LINEAR AND BILINEAR RESTRICTION TO CERTAIN
ROTATIONALLY SYMMETRIC HYPERSURFACES

BETSY STOVALL

ABSTRACT. Conditional on Fourier restriction estimates for elliptic hypersur-
faces, we prove optimal restriction estimates for polynomial hypersurfaces of
revolution for which the defining polynomial has non-negative coefficients. In
particular, we obtain uniform-depending only on the dimension and poly-
nomial degree—estimates for restriction with affine surface measure, slightly
beyond the bilinear range. The main step in the proof of our linear result is
an (unconditional) bilinear adjoint restriction estimate for pieces at different
scales.

1. INTRODUCTION

Recently, there has been considerable interest (e.g. [1, 7, 8, 9, 10, 15, 19, 21]) in
extending the restriction problem to degenerate hypersurfaces, that is, hypersur-
faces for which one or more of the principal curvatures is allowed to vanish to some
finite (or infinite) order. It has been known for a number of years that if the hyper-
surface is equipped with Euclidean surface measure, the exponent pairs for which
restriction phenomena are possible must depend on the ‘type,” or order of vanishing
of the curvatures. Affine surface measure, however, is conjectured to mitigate the
effects of such degeneracies and allow for restriction theorems that are uniform over
large classes of hypersurfaces. We verify this conjecture for a class of rotationally
symmetric hypersurfaces by proving that the elliptic restriction conjecture implies
the restriction conjecture with affine surface measure.

Consider the hypersurface

P={(G(),§) €U R}
We say that T' (or G) is elliptic with parameters A, N, and 1 > ¢y > 0if U is a
subset of the unit ball B, ||[VG|lc~ 5y < A, and the eigenvalues of D?G(z) lie in
(0,65 ") for all z € U.
The restriction conjecture for elliptic hypersurfaces is the statement that for all
pairs (p, q) satisfying the (restriction) admissibility condition

2(d+1 dp’
M <a<oo,  q= (1.1)

there exists N = N, such that for all parameters A, ey, and all elliptic phases ®
with parameters A, N, €g,

([ 1F@@.01 )" S Iflu ey e SR, (1.2)

where S denotes the Schwartz class and the implicit constant is allowed to depend
on p, A, eg. We let R(p — ¢) denote the statement that the restriction conjecture
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2 BETSY STOVALL

for elliptic hypersurfaces is valid for the exponents p, g. We note that our definition
of elliptic differs slightly from that in [26], but by a well-known argument (a par-
tition of unity coupled with affine transformations), the corresponding restriction
conjectures are easily seen to be equivalent.

In the notation above, affine surface measure on I' is the pushforward by £ —

(G(£),€) of |
Ag(€) dE := | det D*G(&)|7+ d¢;

more geometrically, for w € T, it equals |I€(w)|%+2 do(w), where £ is the Gaussian
curvature and do is Lebesgue measure on I' [18]. Since this measure gives little
weight to the ‘bad’ flat regions of I', it is natural to ask whether it is possible to
prove restriction estimates of the form

~

Hf(G(g)ag)”Lg(Rd;Ac) S/ ||f||Lg,z(R1+d')v VS 87

for (p, q) satisfying the admissibility condition (1.1) and with the implicit constant
uniform over GG in some reasonably large class. Oscillation is a well-known enemy of
restriction estimates-consider, for instance Sjélin’s counter-example (¢, sin(t~*)e~1/*)
[21]'-s0 it is natural to consider the affine restriction problem for G' a polynomial
of bounded degree.

Here we specialize somewhat more. Let P be an even polynomial on R with
non-negative coefficients, and let

Sp={(P(£),6) : € e R},

The following is our main result.

Theorem 1.1. Assume that the restriction conjecture R(po — qo) holds for some
admissible pair of exponents. Then for every restriction admissible pair (p,q) with
p < po, if P: R — R is an even polynomial of degree N with non-negative coeffi-
cients, the restriction estimate

(J 1FPUED. 1 8p(€) ) ¥ < Cl g sve (1.3)

holds for all f € Lfym(RHd). The constant C depends only on p, pg, d, the degree
of P, and the constants in (1.2).

In particular, the restriction estimate (1.3) holds in the bilinear range p < 221:53) .

As pointed out in [17, Section 5.2], the recent Bourgain—Guth [6] and Guth [14]
theorems and the bilinear-to-linear method of [26] establish R(p — ¢) (and hence
Theorem 1.1) in a slightly better (but awkward-to-state) range. (This argument
gives us a better range in the monomial case because the existence of an almost
transitive group action allows the use of the Maurey—Nikishin—Pisier factorization
theorem [20] as in [5].) For d > 3, analogues of Theorem 1.1 were previously known
only in the Stein—Tomas range [9, 10] (these results cover somewhat more general
hypersurfaces).

We will primarily focus on restriction with affine surface measure along the
scaling line ¢ = j—_’;; because this gives essentially the strongest possible estimates
for such hypersurfaces. However, in the last section, we will show how to deduce
local (i.e. for compact pieces of the hypersurface) estimates from results off the

lExamples in higher dimensions may be found in [11].
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scaling line ¢ = ij;
unweighted estimates.
It should be possible to relax the hypotheses on P substantially. Evenness guar-
antees smoothness of Sp and the vanishing of the linear term. Neither smoothness
at zero nor rotational symmetry are essential for our proof, and variants will be
discussed in the last section. The positivity of the coefficients and vanishing of the
linear term, however, reflect geometric considerations that do play an important
role. Most obviously, the hypothesis that the coefficients are nonnegative rules out
negatively curved hypersurfaces, for which no sharp restriction estimates are known
beyond the Stein-Tomas range [27, 16]. More subtly, since the linear term vanishes
and the coefficients are positive, we can rescale dyadic annuli in Sp to uniformly
elliptic hypersurfaces. That being said, in the last section, we will give a global,
but non-uniform result for polynomials P with P”(t) > 0 for all ¢ > 0.

(such as the Bourgain—Guth theorem [6]), as well as sharp

Sketch of proof. By duality, R(p — ¢) is equivalent to the adjoint restriction
conjecture, which we denote by R*(¢’ — p’). The adjoint restriction operator is
also known as the extension operator, and we will say that an exponent pair (p, q)
is (extension) admissible if (¢/,p’) is restriction admissible, i.e. if

2(d

7+1)<QSOO, q

_ (d+2)p’
5 = )

d
It will generally be clear from the context whether an ‘admissible’ pair is restriction
or extension admissible.

Our goal is to prove that for any admissible (po,qo), R*(po — qo) implies that
the extension operator

Epfit.a) = [ XTI ) dg

satisfies
ARV Epflls, SIfllze, € SR,

for all admissible (p, ¢) with p < pg, with implicit constants depending on d, p, and
the degree of P.

We will proceed along the following lines. Given a polynomial P(t) = a;t? +
-+ ant?™ with the a; non-negative, we may decompose R as a union of intervals,
R = UJCZN1 I;, such that on I, P behaves like the monomial ajt2j , plus a controllable
error. By the triangle inequality, it suffices to prove a uniform restriction estimate
for each annular hypersurface {(P(|¢],£)) : |¢| € I;}. By affine invariance of (1.3),
we may assume that a; = 1. The essential difficulty is then encapsulated by the
problem of proving restriction estimates for degenerate hypersurfaces of the form
(€[, )}, for j > 1.

By rescaling, the restriction problem on {(|¢|%,€) : |€] ~ 2F} is equivalent to
restriction to {(|¢|%, &) : [€] ~ 1}. The latter is (after a partition of unity) elliptic, so
we can apply our hypothesis R(py — qo), which implies R(p — ¢) by interpolation.
This leaves us to control the interaction between the dyadic annuli and then sum
up the dyadic pieces. The former we do by means of a bilinear restriction estimate
for transverse hypersurfaces whose curvatures are at different scales; after that the
summation is almost elementary.
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Prior results. As mentioned earlier, the natural conjectural form of Theorem 1.1
is for arbitrary polynomial hypersurfaces. This is known if d = 2 [21]. In fact,
a uniform restriction result is known for polynomial curves with affine arclength
measure in all dimensions ([23] and the references therein).

For hypersurfaces of dimension two or more, matters seem significantly more
complicated. Carbery—Kenig—Ziesler have proved uniform restriction theorems with
affine surface measure in 1 + 2 dimensions for ¢ < 2 for rotationally symmetric
hypersurfaces satisfying rather weak conditions on their derivatives [10] (cf. [19])
and for arbitrary homogeneous polynomials [9]. Tkromov—Miiller [15] have proved
the sharp unweighted Lg restriction estimates for hypersurfaces in R? expressed in
adapted coordinates.

