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Chapter 1

Selected topics in Homology

Note: Knowledge of simplicial and singular homology will be assumed.

1.1 Cellular Homology

1.1.1 Degrees
Definition 1.1.1. The degree of continuous map f : S™ — S™ is defined as:

deg f = f.(1) (1.1.1)

where 1 € Z denotes the generator, and f, : H,(S") = Z — H,(S™) = Z is the homomor-
phism induced by f in homology.

The degree has the following properties:
1. deg tdgn = 1.

Proof. This is because (idgn ). = id which is multiplication by the integer 1. O]
2. If f is not surjective, then deg f = 0.

Proof. Indeed, suppose f is not surjective, then there is a y ¢ Imagef. Then we can
factor f in the following way:

sm—L s gn

S"\{y}

Since S —{y} = R"™ which is contractible, H,(S™\ {y}) = 0. Therefore f. = h.g. = 0,
so deg f = 0. [



. If f = g, then deg f = degyg.

Proof. This is because f, = g.. Note that the converse is also true (by a theorem of
Hopf). O

. deg(go f) =degg-degf.
Proof. Indeed, we have that (go f). = g« o f.. O
. If f is a homotopy equivalence (so there exists a g so that gof ~ idgn), then deg f = £1.

Proof. This follows directly from 1, 3, and 4 above, since f o g = idg» implies that
deg f - deg g = degidgn = 1. [

Ifr o S™ — S™ s a reflection across some n-dimensional subspace of R*™!, that is,
r(zo,...xn) — (—xo, 1, ..., 2,), then degr = —1.

Proof. Without loss of generality we can assume the subspace is R” x {0} ¢ R*L.
Choose a CW structure for S™ whose n-cells are given by A} and A%, the upper
and lower hemispheres of S™, attached by identifying their boundaries together in the
standard way. Then consider the generator of H, (S™): [A} — A}]. The reflection map
r maps the cycle A} — A% to Ay — Al = — (AP — Af). So

r([AT = Ag]) = [Ay = AT = [=(A] = AF)] = —1-[A] = Aj]
so degr = —1. O]
. Ifa: 8™ — S™ is the antipodal map (z — —xz), then dega = (—1)"*!

Proof. Note that a is a composition of n+1 reflections, since there are n+1 coordinates
in z, each getting mapped by an individual reflection. From 4 above we know that
composition of maps leads to multiplication of degrees. O]

CIff: S — 8™ and Sf: St — 8™ s the suspension of f then deg Sf = deg f.
Proof. Recall that if f: X — X is a continuos map and
XX =X x [-1,1]/(X x {-1}, X x {1})

denotes the suspension of X, then Sf := f xid|_1 1)/ ~, with the same equivalence as
in XX. Note that 5" = S"*!,
The Suspension Theorem states that

Hi(X) = Hi 1 (2X).

W



This can be proved by using the Mayer-Vietoris sequence for the decomposition
YX =0, XUy (C_X,

where C', X and C_X are the upper and lower cones of the suspension joined along
their bases:

— Hyy (C1X) @ Hyy (C_X) = Hp 1 (BX) = Hy(X) = Hy(CLX) & Hy(C_X) —

Since C; X and C_X are both contractible, the end groups in the above sequence are
both zero. Thus, by exactness, we get H;(X) = H;1(3X), as desired.

Let C.S™ denote the upper cone of ¥.5™. Note that the base of C. 5™ is S"x{0} C ¥.5™.
Our map f induces a map C, f : (C.S™,S") — (CLS™,S™) whose quotient is Sf. The
long exact sequence of the pair (C',.S™, S™) in homology gives the following commutative
diagram:

0 —> Hy41(CLS", 8") =~ Hiyy(CLS"/S™) > H(S") —> 0

\L(Sf)* l/f*

Hipy (S™) —> Hi(S")
Note that C,S"/S™ = S"! g0 the boundary map 9 at the top and bottom of the
diagram are the same map. So by the commutativity of the diagram, since f, is
defined by multiplication by some integer m, then (S f), is multiplication by the same
integer m. [

Example 1.1.2. Consider the reflection map: r, : S — S™ defined by (zo, ..., z,) —

(—xo, 21, ..., x,). Since 1, leaves x4, xq, . .., x, unchanged we can unsuspend one at a
time to get

degr, =degr, 1 =---=degry,
where r; @ S* — S* by (zo,71,...,7) = (=20, %1,...,7). Sorg : S — SO by

x9 — —x. Note that S is two points but in reduced homology we are only looking
at one integer. Consider

0 — Ho(S%) — Ho(S°) S Z — 0

where Hy(S°) = {(a,—a) | a € Z}, Hy(S°) = Z& Z, and € : (a,b) = a+b. Then
(10)s : Ho(S%) — Hy(S®) is given by (a, —a) — (—a,a) = (=1)(a, —a). So degr, = —1.

. If f: 8™ — 8™ has no fixed points then deg f = (—1)""1.

Proof. Consider the above figure. Since f(x) # x, the segment (1—t) f(x)+t(—x) from
—x to f(z) does not pass through the origin in R"*! so we can normalize to obtain a
homotopy:
(1 —t)f(x) +t(—2)
gi(x) = St — S
T @) + o)




gn
f(x)

Note that this homotopy is well defined since (1 —t) f(x) — tz # 0 for any = € S™ and
t € [0, 1], because f(x) # x for all z. Then g, is a homotopy from f to a, the antipodal
map. O

Exercises

1. Let f: 8" — S™ be a map of degree zero. Show that there exist points x,y € S™ with
f(z) =z and f(y) = —y.

2. Let f: S* — S?" be a continuous map. Show that there is a point z € S** so that
either f(z) =z or f(z) = —uz.

3. Amap f:S™ — S satisfying f(x) = f(—z) for all x is called an even map. Show that
an even map has even degree, and this degree is in fact zero when n is even. When n is odd,
show there exist even maps of any given even degree.

1.1.2 How to Compute Degrees?

Assume f : S™ — S" is surjective, and that f has the property that there exists some
y € Image(S™) so that f~'(y) is a finite number of points, so f~'(y) = {z1, 29, ...,Tm}
Let U; be a neighborhood of x; so that all U;’s get mapped to some neighborhood V' of y.
So f(U; — x;) C V —y. We can choose the U; to be disjoint. We can do this because f is

continuous.
@ Ty
@@%/

Let f|uy, : Ui — V be the restriction of f to U;. Then:



Ho (UL U — ;) L5 H(V,V —y)

¢l (excision) ¢l (excision)
H,(S™, S™ — x;) H,(S™ S™—vy)
Ules. Ules.
H,(S™) H,(5™)
i i
7 7

Define the local degree of f at x;, deg f,,, to be the effect of f, : H,(U;,U;—x;) — H,(V,V—y).
We then have the following result:

Theorem 1.1.3. The degree of f equals the sum of local degrees at points in a generic fiber,
that is,

degf=) degf

=1

Zj*

Proof. Consider the commutative diagram, where the isomorphisms labelled by “exc" follow
from excision, and “l.e.s" stands for a long exact sequence.

72 Hy(U, Ui — 33) — 2> H (V,V —y) 2 Z

. exc
/ kl = | exc

7= H,(S", 8" — z;) £ H,(S", S" — f Y y)) —L—> H,(S", 5" — y)

U exc

@?;1 Hn(Ui7 Ui — il‘z) ~|les.
l.e.s./rj
7 2 H,(S") I H,(S") ~7Z

: deg f‘xz
By examining the diagram above we have:

ki(1) = (0,...,0,1,0,...,0)
where the entry 1 is in the ith place. Also, P; o j(1) =1, for all 4, so

The commutativity of the lower rectangle gives:
deg f = f.j(1) = f*(Zki(l)) => £0,...,0,1,0,...,0) = > deg fla,
i=1 i=1 i=1
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Thus we have shown that the degree of a map f is the sum of its local degrees. O]

Example 1.1.4. Let us consider the power map f : S' — St f(x) = 2%, k € Z. We claim
that deg f = k. We distinguish the following cases:

e If £ =0 then f is the constant map which has degree 0.

e If £ < 0 we can compose f with a reflection r : S' — S* by (z,y) — (z,—y). This
reflection has degree —1. So since composition leads to multiplication of degrees, we
can assume that £ > 0.

e If k > 0, then for all y € S*, f~!(y) has k points (the k roots), call them xy, zs, . .., x4,
and f has local degree 1 at each of these points. Indeed, for the above y € S™ we can
find a small open neighborhood centered at y, call this neighborhood V', so that he
pre-images of V' are open neighborhoods U; centered at each xz;, with f|y, : U; — V a
homeomorphism (which has possible degree 4+1). In this case, these homeomorphisms
are a restriction of a rotation, which is homotopic to the identity, and thus the degree
of fly, is 1 for each 1.

So the degree of f is indeed k. Note that this implies that we can construct maps S™ — S"
of arbitrary degrees for any n, simply by suspending the power map f.

1.1.3 CW Complexes

Let us recall some notation from the theory of CW complexes. A CW complex X can be
written as
X =U,X,,

where X, is the n-skeleton, which contains all cells up to and including dimension n. Then

X, = X, 1 11, D}/ ~

with the identification = € 9D} ~ p%(z), for D} = S™1 2%, X,_; the attaching map of
the n-cell. So we are gluing the boundary of n-cells to X,,_; according to the attaching map
©a- A CW complex is endowed the weak topology: A C X is open <— AN X, is open for
any n. An n-cell will be denoted by e} = Int(DY}). One can think of X as a disjoint union
of cells of various dimensions, or as II, D%}/ ~, where ~ means that we are attaching the
cells via their respective attaching maps.

A CW complex X is finite if it has finitely many cells, so there is a cell of maximum
dimension and the dimension of X can be defined. A CW complex is of finite type if it has
finitely many cells in each dimension. Note that a CW complex of finite type may have cells
in infinitely many dimensions. If X = U, X,, and X,, = X, for all m > n for some n, then
X = X, and we say that the skeleton stabilizes.



Example 1.1.5. On the n-sphere S we have a CW structure with one O-cell (€°) and one
n-cell (e"). The attaching map for the n-cell is ¢ : S*1 = D" — point. There is only
one such map, the collapsing map. Think of taking the disk D™ and collapsing the entire
boundary to a single point, giving S™.

Example 1.1.6. A different CW structure on S™ can be constructed so that there are two
cells in each dimension from 0 to n. Start with Xy = S° = {e,e5}. Then X; = S! where
the two 1-cells DI, D} are attached to the O-cells by homeomorphisms on the boundary.
Similarly, two 2-cells can be attached to X; = S' by homeomorphism on the boundary
giving X, = S?. Keep working in this manner adding two cells in each new dimension. Note
that if we identify each pair of cells in the same dimension by the antipodal map, we get a
CW structure on RP™ with one cell in each dimension from 0 to n.

Example 1.1.7. The complex projective space CP™ = C"*1/C* is identified with the col-
lection of complex lines through the origin. So we write CP™ = {[2,...,2,]} where
(205 .-y 2n) = (20 ...t 2n) ~ (Az0 : ... 1 Az,). We have that

CcpP"~CP" ‘U, D>,

where ¢ : D" — CP™ is given by

(z1:oizn) = | 2,0t 2

n
1= JaP
=1

The attaching map of the 2n-cell is ¢ = ©|gzn-1 : S?*~1 — CP"L. Tt follows that CP" has
a CW structure with one cell in each even dimension 0,2, ..., 2n.

1.1.4 Cellular Homology

Let us start with the following preliminary result:
Lemma 1.1.8. If X is a CW complex, then:

0 if k#n

7, # of n-cells Zf k=n.

(a) Hk(Xan—l) = {
(b) H(X,)=0if k >n.

(c) The inclusion i : X, — X induces an isomorphism Hy(X,) — Hp(X) if k < n.

Proof. (a) We know that X,, is obtained from X,,_; by attaching the n-cells (e}),. Pick a
point z at the center of each n-cell €}. Let A := X,, — {z,},. Then A deformation retracts

to X,,_1, so we have that
Hk(Xnv Xn—l) = Hk(Xnv A)



By excising X,,_1, the latter group is isomorphic to @yHy(DY, DY — {x,}). Moreover, the
homology long exact sequence of the pair (DY, DY — {z,}) yields that

7Z iHk=n

kaz,m—{m})%ﬁk_lws—l)%{O o

So the claim follows.

(b) Consider the following portion of the long exact sequence of the pair for (X,,, X,_1):
— Hy1 (X, Xno1) = Hip(Xpm1) = Hi(Xn) = Hg(Xn, Xom1) —

If k41 # n and k # n, we have from part (a) that Hy.1(X,, X,—1) = 0 and Hp(X,,, X,,—1) =
0. Thus Hg(X,-1) = Hg(X,). Hence if £ > n (so in particular, n # k + 1 and n # k), we
get by iteration that

Hp(X,) =2 Hip(Xpq) = -+ = Hi(Xo).

Note that X is a collection of points, so Hy(Xy) = 0. Thus when k > n we have Hy(X,,) =0
as desired.

(c) We only prove the statement for finite dimensional CW complexes. Let k£ < n and
consider the long exact sequence for the pair (X, 1, X,):

— Hk—i—l(Xn—i-l; Xn) — Hk(Xn) — Hk(Xn—H) — Hk(Xn+17 Xn) —

Since k < n we have k+1 # n+1 and k # n+1, so by part (a) we get that Hy1(X, 411, X,) =0
and Hy(X,11,X,) = 0. Thus Hi(X,,) = Hi(X,11). By repeated iterations, we obtain:

Since X is finite dimensional we know that X = X,,,; for some [. This proves the claim. [
In what follows we defined the cellular homology of a CW complex X in terms of a given

cell structure, then we show that it coincides with the singular homology, so it is in fact
independent on the cell structure. Cellular homology is very useful for computations.

Definition 1.1.9. The cellular homology HEW (X) of a CW complex X is the homology of
the cellular chain complex (C.(X),d,) indexed by the cells of X, i.e.,

Co(X) = Hp (X, Xpy) = Z#eells) (1.1.2)

10



and with differentials d,, : C,,(X) — C,—1(X) defined by the following diagram:

H,(X,11,X,) =0

e \ /H )= )
/ \
TL d’l’L
HnJrl XnJrlaXn) = Xann 1) anl(anlaanl)
anl(anl)

/

H, 4 (anQ) =0

The diagonal arrows are induced from long exact sequences of pairs, and we use Lemma
1.1.8 for the identifications H,(X,_1) =0, H,_1(X,,—2) = 0 and H,(X,11) = H,(X) in the

diagram. In the notations of the above diagram, we now set:
dn :jn,loan Cn(X) —>Cn,1(X>, (113)
and note that we have
dyod,r1 =0. (1.1.4)

Indeed,
dnodnJrl :jnfl Oﬁnojno n+1l — 0

since J, o j, = 0 as the composition of two consecutive maps in a long exact sequence. So
(C.(X),d,) is a chain complex.

The following result asserts that cellular homology is independent on the cell structure
used for its definition:

Theorem 1.1.10. There are isomorphisms
HW(X) = Hy(X)
for all n, where H,(X) is the singular homology of X .

Proof. Since H,(X,+1,X,) = 0 and H,(X) = H,(X,+1), we get from the diagram above
that
H,(X)= H,(X,)/keri, = H,(X,)/Image 0,1.

11



Now, H,(X,) = Image j, = ker 0, = kerd,. The first isomorphism comes from j, being
injective, while the second follows by exactness. Finally, ker 9,, = ker d,, since d,, = j,,_1 00,
and 7,1 is injective. Also, we have Image 0,1 = Image d,,1. Indeed, d,,+; = J, 0 0,,+1 and
Jn 1s injective.
Altogether, we have
H,(X) = H,(X,)/Image 0,1 = kerd,, /Tmage d,,, = H"" (X)

So we have proved the theorem. O

Let us now discuss some immediate consequences of the above theorem.

(a) If X has no n-cells, then H,(X) = 0.
Indeed, in this case we have C, = H,(X,, X,,_1) =0, so HS" (X) = 0.

(b) If X is connected and has a single 0-cell then dy : C; — Cqy is the zero map.
Indeed, since X contains only a single O-cell, C; = Z. Also, since X is connected,
Hy(X) = Z. So by the theorem above Z = Hy(X) = kerdy/Image dy = Z/Image d;.
This implies that Image d; = 0, so d; is the zero map as desired.

(¢) If X has no two cells in adjacent dimensions then d,, = 0 for alln and H, (X)) = Z#n—clls
for all n.
Indeed, in this case all maps d,, vanish. So for any n, HSW (X) = C,, = 7#n—clls,

Example 1.1.11. Recall that CP™ has one cell in each dimension 0,2,4,...,2n. So CP"
has no two cells in adjacent dimensions, meaning we can apply Consequence (¢) above to
say:

Z  ifi=0,2,4,...,2
Hi((CP”):{ TSR

0 otherwise.
Example 1.1.12. When n > 1, S™ x S™ has one 0-cell, two n-cells, and one 2n-cell. Since

n > 1, these cells are not in adjacent dimensions so again Consequence (c¢) above applies to
give:

7 1=20,2n
H;(S™ x S™) = Z? i=n
0 otherwise.

In the remaining of this section, we discuss how to compute in general the maps
dn . Cn(X) — Z#n—cells N Cn—l(X) _ Z#(n—l)—cells

of the cellular chain complex. Let us consider the n-cells {e}, as the basis for C,(X) and
the (n — 1)-cells {eg_l}g as the basis for C,,_1(X). In particular, we can write:

dn(e) =Y dap - €5,
B
with d,p € Z. The following result provides a way of computing the coefficients d,z:

12



Theorem 1.1.13. The coefficient d,p is equal to the degree of the map Ay g: St — Sg_l
defined by the composition:

n—1 collapse

- Yo
Sut=0e} = Xy = Xn o 10 €]

«

X1/ (Xn-a Uyzp €)7') = 857,

where ¢ is the attaching map of e, and the collapsing map sends X,_o ]_[7#3 62*1 to a
point.

Proof. We will proceed with the proof by chasing the following diagram, and we note that
the map A, is defined so that the top right square commutes.

Aaﬁ*

H,(Dp, St 2 H, 1 (S27Y) H,y(S57Y)

\4’? ou " T%
Col(X) 2 Hy i (Xpt) — 5 Hy i (X1 [ Xe) = @i (/05
\ n—1 lw
Jx -
~ X1 X,—
Cn71<X> = Hn( - 2)

Xn—2 ’ Xn—2

Recall that our goal is to compute d,(e”). The upper left square is natural and therefore
commutes (it is induced by the characteristic map @ : (D*, S* 1) — (X,, X,_1) of a cell),
while the lower left triangle is part of the exact diagram defining the chain complex C,(X)
and is defined to commute as well. Appealing to naturality, the map ® gives a unique D}
so that ®"(D?) = €. Since the top left square and the bottom left triangle both commute,
this gives that

d(en) = 307" o 0 O(DY).
Looking to the bottom right square, recall that since X is a CW complex, (X, X,,_1) is a
good pair. This gives the isomorphism C,_1(X) = H,_1(X,_1, X;_2) =~ ﬁ[n_l(Xn_l/Xn_Q)
But, we similarly have ]:In_1<Xn_1/Xn_2) ~ H, (X 1/Xn_2, X, _2/Xn_2), where the iso-
morphism is induced by the quotient map ¢ collapsing X, _».
The bottom right square commutes by the definition of ;7! and ¢,, from which it follows
that
dn(€3) = q. 0 @it 0 O(DY),

13



where formally we should precompose in the left hand side with the isomorphism between
Cn_1(X) and H,_1(X,_1/X,_5) so that everything is in the same space. This last map takes
the generator Dy to some linear combination of generators in @/51{[“,1(62_1 / 862_1). To see
which generators it maps to, we project down to the 5 summands to obtain

dn(€l) = qsugupis ' ODS.
E

As noted before, we have defined A, g, = qﬂ*q*goggl. So writing
dn(€3) =Y Dap.0D},
B

we see from the definition of the above maps that A,g, is multiplication by d,g. O]

Example 1.1.14. Let M, be the close oriented surface of genus g, with its usual CW
structure: one 0O-cell, 2¢ 1-cells {ay,b,--- a4, by}, and one 2-cell attached by product of
commutators [ay, b1] - - - [ag, by]. The associated cellular chain complex of M, is:

d3 da do

0 Y/ 729 7 0

Since M, is connected and has only one O-cell, we get that d; = 0. We claim that dj is also
the zero map. This amounts to showing that dy(e) = 0, where e denotes the 2-cell. Indeed,
let us compute the coefficients d.,, and dg, in our degree formula. As the attaching map
sends the generator to alblaflbfl...agbgag_lbgl, when we collapse all 1-cells (except a;, resp.
b;) to a point, the word defining the attaching map alblal_lbl_l...agbgag_lbg_l reduces to a;a; '

and resp. bb;'. Hence de,, = 1 — 1 = 0. Similarly, d, = 1 — 1 = 0, for each i. Altogether,
dg(e):al—l—bl—al—bl+~~-ag+bg—ag—bg:0.

So the homology groups of M, are given by

7 i=0,2
Hn(Mg) = 7% i=1
0 otherwise.

Example 1.1.15. Let N, be the closed nonorientable surface of genus g, with its cell struc-
ture consisting of one 0-cell, g 1-cells {ay, -+ ,a,}, and one 2-cell e attached by the word
ar--- af]. The cellular chain complex of N is given by

d3 d2 dl dO

0 Z Z° Z 0

As before, d; = 0 since N, is connected and there is only one cell in dimension zero. To
compute dy : Z — 79 we again apply the cellular boundary formula, and obtain



since each a; appears in the attaching word with total exponent 2, which means that each
map A,z is homotopic to the map z — 2% of degree 2. In particular, d, is injective, hence
Hy(N,) = 0. If we change the standard basis for Z? by replacing the last standard basis
element e, = (0,---,0,1) by e/,(1,--- 1), then dy(1) =2- €, so

Hy(N,) 2 7° [Tmage dy = 79 /27 2 797" & 7,)2.

Altogether,
Z i=0
H,(N,) =72 o7, i=1
0 otherwise.

Example 1.1.16. Recall that RP" has a CW structure with one cell e* in each dimension
0 < k < n. Moreover, the attaching map of e¥ in RP" is the two-fold cover projection
@ : S¥1 — RP*!. The cellular chain complex for RP" looks like:

dn di do

02l 7 W/ Z 0

To compute the differential d, we need to compute the degree of the composite map
A S £ RpFT L RPFL/RPF2 = SEL

The map A is a homeomorphism when restricted to each component of S¥=1\ S*=2 and
these homeomorphisms are obtained from each other by precomposing with the antipodal
map a of S¥~1 which has degree (—1)*. Hence, by our local degree formula, we get that:

deg A = degid + dega = 1+ (—1)".

In particular,
0 ifkisodd
dy, = e
2 if k is even,

and therefore we obtain that
Zo ifkisodd, 0<k<n
Hy(RP")=<Z k=0, and k =n odd

0 otherwise.

Finally, note that an equivalent definition of the above map A is obtained by first collapsing
the equatorial S*~2 to a point to get S*~! Vv S¥~! and then mapping the two copies of S**
onto S*~1, the first one by the identity map, and the second by the antipodal map.
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Exercises

1. Describe a cell structure on S™ vV S™V --- Vv S™ and calculate H,(S™V S™V ---V S™).

2. Let f:S™ — S™ be a map of degree m. Let X = 5™ U; D" be a space obtained from
S™ by attaching a (n + 1)-cell via f. Compute the homology of X.

3. Let GG be a finitely generated abelian group, and fix n > 1. Construct a CW-complex X
such that H,(X) 2 G and H;(X) = 0 for all i # n. (Hint: Use the calculation of the previous
exercise, together with know facts from Algebra about the structure of finitely generated
abelian groups.) More generally, given finitely generated abelian groups Gi,Gs,- - , G,
construct a CW-complex X whose homology groups are H;(X) = G;, i = 1,--- ,k, and
Hy(X)=0forallid{1,2,--- k}.

4. Show that RP® and RP*V S° have the same homology and fundamental group. Are these
spaces homotopy equivalent?

5. Let 0 < m < n. Compute the homology of RP"/RP™.

6. The mapping torus Ty of a map f : X — X is the quotient of X x [

X x1I
(2,0) ~ (f(z),1)

Let A and B be copies of S, let X = AV B, and let p be the wedge point of X. Let
f X — X be amap that satisfies f(p) = p, carries A into A by a degree-3 map, and carries
B into B by a degree—5 map.

Ty =

(a) Equip Ty with a CW structure by attaching cells to X Vv S*.
ompute a presentation of .

b) C i fm (T}

(c) Compute Hy(T;Z).

16



7. The closed oriented surface M, of genus g, embedded in R? in the standard way, bounds
a compact region R. Two copies of R, glued together by the identity map between their
boundary surfaces M,, form a space X. Compute the homology groups of X and the relative
homology groups of (R, M,).

8. Let X be the space obtained by attaching two 2-cells to S!, one via the map z — 23 and
the other via z — 2°, where z denotes the complex coordinate on S' C C.

(a) Compute the homology of X with coefficients in Z.

(b) Is X homeomorphic to the 2-sphere S?? Justify your answer!

17



1.2 Euler Characteristic

Definition 1.2.1. Let X be a finite CW complex of dimension n and denote by ¢; the number
of i cells of X. The Fuler characteristic of X s defined as:

X(X) =) (-1 e (1.2.1)
=0
It is natural to question whether or not the Euler characteristic depends on the cell
structure chosen for the space X. As we will see below, this is not the case. It suffices to
show that the Euler characteristic depends only on the cellular homology of the space X.
Indeed, cellular homology is isomorphic to singular homology, and the latter is independent
of the cell structure on X.
Recall that if G is a finitely generated abelian group, then G decomposes into a free part
and a torsion part, i.e.,

GZ" XLy XL,

The integer r := rk(G) is the rank of G. The rank is additive in short exact sequences of
finitely generated abelian groups.

Theorem 1.2.2. The Euler characteristic can be computed as:

X(X) =) (=) - bi(X) (1.2.2)
i=0
with b;(X) := rkH;(X) the i-th Betti number of X. In particular, x(X) is independent of
the chosen cell structure on X.

Proof. We will follow the following notation: B; = Image(d;y1), Z; = ker(d;), and H; =
Z;/B;. Consider a chain complex of finitely generated abelian groups and the short exact
sequences defining homology:

dn do di do

02l

C 0

Co

The additivity of rank yields that
C; i — rkCl = I'kZZ + I'kB,L',l

and
rkZ; = rkB; + rkH,.
Substitute the second equality into the first, multiply the resulting equality by (—1)¢, and
sum over i to get that x(X) =" (=1)" - rkH,.
Finally, apply this result to the cellular chain complex C; = H;(X;, X;—1) and use the
identification between cellular and singular homology. O
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Example 1.2.3. If M, and N, denote the orientable and resp. nonorientable closed surfaces
of genus g, then x(M,) =1—-2g+1=2(1—-g)and x(Ny,) =1—g+1=2—g. So all the
orientable and resp. non-orientable surfaces are distinguished from each other by their Euler
characteristic, and there are only the relations x(M,) = x(Nzg).

