UNIFORM ESTIMATES FOR FOURIER RESTRICTION TO
POLYNOMIAL CURVES IN R¢

BETSY STOVALL

ABSTRACT. We prove uniform LP — L2 bounds for Fourier restriction to poly-
nomial curves in R? with affine arclength measure, in the conjectured range.

1. INTRODUCTION

In this article, we consider the problem of restricting the Fourier transform of an
LP function on R? to a curve v : R — R?. It has been known for a number of years
that when the curve is equipped with Euclidean arclength measure, the p and ¢ such
that this defines a bounded operator from LP to L? must depend on the maximal
order of vanishing of the torsion L, := det(v/,... 77(‘1)). However, when the curve

is equipped with affine arclength measure, Ay dt = \L”W dt, any degeneracies
of curvature are mitigated and the known torsion-dependent obstructions vanish.

Because the sharp LP(dz) — L7(\,dt) estimates for the restriction operator
are completely invariant under affine transformations of R? and reparametrizations
of ~, there has been considerable interest (such as [2, 3, 4, 13, 16, 18, 19, 27]) in
the question of whether such bounds hold uniformly over certain large classes of
curves. This is part of a broader program ([8, 11, 14, 24, 26] and many others)
to determine whether curvature-dependent bounds for various operators arising in
harmonic analysis can be generalized, uniformly, by the addition of appropriate
affine arclength or surface measures.

In the case of Fourier restriction to curves, the only known obstruction to
LP(dx) — L%(\,dt) boundedness is oscillation. The example (t,e~'/?sin(t=F)),
0 <t < 1is due to Sjolin ([27]); an example with nonvanishing torsion is a line
of irrational slope on the two-torus in R3. Motivated by this, a natural question,
suggested by Dendrinos—Wright in [16], is whether there hold restriction estimates
with constants that are uniform over the class of polynomial curves of any fixed
degree. This question has been settled in the affirmative in dimension two [27]. In
higher dimensions, the result has been proved for general polynomial curves in a re-
stricted range [4, 16], and for monomial [2, 17] and ‘simple’ [4] polynomial curves in
the full range. Our main theorem settles this question in the remaining conjectured
cases.

Theorem 1.1. For each N, d, and (p,q) satisfying

d(d+1 2
I (2+ )g, q > Cd+2 (1.1)

p d2+d bl

there exists a constant Cy 4, such that for all polynomials v : R — R? of degree
less than or equal to N,

o~

1F (v zacr, dt) < ONapll fllLeaz), (1.2)
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for all Schwartz functions f.

This is sharp. A simple scaling argument shows that (1.2) can only (provided

Ay # 0) hold if p/ = @q, and Arkhipov—Chubarikov—Kuratsuba proved in [1]

d®+d+2 d*+d+2 (at
d2+2d d2+d
which point p = g), there are some cases where the corresponding restricted strong
type bound is known [2, 4]; we do not address the endpoint case here.

The parametrization and affine invariance of (1.2) make the affine arclength
measure a natural object of study. This aptness is underscored by the facts that
it is essentially the largest positive measure such that the above LP — L7 bounds
can hold ([25], which also has an interesting geometric perspective), and in the case
of a compact nondegenerate curve, the interpolation of the above estimates with
elementary ones can be used to deduce essentially all valid LP — L9 inequalities
[1]. In the general polynomial case, we will show that Theorem 1.1 and an inter-
polation argument imply an extension into Lorentz spaces, as well as the full range
of estimates for the unweighted operator. Let K,y equal the maximum order of

vanishing of L, on R and let K.« equal the degree of L.,. Let Ny = K, + @.

that the restriction ¢ > is also necessary. At the endpoint g4 =

Corollary 1.2. Let d >3 and let v : R — R? be a polynomial curve, with L., # 0.
Define d(t) = dist(t, Z,), where Z, is any finite set containing the complex zeros