Beyond the Stein—Tomas range, very little is known about restriction to degener-
ate hypersurfaces. While working on this project, the author learned of independent
work of Buschenhenke-Miiller—Vargas, which gives the first sharp restriction esti-
mates for any degenerate hypersurfaces (of dimension at least two) beyond the
Stein—Tomas range. (This work has appeared in the Ph.D. thesis of Buschenhenke,
[7]; a version will be submitted for publication as [8].) In this, the authors estab-
lish a Fourier restriction theorem for convex finite type surfaces in R? of the form
{($1(&1) + ¢2(£2),€) : € € R?}. Both the form of the result and the methods are
different (though there are some coincidental similarities in the proofs of the bilin-
ear results). In particular, the authors use the measure d¢ (rather than the affine
surface measure) and directly prove the corresponding scaling critical estimates,
which necessarily depend on the ¢;, in the bilinear range, without the use of the
square function.

Notation. For two nonnegative quantities A and B, the notation A < B will be
used to mean A < C'B for some constant C that depends only on the dimension,
degree of P (or on the ellipticity parameters for more general results), and exponents
P, q, o, unless otherwise stated. We will write A ~ B to mean A < B and B < A,
and A = O(B) to mean |A| < |B|. We will define the notation A < B later on
(at the beginning of the proof of Lemma 4.2 and at the end of Section 5) since its
meaning will change. The spatial Fourier transform, which acts on functions on
R?, will be denoted by f — f and its inverse by g — ¢. The spacetime Fourier
transform, which acts on functions on R!*%, is denoted by F. To simplify exponents,
we will consistently ignore the fact that 2w £ 1.

Acknowledgements. This work was supported by NSF grant DMS-1266336. The
author would like to thank Shuanglin Shao, Keith Rogers, Stefan Buschenhenke,
Detlef Miiller, and Ana Vargas for enlightening conversations along the way.

2. BILINEAR RESTRICTION I: STATEMENT OF RESULT

We state our bilinear restriction result in the C'°*°, rather than polynomial, set-
ting. Let ¢g > 0 and let N be sufficiently small and large, respectively, dimensional
constants. Let 1 > ¢y > 0, let A < €, and let g1,92 € C(B(0,¢p)) be elliptic
phases (as defined in the previous section), which also satisfy the transversality
condition |Vg1(0)] < [Vg2(0)] ~ 1; thus |Vgi| S |Vgz| throughout B(0,¢). The
reader may find it helpful to keep the model case g1 (£) = [€]2, g2(€) = [€ — e1]? in
mind.
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Fix J > 2 and a pair of integers k; > ko. Define phase functions
hi(€) :==27"kig;(2%¢), €€ B(0,¢27M),
surfaces
S = A{(h;(€),8) : € € B(0,¢o27")},

and extension operators
£, (k) = / D OO () dg,  j=1,2.
{lgl<co2™"3}

For simplicity, we state our bilinear result when ko = 0; the general case may be
obtained by scaling.

Theorem 2.1. For C' = Cy.,,; sufficiently large, and all k1 > C, ks =0, 6 > 0,

d+3
and22q> as1’

— 1i_1
11 fr€2f2llns, Soq M /=2 2+6)||f1HL§Hf2”L§7 fi,f2 € LE.

The implicit constant is allowed to depend on 6, q, as well as d, A, €y, J, but not on
the phases g1, 9go.

Remarks: For 2 < q < oo, it is easy to prove this result without the exponential
term; combining this with the theorem, we obtain the full range of estimates of
the form L? x L? — L9, excepting possibly the endpoint ¢ = %. We have not
explored the optimal power of 2¥1. In fact, the power given here is certainly not
optimal since we do not use the small size of S;. On the other hand, our argument
also works, with some modifications, when hq is replaced by 2= (/=21 g,

In 142 dimensions, bilinear adjoint restriction results have been proved in much
greater generality by Buschenhenke—Miiller—Vargas in [8]. It is also the author’s
understanding that they have independently obtained the above high-dimensional
result using their methods (personal communication).

The following scaling critical bilinear restriction result will be used in the proof
of the linear restriction theorem.

Corollary 2.2. Assume that R*(po — qo) holds for some admissible pair (po,qo)
with pg > 2, and assume that N is large enough to satisfy both the hypotheses of
the elliptic restriction theorem R*(po — qo) and of Theorem 2.1. Then for all
admissible pairs (p, q) with 2 < p < pg, and any integers k1, ko, we have the bilinear
extension estimate

17" & fr) (2

J—2
Pap)l g SRR ARl @D

.4

t,x

for some d, > 0 depending only onp, J. The implicit constant depends onp, A, €, J.

Proof of Corollary 2.2. By considering the special case ¢ = ‘%2 of the bilinear

theorem and rescaling, we obtain the bilinear Stein—Tomas inequality

(J—2)d
s e figafol] a2 S 27T ful gl ol (2:2)
t,x
for some ¢4 > 0.
Supposing that R*(pg — qo) holds for some admissible pair, by rescaling we see
that

k. d=2 .
277 gijLgf)w S ||f||L§°’ J=12
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Thus by Cauchy—Schwarz,

—k L=2 —kol=2 <
277 90 & f127 72 a0 52f2||L%0 S [ Allpzoll fallpzo s

tia

for any pair ki1, ko. By interpolation with (2.2), we obtain the corollary. (I

Remark: In any dimension, an Lg X Lg — Lf’x estimate is easily proved by a well
known argument using Plancherel, a change of variables, transversality (not curva-
ture) of the hypersurfaces, and the support sizes. In dimension 142, this yields the
improved bilinear Stein—Tomas estimate (2.2) directly, giving the corollary without
the need for the bilinear machinery. In higher dimensions, this does not quite work;
we would want

|// @) f2(62) f3(ha(G) + ha(C2), G+ G2) dC Gy
{I¢i1<eo2™ "9}

< Q(I“Jr'”)cd(']d)||f1\|L3;,%g2 Hf2||L3312 1fsllz2
3

3

for c¢q > 0 is sufficiently small. Unlike the d = 2 case, however, the corresponding
estimate for flat but transverse hypersurfaces is false, so curvature must play some
role. (The full range of exponents in the flat case is given in [2, 3].)

Notation. We use R*(p x p — ¢) as shorthand for the statement that inequality
(2.1) holds for extension operators &1, &> as described in this section.

3. PROOF OF THE LINEAR RESULT

This section will be devoted to a proof of Theorem 1.1, using Corollary 2.2 from
the previous section.

For the remainder of the section, we assume that the adjoint restriction con-
jecture R*(pp — qo) holds for some (extension) admissible pair (pg,qp). We may
assume that py > 2.

Fix an admissible pair (p,q) with p < py. By interpolation with the trivial
L' — L™ bound, R*(pp — qo) implies that R*(p — ¢) holds for all admissible
pairs (p, ¢) with p < po.

Write P(t) = ap + at? + - -+ ant?N, with the a; nonnegative. We may assume
that ap = 0. By duality, it suffices to prove that

IAp(V)7"Epfllng, < ISl (3.1)

for all f € ng and admissible (p,q) with p < pp, where the implicit constant
depends on p, N. Here Ap(V) denotes the Fourier multiplication operator with
symbol Ap(§).

3.1. Initial decomposition. We begin by decomposing (0, c0) as a union of in-
tervals on which P is essentially monomial-like.
Define

= {t tajt = 20}
Jj={t € (0,00) : a, X a; }

Then the J; are consecutive intervals, intersecting only at their boundaries, and
(0,00) = U;V:1 J;. By the triangle inequality, it suffices to prove (3.1) for f sup-
ported on a single annulus {|{| € J;}. The low frequency case is easy.
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Lemma 3.1. Let By = {0} U{|¢] € J1}. We have the estimate
a1
AP (V)7 Epxa fllng, S IF e, (3.2)

with uniform implicit constants.

Proof. By rescaling, we may assume that B; equals B, the unit ball. By applying
an affine transformation, we may assume that a; = 1. Then by the definition of
Ji,a; <1,2<j<N,soAp~1on B and (3.2) just follows from our assumption
that R*(po — qo) (and hence R*(p — ¢)) holds. O

3.2. Dyadic decomposition. Fix an integer j > 2. By applying an affine trans-
formation, we may assume that a; = 1.

Let I := J; N [27F=1 27F]. Assume that I, # (. We will assume that I} =
[27F=1 27F]. (For simplicity we ignore intervals containing the endpoints of the
Jj; they may be treated similarly, and there are only a bounded number of them
anyway.) Let Ay := {£ :|¢| € I }. Consider the phase

gr(€) = 25Fg(27F[e]) = |67 + D a2, g e Ao
i#]
Since 27% € J;, we have 220=9kg; < 1,4 # j, so gy is elliptic (with the parameters
A, e depending only on the degree of P). Thus by our hypothesis that R*(p — q)
holds for admissible (p, q) with p < pg, and rescaling, we have the following.