Exercises

1. A graded abelian group is a sequence of abelian groups A, := (A,)n>0. We say that A,
is of finite type if
Z rankA,, < oo.

n>0

The FEuler characteristic of a finite type graded abelian group A, is the integer

X(A4,) == Z(—l)” -rankA,,.

n>0
A short exact sequence of graded groups A,., B., C,, is a sequence of short exact sequences
0—A,—B,—~C,—0, n>0.

Prove that if 0 - A, — B, — Cy — 0 is a short exact sequence of graded abelian groups of
finite type, then

X(Bs) = x(A4s) + x(Cs).

2. Suppose we are given three finite type graded abelian groups A,, B., Co, which are part
of a long exact sequence

Show that
X(B.) = x(As) + x(Cs).

3. For finite CW complexes X and Y, show that
X(X xY) =x(X) - x(Y).

4. If a finite CW complex X is a union of subcomplexes A and B, show that
X(X) = x(4) + x(B) = x(AN B).

5. For a finite CW complex and p : Y — X an n-sheeted covering space, show that

x(Y) = n- x(X).

6. Show that if f : RP*® — Y is a covering map of a CW-complex Y, then f is a homeo-
morphism.
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1.3 Lefschetz Fixed Point Theorem

Recall that if G is a finitely generated abelian group, then G decomposes into a free part

and a torsion part, i.e.,
GxZ" XLy XL,

Here r = rk(G) and Torsion(G) := x¥_,Z,.. Given an endomorphism ¢ : G — G, define its
trace by
Tr(p) =Tr (¢ : G/Torsion(G) — G/Torsion(G)) (1.3.1)

where the latter trace is the linear algebraic trace of the map ¢ : Z" — Z".

Definition 1.3.1. If X has the homotopy type of a finite simplicial or cellular complex and
f: X — X, then the Lefschetz number of f is defined to be

T(f) =Y (=)' Te(fo : Hi(X) = Hi(X)). (1.3.2)

)

Remark 1.3.2. Notice that homotopic maps have the same Lefschetz number since they
induce the same maps on homology.

Example 1.3.3. If f ~idy, then 7(f) = x(X). This follows from the fact the map induced
in homology by the identity map is the identity matrix and that the trace of the identity
matrix in this case is the corresponding Betti number of X.

Theorem 1.3.4. (Lefschetz)
If X is a retract of a finite simplicial (or cellular) complex and if f : X — X satisfies
7(f) #0, then f has a fized point.

Before proving this theorem, let us consider a few examples.

Example 1.3.5. Suppose that X has the homology of a point (up to torsion). Then
7(f) =Tr (fe: Ho(X) = Ho(X)) = 1.

This follows from the fact that all the other homology groups are zero and that the map
induced on Hj is the identity.

This example leads immediately to two nontrivial results, the first of which is the Brouwer
fixed point theorem.

Example 1.3.6. (Brouwer) If f: D" — D" is continuous then f has a fixed point.

Example 1.3.7. If X = RP?" then modulo torsion X has the homology of a point. Therefore
any continuos map f : RP*® — RP?" has a fixed point.

Finally we are led to an example which does not follow from the computation for a point.
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Example 1.3.8. If f : S — S™ is a continuos map and deg(f) # (—1)"*!, then f has a
fixed point. To verify this, we compute

7(f) =Tr(fs : Ho(S") — Ho(S™)) + (=1)" - Te(fs : Ha(S™) = Hn(S™))
=14 (=1)" - deg(f)
£ 0.

Corollary 1.3.9. Ifa: S™ — S™ is the antipodal map, then deg(a) = (—1)"*1.
Now we return to outlining the proof:

Definition 1.3.10. If K and L are simplicial complexes and f : K — L is a linear map
which sends each simplex of K to a simplex in L so that vertices map to vertices, then f is
said to be simplicial.

Note that a simplicial map is uniquely determined by its values on vertices. The simplicial
approximation theorem asserts that given any map f from a finite simplicial complex to an
arbitrary simplicial complex, we can find a map ¢ in the homotopy class of f so that ¢ is
simplicial in the above sense with respect to some finite iteration of barycentric subdivisions
of the domain.

Theorem 1.3.11. If K is a finite simplicial complex and L is an arbitrary simplicial com-
plex, then for any map f : K — L there is a map in the homotopy class of f which is
simplicial with respect to some interated barycentric subdivision of K.

The proof of this result is omitted. We now proceed to the Lefschetz theorem.

Proof. (sketch)
Let us suppose that f has no fixed points. The general case reduces to the case when X is a
finite simplicial complex. Indeed, if r : K — X is a retraction of a finite simplicial complex K
onto X, the composition for: K — X C K has exactly the same fixed points as f and since
r. : Hi(K) — H;(X) is projection onto a direct summand, we have that Tr(f.or,) = Tr(f.),
so 7(for) =7(f). We therefore take X to be a finite simplicial complex.

X is compact and there exists a metric d on X so that d restricts to the Euclidean metric
on each simplex of X; choose such a metric. If f has no fixed points, we can find a uniform e
for which d(z, f(x)) > € by the standard covering trick. Via repeated barycentric subdivision
of X we can construct L so that for each vertex, the union of all simplicies containing that
vertex has diameter less than 5. Applying the simplicial approximation theorem we can find
a subdivision K of L and a simplicial map g : K — L so that g lies in the homotopy class
of f. Moreover, we may take g so that f(o) lies in the subcomplex of X consisting of all
simplicies containing o. Again, by repeated barycentric subdivision we may choose K so
that each simplex in K has diameter less than §. In particular then g(o) No = () for each
o € K. Notice 7(g9) = 7(f) since f and g are homotopic.

Since g is simplicial, K, maps to L, (that is, g sends n-skeletons to n-skeletons). We

constructed K as a subdivision of L so that ¢(K,) C K, for each n.
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We will use the algebraic fact that trace is additive for short exact sequences to show
that we can replace H;(X) with H;(K;, K;_1) in our computation of the Lefschetz num-
ber. By essentially the same argument as was used above in the computation of the Euler
characteristic and using this fact we obtain that

7(g) = Z(_l)i “Tr(ge + Hi( Ky, K1) = Hi(KG, Kiq))

We have a natural basis for H;(K;, K;_1) coming from the simplicies ¢* in K;. But since
glo)No = 0 it follows that Tr(g. : H;(K;, K;—1) — H;(K;, K;_1)) = 0 for each i. So
r(f) = 7(g) = 0.

The cellular case is proved similarly, using instead a corresponding cellular approximation
theorem.

O

Exercises

1. Is there a continuous map f : RP*~! — RP*~! with no fixed points? Explain.

1. Is there a continuous map f : CP*~1 — CP*~! with no fixed points? Explain. We will
see later that any map f : CP** — CP?* has a fixed point.
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1.4 Homology with General Coefficients

Let G be an abelian group and X a topological space. We define the homology of X with G
coefficients, denoted H,(X;G), as the homology of the chain complex

Ci(X:G) = Ci(X)® G (1.4.1)

consisting of finite formal sums ), n; - 0; (0 : A; = X, n; € G), and with boundary maps
given by

Since §; satisfies 0; 0 0;41 = 0 it follows that 9% 0 9%, = 0, so (C.(X; @), %) forms in-
deed a chain complex. We can construct versions of the usual modified homology groups
(relative, reduced, etc.) in the natural way. Define relative chains by C;(X, A;G) =
Ci(X;G)/Ci(A; G), and reduced homology via the augmented chain complex

8 | oS ag oF ¢
B (X G) - 01X GE) = Co(X;G) — G — 0.

where €(>,mi0;) = >, m;. Notice that H;(X) = H;(X,Z) by definition.
By looking directly at the chain maps, it follows that
G i=0

Hilpt; &) = {0 i 0.

Nothing (other than coefficients) needs to change in our previous proofs about the relation-
ships between relative homology and reduced homology of quotient spaces so we can compute
the homology of a sphere as before by induction and using the long exact sequence of the
pair (D", S™) to be
H(5":G) = {G =0
0 otherwise.

Finally, we can build cellular homology in the same way, defining

CG(X) = Hi(XiaXi_l; G) — G# n—cells‘

]

The cellular boundary maps are given by:
dn(z Neen) = Z dagnaeg_l,
« a,fB

where d,g is as before the degree of a map A,p : S" ! — S™~!. This follows from the easy
fact that if f : S* — S* has degree m, then f, : Hp(S*;G) ~ G — Hy(S*;G) ~ G is the
multiplication by m. As it is the case for integers, we get

HY(X:G) ~ Hi(X;G)

for all 1.
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Example 1.4.1. We compute H;(RP";Z,) using the calculation above. Notice that over Z
the cellular boundary maps are d; = 0 or d; = 2 depending on the parity of ¢, and therefore
with Zs-coefficients all of boundary maps vanish. Therefore,

H;(RP": Zy) =
( 2) {0 otherwise.

Example 1.4.2. Fix n > 0 and let g : S™ — S™ be a map of degree m. Define the CW
complex

X =8"y, e,
where the (n + 1)-cell de™*! is attached to S™ via the map g. Let f be the quotient map

f:X — X/S" Define Y = X/S™ = S""1. The homology of X can be easily computed by
using the cellular chain complex:

02z g A, B g By
Therefore,
7 =
H(X;Z)=7Z,, i=n
0 otherwise.
Moreover, as Y = S""! we have
Z i=0,n+1

Hi(Y;Z) = { .
0 otherwise.

It follows that f induces the trivial homomorphisms in homology with Z-coefficients (except
in degree zero, where f, is the identity). So it is natural to ask if f is homotopic to the
constant map. As we will see below, by considering 7Z,,-coefficients we can show that this is
not the case.

Let us now consider H,(X;Z,,) where m is, as above, the degree of the map g. We return
to the cellular chain complex level and observe that we have

do

dn 2 dnt1 dn dy di
02y, Dy, A g g, g

Multiplication by m is now the zero map, so we get

Loy 1=0,n,n-+1

H,(X:Z,) =
( ) {O otherwise.

Also, as already discussesd,

Zy i=0n+1

0 otherwise.

H,(Y;Zy,) = {
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We next consider the induced homomorphism f. : H,11(X;Zp) = Hp11(X;Zy,). The
claim is that this map is injective, thus non-trivial map, so f cannot be homotopic to the con-
stant map. As noted before, we still have an isomorphism H,1(Y;Zy,) ~ Hp1(X, S™; Zy).
This leads us to consider the long exact sequence of the pair (X, S™) in dimension n+ 1. We

have
e Hy1 (5™ Zn) — Hd (X3 Zo) 5 Hy (X, 575 Z) — -

But, H,+1(S™;Z,,) = 0 and so f, is injective on H, 1(X;Z,,). Since H,11(X;Zy,) = Zp # 0
and H, 1 (X, 5" Zy) ~ H,1(Y; Zy,) it follows that f, is not trivial on H,1(X;Z,,), which
proves our claim.

Exercises

1. Calculate the homology of the 2-torus T2 with coefficients in Z, Z, and Zs, respectively.
Do the same calculations for the Klein bottle.
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1.5 Universal Coefficient Theorem for Homology

1.5.1 Tensor Products
Let A, B be abelian groups. Define the abelian group

A B={a®b|lac A, be B}/ ~ (1.5.1)

where ~ is generated by the relations (¢ +d) ®b = a®b+d ®b and a® (b+ V) =
a®b+a®?b. The zero element of A® Bis0®b=a®0=0®0 = 049p since, e.g.,
0®b=(0+0)®b=0b+0®bso 0®b = 04gp. Similarly, the inverse of an element a®¥ is
—(a®b) = (—a)®b=a® (—b) since, e.g., 0aep =0Rb=(a+(—a)) ®b=a®b+ (—a)®b.

Lemma 1.5.1. The tensor product satisfies the following universal property which asserts
that if ¢ : A x B — C is any bilinear map, then there exists a unique map p: A® B — C
such that ¢ =P oi, wherei: A X B — A® B is the natural map (a,b) — a ® b.

AxB—>A®

®
=1l
\v

C
Proof. Indeed, ¥ : A® B — C can be defined by a ® b — ¢(a,b). ]

Proposition 1.5.2. The tensor product satisfies the following properties:
(1) A® B= B® A via the isomorphism a @ b — b ® a.
(2) (B, Ai) ® B=@,(A; ® B) via the isomorphism (a;); ® b+ (a; ® b);.
(3) A® (B (C)=(A® B)® C via the isomorphism a @ (b® ¢) — (a ® b) & c.
(4) Z® A= A via the isomorphism n ® a — na.
(5) Z/nZ @ A= A/nA via the isomorphism | @ a — la.

Proof. These are easy to prove by using the above universal property. We sketch a few.

(1) Themap ¢ : Ax B — B® A defined by (a,b) — b®a is clearly bilinear and therefore
induces a homomorphism  : A® B - B® A with a ® b — b ® a. Similarly, there is the
reverse map ¢ : B x A — A ® B defined by (b,a) — a ® b which induces a homomorphism
Yp:BRA—> AR B withb®a — a®b. Clearly, Bo1 = idgga and ¢ 0 p = idagp and
A® B B® A.

(4) The map ¢ : Z x A — A defined by (n,a) +— na is a bilinear map and therefore
induces a homomorphism @ : Z ® A — A with n ® a — na. Now suppose $(n ® a) = 0.
Thenna =0and n®a =1® (na) = 1®0 = 0zg4. Thus P is injective. Moreover, if a € A,
then (1 ® a) = a and P is surjective as well.
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(5) Themap ¢ : Z/nZx A — A/nA defined by (I, a) — la is a bilinear map and therefore
induces a homomorphism @ : Z/nZ ® A — A/nA with | ® a — la. Now suppose p(l ® a) =
la = 0. Then la = Zle na; and [®a = 1® (la) = 1®(Zf:1 na;) = Zle(n@)ai) = Oz/nz04,
so p is injective. Now let a € A/nA. Then $(1 ® a) = a and P is surjective as well.

[

More generally, if R is a ring and A and B are R-modules, a tensor product A ®r B can
be defined as follows:

(1) if R is commutative, define the R-module A®r B := A® B/ ~, where ~ is the relation
generated by ra@b=a®rb=1r(a®b).

(2) if R is not commutative, we need A a right R-module and B a left R-module and the
relation is ar ® b = a ® rb. In this case A ®g B is only an abelian group.

In both cases, A ®r B is not necessarily isomorphic to A ® B.

Example 1.5.3. Let R = Q[v2] = {a + bv2 | a,b € Q}. Now R®p R = R which is a
2-dimensional Q-vector space. However, R ® R as a Z-module is a 4-dimesnional Q-vector
space.

Lemma 1.5.4. If G is an abelian group, then the functor — ® G s right exact, that is, if

Ai>Bi>C—>0isexact, then A® G 2% Be G 2% C @ G — 0 is evact.

Proof. Let c® g € C ® G. Since j is onto, there exists, b € B such that j(b) = ¢. Then
(1®1e)(b®g) =c®gand j ® g is onto.

Since joi = 0, we have (j®1g)o(i®1g) = (joi)®1g = 0 and thus, Image(i®15) C ker(j®1¢).
It remains to show that ker(j ® 1) C Image(i ® 1¢). It is enough to show that
¥ B® G/Image(i ® 1¢) > C ® G,

where 1) is the map induced by j ® 15. Construct an inverse of v, induced from the homo-
morphism

¢:CxG— B®G/Image(i ® 1g)
defined by (c¢,g) — b ® g, where j(b) = ¢. We must show that ¢ is a well-defined bilinear
map and that the induced map @ satisfies p o) = 1d and ¥ o p = id.

If j(b) = j(b') = ¢, then b — ¥ € ker j = Image i, so b — b = i(a) for some a € A.
Thus, b@ g -V ®@g=(b—V)®g=r1i(a)®g € Image(i ® 1¢). So ¢ is well defined.

Now ¢((c + ¢,g)) = d ® g where j(d) = ¢+ ¢. Since j is surjective, choose b,i/ € B
such that j(b) = ¢ and j() = ¢. Then d — (b + V') € ker j = Image ¢ and so there
exists a € A such that i(a) = d— (b+ V). Thus, p((c+,g9) =d®g=(b+¥V)®g =
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bRg+b ®g=p(c,g)+ ¢(d,g) and ¢ is linear in the first component. For the second
component, p(c,g+¢) =b0R(g+¢) =bRg+b® g = v(c,g)+¢(c,g'). Thus, ¢ is bilinear.

Now by the universal property of the tensor product, the bilinear map ¢ induces a ho-
momorphism
?:C®G— B®G/Image(i ® 1)

defined by ¢ ® g — ¢(c,g9) = b® g, where j(b) =c. Forc® g€ C® G,
voplc®wg) =v(b®g) =jb)®g=c®y,

50 1 0P = idpoge. Similarly, for b® g € B® G/Image(i ® 1), po(b®g) =2(j(b) ® g) =
©(j(b),g9) =b®g. Thus ot =id. ]

1.5.2 The Tor functor and the Universal Coefficient Theorem

In this section we explain how to compute H.(X;G) in terms of H,(X;Z) and G. More
generally, given a chain complex

C.:---—>On8—”>0n_1—>---—>00—>0

of free abelian groups and G an abelian group, we aim to compute H,(C,; G) = H,(Cye ® G)
in terms of H,(C,;Z) and G. The answer is provided by the following result:

Theorem 1.5.5. (Universal Coefficient Theorem)
There are natural short exact sequences:

0— H,(Co) ® G — H,(Cs;G) — Tor(H,_1(C,),G) — 0 for all n. (1.5.2)

Naturality here means that if Cy — C. is a chain map, then there is an induced map of short
exact sequences with commuting squares. Moreover, these short exact sequences split, but
not naturally.

In particular, if Cy = C.(X, A) is the relative singular chain complex, then there are
natural short exact sequences

0— H,(X,A)®G— H,(X,A;G) — Tor(H,-1(X, A),G) — 0. (1.5.3)

Naturality is with respect to maps of pairs (X, A) ERN (Y, B). The exact sequence (1.5.3)
splits, but not naturally. Indeed, if we assume that A = B = (), then we have splittings
H,(X;G) = (H\(X)®G) @Tor(H,_1(X),G), Ho(Y; G) = (H,(Y)®G) & Tor(H,_1(Y), G).
If these splittings were natural, and f induces the trivial map f, = 0 on H,(—;Z) then f
induces the trivial map on H,(—; G), for any coefficient group GG. But this is in contradiction
with Example 1.4.2.

Let us next explain the Tor functor appearing in the statement of the universal coefficient
theorem.
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Definition 1.5.6. A free resolution of an abelian group H is an exact sequence:
RN LN LN A ECNG S N}

with each F,, free abelian.

Given an abelian group G, from a free resolution F, of H, we obtain a modified chain
complex:
F.®G—)F2®G—>F1®G—>F0®G—>O

We define
Tor,(H,G) :== H,(Fs ® G). (1.5.4)

Note here that we have removed the final term of the complex to account for the fact that
— ® G is right exact.
Moreover, the following holds:

Lemma 1.5.7. For any two free resolutions Fy and F. of H there are canonical isomorphisms
H,(Fe®G)= H,(F.®G) for all n. Thus, Tor,(H,G) is independent of the free resolution
F,.

Proposition 1.5.8. For any abelian group H, we have that
Tor,(H,G) =0 ifn > 1, (1.5.5)

and
Tory(H,G) 2 H® G. (1.5.6)

Proof. Indeed, given an abelian group H, take Fj to be the free abelian group on a set of

generators of H to get Fj io» H — 0. Let F} :=ker(fp), and note that F} is a free group, as
it is a subgroup of a free abelian group Fy. Let F; < F{y be the inclusion map. Then

0—-F —Fp—>H—>0

is a free resolution of H. Thus, Tor,(H,G) = 0 if n > 1. Moreover, it follows readily that
Torg(H,G) = H®G. O

Definition 1.5.9. In what follows, we adopt the notation:
Tor(H,G) := Tor,(H,G).
Proposition 1.5.10. The Tor functor satisfies the following properties:
(1) Tor(A, B) = Tor(B, A).
(2) Tor(P, Ai, B) = P, Tor(A;, B).
(8) Tor(A, B) =0 if A or B is free or torsion-free.
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(4) Tor(A, B) = Tor(Torsion(A), B), where Torsion(A) is the torsion subgroup of A.
(5) Tor(Z/nZ, A) = ker(A = A).

(6) For a short exact sequence: 0 — B — C' — D — 0 of abelian groups, there is a natural
exact sequence:

0 — Tor(A4, B) — Tor(A,C) — Tor(A,D) > A®B -+ A®C — A® D — 0.
Proof. (2) Choose a free resolution for @, A; as the direct sum of free resolutions for the A;’s.

(5) The exact sequence 0 — Z - Z — Z/nZ — 0 is a free resolution of Z/nZ. Now — ® A

gives Z ® A "8l 7 % A — 0 which by property (4) of the tensor product is A % A — 0.
Thus, Tor(Z/nZ, A) = ker(A = A).

(3) If A is free, we can choose the free resolution:
Fi=0-2F=A—-A-0

which implies that Tor(A,B) = 0. On the other hand, if B is free, tensoring the ex-
act sequence 0 — F; — Fy - A — 0 with B = 7Z° gives a direct sum of copies of
0 — F| — Fp - A — 0. Hence, it is an exact sequence and so H; of this complex is
0. For the torsion free case, see below.

(6) Let 0 — F; — Fy — A — 0 be a free resolution of A, and tensor it with the short exact
sequence 0 - B — C' — D — 0 to get a commutative diagram:

0 0 0
{ { {
0—-F®B—-FNC—-FN®D—=0
{ { {
0> FeB—>FFHRC—FFHD =0
{ { {
0 0 0

Rows are exact since tensoring with a free group preserves exactness. Thus we get a short
exact sequence of chain complexes. Recall now that for any short exact sequence of chain
complexes 0 — B, — Co — D, — 0 (which means exactness for each level n: 0 — B,, —
C, — D,, — 0, commuting with differential 0), there is an associated long exact sequence of
homology groups

coo = Hy(Be) = Hy(Co) = Hy(De) — Hpo1(Bo) — ...
So in our situation we obtain the homology long exact sequence:

0— Hi(Fo®B) —» Hi(Fo®C) = Hi(Fo®D) — Hy(Fo®B) — Hyo(Fo@C) — Hy(Fo®@D) — 0
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Since Hi(Fy ® B) = Tor(A, B) and Hy(F, ® B) = A ® B, the above long exact sequence
reduces to:

0 — Tor(A, B) — Tor(A,C) — Tor(A,D) » A® B—->ARC - A® D — 0.

(1) Apply (6) to a free resolution 0 — Fy — Fy - B — 0 of B, and get a long exact
sequence:

0 — Tor(A, Fy) — Tor(A, Fy) — Tor(A,B) > A® F} > A® Fy > A® B — 0.

Because Fi, Fy are free, by (3) we have that Tor(A, F}) = Tor(A, Fy) = 0, so the long exact
sequence becomes:

0— Tor(A,B) > A F - A® Fy - A® B — 0.
Also, by definition of Tor, we have a long exact sequence:

0— Tor(B,A) = F1®A—>Fp®@A— B A—0.
So we get a diagram:

0— Tor(A,B) > A®F - A®F—-A®B —0
Lo ~) ~) ~|
0— Tor(B,A) = F1®A—>FRA—->BRA—0

with the arrow labeled ¢ defined as follows. The two squares on the right commute since ®
is naturally commutative. Hence, there exists ¢ : Tor(A, B) — Tor(B, A) which makes the
left square commutative. Moreover, by the 5-lemma, we get that ¢ is an isomorphism.

We can now prove the torsion free case of (3). Let 0 — Fj L Fy— A= 0bea
free resolution of A. The claim about the vanishing of Tor(A, B) is equivalent to the in-
jectivity of the map f ® idp : F1 ® B — Fy ® B. Assume ) . x; ® b; € ker(f ® idp). So
> f(zi) ®b; =0 € Fy ® B. In other words, ) . f(x;) ® b; can be reduced to zero by a finite
number of applications of the defining relations for tensor products. Only a finite number of
elemnts of B, generating a finitely generated subgroup By of B, are involved in this process,
so in fact ) . x; ®b; € ker(f ®idp,). But By is finitely generated and torsion free, hence free,
so Tor(A, By) = 0. Thus ), z; ® b; = 0, which proves the claim. The case when A is torsion
free follows now by using (1) to reduce to the previous case.

(4) Apply (6) to the short exact sequence: 0 — Torsion(4) — A — A/Torsion(A) — 0 to
get :
0 — Tor(G, Torsion(A)) — Tor(G, A) — Tor(G, A/Torsion(A)) — - -

Because A/Torsion(A) is torsion free, Tor(G, A/Torsion(A)) = 0 by (3), so:
Tor(G, Torsion(A)) ~ Tor(G, A)
Now by (1), we get that Tor(A, G) ~ Tor(Torsion(A), G).
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Remark 1.5.11. It follows from (5) that

Tor(Z/nZ,Z]mZ) = ﬁ =7Z/nZ @ L/mZ,

where (n,m) is the greatest common divisor of n and m. More generally, if A and B are
finitely generated abelian groups, then

Tor(A, B) = Torsion(A) @ Torsion(B) (1.5.7)
where Torsion(A) and Torsion(B) are the torsion subgroups of A and B respectively.

Let us conclude with some examples:

Example 1.5.12. Suppose G = Q, then Tor(H,_;(X),Q) =0, so
H,(X;Q) = Hy(X) @ Q.
It follows that the n-th Betti number of X is given by
b, (X) :=rkH,(X) = dimg H,(X;Q).
Example 1.5.13. Suppose X = T? and G = Z/4. Recall that H,(T?) = Z*. So:
Ho(T* Z)4) = Hy(T?*) @ Z./]4 = 7./4

H\(T*Z/4) = (Hi(T?) ® Z/4) @ Tor(Hy(T?), Z/4) = Z* @ Z/4 = (Z/4)?
Hy(T?% Z/4) = (Ho(T?) ® Z/4) @ Tor(H,(T?),Z/4) = Z/4.

Example 1.5.14. Suppose X = K is the Klein bottle, and G = Z/4. Recall that H;(K) =
Z @ 7/2, and Hy(K) = 0, so:

Hy(K;Z/4) = (Hy(K)®Z/4) @ Tor(Hy(K), Z/4) = Tor(Z, Z/4)®Tor(Z,/2, Z/4) = 00ZL/2 = Z,/2.

Exercises

1. Prove Lemma 1.5.7.

2. Show that H,(X;Z) = 0 for all n if, and only if, H,(X;Q) = 0 and H,(X;Z/p) = 0 for

all n and for all primes p.
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Chapter 2

Basics of Cohomology

Given a space X and an abelian group G, we will first define cohomology groups H(X; G).
In the next chapter we will show that, via the cup product operation, the graded group
@, H'(X; G) becomes a ring. The ring structure will help us distinguish spaces X and Y
which have isomorphic homology and cohomology groups but non-isomorphic cohomology
rings, for example X = CP? and Y = S? v S%.