/

of Ly. Then for all1 <p < Ctdt2 op q< 2=

2+d d(d+1)’
—~ % _l+d(d4r/1)
IFYENILA (@)1 dy (8) 52 || Lan(ary < Cp,qidegy,#2, |1.f |2r (az)- (1.3)
Furthermore, the unweighted operator satisfies
IF Y Lacary < CpanllfllLe(an), (1.4)
if and only if 1 <p < de;"iZl'Q, and either p < q and Nping < p' < Nmaxq, 0T p > q

and Nping < p/ < Nmaxq-

The use of the weight d, and the resulting uniformity in (1.3) seem to be new,
but the estimate and its proof are inspired by an argument in [18]; (1.4) sharpens
and makes global certain estimates appearing in [12, 18, 19]. These bounds are
valid even for ¢ < 1 in the given range. The dependence of the constant in (1.4)
on v is unavoidable because of the lack of affine and parametrization invariance.
Related estimates in the context of generalized Radon transforms will also appear
in [15]. We note that the techniques used in our proof could also be used to obtain
the full range of estimates (necessarily nonuniform) for restriction with Euclidean
arclength measure, but the exponents would be a bit more complicated.

Prior results. The problem of obtaining uniform bounds for restriction with affine
arclength dates back to the 70s, when Sj6lin [27] proved a sharp restriction result
that is completely uniform over the class of convex plane curves. This result implies
the two dimensional version of Theorem 1.1 by the triangle inequality.

In higher dimensions, the first results are due to Prestini in [22, 23], who proved
restriction estimates for nondegenerate curves in a restricted range, just off the
sharp line. In [12], Christ extended Prestini’s result to the sharp line and the range
q > %, and obtained new estimates for unweighted restriction to certain

degenerate curves. Shortly thereafter, Drury [17] extended Christ’s result to the

d>+d+2
d2+d

full range (¢ > ) for nondegenerate curves.
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For degenerate curves, the development was somewhat slower. In [18, 19], Drury—
Marshall ultimately established sharp, global bounds in the so-called Christ range
and local estimates in the interior of the conjectured region for restriction to mono-
mial curves (with arbitrary real powers). It was not for another twenty years, when
Bak—Oberlin—Seeger [2] proved (1.2) for monomial curves in the range (1.1), that
any sharp estimates were known beyond the Christ range for any flat curves; [2]
also established the endpoint (restricted strong type) estimate for nondegenerate
curves. Very shortly thereafter, Dendrinos—Wright [16] posed the problem consid-
ered here and also proved Theorem 1.1 in the Christ range. In [13], Dendrinos—
Miiller proved that the estimates for monomial curves from [2] are stable under suffi-
ciently small perturbations. Shortly thereafter, Bak—Oberlin—Seeger [4] established
uniform bounds in the full range (1.1) for ‘simple’ polynomial curves, i.e. curves of
the form (t,t2,...,t971 P(t)), and slightly extended the Dendrinos-Wright range
for general polynomial curves. Our result is new in the remaining cases.

Outline of proof. Though we build on much of the above-mentioned literature
(especially [12, 16, 17, 18]), we take a new approach for the degenerate case, partic-
ularly compared to the recent [2, 4, 13], by using a dyadic decomposition according
to torsion size, coupled with a square function estimate.

We begin in Section 2 by considering the problem of restricting fto a segment
along « that has roughly constant torsion. By a scaling and compactness argument,
together with an induction argument from [17], we establish uniform estimates along
this segment without facing the significantly more delicate task of performing real
interpolation in the presence of the affine arclength (cf. [2, 13]). We close with a
more detailed discussion of the techniques in other recent articles.

In order to use the estimates from Section 2, we must decompose the operator
according to the size of the torsion, while not ruining our chances of being able to
put the pieces back together later. This we do in Section 3 by means of a uniform
square function estimate for the extension operator. The heuristic behind this is
the (false) assertion that if the torsions of two points on the curve are at different
scales, then the points themselves must be at different frequency scales.

We complete the proof of Theorem 1.1 in Section 4. Using an argument inspired
by the recent success of bilinear and multilinear approaches to Fourier restriction
to hypersurfaces, we reduce matters to proving a @—linear extension estimate,
which exhibits decay when the arguments live at different torsion scales on the
curve. The core of the argument is a variant of Christ’s multilinear estimate,
together with interpolation with our bounds from Section 2.

In Section 5, we prove the corollary.

It would be interesting to see whether these ideas could be used to obtain more
uniform bounds for restriction to sufficiently smooth finite type curves, or whether
some of the simplifications here could lead to progress on the endpoint restricted
strong type bounds in the general polynomial case. Somewhat more broadly, our
approach of transferring estimates from the non-degenerate to the degenerate case,
particularly the use of the square function estimate and multilinear estimates with
decay, may be useful in establishing bounds for Fourier restriction to degenerate
submanifolds of higher dimension.

