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ABSTRACT. We establish linear profile decompositions for the fourth order
linear Schrodinger equation and for certain fourth order perturbations of the
linear Schrédinger equation, in dimensions greater than or equal to two. We
apply these results to prove dichotomy results on the existence of extremizers
for the associated Stein-Tomas/Strichartz inequalities; along the way, we also
obtain lower bounds for the norms of these operators.

1. INTRODUCTION
We consider the family of fourth order Schrodinger equations

iug + A%u — pAu =0, >0, (1.1)

u(0) = ug € L3(RY) '

where u : R x R? — C, d > 2. For pu # 0, this is the free form of the nonlinear

Schrédinger equation with a fourth order perturbation; this equation was intro-

duced by Karpman [9] (see also [12, 10, 11, 13]) to study the effects of higher order
dispersion in the propagation of solitary waves in plasmas.

The main result of this article (Theorem 3.1) is a linear profile decomposition
for the equations given by (1.1). The theorem roughly states that, after passing
to a subsequence, an L2-bounded sequence of initial data may be decomposed as
sum of asymptotically orthogonal pieces that are compact modulo symmetries, plus
an error term with arbitrarily small dispersion. We then use this result to obtain
dichotomy results on the existence of extremizers to the inequalities
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(e + [V]?) 77 (A ’“A)fIIszm < Capllfllrz,

d

t,@
in the spirit of [27]. Our results generalize those of [8], wherein the analogous
theorems were proved in the one-dimensional case. Though the results we obtain
are similar, we encounter new challenges in higher dimensions. One reason for this
is that the propagator eit(A%—pd) may be viewed as a Fourier extension operator,
and the analysis of such operators seems to be much more difficult in dimensions
greater than or equal to two. Further, comparatively little is known about Fourier
restriction to surfaces where the curvature degenerates.

We are additionally motivated by recent applications of linear profile decomposi-
tions to the study of other dispersive equations, including wave [1, 16], Schrodinger
[2, 22, 4, 15, 19, 21], KdV [27, 17], and Klein-Gordon [18].

Finally, much of the argument seems amenable to an extension to more general
perturbations of the Schrodinger equation, for instance with A? replaced by |V|®
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for @ > 1, but the authors have not investigated the extent to which this argument
would need to be changed.

We now turn to a brief outline of the proof. For the remainder of this article,
we let S,,(t) denote the data-to-solution map,

Sﬂ(t) _ eit(Azfp,A)
and let D,, denote the differential operator

D, =+/p+ |V~

Section 2 is devoted to a proof of a refinement (Proposition 2.2) of the Stein—
Tomas/Strichartz inequality

d
IDFZ 8,011 swpm S 1 zz- (1.2)
t,x

Roughly, this result states that if the left side of this inequality is greater than a
constant times the right side, the function f must contain a nontrivial wave packet
that is concentrated on a small ‘cap’ on the Fourier side. This result is stronger
than the annular refinement obtained in [5, Proposition 2.3] (and necessary for our
finer-scale decomposition), and its proof strongly relies on Tao’s bilinear restriction
theorem for elliptic hypersurfaces from [29]. One challenge that we face in proving
the refined Strichartz inequality for these fourth order equations (compared with
wave, Schrodinger, or Klein-Gordon) is the lack of scale invariance when pu # 0,
coupled with the absence of any natural analogue of the Lorentz or Galilei boosts.

(The phase shifts S, (t)f + S, (t)e’")? f will provide a rough stand-in.)
Once we have obtained this refinement, we turn in Section 3 to the proof of the
linear profile decomposition. This result, Theorem 3.1, follows b}; a familiar induc-

tive argument. If (u,) is an L2-bounded sequence such that || D75, (t)u,|| 2(d+2)

Lt,w
does not tend to 0, by the refined Strichartz estimate, there exists a sequence {g}}
of pseudo-symmetries (true symmetries, i.e. spacetime translations, composed with
scalings and phase shifts) such that the sequence (g})~'u, has a nonzero weak
limit ¢! € L2. The first profile is ¢. = gL¢!, and we then repeat the argument
on the sequence u,, — ¢L. In fact, the refined Strichartz estimate gives a quantita-
tive lower bound on the L2 norm of ¢!, and it is this that allows us to eventually
show that for large [, the error terms w!, are negligible. Having established the
linear profile decomposition, for our application, we need to prove that the pieces
S, (t)¢d and S, (t)¢k are asymptotically orthogonal for j # k. This is the content
of Proposition 3.2.

Finally, in Section 4, we apply the linear profile decomposition to prove Theo-
rems 4.1 and 4.2, which give lower bounds for the operator norms and dichotomy
results on the existence of extremizers to (1.2) when g = 0 or 1 (by scaling, this
extends to the general case). Very roughly, because of the asymptotic orthogonality
of the profiles in the decomposition, after passing to a subsequence, an extremizing
sequence to (1.2) must contain a single profile. After passing to a subsequence,
there are three possibilities: compactness, convergence to a free Schrédinger wave,
or convergence to a free fourth order Schrédinger wave. In the first case, extrem-
izers exist. In the latter two, extremizers may fail to exist, but these cases give us
the desired lower bounds on the operator norms.
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2. THE REFINED STRICHARTZ INEQUALITY

Fix d > 2 and g > 0. For the remainder of the article, let ¢ : R* — [0, 1] be a
smooth, radial, decreasing bump function with ¢ = 1 on {|¢| < 1} and ¢ = 0 on

{1¢] = 2}.

In this section, we prove the refined Strichartz inequality, which is crucial to our
profile decomposition. Before stating it, we need a little notation.

Definition 2.1. A p-cap is a ball k = {€ : | — & < r}, for some & € R? and
r > 0 satisfying 8r < |§o| + (/1

Given a cap k with center &y and radius r, we define an associated cutoff

§—&
Given f we denote by f, the function whose Fourier transform is given by
fﬁ = ¢mf

With this notation in place, our refined Strichartz inequality is the following.

Proposition 2.2 (Refined Strichartz). Let ¢ = % and 0 = ﬁ. If
f € L2(RY), then

Feat dt2 1 2 _
I\Su(t)Dﬁ“flleTw) S (sup |s[ 4 2|18, () Dy fulloa )OI (2.1)
t,x K '
Here the supremum is taken over all p-caps k as in Definition 2.1, and the implicit
constant depends only on d.

Propositions of this kind have appeared in many places in the literature, and
the outline we follow is a familiar one (cf. [2, 20]). The main new ingredient here is
the parameter . When p = 0, the graph of the function u|¢|? + |€]* has vanishing
curvature at 0, while in the case u > 0, the curvature never vanishes, but the
scaling symmetry is broken. To deal with these issues, we begin by proving a refined
Strichartz estimate associated to the decoupling of dyadic frequency annuli. By this
and scaling, it suffices to establish a refinement of the Stein—Tomas inequality for
the Fourier extension operator associated to the surfaces {(|¢]? + [£]%,€) : |¢] S 1}
and {(c[€]? + |€[%,€) ¢ |€] ~ 1}, where 0 < ¢ < 1. These surfaces are uniformly
well-curved; indeed, they are elliptic on small (but uniform) frequency scales. We
can thus apply Tao’s bilinear restriction theorem, and use methods developed in
the context of the linear profile decomposition for Schrodinger to obtain refined
estimates on these frequency localized regions. Finally, it is a simple matter to
undo the scaling and glue the pieces back together, thereby obtaining (2.1).

We begin by noting that it suffices to prove Proposition 2.2 when p = 0,1.
Indeed, if 1 > 0, a simple computation shows that

Su(t)f = [S1P0 ()i ), and Dyf = [V Dy f(Sl(Vi-):
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Furthermore, if £ = {£ : [{ — &o| < r}is a 1-cap, \/ur = {£: | — /ol < T}
is a p-cap. Thus Proposition 2.2 for any p > 0 follows from Proposition 2.2 in the
case p = 1 by scaling. For the remainder of this section, we will consider only the
cases =0, 1.