2.1 Cohomology of a chain complex: definition
Let G be an abelian group, and let (C,, 0,) be a chain complex of free abelian groups:

s Oy 2y O o T (2.1.1)

Dualize the chain complex (2.1.1), i.e., apply Hom(—; G) to it, to get the cochain complex:

LT et O e T o (2.1.2)

with
C" := Hom(C,, G), (2.1.3)
and where the coboundary map
& C" — O (2.1.4)
is defined by
(0") () = YP(Ops10x), for p € C™ and a € Cpyg. (2.1.5)
It follows that
(6" 0 ") (1)) = YD1 Ops2 = 0,70 (2.1.6)

since 0,41 © 02 = 0 in the chain complex (2.1.1).

Definition 2.1.1. The n-th cohomology group H"(Cs; G) with G-coefficients of the chain
complex Cy is defined by:

H"(Cy; G) := H,(C*;6°) :=ker(§ : C"™ — C"™) /Image(5§ : C"* — C™). (2.1.7)
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2.2 Relation between cohomology and homology

In this section, we explain how each cohomology group H"(C,;G) can be computed only in
terms of the coefficients G and the integral homology groups H,(C,) of (C,, ).

2.2.1 Ext groups

Let H and G be given abelian groups. Consider a free resolution of H:
. P fi fo
F: - —FN-—F—H—70

Dualize it with respect to G, i.e., apply Hom(—, G) to it, to get the cochain complex
5 e T e I3 s

where we set H* = Hom(H, G) and similarly for F;*. After discarding H*, we get the cochain
complex involving only the F}’s, and we consider its cohomology groups.

H"(F,;G) = ker fr ., /Imagef,
The Ezxt groups are defined as:
Ext"(H,G) := H"(F,; G). (2.2.1)
The following result holds:

Lemma 2.2.1. The Ext groups are well-defined, i.e., independent of the choice of resolution
F, of H.

As in the case of the Tor functor, one can thus work with the free resolution of H given
by
0—F, — Fy— H—0,

where Fj is the free abelian group on the generators of H, while Fj is the free abelian group
on the relations of H. In particular, it follows that

Ext"(H,G) =0, Vn > 1.

We also get that
Ext’(H,G) = Hom(H, G).

For simplicity, we set:
Ext(H,G) = Ext'(H, Q). (2.2.2)

Proposition 2.2.2. The Ext group Ext(H,G) satisfies the following properties:
(a) Ext(H ® H',G) = Ext(H,G) @ Ext(H', G).
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(b) If H is free, then Ext(H,G) = 0.
(¢c) Ext(Z/n,G) = G/nG.

Proof. For (a) use the fact that a free resolution of H @& H' is a direct sum of free resolutions
of H and resp. H'. For (b), if H is free, then 0 — H — H — 0 is a free resolution of H,
so Ext(H,G) = 0. For part (c), start with the free resolution of Z/n given by

0—2Z-"%57—Z/n—0,
dualize it and use the fact that Hom(Z, G) = G to conclude that Ext(Z/n,G) = G/nG. O
As an immediate consequence of these properties, we get the following:
Corollary 2.2.3. If H is a finitely generated abelian group, then :
Ext(H, G) = Ext(Torsion(H), G) = Torsion(H) ®z G. (2.2.3)

Proof. Indeed, H decomposes into a free part and a torsion part, and the claim follows by
Proposition 2.2.2. O

2.2.2 Universal Coefficient Theorem

The following result shows that cohomology is entirely determined by its coefficients and the
integral homology:

Theorem 2.2.4. Given an abelian group G and a chain complex (Co,0s) of free abelian
groups with homology H.(C,), the cohomology group H"(C,;G) fits into a natural short
exact sequence:

0 — Ext(H,_1(C.),G) — H"(Ca; G) - Hom(H,(C.),G) — 0 (2.2.4)
In addition, this sequence is split, that is,
H"(Cy; G) = Ext(H,—1(C,),G) ® Hom(H,(C,),G). (2.2.5)

Proof. (Sketch)

The homomorphism h : H"(C,; G) — Hom(H,(C,), G) is defined as follows. Let Z,, = ker 0,,
B,, = Image 0,11, iy : B, <= Z, the inclusion map, and H, = Z,,/B,. Let [¢p| € H"(C,; G).
Then ¢ is represented by a homomorphism ¢ : C,, — G, so that §"¢ := ¢0,,, 1 = 0, which

implies that ¢| B, = 0. Let ¢ := ol z,, then ¢o vanishes on By, so it induces a quotient
homomorphism ¢q : Z,,/B,, — G, i.e., ¢ € Hom(H,(C,),G). We define h by
h([9]) = ¢o.

Notice that if ¢ € Image 6" !, i.e., ¢ = 8" 1) = 100, then ¢|z, = 0, so ¢y = 0, which shows
that h is well-defined. It is not hard to show that A is an epimorphism, and

ker h = Coker(i} ,: Z* | — B |) = Ext(H,_1(C,),G), (2.2.6)
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where the Ext group is defined with respect to the free resolution of H,_1(C,) given by

0—B, "8z | — H,_,(C,) — 0.

[]

Remark 2.2.5. The splitting in the above universal coefficient theorem is not natural; see
Exercise 8 at the end of this chapter for an example.

The following special case of Theorem 2.2.4 is very useful in calculations:

Corollary 2.2.6. Let (C,,0,) be a chain complex so that its (integral) homology groups H.,
are finitely generated, and let T,, = Torsion(H,,). Then we have natural short exact sequences:

0—1,,— H"(Cs;Z) — H,/T,, — 0 (2.2.7)

This sequence splits, so:
HY(Co;Z) =T, 1® H,/T,. (2.2.8)

Finally, we have the following easy application of Theorem 2.2.4:

Proposition 2.2.7. If a chain map o : Cy — C. between chain complexes Cy and C.
induces isomorphisms a, on integral homology groups, then o induces isomorphisms o on
the cohomology groups H*(—;G) for any abelian group G.

Proof. By the naturality part of Theorem 2.2.4, we have a commutative diagram:

0 — Ext(H,_1(Cs),G) — H"(C,; G) — Hom(H,(C,),G) — 0

()" o t ()"
0 — Ext(H,_1(C)),G) — H"(C.;G) — Hom(H,(C,),G) — 0

The claim follows by the five-lemma, since a, and its dual are isomorphisms. O

2.3 Cohomology of spaces

2.3.1 Definition and immediate consequences

Suppose X is a topological space with singular chain complex (Co4(X),d,). The group of
singular n-cochains of X is defined as:

C™"(X;G) .= Hom(C,(X), Q). (2.3.1)

So n-cochains are functions from singular n-simplices to G.
The coboundary map

5" CM(X;G) — C™PY(X;G)
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is defined as the dual of the corresponding boundary map 0,1 : Chy1 — C,, i.e., for
Y e C"(X;Q), we let

51 1= b1 2 O (X) 25 Co(X) 5 G (2.3.2)
It follows that
§L o 67 = 0, (2.3.3)
and for a singular (n + 1)-simplex o : A, ;1 — X we have:
nt1
546(0) = 31+ 90l o)) (23.4)
=0

Definition 2.3.1. The cohomology groups of X with G-coefficients are defined as:

H"(X;G) = ker(6" : C"(X;G) — C""(X;G))/Image(6" ' : C"H(X;G) — C"(X; Q).
(2.3.5)
Elements of ker 6™ are called n-cocycles, and elements of Image d" ! are called n-coboundaries.

Remark 2.3.2. Note that ¢ is an n-cocycle if, by definition, it vanishes on n-boundaries.

Since the groups C,(X) of singular chains are free, we can employ Theorem 2.2.4 to
compute the cohomology groups H™(X;G) in terms of the coefficients G and the integral
homology of X. More precisely, we have natural short exact sequences:

0 — Ext(H,-1(X),G) — H"(X;G) — Hom(H,(X),G). — 0 (2.3.6)

Moreover, these sequences split, though not naturally.
Let us now derive some immediate consequences from (2.3.6):

(a) If n =0, (2.3.6) yields that
H°(X;G) = Hom(Hy(X),q), (2.3.7)

or equivalently, H°(X; G) consists of all functions from the set of path-connected com-
ponents of X to the group G.

(b) If n =1, the Ext-term in (2.3.6) vanishes since Hy(X) is free, so we get:

HY(X;G) = Hom(H(X), Q). (2.3.8)

Remark 2.3.3. Theorem 2.2.4 also works for modules over a PID. In particular, if G = F
is a field, then

H"(X;F) ~Hom(H,(X),F)~ Homp(H,(X;F),F) = H,(X, F)"

Thus, with field coefficients, cohomology is the dual of homology.
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Example 2.3.4. Let X be a point space. From (2.3.6), we have:
H'(X;G) = Hom(H;(X),G) @ Ext(H;_1(X), G).

And since

Hi(X) = Z, 1=0
’ B 0, otherwise,

we get
G, 1=0

0, otherwise.

Hom(H;(X),G) = {

Furthermore, since H;(X) is free for all i, we also have that Ext(H,;_1(X),G) = 0, for all i.
Altogether,

G, i=0

0, otherwise.

Hi(X;G):{

Example 2.3.5. Let X = S™. Then we have

Z, 1=0,n
0, otherwise.

Hi(X) = {
Thus the Ext-term in the universal coefficient theorem vanishes and we get:

G, i=0orn

Hi(X? G) = Hom(H;(X),G) = { 0. otherwise.

2.3.2 Reduced cohomology groups

We start with the augmented singular chain complex for X:
L o) L X)) - Z— 0

with €(d ", njz;) = >, ni. After dualizing it (i.e., applying Hom(—; G)), we get the augmented
cochain complex
e CMXGG) - CUXGG) - G 0.
Note that since €0 = 0, we get by dualizing that de* = 0. The homology of this augmented
cochain complex is the reduced cohomology of X with G-coefficients, denoted by H (X;Q).
It follows by definition that H (X;G) = H(X;@G),if i > 0, and by the universal coeffi-
cient theorem (applied to the augmented chain complex), we get H*(X; G) = Hom(Hy(X), G).
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2.3.3 Relative cohomology groups

To define relative cohomology groups H"(X, A; G) for a pair (X, A), we dualize the relative
chain complex by setting

C™(X, A; G) := Hom(C, (X, A), G). (2.3.9)

The group C™(X, A;G) can be identified with functions from n-simplices in X to G that
vanish on simplices in A, so we have a natural inclusion

C"(X,A;G) — C"(X; Q). (2.3.10)
The relative coboundary maps
§:C"(X,A;,G) — C"H(X, A;G) (2.3.11)

are obtained by restrcting the absolute ones, so they satisfy 62 = 0. So the relative cohomol-
ogy groups H"(X, A; G) are defined.

We next dualize the short exact sequence
0 — C(A) = Cu(X) -5 Cu(X, A) — 0
to get another short exact sequence
0+— C™(A;G) <= C™(X;G) <— C™(X, A; G) «— 0, (2.3.12)

where the exactness at C™(A;G) follows by extending a cochain in A “by zero". More
precisely, for ¢ € C™"(A; G), we define a function ¢ : C,(X) — G by

~ [ o), ifoeCy(A)
o) = { 0, if Image(c) N A =10

~

¥ is a well-defined element of C"(X; G) since C,,(X) has a basis made of simplices contained
in A and those contained in X \ A. It is clear that z*(@//z\) = 1.

Since 7 and j commute with 0, it follows that i* and j* commute with §. So we obtain a
short exact sequence of cochain complexes:

0+— C*(A;G) <— C*(X;G) <~ C*(X, A;G) +— 0. (2.3.13)

By taking the associated long exact sequence of homology groups, we get the long exact
sequence for the cohomology groups of the pair (X, A):

e HM(X, A G) - HM(X; G) S H™(A; G)— S H" Y (X, A, G)—=- - (2.3.14)

We can also consider above the augmented chain complexes on X and A, and get a long
exact sequence for the reduced cohomology groups, with H"(X, A;G) = H"(X, A; G):

o H(X, A Q) —=H"(X; G)—=H"(A; Q) —=H" " (X, A4;G)—=---  (2.3.15)
In particular, if A = x, is a point in X, we get by (2.3.15) that
H"(X;G) 2 H"(X, 20, G). (2.3.16)
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2.3.4 Induced homomorphisms
If f: X — Y is a continuous map, we have induced chain maps
(UZAR%X)%(JCOOTATLQXLY»

satisfying fu0 = 0f4.
Dualizing f4 with respect to GG, we get maps

ff0MY;6) = C'(X; @),

with f# () = 1(fy) and 6 f# = f#§ (which is obtained by dualizing fx0 = dfx). Thus, we
get induced homomorphisms on cohomology groups:

o HM(Y,G) = HY(X,G).

In fact, we can repeat the above for maps of pairs, say f : (X, A) — (Y, B). And note that
the universal coefficient theorem also works for pairs because C,, (X, A) = C,(X)/C,(A) is
free abelian. So, by naturality, we get a commutative diagram for a map of pairs f : (X, A) —
(Y, B):

0 —— Ext(H,_1(X, A), Q) — H"(X, A; G) —= Hom(H, (X, A),G) —=0

T(f*)* Tf* ](f*)*

0 —— Ext(H,_1(Y, B),G) —= H™(Y, B; G) — Hom(H,,(Y, B),G) —=0

2.3.5 Homotopy invariance
Theorem 2.3.6. If f ~g: (X, A) = (Y, B) and G is an abelian group, then
ff=9g:H"(Y,B;G) - H"(X, A4;G).

Proof. Recall from the proof of the similar statement for homology that there is a prism
operator
P:C.X,A) — Ch1(Y,B) (2.3.17)

satisfying

with fu and g the induced maps on singular chain complexes. (In fact, if F': X x [ =Y
denotes the homotopy, with F'(z,0) = f(z) and F(z,1) = g(x), then the prism operator is
defined on generators (o : A, — X) € C,,(X) by pre-composing F o (¢ xid) : A" x [ -Y
with an appropriate decomposition of A™ x I into (n + 1)-dimensional simplices. Then one
notes that such a P takes C,,(A) to C,11(B), hence it induces the relative prism operator of
(2.3.17).)

So the difference of the middle maps in the following diagram equals to the sum of the
two side “paths":
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Co(X,A) —2%=C,_1(X, A)
X f#ug#/
Coir (Y, B) =2~ C, (Y, B)

Then it follows from (2.3.18) that f, = g, on relative homology groups.
The claim about cohomology follows by dualizing the prism operator (2.3.17) to get

P*: C"Y(Y,B;G) — C™(X, A; G) (2.3.19)

which satisfies an identity dual to (2.3.18), that is,
f#* — g% =0P* + P*. (2.3.20)
This implies readily that f* = g* on relative cohomology groups. O]

The following is an immediate consequence of Theorem 2.3.6:

Corollary 2.3.7. If f : X — Y is a homotopy equivalence, then f*: H"(Y;G) — H"(X; Q)
is an isomorphism, for any coefficient group G.

Example 2.3.8. We have:
G, 1=0

0, otherwise.

Hi(R"G) = {

This follows immediately by the homotopy invariance of cohomology groups, since R” is
contractible.

2.3.6 Excision

Theorem 2.3.9. Given a topological space X, suppose that Z C A C X, with cl(Z) C
int(A). Then the inclusion of pairsi: (X \ Z, A\ Z) — (X, A) induces isomorphisms

i HY(X, A, G) — HY (X \ Z,A\ Z:G) (2.3.21)

for all n. Equivalently, if A and B are subsets of X with X = int(A) U int(B), then the
inclusion map (B, AN B) — (X, A) induces isomorphisms in cohomology.

Proof. By the naturality of universal coefficient theorem, we have the commutative diagram:

0— BExt(H,_,(X,A),G) H"(X, A;G) Hom(H, (X, A), G) —=0

](i*)* Tz ](i*)*

0— Ext(H,_1(X\ Z, A\ Z),G) — H"(X \ Z, A\ Z;G) — Hom(H,(X \ Z, A\ Z),G) —0

By excision for homology, the maps i,, hence (i,)*, are isomorphisms. So by the five-lemma,
it follows that ¢* is also an isomorphism. O
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2.3.7 Mayer-Vietoris sequence

Theorem 2.3.10. Let X be a topological space, and A and B be subsets of X so that
X =int(A) Uint(B).
Then there is a long exact sequence of cohomology groups:

e HYM(X;G) -5 HY(A;G) & HY(B;G) -2 H'(AN B;G) — H™(X;G) —> -
(2.3.22)
Proof. There is a short exact sequence of cochain complexes, which at level n is given by:

C"(A+ B;G) —-—

Hom(C,,(A + B), G)

0 C™(A;G) & C™(B; G) —2~ C™(AN B;G) —0

where C,(A + B) is the set of simplices in X which are sums of simplices in either A or B,
and the maps are defined by

() = lenay, nleas)
and
P(a, B) = alc,anp) — Ble,ans)-
Moreover, since Cy(A + B) — C.(X) is a chain homotopy, it follows by dualizing that
C*(A+ B; G) and C*(X; G) are chain homotopic, and thus H*(A+ B; G) =2 H*(X;G). The
cohomology Mayer-Vietoris sequence (2.3.22) is the long exact cohomology sequence of the
above short exact sequence of cochain complexes. O

Remark 2.3.11. A similar Mayer-Vietoris sequence holds can be obtained for the reduced
cohomology groups.

Example 2.3.12. Let us compute the cohomology groups of S™ by using the above Mayer-
Vietoris sequence. Cover S™ by two open sets A = S™\ N and B = S\ S, where N and S
are the North and resp. South pole of S™. Then we have AN B ~ S ! and A ~ B ~ R".
Thus by the Mayer-Vietoris sequence for reduced cohomology, together with Example 2.3.8,
homotopy invariance and induction, we get:

G, 1=n
0, otherwise.

ﬁZ<SH’G) o ﬁifl(snfl;G) >~ ﬁifn(SO;G) o {
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2.3.8 Cellular cohomology

Definition 2.3.13. Let X be a CW complex. The cellular cochain complex of X, (C*(X;G),d*),
is defined by setting:
C"(X;@G):= H"(X,, X,_1;G),

for X,, the n-skeleton of X, and with coboundary maps
d'fl — 571 Oj'fl

fitting in the following diagram (where the coefficient group for cohomology is by default G):

Hn—l(Xn_1>
jnfl sn—1
e Hnil(Xn—ly Xn_2) dn—1 Hn<Xn, Xn—l) an HnJrl(Xn—l-lJ Xn) —_— ..
X /
H"(X,)

Here, the diagonal arrows are part of cohomology long exact sequences for the relevant pairs.
For this reason, it follows that j76"~! = 0, and therefore

dndn—l — 5njn5n—1jn—1 _ 0

So (C*(X;G),d%) is indeed a cochain complex.
The cellular cohomology of X with G-coefficients is by definition the cohomology of the cel-
lular cochain complex (C*(X;G),d*)

Just like in the case of cellular homology, we have the following identification:

Theorem 2.3.14. The singular and cellular cohomology of X are isomorphic, i.e.,
H"(X;G) =2 H"(C*(X;Q)) (2.3.23)

for all n and any coefficient group G. Moreover, the cellular cochain complez (C*(X; G),d*)
is isomorphic to the dual of the cellular chain complex (Co(X),d,), obtained by applying
Hom(—; G).

Proof. Recall from Section 1.1.4 that for the cellular chain complex of X we have that
Cn<X) — Hn(Xnu anl) ~ Z# of n-cells
and H;(X,, X,_1) = 0 whenever ¢ # n. So by the universal coefficient theorem, we obtain:

C(X: Q) = H (X, Xn_1;G) = Hom(Co(X), G) (2.3.24)
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since the Ext term vanishes. The universal coefficient theorem also yields that
H' (X, X, 1;G) =0ifi#n, (2.3.25)

since the groups H;(X,, X,,_1) are either free or trivial.
From the long exact sequence of the pair (X,,, X,,_1), that is,

oo — HY( X, X1, G) — HY( X, G) — HY(X,_1;G) — H*""N(X,, X1; G) — -+,

we thus get for k # n,n — 1 the isomorphisms

H*(X,:G) = H*(X,_1; G). (2.3.26)
Therefore, if k > n, we obtain by induction:
H*(X,;G) =2 HY(X,_ 1;G) 2 H*(X, _2;G) = - =2 H"(X;G) =0 (2.3.27)

since X is just a set of points.
We next claim that there is an isomorphism

H"(Xp01;G) = H'(X;G). (2.3.28)

First recall from Lemma 1.1.8(c) that the inclusion X, ;; < X induces isomorphisms on
homology groups Hy, for £ < n+1. So by the naturality of the universal coefficient theorem,
we get the following diagram with commutative squares:

0 —— Ext(H,_1(X),G) H'(X:G) "~ Hom(H,(X),G) —0

ul(i*)* lz ﬂj(i*)*

0 — Ext(Hy_1(Xpi1), G) —= H"(Xps1; G) —2L Hom(H, (X,11), G) —=0

Then, by using the five-lemma, it follows that the middle map
i H'(X;G) - H"(X,11; G)

is also an isomorphism.
Altogether, by using (2.3.27) and (2.3.28), we get the following diagram (where the
diagonal arrows are part of long exact sequences of pairs):

H" (X, 2) =0

Hnil(Xn—l)
]n71 gn—1
m—1 m
'”>Hn71(Xn—17—Xn—2) d Hn(Xnan—l) d Hn+1(Xn+1,Xn)>...
H"(X,)
H(x) = H% H"(X,) 20



Thus, by using the definition d™ = §"j" of the cellular coboundary maps, and after noting
that 77! and j” are onto and « is injective, we obtain the following sequence of isomorphisms:

H™(X;G) = H" (X113 G)

/ ker(5") (2.3.29)

The only claim left to prove is that
d" = (dp1)" (2.3.30)
By definition, the cellular coboundary map d" is the composition:
A" H'( X, Xoo1; G) 25 HY(X, : G) 2 H™™ (X1, Xy ),
and, similarly, the boundary map d,,; of the cellular chain complex is given by:
it Hyar(Xnsr, Xo) 25 Ho (X)) 2 Ho (X, Xoo).

Let us now consider the following diagram:

" - H™( X, Xpo1: G) — 2 H"(X,; G) " H™ (X1, Xn: G)
%lh Lh %jh
(dsr)*:  Hom(Hn(Xp, Xpo1), @) 2 Hom(H,(X,0), @) S Y Hom(Hy iy (Xnst, Xn), G)

The composition across the top is the cellular coboundary map d", and we want to conclude
that it is the same as the composition (d,,1)* across the bottom row. The extreme vertical
arrows labelled h are isomorphisms by the universal coefficient theorem, since the relevant
Ext terms vanish (by using (2.3.25)). So it suffices to show that the diagram commutes. The
left square commutes by the naturality of universal coefficient theorem for the inclusion map
(X, 0) = (X, X,,_1), and the right square commutes by a simple diagram chase. H

Example 2.3.15. Let X = RP?. Then X has one cell in each dimension 0, 1, and 2, and
the cellular chain complex of X is:

0—=Z-2-7-%-7___ .0
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To compute the (cellular) cohomology H*(X;Z), we dualize (i.e., apply Hom(—,Z)) the
above cellular chain complex, and get:

0~ 7Z<2 7<% 70

Thus, we have

Z, i=0
H'(RP*Z) = Z/2, i=2
0, otherwise.

Similarly, in order to calculate H*(X;Z/2), we dualize the cellular chain complex of X with
respect to Z/2 (i.e., by applying Hom(—,7Z/2)) to get:

0~—2/2<2-7/2<"—7./2<—0

We then have:
Z/2, i=0,1,0r 2

H'(RP*Z/2) = { 0,  otherwise.

Example 2.3.16. Let K be the Klein bottle and let us compute H,(K;Z/3) and H*(K;7Z/3).
The cellular chain complex of K is given by:

0—2- N7 677 0

So the cellular chain complex of K with Z/3-coefficients is given by:

0——2/32% 7/30 2/3—2-7,/3— 0

Note that the map (2,0) : Z/3 — Z/3 @& Z/3 is an isomorphism on the first component, so
we get:

. [ Z/3, i=0or1l
Hi(K;Z/3) = { 0, otherwise.

In order to compute the cohomology with Z/3-coefficients, we dualize the cellular chain
complex of K with respect to Z/3 to get:

0~—7/3327/30 7/3< % 7./3<—0

Therefore, we have

. [ 7Z/3, i=0orl
H'(K;Z/3) = { 0, otherwise.
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Exercises

1. Prove Lemma 2.2.1.

2. Show that the functor Ext(—,—) is contravariant in the first variable, that is, if H,
H’ and G are abelian groups, a homomorphism « : H — H’ induces a homomorphism
o Ext(H',G) — Ext(H,G).

3. For a topological space X, let
(,):C"(X)RCL(X) = Z

be the Kronecker pairing given by (¢, 0) := ¢(o). In terms of this pairing, the coboundary
map 0 : C"(X) — C"(X) is defined by (§(¢),c) = (¢, dc) for all ¢ € C,,,1(X). Show that

this pairing induces a pairing between cohomology and homology:

(,): HYX;Z)® H(X;Z) — Z.

4. Compute H*(S™; G) by using the long exact sequence of a pair, coupled with excision.

5. Compute the cohomology of the spaces S* x S', RP? and the Klein bottle first with Z
coefficients, then with Z/2 coefficients.

6. Show that if f : S™ — S™ has degree d, then f*: H"(S"; G) — H™(S™; G) is multiplication
by d.

7. Show that if A is a closed subspace of X that is a deformation retract of some neighbor-
hood, then the quotient map X — X/A induces isomorphisms

H™"(X,A;G) = H'(X/A: G)
for all n.

8. Let X be a space obtained from S™ by attaching a cell e"*! by a degree m map.

e Show that the quotient map X — X/S™ = $"* induces the trivial map on H;(—;Z)
for all 4, but not on H"*!(—;Z). Conclude that the splitting in the universal coefficient
theorem for cohomology cannot be natural.

e Show that the inclusion S™ < X induces the trivial map on H {(—;Z) for all 7, but not
on H,(—;Z).

9. Let X and Y be path-connected and locally contractible spaces such that H'(X;Q) # 0
and H'(Y;Q) # 0. Show that X VY is not a retract of X x Y.

10. Let X be the space obtained by attaching two 2-cells to S, one via the map z — 23
and the other via z — 2, where z denotes the complex coordinate on S' € C. Compute the
cohomology groups H*(X; G) of X with coefficients:
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(a) G =Z.
(b) G=17Z)2.
(c) G=17/3.
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Chapter 3

Cup Product in Cohomology

Let us motivate this chapter with the following simple, but hopefully convincing example.
Consider the spaces X = CP? and Y = S? v §*. As CW complexes, both X and Y have
one 0-cell, one 2-cell and one 4-cell. Hence the cellular chain complex for both X and Y is:

0—7Z->0-%72 %0272 —0

So X and Y have the same homology and cohomology groups. Note that X and Y also have
the same fundamental groups: 7 (X) = m(Y) = 0. A natural question is then whether X
and Y are homotopy equivalent. Similarly, one can ask if there is a map f : X — Y inducing
isomorphisms on (co)homology groups. We will see below that by using cup products in
cohomology, we can show that the answer to both questions is negative.