Lemma 3.2. For any k € Z,
1
AR (V) Epxa, fllzg, S I f1lLz-

3.3. Almost orthogonality. The next lemma establishes a decay estimate for the
interaction between annular pieces at different scales.

Lemma 3.3. For any integers ki, ko such that Iy, NJ; # 0 fori = 1,2 and some
J=2,

IAp(V) 7 5PXAk1f1A Epxar, 2], ; 76“617]62'||f1||L§||f2||L’§’- (3.3)

Proof. We know that the g are elliptic with uniform parameters; let these be
denoted by A,e. Since |Vgi| ~ 1 on Ay, we may decompose Ap as a finite union
of balls of radius ¢p, with ¢y sufficiently small that Acy < e (as was required for
Theorem 2.1). Then (3.3) follows from Corollary 2.2 and the triangle inequality. O

Summation. Now we put the pieces together. Using boundedness of the Littlewood—
Paley square function, Minkowski’s inequality and the fact that ¢ < 4, Lemma 3.3,
the fact that § > 0, and finally the fact that ¢ > p, we have for any j > 2 that

q

2

”AP(V)FEPX{IEIEJj}quLgJ §/<Z|AP EPXAkfF) dx dt

<N 1AV 7 Epxa, HAP(V)V Epxa,, £)|# du dt

k1 <ko
S Y 27 kz‘IIXAklfHLPHXAkaIILp S Z Ixacfllze < IFNZe-
k1 <ks
This completes the proof of Theorem 1.1, modulo the proof of Theorem 2.1. [
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We note that related applications of square functions (albeit more complex ones)
have also appeared in the work [9, 10] of Carbery—Kenig—Ziesler.
We will give the proof of Theorem 2.1 over the next 6 sections.

4. PRELIMINARY REDUCTIONS

After making an invertible affine transformation of the frequency space R, we
may assume that Vg;(0) = 0, that D?g;(0) = I (the identity), that Vg2(0) = e;
(the first coordinate vector), and that D?gy(0) is positive definite with eigenvalues
comparable to 1. We recall that the hypersurface S; is at scale 27%1, with k; >
Ca.7e > 1, while Sy is at scale 1.

For R > 1, let Qg denote the set

Qr = {(t,x) e R L1ohU=2p <4 <oMU=2R |2 < R}.
The main step in the proof of our bilinear restriction theorem is the following local

estimate.

Proposition 4.1. For every § >0 and R > 1,
kq(
Hglf152f2|| Taw <5 ORI T ||f1HL2Hf2||L2 fa, fa€ L2, (4.1)
R

T

The implicit constant is allowed to depend on d, J,§, but not on R or k.

The remainder of this section will be devoted to a proof of the sufficiency of
Proposition 4.1. By interpolation with the easy estimate

lehi&afellus, S Allzzl e, (42)

it suffices to prove the following “epsilon removal” lemma.

d+2 d+3
> 4> &1

Ei(
€ fiEafolln, Soq 22 ER ||f1||L2Hf2||L2 (4.3)

Proof. For the remainder of the section, we will use the notation A g B if A S
2F19 B for each ¢ > 0.

Fix a nonnegative ¢ € C° (R ) with ¢ = 1 on {|(¢,2)| < 1} and Y, cga+1 (- —
m) ~ 1.

We will actually prove that if the local estimate (4.1) holds for slightly expanded
surfaces,

Lemma 4.2. Assuming Proposition 4.1, for any 6 > 0 and

Sj = {(h;(€),€) : €] < 627"},
and corresponding &;, then the bilinear restriction estimate R*(2 x 2 — ¢) holds
for all ¢ > %, but for simplicity we will gloss over the fact that 6 # 1 by using
the same notation for these expanded S;,&;.

Some adjustments are needed to account for the degeneracy of S5, but the ar-
gument is essentially that of [25, 4]. Where the argument is identical, we will be
brief.

By interpolation with the L2 estimate, it suffices to prove the weak type estimates

€1 fi€afel > AH S o™t ||f1||L2Hf2||L2)\ 6, 2> a8

This in turn may be reduced to provmg that

Ixs&1hilafollr;, = o |Er||f1||L2||J‘,2HL2 (4.4)
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for all Borel sets E.
Fix f1. By duality (4.4) would follow from

ki (J=2)(d=1) 1
165 Oea i)l S 255 B |l 2 | Pl
By Plancherel,
||55(XE51f1F2)||i§ = ((xe&1fiF2) * E21, x &1 f11Y).

Let
Ry := max{1, 2]“(‘]_2)%(‘1%2_%) |E|%(2(ddi42> _i)}

)

and define functions

¢2,R2 (t,l’) = ¢(RL27 RLQ)’ ¢§,R2 =1- ¢2,R2
Yo,r, = P2,R,E21, V3 R, = 3 r,E21
By stationary phase,
_d
195 Ry llge, S Ry 2.
By Hoélder and Stein—Tomas (rescaled),

Ky (J=2)d a4
IxeéfiFllpy, S 2720 [E2E2 | fill 2| Fal nge, -

Hence
k1(J—2)d __d d+4
(XEELNEFR) %5 gy XEELf1FR) S 27 72 Ry ? B 4+2 ||leigHF2H%§3-
Plugging in the value of Ry, we see that this is acceptable, so we turn to the main
term.
Let po denote surface measure on S; then (using rapid decay of 12 g, ),

F(ho,r) = Fbo,r) xp2 S Y2 M Roxs, i1

j=0
where M is sufficiently large for later purposes and
L HE e < 200, 17— (9] < 2Ry, V<R,
2T {8 (ol < 2Ry, 27 2 Ry,
Using this and Plancherel,
(XBEF1F2) Yo py s XBELF1F) = IF(XeE AiF) L2 (s ny))

o0
< Z 9-Mip, H]—"(XE51f1F2)||2Lf_’E(S

‘ 2,2jR;1).
Jj=0

By a simple covering argument (and translation invariance of our inequality), it
suffices to consider the j = 0 case. We want

k1(J—2)(d—1) _1 1
||]:(XE51f1F2)||L35(S2 R*l) é 2 2(d+3) R2 2|E|q/ ||f1||L§HF2||L,°OT
! 2
By Plancherel and duality, this is equivalent to
- . ki (J=2)(d—1) _ 1 1 -
Ixe&fi&afollny, S 27 @ Ry B[ || fullzll fall 2z (4.5)

where

ngZ - J—'.*(XSQ,R2 .f2)
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Now fix fo € L2. By duality and Plancherel, (4.5) is equivalent to

(x5Fiéaf) * €11, xsiéafo) S 2T Ry E|7 | P2 || fall?
XEl1 2f2)* 1L, XES 2f2> 2 [El7]] 1||Lt°‘f$||f2HL§’E'
Let 2k (J—2)(d—1) 4 d+4 — 1y

Ry :=max{1,2” @@ |E|il=arn 7)Y,
and define

b1,r, (t, ) = ¢(m, ) # R, =1— 1R,
Yi,r, = 1R 611, Yl R, =01 &L
Using stationary phase?, Holder, and Stein-Tomas as before,
~ o~ ~ ~ _d _ d+4 ~
(xpFréafo) % ¥ g, XBF1E2fo) S Ry * Ry B2 || [ fo 22,

which is acceptable.
We compute

F(rp,) = F(orr,)+m S22 R 22 MIXs, gin-1s (4.6)
7=0
where
{(1,8) : €] < 2c0278, |7 — ha(§)| < 2727 UU=2RY, 2 <R
S1,2ip-1 1= . i p—1 jo—k1(J—2) p—1 j
{(r,€) : |¢] <P R7,|r| < 2727 M= R, 2 2 R.

Thus to estimate the main term, it suffices to show that
~ ~ l L ~
17 e & o)l (s, o & 2F (=D 5lein) (R Ry) 3 |E|T | P 1, I£20l 2

or equivalently,
||XE£’1J515~2J?2||L;1

d—1 ~ ~
S 2T ES) (R Ry) A B | il M fallze 2> q> 2,

where o ~
Eifi = -7:*(X31,R1 f1)~
By Hélder and the definition of Ry, Rs, this would follow from

||51f152f2|| (4.7)

da+3

a
< 2’“5(R Ry)%281 =254 5t5) (R Ry) =3 || fu | 12 Nfallze . 6>0.