We will employ two different Littlewood—Paley decompositions, depending on
whether ¢ = 0 or y = 1. Define

Uo(€) = 0(26),  On(§) = d(5) —d(%), for Ne2,
UR(©) = 0(F) —9(F), for Ne2
Regardless of the value of p, the 1/11’(, form a partltlon of unity. We define the
Littlewood-Paley projections P& by f" = PI‘\L/f 77[’va =0,1.
Lemma 2.3. If f € L2, then

_d_ 2 _d_
15, ()Dd“fll 2izn) S SUp Sy ODE Iyl sty 111227 (2.2)
tz L

t,x

for i =0,1. Here, the supremum is taken over frequencies N € {0}U2Y or N € 22,
depending on the value of .

In the proof of Lemma 2.3, we will use the following Strichartz estimates, which
may be proved using the methods of stationary phase together with the main the-
orem of [14]. See [24] for further details.

Proposition 2.4. Let > 0. For all (q,r) satisfying 2 < ¢q,r < 00, (g,7) # (2,00),

2 ,d_d
and6+;—2,

2
1D Su®) fllLary mxray S Ifllz2 ®ay- (2.3)
The implicit constant may be taken to depend only on d,q,r and, in particular, may
be chosen independently of L.

Proof. Let d = 2. By the Littlewood—Payley square function estimate, simple
arithmetic, Holder’s inequality, and the Strichartz inequality, for 4 = 0,1,

1.0 £, ~ / / by 1Su(OD 74D 1S, (0D} 74 ) da dt
N

~ 37 ISL (D £ (Su(ODF 1)
M>N '
S BNEAC: DﬁfMl\L4 1S, (t DufMHLsLe
M>N

1 1
< IS (&) D fllzs 1S () D fillzors
< S tD% M2 D*é M Dé I
<sup S0 Fel2s S 1D E firlloz DS £ ce.
K Y M>N
If p = 0, this implies by Plancherel that
[ (t )D2f||L4 .S SUPHSM( )D"’fKIIL4 > MTENE|| Ryl | R 2
" M>N
while if p =1,
1 1 _1 1
1Su D2y, S supllSu®DE ficlZy, D )TN EIf ezl fav ]z

M>N
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In either case, (2.2) follows from an application of Schur’s test.

If d > 2, then by the square function estimate, the triangle inequality, Holder’s
inequality, and the endpoint Strichartz inequality, for u = 0,1,

1S, (t )Dd“f\l e // SIsue ) DI pi 2) 5

Z|S DI L 2) 7 e dt

d+2

_d_ at2
SO>S Dd”fM)( ()D[f”fz’ff)ll i
M>N Lyd
_d_ 2
D PNEAC Dd“fsz 2<d+2>|\5 D fall® e
M>N L2Ld—?

-2 2
X |5 ()Dd“fNH 2s2) [|Su(B) D™ FN I pisay 2acara)

Td=2 jp d2+4
L, L,

—a_ 4
/S Slll(p HSM(t)DﬁH-Q f}lé” ¢ 2(d+2)

Lf'c
1-2 1—2
x> el 1D d“fM||L2HfN||L2dHDd”f HLg-
M>N
By Plancherel, if 4 =0,

S (ODEZ 7, < sup |Sa () DEE 24
” M() 1% f” 2(d(j—2) NSUpH () 2 fK” 2(d+2)

t,x

x Y M- d(d+2)Nd(d+2)HfMHL2||fN||L2

M>N
while if p =1,
ats o X2 T 1 14
”Sﬂ(t)DM+ f” 2?d:2) ,S Sl[l(p ”Slt(t)Du fK” dQ(d;rz)

t,x t,x

X 3 (M)~ T (N) T | fy 2z | £ sz
M>N
As in the d = 2 case, (2.1) follows by Schur’s test. O

We now rescale one more time, to frequencies || ~ 1. We claim that the propo-
sition follows from the next lemma.

Lemma 2.5. Let g = M‘Z’dﬂ). For f € L2(RY), at scale 1 we have

~

_1
I1S=(t)PY f||L2<d+z> S (Sup\ﬁl o 215 (®) fllrg )d“||f||}f§2, 0<e<l, (24)

t,x

where the supremum is taken over caps k = {£ : |€ — &| < r}, with % < ] <2
and r < 1—16. Additionally, at scale 0,

151 (2 )Pof||L2<d+2> S (SUPIF&I WS () fall e, ) ||fHZ¥27 (2.5)

t,x

where the supremum is taken over caps k = {€ : |§ — &o| < 7}, with |§] < 1 and
1

r<ig
16
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Assuming the lemma for the moment, we complete the proof of Proposition 2.2.

Proof of Proposition 2.2. By scaling, (2.4) implies that

d+1

1 aT-

N Sne (PRSI starn S (suplsl S AN |Swe(0)ellea,) P IFIE (26)
for0 < e < 1and N € 2%, where the supremum is taken over caps x = {|¢—&| < r},
where% < |&| < 4N and r < 3% We note that if y = 0or g =1and N > 1,
these are p-caps.

In the case u = 0, the refined Strichartz estimate (2.1) just follows from (2.2),
(2.6) (with € = 0), and Bernstein’s inequality.

In the case p = 1, we first apply (2.2). Then we use Bernstein’s inequality
together with (2.5) for the scale 0 term and (2.6) with € = 3; for the scale N term.
(Note that if N € 2V, P{, = P}.) O

The remainder of the section will be devoted to the proof of Lemma 2.5. We will
give the details for (2.4); (2.5) is similar, but slightly simpler because the parameter
€ is not present.

We recall that P? f = 49 f, where 9 is supported on {1 < || < 2}. There exists
a finite decomposition

Cq
P = Z%,p (2.7)
=1

with 1 ; = ¥{¢;, for smooth bump functions ¢; : R¢ — [0, 1] whose supports have
diameter equal to a small dimensional constant ¢y, which will be determined in a
moment. Crucially, the (large) constant Cy may be chosen to depend on ¢4 and d;
more precisely, Cy <g c;d.

By (2.7), for any f € L2,

Cq
Plof = Z f17j> Where fl,j = wl,jfa = 1, 2. (28)
Jj=1

By (2.8) and the triangle inequality,

Cq
”SE(t)fl”L% < ZHSa(t)fl,jHLw < Cdm]‘ngHSa(t)ijlle. (2.9)
t,z j=1 tx )

t,x

Fix 1 < |£| < 4 and define
Oego = {(El€? + |€1*,€) 1 |€ — &o| < 3ea}.
Let T ¢, denote the translation

T. 6, (1, €) = (T — eléo]” — 0|, € — &)
and let R, ¢, € SO(d+ 1) be a rotation mapping o, ¢, into standard position, that
is,

Re gy (1, —2¢€0 — 4/60]"€0) = (V/1 + 4[> + 16e[éo* + 16[¢0[5,0).  (2.10)
We may uniquely specify R. ¢, by also requiring that

Re ¢, (2¢]&0)? + 4|&0|*, €0) = (0, E0v/1 + 4e2|&o |2 + 16¢|€o]* + 16]&o6) (2.11)

and that R. ¢, leave vectors perpendicular to (1,0) and (0, &) invariant.
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For cq sufficiently small, R, ¢ T: ¢, (0c.¢,) may be written as a graph,

RE»EOT&EO (UE-,&)) - {((I)&Eo (5)75) : ‘£| < bd}'

Furthermore, ®. ¢, is smooth (actually analytic), uniformly in 0 < ¢ < 1, and
satisfies
e &, (0) =0, VO, ¢, (0) =0,
o |® ¢ llen (figj<bay) < Ba, where N = Ny may be taken arbitrarily large,
o H. ¢ = (00,9 ¢, )1<i,j<a is uniformly elliptic: 0 < Mgy < H. ¢, ().
The last observation above follows from the fact that o. ¢, has positive Gaussian
curvature, which is uniformly bounded below for 0 < e < 1.
Let Deg, (1) = (7, (He.,(0))3€). Then

DE{ORE,EOTE’EO(UE,&)) C {(%|§|2 + f67§0(€)7§) : |§| < ad}7

where f; ¢, is analytic and satisfies
® fe60(0) = 0, V ety (0) = 0, D* fr ¢ (0) = 0

o llfeeoller qie<ay) < Aas
uniformly in 0 <e < 1.