3.1 Cup Products: definition, properties, examples

Definition 3.1.1. Let X be a topological space, and fix a coefficient ring R (e.g., Z, Z/nZ,
Q). Let ¢ € C*(X;R) and ¢ € CY(X; R). The cup product ¢ — 1p € C*"(X; R) is defined

by:
(¢ ~ w)<0_ : Ak+l — X) = ¢(O—’[’l}07"'7vk]) : w(o—’[ﬂkﬁ”y”kJrl])? (311>

where “ -7 denotes the multiplication in ring R.

The aim is to show that this cup product of cochains induces a cup product of cohomology
classes. We need the following result which relates the cup product to coboundary maps.

Lemma 3.1.2.

0(¢p — ) = ¢ — ¢+ (=1)"¢ — ¢ (3.1.2)
for ¢ € C*(X;R), and ¢ € CY(X; R).
Proof. For o : A**1 5 X we have

k+1

(5¢ ~ Qﬂ)(()‘) = Z(_l)igb(ahvof“7@‘7“'»%4—1]) : 1/}<0-’[Uk+17“'7vk+l+1]>

1=0
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and
k+1+1

(_1)k(¢ ~ 5w>(0) = Z (_1)i¢(0‘[vo,-~,vk}) ) w(U‘[vkw'@,-",vk+l+1])'

i=k
When we add these two expressions, the last term of the first sum cancels with the first term
of the second sum, and the remaining terms are exactly d(¢ — ©)(0) = (¢ — 1¥)(90) since

RN AR i R
00 =370 (=1)'0 [juo, B wongana) - U
As immediate consequences of the above Lemma, we have:

Corollary 3.1.3. The cup product of two cocycles is again a cocycle. That is, if ¢, Y are
cocycles, then §(¢p — ) = 0.

Proof. This is true, since d¢ = 0 and d1» = 0 imply by (3.1.2) that §(¢ — ¥) = 0. O
Moreover,

Corollary 3.1.4. If either one of ¢ or v is a cocycle and the other a coboundary, then
¢ — 1 1s a coboundary.

Proof. Say ¢ = 0 and ¢ = on. Then ¢ — ¢ = ¢ — dn = +£6(¢ — n). Similarly, if
0 =0,¢ = on then ¢ — b = on — ¢ = §(n — V). O

It follows from Corollary 3.1.3 and Corollary 3.1.4 that we get an induced cup product
on cohomology:
H*(X;R) x H(X; R) — H*"'(X; R). (3.1.3)

It is distributive and associative since it is so on the cochain level. If R has an identity
element, then there is an identity element for the cup product, namely the class 1 € H(X; R)
defined by the 0-cocycle taking the value 1 on each singular 0-simplex.

Considering the cup product as an operation on the the direct sum of all cohomology
groups, we get a (graded) ring structure on the cohomology @&;H'(X; R). We will elaborate
on the ring structure on cohomology groups induced by the cup product after looking at a
few examples and properties of the cup product.

Example 3.1.5. Let us consider the real projective plane RP?. Its Z/2Z-cohomology is
computed by:
7)27 fori=0,1,2

Hi(R]PQ;Z/QZ) = )
0 otherwise.

Let a € HY(RIP?; Z/27Z) = 7/27 be the generator, and consider
o’ == a — a € H*(RP?* Z/27).

We claim that o? # 0, so o? is in fact the generator of H?(RP?;Z/27Z).
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Consider the cell structure on RP? with two O-cells v and w, three 1-cells e, e; and ey, and
two 2-cells 77 and T5. The 2-cell T} is attached by the word ejee; 1, and the 2-cell T; is
attached by the word esee;’ (see the figure below).

Since « is a generator of H'(RP%* Z/2Z) = Hom(H,(RP?),Z/27Z), it is represented by a
cocycle

¢ : C1(RP?) — Z/27

with ¢(e) = 1, where we use the fact that e represents the generator of H;(RP?). The cocycle
condition for ¢ translates into the identities:

0= (09)(T1) = ¢(0T1) = ¢(e1) + d(e) — d(e2).

0= (00)(T2) = ¢(9T2) = ¢(e2) + ¢(e) — d(er).
As ¢(e) = 1, without loss of generality we may take ¢(e;) = 1 and ¢(e2) = 0.

Next, note that o? = a — « is represented by ¢ — ¢, and we have:
(¢ — &) (Th) = ¢(e1) - de) = 1
since 77 : [vww] — RP?. Similarly,
(¢ — ¢)(T2) = ¢(e2) - o(e) = 0.
Since the generator of Hy(RP?;Z/27) is T} + T5, and we have
(@ = )1+ T2) = (¢ — O)(T1) + (¢ — 0)(T2) =1+0=1,
it follows that o (which is represented by ¢ — ¢) is the generator of H?(RP?,Z/27Z). [

The cup product on cochains

C*(X;R) x C'(X; R) — C*"(X: R)
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restricts to cup products:
C*(X,A;R) x CY(X;R) — C*"(X, A; R),

C*(X,A;R) x CY(X, A; R) — C"(X, A, R),

and
C*(X;R) x C'(X,A; R) — C*(X, A; R)

since C*(X, A; R) can be regarded as the set of cochains vanishing on chains in A, and if ¢
or ¢ vanishes on chains in A, then so does ¢ — 1. So there exist relative cup products:

H*(X,A;R) x H(X;R) — H*'(X, A; R),

H*(X,A;R) x H(X, A; R) — H"(X, A; R),

and
H*(X:R) x H(X,A; R) — H*(X, A; R).

In particular, if A is a point, we get a cup product on the reduced cohomology H *(X;R).
More generally, there is a cup product

H*(X,A;R) x H(X, B; R) — H*"'(X, AU B; R)

when A and B are open subsets of X or subcomplexes of the CW complex X. Indeed, the
absolute cup product restricts first to a cup product

C*(X,A;R) x CY(X,B;R) — C*(X, A+ B; R),

where C*(X| A + B; R) is the subgroup of C**(X; R) consisting of cochains vanishing on
sums of chains in A and chains in B. If A and B are opens in X, then C*"(X, AU B; R) —
C*(X, A+ B; R) induces an isomorphism in cohomology, via the five-lemma and the fact
that the restriction maps C*(AU B; R) — C*(A + B; R) induce cohomology isomorphisms.

Let us now prove the following simple but important fact:

Lemma 3.1.6. The cup product is functorial, i.e., for a map f: X — 'Y the induced maps
f*: H(Y;R) — H'(X; R) satisfy

[la—p) = f(a) — f*(8), (3.1.4)
and similarly in the relative case.

Proof. 1t sufficies to show the following cochain formula

fH (o =) = f7(¢) — f* ().
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For ¢ € C*(X; R) and ¢ € C'(X; R) we have:

f#(¢) ~ f#(w>(0 WAVERE X) (f#¢)<0|[vo ) ( # )(O-‘['Uk ',vk+l])
= o((f£0) o, - vk]) U((f#0) g ora))
= (¢ — ¥)(fgo)
= (f* (¢ —1))(0).
]

Definition 3.1.7. A graded ring is a ring A with a sum decomposition A = ® Ay where the
Ay are additive subgroups so that the multiplication of A takes Ay X A; to Ayyy. Elements of
Ay are called elements of degree k.

Definition 3.1.8. The cohomology ring of a topological space X is the graded ring

H*(X;R) := (@ H*(X; R),—),

k>0

with respect to the cup product operation. If R has an identity, then so does H*(X; R).
Similarly, we define the cohomology ring of a pair H*(X, A; R) by using the relative cup
product.

Remark 3.1.9. By scalar multiplication with elements of R, we can regard these cohomology
rings as R-algebras.

The following is an immediate consequence of Lemma 3.1.6:

Corollary 3.1.10. If f : X — Y is a continuous map then we get an induced ring homo-
morphism
ffH(Y;R) —» H(X;R).

Example 3.1.11. The isomorphisms
H*(| |Xa:R) = [[ H*(Xa: R) (3.1.5)

whose coordinates are induced by the inclusions i, : X, <= ||, X4 is a ring isomorphism
with respect to the coordinatewise multiplication in a ring product, since each coordinate
function ¢, is a ring homomorphism. Similarly, the group isomorphism

H(\/ Xa; R) = [[ H*(Xa: R) (3.1.6)

is a ring isomorphism. Here the reduced cohomology is identified to cohomology relative to
a basepoint, and we use relative cup products. (We also assume the basepoints z, € X, are
deformation retracts of neighborhoods.)
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Example 3.1.12. From our calculations in Example 3.1.5 we have that:
H*(RP?% Z/27Z) = {ag + a1 + ax0?®| a; € Z/27}
= (2/2Z)[a]/(e?),
where « is a generator of H'(RP?; Z/27).

Example 3.1.13.
H*(S",Z) = Z[a]/(a?)

where « is a generator of H"(S™;Z). Indeed, we have

Z fori=0,n
0 otherwise.

H'(S™7Z) = {

So if « is a generator of H™(S™;Z), then the only possible cup products are o — 1 and
a — a. However, a — o € H*'(S™;Z) = 0. Hence a? = 0.

Let us now recall that the cell structure on
RP™ = U,>oRP"

consists of one cell in each non-negative dimension. The following result will be proved later
on in this section:

Theorem 3.1.14. The cohomology rings of the real (resp. complex) projective spaces are
gien by:

(a)
H*(RP" Z/27) = 7./2]a]/(a™t)
where o is the generator of H'(RP™;Z/27).
(b)
H*(RP™; Z,/2Z) = 7./2[q]
where « is the generator of H'(RP";Z/27.).
(c) 1
H*(CP™; Z) = Z[B]/(8"")
where 3 is the generator of H*(CP™;Z).
(d)
H*(CP*>; Z) = Z[f]
where B is the generator of H*(CP";Z).

Before discussing the proof of the above theorem, let us get back to the following moti-
vating example:
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Example 3.1.15. We saw at the beginning of this chapter that the spaces X = CP? and
Y = S%2 v S have the same homology and cohomology groups, and even the same CW
structure. The cup products can be used to decide whether these spaces are homotopy
equivalent. Indeed, let us consider the cohomology rings H*(X;Z) and H*(Y;Z). From the
above theorem, we have that:

H*(CP*% Z) = ZIB)/ (%),
where 3 is the generator of H?(CP?;Z). We also have a ring isomorphism
H*(S? Vv S 7) =~ H*(S%7) & H* (5% Z),

where H*(S% 7Z) = Z[a]/(a?) and H*(S*;Z) = Z[v]/(¥?*), with degree of « equal to 2 and
degree of v equal to 4. Moreover, o> =0 =~2 and a — v = 0.

Consider the cohomology generators in degree 2 and square them. In the case of H*(CP?;Z),
(% is a generator of H*(CP? Z), hence 32 # 0. However, in the case of H*(S% Vv S*;Z),
a? € H*(S?;Z) = 0. Hence the two cohomology rings of the two spaces are not isomorphic,
hence the two spaces are not homotopy equivalent.

Let us now get back to the proof of Theorem 3.1.14. We will discuss below the proof
in the case of RP". The result in the case of RP* follows from the finite-dimensional case
since the inclusion RP" < RP* induces isomorphisms on H(—;Z/2) for i < n by cellular
cohomology. The complex projective spaces are handled in precisely the same manner, using
Z-coefficients and replacing H* by H?* and R by C.

We next prove the following result:

Theorem 3.1.16.
H*(RP";Z/2) = Z/2[a]/(a™), (3.1.7)

where « is the generator of H'(RP™;Z/2).

Proof. For simplicity, let us use the notation P" := RP" and all coefficients for the cohomol-
ogy groups are understood to be Z/2-coefficients.

We prove (3.1.7) by induction on n. Let «; be a generator for H(P") and «; be a generator
for HI(P"), with i + j = n. Since for any k& < n the inclusion map u : P¥ — P" induces
isomorphisms on cohomology groups H', for | < k, it suffices by induction on n to show that
a; — a; #0.

Recall now that P* = S™/(Z/2), with

S" ={(xg, -+ , 1) € R”+1|le2 =1}.
1=0

Let

Si:{(x(]?"' 7xi707"' 70) | Z"E%:l}
=0
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and n
ST={(0, 0,20, ox) | D 2 =1}
l=n—j

be the i-th and j-th (sub)sphere respectively. Note that since ¢ + j = n, we have that
Ty—; = x;. Hence S"NS7 = {(0,---,0,£1,0,---,0)} with £1 is in the ¢-th position, i.e.,
the intersection consists of the two antipodal points with i-th coordinate £1 and all other
coordinates zero.

gn

Hence, P' = S?/(Z/2) and P? = S7/(Z/2) are subsets of P" = S"/(Z/2) so that

PNP ={p}=0:---:0:1:0:---:0)
with 1 is in the ¢-th place.
Let U C P™ be the open subset consisting of points (z¢ : - - : x,,) with z; # 0, i.e.,
U={(xg: - :miq:1ixyg - x,)},

and notice that the map

¢(($0 I SRS TN S S I ﬂfn)) = (To,*+ , Ti1, Tig1, 5 Tn)

is a homeomorphism U = R" which takes p to 0 € R".

We clearly have that P* = P*~'UU, where P" ! is identified to the set of points in P* with
the i-th coordinate equal to zero. Regarding U as the interior of the n-cell of P" (attached
to P"~1), it follows that P — {p} deformation retracts to P"~!. Similarly, as {p} = P NP,
we have that P — {p} ~ P"~! and P/ — {p} ~ P/~1. All of this is represented schematically
in the figure below, where P" is represented by a disc with its antipodal boundary points
identified.

Let us now write R” = R’ x R’ with coordinates of factors denoted by (zg, -+ ,z;_1) and
(Tiy1, -+ ,Tn), respectively. Consider the following commutative diagram with horizontal
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Figure 3.1:

arrows given by the (relative) cup product:

Hi(P") x HI(P") H"(P")

| |

H'(P",P" —P?) x H(P",P" — P') — H"(P",P" — {p})

| |

HI(R,R" — RY) x H/(R",R" — RY) —~ H"(R",R" — {0})

The diagram commutes by naturality of the cup product. Let us examine the bottom row
in the above diagram. Let D denote a small closed i-disc in R? with boundary S*~!. Then
by homotopy equivalence and excision we have:

Similarly,
HI(R",R" —R") = H/((D?,S""1) x D") = HI(D?, 8 1)

and
H"(R™ R" —{0}) = H"(D",S" ') = H"(D' x D, S"' x DU S'~! x D).

Since D" is an n-cell, its class [D"] (in the Z/2-cellular cohomology) generates H" (D™, S"~1),
and similar considerations apply to [D' € H'(D',S*1) and [D?] € HI(D’,S771). So the
above isomorphisms and cellular cohomology show that the cup product of the bottom

57



arrow in the above commutative diagram takes the product of generators to a generator, i.e.,
it is given by

[D'] x [D7] = [D"].
The same will be true for the top row, provided we show that the four vertical maps in the
above diagram are isomorphisms.
For the bottom right vertical arrow, we have by excision that

H* (", P" — {p}) = H"(U,U — {p}) = H"(R",R" — {0}), (3.1.8)

where the last isomorphism follows by using the homeomorphism ¢ : U — R™.
For the top right vertical arrow, we already noted that P* — {p} deformation retracts to
P~ so we have

H"(P", P" — {p}) = H"(P",P"!) = 7Z/2, (3.1.9)
where the second isomorphism follows by cellular cohomology. Moreover, by using the long
exact sequence for the cohomology of the pair (P",P"~!) and the fact that H"(P"~!) = 0,
we get that the map Z/2 = H"(P",P"') — H"(P") = Z/2 is onto, hence an isomorphism.
Thus we get:

H"(P", P — {p}) = H"(P") (3.1.10)

To show that the two left vertical arrows are isomorphisms, consider the following commu-
tative diagram.

HY (P, P —— H (P, P" — PP) — 2 (R R™ — RY)

H{(P") ——

() 2) (4)

| | Jo [
(10)

HI(B) < HI(PL B~ H(PL P — {p}) 2 HY(R R~ {0))
It suffices to show that all these maps are isomorphisms. (Then to finish the proof of
the theorem, just interchange i and j.) First note that (R",R" — R7) = (R",R* — {0}) x R/
deformation retract to (R?, R"—{0}), so the arrow (7) is an isomorphism. As already pointed
out, (10) is an isomorphism by (3.1.8). Moreover, (9) is an isomorphism as in (3.1.9), and (8)
is an isomorphism as in (3.1.10). The arrow (1) is an isomorphism by cellular homology, and
the arrow (3) is an isomorphism by cellular homology and the naturality of the cohomology
long exact sequence. By commutativity of the left square, it then follows that (2) is an
isomorphism. In order to show that (4) is an isomorphism, we note that P" — P/ deformation

retracts onto P!, Indeed, a point v = (xg : - -+ : x,) € P" — P has at least one of the first
1 coordinates non-zero, so the function
fi(v) = (g ixyq ity twy)

gives, as t decreases from 1 to 0, a deformation retract from P — P/ onto Pi~!.

Since (3), (4) and (9) are isomorphisms, the commutativity of the middle square yields that
(6) is an isomorphism. Finally, since (6), (7) and (10) are isomorphisms, the commutativity
of the right square yields that (5) is an isOmorphism, which completes the proof of the
theorem. O
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Example 3.1.17. Let us consider the spaces RP?"*! and RP?"V S?"*!. First note that these
spaces have the same CW structure and the same cellular chain complex, so they have the
same homology and cohomology groups. However, we claim that RP?**! and RP?" v §27+!
are not homotopy equivalent. In order to justify the claim, we first compute their Z/27Z-
cohomology rings.

From the above theorem, the cohomology ring of RP***! is:

H*(RP*.7./27) = 7.)2Z[a] / (a*"+?),

where a is a degree one element, namely the generator of H!(RP?"*1;7Z/27).
We also have a ring isomorphism

H*(RP* v 82"+, 7,/97) = H*(RP**; Z/2Z) & H*(S*"': Z/27)

with H*(RP?";Z/27) = Z./27Z[3]/(8*"!) for 8 the degree 1 generator of H'(RP*";Z/2Z),
and H*(S* 1 7/27) = 7./27]y]/(v*) for v the generator of H*" (5?17 /27) of degree
2n + 1.

If there was a homotopy equivalence f : RP?"*! — RP?" v S?"*1 then the generators of
degree one would correspond isomorphically to each other, i.e., we would get f*(8) = a. But
as f* is a ring isomorphism, this would then imply that: f*(32"*!) = (f*(8))*"™! = o®"*1.
However, this yields a contradiction, since 82"*! = 0, thus f*(8***1) = 0, while o®"™! # 0
since a1 generates H*" ! (RP*"1: Z/27.).
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3.2 Application: Borsuk-Ulam Theorem

In this section we use cup products in order to prove the following result:

Theorem 3.2.1 (Borsuk-Ulam). If n > m > 1, there are no maps g : S™ — S™ commuting
with the antipodal maps, i.e., for which g(—x) = —g(x), for all x € S™.

Proof. We prove the theorem by contradiction. Assume that there is a map ¢g : S™ — S™
commuting with the antipodal maps. Then g carries pairs of antipodal points (z, —z) in S™
to pairs of antipodal points (g(x), g(—z) = —g(x)) in S™. So, by passage to the quotient, g
induces a map

f: RP" — RP™

2] = [g(2)]

which makes the following diagram commutative:

§n —— g
o b
RP" - L~ RP™

Here p and p’ are the two-sheeted covering maps.
We claim that there exists a lift f’ of f, i.e., f = pf’ in the following diagram:

/ 7
n/ f m
RP" L. RP

Let us for now assume the claim and complete the proof of the theorem. Consider the

following diagram:
// L
P

P

We have pg = fp' = pf'p’, the second equality following from the above claim. This implies
that both g and f'p’ are lifts of fp’. Under the two-sheeted covering map p, antipodal points
in S™ are mapped to the same point in RP™. Therefore, pg = pf'p’ implies that at a point
x € 8", we have g(z) = f'p'(x) or ag(z) = f'p'(x), where a : S™ — S™ is the antipodal
map. But ag(zx) = —g(z) = g(—x) and f'p'(x) = f'p/(—x). Thus at € S™, one of following
equalities holds: g(x) = f'p/(z) or g(—z) = f'p’'(—x). Since g and f'p’ are lifts of fp’ and
they coincide at a point, it follows by the uniqueness of the lift that ¢ = f’p’. But this is a
contradiction since p'(z) = p/(—x), hence f'p'(z) = f'p’(—x), while g(x) # g(—z) = —g(x).
It remains to prove the claim. A lift for f exists iff

fi(m(RP")) € pu(m(S™)). (3.2.1)
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If m = 1, the only homomorphism
fo:m(RPY) 2 Z/2 — m(RP) 2 Z

is the trivial one, so (3.2.1) is satisfied.

If m > 1, both groups m(RP") and 7 (RP™) are Z/2. We will use cup products to show
that the induced map f. : Z/2 — 7Z/2 on fundamental groups is the trivial map. Let
ay € H*(RP™; Z/2) and o, € H*(RP™;Z/2) be the generators of degree 1, and consider the

induced ring homomorphism
[ H*(RP™;Z/2) — H*(RP™;Z/2).
We have:
0= f*<a:7n1+1) — f*(am)m+1,

so f*(a,,) € HY(RP™;Z/2) has order m + 1 < n + 1. Therefore,

[ (am) # an.
Since H'(RP";Z/2) = Z/2 = (), this implies that

[ (am) =0.

Let i : RP! — RP" and j : RP! — RP™ be the inclusions obtained by setting all
but the first two homogeneous coordinates equal to zero. By cellular cohomology, the map
J*: HY(RP™) — H*(RP') is an isomorphism, so j*(a,,) is the generator of H'(RP'), and in
particular,

J*(am) # 0.
On the other hand,
(f 0 @) (am) = i*(f*(am)) = 0.
So (f oi)* # j*, hence the maps f o and j are not homotopic.

But the homotopy classes of ¢ and j generate 7 (RP") and 71 (RP™), respectively. So the

homomorphisms

fo :m(RP") ~Z/2 — m(RP™)~7Z/2
[ = 1fod £

maps the generator [i] to an element of Z/2 other than the generator [j], i.e., f, = 0. This
proves the claim, and completes the theorem. O
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Exercises

1. Show that if X is the union of contractible open subsets A and B, then all cup products
of positive-dimensional classes in H*(X) are zero. In particular, this is the case if X is a
suspension. Conclude that spaces such as RP? and T2 cannot be written as unions of two
open contractible subsets.

2. Is the Hopf map
f:83CcC?*— S?= CU{x}, (2,w)r

E2
w

nullhomotopic? Explain.

3. Is there a continuous map f : X — Y inducing isomorphisms on all of the cohomology
groups (i.e., f* : H(Y;Z) — H'X;Z), for all i) but X and Y do not have isomorphic
cohomology rings (with Z coefficients)? Explain your answer.

4. Show that RP3 and RP? Vv S3 have the same cohomology rings with integer coefficients.
5.

(a) Show that H*(CP™;Z) = Z[x]/(2™), with x the generator of H*(CP";Z).

(a) Show that the Lefschetz number 7; of a map f : CP" — CP" is given by

rr=14+d+d*+ - +d"
where f*(x) = dx for some d € Z, and with x as in part (a).
(c) Show that for n even, any map f : CP" — CP" has a fixed point.
(d) When n is odd, show that there is a fixed point unless f*(x) = —z, where = denotes

as before a generator of H?(CP™;Z).

6. Use cup products to compute the map H*(CP";Z) — H*(CP";Z) induced by the map
CP™ — CP" that is a quotient of the map C*"*! — C"*! raising each coordinate to the d-th
power, (2, -+ ,2,) + (24, , 2%), for a fixed integer d > 0. (Hint: First do the case n = 1.)

7. Describe the cohomology ring H*(X VYY) of a join of two spaces.

8. Let H =R-1®R-i®R-j®R-k be the skew-field of quaternions, where i? = j2 = k? = —1
and ij = k = —ji, jk =1 = —kj, ki = j = —ik. For a quaternion ¢ = a + bi + ¢j + dk,
a,b,c,d € R, its conjugate is defined by ¢ = a — bi — ¢j — dk. Let |q| := Va2 + b2 + 2 + d2.

(a) Verify the following formulae in H: ¢ - § = |q|*, @ = &1, |1¢2] = a1 - |gal-
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(b) Let ST C H@ H be the unit sphere, and let f : ST — S* = HP' = H U {00} be given
by f(q1,q2) = qiq2'. Show that for any p € S%, the fiber f~1(p) is homeomorphic to
S3.

(c) Let HIP" be the quaternionic projective space defined exactly as in the complex case as
the quotient of H™™! \ {0} by the equivalence relation v ~ v, for A € H \ {0}. Show
that the CW structure of HIP" consists of only one cell in each dimension 0,4, 8, --- ,4n,
and calculate the homology of HIP".

(d) Show that H*(HP";Z) = Z[x]/(z"*'), with x the generator of H*(HP";Z).

(e) Show that S*V S® and HIP? are not homotopy equivalent.
9. For amap f: S*" ' — S with n > 2, let X; = S™U; D*" be the CW complex obtained
by attaching a 2n-cell to S™ by the map f. Let a € H"(X;;Z) and b € H*(X;7Z) be the

generators of respective groups. The Hopf invariant H(f) € Z of the map f is defined by
the identity a® = H(f)b.

(a) Let f: 593 — S =CuU{oo} be given by f(z1, 20) = 21/ 29, for (21, 22) € S* C C% Show
that X; = CP* and H(f) = +1.

(b) Let f:S™ — S* = HU {occo} be given by f(q1,¢2) = q1q2~" in terms of quaternions
(¢1,q2) € S7, the unit sphere in H2. Show that X; = HP? and H(f) = +1.
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3.3 Kinneth Formula

3.3.1 Cross product

Let us motivate this section by consider the spaces S? x S® and S?V 53V S°. Both spaces are
CW complexes with cells {€°, €2 e, €5} in degrees, 0,2, 3 and 5, respectively. So the cellular
chain complex for both spaces is:

0—>Z—>0—>ZL>Z—>O—>Z—>O

Hence both spaces have the same homology and cohomology groups. It is then natural to
ask the following:

Question 3.3.1. Are the spaces S* x S and S? Vv S3V S° homotopy equivalent?

The aim of this section is to convince the reader that the answer is No. More precisely,
we will show that the two spaces have different cohomology rings.
The cohomology ring H*(S? V §3 v S Z) can be computed from the ring isomorphism

H*(S*V SV §%2) = H*(S*Z) & H*(S*,2) & H'(S; Z),

with H*(8%2) = Z[o]/(a?), H*(S%2) = Z[B)/(F) and H*(S%Z) = Z[3)/(+?), where a
is the generator of H?(S% Z), B is the generator of H?(S%;7Z) and ~ is the generator of
H5(S%;Z). Moreover, we have that o — 8 = 0. Indeed, let

p: SV SV St 5%y S3
be the natural retraction map. Then p* induces isomorphisms on H? and H?3. So if a and B
are the generators of H2(S? Vv S3) and H?(S5% Vv S?), then o = p*a and 3 = p*f3. So
a—f=pa—pB=pa-p) =0
since @ — 3 = 0.
By the end of this section, we will show that the product of the generators of degree 2 and

degree 3 in the cohomology ring of S? x S? is the generator in degree 5, so it is non-zero.
This will then completely answer the above question.