Acknowledgements. The author would like to thank Andreas Seeger and Spyros
Dendrinos for enlightening discussions about the history of this problem (though
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certainly any omissions or errors in this regard are the author’s). She would also
like to thank the anonymous referee. This work was supported by NSF grant DMS-
1266336.

The dual formulation and other notation. In proving Theorem 1.1, we will
focus on the corresponding extension problem. Fix a polynomial v : R — R
Define the weighted and unweighted extension operators

&,1(w) = [ ()M 0 Fof@) = [ 050
R R
Theorem 1.1 is equivalent to showing that
1€y fllza(dz) < Cap Nl fllzecn, ar) (1.5)

fOI a‘ll (p) Q) I.Il tlle Iallge
d(d+1 / d2+d+2

An affine transformation is a map of the form Ax = Mz + o, where M isa dxd
matrix and € R, We will denote by det A the determinant of the corresponding
linear map, det A = det M.

As usual, if B; and Bs are two non-negative quantities, we will write By < Bs
if By < CBs for some innocuous constant C. These constants will be allowed to
change from line to line.

2. UNIFORM LOCAL RESTRICTION

The bulk of this section will be devoted to a proof of the following theorem.
We will conclude the section with a detailed comparison of our approach with the
recent literature.

Theorem 2.1. Fizd > 2, N, and (p,q) satisfying (1.6). For every interval I C R?
and every degree N polynomial v : R — R? satisfying
0<Cy < |det(y'(#),...,.v D) < Co,  tel, (2.1)
we have the extension estimate
16,00 Dllzs < Cp, ca W lln (2:2)
We will use the notation:
Ly(t) = det(y/(1),....¥ V1), Jy(ty,.. ta) = det(y'(tr), ... 7 (ta)),

v(ty,...,tq) = cq H (t; —t;) is the Vandermonde determinant.
1<i<j<d

: . . : CNdlog(E2)

Since L., is a polynomial of degree less than Nd, we may write I = Uj:1 !

where

I;

sC<|Ly(t)| <20,  tel.

By the triangle inequality, it suffices to prove (2.2) with I replaced by one of the
1;. Utilizing the affine and parametrization invariances, we may assume that C' =1
and I = [—1,1]. In other words, we may assume that v satisfies

1<IL@l <2, tel-1,1) (2.3)
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and we want to prove

1€, (1 H)llza < Canp
where I = [—1,1] and (p, ¢) satisfies (1.6).

Flleixyys (2.4)

Lemma 2.2. Ify:R — R? is a degree N polynomial satisfying (2.3), there exists
an affine transformation A with det A =1 and ||Ay|le~(-1,1)) < Cn.a-

Proof. Let A denote the affine transformation
Az =[~(0) - AD(0) ] (z —(0)).

Then 3 < det A < 2 by (2.3), so (replacing A with (det A~') A if needed) the lemma
will be proved if we can show that [[Ay[|c~(—1,1)) < Cn,a-
To simplify the notation, we assume henceforth that Ay = «. Thus

P<L,m) <4, te[-1,1],  10)=0, FD0)=¢;, 1<j<d  (25)

By Taylor’s theorem, it suffices to show that [y()(0)] < Cyn for all j > 1, and
hence by (2.5), it suffices to show that

[det(v™)(0), ..., /") (0))] < Cun, (2.6)

for all ny < --- < ng; this is because [7/(0),...,7(¥(0)] is the identity, so we can
replace any column by (") (0) to pick out the coefficient we want.