Let 4 > 0 be a small constant and N be a large integer, which will be determined
in a moment. We observe that decreasing c4 has no affect on f. ¢,, but simply allows
us to decrease the size of ay. By Taylor’s theorem,

ag°|| fego oo (i1 <aay) + @z * IV Feollcogiei<any) + @ 1D fegollco(qie1<aad)
S D fegolloo(a)<anh S 1,

so taking ag sufficiently small, we may assume that

ag? (| f-ollcoqgiel<aa) + g IV fegollcoqiei<aay) + 1D fegolloo il <an)) <(5d- |
2.12

We may further assume that

adll fe.e0llon (g1e1<aay) < da- (2.13)
Let B, (7,€) = (a;*7,a;'¢) and define A. ¢, = By, De ¢y Re gy Te .- Then

AEvfo(o’E,&J) C {(%‘§|2 +g€,fo(§)7£) : |§| < 1}7
where g. ¢, is analytic and satisfies g ¢, (€) = a; > f-.¢, (aq€). By (2.12) and (2.13),

1ge.¢0llon (g1e1<13) < da-

As explained Section 9 of [29], the proof of the bilinear restriction theorem for
paraboloids also establishes the following bilinear restriction result for bounded
elliptic hypersurfaces.

Theorem 2.6 ([29]). There exists 64 > 0 and an integer N such that if (&) =
$1€1? + g(&) with g(&) smooth and ||g| o~ ((1¢<1y) < 4, then the operator Eg defined
by

~

Sof(tia) = [ @O0 (g)ag
{lgIs1y

satisfies the following. Let p1,p2 C {|¢]| S 1} satisfy

diam(py) ~ diam(ps) ~ dist(p1, p2) ~ 1.
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If f1, f2 are L2 functions whose Fourier transforms are supported on p1, pa, respec-
tively, then

lEsr €l SIAlelfle,  p> 42,
where the implicit constant depends only on d, p.
Taking advantage of the symmetries of the Fourier transform, we have the fol-
lowing.
Corollary 2.7. For cq sufficiently small, if k1 and ko are two caps contained in
{3 <€ < 3} satisfying
diam(k1) ~ diam(kg) ~ dist(k1, k2) ~ r < cq,

then for any f € L% and p > %,

_d42
I(Se () fur) (Se(O) fua)er, Sap ™™ 7 Maallzzllfuallzz,  »>
Proof of Corollary 2.7 from Theorem 2.6. Define o1 and o3 by
o = {(elé]* + €]%,€) : € € K5}

Choose & such that 1 < [§] < 2 and k1, k2 C {|€ — &| < 3r}. Let A.¢, be the
map defined above. Then

Ac g (07) C{GIEP + 926, (€),6) : €] < 1}

d+3
d+1

Let 7 denote projection onto the hyperplane {7 = 0}, and define F, ¢, (§) =
T(Ace, (2|€)% + €)%, €)). Then F. ¢, is a diffeomorphism, uniformly in 0 < e < 1,
and
1Pz eollor(lej<eap) + 1Fie llor qlei<any) Sa 1. (2.14)
Furthermore, for j = 1,2,

diam(FEéO (K’j)) ~ diSt(F&Eo (Hl)v F&Eo ('{2)) ~T.

Let pj = r~'Feg(ry), 5 = 1,2, let ®(§) = 3[¢|* + r72g- ¢, (r¢), and let By(7,¢) =
(r=27,r71).

For j = 1,2 and (¢,z) € R'T%, by the definition of F ¢,, the change of variables
formula, the definition of ®, and the change of variables formula again,

S.(t)f (t, ) = /Rd (i) CIEHE" O T (6 de
_ / Cexp{it, ) - AZg, (BIFego (O + ge.go (Frgo (). ey (€)1 (6)
:/Rd exp{i([AZg, )" (t,2)) (30 + ge.co (), M) } s, © FL g | det DL (m)] dy
:/Rdexp{i( AZL Tt 2) (20 ) ) } i, 0 Fod () | det DEZE ()] dny

iB (A t,a)- (P
:rd/Rd 1B (AL g (ha) ( (")")f , (rn)|detD 550(7"77)|d77.
Let g; be the function whose Fourier transform is given by

@(U):fnjo (7”77)|detD afo( 77)|
Then g; is supported on pj,

Se(t) f; (t,7) = 1909, (B, (AZg,) T (t,2)), (2.15)
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and by Plancherel, the change of variables formula, and (2.14)
_dy _ _d
lgillce ~ =% fi;| det DFe g |7 lpz ~ r~2 | fi, |l 2 (2.16)

For any p > gﬁ‘, by (2.15), a change of variables and the fact that det A. ¢, ~ 1,

Theorem 2.6, and (2.16),

1(S=) ) (Se (O i) | 5
—r”II(&»m)oB (AZe) ") (E0g2) 0 BHAZ) ) .y

ﬁ d+2
~ | (Eagr) (Eag2) |y S llgnlliz o2l n
5 el 2 s 22
This completes the proof of the corollary. O

From the corollary, the proof of the following follows in what is by now a standard
manner.

Lemma 2.8. Let g = M If f € L2, then

_1 P e
15e () frsll 2wz S (supl/fl £ S (frg)ellee,) T2 fgl2®,  (2.17)
t,x
where the supremum may be taken over caps k with
kC{:<[¢{ <4} and diam(x) < .01. (2.18)

This lemma may be proved in the same way, mutatis mutandis, as Proposi-
tion 4.23 of [20], so we omit the details.

Since |¢1 ;] < 1, by Plancherel, Hfl,jHLi, < ||fHL§ Furthermore, S:(t)[(f1,;)x] =

<(t)fx)1,;. By construction, ||1/V117j|\L; < 1, so by Young’s convolution inequality
in the x-variable), [[S-(t)(f1j)xllrs, S 19:()fxllze, - So finally, by combining

9) and (2.17), we obtain (2.4). The inequality (2.5) follows in a similar manner
but is simpler because there is no ¢). Therefore Lemma 2.5 is proved, and this
completes the proof of Proposition 2.2 and the section.

(S
(i
(2.
(

3. LINEAR PROFILE DECOMPOSITION

Theorem 3.1 (Linear profile decomposition). Let (up)n>1 be a bounded sequence
of L2 functions. After passing to a subsequence, the following hold. For each j > 1
there exist ¢ € L2, a sequence of parameters (hi, &1, xd 1) € (0,00) xR x RY xR,

and a sequence of Li errors (wl)i n>1 such that for each I > 1,

l

wn =Y Su(—H) gl @) 4w (3.1)

J=1

where gl (¢) = h% (z;]mi)7 and for each j, either |hi&l| — oo or & = 0. The

errors satisfy

4
lim sup lim sup || D72 S, (), | 2(4+2) =0. (3.2)
L

w00 Mm—00 tw (RxR9)
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Forj #k, (hi, &, 2, t))n>1 and (hE, &8, ak t5),,51 are pairwise orthogonal in the
sense that

hi bk th — ¢ th —tJ 2|¢7 12
T X (02 53
| Lk =k 20— )OI + el |
h, £ =
Furthermore, zf hmnHOO |REek — higi| # oo, then hi&l = hEER for all n, and if
hmn_,oo(zk ) # 00, then hi, = hE for all n. Finally, for each 1 > 1,
I
Tim (a2 — (3 167122 + b 22)) = 0 (3.4

j=1
The orthogonality condition of parameters implies the following.
Proposition 3.2 (Orthogonality of profiles). For j # k, along the subsequence
satisfying (3.3),

lim || (D7 S, (1), (— ) gl [e" & 7))

n—oo

. . (3.5)
% (Dﬁ+2 S#(t)s ( tk) [ i( )h1L€7L¢k )H at2 =0.
Thus by (3.2),
2(d+2)
lim lim sup|||DdJr2 Su®)unll sfaie

w0 p— txd
3.6
d+2 J i(-)hd, &) T o0

_Z”D t—t )gn[ n n(b]H 2(d+2)’
L

fz

We begin with the linear profile decomposition.

