) by Example 5.24.
Moreover, here we can choose

(7.29) Wl ([ox])) = ¥ pe(—)-(~1)CMM By, 10 € Bi(X;Q),
E=P

by Remark 3.25, with pg(#;) as in (7.28). Specializing further to f = 1 yields the formula
(7.30) Int(P)NM| = Y (—1)CUME) o yol(E),
E=P
with rg as in (7.27).
Example 7.18. Here we list further specializations of formula (7.24) for appropriate choices of

7] € KF(X). resp.. [#] € KF (X)), with W7 (1F)) = Fozp pr () [Vey |z € Hp(X:Q). resp.
H*( Q)][y] for some elements pg(1;) € H 1(pt;Q), resp., Hy(pt; Q) [y].
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(1) For [7] = mC;T (X) € Ky (X)[y], (7.24) becomes by equation (6.7):
Y [ e@pmdn= ¥ 149 ¥ fm).
Exp’E E"=P meRelint(E")\M

(2) For [ZF] =mC{ (U — X]) € K, (X), with U = X \ Dk the open complement of the divisor
Dk = U;ex Di and D; := Dp,, (7.24) becomes by equation (5.27):

0; m) dm = m).
L Jee@inman= 3 fm)

Here PX is the set obtained from P by removing the facets F; for i € K. More generally, for
[7] = mC ([U — X]) € Ky (X)[y]. (7.24) becomes by equation (6.11):

Y [ ey myam= ¥ (149 Y fm),
E=<P’E E"=<PK meRelint(E")N\M
(3) For [F] = [(ig)«0v,] € KE)T(X), with V5 = Vi, the closure of the orbit of o in X = Xp
corresponding to the face E’ of P, (7.24) becomes by equation (5.31):
Y [ pe@n)mydn= ¥ fm).
E=<P’E meRelint(E')\M
(4) For [F]| = [(is)«Ov,] € KE(X), with Vo = Vi, the closure of the orbit of ¢ in X = Xp
corresponding to the face E’ of P, (7.24) becomes by equation (5.35):
Y [ pe@)f)mydm= Y flm).
E<p’E meE'NM
More generally, for [#]| = (ic)*mC;r (Vo) € K (X)[y], (7.24) becomes by equation (6.16):
Y [ e@nmydn= ¥ (149" ¥ fm).
E=<PE E"=<E' meRelint(E")N\M
O

7.3. Generalized Reciprocity for Dedekind Sums via Euler-Maclaurin formulae. We con-
clude this paper with the following application of formula (7.24), with D replaced by (1 + y)D.

Corollary 7.19. In the context of Theorem 7.16, we have an equality of polynomials in 1+,

I, [, (e @)m am

(7.31) ;
=Y (Z(—l)"-dim@H"(X;ﬁx((l+y)D)®ﬂ)xm) - f(m).
meM \i=0
When evaluating these polynomials at zero (i.e., for y = —1), one gets the following identity:
(7.32) Y (P(@)f)(0) =} (Z(—l)" dime H"(X;ﬁf)x—m) - f(m).
veP meM \i=0

where the left hand sum is over the vertices of P.
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Proof. The right hand sides of the above expressions are calculated in Corollary 5.4. For the left
hand side of (7.31), note that for a given face E of P, if f is a homogeneous polynomial of degree
dy, and p(d;) is a homogeneous differential operator of degree d < dy, then

(733 [ (p(@0f) () dm= (1) E 4574 [ (p(3)f) (m) dim.
This explains the polynomial behavior of the left hand side of (7.31), and it yields (7.32) upon
evaluation at zero (since by letting y = —1, all terms on the right hand side of (7.33) vanish except
for dim(E) = 0 and d = dy). O
Example 7.20. If .# = Ox in (7.32), one gets by Example 3.17 the following identity:
(7.34) Y (pv(9)£) (0) = £(0).

veP

For instance, in the case of lattice polygones, this formula yields generalizations of reciprocity
laws for classical Dedekind sums (using, e.g., the explicit description of the operators p,(d;) from
[22][page 889]). Details will be explained in forthcoming work. U
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