Suppose that the lemma is false. Then there exists a sequence of polynomials
v, satisfying (2.5) such that

det(3§(0), ..., 35 (0 . 2.7
Loy fax [ det(9"(0), " (0))] = o0 (2.7)

Let (6,), 0 < §, < 1, be a sequence, to be determined in a moment. Define
rescaled curves by

To(t) = (6, Y01 (6nt), - 6, . a(dnt)).
Observe that T',, obeys (2.5) on [—§, 1,8 1] and that if ny + -+ ng > d(d+1)7

| det(TF) (1), ..., T ()] < 6| det(7™) (5,0), .- 7751"d)(5nt))|~
y (2.7), for each n sufficiently large, we may choose 0 < §,, < 1 so that
max | det(T (), ...,T"a)(0))] = 5; (2.8)

1<ni < <ng
(2.7) further implies that 5n — 0. Passing to a subsequence, there exists a single
d-tuple 1 < nj; < --- <ng < N such that

| det(T(")(0),...,T{"4)(0))] =5, for all n. (2.9)

By (2.5), ni + -+ +ng > AL,

On the other hand, by (2.8), (2.5), and the observation after (2.6), |F§lj)(0)| <
Cn,q for all j. In other words, all of the coefficients of I',, are bounded. Thus
after passing to a subsequence, there exists a limit, I';, — I' (in the metric space of
polynomial curves of degree at most N). By (2.5) and the fact that §,, — 0,

Lol <4, teR
So by (2.5), Lr(t) = 1, since I is a polynomial. This implies that

T(t) = (t,4%,..., 5t%)
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(no affine transformation is necessary by (2.5)). But by (2.9),
| det(T")(0),...,T")(0))] = 5,

a contradiction. This completes the proof. (]

Theorem 2.1 almost follows from Lemma 2.2 by a result of Drury (Theorem 2 of
[17]), but some additional uniformity is needed. The first step is to obtain estimates
for the offspring curves of ~.

Lemma 2.3. Fixd > 2 and N. There exists a constant cqg > 0 and a decomposition
[-1,1] = UJM:diN I, into disjoint intervals such that the conclusions below hold for
every I = I; and every degree N polynomial v : R — R satisfying

L<|L,) <2, tel-1,1]. (2.10)

If K > 1 and (hy,...,hx) € RE, the curve defined by i, (t) = %Zjil Y(t + hj)
satisfies the following on the interval Ij, := ﬁjK:l(I —hj):

d
1
[Ty (trs ot = ca [T 1Ly ()12 T 1t — il (2.11)
j=1 1<i<j<d
ca < |Ly, ()] < it (2.12)

In [17], an argument is given to prove an analogous lemma with the weaker
hypothesis that v is C?. In that more general case, the uniformity we need is
impossible, so we give a detailed proof of Lemma 2.3 (via a different argument)
here.

Proof. Fix a curve 7 satisfying the hypotheses of the lemma and let ¢y € [—1,1].
Let § > 0 be a sufficiently small constant, depending only on d and N and to be
determined in a moment. We will show that the conclusions of the lemma hold on
I := [ty — 6,10 + d]. This is sufficient.

By Lemma 2.2, by reparametrizing and performing an affine transformation on
7 if necessary, we may assume that to = 0, y(0) = 0, ) (0) = ej, 1 <j<d, and
|79 (0)| < O .q for all j > 1. Therefore

y(t) = (¢, 1%, .. 2t + A(0),

where 7 is a degree N polynomial with 5()(0) = 0 for 0 < j < d and |39 (0)| <
Cn,q for all j.

Now fix K > 1 and h € RX. We can translate h, which just shifts I}, and
reorder its components with impunity, so without loss of generality, 0 = hy < ho <
«+» < hg. If I, = (), the conclusions of the lemma are trivial, so we may assume
that hg < 26.

Define a matrix A, by

4 0, if i < j;
h)ij = I o .
ol kS iy iz
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In particular, Aj is lower triangular with ones on the diagonal, so it is invertible.
Define

K
Th(t) = A — L3 (hy kR LR, () = A ().
j=1
Since
K K
At dt ) = 3 (g, R+ ) = 2 (B, R,
k=1 k=1
we have

Th(t) = (t,. .., it + Ta(t).

Since || Ay, —I|| <a 0, for § sufficiently small (depending only on d), ||A; ' —I| <4
§. Furthermore, because 7)(0) = 0 for 1 < j < d and [39)(0)| < Cy4 n for all j,
79(0)] < Cynd17 for 1 < j < d and [5\7(0)] < Ca for all j. Combining
these bounds
TP @) < Cand® 7, TP (1) < Can, forall 1<j<d<k, te[-60

From this and multilinearity of the determinant,

L’Yh (t) =Lp, (t) =1+ OdJV((S)?

which implies (2.12) for § sufficiently small.
Since Jr, is an antisymmetric polynomial, for any s € R, we can write