Proof of Theorem 3.1. The proof follows a familiar outline (cf. [1, 4, 8]). We con-
struct the linear profile decomposition inductively. At each stage we will pass to a
further subsequence, but to avoid a proliferation of sub- and superscripts, we will
denote each subsequence by (u,,). For each n,j, let BJ denote the L2 isometry

B] = Su(~t)gle M

Set w) = wu,, and assume that for some [ > 0 we have found a subsequence of
(un), L2 functions ¢/, and sequences (hJ,, &,z t5), 1 < j < [ such that for all

1 < k <1, we have the following: (3.4) holds (with & in place of [); (3.3) holds for
all k # j € {1,...,1}; either [hE¢F| — 0o or €8 = 0;

k
n = ZB{L I+ wk, (3.7)
(BM)~1wk=1 ~ ¢* weakly in L2. (3.8)

Define

_d_
Al = limsup |‘w£LHL§, el = limsup || D2 S, (t)w!,| 20442) -
' L

n— oo n—oo tx
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By the Strichartz inequality, ! < A!. If €/ = 0, then we are done, so we may
assume that e’ > 0. Passing to a subsequence, we may assume that [Jw!,[|z2 ~ A’

_d_
and || D;** Su(t)w,ln”Lmd;—‘z) ~ &l for all n.
t,x

By Proposition 2.2 and a little arithmetic, there exists a sequence (k) of u-caps
such that for all sufficiently large n,

N df2 1 2
A (50)7 S lknl @ 72|18, (0) Dfi (wp ), Il - (3.9)

By Hélder’s inequality, Bernstein’s inequality (since (w!,),, is frequency localized),
and Young’s convolution inequality (since |[¢y[/r1 ~ 1),

2 l d+2 @ l 1_2(?;2)
1S, (8) Dt (wh)w, llLs . S 11Su(8) D> (wh ), 2tasn) (19 (8) (wn)r, [l pge, ™
t,x
2(d+2) 1—20d+2)
S (AN E IS () (wi ), e, ™

Combining this with (3.9) and the fact that (w!,),, is smooth (since it has compact
Fourier support), there exist parameters (z,,t,) such that

& o —3
A(50)" S Iknl 2 ISulta) (wh) e, (20) (3.10)
Write i, = {€: € — &,| < by '}, and set
(hlJrl £l+17 L tl+1) (hnafnw’rna )
The sequence

(BL) Ml = e hén g LS, (6l

n
is bounded in L2, so after passing to a subsequence, we may extract a weak limit;
say

(BEOY =yl —~ ¢! weakly in L2, (3.11)
Thus we have
Jim (e = llwf, = B9 s — 10" 2:) (3.12)
3.12
— T (2((BE) T, 6 — 2 H2,) =

which implies that (3.4) holds with [ replaced by { + 1 and
wl+1 — wl _ Bl+1¢l+1.

In addition, by (3.10), the definition of (w!,),, , and a quick computation,

A ()" ) [ ettt (S0, 6~ )l e e
— (O g S, (b, )

Taking the limit as n — oo,
l ’
A5 SIS 118 e,
so by (3.12),

)20/

lim sup waj’lHLi < Al c(i— (3.13)
n—roo
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Thus by the Strichartz inequality, after iterating, we obtain (3.2). (Indeed for (3.2)
to fail, ¢! must stay large, but in this case (3.13) implies that A’ must decrease to
0, a contradiction to the Strichartz inequality.)

By changing ¢!*! if necessary, we may assume that either |hlF1¢/+1| — oo or
€41 = 0. Indeed, if |hLF1EMH] £ oo, after passing to a subsequence, hLFigitl —
& € R?, and so we may replace ¢!t with e @!*! and ¢! with 0. Similar
hl +1

arguments justify the assertions that for each k < [ + 1, either (h,+1 + ) — 00

or hk = hl+1l and that either |hE¢F — REFLEHL] — o0 or hE¢k = hln"rlffl“‘l.
Finally, we turn to (3.3). The crux of the argument will be the following.

Lemma 3.3. If the limit in (3.3) is infinite, (BX)~'BJ — 0 in the weak operator
topology on B(L2). Otherwise, after passing to a subsequence, there exists an L2
isometry B* such that (BX)~'BJ — B*J in the strong operator topology on B(L2).

Proof. Let Bk = (BF)~1BJ. It suffices to prove that if the limit in (3.3) is infinite,
lim (By7¢,9) =0,
n—r oo
for all Schwartz functions ¢, ¢ with compact frequency support, and that otherwise
after passing to a subsequence, B¢ — B* ¢ in L? for all ¢ € L2.
A simple computation shows that
IBE ll e < (32 )2 16l IBY) e < (*g)

By Holder’s inequality and Plancherel,

d
2

(e

4
2

(B 6.)] < min{(25) 18112101 cze (1) * 1912 1.

. .
and since ¢,y are Schwartz, if (Z—;” + Z—%) — 00, the right hand side of the above

inequality tends to 0. Thus we may henceforth assume that hf, = b = h,,.
Now assume that |h,&¥ — h,&)| — oco. By assumption, ¢,1) have compact
support; say Supp ¢, Supp ¥ C {|¢| < R}. Then

Supp Bio  {|¢ — €1 < h; 'R}, Supp Bk C {|¢ — €8] < h,'R}.
For sufficiently large n, these sets are disjoint, so
<B’”‘¢ ¥) = (Bio Bi) =0

Thus we may assume that =¢&,.
With these assumptions in place we compute

Bg = I TH SR P,
where
whi = expli(& @k — ) + (5 — t2)(1€a]* + 1l€n]?))]

. k
THip(x) = y(z + STtz t) (e Ln t20ee) )

st = [ explat + %msmm? T A(EE)? + plgPYI(E) d
Riw(a) = [ exlilag + g6, )(6) de

Phiy = exp[—i(t";,gtﬁ)AQ]w.
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After passing to a subsequence, w/ — w € S1, so Bi*¢ — wTkiSkiRkIipkig —
0 in L2. Thus it suffices to show that the conclusions of the lemma hold for
T Sk Rk Pki instead of BYJ.

We write

THSERY P o) = [ @@ 05(6) de,

where

i) €. (m L= (8 — ) (4 + 2;@)) L = t)Iel”

B h#
| (85— BDIEPIER + U60E)” + ) 40tk — 6P
h2 h3
Since 97 ) (x,€) = M(thiél by the method of stationary phase ([28, Chapter
VII1.2.2]),
|Tk3 Gk RE3 pRi ()| < (1 + \t I)fi.
Thus if 29 e Bl 5 oo, Tk SkiRkIPkig —~ 0, weakly in L2. Thus we may assume

P k
that ‘t“hif"l -+ oo. Passing to a subsequence, t"h% — sF7 50
|26 — "% 62 =0,
for every ¢ € L2. Thus it suffices to show that the conclusions of the lemma hold
for T Sk RkI instead of BX.
Passing to a subsequence, either &, = 0 or é:‘ — & € S9! The case when

&, = 0 is much easier, so we assume henceforth that % — & € S9!, Passing to
a further subsequence, 0 < &, - & ~ |&,| for all n. We write

THISE R o(a) = [ 9033z de

where now we set

O (,6) =& (g; R G t;;z)(4|£n|2§n + zugn)) .

o (t = )G PIEP + 46 + i) | A(th — th)IePnt
h2 h3

Since
kj 24(th —t3)|€n] £, tk _tJ .
‘(€0V§)3®nj(x7§)| | ( R3 e ‘5 60| l H§ I,

n‘

[ )
if WL% — 00, by stationary phase (as above), ||T§JS§3R§]¢HL30 — 0, so

TrISkIRkI¢ — 0, weakly in L2. Otherwise, as above, after passing to a subse-
quence, R¥ ¢ — R¥ ¢ in L2, for some unitary operator R*/. Thus it suffices to
consider T* Sk7.