The following result is proved in [Hatcher, Theorem 3.14]:

Theorem 3.3.2. Let R be a commutative ring, and o € H*(X, A; R) and B € HY(X, A; R).
Then the following holds:
a— B=(=D)".8—a. (3.3.1)

Definition 3.3.3. A graded ring which satisfies a condition as in the above theorem is called
graded commutative. Hence the cohomology ring H*(X, A; R) is a graded commutative ring.
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Corollary 3.3.4. If « € H*(X; R) is of odd degree and if H*(X; R) has no elements of
order two, then a — o = 0.

Definition 3.3.5. Cross product or External cup product

Let X and Y be topological spaces, and denote by p and q the projections p : X XY — X
and q : X xY — Y. By using the cohomology maps defined by these projections, we have
an induced map denoted by X:

H*(X;R) x H*(Y;R) = H*(X xY;R)
a b = axb:=p(a) — q"(b)

All cohomology groups H'(X; R) and H'(Y'; R) have an R-module structure, hence so do the
corresponding cohomology rings H*(X; R) and H*(Y; R). Since the map X is bilinear, the
universal property for tensor products yields a group homomorphism called the cross product,
which we again denote by X :

H*(X;R)®r H*(Y;R) = H*(X xY;R) (3.3.2)

So, by definition, we have that:
X(a®b):=axb.

The cross-product becomes a ring isomorphism if we put a ring structure on H*(X; R) ®g
H*(Y; R) by the following multiplication operation:

(a®D) - (c®d) = (—1)%e®de) (4 @ bd) (3.3.3)
Indeed, we have:
deg(b)-deg(c) (ac @ bd)
deg(b)-deg(c) (ac x bd)
(degb)-deg(c) p*(CL — C) — q* (b _ d)
deg(b)-deg(c) p*(a) — p* (C) — q*<b) _ q*(d)

="p"(a) — " (b) — p*(c) = ¢*(d)
=x(a®b) — x(c®d).

o~ o~ o~ o~
—_
~— — ~— ~—

3.3.2 Kiinneth theorem in cohomology. Examples

The following result is very helpful in finding the cohomology ring of a product of CW
complexes:

Theorem 3.3.6. Kiinneth Formula
If X and Y are CW complexes, and H*(Y; R) is a finitely generated free R-module for all
k, then the cross product

H*(X;R) ®r H*(Y;R) = H*(X x Y; R)
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18 a ring isomorphism. Moreover, we have the following isomorphism of groups:
H"(X xY;R) = @ H'(X;R) @z H'(Y; R) (3.3.4)
i+j=n

In the next section, we will explain the content of Theorem 3.3.6 in a more general
context. Let us now work out some examples.

Example 3.3.7. Let us find the cohomology ring of S? x S3, which appeared at the beginning
of this section. According to the Kiinneth formula, we have the following ring isomorphism:

H*(S? x S3,7) = H* (8% Z) @, H*(S*7Z)

If we let a € H*(S%Z) denote the degree 2 element which generates H*(S*Z) and b €
H*(S3,7Z) the degree 3 element which generates H3(S%;Z), then x(a ® 1) and x(1 ® b)
(where 1 denotes the identity in the respective cohomology rings) will be the generators in
H*(S? x 83, 7Z) of degree 2 and 3, respectively. Moreover, x(a ® 1) — X(1 ®b) = x(a ® b)
will be a generator of degree 5 in H*(S? x S3;7Z).

In order to simplify the notations, we make the following definition.

Definition 3.3.8. FExterior Algebra
Let R be a commutative ring with identity. The exterior algebra over R, denoted

Ag[ay, as, .. ],
1s the free R-module generated by products of the form.:
QG Oy + - - gy, WIth 1 < dg < -+ < iy,
and with associative and distributive multiplication defined by the rules:

o0 = —Q0, Zf@?é.]
af = 0.

The empty product of ;’s is allowed and it gives the identity element 1 € Ag[ay, as, .. .].

Example 3.3.9. Let us now show that
H*(S? x S° x S":7) = Aglas, as, a7, (3.3.5)

where a; is the generator of degree i in H*(S® x S° x S";Z), for i = 3,5,7.
By the Kiinneth formula applied to the product of CW complexes S% x S x S7, we have the
following ring isomorphism:

H*(S° x 8% x ST, Z) = H* (8% Z) @z H* (S, Z) @z H*(S™; Z).

Let a; be the generator of degree i in H*(S%;Z) for i = 3,5, 7. Then the generators of degree
3,5 and 7 in H*(S3 x S5 x ST;Z) are given respectively by:
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e a3 =X(az3®1®1)
e a5 =x(1®a;®1)
) CL7:X(1®1®047>

The product of these generators produce generators of higher degrees, i.e., 8, 10, 12 and 15,
in the cohomology ring H*(S% x S° x S7;Z). Let us compute some products of the elements:

a3 = x(3®1®1) — x(az3®1®1)
= x[(a3®1®1) x(a3®1®1)]
= x(0;®1®1)
=0

and a similar result for af and a?.

aza; = X(3®1®1) — x(1®a;®1)
= x[(a3®1®1)- (1®a;®1)]
= (-1D)"" % (az3®@a;®1)
= X(az®a;®1)

asaz = X(1®a;®1) — x(az®1®1)
= x[1®as®1) (a3®1®1)]
= (-1 x (a3®@a;®1)
= —asas

We have similar results for the other products too. The above calculations show that we
have an isomorphism H*(S? x S5 x S7;7Z) = Aglas, as, az].

Remark 3.3.10. It is easy to see that a similar result holds for the cohomology ring of any
(finite) product of odd dimensional spheres.

Example 3.3.11. By the Kiinneth formula we have the following ring isomorphism:
H*(RP* x RP*;Z/2) = H*'(RP*;Z/2) ®z, H(RP>*;Z/2)
— Z/2(a] @22 Z/2[8)
= Z/2[o, f]

where o and  are generators of degree 1, and they commute since we work with Z/2-
coefficients.
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Example 3.3.12. Let us now investigate if the spaces CP% and S? x S* x S® are homotopy
equivalent. Fortunately, there is an easy answer to this question. Consider the usual CW
structure for CP® and the product CW structure for S? x S* x S Both spaces have cells
only in even dimensions, but CP° has one cell in dimension 6, whereas S? x S* x S¢ has two
cells in dimension 6. It follows that Hg(CP®) = Z, whereas Hg(S5? x S* x S%) =Z & Z. So
CP® and S? x S* x S5 are not homotopy equivalent. A more difficult approach to answer
the question would be to show that the cohomolgy rings for these spaces are not isomorphic.
We will do this in the following example.

n(n+1)

Example 3.3.13. Let us show that if n > 1, the spaces CP~ 2~ and S? x §% x --- x §?"
are not homotopy equivalent. Consider the following cases:

e If n =1, then CP! is homeomorphic to S2.

e If n = 2, then both the spaces CP? and S? x S* have one cell in each of the dimen-
sions {0,2,4,6}. Thus they also have the same cellular chain/cochain complex and,
in particular, their homology/cohomology groups are isomorphic. We will, however,
distinguish these spaces by their cohomology rings.

e If n > 3, then CP™ has one cell in each of the dimensions {0,2,4,...,2n}, but the
cell structure of S? x S* x --. x S?" is different from that of CP™ since, for example,
52 x 8% x -+ - x S?" has two 6-cells. As both spaces have cells only in even dimensions,
we can already conclude that they have different homology and cohomology groups
since they have different cell structures.

We will now show that for n > 1 the two spaces have non-isomorphic cohomology rings.
First, the Kiinneth formula yields that:

H*(S? x 8 x -+ x S*™ Z) = H*(S* Z) ®z H*(SY Z) @ - - @z H*(S*; Z)

So a degree 2 element in this ring looks like X(a ® 1®1® ---® 1), where a € H*(S?). The
square of this element is:

x@e®1®le- -1 = x[@®l1el®- 1)
= x(@*®101®---®1)
=0

since a*> € H*(S?) = 0. However, in the case of CP A , we know that square of a non-zero
degree 2 element is a non-zero degree 4 element. Hence the cohomology rings of the two

spaces are not isomorphic.

Example 3.3.14. Let us use cup products and the Kiinneth formula in order to show that
S™V S™ is not a retract of S™ x S™, for n,m > 1. First, consider the product CW structure
on S™ x S™: it consists of cells {e€°, e™, e, ™"} with attaching maps ¢ : 9™ — € and
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@ : de™ — €° coming from the factors. Hence S™V S™ is a subset of S x S™. (Note that
we also allow the case n = m.) Next, suppose by contradiction that there is a retract

r:S" xS —= S"v.ST

So, if 7 : "V S™ — S™ x S™ denotes the inclusion, then the composition r o is the identity
map on S™ V S™. It follows that the cohomology map (r 0i)* =i* o r* is the identity, so

¥ H*(S" Vv .S™) — H*(S" x S™)
is a monomorphism. By the Kiinneth formula, we have a ring isomorphism
X
H*(S") @ H*(S™) =2 H*(S"™ x S™).

Hence, a non-zero element in H™(S™ x .S™) is of the form ax 1 := x(a®1), with a € H"(S™) a
non-zero class. Similarly, a non-zero element in H™(S™ x S™) is of the form 1 x b := x(1®b),
for some non-zero class b € H™(S™). Let us now consider the product of non-zero elements

ax1leH"(S"xS™) and 1 x be H™(S™ x S™) in the ring H*(S™ x S™). We get:

(ax1)— (1xb)=x(a®1l)— x(1®0Db)
=x[le®1)-(1®0)]
=x(a®0b) (3.3.6)
=axb

£0,
since a ® b # 0 in H*(S™) @ H*(S™). We also have a ring isomorphism
H*(S™V S™) = H*(S") & H*(S™).
Let o, 5 € H*(S™ V S™) be the generators of degree n and m, respectively. Then
a— Be H"(S" v S™) =0.

On the other hand, since 7* is a monomorphism, the classes 7*(«) and 7*(f) are non-zero
elements of degree n and resp. m in the cohomology ring H*(S™ x S™), so by the above
calculation, their product is non zero. But

r(a) — r*(B) = r*(a— B) = r7(0) = 0,

which gives us a contradiction.
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3.3.3 Kiinneth exact sequence and applications

In this section, we aim to provide the necessary background for Kiinneth-type theorems.

Let us fix coefficients in a PID ring R.
Given two chain complexes (C,, d,) and (C,,0.), we define (C'® C"), to be the complex
with:

n

Ced).=PC, o) (3.3.7)
p=0
and boundary map d, : (C ® C’),, = (C ® C"),—; which on C, ® C{I_p is given by:
dp(a®b) = (0pa) @b+ (=1)P(a ® 0,,_,b). (3.3.8)

Then we have:

(dod)(a®b) = d((0a) @b+ (—1)"(a® I'b))
= (8 a) @b+ (=1)P"1da) ® (9'b) + (=1)P(da) @ (O'b) + (—1)Pa @ (9"*b)

So ((C’ ® C"), d.) is a chain complex. It is therefore natural to ask the following question:
Question 3.3.15. How is the homology H.((C ® C").) related to H.(C,) and H,(C.)?
The answer is provided by the following result from homological algebra:

Theorem 3.3.16. Kinneth exact sequence
Let R be a PID, and assume that for each v, C; is a free R-module. Then for all n, there is
a split short exact sequence:

0— @ Co)®@rH,—p(Cl)) — Ho((CRC)s) —> @TorR Hy,pi1(CL)) — 0

(3.3.9)

In what follows we discuss several applications of Theorem 3.3.16.

Kiinneth Formula for homology.

Let X and Y be two spaces, and let Cy and C. denote the singular chain complexes of X
and Y, respectively. Then it is not hard to see that the singular chain complex Cq(X X Y") of
X x Y is chain homotopy equivalent to (C' ® C"),, so they have the same homology groups.
We thus have the following important consequence of Theorem 3.3.16:

Corollary 3.3.17. Kiinneth Formula for homology
If X andY are topological spaces, then the following holds:

n

H,(X xY) = @D (H)(X) ® Hyp(Y)) ® @Tor Hyp1(Y)). (3.3.10)

p=0
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In particular, if all homology groups of X or'Y are free R-modules, then:

Hy(X xY) = é Hy(X) ® Hop(Y). (3.3.11)

p=0
As a consequence of Corollary 3.3.17, we have:

Corollary 3.3.18. If the Euler characteristics x(X) and x(Y') are defined, then x(X xY)
1s defined, and:
X(X xY)=x(X) x(Y). (3.3.12)

Universal Coefficient Theorem for homology

The Unwversal Coefficient Theorem for homology can be seen as a consequence of Theorem
3.3.16 as follows: take C, to be the singular chain complex of X and let C, to be the chain
complex defined by: C) = 0ifn # 0, C), = R, and 9, = 0 for all n > 0. We then get by
Theorem 3.3.16 that:

H,(X;R) = (H\(X) ® R) @ Tor(H,_1(X), R). (3.3.13)
Remark 3.3.19. Note that (3.3.13) can also be obtained from (3.3.10) by taking Y to be a
point.
Kiinneth formula for cohomology

Finally, we also have the following cohomology Kiinneth formula:

Corollary 3.3.20. Kiinneth formula for cohomology
If R is a PID, and all homology groups H;(X; R) are finitely generated, then there is a split
exact sequence (with R-coefficients):

0— é (HP(X)@ H" P(Y)) — H*(X xY) — %BTOI(HP(X),H"I’“(Y)) — 0.

(3.3.14)
Moreover, if all cohomology groups H'(X) of X (or'Y ) are free over R, we get the following
isomorphism.:

H' (X xY) = é HP(X) @ H"P(Y). (3.3.15)

Proof. (Sketch.) Let us indicate how this result is obtained from Theorem 3.3.16. We would
like to apply the Kiinneth exact sequence to the chain complexes defined by:

C_,:=C"X;R), 0_,:=70d%
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and

c',=C"Y;R), 9, :=0d.
However, note that C; and C! are not necessarily R-free. Indeed,
C™"(X; R) = Homg(C,(X; R), R),

but C,(X; R) is not necessarily a finitely generated R-module. In order to get around this
problem, the idea is to replace the chain complex Co(X; R) by a chain homotopic one, which
has finitely generated components. Here is where the assumption that H;(X; R) are finitely
generated is used. O]

Exercises
1. Are the spaces S? x RP* and S* x RP? homotopy equivalent? Justify your answer!

2. Using cup products, show that every map S** — S*¥ x S! induces the trivial homomor-
phism Hj,(S*) — Hyyy(S* x S, assuming k > 0 and [ > 0.

3. Describe H*(CP>*/CP';Z) as a ring with finitely many multiplicative generators. How
does this ring compare with H*(S® x HP>; Z)?

4. Show that if H,(X;Z) is finitely generated and free for each n, then H*(X;Z,) and
H*(X;Z)®Z, are isomorphic as rings, so in particular the ring structure with Z-coefficients
determines the ring structure with Z,-coefficients.

5. Show that the cross product map H*(X;Z) ® H*(Y;Z) — H*(X x Y;Z) is not an
isomorphism if X and Y are infinite discrete sets.

6. Show that for n even S™ is not an H-space, i.e., there is no map p : S™ x S" — S™ so
that poi; = idgn and p o iy = idgn, where 71, i5 are the inclusions on factors.

7. Let A be the union of two once linked circles in S%, and B be the union of two unlinked
circles. Show that the cohomology groups of S®\ A and S®\ B are isomorphic, but their
cohomology rings are not.

8. Compute the ring structure of H*(T";Z), where T" is the n-dimensional torus (a product
of n circles). Do the same for H*(T™ \ {z};Z), where x € T™ is any point.
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Chapter 4

Poincaré Duality

4.1 Introduction

In this chapter, we show that oriented n-manifolds enjoy a very special symmetry on their
(co)homology groups:

Theorem 4.1.1. Let M be a closed (i.e., compact without boundary), oriented and connected
manifold of dimension n. Then for all i > 0 we have isomorphisms:

H;(M;Z) = H" "(M;7Z). (4.1.1)
In particular, we get:
Corollary 4.1.2. For all i > 0, the isomorphisms

) (4.1.1 (ver

H;(M;Q " H" ' (M;Q) ) Hom(H,_;(M;Q),Q) (4.1.2)

yield a non-degenerate bilinear pairing
H;(M;Q) x Hy,—i(M;Q) = Q.
Moreover, the complementary Betti numbers are equal, i.e.,
@(M) = 5n—z’(M)-

In the next section we will explain in more detail the notion of orientability of manifolds.
Later on, we will describe explicitly the nature of the isomorphism (4.1.1) by using the cap
product operation —, i.e., we will show that it is realized by

~ [M]: H"'(M;Z) — H;(M;7Z), (4.1.3)

where [M] € H,(M) is the “fundamental (orientation) class" of the manifold M.
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4.2 Manifolds. Orientation of manifolds

Definition 4.2.1. A Hausdorff space M is a (topological) manifold if any point x € M has
a neighborhood U, homeomorphic to R™ (where such a homeomorphism takes x to 0).

Let us now compute the local homology groups of a manifold M at some point x € M:

H(M, M\ {2}:2) = H/(U,,U, \ {2}: 2)

—
)
~

12

H;(R™, R*\ {0}; Z)
H;_1(R"\ {0};Z) (4.2.1)
]?[Z',1<Sn71; Z)

Z, if 1=n

0, otherwise,
where (1) follows by excision, (2) by using the homeomorphism U, = R™, (3) by the homology
long exact sequence of a pair, and (4) by using a deformation retract.

—
w
=

1%

—
Ny
=

12

Definition 4.2.2. The dimension of a manifold M, denoted dim(M), is the only non-
vanishing degree of the local homology groups of M.

Definition 4.2.3. A local orientation of an n-manifold M at x € M is a choice j, of one
of the two generators of the local homology group H, (M, M \ {z};Z) = Z.

Remark 4.2.4. A local orientation p, at x € M induces local orientations at all nearby
points y, i.e., if x and y are contained in a small ball B, then we have induced isomorphisms:

fo € 7= Hy(M, M\ {z}) & H,(M,M\ B) =Z = H,(M,M\ {y}) =Z € p,, (4.2.2)
where the above isomorphisms are induced by deformation retracts.

Definition 4.2.5. A (global) orientation on an n-manifold M is a continuous choice of
local orientations, i.e., for every x € M there exists a closed ball of finite positive dimension
B Cc U, =R" and a (generating) class pp € H,(M,M \ B) such that p, : H,(M,M \ B) —
H, (M, M\ A{y}) takes pp to p, for ally € B.

Definition 4.2.6. The pair consisting of manifold and orientation is called an oriented
manifold.

Notation: Let M be an n-manifold and K C L C M be compact subsets. Consider the
map induced by inclusion of pairs:

prc : Hy(M, M\ L) — Hy(M, M\ K).
Then for a € H;(M, M \ L), pk(a) is called the restriction of a to K.

In the above notations, we have the following important result:
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Theorem 4.2.7. For any oriented manifold M of dimension n and any compact K C M,
there is a unique px € H,(M, M \ K;Z) such that p,(px) = pz for allx € K.

An immediate corollary of the above theorem is the existence of the fundamental class
of compact oriented manifolds. More precisely, by taking K = M in Theorem 4.2.7, we get
the following;:

Corollary 4.2.8. If M is a compact oriented n-manifold, there exists a unique py €
H,(M:;Z) so that p.(par) = pe for all x € M.

Definition 4.2.9. The homology class [M] := py of Corollary 4.2.8 is called the fundamen-
tal class of M.

The proof of Theorem 4.2.7 uses the following:
Lemma 4.2.10. If K is a compact subset of an n-manifold M, we have:
(i) H{(M,M\ K)=0 ifi>n.
(i) a € Hy(M, M\ K) is equal to 0 if and only if p.(a) =0 for all x € K.
Before proving the above lemma, let us finish the proof of Theorem 4.2.7.

Proof. (of Theorem 4.2.7)
For the uniqueness part, if p}, and p% are as in the statement of the theorem, then for all
r € K we have p,(uk — p%) = pz — piz = 0. Then by using Lemma 4.2.10(ii), we get that
fie — pg =0, or pje = pg.

We prove the existence part in several steps:

Step I: If K is contained in a sufficiently small euclidean closed ball (of finite positive radius)
B centered at a point y € M, as in the definition of orientability, then for all x € K, the
composition

H,(M,M\ B) 2% H,(M,M\ K) 2 H,(M, M\ {z}) (4.2.3)

is an isomorphism. Then set ux = px(up), with ug € H,(M,M \ B) as in the definition
of orientability.

Step II: If the theorem holds for compact subsets K; and K, and for their intersection
KN K,, we show that it holds for their union K = K; U K5. Indeed, the Mayer-Vietoris
sequence for the open cover

M (Ky 0 Ky) = (M K1) U (M K),

with intersection

M\K:(M\Kl)m(M\KQ)
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gives the long exact sequence:

0— Hy(M, M\ K) % H,(M, M\ K;) ® H,(M, M\ Ks) % H,(M, M\ (K, NK,)) — ...
(4.2.4)

where ¢(a) = pic, (@) & piy(a) and $(b® ¢) = preyrica(b) — prani(€): By our assumption,
there exist unique pg, € H,(M,M \ K;) and ug, € H,(M,M \ K3) restricting to local
orientations at points z € K; and resp. x € K», hence

Pz © PK1NK, (,uKl) = p:v(,uKi) = Uz (425)

for all x € K1 N Ky and 7 = 1,2. Then we have

p:ﬂ(pK1ﬂK2 (:U’K1) — PKiNK, (:uK2)) = Hz — fe =0 (426)

for all x € K1 N Ky. So by Lemma 4.2.10 we get that

¢(MK1 D :LLKQ) = PK1NK> (MKl) — PK1NK> (:LLK2) =0, (427)
ie., puk, @ Lk, € keryp = Image . Since ¢ is injective, there exists a unique
pux € Hy(M, M\ K)

such that ¢(ugx) = pr, @ pk,. By the uniqueness part, we also have that pg restricts to
local orientations at points x € K.

Step III: For an arbitrary compact K, we write K as a finite union K = K; UKy U... UK,
with each K; as in Step I. Then the claim follows by induction on r by using Step II. m

Let us now get back to proving Lemma 4.2.10:

Proof. (of Lemma 4.2.10)
The proof is done in several steps, as indicated below.

Step I: Assume that M = R" and K is a convex compact subset. Let B be a large ball in

R™ with K C B, and let S = 0B be the bounding sphere. Then for all z € K, both M \ K
and M \ {z} deformation retract to S. So we have:

Hy(M, M\ K) = H;(M,M\ {z})
>~ [(R™, S" 1)
~ ~i71(5n71) (4.2.8)

7Z fori=mn
0 otherwise.
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Step II: We next show that if the Lemma holds for compact sets K;, Ky and for their
intersection K7 N K, then it holds for K := K; U K5. Indeed, we have the Mayer-Vietoris
sequence

oo Hp (M, M\ (K N K)) — Hy(M, M\ K) % Hy(M, M\ K;) ® H/(M, M\ K,)

kN
Y Hy (M, M\ (K N K>)) — - -
(4.2.9)

If i > n, we have by our assumption that H; (M, M \ (K; N K5)) =0, H;(M,M \ K;) =0
and H;(M, M \ K,) = 0. Therefore, H;(M, M \ K) = 0.

If © = n, the Mayer-Vietoris sequence takes the form

0— H,(M,M\ K)% H,(M,M\ K,)® H,(M, M\ K,) N H,(M,M\ (K1N K3)) — ...
(4.2.10)
with ¢ injective. So for a € H, (M, M \ K), we have the following sequence of equivalences:

a=0 <= 0=¢(a) = pk,(a) ® px,(a)
— pre,(@) = 0 and pey(a) = 0
<= popr,(a) =0V € Ky, and pypk,(a) =0Vy € Ko (4.2.11)
(since, by assumption, the lemma holds for K; and K3)
< pyla) =0,Ve € K1 UK.

Step HI: If M = R" and K = K; U K, U --- U K, with each K; convex and compact (which
also implies that K; N K3 is convex and compact), then the lemma holds for K by Step I
and Step II.

Step IV: Assume that M = R"™ and K is an arbitrary compact subset in R™. Choose
a compact neighborhood N of K in R™. Then for any a € H;(M,M \ K) there exists
a € H;(M,M\ N) such that px(a’) = a. Indeed, if 7 is a cycle representative of a, we
have that v € C;(R") and 9y € C;_1(R"\ K). So 9y N K = (. Choose N small enough so
that 9y N N = (. Next, we cover K by a union of closed balls B; such that B; C N and
B;N K # (). Then pg factors as

H;(R",R"\ N) & H;(R",R"\ K)
H;(R",R™\ U; B;)

If ¢ > n, then H;(R",R™\ U;B;) = 0 by Step III. So for any a € H;(R",R" \ K), we have
that
a = px(a’) = px(py;5,(a’)) = 0.
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If i = n, then p,(a) = 0 for all x € K implies by a deformation retract argument that
pz(a) =0 for all z € U; B;. By using Step III, we then get that p,p,(a’) = 0. Hence we have

a = pr(pup:(d)) = 0.

Step V: If K is contained in some euclidean neighborhood in (arbitrary) M, we have by
excision

H,(M,M\ K)= H;(R"R"\ K). (4.2.12)
So the Lemma holds for K by Step IV.
Step VI: Finally, note that any compact subset K of M can be written as a union K =

KUKy U...U K, with each K; as in Step V. Then the Lemma follows by using Step V,
Step II and induction. O

Exercises
1. Show that every covering space of an orientable manifold is an orientable manifold.

2. Given a covering space action of a group G on an orientable manifold M by orientation-
preserving homeomorphisms, show that M /G is also orientable.

3. Foramap f: M — N between connected closed orientable n-manifolds with fundamental
classes [M] and [N], the degree of f is defined to be the integer d such that f,([M]) = d[N],
so the sign of the degree depends on the choice of fundamental classes. Show that for any
connected closed orientable n-manifold M there is a degree 1 map M — S™.

4. Show that a p-sheeted covering space projection M — N has degree p, when M and N
are connected closed orientable manifolds.

5. Given two disjoint connected n-manifolds M; and M,, a connected n-manifold M;# Mo,
their connected sum, can be constructed by deleting the interiors of closed n-balls By C
My and B, C M, and identifying the resulting boundary spheres dB; and 0B5 via some
homeomorphism between them. (Assume that each B; embeds nicely in a larger ball in M;.)

(a) Show that if M; and M, are closed then there are isomorphisms
HZ(Ml#MQ,Z) ~ HZ(Ml,Z) D Hl(MQ,Z), for0<i< n,

with one exception: If both M; and M, are non-orientable, then H,_i(M#Ms;7Z) is
obtained from H,_1(Mi;7Z) & H,,_1(M>;Z) by replacing one of the two Zy-summands
by a Z-summand.

(b) Show that x(M;#Ms) = x(M;) + x(Ms) — x(S™) if M; and M, are closed.
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4.3 Cohomolgy with Compact Support
Let X be a topological space and define the compactly supported i-cochains on X by:

cix)= |J CXX\K) cC(X) (4.3.1)

K compact in X

Equivalently,
CHX)={p:Ci(X) — Z| I compact K, C X s.t. ¢ = 0 on chains in X \ K,}. (4.3.2)

Define a coboundary operator by
dp(0) := (o),

and note that if ¢ € C(X) vanishes on chains in X \ K, then d¢ is also zero on all chains
in X\ K,, and so d¢ € C“(X). Therefore we get a cochain (sub)complex (C2(X),d*).