Iry(ty,.oota) = P (t, . ta) [ (5 —t) (2.13)
1<i<j<d
=cq Z sgn(0)Pr, (t1, ..., ta) (to2) — ) (ta(z) — 8)% - (to@) — 9)47,
o€Sy

where Pr, is a symmetric polynomial of degree less than Nd and S; denotes the
symmetric group on d letters. Using the second line of (2.13), we differentiate Jr,
term-by-term and evaluate at (s,...,s):

Pr,(s,...,8) = bg09 952+ Oali(s,...0)Jr (1);

this is because the derivatives must fall on the Vandermonde term. (Here, b, is a
dimensional constant which will be allowed to change from line to line.) On the
other hand,

83_1 e 82|t:(s,...,s)JFh (t) = LFh (S),
so
PFh<S, cey S) = de[‘h<S>.
In addition, because |F§Lj)(s)\ < Cnyg for all s € [=6,0] and all j > 1, the
derivatives of Pr, also satisfy
0%Pr, (s, s)| < Can,
for all multiindices « and all s € [—4, §]. Therefore,
Pr, (t) = Pr,(s,...,8) + Oqn(8) =baLr, (s) + Oqn(6) = by + Og.n(9),

for all (t1,...,tq) € [~6,6]¢ and s € [—4,]. Combining this with (2.13), we obtain
(2.11).
This completes the proof of the proposition. ([
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Drury’s induction argument from [17] completes the proof of the theorem. (A
previous draft had used the method of [2, 13]; Spyros Dendrinos kindly pointed out
that the estimates in Lemmas 2.2 and 2.3 meant that Drury’s approach, which is
somewhat more direct, could be used.) The base case is the trivial observation that

1€y fllee < (I fllzr(ns)s (2.14)

for any function f and any C¢ curve v. Our hypothesis is the statement that for
2
some 1 < p < £EH2 there exists a constant Cy, such that

€5, (X1, f)

We want to increase p (decreasing p is easy by interpolation with (2.14)). The
inductive step is the following.

sy < CapllfllLer,), forall K >1, h e RX. (2.15)

I

Lemma 2.4 ([17]). If the hypothesis (2.15) is valid for some 1 < py < %,
then it is also valid for all p > 1 satisfying the inequality

d 2 (d—2)pg "
p a2t T

For the convenience of the reader and to make it easier to describe the background
in more detail, we sketch the argument below. Complete details are given in [17]
in the case v = (¢,t2,t%). We recall the notation

o)y =ca ] (h—ho),

1<i<j<d

Sketch of proof. Let 4 be an offspring curve: 5 =y, : I = I;, — R for some K > 1,
h € RE. By virtue of (2.12), it suffices to bound the unweighted operator

Fif@) = [ =10 50y

We denote by p the measure defined by

(o) = /1 d(3(t)) f(t) dt.
Since 1
|75 flle = ||ﬂd||z§, (2.16)

we are interested in the d-fold convolution of pu.
If g(&) = = - * p(df), a computation shows that

9(GOt) + - +3(ta)) = gy F(t1) -+ f(ta).

(We must change variables to do this. It is a consequence of (2.11) and (2.12) that
(t1,...,ta) = S°A(t;) is one-to-one on {t € I : t; < --- < tq}. See e.g. [19,
Section 3]. Alternatively, Cy y-to-one follows from Bezout’s theorem.)

For h = (hy,h') = (0,h') € {0} x R, we define

G(t:h) = g(G(3(t + ha) + -+ 3(t + ha)))-

By a change of variables in the £ variable,

g(x) = Od/ / e ® g (5, (0)) | Js (t + ha, ..., t + ha)| "L dt di/,
Rd—1 I
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where here and for the remainder of the section, we use the convention that hy = 0.
By Plancherel, (2.11), and (2.12),

19112 < CallGlirz, w30 -1

and by (2.15) (plus interpolation to decrease p) and the integral form of Minkowski’s
inequality,
. d(d+1
19lls < CapllGlizy, zrjony-1), 1<p<po, q¢= @rL) e,
Thus by interpolation,
19llLe < CaanllGlire, whiomy-1), (2.17)

for all (a=!,b71!) in the triangle with vertices (1,1), (1,p; '), (3, 3) and c satisfying
(d+2)2(d_1)a_1 + b_1 + d(d2+1)c_1 _ d(d2+1).