Similar arguments show that 79S¢ — 0, weakly in L2 if Ww —
00, s0 we may assume that this term is bounded, and after passing to a su%sequence,
Skig — S*i¢ in L2. This reduces matters to proving that the conclusions of the
lemma hold for 7%/ and since T* is just a translation, elementary arguments

k ] k 2 .
show that if ‘z"fziﬁ(tnfti‘,}b(zllé"‘ Ent208n)l _, o0, then TKi ¢ — 0, weakly in L2 and

n
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if Za=tat(ta=t) Gl "6t 2un) _y ki ¢ RY, then TR ¢ — (- + y™) in L2. This
completes the proof of the lemma. O

Now we complete the proof of the linear profile decomposition by showing that
(3.3) holds for all 1 < k < j =+ 1. Suppose (3.3) failed for some 1 < k < j =[+1.
Then

0 = wk-lim((B¥) w1 — ¢*) = wk-lim(B*) ~twk
n—oo

n— oo

= wk-lim(BE) " [BE LT + o+ Bl gl + ).
n— oo
We have assumed that (3.3) holds for all k¥ < j <1, so by Lemma 3.3,
wk-lim(B)) ' [BET1¢* T 4.+ Blg' =0,

n—oo
which implies that
l
=0.

n

. ky—1
V\;l;l;om(Bn) w
On the other hand, by Lemma 3.3, there exists a unitary operator B!*1F such
that after passing to a subsequence, (BLF1)~1BF — B!*LF in the strong operator
topology on L2; thus for any test function 1,
<(Bl+1,k)71¢l+1 ¢> — < l+1 Bl+1 k¢> = lim <Bl+1w Bl+1 k¢>

n—00
= lim (B, wy,, (B, Biy) = lim (Brwy,9) = 0.
n—oo n—oo
Since B!*1* is unitary and ¢!*! # 0, this is a contradiction. Thus (3.3) must hold
forall 1 <k < j <l+1, and this completes the proof of Theorem 3.1. (I

Next we prove Proposition 3.2.
Proof of Proposition 3.2. Since

wHD‘”zS (1) Su(—t3) g [e" M ny]
2(d+2)
is a bounded linear operator from L2 — L , with operator norm bounded by a
constant independent of p, hi, &, @), I by standard approximation arguments,
it suffices to prove (3.5) for qb] and ¢* lying in some dense subclass of L2. We will
assume henceforth that they are Schwartz functions whose Fourier transforms are
supported on a compact set that does not contain 0.
Our proof will use the following pointwise estimates.

Lemma 3.4. Fix > 0 and let v be a Schwartz function with compact frequency
2(d+2)
support that does not contain 0. There exists an L, ,*  function v = vy, depending

only on 1, such that

DI 5, (0 (@)] < (1+ )T T o((1+ p)t, ), (3.14)

and such, that if |a| > max{(¢) : £ € Supp},

D S, (0% (@)] < (2lal + u) T o((2laf> + w2+ (@lal’ + 2p)at) (3.15)
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Proof of Lemma 3.4. We give the details for the second case, when |a| > max{(¢) :
¢ € Suppt}. The case when a = 0 is similar, but a little simpler.
Consider the function

() = [ VEEIEE£aP T
o Vit 2laf? '

Then w,,,, and all of its derivatives are bounded on the support of 1Z, uniformly in
a and p. This follows from a simple induction argument and the fact that

ey S lé+al < Vu+lE+al?<Vutlal+ (€ < 2vp+2lal?,

for all & € Supp 12
Fix o and define y = x + t(4|a|?a + 2ua). Then

1D S (t)e! ()]

= (p + 2|a|?) 2@ ‘/ ei(r&-t(\E\4+u\£|2)wa7u(§ —a)(£ —a) de |
Rd (3.16)

(1 + 2]al?) W‘im‘ ot WEHt([€* +41€1*cat2(¢]?|al® +4(€a)® +ulg]?)
]Rd

X Wa,u(§)1(8) dé|.
Define ® = ®; 4 4., by
(&) = y& + t(JE|* + 4lE)¢a + 2/€P al® + 4(Ea)® + plE]?).
We compute the gradient and Hessian of ®:
V(&) =y + t(4|E1€ + 8(Sa)€ + 4[¢Pa + 4|al*¢ + 8(Ea)a + 2uf) (3.17)
Hg = (®35(8)) = t(8&&; + 4[¢70:; + 8&ia; + 8(€a)ds; + 8ai&;
+ 4]al?d;; + 8aa; + 2ud;j),

where §;; equals 1 if 7 = j and 0 otherwise.
We now prove the estimate (3.15) by standard techniques from harmonic analysis
(see [28, Chapter 8]). By Hélder’s inequality and (3.16),

(3.18)

d

_d_ . -~ d
Poki Sﬂ(t)el(')aw(x)l < (u+2lal?) @™ ||wa7u||L§° ||¢HL§ < (u42]a)?) =@, (3.19)
for all (t,x) € R1*,
On the support of 1,
|41€1%¢ + 8(Sa)¢ + 4[¢[a + 4|al*¢ + 8(¢a)a+ 2| S 1 + 2lal?,

so if (1 + 2|al?)|t] < |yl, [V®(£)| = |y| throughout the support of 1. Therefore for
any N > 1, integrating by parts N times in the right side of (3.16),

T i()a PICA= N
D7 S, (1) O ()] < Cy v (n + 21al*) T ()™ (3.20)

whenever (u + 2|al?)[t| < |y].

If (1 + 2|al?)|t| = |yl, then V® may vanish on the support of ¢, so we examine
the Hessian of ®. Since |a| > (£) for all £ € Supp ), ¢~ Hg (€) > cy(p +2/al?) (ie.
t7 Hg — cy(p + 2|al?) is a positive matrix). Thus by stationary phase

1 ) ¢
1+(p+2[al?)[t] )

_d_ . _d
D 5,(1) O (@)]| < Co (1 + 2laf?) 75 ( (3:21)
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whenever (p+ 2[al?)[t] 2 |y|.

Combining (3.19), (3.20), and (3.21), and recalling the definition of y, (3.14)
holds with

a d
v(s,y) = Cy [(1757) > Xt 1st + (1757) * Xl <ls) s

2(d+2)

and it is easy to check that v € L, ,* . This completes the proof of Lemma 3.4. [

Now we return to estimating the quantity in (3.5), where we continue to assume

that ¢*, ¢’ are Schwartz functions with compact frequency supports that do not
2(d+2)
contain zero. We will use two families of L, ,  isometries:

. . d(d+4) ) _pd
Gglu(t7 x) = (h’-’{L)_ 2(d+2) u( (th!nt;l ) xhgn )
(14 p) ) u((1+ p)t, ), ifa=0

La7ﬂu(t7l‘) = 2 5 d(%|»2 2 2 .
(2la|* 4+ p) 2@ u((2|a|* + p)t, = + (4]al® + 2u)at), if a # 0.

If we consider a/, = hi £J | after passing to a subsequence, either a/ = 0 for all n,
or |al| > max{(¢) : £ € Supp ¢’} for all n. In either case, we can apply Lemma 3.4

once we move the translation/scaling isometries across the differential operators:
d A d .
_d_ i\ it (ORI ES L S d NI
D2 St = ) gh e’ n8n ) (x)| = |GLD TSy (8)[e' O ¢ ()]
<GIL ; 0 (tx),

n annu'gn
and similarly,
_d_ S \pkck
D St — 1) gn €70 ¥ ()] < G Lo 0" (8, ),
2(d+2)

where v/ € L, ,* , a), = h,&), pd, = (h),)*p, and similarly with j replaced by k.
The proof of the proposition will thus be complete once we prove the following.

. 2(d+2)
Lemma 3.5. If v/, v* are any L,,*  functions and the orthogonality condition

(3.3) holds, then

Jim NIGAL G Lyl 32 = 0. (3.22)

Proof of Lemma 3.5. Since the G and L, operators are uniformly bounded on
2(d+2) , 2(d+2)
L,," it suffices to prove this for v/ and v* lying in some dense subclass of L ,"

We assume henceforth that they are compactly supported Schwartz functions; say
Suppv?, Suppv* C {|z| < R}.