In proving (4.7), we may assume that suppfj C SR, j = 1,2. To avoid a

proliferation of tildes, we will let g’jf = f*(ij,SRj f). Let ¢ be a smooth non-

negative function with )7 ;.11 ¢(- —m) ~ 1 and @ supported in {|(7,£)] < 1}.
For (to, o) € R'T¢, define

to,r — T—x to,T — T—x
@%?,Rog) (tv'r) = @(2k1(tJ—t(2))R17 RQO)a ngz(l] R02 ( ) = Qs(ﬁ, Rzo)'
hen ( ) ( )\2 ( )
to,x to,x to,x
D ORE PR )~ 1~ Y eRR (4.8)
(to,@o) (to,xo0)

2In fact, a better stationary phase estimate is possible, but we use the one that also works
when hq is replaced by 2 (/=2)%1 g, similarly for (4.6).
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where the sum is taken over (to,zo) € (2°'(/=2)R1Z) x (RyZ)%.

Using the triangle inequality and (4.8), our assumptions on the supports of ¢, @,
the local restriction estimate with Fubini, and finally Cauchy—Schwarz, Plancherel,
and (4.8) again,

IEh&R g S 2 WRE R AR ER 4
o (to,z0)
tow0) , 7 tow0)
Z 1€1( <PR(1) ROQ *f1)52(<PR(1) R02 *f2)|| jﬁ Qo0
(to,z0) 6R2
kq(J—2)(d—1)
55 Z 2k15Rg(2k1(J72)R1R2)7%212<T3)
(to,0)
< IF (o)) * fillz JIF (0 5) + f:
YR1,Ro Hlr2, H (‘PRl R2 ) *fQHL2
<5 ORY@M VD Ry Ry) - ho T ||f1HL2 el
which is what we wanted. This completes the proof. (I

5. INDUCTION

Let R*(2 x 2 — gjﬁ’,é «) denote the statement that the local estimate

k
||51f152f2||L3*ﬁ(Q )56,a 90ks gy ™ xtatsy ||leL2Hfz||L2 (5.1)
t,x R

holds for all R > 1 and f1, fo € Lg.

Lemma 5.1. Foralle >0, R(2x 2 — lerf, g, 2‘(12;13) + 1) holds.

Assuming the lemma, Proposition 4.1 would follow from

R (2x2— 436,a) = R (2x2— 43,6+ Ce',max{(1 — e)a, Ce} + Ce'}),

(5.2)
for all @ > 0 and 1 > §,¢,¢/ > 0. We will prove (5.2) in Sections 6-9, using
Wolff’s induction on scales argument from [28] (more precisely, a variant of Tao’s
adaptation in [24]). We turn now to the proof of Lemma 5.1.

Proof of Lemma 5.1. Let § > 0. Assume henceforth that R > 29%1(/=2) and that
If1llzz = lIf2llz = 1. It suffices to prove

d2
<52 gk1(J— 2)2<d+3)R2<d+3)

~

H51f152f2

1 (Qr)

which would establish R*(2 x 2 — gf{’,é dz;é) %Z;é) ).
By Holder’s inequality,

H&ﬁ&hﬂ

a1 1
SIQrlT3 72| & fillgs, [1E2foll 2,
;r (Qr) '

_ 2_
< 21«1(]—2)‘2((2;413) R2d(d+é) Il f1 ||L§ ||52f2||L§ (QR)>
so it suffices to show that

€212z (@r) o Rz, (5.3)
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When ky = 0, (5.3) just follows from Holder’s inequality (in the time direction)
and Plancherel. Inspired by this, we decompose

ok1(J—2)
U @
j=0
where
Q;=Q;NQr, and Q; ={(t,z): Rj <t < R(j +1), |z| < R}.
The idea of the proof of (5.3) is that on Q}, &s fa is well-approximated by a function

2(j ) whose extension is spatially localized at time Rj. Moreover, for j # k, these
pieces are essentially orthogonal.
To make this heuristic rigorous, fix a smooth, non-negative function ¢ with ¢ =1
on {|¢| <2} and ¢ =0 off {|¢| < 3}. For j € Z, define

3 (€)= e IO £) [0 )2 fo(Rj, ) (€,
where the inner Fourier transform is taken with respect to the x variable.

Lemma 5.2. For (t,z) € Q) and M >0,

Eafalt,x) — EofS(t,2)| Sar RTM. (5.4)
Lemma 5.3.
ok1(J—2)
> 15715 S 1fl3s (5.5)
7=0

We postpone the proofs of Lemmas 5.2 and 5.3 while we complete the proof of
(5.3). Choosing M sufficiently large depending on §, and using (5.4) together with
Holder’s inequality, Plancherel, and finally (5.5),

ok1(J—2)
12/2ll2z om S 1+ O NE2F5" 32 ()7 S1+(C Y. RIS IG)* S R?,
J j=0
and (5.3) (and hence Lemma 5.1) is proved. O

Proof of Lemma 5.2. Because supp f2 C {|£| < o},

Eafaltya) = [ [ [ etz mbatm g ) RO £) fy€)d dy .
Thus
Eafolt,x) — Eofs) (t,2) = / P(t,x;€)e MO ¢ £) fy(¢) de, (5.6)
where
P(t.ai) = [ [ el me =gy ay (1 - o)y 6.1)
For (t,z) € Q) and |y| > OR, |t — Rj| < R and |z —y| > [y| — R, so
[Vt = Rj,z — y)(ha(n),n)| = |(t = Rj)Vha(n) + (x —y)| 2 lyl,
so integrating by parts in the inner integral of (5.7),

\P(t, 2:€)| M/1+|y\ (M (1 — g(2)) dy S RM
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Inserting this in (5.6) and using Holder (and || fa| L2~ 1) gives

~

Exfolt,z) = E £ (t.2)| St R | fallpy S RM.

Proof of Lemma 5.3. Define
Tif(€) = e~ MO0 (£)[0(5p) E2(6(2) F () (Rf, ITE).

Then by the support condition on fa, 2(j ) = T; fo. BEach Tj is self-adjoint. When
|k — j| > 1, we compute

T €)= ™ O6(2) [ Knle, O O0($) (O &,
where
Kinl60) = [[ e ool gy) [ et 00 422 dndady,
On the support of the integrand, |z — y| < R so for |k — j| > 1,
\Vol(RE — Rj,x —y) - (ha(n),n)]| 2 Rk — jl-
Integrating by parts M +2d times in the inner integral and using Holder’s inequality,
K (& O S Bk — 417,

Applying Hoélder’s inequality again, we thus see that

TR Tif ez = ITRT; flliee S BM A+ k=)™ I flle,  FeL® (58)

by Plancherel, this is also valid for |k — j| < 1.
By (5.8) and Cotlar—Stein,

ok1(J—2) ok1(J—2)
2 200 > Tiflza= > ITfli+ Y. (LTS
j=1 j=1 1<j#k<2k1(7=2)
ok1(J—2) ok1(J—2)
> Z 1T A7 = Ca Y2 D RMG =K MIIFIE
Jj=1 k#j
le(J 2)

> > ||ij||2Lg - CM2k1(J_2)R_M||fH%g-

Using our lower bound R > 2¥1(/=2)9 e obtain (5.5). O

Notation. We recycle notation, and will say for the remainder of the article that
ASBif A< 2°MREB for all € > 0.
Thus we want to show that

[EchEalell g S (RO 4 R0 T Al iz (59)
- R

and we assume (for the remainder of the argument) that R(2x2 — gf{’ ; 9, ) holds,
that R 2 2802 and || fi 2 = || fallz2 = 1.
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6. WAVE PACKET DECOMPOSITION
We recall that
Qr = {(t,x): 32U R <t <22 R || < R}.
Define
X;:=R:7% 2= (R IZHNB(0,4¢27%),  V;:=Vhi(E;), j=1,2
For j = 1,2, an S;-tube is a set of the form
Ty = {(t,) : |o — z;(T)) + tv;(Tj)| < R?},
where z;(T;) € Xy and v;(T}) € V.

Proposition 6.1. There erist coefficients (cr;) and wave packets (¢1;), indexed in
those Sj-tubes T satisfying dist(T;, Qr) S R, such that for any M > 0,

1Erfrézfoll 4 S HZCT1¢T120T2¢T2|| Lo o O (6.1)

d+3
LI (Qr)

1 (QR

Furthermore, the followmg hold for each j = 1,2 and every tube T; appearing in
the sum:

H(CTJ)H[:}]_ S1 (6.2)

o1, = E61,(0,) (6.3)

supp o7, (0,-) € {|¢ — &(T)| S R™V/?} (6.4)

b, (8, )] S R~ (14 @bl =M (4 ) € Qp (6.5)
[ ZcmﬁT Mz Sl lleg,»  for all (c7,) € 63, t €R. (6.6)

The proof of this proposition will occupy the remainder of the section.