A computation (again using (2.11) and (2.12)) shows that
Gl s, (L foen)-1) ~dab {/ \v(h)|_(“_1)(/f |f(t+hy) - f(t+ ha)|*dt)® dh'}".
h

RS
Using this and the fact that v(0,h’) € L2, one can show that
Gl s, (s oy -1) < Hf||‘zf717 for (2.18)

2 -1) — _ 1
l<a<®?2  a<b< e 4= RN et dED

Details may be found in [2, 17].
By (2.16), (2.17), (2.18), and some careful arithmetic,
[F5fl[La < Cagll fllzrs, (2.19)
for p, g, a, b satisfying

d(d+1
q= AL,y

<al<1,b7t<al,

d _ (d+2)(d—1) —1 -1 d(d—1)
p= 2 e R =T
fiQ %— % <d, (po —2)a™* +pob™' > po — 1.

The point (a=1,b71) = ($7 ﬁ + (diﬁ) lies on the boundary of this region

and satisfies

Thus taking (a=1, b~ 1) slightly inside and using real interpolation,
d(d+1 _
1B flze < Capllflir,  q= 2Ry, 45 24 g2
This completes the proof of the lemma and thus of Theorem 2.1. O

Comparison with prior work. With these arguments in place, it is easier to put
our result and our approach in context. Let I be an interval and v : I — R? be a C'?
curve. To obtain bounds in the Christ range, ¢ > d2;2d, it is not necessary to deal
with the offspring curves; estimate (2.11) with h = 0 (which we will call the basic
geometric inequality), together with some control on the growth of L., is sufficient
(see [12, 16, 19]). For general polynomial curves, the basic geometric inequality is
not quite true globally, but in [16], Dendrinos—Wright proved a sufficiently uniform
substitute (Lemma 3.1).

All known proofs beyond the Christ range rely on the method of offspring curves,
and this method has seemed much more difficult when L. is not roughly constant
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as in (2.1). Two types of complications arise: geometric and analytic. On the
geometric front, (2.12) is simply not possible and must be replaced by |L., (t)| 2
|L,(t)], t € I. Even with this adjustment, in practice it has been somewhat easier
to prove the basic geometric inequality than the appropriate analogue of Lemma 2.3
for those classes of curves (nondegenerate ones and sufficiently small perturbations
of monomials) for which both are known. On the analytic front, in the weighted
case, the real interpolation following (2.19) is more difficult (cf. [2]).

Now we turn to the perturbed monomial case. Let a1 < --- < aq be real numbers
and let y(t) = (t%01(t),...,t%04(t)), with ; € C([0,1]) and 6;(0) # 0. Drury—
Marshall proved the analogue of Lemma 2.3 in the case 6; = 1 (an omission in the
perturbed case is noted in [13]), and used this to obtain restriction estimates off
the sharp line (sharp in the Christ range). Finally, more than twenty years later,
Bak-Oberlin—Seeger overcame the analytic difficulties and proved the full range of
restriction estimates for these curves [2], again when 6; = 1. In [13], Dendrinos—
Miiller proved that in the general case, there exists a constant § = §, > 0 such that
the analogue of Lemma 2.3 holds on I = [0, ] and, arguing similarly to [2], showed
that this gives the full range of LP — L9 estimates for restriction to /(g 5. It is not
claimed in [13], but this implies a non-uniform result for polynomials. Indeed, if
~ is a polynomial, then using the reparametrization ¢ — ¢t~ near £oo, near every
point of R U {z+oo}, after an affine transformation, v equals a small perturbation
of a monomial curve, and so the result follows by compactness of R U {£o0}.

Unfortunately, the argument outlined above does not suggest an approach toward
proving uniform estimates, even in the polynomial case. This is not merely a techni-
cal issue. Dating back to Sjolin’s theorem on convex plane curves [27], a major goal
has been establishing uniform estimates, and in fact the chief motivation for study-
ing the polynomial case at all has been that it is very clear what the uniform result
should be. Shortly after [13], Bak—Oberlin—Seeger [4] extended the Dendrinos—
Wright range in the general polynomial case by using a result from [30], and also
proved the full range of estimates for simple curves (t) = (t,...,t%71, ¢(t)).