Passing to a subsequence, we may assume that each of the summands in (3.3)
has a limit. (This passage is harmless because to prove (3.22), it suffices to prove
that every subsequence has a further subsequence along which the limit is zero.)
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We first consider the case when % — o0o. Using the L2(d+2) isometry properties
and Holder’s inequality,
NGH Lo, i v NG Lk v ]IIL%
=1L, 5 (GR) T GrLak v ]HL%
< ||’ i;d%”(supp(L;jT.le(ng,)*IG’;Laﬁ’mvk)) (3.23)
S LrP LA L ey
= [07]| a@in [ ey

t,x t,x

(Supp(L ' , (GA)'GEL i 5 vF))
an s Hin nrn

The exact computation of L7} (G{L)’lG’fLLag7uﬁ v* is elementary but tedious;

however it is painless to verify that

. . . .
a i (G]) 1G"IrCLLa’C uk Uk(tv .13) = czzkvk(d%kt - SZLk’ hk €r — y’lj'],k(t))7
for positive constants ¢/¥, di¥ | real numbers si¥, and functions y/* : R — R?. Fix
t. If
(t,x) € Supp(L_; ! (G’J) Gt L, ak uk U ",
k .

then |z — % ik(t)] < h—zR. By Hoélder,

i 2(d+2) WE dy
07 (£, ) 2are) s SR IV g, -

Lo ({lz—yn()I<5RY) "

Integrating the above estimate with respect to ¢ and recalling that Z—% — 00,

; 2(d;—2)
10711 sz o S R(E»
L (Supp(L™} , (GI)"1GEL . i vh))
ap in ntn

d
o R) — 0.
t,x
By (3.23), this implies (3.22). By a similar argument, (3.22) also holds 1f — 00.
Henceforth, we may assume that hJ = h* = h,,, so pd, = pk = u,, as Well. Using
a change of variables, we may now remove the dilations from the G\

||[G]L ]U]][GkL k kU ]H d;rz = ||[ ]U]][GJkL k. k’l)k]” d+2, (3.24)
L

naj, SH a, s
nyHn nHn g 1 Hn Lt‘g
k _ t, —t, T, —T,
where GIFu(t, x) = v(t — A, T — ).
We now break into three cases: a) = a* = 0; ¢/ = 0 and |a¥| — oo; and
jad,|, lag| — oo _
We deal with the easiest of the three cases, a/, = a® = 0, first. In this case,

. d .
Loy o 9 (0) = (14 i) 5503 (14 i), @)

nsMln
) k j k_ .7
GIF L 0" (1) = (14 1) T80 07 (1 + ) [t — tn,;;ﬁ, - Tnta),

By our assumptions on the various parameters including the assumption that the
.

. ,
orthogonality condition (3.3) holds, either t” % 50 or I"h;nﬂl — 00. In either

case, Supp(LaJn-dun v7) N Supp(GIF Lak v vk) is empty for sufficiently large n, so the
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right hand side of (3.24) is eventually zero. By the identity (3.24), this establishes
(3.22).

We turn now to the case when a = 0, |a¥| — co. (By symmetry, this argument
also covers the case when the roles of j and k are reversed.) Arguing similarly to
(3.23),

1L

J
An s Hn

VI )[GIF Lo

ok i

<o . 3.25
s Sl e ey O

AnsHn

L,

We compute:

)

. k d k k
Lanl’un G‘Z,LkLak u Uk (24:7 .’I}) — (2‘0‘171"'»1':#71, ) 2(d+2) vk(2|afiit+ﬂn (t (t tJ )(1+Hn))

whoad | Alah P42 by (hot) ()
z - Zamth 4 Aealtin oy Lot Ih) )

_ (2\a5\2+u7L)W%vk(2laﬁl +iin (t . s%k),ac + 4laf > +2pn akt — %k:)

14pn I4+pin 1+ fim, n ’

where

() (1)
n - h4

n

. k__j
gk _ % 4af|®+2pn
Yn = + T

Fix z. If (t,2) € (Suppv’/) N (Supp L;;’MG%’“LGW”U’“), it satisfies |x| < R and

a, sjk.

4 2pn j
Iz + % kt — yI¥| < R. Therefore
|t 4200

14-pn Yn'| < 2R,

ath

so recalling that |a¥| > 1 for all n,

_ 7k ZR(1+H7L) < R
[t =2l < GeEETmeoEE S Tk
where v
Tjk (I+pn)ylt-
(4\a’“\2+2un)|a"\2

Integrating in ¢,

7 o) e < (W1l i
Ly & ({lt4rit \Sla i) "
Integrating this in x,
| 2(d+2) ,
v/ 4% v S ||UJHL;’?IR Tak] 0.

This implies (3.22), and completes the case when a/, = 0, |a¥| — co.
Finally we turn to the case when |aj |, |[a¥| — co. We compute
- ik k ik scay ook (K ik ik ik
L) Gl Lyg,, 0¥ (1) = ()T oM (e (0 — i), — i — biF0)
where
ik __ 2‘a5|2+ﬂn
CZL B 2“13.1|2+Hn

ik _ (t’“—tJ)(Z\aJ\ +4n)
Sn =

'n.

ik _ ﬂiﬁ 3, Ic (4lag | +2p0) (b —t3,)
n + hi

n
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pik — (2lad |?+pn)ad, = (2]ag |*+pn)ag
n 2|ad |2 +pn ’

Suppose that |al, — ak| — co. We claim that [b7*| — co. Indeed,

s
= {(2la¥;\2 + pin)ak — ad |} {5]a — a},)]? + 6lay, — al,[*a}, - (ay; — a},)

+ 2\aﬁ —a) [t + oy — @l [P (Jad* + pa) }

_ lak = aP(lad P + o)
Clah? + jun)lah — ah

where for the second inequality, we used Cauchy—Schwartz and the elementary
inequality

> 3lan

5(ab)? + 2b* > 2(ab)? + 2b* > 6[a’|,

for all a,b € R. Since |[b/*| — oo, arguing exactly as we did in the case aj, = 0,
lak| — oo, we can establish (3.22).
Henceforth, we may assume that a = af. Thus ¢/F = 1 and b* = 0. If

|s3%| — oo or |yi¥| — oo, the (compact) supports of v/ and Lf-1 GiF Loy, 0" are

n

disjoint for sufficiently large n, so (3.22) holds. Since |s7¥| > |t" "I , this completes
the proof in the case |a/ |, |a¥| — oo. O

Finally, the proposition is proved. (]

4. APPLICATION: DICHOTOMY RESULT ON THE EXISTENCE OF EXTREMIZERS

As an application of the profile decomposition in Theorem 3.1, we establish lower
bounds for the operator norms and a dichotomy result on existence of extremizers.
Similar results have previously appeared in [8]. We begin by defining

Ay = sup ||¢||L21||Dd“ w0l 2wy p=>0, (4.1)
¢€L Lt,md (RXRd)
$#0
and
B:= su Hjetta 4 ) 4.2
2 WISl (42)
$#0

These are finite by the Strichartz inequalities for the fourth order Schrodinger and
Schrodinger equations.

We say that a function ¢ is an extremizer for A, (resp. B) if ||¢[z2 # 0 and
¢ maximizes the ratio in (4.1) (resp. (4.2)). A sequence {¢,} is an extremizing
sequence for A, if

Au = hm ||¢n||L2 ||DdJr2 u(t)ﬁanL?(d(;ﬂ) )
t,x
{¢n} is L2-normalized if ||¢y | z2 =1 for all n.
Extremizers are known to exist for B ([6, 7] for d = 1,2, [26] for d > 3). In
dimensions 1 and 2, it is known in addition that the extremizers are Gaussian
functions, modulo symmetries of the Schrédinger equation.
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Theorem 4.1. The operator norms Ag and B satisfy:
Ay > 3 @ 2T W B (4.3)

If the inequality is strict in (4.3), then extremizers exist for Ag. If extremizers do
not exist and {¢,} is an L?-normalized extremizing sequence for Ag, there exist a
sequence of parameters (hp,&n, Tn,tn) with |hy&,| — 0o and an extremizer ¢ for B
such that after passing to a subsequence,

lm (¢ — So(tn)gn (e’ o Gl Y2 =0, (4.4)
where for a € R%, £, denotes the transformation

£a(€) = V6 proj, (€) + v2(€ — proj,(¢)). (4.5)

Conversely, if equality holds in (4.3), any sequence {¢,} satisfying (4.4) for a
sequence of parameters (Rp,&n, Tn,tn)n>1 With |hpé,| — 0o and an extremizer ¢
for B is an extremizing sequence for Ay.