We begin with the decomposition of & f;. Heuristically, an So-wave packet is
concentrated on a tube that is transverse to the long axis of QQr, so on Qg it
should be concentrated on a tube of diameter Rz and length R. Unfortunately,
this heuristic neglects the role of dispersion, which means that we cannot simply
decompose the “initial data” &£ f5(0,-) into pieces with Fourier support on R~ 3
balls and spatial concentration on R? balls, and then propagate that decomposition
forward. Instead, we will apply Tao’s elliptic wave packet decomposition [24] to
& fQ(J ) on Q;. For the convenience of the reader, we give the precise statement we
need and a proof.

Lemma 6.2 ([24]). For each 0 < j < 2MUU=2) there exist coefficients (c (J)) and

wave packets ( 522)), indexed in those tubes Ty with dist(Ts, Q}) < R, that satisfy
(6.3-6.6), with the superscripts (j) inserted, as well as

I, S ||f2(j)||1:§a (6.7)
&ty Zc o +OR™M),  M>0,(tz)eQ, (6.8)

Proof. We begin by decomposing f20
Fix a partition of unity 1 = >, = ¢¢,, where ¢¢,(£) = ©(RY?(¢ — &)) for
some smooth compactly supported function ¢. We will show how to decompose
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Ea(pe, fQ(O)); the decomposition of Szfz(o) may be obtained by summing over & € Z5
and using the near-orthogonality of these localized pieces. Let fg(g) =g, f 0,
sex, (Vz,)?, where
Yy () = W(R™V/?(x — x3)) for some nonnegative 1 with ¢) smooth and compactly
supported.

Let Ty be the tube with parameters o, &>, and define

0
er, = e, Fiy 12
g (T T O
¢T2—CT2 2(%2*%2* & )

The identity (6.3) and support condition (6.4) are immediate. The ¢? estimate (6.7)
is just Plancherel:

By the Poisson summation formula, we can write 1 = >

0
Iez)lle, = I17E) 1 2-
As we will see, standard (non)stationary phase arguments imply the decay estimate
|67, (t, @) Sar R™Y2(1 4 =zl i)l =M = ¢ 1 < R or [x — 2] S R. (6.9)

Assuming (6.9) for a moment, (6.5) and (6.8) are immediate. By (6.3), it suffices
to verify (6.6) for ¢ = 0, and for that we apply (6.9) and Schur’s test.
Now for (6.9). We write

CT, (sz (t’ JZ)

_ Rd/2/@* g(g)(n)eiwzn/ei(thz(f)—&-(gc—xz)&){p\(Rl/Q(g_n))dgdn. (6.10)

Let

K, (t, 1) = R* / /(O O0(RY2 (€ — ) de,
and assume that n € supp@ * g(g)- Thus for £ in the region of integration for

Kr,(t,z,n), € = &| < [€—n|+ n— &| S RV
From Holder we obtain |Kr, (¢, 2,1)| < 1. Now assume that

|z — 29 + tVha(&2)| > RY2. (6.11)
If |t| < R, tVho(€) = tVha(&) + O(RY?); if |t| > R but |z — z2| S R,
|z — 22 + tVha (§)] ~ [tVha (§)| > R,
since |Vha(§)] ~ 1 throughout the region of integration. In either case,
| — 29 + tVha(§)] ~ |z — x2 + tVha(&)],
and integrating by parts M times gives
Ko (8, ,m)| < (1 ey =4,
Inserting this into (6.10) and applying Holder,
ler, 01, (t,0)| S R 8|y * f) 22, i || SRorle—wa| SR,
which is (6.9).
Given any 0 < j < 2F1(7=2)we can apply exactly the above argument to write

gz[eiRjM(é)féj)](t, z) = ZCT2¢T2 + O(R—M)7 on Q6
T>



16 BETSY STOVALL

Now we translate. Our constants are the same: C(J ).

are shifted: (j)(j)( x) = ¢p,(t — Rj,x). Thus ¢(T]2) is associated to a tube with
parameters x; — RjVh;(&2) and &, where x2,&, are the parameters for ¢7,. The
conclusions claimed in the lemma are then immediate from those obtained in the
case j = 0, and we are done. O

= cr,, but our wave packets

Now let A C {0,1,...,25 (/=21 be a C-separated set for some sufficiently large
C. Applying the decomposition in Lemma 6.2 to each of the functions f2(j ), and
then using the estimate in Lemma 5.2, together with the assumption R > 29%1 | we
obtain

Bfiltr) =L enon +OR™M),  Goela, G
JEA
where the tubes appearing in the sum all lie within a distance O(R) of one of the
@} with j € A. The conclusions (6.3-6.5) follow immediately from Lemma 6.2.
Inequality (6.2) just follows from (6.7) and Lemma 5.3, and finally, (6.6) is just
a consequence of the corresponding conclusion (with superscripts (j) inserted) in
Lemma 6.2.

Now we turn to the wave packet decomposition of & f1, which is essentially a

rescaling of the elliptic case.

Lemma 6.3. There exist coefficients (cr,) and wave packets (¢, ), indexed in those
tubes with dist(Th, Qr) < R and satisfying (6.2-6.6), as well as

Efilt,z) =D enor, +OR™M),  (t,2) € Qr. (6.13)

T

Proof. We change variables to write
Eh(t,2) =27 5 & fi2 TR 2 M),

where & is extension from the (elliptic) hypersurface {(g1(€),€) : |¢] < ¢o} and
fl(f) = 2_%]‘1(2_’“15). Now apply the same decomposition procedure as the
one used for & f2(0) in Lemma 6.2. We note that the long-time decay (6.9) for
|z — 23] < R was due to the transversality |Vhs| ~ 1; Vg is not transverse, but we

do not need the long-time decay anyway. Decomposing into packets of frequency
width 2kt R=1/2,

& fi(t,z) ZCT1¢T1

where the sum is taken over tubes of width 27%1 R'/2 with base points il(fl) in
27k R1/274 and directions o) (1) = Vg1 (&1(T1)) in Vg1 (28 R™1/2Z4 1 B(0, 4co)).
(The formula (6.8) was not exact only because we just summed over tubes close to
Q) Furthermore, we have the estimates

Iz, S IAllee = IAllzz =1 (6.14)

b7, = E107(0,) (6.15)

supp b7, (0,-) € {I6 — &4(Th)| S 29 R71/2) (6.16)

b7, (t,2)| S (28 R™3)4 (1 4 =B EUEITIN =M ¢ ) <2 MR (6.17)
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||ZCT1¢T1 Mez Sl e, forall () € &, t€R. (6.18)

Now we rescale. Given Ty, T} is the S; tube with parameters x; := 2’“1531(Tl)
and & := 271 (TY), cp, = ¢z, and

b1y (t,x) = 27 gz (271,27 M),

Inequalities (6.2-6.6) follow immediately from (6.14-6.18), and the estimate (6.13)
(wherein the sum is taken over tubes within O(R) of Q) follows from the decay
estimate. ]

From here, the proof of Propositon 6.1 is quick.

Proof of Proposition 6.1. Given a C-separated subset A C {0,.. .,2’“(‘]*2)}, let
(c},), (¢4,) denote the coefficients and wave packets appearing in (6.12). Then

|52f2(t,$)| SZ|ZC%2¢%2|+O(R7M)7 (t,ﬂ]‘) GQR7
A T>
where the sum is taken over a disjoint collection of C' such A’s. Combining this
with the wave packet decomposition in Lemma 6.3 and the fact that |&;f;| <1

(because ||fjHL1 S ||fj||L2 =1)

&1 fi&af2(t 2)| < Z|ZCT1¢T1 ZCT2¢TQ| +O(R™M).