Definition 4.3.1. The i-th cohomology of X with compact support is defined by
H(X) = H'(C2(X)).

In what follows, we give an alternative characterization of the cohomology with compact
support, which is more useful for calculations. We begin by recalling the notion of direct
limit of groups.

Definition 4.3.2. Let G, be abelian groups indexed by some directed set I, i.e., I has a
partial order < and for any o, B € I, there exists v € I such that o <~ and 8 < 7. Suppose
also that for each pair o < B there is a homomorphism faop : Go — Gg such that fuo = idg,
and foy = [y © fap. Consider the set

HaGa/ ~

where the equivalence relation ~ is defined as: if v € Go, 2’ € Gy, then x ~ ' if fo(r) =
fory (@) with o, ¢ <. Any two equivalence classes [x] and [x'] have representatives lying in
the same G.,, with o,/ <y, so we can define

(2] + [2] = [fan (€) + farn (27)].

This is a well-defined binary operation, and it gives an abelian group structure on the set
1,Go/ ~. The direct limit of the groups G, is then the group defined as:

liny Gl := oG/ ~ . (4.3.3)

ael

Remark 4.3.3. If J C I so that Va € I,48 € J with a < 3, then h_l’l;lGa = 1;11§G5. In
acl peJ
particular, if J = {f} (i.e, I contains a maximal element), then @Ga = Gj.
ael
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We can now prove the following result:

Proposition 4.3.4. There is an isomorphism

H(X) = ling H'(X, X\ K) (4.3.4)

Kel
where I := {K C X| K compact}.

Proof. First note that I is a directed set since it is partially ordered by inclusion, and the
union of two compact sets is also compact. Moreover, if K C L are compact subsets of X,
then there is a homomorphism fxy : H/(X, X \ K) — H(X, X \ L) induced by inclusion.
Hence the direct limit group lim _ H (X, X \ K) is well-defined.

Each element of lim HY(X,X \ K) is represented by some cocyle ¢ € C*(X, X \ K)
for some compact subset K of X. Regarding ¢ as an ¢-cochain with compact support, its
cohomology class yields an element [p] € H:(X). Moreover, such a cocycle p € C*(X, X \ K)
is the zero element in hﬂHi(X,X \ K) iff ¢ = ¢ for some ¢ € C*(X, X \ L) with L D K,
and so [p] =0 in H:(X). O

Remark 4.3.5. If X is compact, then H:(X) = H*(X), for all i > 0, since in this case there
is a unique maximal compact set K C X, namely X itself.

Example 4.3.6. Let us compute the cohomology with compact support of R™. By the above
proposition,
H{(R") = lim H"(R",R" \ K),
e

where the direct limit is over the directed set of compact subsets of R”. Note that it suffices
to let K range over closed balls B, of integer radius k centered at the origin since each
compact K C R"” is contained in such a ball. So we have that

li%qu(R”, R"\ K) = lig H'(R",R"\ By)

keZZO

Moreover, we have isomorphisms
H"(R™",R"\ By) = H"(R",R" \ Bjy1)
induced by inclusion, since for all k:

ifi=n

otherwise.

Hi(R" R"\ By) = H{(R",R"\ {0}) = {OZ

Altogether,

Hy(R") = lim H'(R",R"\ K) = lim H'(R",R"\ By)

kEZZO

7 ifi=mn
0 otherwise.
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Remark 4.3.7. It follows from the previous example that the cohomology with compact
support H}(—) is not a homotopy invariant.

Remark 4.3.8. Let X = X U # be the one point compactification of X. Then
H{(X)~ H(X,2) = H(X). (4.3.5)

For example, H'(R™) = H'(S™). This follows from the following general fact. If U is an
open subset of a topological space V', with closed complement Z := V' \ U, then there exists
a long exact sequence for the cohomology with compact support

- = H(U) = HA(V) — H(Z) = H'(U) — - --
If we apply this fact to the case X=XU Z, we get a long exact sequence
o= H(X) = H(X) > HY(3) > -

Since X and # are compact, this yields that Hi(X) = H'(X,#) = H(X), as claimed.
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4.4 Cap Product and the Poincaré Duality Map

Definition 4.4.1. We define the cap product operation
CHX)® Cp(X) = Ch_i(X) (4.4.1)
as follows: forb e CY(X) and £ € Cp,(X), b ~ € € C,_i(X) is defined by
alb ~ &) = (a— b)¢ (4.4.2)
where a € C"(X).

Remark 4.4.2. Tt is not hard to see that if o : A, — X is an n-simplex and b € C*(X),
then
b—~o= ?(Uhvn_i,-..,vn})/-g‘[vm,, Un—i] - (4_4.3)

-~~~ ~~

EZ €Cn—i(X)

The reader is encouraged to show that these two notions of cap product are equivalent.
The following result is a direct consequence of the definition:

Lemma 4.4.3. For any b € C*(X) and £ € C,(X), we have:
Ob ~ &) =0b~E+(=1)b~ O¢ (4.4.4)
As a consequence, the cap product descends to (co)homology:

Corollary 4.4.4. There is an induced cap product operation
H'(X)® H,(X) = H, i(X). (4.4.5)
Remark 4.4.5. A relative cap product
H'(X,A)® H,(X,A) = H, ;(X) (4.4.6)
can be defined as follows. First note that the restriction
C'(X,A) @ Cr(X) = Cpi(X)
of absolute cap product (4.4.1) vanishes on C*(X, A) ® C,,(A), so it induces:
CHX,A)® Cp (X, A) = C_i(X).
Since (4.4.4) still holds in this relative setting, we get a relative cap product operation:
HY(X,A)® H,(X,A) = H,_i(X).

The following result states that the cap product — is functorial. Its proof is a direct
consequence of the definition of cap products and is left as an exercise:
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Lemma 4.4.6. If f : X — Y is a continuous map, then

o~ f& = f(fe) ~§) (4.4.7)
for all p € H(Y) and £ € H,(X). This fact is illustrated in the following diagram.:

HY(X) ® H,(X) —— H, i(X)

f*T f*l f*l

H(Y) ® H,(Y) —— H, (Y)

Let us next move towards the definition of the Poincaré duality map. Let M be a n-
dimensional orientable connected manifold (not necessarily compact), and let K C L € M
where K, L are compact subsets. Consider the diagram:

H{(M,M\ L) ® H,(M,M\ L) —— H,_;(M)

H(M M\ K) ® H (M, M\ K) —— H,_;(M)
By the functoriality of the cap product, we have for any ¢ € H'(M, M \ K) that:

(i) ~ pr = ¢ ~ i(pr), (4.4.8)

where px and pp denote the orientation classes of Theorem 4.2.7. Moreover, the following
identification holds:

Lemma 4.4.7. For compact subsets K C L of M, we have:
(i) = pix- (4.4.9)

Proof. The claim follows from the commutativity of the following diagram and the uniqueness
of px in H,(M, M \ K) which restricts to local orientations u,, Vo € K.

pr € Hy(M, M\ K) Hy, (M, M\ x)

g /

pr € Hy(M, M\ L)

Therefore, we have from (4.4.8) and (4.4.9) that:

(") ~ pr =@ ~in(uL) = ¢ ~ pik, (4.4.10)

for all ¢ € HY(M,M \ K). Let us now recall from Proposition 4.3.4 that we have an
isomorphism:

H!(M) = @H%M,M\K), (4.4.11)
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where the direct limit on the right-hand side is taken over all compact subsets K of M. We
can now define the Poincaré duality map

H{(M) -~ H,_;(M) (4.4.12)

as follows: its value on ¢ € HY(M) is defined as px —~ pg, where px € H(M,M \ K)
is a representative of ¢ and ux € H,(M, M \ K) is the orientation class defined by K (cf.
Theorem 4.2.7). Note that the Poincaré duality map (4.4.12) is well-defined (i.e., independent
of the choice of the representative @) by the commutativity of the following diagram (which
follows from the identity (4.4.10)):

Hi(M, M\ K)

Hi(M, M\ L)

MK ML

Hn—i(M)

We have now all the necessary ingredients to formulate the main theorem of this chapter:

Theorem 4.4.8. (Poincaré Duality)
If M is an n-dimensional oriented connected manifold, then the Poincaré duality map:

Hy(M) — Hy—i(M)
is an isomorphism for all 1.
An an immediate corollary, we get the following:

Corollary 4.4.9. If M is an n-dimensional closed oriented connected manifold, then the
map '
H' (M) — H,_;(M)

defined by the cap product with the fundamental class of M, that is, ¢ — @ N [M], is an
1somorphism for all 1.
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4.5 The Poincaré Duality Theorem

This section is devoted to proving The Poincaré Duality Theorem, which we recall below for
the convenience of the reader.

Theorem 4.5.1. (Poincaré Duality)
If M is an n-dimensional oriented connected manifold, then the Poincaré duality map:

s an isomorphism for all i.

Proof. Recall that on an element ¢ € H: (M) = lim  H “(M, M\ K), the Poincaré¢ duality

KcX
Kcompact

map takes the value px —~ px, where o € H'(M, M \ K) is a representative of ¢, and jug
is the orientation class of H,,(M, M \ K).

The proof of the theorem will be divided into several steps. We first show that the state-
ment holds locally, then we glue the local isomorphisms by a Mayer-Vietoris argument.

Step I: We first show that the theorem holds for M = R".
Let By denote the closed ball of integer radius k£ in R™. Then

Hi(R") = lim HI(R",R" \ B;,) = nre=n
By 0 otherwise

and

H,_i(R") 7 ifi=mn
e 10 otherwise.

The Universal Coefficient Theorem yields that
H"(R",R"\ By) ~ Hom(H,(R",R"\ By);Z).

So H™(R™, R"™\ By) is generated by some class a so that ax(up,) =1 € Z. Let 1 € H'(R") =
7Z be the generator. Then:

1= ap(ps,) = (1 — ar)(pus,) = L(ax ~ ps,)
Hence ay —~ pp, is a generator of Hy(R™). In particular, the map
~ ppg,  H"(R",R" \ By) = Ho(R")
is an isomorphism. Taking the direct limit over the By’s, we get an isomorphism
H(RY) =5 Hy(R"),
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which by the above considerations coincides with the Poincaré duality map. Also, both
groups are trivial for ¢ # n, so the claim follows.

Step II: Assuming the theorem holds for opens U,V C M and for their intersection U NV,
we show that it holds for the union U U V.
For this purpose, we construct a commutative diagram

o= HY(UNV) —  H(U)®eHY(V) — HY(UUV) — HYYUNV) —...
4 \ l \

o= H,;(UNV) —» H,,(U)®H,i(V) - H,;(UUV) — H,,,(UNV) —--.

(4.5.1)

Once the diagram is constructed, the claim follows by the 5-lemma.

The bottom row in (4.5.1) is just the Mayer-Vietoris homology sequence. The top row of
the above diagram can be constructed as follows. For compact subsets K C U and L C V,
consider the cohomology Mayer-Vietoris sequence for the pairs (M, M \ K) and (M, M \ L):

coo s H(M, M\ (KNL)) = H(M,M\K)®H'(M,M\ L) — H(M,M\ (KUL)) — - -

By excision, we get a long exact sequence:

o= H(UNV,UNV\KNL) — H(U,U\K)®H"(V,V\L) = H(UUV,UUV\KUL) — - --

Taking direct limits over K C U and L C V', we get the top long exact sequence in (4.5.1):
= HUNV) = HU) H(V) - H(UUV) = ---

The commutativity follows by using the definition of the Poincaré duality map.

Step III: Assume M is a union of nested open subsets U, so that the theorem holds for each
U,. We show that the theorem holds for M.

First note that any compact subset in M (in particular, the support of a singular (co)chain)
is contained in some U,. Then we claim that the following identifications hold:

H;(M) = lim H;(Us) (4.5.2)
and
H (M) = lim H(U,). (4.5.3)

This claim and Poincaré duality for each U, imply the Poincaré duality isomorphism for M,
since the direct limit of isomorphisms is an isomorphism. In order to prove the claim, we
note that the inclusions i, : U, < M induce homomorphisms i,, : H;(U,) — H;(M) so that
for U, — Up the following diagram commutes:
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We therefore get a well-defined map

f : 11_I>HH7,(UOC) — HZ(M)

We next show that f is an isomorphism.

e fisonto: any [£] € H;(M) is represented by a cycle whose support is contained in a
compact subset of M, thus in some U,. The corresponding homology class in H;(U,,)
maps onto [¢].

e f is one-to-one: if & = On, for n € C;11(M), then ¢ is a cycle in some U,, but not
necessarily a boundary in U,. On the other hand, 7 is contained in some larger Ug, so &
can be regarded as a boundary in Us. Therefore, [(] = 0 € H;(Ug), hence it represents
the zero class in lim H;(U,).

a

So (4.5.2) follows. The identification in (4.5.3) is obtained similarly.

Step IV: We next show that the theorem holds when M is an open subset of R"™.

If M is convex, then M is homeomorphic to R™, so the theorem holds by Step I. If M is not
convex, then M = UkeZ>o Vi, with each Vi open and convex in R”. By induction and Step
I1, the theorem holds for the sets Uy =V} U --- U Vj. Note that {Ug} forms a nested cover
of opens for M, hence the theorem follows by Step III.

Step V: Finally, we show that the Poincaré duality isomorphism holds for an arbitrary M.
We first cover M by open sets V,,, each of which is homeomorphic to R™. We next choose a
well ordering < of the index set, which exists by Zorn’s lemma (if M has a countable basis,
the we can choose the positive integer as index set). Then the sets

Ua = Uﬁ<aVﬁ

form a nested open cover of M. So by Step III, it suffices to show that the theorem holds for
each U,. But U, = Up, V3, with V3 = R" for each /3, and the theorem holds for each V. By
Step II and transfinite induction, the theorem holds for each U,, and the claim follows. [

Remark 4.5.2. By taking coefficients in any commutative ring R, we can prove the Poincaré
duality isomorphism over R via the coefficient map Z — R. Moreover, for R = Z/2, Poincaré
duality holds even without the orientability assumption.
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Exercises
1. Show that if M™ is connected, non-compact manifold, then H;(M;Z) = 0 for i > n.

2. Show that the Euler characteristic of a closed, oriented, (4n + 2)-dimensional manifold is
even.

3. Let M be a closed oriented manifold with fundamental class [M]. Consider the following
cup product pairing between cohomology groups of complementary dimensions (after moding
out by the corresponding torsion subgroups):

(,): H(M;Z)/Torsion ® H"*(M;Z)/Torsion — Z

given by (a, 8) = (« U B, [M]). Here (, ): H'(X;Z) ® H,(X;Z) — Z is the Kronecker
pairing defined in Homework #1.

(i) Show that the cup product pairing is nonsingular in the following sense: for each choice
of a Z-basis {3, ,8,} of H" {(M;Z)/Torsion, there exists a Z-basis {a1, -+, .}
of H'(M;Z)/Torsion such that (a;, 3;) = d;;. (Hint: Use the Universal Coefficient
Theorem and Poincaré Duality.)

(ii) As an application, re-prove the following facts about the ring structures on the coho-
mology of projective spaces:

(8) H'(RP™Zy) = Dola] /&™), || = 1,
(b) H*(CPsZ) = Zlyl/(y), Iyl =2,
(¢) H*(HP"Z) = Zlw]/(w™), |w] = 4.

4. Let M be a closed, oriented 4n-dimensional manifold, with fundamental class [M]. The
middle intersection pairing

(,):H*(M;Z)/Torsion ® H*"(M;Z)/Torsion — Z
given by (a,8) = (o U 3, [M]) is symmetric and nondegenerate. Let {ay,- -, .} be a Z-
basis of H*"(M;7Z)/Torsion, and let A = (a;;) for a;; := (a4, ;) € Z. Then A is a symmetric
matrix with det(A) = +£1, so it is diagonalizable over R. Define the signature of M to be
o(M) := (the number of positive eigenvalues) — (the number of negative eigenvalues)
(a) Compute o(CP"), o(S? x 5?).

(b) Show that the signature o (M) is congruent mod 2 to the Euler characteristic x(M).
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5. Show that if a connected manifold M is the boundary of a compact manifold, then the
Euler characteristic of M is even. Conclude that RP**, CP*"*, HIP*" cannot be boundaries.

6. Show that if M*" is a connected manifold which is the boundary of a compact oriented
(4n + 1)-dimensional manifold V', then the signature of M is zero.

7. Show that if M is a compact contractible n-manifold then M is a homology (n — 1)-
sphere, that is, H;(OM;Z) ~ H;(S™ %, Z) for all i.

[

8. Let M be a closed, connected, orientable 4-manifold with fundamental group m (M) =
7/3 73 and Euler characteristic x(M) = 5.

(a) Compute H;(M,Z) for all i.

(b) Prove that M is not homotopy equivalent to any CW complex with no 3-cells.

9. Let M be a closed, connected, oriented n-manifold and let f : S™ — M be a continuous
map of non-zero degree, i.e., the morphism

fe: Hy(S™Z) — H,(M;Z)
is non-trivial. Show that M and S™ have the same Q-homology.

10. Show that there is no orientation-reversing self-homotopy equivalence CP?" — CP*".
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4.6 Immediate applications of Poincaré Duality

In this section we derive several applications of the Poincaré duality isomorphism of Theorem
4.5.1. (In particular, we provide answers to some of the exercises listed in the previous
section.)

Proposition 4.6.1. If M" is a closed odd dimensional manifold, then x(M) = 0.

Proof. Let n =2k + 1.
If M is oriented, then (with Z-coefficients):

ekl (M) 2 vem=ioany YED wkH, (M),
So: 2k+1 A k ‘ ‘
(M) = 3 (1) xkHi(M) = 3 ((=1)" 4 (=1)"") - 1k Hi(M) = 0.

If M is non orientable, the Poincaré duality isomorphism holds with Z/2-coefficients, and
we get:

2k+1 %) 2k+1 ‘
X(M) = " (=1)" - rkH;(M; Z) = ) " (=1)" - dimgy Hi(M;Z/2) = 0,
n=0 n=0

where the vanishing follows as before by Poincaré duality (over Z/2). The equality (x) follows
from the Universal Coeflicient Theorem as follows:

H'(M,7/2) = Hom(H;(M),Z/2) ® Ext(H;_(M),Z/2).
e a Z-summand of H;(M;Z) contributes

— Hom(Z,Z/2) = 7Z/2 to H(M;Z/2), and
~ Ext(Z,Z/2) = 0 to H*'(M;Z)2).

e a Z/m summand of H;(M;Z), with m odd, contributes:

— Hom(Z/m,Z/2) = 0 to H'(M;Z/2), and
— Ext(Z/m,Z/2) =0 to H(M;Z/2).

e a Z/m summand of H;(M;Z), with m even, contributes:

— Hom(Z/m,Z/2) = Z/2 to H(M;Z/2), and

— Ext(Z/m,Z/2) = Z/2 to H*Y(M;Z/2), so these Z/2 contributions cancel out in
Yo (1) - dimg, H'(M;Z/2).

Finally, note that dimg, H;(M;Z/2) = dimg, H'(M;Z/2), so the claim follows. O
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Proposition 4.6.2. If M™ is a closed, oriented, connected manifold, then
Torsion(H,,—1(M)) = 0.

Proof. Indeed,

Torsion(H;(M)) (D) Torsion(H" " (M)) wen

Ext(H,—1-:(M),Z) = Torsion(H,,_1_;(M))
Since M is connected, Hy(M) is free, so the claim follows. O

We will show later the following:

Proposition 4.6.3. If M" is a closed, connected, non-orientable manifold, then
Torsion(H,,—1(M)) = Z/2

and
H"(M)=17)2.

The second part of Proposition 4.6.3 follows from the Universal Coefficient Theorem and the
following consequence of Poincaré duality (to be proved in the next section):

Lemma 4.6.4. If M™ is an n-dimensional closed, connected manifold, then

7, if M-oriented

0 , if M-non-oriented.

Hn(M) = {
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4.7 Addendum to orientations of manifolds

Before we explain the proof of Proposition 4.6.3, we need to elaborate on orientations of
manifolds.

Recall that if M™ is a n-manifold, a local orientation at x € M is a generator u, €
H,(M,M \ z) = Z. We say that M is oriented if there exists a global orientation, i.e., a
continuous choice © — u, of local orientations. This means that for all x € M, there is a
closed euclidian ball B (of finite positive radius) around x so that

Z = Hy(M, M\ B) % Hy(M, M\ )
sends the generator pup, to the local orientation class p,, for all y € B,.

Proposition 4.7.1. Any manifold M (oriented or not) has an oriented double cover M.

Proof. (Sketch)
Define -
M = {p,| * € M, j1, alocal orientation of M at =}

andw:M%Mbyum—MC. Clearly, 7 is a 2 : 1 map.
We need to put a topology on M so that it becomes a manifold and 7 is a covering map.
For an open ball B C R™ C M of finite radius, with a generator ug € H,(M, M \ B), define

U(IUB) = {HJ:C € M| T € B, p, = px(ﬂB)}y
where p, denotes the natural map H,(M, M \ B) — H,(M, M \ x). Then
7 H(B) = U(up) WU (—pp)

and both U(up) and U(—pup) are in bijection to B. Moreover, it can be shown that the sets
{U(pp)}p form basis of opens for the topology of M so that 7 is continuous. So 7 is 2-fold

covering and M is manifold.
Moreover, M is orientable. Indeed, we have,

Ho(M, M\ p12) = Ho(U(up), Ulps) \ pra) = Ho(B, B\ ) = Hy(M, M\ z).  (4.7.1)
So at the point u, € M there exists a canonical local orientation
fie € Hy(M, M\ ) 2 Z

corresponding to p, under the above isomorphism (4.7.1). The consistency of such local
orientations follows by construction. O

Example 4.7.2. (a) The oriented double cover of M = RP? is M = S2.

(b) The oriented double cover of the Klein bottle K is the 2-torus T2
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Proposition 4.7.3. If M is a connected manifold, then M 1is orientable if, and only if, M
has two components. In particular, if T (M) = 0 or has no index 2 subgroup, then M is
ortentable.

Proof. The oriented double cover M can have one or two components. If M has two com-
ponents, each is oriented and homeomorphic to M, so M is orientable. Conversely, if M is
orientable, it can have exactly two orientations at each point, each defining a sheet of M. [

Example 4.7.4. CP" is orientable.

The oriented double cover M can be embedded in a larger covering space My of M as
follows. Let
My ={a,| x€M, ap € H,(M, M\ z) =7Z}.

We then have the Z-fold projection map
Ty . MZ — M

defined by o, — x. A basis of opens {U(B)} for My can be defined by the following recipe:
for an open ball B C R" C M, set

UB)={wa, | r € B,a, = p,(ap) for ap € H,(M,M \ B) 2 7Z)}

with p, : Ho(M, M\ B) = H,(M, M \ z) induced by inclusion as before. For any k € Z, we
then get a subcover My C My by selecting +kpu, in the fibre above x. So

MZ:UMk

k>0

with My 2 M, My, & M_., and M, = M, for any integer k.

Definition 4.7.5. A section of mz : My — M is a continuous map « : M — My defined by
T o € Hy (M, M\ ) =7Z. An orientation of M is a section of mz assigning p, to each
x e M.

One can generalize the definition of orientability by replacing Z any commutative ring R
with unit. Note that by the universal coefficient theorem for homology, we have:

H,(M,M\z;R) < H,(M,M\z) ® R¥Z® R~ R.
The covering My can be generalized to:
Mg ={a,| x€ M,a, € H,(M, M\ z; R) = R}.

The corresponding covering map 7g : Mg — M is defined by «a, — z (so the fibre over
x € M is R). Each r € R determines a subcovering M, by selecting the points +u, ® r €
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H,(M,M \ z; R) in each fibre. If r is an element of order 2 in R, then M, is a copy of M.
(Indeed, +p, @ 1 = pp ® £r = p, ® r.) Otherwise, M, is homeomorphic to the oriented
double cover M. We have

Mp =] M,

reR

with all M, being disjoint except for M, = M_,., and M, = M if 2r = 0.

Definition 4.7.6. An R-orientation of an n-dimensional manifold M is a section of Mg
assigning to each x € M a generator u of H,(M, M \ x; R) = R.

Remark 4.7.7. Note that a generator of R is an element u so that Ru = R. Since R has a
unit, this is equivalent to saying that u is invertible in R.

Remark 4.7.8. An orientable manifold is R-orientable, for all commutative rings R with
unit. A non-orientable manifold is R-orientable iff R contains a unit of order 2. Thus every
manifold is Z/2-orientable.

We are now ready to prove the following result, which shows that orientability of a closed
manifold is reflected in the structure of its homology:

Theorem 4.7.9. Let M be a closed connected n-manifold. Then:

(a) if M is (R-)orientable, then H,(M;R) — H,(M,M \ z;R) = R is an isomorphism
for any x € M.

(b) if M is not orientable, then H,(M;R) — H,(M,M \ z;R) = R is one-to-one, with
image the group generated by the set of elements of order 2 in R.

(¢c) Hi(M;R) =0, for alli > n.

The proof of Theorem 4.7.9 is based on the Theorem 4.2.7 and Lemma 4.2.10 (which
we formulate here with R-coefficients in parts (a) and (b) below), together with a slight
generalization of Theorem 4.2.7 (see part (c¢) below) which holds without the orientability
assumption:

Lemma 4.7.10. Let M be a connected n-manifold and K a compact subset of M. Then:

(a) if M is R-oriented, then there exists a unique px € H,(M,M \ K;R) such that
pe(j11c) = o € Hy(M, M\ 2 R), for all z € K.

(b) H{(M,M \ K;R) = 0 fori > n, and a class ax € H,(M,M \ K;R) is zero iff
pe(ag) =0 for any r € K.

(c) if © — «ay is a section of the covering space Mpr — M, then there is a unique class
ag € H,(M, M\ K;R) so that p,(ak) = a, € H,(M, M\ z; R), for all z € K.
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Note that the proof of part (c) of the above lemma is almost identical to that of Theorem
4.2.7 (with the uniqueness following from part (b)), with the only easy modification appearing
in Step I of loc.cit. (where the orientation assumption used in the proof of Theorem 4.2.7 is
replaced by the continuity of the section). We leave the details to the reader.

To deduce parts (a) and (b) of Theorem 4.7.9, choose K = M in the above lemma, and
let I'r(M) be the set of sections of the covering map Mg — M. With respect to the addition
of functions and multiplication by scalars in R, I'r(M) becomes an R-module. Moreover,
there exists a homomorphism

H,(M;R) — T'r(M)

defined by
a— (T ay),

where a, is the image of « under the map p, : H,(M; R) — H,(M, M \ {z}; R). The above
lemma asserts that this is in fact an isomorphism.

Let us now translate the statements about H,,(M; R) in Theorem 4.7.9 into statements about
the R-module I'r(M):

1. For the oriented case: H,(M;R) = I'r(M) — H,(M,M \ x; R) is an isomorphism,
defined by a — (z — «a,) — «, for a given z.