There had been some evidence that obtaining the remaining uniform estimates
for polynomial curves might be substantially more difficult. The proof of the basic
geometric inequality for polynomials is long and highly nontrivial (it constitutes the
bulk of [16]), and by comparison with the proof of Proposition 8 in [13], the uniform
version seems substantially harder than the local version. (Roughly, the freedom to
choose 4., to depend on y seems to make the problem somewhat easier.) The task
of proving a sufficiently uniform global version of Lemma 2.3 for polynomials seems
potentially even more daunting than the basic geometric inequality, and because
the constant ¢, depends on the local behavior of the curve in a complicated way
(and because it is even more difficult to tease out the local behavior after applying
the affine transformations needed to make the curve locally monomial-like), the
arguments of [13] do not seem to offer a clear path forward.

We will avoid the above-mentioned geometric and analytic complications by
localizing to dyadic torsion scales. Our task for the next two sections is to show
that this localization is reasonable by recovering the global restriction estimate.

3. A UNIFORM SQUARE FUNCTION ESTIMATE

The following lemma is essentially due to Dendrinos—Wright in [16].
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Lemma 3.1. Letvy : R — R? be a polynomial of degree N, and assume that L., # 0.
We may decompose R as a disjoint union of intervals,

Mn .4
R= ] I,
j=1
so that fort € I,
Ly ()] ~ Ajlt = bi[*, ()] ~ Bjlt —b,[%, (3.1)

and for all (t1,...,tq) € Ij?l,

d
PACHSNAIE | 1A IEN | BT (3.2)
j=1

1<i<j<d

where for each j, k; and {; are integers satisfying 0 < kj < dN and 0 < £; < N,
and the centers b; are real numbers not contained in the interior of I;. Furthermore,
the map (t1,...,tq) — 2?21 Y(t;) is one-to-one on {t € I : t; < --- < tq}. The
implicit constants and My q depend on N and d only.

The main difficulty in proving this lemma is establishing (3.2). Fortunately, this
has already been done in [16], and we will make no attempt to recap the lengthy
argument. As for the rest, strictly speaking, Dendrinos—Wright prove this lemma
without the estimate on ~{, but Lemma 3.1 may be obtained from their theorem
in a straightforward manner. We briefly explain how this can be done.

The deduction of Lemma 3.1 from [16]. Two decomposition procedures are employed
in [16].

For the first, given a polynomial @ and interval I, the ‘D1’ procedure decomposes
R into a union of O(deg Q) intervals, I = |JJ such that on J, |Q(t)| ~ As|t—bs|*7,
where b is the real part of a zero of @ and k; is an integer with 0 < k; < deg@.

The second procedure is due to Carbery—Ricci-Wright in [10]. Given a polyno-
mial P and a center b, the ‘D2’ procedure decomposes R into a union of O(deg P)
‘gaps’ and O(deg P) ‘dyadic intervals.” On a gap, |P(t)] ~ Alt — b|*, for some
integer 0 < k < deg P. On a dyadic interval |t — b| ~ A for some constant A.

From [16], we know that it is possible to decompose R = |J I in such a way that
for each I, (3.2) holds on I?. Performing the D1 procedure with @ = L., we may
additionally assume that L. (t) ~ A;|t — bs|* on I. We fix I and perform the D2
decomposition with P =~} and b = b;. If G is a gap interval, the conclusions of the
lemma hold on GNI. If D is a dyadic interval, we perform the D1 decomposition
with @ =~} on DNI. If J C GNI is an interval resulting from this decomposition,
Vi (t)| ~ Bylt —by|*7 and |L,(t)| ~ Ay on J, so the conclusions of the lemma
hold. [

Our square function estimate is the following.

Proposition 3.2. Let v : R — R? be a polynomial of degree N, and assume that
L, #0. Let {Ij}jj\g’d denote the collection of intervals from Lemma 3.1. Fiz j.
Forn € Z, define

Ij,n = {t S Ij ;2" < |t*bj| < 2n+1}’
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Then for each for each (p,q) satisfying q = dd+ )p and co > q > & +d+2 , felpr,
and 7,

HE’Y(XIJ' f)||L‘1(Rd) S || (Z|57(lenf)|2) 2 HL'J(R"’)' (33)
The implicit constant depends only on N,d,q.