A T

The estimate (6.1) follows from Hoélder, the trlangle inequality, the pigeonhole prin-
ciple, which lets us pick a single A, and R > 2°%1. The properties (6.2-6.6) have
already been established, so we are done. O

7. THE LOCAL AND GLOBAL TERMS

The wave packet decomposition allows for a number of reductions. First, it

suffices to show
ki (J=2)(d—1)

H(Z CTI(Z)TI)(Z CT2¢T2)||L3+§(Q : s 2k15(R(1—5)a +RCs)2‘ @ (7.1)
t,x R

whenever the sums are taken over S;-tubes T; with dist(7}, Qr) S R, [|(cr; )z, <

1, and the wave packets are as described in Proposition 6.1. We only sum over
O(R%) S)-tubes and O(2¥(7=2)R%) §,-tubes, so we may assume that for each T;
in the sum, |er,| 2 B2~ *1(/=2)ea This leaves O(k; log R) possible dyadic values
for ez, and by pigeonholing, it suffices to prove

10> én)(

T €Ty T2€T2 QR) (72)

1

S 2klé(R(l‘E)a - RCE)ZMT(#Tl#TQ)Q

whenever each 7; is a collection of S;-tubes T; with dist(T}, Qr) S R.
We decompose Qr = (g B, where B is a collection of finitely overlapping
translates of R7¢Qr. We also make a second, finer decomposition Qr = qug q,

where Q is a collection of finitely overlapping R'/2 balls. For ¢ € Q, define
7;((]) = {Tj S 7; : Tj ﬂREq # @}
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Given dyadic values 1 < puiq, pio, A1, A < 201(/=2) R2(0+d) " define
Qpr,p2) ={q € Q: 3p; < #T;(q) < pj, j =1,2}, (7.3)
TN p,pe) ={T; € T; + 305 < #{q € Qu1, p2) : Tj € Ti(q)} < Aj}, (7.4)
Bj(Tj, A, pa, p2) = argmaX#{q € Q(u1,p2) : Tj € Tj(q) and ¢N B # 0} (7.5)

If BeBandT; € T;,say T ~x; uyu. Bif BC CB;(T), \j, 1, p2) and say T ~ B
if T ~x; py e B for some Aj, pu1, pp. (Here C' is suﬂiuently large for the proof of
Lemmas 9.1 and 9.2 in Section 9.) Finally, given B, let T,7(B) = {T; € T; : Tj ~

B}, T/ (B) = T; \ T;"(B).
By the triangle inequality,

10> o) (D ém)ll L o <IN e > on)l L
T €Th TyeTs = (QRrR)  pep T (B) T3 (B) Ly, (B)
FXUCY oY enl g

BeB ET%(B) T3 (B) L{: (B)
DS )Y én)l L4

BeB T (B) T7(B) Liz™ (B)
Y NCYS b)) el gﬁ»

BeB 7—76 (B) 7*274(3) (B)

As in [24], we will think of the first as the “local term,” and the last three as

“global.”
The local term may be bounded easily using the induction hypothesis and the
fact that there are only O(log R) possible dyadic values of A1, Ao, i1, pia:

DUCYS er)( Y )l ass

BeB Ty (B) T (B) LT (B)
k1 (J—2)(d
< Y 2RI IR (T (B)# T (B))
BeB

ki (J—2)(d—1)

< 2k15R(1*5)0‘212(T3) (Z #’TlN(B))%(Z #EN(B))%

BeB BeB
(J—2)(d— 1) 1
— kORI T (3T ST (Y Y 1)
Ti€T1 B:B~Ty ToE€T2 B:B~Ts

(J—2)(d—1)

< 2k16R(1—8)a212(T3) (#7-1#7-2)

It remains to control the global terms.

8. REDUCTION TO TWO COMBINATORIAL ESTIMATES

It suffices to show that for each B € B,

2)(d—1)
I Y X onomll g 2 MIRCE T (AT AT, (8.1)
T\ €T{(B) T:€T;(B) B) "~
in each of the cases T{(B) = 7'176(3) and 7(B) C T3; T{(B) C T; and T;(B) =
’7’276 (B). The arguments for the different cases will only diverge in the proofs of
the combinatorial estimates. For convenience, we will use the notation 7;(-) (with
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various arguments within the parentheses) to refer to 7; or ’Tf, depending on which
case we are in.

Lemma 8.1.

IS Y dnénl.mS2 T RETIB#HTRB)Y2.  (82)

T eT/(B) T:€T;(B)

Proof. We begin by estimating the contributions from the S;-tubes separately in
the cases j =1, 2.
By Holder’s inequality, (6.3), and (6.6),

I > dnllz.m S I Y onO)lls S 275 RY2HT)Y.

TieT/(B) T1eT{(B)

(8.3)

Write B = Uleou K Bj, where each B; is an R'~° cube, and for each j, let

73 (Bj) denote the set of tubes Ty € T3 (B) for which dist(T%, B;) < R'™¢. Note

that each tube is in 72(B;) for O(1) values of j by transversality of Se. Using the

decay estimate (6.5), Holder and the fact that R > 2%¢a*1 (6.3), (6.6), and the near
disjointness of the sets 75 (B;),

ok1(J—2)
2 2
Z ¢T2||L%YI(B): Z I Z ¢T2HLf,m(B
T2€T3(B) 7=0 TeT;(B)
ok1(J—2)

= > I > éntO®R M 4,

7=0 T>€TS(Bj)

ok1(J—2) ok1(J—2)
SI+R > 1 > én(Ol; SR Z #T3(B;) < R#T;(B).
= T2€7;5(B;)
(8.4)
Finally, (8.2) just follows from (8.3), (8.4), and Cauchy—Schwarz. O
By interpolation, (8.1) will then follow from the estimate
IS > énomnlis s S 2V RER™T (#T#7T)" 2 (8.5)

T{(B) T3(B)
We decompose
|| Z Z ¢T1¢T2||%%,m Z H Z Z ¢T1¢T2HL2 . (86)
T/(B) T(B aC2B  T/(B) T{(B)

By the decay estimate, if T; & T;(q) (i.e. T, N R°q = 0), |¢7,| S R~ on g, for
arbitrarily large M, so the contribution from any tubes not in 7;(g) is negligible.
By this and pigeonholing, it suffices to prove that

_d=1
YooY Y ndnlis g SR #THT, (8.7)
q€Q(p1,p2)  T{(q) T5(q) '

where

Tj(q) = T} (B) N Tj(q) N Ti(Aj, s pi2), (8.8)
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and 1 < py, po, A1, Ae S R0 gre arbitrary dyadic values, which will remain fixed
for the remainder of the section.
Given & € B(0,27%1%1¢y) and &) € B(0,2¢), or & € B(0,2 %1% 1¢y) and & €
B(0,2¢q) (respectively), the functions
&1+ (ha(&) + ha(€) + &5 — &1)) — (ha(&1) + ha(&y))
& — (h1(§ + & — &) + ha(&2)) — (h(&1) + ha(&5))

have gradients comparable to 1, so the hypersurfaces
m1(&1,65) = {€1 € B(0,2¢0) : ha(&1) + ha(§] + & — &) = ha(&]) + ha(&3)},
ma(€2,€1) = {& € B(0,2¢0) : hi (&1 + & — &) + ha(&2) = hi (&) + ha(&3)},

are smoothly embedded.
Given &1,£] € 21 and &,&) € Eg, define collections

T{(0.6.6) = {T] € T/ (@) : dist(€(T)). m (61, )) £ R7%)

(8.9)

/ / / 1 . / / Ce—1/2 (8.10)
T2(a,&2,&) = {15 € Tz(q) : dist(§(T3), m(&2,€1)) S R }
and quantities
vi(g)= sup  #T/(q,&.8)
£1€51,85€8, (8 11)
V2(Q) = sup #%/(qa§255é)
£2€52,61€E

Lemma 8.2. For any q € Q(u1,u2), and j = 1,2,
1> > dndnliz o SRR V0 (0#Ti(0#T(0) (8.12)
T{(q) T3 ()
Proof. We give the proof when j = 1. By simple arithmetic,
1> > o101 l72 () < > > (énom, brydry)-
T (@) T3(a) Ty, T{€T{(q) T2, T5€T; ()
By Plancherel, (¢1, ér,, ¢1;¢1;) equals zero unless
§(T1) +&(T2) = £(T7) +&(T3) + O(R™7?)
h(E(T0) + ha(§(To)) = i (E(TY)) + ha(E(T3)) + O(R™?),
i.e. unless diSt(Tll, 1 (51 (’1—71)7 £Q(T2/))), dlSt(Té, 7T2(£2(T2), fl (Tll))) g Ril/z.

By Plancherel, a simple change of variables using transversality of the surfaces
S1,S2, and the small frequency support of the ¢;(0),

67,62, = IF(br )+ F (9m)ll2, S BV 46m, (0) 12162, (0) | 2 ~ ROV,

We claim that, given Ty, T}, T, (8.13) can hold for at most O(R®®) tubes T,
in 7J(q). Indeed, the second map in (8.9) has gradient comparable to 1, so the
equations (8.13) essentially determine & (7%); when combined with g, this direction
determines T7.

Putting these observations together,

| Z Z ¢T1¢T2H%t271(q) S Z Z Z RCe—(d=1)/2

71 (@) T3(0) TV €T, (q) TLET; (@) To €T (0,61 (Th) €2 (T2)
< ROTVRRT () #T (q)vi (9).

(8.13)
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The proof that
1> > ¢T1¢T2|\%3$(q) < ROTEDPUT () #TS (q)va(q)
T (a) T5(a)

is exactly the same. ([l

It remains to control the sum on ¢ of the right side of (8.12). We will show that
if 7/ =77, then

> #T(#T3(q)vi(q) S REHTIHT (8.14)

Q(u,B)

and that if 7J = 7, then
S #T@#T (ile) £ RE#THT:, (8.15)

Q(u,B)

where T/(q) is as in (8.8) and Q(u, B) = {q € Q(u1, p12) : ¢ € 2B}. These are our
combinatorial estimates.