2. For the non-oriented case: H,(M;R) = I'r(M) — H,(M,M \ z; R) is a monomor-
phism, with image the group generated by the elements of order 2 in R.

Note that since M is connected, each section in I'g(M) is determined by its value at one
point x € M. The injectivity statements in part (a) and (b) of Theorem 4.7.9 follow from
Lemma 4.7.10(b). Also, the surjectivity in part (a), as reformulated in part 1 above, follows
from Lemma 4.7.10(a). The remaining statement in part 2 above can be seen as follows.
Since mg is a covering map, the section group I'gr(M) can be identified with the connected
components of My which map homeomorphically via mr to M. Since M is non-orientable,
the oriented double cover 7 : M — M is non-trivial (i.e., connected), thus the components
of Mg are of the form T(M), with 7 : M — Mp the continuous map defined by p1 — 1 ® r.
The only points in T’(M) which under 7z map to x € M are p, @1 and —pi, @1 = 1, @ (—7).
Thus, 7g|, 37 is @ homeomorphism iff r = —r, or 2r = 0. 0J

Corollary 4.7.11. If M is orientable, then H,(M;Z) = Z. If M is non-orientable, then
H,(M;Z) = 0. In either case, H,(M;Z/2) = 7/2.

We can now prove the following:
Corollary 4.7.12. Let M be a closed and connected n-manifold. If M is oriented, then
Torsion(H,,—1(M)) = 0.
Otherwise,

Torsion(H,,—1(M)) = Z/2.
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Proof. By the universal coefficient theorem for homology, and using the fact that the homol-
ogy groups of a closed manifold are finitely generated (e.g., see Cor.A.8 and A.9 in Hatcher’s
book), we have:

H,(M;Z/p) = H,(M;Z)®7Z/p® Tor(H,_1(M;Z),7Z/p)
= H,(M;Z)®Z/p @ Torsion(H,,_1(M;Z)) ® Z/p.

In the orientable case, if H,_;(M) contained torsion, then for some prime p, the group
H,(M;Z/p) = Z/p would be larger than the Z/p coming from the first summand (here we
use that H,(M) = Z), which is impossible. This means Torsion(H,,_;(M)) = 0.

In the non-orientable case, we have by Theorem 4.7.9 that H,,(M;Z/m) is either Z/2 or 0,
depending on whether m is even or odd. (Indeed, in this case the map H,(M;Z/m) — Z/m
is injective with image the elements of order 2 in Z/m. So, if m is odd, there are no elements
of order 2 in Z/m, while if m = 2k is even, then k is the only element of order 2 in Z/m.)
Since in this case we have H,,(M;Z) = 0, this forces the torsion subgroup of H,_1(M) to be
7]2. O

Remark 4.7.13. By using the universal coefficient theorem for the cohomology of a closed
n-manifold, we have:

H"(M) = Free(H,(M)) & Torsion(H,,_1(M)).

So by using the result of and the previous corollary, we get that if M is oriented then
H"(M) = 7Z. Otherwise, H"(M) = 7Z/2.
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4.8 Cup product and Poincaré Duality

Let R be a fixed commutative coefficient ring, and fix ¢ € C/(M;R), ¥ € C*(M; R) and
0 € Cp(M; R). Then v ~ o € C)(M; R) is defined by

e ~ o) =(p—¢)(0) € R (4.8.1)

Alternatively, if o is a (k 4 [)-simplex, then

1/} — 0 = ¢(U|[Ulavl+1 ----- Uk+l]) ’ U|[v07v1 ----- v+ (482)
Indeed,
e ~ o) = ¢(U|[vz,vz+1 ----- Uk+z]) ' @(Ul[vo,vl ----- vz]) = (¢ — ¥)(0). (4.8.3)
This means that — — ¢ : CY(M;R) — C*Y(M;R) is dual to v ~ — : Cpy(M;R) —
C)(M; R). Passing to (co)homology, we get the following commutative diagram:

H'(M;R) —'— Hompg(H,(M;R), R)

V% (W\)*l
H*!(M; R) —— Homp(Hys:(M;R), R)

In particular, if A is an isomorphism (e.g., R is a field, or we work over Z but H, is torsion-
free), then — — v and 1) ~ — determine each other.

Definition 4.8.1. Let M be a closed connected R-oriented n-manifold. Then the cup product
Pairing
H*(M; R) x H"*(M; R) — H"(M: R) ~™ Hy(M;R) = R (4.8.4)
15 defined by
(o, 0) = (=) = (¢ — ¥) ~ [M].

Definition 4.8.2. Let A and B be R-modules. A pairing o : A X B — R is non-singular if
f:+ A — Hompg(B, R) is an isomorphism, with f defined by f(a)(b) = a(a,b), and g : B —
Hompg (A, R) is an isomorphism, with g(b)(a) = a(a,b).

We then have the following:

Proposition 4.8.3. The cup product pairing is non-singular if R is a field, or if R = Z and
torsion is factored out.

Proof. Consider the composition

£ H*(M; R) - Homg(Hy(M; R), R) 23" Homp(H" *(M; R), R),
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where (P.D.)* denotes the dual of the Poincaré duality isomorphism. Under our assumptions
on R, h is isomorphism. Moreover, by Poincaré Duality, (PD)* is also an isomorphism, hence
f is an isomorphism. For ¢ € H*(M; R) and ¢ € H" *(M; R), we have:

fle)@) = ((P.D.)"oh(p)(¥)
= h(p)(P.D.(¢))
= h(p)(¥ ~ [M])
= (i ~ [M])
= (¢ —¥)[M].

We obtain a similar isomorphism by interchanging k& with n — k, so the claim follows. O

Corollary 4.8.4. Let M be a closed connected Z-oriented n-manifold. Then for any o €
H*(M) a generator of a Z-summand, there exists 3 € H" *(M) such that o — 3 generates
H(M) = 7.

Proof. By hypothesis, there exists a homomorphism (i.e., the projection to some Z-summand)
o: H* (M) = Z

such that ¢(a) = 1. By the non-singularity of the cup product pairing, ¢ is realized by
taking the cup product with some 3 € H"*(M) and evaluating on the fundamental class
[M]. We therefore get

1= p(a) = (a— B)[M].
This means « — [ is the generator of H™(M). O

Corollary 4.8.5. H*(CP™;Z) = Z[a]/(a™™), with deg(a) = 2.

n—1

Proof. Let a be the generator of H?(CP") = Z. By induction, we can assume that «
generates H*"~2(CP") = Z. Using the previous corollary, there exists 5 € H*(CP") so that
a" ! — 3 generates H*"(CP") = Z. Note that since « is the generator of H*(CP") = Z,
it follows that 8 = ma, for some m € Z. This means that a"~! — 8 = ma™ generates Z.
Thus m = +1, whence o™ generates H*"(CP"). ]

We can now ask the following;:

Question 4.8.6. Does there exist a 2n-dimensional closed manifold whose cohomology s
additively isomorphic to that of CP", but with a different cup product structure?

If n = 2, the answer is No. Indeed, H*(CP?; Z) = Z[a]/(a?), with deg(a) = 2. If there is
such manifold M, then « also generates H?(M) = H?*(CP?) = Z, so there exists § € H*(M)
such that o — 8 generates H*(M) = Z. So, 8 = ma, for some m € Z. Hence a — 3 = ma?
generates H*(M), which yields m = #1. This means that M has the same cup product
structure as CP%.

If n > 3, the answer is Yes. Indeed, S? x S* and CP? have isomorphic cohomology groups,
but different cup product structures on their cohomology rings.

Another application of Poincaré duality is the following:
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Corollary 4.8.7. If M is a closed oriented manifold of dimension m = 4n + 2, then x(M)
1S even.

Proof. By the definition of the Euler characteristic, x(M), we have

An+2

Therefore,
X(M) = 1k(Hapy1(M)) (mod 2).

Let us now consider the following cup product pairing
H2n+1(M> % H2n+1<M) = H4n+2(M) /ﬂ] 7

defined by

(@, B) = (= B) = (a — B) ~ [M].
By Poincaré Duality, after moding out by torsion, this pairing is non-singular. As a result,
the matrix A of the cup product pairing is non-singular and anti-symmetric. By linear
algebra, A is similar to a matrix with diagonal blocks

(%)

k(2 (M) = rk(A),

which is clearly even. O

Therefore,

Remark 4.8.8. Dualizing the cup product pairing of Proposition 4.8.3, we get the non-
singular intersection pairing

defined by
([o], [n]) = #(o nnp'),

where 7' is chosen so that it is homologous to 7 but transversal to o (so o N7 is a finite
number of points).

Example 4.8.9. Let T be the 2-dimensional torus and S be a meridian of T'. Let M be
the pinched torus T/S. Then Poincaré duality fails for M. If not, let o be the longitude
of M (and T') and 8 be the a meridian of M. Then Poincaré duality for M would yield
([, [5]) — t(an B) = 1. However, [3] = 0. This is impossible since the intersection pairing
is non-singular. The reason for the failure of Poincaré duality is that the pinched torus
M :=T/S is not a manifold. Indeed, a neighborhood of the pinch point is a join of two
2-disks, thus it is not homeomorphic to R2.
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4.9 Manifolds with boundary: Poincaré duality and ap-
plications

In this section, we discuss the Poincaré duality theorem for manifolds with boundary. The

proofs are routine adaptation of those for closed manifolds.

Definition 4.9.1. A Hausdorff topological space M is an n-manifold with boundary if any
point x € M has a neighborhood U, homeomorphic to either R™ or R} = {(z1,--- ,2,) €
R"™| z, > 0}. In particular,

(a) if Uy 2 R"™, then H,(M,M \ z) = H,(U,,U, \ ) = Z.
(b) if Uy = R, then
H,(M,M\ z) = H,(U,, U, \ z) = H,(R}, R} — {0}) =0.

The boundary of M is defined to be
OM :={xe M | H,(M, M\ z) =0}.
Example 4.9.2. 9(D") = 5™ !, 9(R?) = R" ..

Remark 4.9.3. If M is an n-manifold with boundary, then the boundary set OM is a
manifold of dimension n — 1.

Definition 4.9.4. We say that a manifold with boundary (M,0M) is orientable if M \ OM
1s orientable as a manifold with no boundary.

We have the following:

Proposition 4.9.5. If (M,0M) is a compact, orientable n-manifold with oriented bound-
ary, then there exists a unique class py € H,(M,0M) inducing local orientations p, €
H,(M, M\ z) at all points x € M \ OM.

Remark 4.9.6. If (M,0M) is a compact, orientable n-manifold with boundary, then in the
long exact sequence for the pair (M, 0M) we have:
[M] = py — [OM]

Theorem 4.9.7 (Poincaré Duality). If (M,0M) is a connected, oriented n-manifold with
boundary, then there are isomorphisms

H(M) —=% H,_;(M,0M) (4.9.1)
and
H(M,0M) —% H,_;(M) (4.9.2)

where Hy(M,0M) = 1 keompaet H'(M, (M \ K) U OM) is the cohomology with compact
KCM\OM
support for the pair (M,0M).
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Let us now describe some applications of Poincaré duality for manifolds with boundary.

Proposition 4.9.8. If M™ = 9V"*! is a connected manifold with V a compact (n + 1)-
dimensional manifold with boundary, then the Euler characteristic x(M) is even.

An immediate consequence of Proposition 4.9.8 is the following:
Corollary 4.9.9. RP?" CP**, HIP>"® cannot be boundaries of compact manifolds.
In order to prove Proposition 4.9.8, we need the following result:

Proposition 4.9.10. Assume V2" is an oriented, (2n + 1)-dimensional compact manifold
with connected boundary OV = M*". If R is a field (e.g., Z./27 if M is non-orientable), then
dimg H"(M; R) = dimg H,(M; R) is even.

Proof of Proposition 4.9.10. Consider the long exact sequence for the pair (V, M):
H™(V;R) > H"(M;R) -> H"(V, M; R)
g\LA[M] %\LA[V]
H, (M; R) > H,(V; R)

where i*, i, are induced by the inclusion ¢ : M = 0V — V. By exactness, we have that
P.D.
Image 1* = kerd = keri,, so

dim(Image i*) = dim(keri,) = dim H,(M; R) — dim(Image i.).
Since i*, i, are Hom-dual, we have that dim(Image i*) = dim(Image ,). Altogether,
dim H"(M; R) = dim H,,(M; R) = 2 dim(Image i)
is even. [

Proof of Proposition 4.9.8. If n = dim M is odd, then Proposition 4.6.1 yields that y(M) =
0, thus even. If n = 2m is even, then we work with Z/27Z-coefficients and get:

(M) = Z(—l)idimz/gHi(M;Z/Q)

m—1
2237 (1) dimggs Hi(M;Z/2) + (~1)™ dimgz H,(M; 2,/2)
=0

dimg, H,,(M;Z/2) (mod 2)

—~
N
~

0 (mod 2),

where equation (1) follows by Poincaré Duality, and congruence (2) is by Proposition 4.9.10.
]
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The proof of Proposition 4.9.10 also yields the following:
Corollary 4.9.11. Under the assumptions of Proposition 4.9.10, we have the following:

(a) Image i* C H™(M?"; R) is self-annihilating with respect to cup product —, i.e., if
a, € Image i*, then a — 3 = 0.

(b) dim(Image i*) = % dim H"(M?"; R).

2
Proof. For any o = i*(@), 8 = i*(B) with @, 8 € H"(V; R), we have
d(a— B) = 6(i"(@) — i*(B)) = 6i* (@ — B) = 0
Hence, a — B € ker (5 . H*(M; R) — H*"*Y(V, M; R)) 2 (0, where the last isomorphism

follows by the following commutative diagram

H>™(M; R) > H*™(V, M;R)

%\LP. D. E\LP. D.

Ho(M; R) —= Ho(V; R)

with the bottom arrow an injection. ]

4.9.1 Signature
Definition 4.9.12. Let M be a closed oriented manifold. If dim M = 4k, the signature

o(M) of M is defined to be the signature of the symmetric non-singular cup product pairing
H?*(M;R) x H*(M;R) — R
(@, ) = (o~ B)[M]
Otherwise, if dim M s not divisible by 4, we let o(M) = 0.
Remark 4.9.13. Recall that a symmetric non-singular bilinear pairing has only real (non-

zero) eigenvalues, and its signature is defined by subtracting the number of negative eigen-
values from the number of positive eigenvalues.

0 1
10

The signature o is a cobordism invariant, i.e. if OW = M U —N, then o(M) = o(N).
Here —N denotes the manifold N but with the opposite orientation.

Example 4.9.14. 0(S? x §?) =0¢ < ) =0, o(CP*") = 1, o(CP?*#CP?) = 2.
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Here we prove the following special case of this fact:

Theorem 4.9.15. If, in the above notations, M* = 9V*+1 is connected with V compact
and orientable, then o(M) = 0.

Proof. Let A= H?(M;R). The cup product yields a non-singular and symmetric pairing
p:AxA—-R

Let A, be the subspace on which the pairing is positive-definite, and A_ the subspace on
which the pairing is negative-definite. Let r = dim A,, 2l = dim A (which is even by
Proposition 4.9.10). Then, dim A_ = 2] — r since the pairing is non-singular, and

oM)=r—2l—r)=2r—2I.

In order to prove that o(M) = 0, it suffices to show that r = [.
Let B C A be the self-annihilating [-dimensional subspace given by Proposition 4.9.8.
Then AL N B ={0} and A_ N B = {0}. Hence,

dimA, +dimB <dimA =2l, ie, r+1<2l ie, r<l|
dimA_+dimB <dmA=2[, ie, 20l—r+1<2l ie, r>1I

In conclusion, r =1 and (M) = 0. O

4.9.2 Connected Sums

Definition 4.9.16. Let M"™, N™ be closed, connected, oriented n-manifolds. Their connected
sum

\ \
— = | VR
M#N
.= M#N

1s defined to be
M#N = (M \ DY) Uy (N'\ D)

where f: 0D} = S"' — 9Dy = S"~1 is an orientation-reversing homeomorphism.
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Remark 4.9.17. The connected sum M#N of closed, connected, oriented n-manifolds is
itself a closed, connected, oriented n-manifold. The cohomology ring H*(M+#N) is isomor-
phic to the ring resulting from the direct product of H*(M) and H*(N), with the unity
elements identified, and the orientation classes identified. In particular, H'(M#N) = Z,
H"(M#N) = Z and H*(M#N) = H*(M) ® H*(N), 0 < k < n. Moreover, cup products
of positive dimensional classes, one from each of the two original manifolds, are zero, i.e.,
a— =0 for any o € H*(M) and 8 € H'(N) with k,l > 0.

Example 4.9.18. By the above description of cup products of a connected sum, we get:
o(CP?# — CP?) = 0.
In fact, it can be shown that CP2# —CP? is the boundary of a connected, oriented 5-manifold;

Example 4.9.19. The spaces S? x S% and CP?#CP? have the same cohomology groups,
H'=7 H*=7¢7Z=70®7p3, H' =7,

but different cohomogy rings, since @ — 3 # 0 in H*(S? x S§?), but « — B = 0 in
H*(CP24CP2).
Example 4.9.20. We have

o (CP*#CP?) = 2 £ 0,

so in view of Theorem 4.9.15, CP2#CP? cannot be the boundary of a compact, oriented
5-manifold. However, CP?#CP? = 9W?, where W? is a compact non-orientable 5-manifold.
The compact manifold W can be constructed as follows:

(a) Start with (CP? x I)#(RP? x S%).

(b) Run an orientation reversing path 7 from one CP? to the other, by traveling along an
orientation reversing path in RIP2.

(c) Enlarge the path to a tube and remove its interior. What is left is a 5-dimensional
non-orientable manifold with W = CIP?#CP2.
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Chapter 5

Basics of Homotopy Theory

5.1 Homotopy Groups

Definition 5.1.1. For eachn > 0 and X a topological space with xo € X, the n-th homotopy
group of X is defined as

W(X,zo) = {f: (I",0I") = (X, 20)}/ ~
where ~ is the usual homotopy of maps.

Remark 5.1.2. Note that we have the following diagram of sets:
(1", 0I") —L (X, 2)
,
(1" /o1m™, 01" /oI"™)
with (I"/01™,0I™/OI™) ~ (S™, sg). So we can also define

(X, ) = {g Xxo}/rv.

Remark 5.1.3. If n = 0, then my(X) is the set of connected components of X. Indeed, we
have I° = pt and 90I° = &, so m(X) consists of homotopy classes of maps from a point into
the space X.

Now we will prove several results analogous to the case n = 1, which corresponds to the
fundamental group.

Proposition 5.1.4. If n > 1, then m,(X,xo) is a group with respect to the operation +
defined as:

vl
=

f(2817827"')8n)
g(2s1 —1,89,...,8,)

o= O
IA A
&

IA A
—_ N

(f+9)(s1,82,...,8,) = {
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1) |

(Note that if n = 1, this is the usual concatenation of paths/loops.)

Proof. First note that since only the first coordinate is involved in this operation, the same
argument used to prove that 7 is a group is valid here as well. Then the identity element is
the constant map taking all of I"™ to xg and the inverse element is given by

—f(s1,82,- -, 8n) = f(1 —81,82,...,5n).

Proposition 5.1.5. Ifn > 2, then m,(X, x¢) is abelian.

Intuitively, since the 4+ operation only involves the first coordinate, if n > 2, there is enough
space to “slide f past g ".

Proof. Let n > 2 and let f,g € m,(X,x0). We wish to show f+ g ~ g+ f. Consider the
following figures:

1
i
‘-"h.

: :
el - @@ E

]
]

We first shrink the domains of f and g to smaller cubes inside /™ and map the remaining
region to the base point xy. Note that this is possible since both f and g map to xzg on
the boundaries, so the resulting map is continuous. Then there is enough room to slide f
past ¢ inside I". We then enlarge the domains of f and ¢ back to their original size and get
g+ f. So we have constructed a homotopy between f + g and g + f and hence 7,(X, ) is
abelian. O]

Remark 5.1.6. If we view m, (X, x¢) as homotopy classes of maps (S™, sg) — (X, ), then
we have the following visual representation of f+ g (one can see this by collapsing boundaries
in the above cube interpretation).
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f 1‘--L‘X
¥
' =

Next recall that if X is path-connected and xg,z; € X, then there is an isomorphism
ﬁ,y : 7T1(X, LCQ) — 7T1(X, 1'1)

where « is a path from zy to 4, i.e., v : [0,1] — X with 4(0) = x¢ and y(1) = 1. The
isomorphism (3, is given by

B =" f
for any [f] € m (X, xo).

We next show a similar fact holds for all n > 1.

Proposition 5.1.7. If n > 1 and X s path-connected, then there is an isomorphism [3, :
7Tn<X7‘r1) — 71-n()(a I'()) gZ'U(iTL by

By(lfD) = v~ 1,

where v is a path in X from xy to xg, and v - f is constructed by first shrinking the domain
of f to a smaller cube inside I™, and then inserting the path v radially from xy to xog on the
boundaries of these cubes.

77
xn f =
ZTTTTS

77

ZITIN

Proof. 1t is easy to check that the following properties hold:
Ly (f+g)=v-f+7yg

2. (y-m) - f=v-(n-f), for na path from xq to
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3. ¢y - [ =~ [, where c,, denotes the constant path based at xy.
4. 3, is well-defined with respect to homotopies of v or f.

Note that (1) implies that 3, is a group homomorphism, while (2) and (3) show that 3,
is invertible. Indeed, if J(t) = v(1 —t), then 8! = 5. O

So, as in the case n = 1, if the space X is path-connected, then m, is independent of the
choice of base point. Further, if o = z;, then (2) and (3) also imply that (X, z() acts on
(X, x0):

T X Ty — T

(v, D) = [y - f]
Definition 5.1.8. We say X is an abelian space if w1 acts trivially on m, for alln > 1.

In particular, this means m; is abelian, since the action of 7 on 71 is by inner-automorphisms,
which must all be trivial.

We next show that m, is a functor.

Proposition 5.1.9. A map ¢ : X — Y induces group homomorphisms ¢, : m,(X, x9) —
malY, 6(0)) given by [f] = 6o f], for alln > 1.

Proof. First note that, if f ~ ¢, then ¢o f ~ ¢pog. Indeed, if ¢; is a homotopy between f and
g, then ¢o1), is a homotopy between ¢o f and ¢pog. So ¢, is well-defined. Moreover, from the
definition of the group operation on 7,, it is clear that we have ¢o (f+g) = (¢po f)+ (¢og).
So ¢.([f + g]) = d«([f]) + ¢«([g]). Hence ¢, is a group homomorphism. O

The following is a consequence of the definition of the above induced homomorphisms:

Proposition 5.1.10. The homomorphisms induced by ¢ : X — Y on higher homotopy
groups satisfy the following two properties:

2. (idx)s = idr, (xz0)-
We thus have the following important consequence:

Corollary 5.1.11. If ¢ : (X, z9) — (Y, 40) is a homotopy equivalence, then ¢, : m,(X, xo) —
(Y, d(x0)) is an isomorphism, for alln > 1.

Example 5.1.12. Consider R" (or any contractible space). We have m;(R™) = 0 for all
1 > 1, since R" is homotopy equivalent to a point.

The following result is very useful for computations:
Proposition 5.1.13. If p: X > Xisa covering map, then p, : Wn()z,f) — (X, p(T)) is

an isomorphism for all n > 2.
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Proof. First we claim p, is surjective. Let z = p(z) and consider f : (S",s9) = (X, z). Since
n > 2, we have that m(S") = 0, so fi(m1(5",80)) = 0 C pu(mi(X,7)). So f admits a lift,
i.e., there is f : (S™, s9) — (X, ) such that po f = f. Then [f] = [po f] = p«([f]). So p. is

surjective.
(8" s0) = (X )
N
f ~
(X, 7)
Next, we show that p, is injective. Suppose [f] € kerp,. So p.([f]) = [po f] = 0. Let

po f = f. Then f ~ ¢, via some homotopy ¢, : (S™, so) — (X, x¢) with ¢; = f and ¢y = c,.
Again, by the lifting criterion, there is a unique ¢; : (S™, so) — (X, Z) with p o ¢, = ¢x.

(S™, 50) —2 (X, 2)

N

(X,7)

Then we have p oN(Zl =¢1 = fand po 50 = ¢o = Cg, S0 by the uniqueness of lifts, we must
have ¢1 = f and ¢y = cz. Then ¢; is a homotopy between f and cz. So [f] = 0. Thus p, is
injective. O

Example 5.1.14. Consider S with its universal covering map p : R — S! given by p(t) =
e*™. We already know m(S') = Z. If n > 2, Proposition 5.1.13 yields that 7, (S') =
m(R) = 0.

Example 5.1.15. Consider 7" = S' x S x .-+ x S! the n-torus. We have m(T") = Z".
By using the universal covering map p : R"™ — T, we have by Proposition 5.1.13 that
mi(T") = m(R™) =0 for i > 2.

Definition 5.1.16. If 7,(X) = 0 for all n > 2, the space X is called aspherical.

Proposition 5.1.17. Let {X,}a be a collection of path-connected spaces. Then

T (H Xa> = Hﬂ'n(Xa)

for all n.

Proof. First note that a map f : Y — [, X, is a collection of maps f, : ¥ — X,. For
elements of 7,, take Y = S™ (note that since all spaces are path-connected, we may drop
the reference to base points). For homotopies, take Y = S x [I. O]
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Example 5.1.18. It is a natural question to find two spaces X and Y such that m,(X) =
T, (Y') for all n, but with X and Y not homotopy equivalent. Whitehead’s Theorem (to be
discussed later on) states that if a map of CW complexes f : X — Y induces isomorphisms
on all m,, then f is a homotopy equivalence. So we must find X and Y so that there is no
continuous map f : X — Y inducing the isomorphisms on ,’s. Consider X = S? x RP?
and Y = RP? x §3. Then 7,(X) = 7,(5? x RP?) = 7,(5?) x 7,(RP?). Since S® is a
covering of RP?, for all n > 2 we have that 7,(X) = 7,(5?) x 7,(S%). We also have 7 (X) =
m1(S?) x m(RP?) = Z/2. Similarly, we have 7,(Y) = m,(RP? x S?) = 1,(RP?) x m,(5%).
And since S? is a covering of RP?, for n > 2 we have that 7, (Y) = 7,,(5?) X 7,(S?). Finally,
m(Y) = m(RP?) x m(S%) = Z/2. So 7,(X) = 7,(Y) for all n. By considering homology
groups, however, we see that X and Y are not homotopy equivalent. Indeed, by the Kiinneth
formula, we get that Hs(X) = Z while H5(Y') = 0 (since RP? is oriented while RP? is not).

Just like there is a homomorphism 7;(X) — H;(X), we can also construct homomor-
phisms
m(X) = H,(X)

defined by [f : S" — X] — f.[S"], where [S"] is the fundamental class of S™. A very
important result in homotopy theory is the following:

Theorem 5.1.19. (Hurewicz)
Ifn>2 and m(X) =0 for all i < n, then H;(X) =0 fori <n and m,(X) = H,(X).