If 4 > 0, then by scaling, A, = A;; scaling also gives a natural correspondence
between extremizing sequences (and, if they exist, extremizers) for A, and those
for A;. Thus we only state the dichotomy result in the case = 1.

Theorem 4.2. The operator norms satisfy A1 > max{Ag, B}, and if this inequality
is strict, extremizers exist for Ay. If extremizers do not exist and {¢,} is an L2-
normalized extremizing sequence for Ay, then there exist a sequence of parameters
(hny&ny Tnytn) and a function ¢ € L2 such that after passing to a subsequence,

1m [[6 — $1(ta)gac M1z = 0, (4.6)
Moreover, in this case, one of the following occurs: either Ay = B, h, — oo,
|€n] — 0, and o is an extremizer for B, or Ay = Ag, h, — 0, &, =0, and ¥ is an
extremizer for Ag.

The analogue of the final conclusion of Theorem 4.1 for Ay is the following. If
Ay = B, hy, — 00, €] — 0, ¢ is an extremizer for B, and ¢,, satisfies (4.6), then
¢ is an extremizing sequence for A;. If A7 = Ay, then Ay > B, so the inequality
is strict in (4.3), which implies that extremizers exist for Ag. Furthermore, in this
case, if h, — 0, &, = 0, ¢ is an extremizer for Ag, and ¢,, satisfies (4.6), then ¢,
is an extremizing sequence for A;.

The proofs of these theorems will rely on the linear profile decomposition and
the following lemmas.

Lemma 4.3. Let ¢ € L2(RY). If (a,) is a sequence in R with |a,| — oo, then
lim ||| V[7 A (0 ) (4.7)
n— oo

_ ‘an‘%Hei(z~an+t|an‘4)efi\an|2tA(¢O gan)(&;l(gj +4t|an|2an))H —}

t,x

with £, as in (4.5).

Lemma 4.4. Let ¢ € L2(RY). Let (h,,&,) be a sequence in (0,00) x R, Define
_d

9n®(x) = hn * $(3-). If hn — 0 and &, =0,
lim (V)72 S, (£)gne’ g — [V] 7287 g, 6] sasn =0. (4.8)
n oo L

t,x
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If hyy = o0 and &, =0,
Hm [[(V) @52 Sy (£) gne'Ohnéng — e=18 g ¢|| sazn) = 0. (4.9)

n—oo
If 1€, <1 for all n and |hp&,| — oo,
lin [[(V)752 81 (1) gne O — (€)7o el e len P it
n—oo

% a6 0 (" (@ + 41160 60 + 2€))]| sagn =0,

t,x

f 1

(4.10)

where 0n(&) = \/6]&.[7 + 1 (proje, &) + v/2[&u[*> + 1 (£ — proje, &). If [6n] — oo and

|hnén| — o0,

. _ i len 2
lim_[[(V) 725, (t)gne’Vinn g — |g, |7z ¢ilentlen Hileal®) 10710
e ) (4.11)
X [gn(6 0 )] (6, (@ + 42| %€, +2t§n))lle =0,

t,x

with ¢, = Le, , using the notation from (4.5).

The lemmas will be proved at the end of this section. Before proceeding to their
proofs, we show how Theorem 4.1 can be proved from Lemma 4.3 and indicate how
to adapt this proof for Theorem 4.2.

Proof of Theorem 4.1. Let (hp,&,, Tn,tn) be a sequence of parameters such that
|hy€n| — oo and let ) be an extremizer for B. Assume that the sequence {¢,,} C L2
satisfies

lim (¢ — eit"A2gn(ei(.)hn£n¢ by, 15 Nzz = 0.

n—oo 'IL n x

By the Strichartz inequality (2.3), changes of variables, Lemma 4.4, and the as-
sumption that 1 is an extremizer,

. _ _d_ s4A2
Ao 2 lim [lgnll 7z [IVITZe™ @l 2ain
n—oo x Ltzd

. ity A? ()Y hnén — -1
= nh_)n;OHe gn(e wofh En)HLg

_d_ . 2 . _
X V] A (OM (0 61 )| sz

t,x

(4.12)

= 371279 |jy|| 73 lim |||V]7F2eAOmEn (o 4L )| sy
L3 n—ro0 hnén Lt»-d
_1._4d — . 4 ilhn&n | tA —
=372 iz} i [ (hagal e 1m0 0 (1 | siapn

t,x

R __d 1 —itA __ 1 o _d __
= 372@ 2720 ||9|| 2 e T TY|| 2wrn = 37 2@F 27 2@ B,
x Lt,,md
This verifies (4.3). Conversely, if equality holds in (4.3), then it holds everywhere
in the computation above, establishing the final conclusion of the theorem.

In the other direction, let {¢, } be an L2-normalized extremizing sequence for
Ag. By Theorem 3.1, there exist sequences {(bj Fi>1s {wn}3>1 n>1, and parameters
(R, &0, t0) j>1,n>1 such that for each j, |hi&J| — oo or h}&) = 0 and such that
after passing to a subsequence,

!
bn = Y gl (M) 4w,

Jj=1
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where (3.2), (3.4), and (3.6) hold.

Therefore,
2(d+2) ) 2(d+2)
Ag © = lim V|72 0, )
n— 00 Lt Zd
. i . o 2(d+2)
< lim sup lim sup Z V] it el(”ti)ﬁgg%(elﬂ)hiﬁi I asay
l— 00 n— oo Lo

1<5<1

t,x
2(d+2) 2(d+2) 2(d+2) 2(d+2)
d d d

<limsuplimsup Y Ay [ OMEI|| LT =3 Ay T ¢,
J

l—o0 n—oo 1<j<l

2(d+2) .4 .
<Ay T (sup[lllfn) D 7113
J

J

By (3.4), the right hand side is strictly less than the left hand side (a contradiction)
unless there exists j such that ||[¢7[|z2 = 1. In this case, there is only one profile
and the error terms tend to zero in L2:

b = eitnAzgn(ei(')hn,§n¢> + W, lHm [|wy ||z = 0. (4.13)

n—oo

If h,&, =0, then since

. 2
e gn()llz2 = [l L2,
_d_ 4 2 d A2
[|V[7#2 g, ()] 2wra = V|72 || awpa
Lt,md Lt,zd
¢ is an extremizer for Ag. Thus if Ay does not have an extremizer, every L2-
normalized extremizing sequence must satisfy (after passing to a subsequence)

. 2 .
[pn — "2 g (e mEn) L2 — 0, (4.14)

for some function ¢ € L2 and parameters (hy,, &, tn, T,) With |h,&,| — co. By the
essentially the same computation as (4.12), this implies that

1 d
Ay < 37 @ 27 @) B,

and hence that equality holds in (4.3).

Thus it remains to show that if {¢,} is an L2-normalized extremizing sequence
for Ag, (4.3) holds with equality, and (4.14) holds for some ¢ and (hy,,ty, Tn,&n)
with |hp&,| — oo, then (4.4) holds with ¢ an extremizer for B.

Passing to a further subsequence, there exists w € S9! such that |Z”§”| - w.

Let v = ¢ of,. For a # 0, ¢, depends only on ﬁ, SO ¢ — Y oﬁgjgn — 0 in L2.
Therefore

et g (108 9) — g, (KOS (0 47 Dllzz 0,
which implies by (4.13) that

. 2 (. —
dn — 2 g (eOMnén (o £, )| L2 — 0.

n

That v is an extremizer for Ay follows from the same computations as in (4.12).
This completes the proof of Theorem 4.1. O
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Adapting the argument for Theorem 4.2. There are two relatively minor differences
in the proof of Theorem 4.2. First, A; must be compared to two operator norms, Ag
and B. To obtain the estimate A; > B, we simply take an extremizer v for B and
use (4.9), arguing similarly to (4.12). Given ¢ > 0, we can show that A; > (1—¢)A,
by selecting an L2-normalized function ¢ satisfying |||V|Wd2€im2z/}\| > (1—¢)Ap
and using (4.8); letting e — 0, we see that A; > Ao.