9. PROOFS OF THE COMBINATORIAL ESTIMATES

This section will be devoted to the proofs of the combinatorial estimates (8.14)
and (8.15). There are some differences in the proofs due to the differing geometries
of the intersections of S; tubes with Qg for j = 1,2, but the two inequalities are
more similar than not. We will begin with (8.14) and indicate the changes necessary
for (8.15). The argument is adapted from that of [24], so we will be somewhat brief.

Recalling the role played by u from (7.3), using Fubini, and then recalling the
role of A from (7.4) and (8.8),

S #TQ#T(@n Spen Y. #T7()
q€Q(1,B) q€Q(p,B)

=por1 Y #{4€ Q. B): Ty € Ti(B)} S mori i# Ty (B).

T eTY (B)

Thus (8.14) will be proven if we can show that for an arbitrary (henceforth fixed)
qo € Q(u, B) and arbitrary (also fixed) & € Z1,& € Za,

#T2
oA’

If Ty € 77 (q0,€1,€5), B L CBy(T, A1, pia, pra), s0
#{ge Qu) : TiNR°q#0, ¢qn3CB =0} 2 R\
Furthermore, if ¢ € Q(u), #{T> € T2 : Ta N Rq # 0} = o, so
#{(a0, 11, To) € Q) x Ti (40,61,6) x T : AN R°q # 0, TyNR°q # 0, N 308 = 0}
> RN pn#t T (q0. 61, D).

Thus it suffices to show that the left side of this inequality is bounded () by
2F10 RCeLT,  This will follow from the next lemma.

Lemma 9.1. If Ty € T,
#{(0,T1) € Qx T (q0,61,6) : TiNR g # 0, TN Rq # 0, N §B = 0} £ 2°RY.

#T7 (g0, 61, 8) S 279 RE? (9.1)
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Proof. Let (to,xo) and (¢, ) denote the centers of go and g, respectively. Suppose
that the pair (g, T) is in the set above. Since Ty N R°qo, T1 N Rq # 0,

T — X9 = (t — t())’l)l (Tl) =+ O(R1/2+6),

which implies that |z — 2| < 275 /=2)|t — ty] + O(RY?*¢). On the other hand,

qo € 2B and ¢N $ B = 0 together imply that [t —to| > 2¥1/=2 R~ or |2 — 24| 2

R'~¢; by the preceding observation, the former must hold. This implies two things.
First, (¢, 2) must lie within O(R'/?%¢) of the hypersurface I 4 (¢, zo), where

D =0(&,8) = {(t,x) : t 2 2 U2 RI=¢ o — tVhy (€}) for some &) € 71 (€1, &)}

We will show that T' is transverse to directions in V5. Assuming this for a moment,
our tube T intersects I' in a ball of radius R'/? and thus picks out O(R?) cubes

q

Second, vi(11) = = + 02~ (/=2 R=1/2+C&) 4o given g, there are at most
O(R?) possible choices for 7.
The proof of the lemma will be complete once we verify the transversality. By

ellipticity of g1, VA is an invertible function. Unwinding the definitions,

D= {(t,2) + ha(&x + (Vh1) 7' (§) = &) = (VA1) 7' (§)) = hu (&) — h2(&)}-

Thus (undoing the scalings), the normal at (¢, ) is parallel to

(=27 g () (D291 (mh)) " Vgr(mh) + 272 =DV gy () (D2 g1 () " Var (),
Vg2 (n2)(D?g2 ()" = 27 =D gy (nf)(D?g1(n})) ™),

where £ = Vhy(&]) = 275DV (n)) and 1o = & = & + & — & and |, |2 <
co. Recalling that D?g; is close to the identity and Vg, is close to e;, we see that
this normal makes a large angle with any (1, —v2(7%)), so we have the transversality
we want. O

This completes the proof of (8.14). Now we turn to (8.15). Simply changing
subscripts in the earlier argument, we can reduce matters to proving the following.

Lemma 9.2. If T} € T1,
#{(0.To) € Qx T3 (q0,61,6) : TaNRoq # 0, TiNR°q # 0, qn$ B = 0} 2519 RO,

Proof. As before, let (¢, z0), (¢, 2) denote the centers of gg, g. This time, if (g, T3) is
in the above set, To N R°qg, To N R°q # (), which implies that [t —tg| < R. Thus since
g C 2B and ¢qN$B =0, |[z—x0| 2 R*5. Now x—z¢ = (t—to)va(Th) + O(RY/?*),
and since |va(To)| <1, |t —to| = B2 as well.

Now we know that (¢, ) must lie within O(R'/?*¢) of the hypersurface

{(t,z) : |t —to]| 2 R'™F, (x — o) = (t — to)Vha(&), for some &) € ma(&a, €))}.

It is similar (but slightly simpler) to show that this hypersurface is transverse to
directions in V; (such directions are nearly vertical), so T; intersects it in a ball of
radius R'/2, picking out O(R®®) cubes q.

Between the estimate vy (Ty) = =20 4 O(R~1/2+C%) and the fact that Ty inter-

t—to

sects R°q, there are only O(RC?) possibilities for Ty as well, so we are done. (I



RESTRICTION TO ROTATIONALLY SYMMETRIC HYPERSURFACES 23

10. EXTENSIONS AND REMARKS

The same argument gives bounds for restriction to the graph of ay|&|* +--- +
an|§|k"7 for any coefficients a1,...,a, > 0 and real powers 2 < ky < --- < ky; the
coeflicients however will depend on the k;, not just on k,,.

Let P(t) = agt? + -+ + ant™, and assume that P”(t) > 0 for all ¢ > 0. Let
Nmin and Npax be the degrees of the lowest and highest (respectively) terms of
P; their coefficients, a,,_,, and an,, , must be positive. Let Iy, = {t > 0 :
Ayt > max; |aitt|}, Imax = {t > 0 ¢ ay,,, "> > max; |a;t;|}, and Iyea =
[0,00) \ (Jmin U Imax). Then I, contains all points sufficiently small and I.x all
points sufficiently large, so {(P(|¢]),€) : |£| € Imea} is compact and elliptic. The
methods of the preceding sections apply on {(P(|£]),€) : €] € I+ } for @ = min, max,
and we can obtain a non-uniform version of Theorem 1.1 for restriction to the graph
of P(|¢|). Arguing similarly (but only separating out the low frequencies), we may
prove such a nonuniform theorem for hypersurfaces of the form

{(o(I€D), &) - [6] < R},

whenever ¢ is smooth, ¢'(0) = 0, ¢ is finite type at 0, and ¢”(¢) > 0 for ¢t > 0. It
would be nice to know more uniform versions of these results.

As a corollary of Theorem 1.1, we can obtain an unweighted result, which is
necessarily nonuniform.

Corollary 10.1. Let P be a polynomial on R with P'(0) = 0 and P"(t) > 0 for
all t > 0. Let nyin denote the lowest nonzero power of t appearing in P and npyax
the greatest. Then, conditional on the restriction conjecture R(py — qo) for the
admissible pair (po,qo),

~

£ (PAED: Ol Lr(agy < (1 1lps (10.1)
provided 1 < p < po and either r > p and nm‘iler <r< #, orr < p and
nniier <r< nj;f+d' The implicit constant depends on d,p, P.

For a given value of p the range of r in the corollary is sharp. In particular,
the full conjectured range of unweighted bounds would follow from a resolution of
the restriction conjecture. We note that in certain cases, some of the exponents r
covered in the corollary may be less than 1.

The proof of the corollary uses an argument dating back at least to Drury-
Marshall in [12] and some simple observations.

Proof. We give the proof when nyin, < Npmax. In the monomial case nyin = Nmax,
the argument is similar but simpler.
By Theorem 1.1 (or the extension mentioned above),

IF(PUED AP T || S | fllpy  1<p<po, a=5.  (102)

Let Iin, Imed, Imax be the intervals defined just before the statement of the corol-
lary, and let Ay = I, for ¢ = min, med, max.
Since |Amed| < 00 and Ap(§) ~ 1 on Aped,

IFPUED Ollr Aoy S Ifllps 0 <7 < 5.

This includes the range in the corollary, so it suffices to control the low and high
frequency parts.
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For £ € A,, Ap(&) ~
Holder’s inequality ([22]),

IF(P()), &)l

Performing Marcinkiewicz interpolation along segments with 2e+% — ¢ equal to a
P T
constant,

IF(P(leD), €)™
Now we turn to the low frequency part. By (10.3),

IFPAED: Ollrr (i) S WMoy 7= g

When r > p, the left side bounds the L"(Ap;,) norm, which in turn bounds the
L*(Amin) norm for all s < 7, since |Apin| < 00. If r < p, we set A = {|¢| ~ 2F}

. Thus by (10.2) and the Lorentz space version of

-4 R < < g — dp" <
) ~Y - 2 -
lzracas) SN flp, 0<r<q¢=g5 1<p<po.