Moreover, there is also a relative version of the Hurewicz theorem (see the next section
for a definition of the relative homotopy groups), which can be used to prove the following:

Corollary 5.1.20. If X and Y are CW complexes with m(X) = m(Y) = 0, and a map
f X = Y induces isomorphisms on all integral homology groups H,, then f is a homotopy
equivalence.
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5.2 Relative Homotopy Groups
Given a triple (X, A, xo) where 2y € A C X, we define relative homotopy groups as follows:
Definition 5.2.1. Let X be a space and let A C X and xqg € A. Let

"' ={(s1,...,8,) €I"| 5, =0}

and set

N Ty
Then define the n-th homotopy group of the pair (X, A) as:

Tn(X, A, zo) = {f: (1", 01", J"") — (X, A,z0) }/ ~

where, as before, ~ is the homotopy equivalence relation.

SI'I‘

14(n-1)

Alternatively, by collapsing J"~! to a point, we can take

Tn(X, A z0) = {g: (D", 5" ", s0) = (X, A,z0) }/ ~ .

*® 0

A sum operation is defined in 7,(X, A, z) by the same formulas as for m,(X,xg), ex-
cept that the coordinate s, now plays a special role and is no longer available for the sum
operation. Thus, we have:

Proposition 5.2.2. Ifn > 2, then m,(X, A, xo) forms a group under the usual sum opera-
tion. Further, if n > 3, then m,(X, A, xo) is abelian.
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Remark 5.2.3. Note that the proposition fails in the case n = 1. Indeed, we have that

m(X, A xo) = {f - (1,{0,1}, {1}) = (X, A, a0) }/ ~ .

Then 7 (X, A, z) consists of homotopy classes paths starting anywhere A and ending at x,
so we cannot always concatenate two paths.

Just as in the absolute case, a map of pairs ¢ : (X, A, z9) — (Y, B, yo) induces homomor-
phisms ¢, : m,(X, A, x0) = (Y, B,yo) for all n.

A very important feature of the relative homotopy groups is the following:

Proposition 5.2.4. The relative homotopy groups of (X, A, xg) fit into a long exact sequence

co = (A, x0) SN (X, 7o) EL (X, A, o) RN Tn-1(A,x9) = -+ = mo(X, z9) — 0,
where the map O is defined by O[f] = [f|n-1] and all others are induced by inclusions.

Remark 5.2.5. Near the end of the above sequence, where group structures are not defined,
exactness still makes sense: the image of one map is the kernel of the next, those elements
mapping to the homotopy class of the constant map.

For what follows, it will be important to have a good description of the zero element
0 € 7Tn(X, A, xo).

Lemma 5.2.6. Let [f] € m,(X, A, x0). Then [f] =0 iff f ~ g for some map g with image
contained in A.

Proof. (<) Suppose f ~ g for some g with Image g C A.

% 0
x_0 A xD—g—l-X
t 1t
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Then we can deform I" to J" ! as indicated in the above picture, and so g ~ ¢,,. Since
homotopy is a transitive relation, we then get that f ~ c,,.

(=) Suppose [f] = 0 in 7,(X, A, z0). So f =~ ¢, via some homotopy F : I"! — X. Then
we may deform I™ inside I™*! (while fixing the boundary) to J". Composing with F, we get
a homotopy from f to a map g with Image g C A.

]

Recall that if X is path-connected, then m,(X) is independent of our choice of base point
and 71 (X) acts on 7, (X) for all n. In the relative case, we have:

Lemma 5.2.7. If A is path-connected, then [, : m,(X, A, xo) — m,(X, A, x1) is an isomor-
phism, where v is a path in A from xq to xy.

N/

f
A

<|[///
<[1\\\

Remark 5.2.8. In particular, if o = 1, we get an action of m(A) on m,(X, A).

Definition 5.2.9. We say that the pair (X, A) is n-connected if m;(X, A) =0 fori < n and
X is n-connected if m;(X) =0 fori <n.
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5.3 Homotopy Groups of Spheres

We now turn our attention to computing (some of) the homotopy groups m;(S™). For ¢ <
n,t =n+1,n+2,n+ 3 and a few more cases, this is known. In general, however, this is
a very difficult problem. For i = n, we would expect to have 7,(S™) = Z by associating
to each (homotopy class of a) map f : S™ — S™ its degree. For i < n, we will show that
m;(S™) = 0. Note that if f : S* — S™ is not surjective, i.e., there is y € S™\ f(S?), then f
factors through R™, which is contractible. By composing f with the retraction R" — xq we
get that f ~ c,,. However, there are surjective maps S* — S™ for i < n, in which case the
above proof fails. To make things work, we “alter" f to make it cellular.

Definition 5.3.1. Let X and Y be CW-complexes. A map f : X — Y is called cellular if
f(X,) CY, for all n, where X,, denotes the n-skeleton of X and similarly for'Y .

Theorem 5.3.2. Any map between CW-complezes is homotopic to a cellular map. A similar
statement holds for maps of pairs.

Corollary 5.3.3. Fori < n, we have m;(S™) = 0.

Proof. Choose the standard CW-structure on S* and S™. For [f] € m;(S™), we may assume
by the above theorem that f : S* — S™ is cellular. Then f(S%) C (S™);. But (S"); is a point,
so f is a constant map. 0

Corollary 5.3.4. Let A C X and suppose that all cells of X \ A have dimension > n. Then
mi(X,A) =0 fori <n.

Proof. Let [f] € m;(X, A). By the relative version of the cellular approximation, the map of
pairs f : (D', S"7!) — (X, A) is homotopic to a map g with g(D?) C X;. But for i < n, we
have that X; C A, so Image g C A. Therefore, [f] = [¢] = 0. O

Corollary 5.3.5. m;(X, X,,) =0 for all i < n.

Therefore, the long exact sequence for the homotopy groups of the pair (X, X,,) yields
the following:

Corollary 5.3.6. Fori < n, we have m;(X) = m;(X,,).

Theorem 5.3.7. (Suspension Theorem)
Let f: S — S™ be a map, and consider its suspension,

Yf:ust= 8" 5 nen = gt

The assignment

[f] € m(S™) — [Sf] € mia(S™)

defines a homomorphism 7;(S™) — w41 (S™1). Moreover, this is an isomorphism m;(S™)
mig1(S™Y) for i < 2n — 1 and a surjection for i = 2n — 1.

>~
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Corollary 5.3.8. 7,(S") is either Z or a finite quotient of Z (for n > 2), generated by the
degree map.

Proof. By the Suspension Theorem, we have the following:
= 1 (SY) = my(5?) = m3(S?) 2 my (St = - -
O

To show that m1(S1) = my(S5?), we can use the long exact sequence for the homotopy groups
of a fibration. (Note: Covering maps are a good example of a fibration with F' discrete).

F

.

E

|

B
o= m(F) = mi(E) - m(B) = miog (F) — - (5.3.1)

Applying the above long exact sequence to the Hopf fibration S «— S3 ENYS 2 we obtain:
s (S = (8% = ma(S?) = m (S = m(S?) — -
Using the fact that m2(S®) = 0 and 7 (S?) = 0, we therefore have an isomorphism:
m(S?) 2 m (S') 2 Z.

Note that by using the vanishing of the higher homotopy groups of S*, the above long exact
sequence also yields that
7T3(82) = WQ(SZ) = 7.

Remark 5.3.9. Unlike the homology and cohomology groups, the homotopy groups of a
finite CW-complex can be infinitely generated. This fact is discussed in the next example.

Example 5.3.10. For n > 2, consider the finite CW complex S* Vv S™. We then have that
Wn(sl V Sn) = ﬂ-n(STT/_gn)a

—_—

where S1V S” is the universal cover of SV S", depicted below:

-1 0 1

2
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By contracting the segments between integers, we have that
Stv Ssn~\/ sy,
kEZ

So for any n > 2, we have:
(S V S =m(\/ Sp),
keZ
which is the free abelian group generated by the inclusions S}! < \/, ., Si. Indeed, we have
the following:

Lemma 5.3.11. m,(\/,_, S%) is free abelian and generated by the inclusions of factors.

Proof. First note that, since the image of any f : S* — \/, Si is compact hence contained
in the wedge of finitely many S7'’s, we can assume that there are only finitely many S}}’s in
the wedge \/,, S. Then we can regard \/_ S? as the n-skeleton of [, S%. The cell structure
of a particular S” consists of a single 0-cell €2 and a single n-cell, e”. Thus, in the product
[T, SZ there is one 0-cell €® =[], €%, which, together with the n-cells

U b x e,
a [B#a

form the n-skeleton of \/_, Sh. Hence [], 5%\, St has only cells of dimension at least
2n, which by Corollary 5.3.5 yields that the pair ([[,S%,V, S%) is (2n — 1)-connected. In
particular, as n > 2, we get:

ra(\/ ) = wn(H 5;;) = [T 7a(S2) = P ma(st) = Pz
0

To conclude our example, we showed that 7, (S'VS™) = 1, (\ .z S¥), and m,(\cp, Si) s
free abelian generated by the inclusion of each of the infinite number of n-spheres. Therefore,
7,(S1 VvV S™) is infinitely generated.

Remark 5.3.12. Under the action of m on 7,, we can regard , as a Z[m]-module, with

Z[ﬂ-l] = {Zna7a| Ng € Z?’Ya S 771}‘

Since all S} in the universal cover \/, _, S} are identified under the m-action, m, is a free
Z[m)-module of rank 1, i.e.,

T, 2 Zm| 2 Z[7) = Z[t, t71,
11—t
1ttt
n—t",

which is infinitely generated (by the powers of ¢) over Z (i.e., as an abelian group).
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5.4 Whitehead’s Theorem

In this section, we discuss the following important result:

Theorem 5.4.1. (Whitehead)

If X andY are CW complexes, and a map f : X — Y induces isomorphisms on the homotopy
groups m, for all n, then f is a homotopy equivalence. Moreover, if X is a subcomplex of Y,
and f is the inclusion map, then X is a deformation retract of Y.

The following consequence is very useful in practice:

Corollary 5.4.2. If X and Y are CW complexes with m(X) =m(Y) =0, and f : X - Y
induces isomorphisms on homology groups H,, for all n, then f is a homotopy equivalence.

The above corollary follows from Whitehead’s theorem and the following relative version
of the Hurewicz theorem:

Theorem 5.4.3. (Hurewicz)
If n > 2, and m(X,A) = 0 for i < n, with A simply-connected and non-empty, then
Hi(X,A) =0 fori<n and m,(X,A) = H,(X, A).

Before discussing the proof of Whitehead’s theorem, let us give an example that shows
that having induced isomorphisms on all homology groups is not sufficient for having a
homotopy equivalence (so the simply-connectedness assumption in Corollary 5.4.2 is really
important):

Example 5.4.4. Let
X=8"—(S'vsyue™ =Y (n>2),

where f is the inclusion of X in Y. We know from Example 5.3.10 that 7, (S*V.S™) = Z[t, t71].
We define Y by attaching the (n+1)-cell "™ to S'V.S™ by amap g : S™ = de™tt — Sty 5"
so that [g] € m,(S! VvV S™) corresponds to the element 2t — 1 € Z[t,t7!]. We then see that

ma(Y) = Z[t, t7']/(2t = 1) # 0 = mu(X),

since by setting ¢ = 3 we get that Z[t,t7']/(2t — 1) 2 Z[1] = {$% | k € Zx¢} C Q. Morcover,
from the long exact sequence of homotopy groups for the (n — 1)-connected pair (Y, X), the
inclusion X < Y induces an isomorphism on homotopy groups m; for ¢ < n. Finally, this
inclusion map also induces isomorphisms on all homology groups, Hi(X) = Hy(Y) for all k,
as can be seen from cellular homology. Indeed, the cellular boundary map

HnJrl (Yn+17 Yn) — Hn<Yna Ynfl)

is an isomorphism since the degree of the composition of the attaching map S™ — S! v S»
of e"*! with the collapse map S'Vv S" — S"is 2 —1 = 1.

117



Let us now get back to the proof of Whitehead’s Theorem 5.4.1:

Proof. (of Whitehead’s theorem) To prove Whitehead’s theorem, we will use the following
compression lemma:

Lemma 5.4.5. (Compression Lemma)
Let (X, A) be a CW pair, and (Y, B) be a pair with Y path-connected and B # (). Suppose
that for each n > 0 for which X \ A has cells of dimension n, m,(Y, B,by) = 0 for all by € B.
Then any map f : (X, A) — (Y, B) is homotopic to some map f' : X — B fizing A (i.e.
f'la=fla)-

We can then split the proof of Whitehead’s theorem into two cases:
Case 1: If f is an inclusion X — Y, since 7,(X) = m,(Y) for all n, we get by the long exact
sequence for the homotopy groups of the pair (Y, X) that 7, (Y, X) = 0 for all n. Applying
the above compression lemma to the identity map id : (Y, X) — (Y, X), we get that the
identity map idy is homotopic to a deformation retract r : ¥ — X.
Case 2: The general case of a map f : X — Y can be reduced to the above case of an
inclusion by using the mapping cylinder of f, i.e.,

Mp:= (X x1)UY/(z,1) ~ f(x).

Xxl X
Xx {1} — ~

[ [BS

Y,

Figure 5.1: The mapping cylinder of f, M;

Note that My contains both X = X x {0} and Y as subspaces, and M deformation retracts
onto Y. Moreover, the map f can be written as the composition of the inclusion ¢ of X into
My, and the retraction 7 from My to Y

X=Xx{0}—=M; Y, (f=roi fori:X x {0} M,;).

Since My is homotopy equivalent to Y via r, it suffices to show that M; deformation retracts
onto X, so we can replace f with the inclusion map 7. If f is a cellular map, then M; is a
CW complex having X as a subcomplex. So we can apply Case 1. If f is not cellular, than
f is homotopic to some cellular map ¢, so we may work with g and the mapping cylinder
M, and again reduce to Case 1. O]
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We can now prove Corollary 5.4.2:

Proof. (of Corollary 5.4.2)

After replacing Y by the mapping cylinder My, we may take f to be an inclusion X — Y.
As H,(X) = H,(Y) for all n, we have by the long exact sequence for the homology of the
pair (Y, X) that H,(Y, X) = 0 for all n.

Since X and Y are simply-connected, we have 7 (Y, X)) = 0. So by the relative Hurewicz
Theorem 5.4.3, the first non-zero 7, (Y, X) is isomorphic to the first non-zero H, (Y, X). So
(Y, X) = 0 for all n. Then, by the homotopy long exact sequence for the pair (Y, X)), we
get that

Tn(X) 2 m,(Y)
for all n, with isomorphisms induced by the inclusion map f. Finally, Whitehead’s theorem

yields that f is a homotopy equivalence. O

Example 5.4.6. Let X = RP? and Y = 5% x RP*. First note that 7 (X) = m (V) X Z/2.
Also, since S? is a covering of RP?, we have that

mi(X) & m(S?), i>2.
Moreover, m;(Y) = 7;(S?) x 7;(RP*>), and as RP* is covered by S = U,so 5™, we get that
WZ(Y) = 7TZ'<SQ) X 7'('1'(500), 1> 2.

To calculate 7;(S>°), we use cellular approximation. More precisely, we can approximate any
f:S" — 5% by a cellular map g so that Image g C S™ for i < n. Thus, [f] = [g] € m(S™) =
0, and we see that

WZ(X) = 71'2‘(52) = 7TZ‘<Y), 1 Z 2.

Altogether, we have that X and Y have the same homotopy groups. However, as can
be easily seen by considering homology groups, X and Y are not homotopy equivalent. In
particular, by Whitehead’s theorem, there cannot exist a map f : RP? — S? x RP* inducing
isomorphisms on 7, for all n. Indeed, if such a map existed, it would have to be a homotopy
equivalence.

Example 5.4.7. As we will see later on, the CW complexes S? and S? x CP> have isomorphic
homotopy groups, but they are not homotopy equivalent.

Let us now prove another important result:

Theorem 5.4.8. If f : X — Y induces isomorphisms on homotopy groups m, for all n,
then it induces isomorphisms on homology and cohomology groups with G coefficients, for
any group G.

Proof. By the universal coefficient theorems, it suffices to show that f induces isomorphisms
on integral homology groups H.(—;Z).
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We only prove the assertion here under the extra condition that X is simply connected
(the general case follows easily from spectral sequence theory). As before, we can also
assume that f by an inclusion (by replacing Y with the homotopy equivalent space defined
by mapping cylinder My of f). Since by the hypothesis, m,(X) = 7,(Y) for all n, with
isomorphisms induced by the inclusion f, the homotopy long exact sequence of the pair
(Y, X) yields that 7,(Y, X) = 0 for all n. By the relative Hurewicz theorem (as m1(X) = 0),
this gives that H,(Y, X) = 0 for all n. Hence, by the long exact sequence for homology,
H,(X) = H,(Y) for all n, and the proof is complete. O

Example 5.4.9. Take X = RP? x S% and Y = S? x RP3. They have isomorphic homotopy
groups , for all n, but Hs5(X) 2 H5(Y). So there cannot exist a map f : X — Y inducing
the isomorphisms on the 7,.

Example 5.4.10. Any abelian group G can be realized as m,(X) with n > 2 for some space

X. In fact, for a finitely generated group G = (g1,...,9s | r1,...,7%), We can can take
s k
x=(VsyulJer,
i=1 j=1

for e+ attached to \/;_; S by the map f: S? — \/5_, S" with [f] = r;.

Example 5.4.11. FEilenberg-MacLane spaces

For any group G and n € Z, one can define a space K(G,n) = X with 7,(X) = G and
m:(X) = 0 for all i # n. (These spaces unique up to homotopy!) Some familiar such spaces
are:

o K(Z/2,1) = RP>
o K(Z,1)= 5"
o K(Z,2)=CP>

For the last example, we can see that my(CP>®) = 7,(S') = Z by using the fibration (see
next section for a definition)
St e §° — CP>™

which gives the long exact sequence of homotopy groups
s = M (8%) = m(CP™®) — m(S) — T (S) — - -

together with the fact that 7 (S>) = 71(S>) = 0, giving mo(CP>) = 71,(S") by exactness.
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5.5 Fibrations and Fiber Bundles

Definition 5.5.1. Homotopy Lifting Property

A map p: E — B has the homotopy lifting property with respect to X if, given a homotopy
g X = B, and a lift go: X — E, of gy, there exists a homotopy g, : X — E lifting g; and
extending go.

gt

Remark 5.5.2. This is a special case of the lift extension property. A map p: E — B
has the lift extension property with respect to a pair (Z, A) if for all maps f : Z — B and
g: A — E, there exists a lift f : Z — E of f extending g. (Think of Z = X x [0,1], and
A=X x{0}.)

Definition 5.5.3. A fibration p : E — B is a map having the homotopy lifting property with
respect to all spaces X.

Definition 5.5.4. Homotopy Lifting Property for a pair (X, A)

A map p: E — B has the homotopy lifting property with respect to a pair (X, A) if each
homotopy g, : X — B lifts to a homotopy ¢, : X — E starting with a given lift go and
extending a given lift g, - A — E.

Remark 5.5.5. The homotopy lifting property with respect to the pair (X, A) is the lift
extension property for (X x I, X x {0} U A x I).

Remark 5.5.6. The homotopy lifting property for a disk D™ is equivalent for the homotopy
lifting property for (D", dD") since the pairs (D™ x I, D" x {0}) and (D" x I, D™ x {0} U
OD™ x I) are homeomorphic. This implies that a fibration has has the homotopy lifting
property with respect to all CW pairs (X, A). Indeed, the homotopy lifting property for discs
is in fact equivalent to the homotopy lifting property with respect to all CW pairs (X, A).
This can be easily seen by induction over the skeleta of X, so it suffices to construct a lifting
g one cell of X \ A at a time. Composing with the characteristic map D" — X of a cell
then gives the reduction to the case (X, A) = (D", 0D").
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Theorem 5.5.7. Given a fibration p : E — B, points b € B and e € F := p~1(b), there
is an isomorphism p, : m,(E, F,e) = (B, b) for alln > 1. Hence, if B is path connected
there a long exact sequence of homotopy groups:

= ma(Fe) = m(Eye) B 1 (B, b) = a1 (Fre) = - -mo(E,e) = 0

Proof. To show that p, is onto, represent an element of m,(B,b) by a map f : (I",0I") —
(B,b), and note that the constant map to e is a lift of f to E over J"~! C I". The homotopy
lifting property for the pair (1"~ L 01" 1) extends this to a lift f:I" — E. This lift satisfies
F(dI") C F since f(0I") = b. So f represents an element of m,(E, F,e) with p.([f]) = [f]
since p f f. o B B

To show injectivity of p, let fo, fi : (I",0I", J"7') — (E, F, e) be so that p.(fo) = p«(f1).
Let H : (I"xI,0I"xI) — (B,b) be a homotopy from pﬁ) to pﬁ. We have a partial lift given
by fo on I" x {0}, f; on I" x {1} and the constant map to e on J"~' x I. The homotopy
lifting property for CW pairs extends this to a lift H:I"xI— E giving a homotopy
foo (IM, 01", J"Y) — (E, F,e) from f to fi.

Finally, the long exact sequence of fibration follows by plugging m, (B, b) in for m,(F, F e)
in the long exact sequence for the pair (E, F'). The map m,(E,e) — m,(E, F,e) in the latter
sequence becomes the composition m,(E,e) — m,(E,F,e) % m,(B,b), which is exactly
ps : To(E,e) = m,(B,b). The surjectivity of mo(F,e) — mo(FE,e) follows from the path-
connectedness of B, since a path in F from an arbitrary point x € E to I’ can be obtained
by lifting a path in B from p(zx) to b. O

Definition 5.5.8. Fiber Bundle

A map p : E — B is a fiber bundle with fiber F if, for all points b € B, there exists
neighborhood U, of b with a homeomorphism h : p~(Uy) — U, x F so that the following
diagram commutes:

) b U, x F

Uy

Remark 5.5.9. Fibers of fibrations are homotopy equivalent, while fibers of fiber bundles
are homeomorphic.

Theorem 5.5.10. (Hurewicz)
Fiber bundles over paracompact spaces are fibrations.

Example 5.5.11. Ezamples of fiber bundles

1. If F is discrete, a fiber bundle with fiber F' is a covering map.

2. The Mébius band I x [—1,1]/(0,z) ~ (1, —x) — S! is a fiber bundle with fiber [—1, 1],
induced from the projection map I x [—1,1] — 1.
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3. By glueing the unlabeled edges of a Mébius band, we get K — S (where K is the
Klein bottle), a fiber bundle with fiber S*.

4. The following is a fiber bundle with fiber S*:
St §2ntl(c ¢ty — cp”
(20, 2n) — [20 1. 1 2n)
For [z] € CP", there is an i such that z; # 0. Then we have
Ug={lz0:...:1:... 5]} =C"
(with the entry 1 in place of the ith coordinate), with a homeomorphism
pil(U[é]) — U[g] x St
(20, -y 2n) = ([20 0+ o zn), 20/)2i)-

From this we get the fibration diagram from our discussion of Eilenberg-MacLane

DN

SQIJA SQI+3 joo ~ {pt}
CP® C Ccpt! . CP>

In particular, from the long exact sequence of the fibration
St e 5% — CP>
with §°° contactible, we obtain that

ie.,

CP>™ = K(Z,2).
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Remark 5.5.12. For any topological group G, there exists a “universal fiber bundle"
classifying the space of (principal) G-bundles. That is, any G-bundle over a space X
is determined (by pull-back) by (the homotopy class of) a map f: X — BG.

G\ z\EG
]

~ {pt}

5. Other examples of fibrations (in fact fiber bundles) are provided by the orthogonal and
unitary groups:

O(n—1) = O(n) — ™!
A— Az,

where z is a fixed unit vector in R™. (If we assume n is large, the associated long exact
sequence will give us that m;(O(n)) is independent of n.) Similarly, there is a fibration

Un—1)— U(n) -S>
A Ax,

with 2 a fixed unit vector in C".

In the remaining of this section, we show that any map is homotopic to a fibration.
Given f: A — B, define

E¢:={(a,v)|a€ A, v:][0,1] = B with v(0) = f(a)}.

Then A can be regarded as a subset of E¢, by mapping a € A to (a, cy)), where cg(q) is the
constant path based at the image of a under f. Define

E; B
(a,7) = (1)

Then p|a = f, and f = p o where 7 is the inclusion of A in E;. Moreover, i is a homotopy
equivalence, and p is a fibration with fiber A.

Remark 5.5.13. If A = {b} — B, where f is the inclusion of b in B, then E; is the
contractible space of paths in B starting at b:
In this case, the above construction yields a fibration

OB =p ' (b) = E; — B,

where QB is the space of all loops based at b. Since E; is contractible, the associated long
exact sequence of the fibration yields that

WZ(B) = TFi_l(QB).
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Exercises

1. Let f: X — Y be a homotopy equivalence. Let Z be any other space. Show that f
induces bijections:

fo: 12, X] = [2,Y] and f*:[Y, Z] = [X, 2],
where [A, B] denotes the set of homotopy classes of maps from the space A to B.

2. Find examples of spaces X and Y which have the same homology groups, cohomology
groups, and cohomology rings, but with different homotopy groups.

3. Use homotopy groups in order to show that there is no retraction RP" — RP*if n > &k > 0.
4. Show that an n-connected, n-dimensional CW complex is contractible.

5. (Extension Lemma)
Given a CW pair (X, A) and a map f: A — Y with Y path-connected, show that f can be
extended to a map X — Y if m,_1(Y) = 0 for all n such that X \ A has cells of dimension n.

6. Show that a CW complex retracts onto any contractible subcomplex. (Hint: Use the
above extension lemma.)

7. Ifp: ()?,121,570) — (X, A, ) is a covering space with A= p~1(A), show that the map
Pit (X, A, To) = T (X, A, x0) is an isomorphism for all n > 1.

8. Show that a CW complex is contractible if it is the union of an increasing sequence
of subcomplexes X; C X, C --- such that each inclusion X; — X, is nullhomotopic.
Conclude that S is contractible, and more generally, this is true for the infinite suspension

32(X) = U,z 2"(X) of any CW complex X.

9. Use cellular approximation to show that the n-skeletons of homotopy equivalent CW
complexes without cells of dimension n + 1 are also homotopy equivalent.

125



10. Show that a closed simply-connected 3-manifold is homotopy equivalent to S®. (Hint:
Use Poincaré Duality, and also the fact that closed manifolds are homotopy equivalent to
CW complexes.)

11. Show that a map f : X — Y of connected CW complexes is a homotopy equivalence if
it induces an isomorphism on 7; and if a lift f : X — Y to the universal covers induces an
isomorphism on homology.

12. Show that 77(S*) is non-trivial. [Hint: It contains a Z-summand.]

13. Prove that the space SO(3) of orthogonal 3 x 3 matrices with determinant 1 is homeo-
morphic to RP?.

14. Show that if S¥ — S™ — S™ is a fiber bundle, then k =n — 1 and m = 2n — 1.

15. Show that if there were fiber bundles S*~! — S?"~1 — S" for all n, then the groups
m;(S™) would be finitely generated free abelian groups computable by induction, and non-zero
ifi>n>2.
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