Second, we must rule out the case in which (4.6) holds for some ¢ € L2 and some
sequence of parameters (hy,, &y, tn, ,) with &, 4 0. Passing to a subsequence and
using the fact that spacetime translations do not affect any of the relevant operator
norms, it suffices to consider the cases when (¢,,z,) = (0,0), |h,&n] — oo, and
either &, — & # 0 or [§,] = oo. If |£,]| — o0, we apply (4.11) and compute

||| 7 € @En AT [En ] Ft1Enl®) o —ilen 1A

(90(6 0 L)) (€ (@ + thi |6 G + 266))| 2ty

t,x

<3732 @ B¢ 2 < B,

provided &, # 0, £, = l¢, is as in (4.5), and [[¢[|zz < 1. If &, — & # 0 and
¢llz <1, we use (4.10) and compute

lim sup ||(£,,) 72 ¢/ (#&nHthalEnl* +tlEn]?) g —itA

n—oo

% ga (6 0 L)) 0+ 4th2[60 6 + 216 aga

t,x

< limsup(|€a]? + 1) 752 (6[¢a]? + 1)~ 72 (206, > + 1)~ 72 B¢ 12

n— 00
= (|&* + 1)7%= (6]¢o|* + 1) ™2 (262 + 1) "5 B |2 < B,
so this case can be ruled out as well. O

Finally, we prove the lemmas.

Proof of Lemmas 4.3 and 4.4. We begin by observing that by the change of vari-
ables formula and the Strichartz inequality for Schrodinger,

H|an|ﬁei(z~an+t\an\4+tlt|an|2)efi|an\QtA(d) Ogan)(ga—nl(z + 4t\an|2an))|| ai2)
. 12

t,x

2 .
— 3@ QA ||e*”A¢ 0ly, | awr2
L d

t,a

42

< 33@FD) QAFD) Blgpodl,,

12 = 37 T@H 277D B 1.

Similar computations give:

_d_ i1 A2 .
[|V]72 2 gno|| 2wrn < Agll@ll L2, le™ 2 gno|| 2win < BldllL2,
L, 9 L, 9

t,x

1[(€,) TF2 ei(@EnHEhT1En 10 ") g —itA

% 9a(6 0 G (0 (@ + 400260260 + )| 2aga

t,x

t,x

L d—
< (|€a]? + 1) 752 (6], ]2 + 1)~ 72 (2/€0[? + 1)~ 71 B 12,
|| 7F2 e?(@entthylen " tln ) g—ilen]*tr
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X [gn(¢ © gn)](&:l(x =+ 4thi|§n|2§n + Qtfn))”L%

t,x
1

< 37 2@+2) 2" 2(d(f¢-2) B”QS”LJ% .

In addition, by the Strichartz inequality (2.3) for 4th order Schrodinger, the
operator
_d_ 4
¢ = D" Su(t)gn (e )

2(d+2)
is also uniformly bounded from L2 to L,,* , so it suffices to prove the lemmas

when ¢ is in some dense subset of L2. Thus we may assume that ¢ is a Schwartz
function with compact frequency support that does not contain 0:

Suppo C {R™! < [¢| < R}.

Under the hypotheses of Lemma 4.3, we assume |a,,| > 2R and |£ — a,| < R.
Then |£] ~ |a,|, so by the fundamental theorem of calculus,

_d_
b5 1] ~ Jan| "7 Jan| T2 — €757 | £ Jan| T |an| TR,

d

|€ld
Since the function e*()%n ¢ has frequency support on {|¢ — a,| < R},

e ¢ — an| 72 Dy ri26”")“"L¢||Li < lanl 7R+ p) = 0.

e 2(d+2)
Therefore, since Dj;**S,,(t) is a bounded operator from L2 to L, ,* , (4.7) would

follow from
|an| 752 |47 (1o ) () (4.15)

— glwanttlan™=anl" D) (¢ o g, V(071 (z + 4t|an]?an))|| swszn — 0.
n L d

t,x

Changing variables in ¢, the left hand side of (4.15) equals

NI ; i
e [an 2 62(-)an¢ _ el(wan+t|an|2)6*1tA(¢oéan)(f;j(x + 4dant))|| 2(d42) -

t,x

Next, we compute
.t . t ~
T e mg(a) = [0 o ag
. it a, |2~
= [emerendmmEere G ag

) ) o 11t | 4l€l%€an 2 4(an&)? | ~
:ez(a:-an—i-tlanP)/ez(x+4tan)fe”(m+ Tan ]2 +2[¢17+ [an|2 )¢(€) d¢

4/€1%¢an

_ 4
_ pilzanttlan|?) /ei(m+4mn)gezt(“jﬁ+w+léan(&)\2)(;(5) de.

Thus (4.15) would follow from

. A2 4iAVap — 2 X
||6zt(|an‘2+ lan 2 +La, (—iV)] )(;5(17) _ efltﬁ(gb o éan) o E;}(m)” 2(d:+2) — 0. (416)

t,x

Since
(e7 "2 (pol, ))o g;} — eitlfan(*iﬁ)lz(b, (4.17)
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the limit in (4.16) equals zero if and only if

o A2 4iAVap . X
lim e Tan? T Tani2™) — 1)eitlan (=) g sagn =0, if |ag| = oo, (4.18)
L L

n—oo

t,x

Similar computations show that (4.8), (4.9), (4.10), and (4.11) would (respec-
tively) follow from

lim [[[e™ " —1]e2°¢|| swia =0, if hy — 0 (4.19)
n—00 Lt —rd
it A2 .
lim [|[e 52 — e || an =0, if hy — 00 (4.20)
n— o0 Lt,zd
(A2 L 4iAVE, 1 2
nhf.fo e U i e 1etlen (=19 ¢HLM32) =0, if |£,| <1, hy, — 00 (4.21)
. 2 i n ,,l .
lim ||[e”(7m,,§,,b\2+74\hA,Zf\ “Tear) _ 1)e?Men S Bl para) =0,
aryol L.t (4.22)

Since (/5 is smooth with compact support,

A2 4iAVap uA )
‘an\Q |an|2 |‘ln|2

[eit( _ 1]6it\zan(4V)|2¢ 50
pointwise in ¢, z, so (4.18) will follow from the dominated convergence theorem if
we show that there exists a function that dominates each term in the sequence.

Let

4 2 2
nlt:2,6) =t + TS+ 105 + (L, () + 2

P, (t, x,
U, (t,7,&) =t (§)|2 + €.

2(d+2)

Then the left hand side of (4.18) is the L; ,* norm of
(1) > [[etnitm) — o Cr Do) e

Since qAS is smooth with compact support, this quantity is uniformly bounded. The
gradients of the phases are

Ve (t,z,€) = t(4\£\25 4 8&ang | 4lePay ‘2;»5 +20, 0l (€)+a

|a"‘2 ‘ufnl2 |an‘2 Ufnl2

Ve, (t,x, &) = 2tl,, oly, (&) +x,

and for |a,| > (1+ R)? and |z| > 100Rt, these are nonvanishing for £ € Supp ¢ C
{|¢] < R}. In particular,

|Ve®@,,(t,2,8)], Ve, (t,2,8)] 2 |z, |z| > 100Rt. (4.23)
Furthermore, the Hessian matrices of the phases satisfy
2

D20, (t,2,€), D2Wa(t,2,€) = (O, (123) +212)), (4.24)

2 . . . . 2
where Oflan(lfiP) is a matrix whose coefficients are uniformly bounded by ‘aR—‘z,

and we are identifying the transformation ¢,, with its matrix. Since 2¢2 is uni-
formly positive definite (indeed, its eigenvalues are 12,4, ...,4), for |a,| sufficiently
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large (depending on R), the critical points of the phases must be nondegenerate.
Thus by (4.23), (4.24), and the principle of stationary phase (cf. [28, Ch. VIII]),

| [lemes0 — gmes e ag

N d
< (o) Xt + () * Xz S (o)

4
2

2(d+2)

The right hand side of the above inequality is in L, , , so (4.18) does indeed
follow by the dominated convergence theorem.

The limits in (4.19), (4.20), (4.21), and (4.22) may be verified in a similar manner.
(For (4.19) and (4.21), one also uses that 0 ¢ Supp ¢.) This completes the proof of
Lemmas 4.3 and 4.4. O
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