0<r<-d 1<p<py. (10.3)

d+27

and let g = d +2 Then g > r, so by Holder’s inequality and (10.2),
-~ 11y, mip=
IFPED. Ollrian S 2277 I FP(ED, Ol o) (10.4)
!I)lﬂ+ :
A ’Hfllp
For r < + —P— we can sum over those k such that A, N Apin # 0, obtaining

IFPUED, Ol LAy S I Fllp-

Now we turn to the high frequency terms. Since || 2 1 on Apax, (10.3) implies
that

1F(PUED N Lrr (A S 1Flpr 522 <7< 5, 1< p <po.

If r > p, the left side of this inequality bounds the L” norm and we are done. If
r < p, we argue exactly as in (10.4) to obtain

o~ k 7_nmdx+
IF(PAED, )l (an) S 20 £l
which is summable over large k for r > ﬁé—s-d' O

The sharpness of the corollary in the case » > p is known, and for r» < p, it has
a similar proof to the analogous result in [23].

We close with the essentially trivial deduction of uniform local estimates from
elliptic restriction theorems off the scaling line. Our motivations are two-fold. First,
this allows us to obtain bounds in the Bourgain—Guth range ([6]). Second, in the
negatively curved case, no scaling-critical estimates are known beyond Stein—Tomas
([27, 16]), so these arguments may be helpful in a consideration of more general
hypersurfaces.

Proposition 10.2. Assume that R*(p — q) holds for some q greater than the

mazimum of Lj)p/ and %. Then for all bounded sets K C R% and even
polynomials P with non-negative coefficients,

IAP(DYP Ep(xHllze S NEFlle, 7 =44,  a<

The implicit constant depends on K, o, and the degree of P.

hSTIIS
I
hSRISY
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Proof. We may assume that K = B(0, R) for some R > 0. Choose intervals J; as
in Section 3: so that P(t) ~ a;t* on J;. It suffices to prove uniform estimates over
each annulus A; :={¢ € K : [¢] € J;}. For k € Z, 27% < 2R, let

Ajk = {f c Aj : Q_k_l < |§‘ < 2_k}.
Rescaling R*(p — q),

(d+2)k  dk
5 —kd+ T2 4 8
||AP(V)1/p gP(XAjkf)Hq 52 a p HfXAijP
~ 2O €1 X Lo
The right side is clearly summable, with bounds depending on «, R. (]
d _ d

There is the question of the endpoint a = 5= 5 When ¢ > p, it is possible
to deduce, using the methods of this article, conditional results, but the exponents
are typically worse than those in Proposition 10.2. If ¢ < p, the endpoint is false.
This can be seen by considering functions of the form f = > 2k/Peier€ f  with
the z;, sufficiently widely separated, supp fr C {27571 < |¢| < 27F}, and the f;
quasi-extremal in the sense that

ARV Ep filly 2 V1% fillp ~ 2754/,

By way of comparison, a scaling critical adjoint restriction theorem for elliptic
hypersurfaces, R*(po — qo), would imply (by Holder and Theorem 1.1) that for

any compact K C R, ¢ > qo, p>p:= (%)’, and a < % — %,
L e}
IAP(V)7 Epfllg SIEIfllps  f € LURY) supp f C K. (10.5)

If we instead use the Lorentz space version of Holder’s inequality and argue as in
the proof of Corollary 10.1, we would have (10.5) for all ¢ > qo, ¢ > p > p and
a < % — %. In both cases, the implicit constants in (10.5) depend on ¢, p, K, a, qo,
and the degree of P.

REFERENCES

[1] J.-G. Bak, Restrictions of Fourier transforms to flat curves in R2. Tllinois J. Math. 38 (1994),
no. 2, 327-346.

[2] J. Bennett, A. Carbery, M. Christ, T. Tao, The Brascamp-Lieb inequalities: finiteness, struc-
ture and extremals. Geom. Funct. Anal. 17 (2008), no. 5, 1343-1415.

[3] J. Bennett, A. Carbery, M. Christ, T. Tao, Finite bounds for Hélder—Brascamp—Lieb multi-
linear inequalities. Math. Res. Lett. 17 (2010), no. 4, 647-666.

[4] J. Bourgain, Estimates for cone multipliers. Geometric aspects of functional analysis (Israel,
1992-1994), 41-60, Oper. Theory Adv. Appl., 77, Birkhauser, Basel, 1995.

[5] J. Bourgain, Besicovitch type mazimal operators and applications to Fourier analysis. Geom.
Funct. Anal. 1 (1991), no. 2, 147-187.

[6] J. Bourgain, L. Guth, Bounds on oscillatory integral operators based on multilinear estimates.
Geom. Funct. Anal. 21 (2011), no. 6, 1239-1295.

[7] S. Buschenhenke, Restriction theorems for the Fourier transform. Ph.D. Thesis.

[8] S. Buschenhenke, D. Miiller, A. Vargas, On Fourier restriction for a model class of 2-
hypersurface with varying curvature, manuscript in preparation.

[9] A. Carbery, C. E. Kenig, S. N. Ziesler, Restriction for homogeneous polynomial surfaces in
R3. Trans. Amer. Math. Soc. 365 (2013), no. 5, 2367-2407.

[10] A. Carbery, C. Kenig, S. Ziesler, Restriction for flat surfaces of revolution in R3. Proc. Amer.
Math. Soc. 135 (2007), no. 6, 1905-1914
[11] A. Carbery, S. Ziesler, Restriction and decay for flat hypersurfaces. Publ. Mat. 46 (2002),

no. 2, 405-434.



26

BETSY STOVALL

[12] S. W. Drury, B. P. Marshall, Fourier restriction theorems for curves with affine and Euclidean

arclengths. Math. Proc. Cambridge Philos. Soc. 97 (1985), no. 1, 111-125.

[13] E. Ferreyra, M. Urciuolo, Fourier restriction estimates to mized homogeneous surfaces. J. In-

equal. Pure Appl. Math. 10 (2009), no. 2, Article 35, 11 pp.

[14] L. Guth A restriction estimate using polynomial partitioning. Preprint, arXiv:1407.1916
[15] I. A. Ikromov, D. Miiller, Uniform estimates for the Fourier transform of surface carried

measures in R3 and an application to Fourier restriction. J. Fourier Anal. Appl. 17 (2011),
no. 6, 1292-1332.

[16] S. Lee, Bilinear restriction estimates for surfaces with curvatures of different signs. Trans.

Amer. Math. Soc. 358 (2006), no. 8, 3511-3533

[17] S. Lee, K. M. Rogers, A. Seeger, On space-time estimates for the Schrodinger operator.

J. Math. Pures Appl. (9) 99 (2013), no. 1, 62-85.

(18] D. M. Oberlin, Convolution with measures on hypersurfaces. Math. Proc. Cambridge Philos.

Soc. 129 (2000), no. 3, 517-526.

[19] D. M. Oberlin, A uniform Fourier restriction theorem for surfaces in R3. Proc. Amer. Math.

Soc. 132 (2004), no. 4, 1195-1199

[20] G. Pisier, Factorization of operators through Lpeo or Lp1 and noncommutative generaliza-

tions. Math. Ann. 276 (1986), no. 1, 105-136.

[21] P. Sjolin, Fourier multipliers and estimates of the Fourier transform of measures carried by

smooth curves in R?. Studia Math. 51 (1974), 169-182.

[22] E. M. Stein, G. Weiss, Introduction to Fourier analysis on Euclidean spaces. Princeton

Mathematical Series, No. 32. Princeton University Press, Princeton, N.J., 1971.

[23] B. Stovall Uniform Fourier restriction to polynomial curves in R?. Preprint.
[24] T. Tao, A sharp bilinear restrictions estimate for paraboloids. Geom. Funct. Anal. 13 (2003),

no. 6, 1359-1384.

[25] T. Tao, A. Vargas, A bilinear approach to cone multipliers. 1. Restriction estimates. Geom.

Funct. Anal. 10 (2000), no. 1, 185-215.

[26] T. Tao, A. Vargas, L. Vega, A bilinear approach to the restriction and Kakeya conjectures.

J. Amer. Math. Soc. 11 (1998), no. 4, 967-1000.

[27] A. Vargas, Restriction theorems for a surface with negative curvature. Math. Z. 249 (2005),

no. 1, 97-111.

(28] T. Wolff, A sharp bilinear cone restriction estimate. Ann. of Math. (2) 153 (2001), no. 3,

661-698.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WISCONSIN, MADISON, WI 53706
E-mail address: stovall@math.wisc.edu