Proof of Proposition 3.2. If k; = 0, the right side of (3.3) involves O(1) values of
n, so the inequality is trivial. We assume henceforth that &; > 0.

By standard approximation arguments, we may assume that f is supported in
the union of finitely many of the I;,,. Thus by Theorem 2.1, &, (xy, f) € L.

By reparametrizing, we may assume that b; = 0 and that I; C [0,00). Let a;
be the left-hand endpoint of I;. Applying an affine transformation if necessary, we
may assume that A; = B; =1 and y(a;) = 0.

Let n; = [logya;| + 1. To prove (3.3), it suffices by the triangle inequality to
prove that

1€y (xrynizms o0y Il paay S (D 1€ (x ) ||Lq(Rd)

n>mn;

(The left side excludes at most two of the I;,.) By the fundamental theorem of
calculus,

t
n(t) = / Y(s)ds ~ 19T —ap T~
aj
on I; N [2",00). Thus for n > n;, & (xr, , f) has its frequency support contained
in
{eeR?: 2" ~ e},

and the proposition follows from by Fubini (to separate out the integral in x1) and
standard estimates for the Littlewood—Paley square function (see for instance [28,
Ch. VIJ). O

4. ALMOST ORTHOGONALITY

In this section we use a multilinear estimate to show that pieces at different
scales interact weakly, and this allows us to sum. A key step in the multilinear
estimate builds on an argument of Christ in [12], though we must interpolate to
arrive at a useful estimate. The procedure for putting the pieces together is inspired
by the bilinear approach to Fourier restriction from [32]. Bilinear and multilinear
techniques have recently had considerable success in bounding Fourier restriction
operators: [6, 21, 31, 33]. Additional motivation comes from some recent work
[14, 15] on generalized Radon transforms.

Proof of Theorem 1.1. By the triangle inequality, it suffices to prove that
1€5fllLaray < Cnapllfllzea,)

when f is supported on one of the intervals I := I; from the decomposition in
Lemma 3.1. By Theorem 2.1, we already know that this estimate holds if |L,| ~ A

on I}, so we may assume that |L. (t)| ~ A;|t — b;|* with k; > 1. Making an affine
transformation and reparametrization to -y if necessary, we may further assume that

Aj =1, b; =0, and v(0) = 0. As mentioned in the introduction, the theorem is
d’+2d
2

known when ¢ > , so we may assume that ¢ < d? +d. These assumptions will
remain in place for the remainder of the article.
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To avoid unreadable subscripts, let D = @.

Let I,, := I;, be the intervals from Proposition 3.2. By Proposition 3.2, arith-
metic, Minkowski’s inequality (since 35 < 1), and more arithmetic, we have

I, 5 [ € Sl P dx—/H (318, D o
/HZ|5 X1, f)] B da ~ Z /H|5 Xt,,, f)] b dr.

j=1 n; n1<---<np

Lemma 4.1. There exists € = €4 np > 0 such that under the above assumptions
onl, v, and q, if g=Dp', ny <--- <np, and f; is an L? function supported in
Inj, 1 <5 <D, we have

D D
ITIE S, 4 < Canpa2 2™ T £l Lery)- (4.1)

J=1 Jj=1

We postpone the proof of the lemma for now to complete the proof of the theo-
rem.
By the lemma and the estimate immediately preceding it,

&g, s S0 2meies "1'Huxf Ity (4.2)

n1<--<np

Fix nq,np. We recycle notation by defining

Iny np = [27,27P].
Of course, if ny < ng < -+ < np, then I,;, C I, n,; moreover, there are only
O((np —n1)P) choices for ng,...,np_1. Combining this with (4.2),
16,10 S 30 S 27 e, FlL (4.3)

Fix m. By Holder’s inequality and the fact that each point is contained in at
most m intervals of the form I, pym,

DN O 4 SN G N N ) S AN
n n

SmllfL -

Combining this with (4.3),

1€ 150 £ 27O 1 sy Ul

Thus the only thing left to establish Theorem 1.1 is the proof of Lemma 4.1. O

Proof of Lemma 4.1. By Holder’s inequality,

HH“:’YfJHLﬁ < H Hg'ysz |L‘?||H5'ysz||Ld7

1=d+1
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whenever the j; are any enumeration of {1,..., D}. Thus it suffices to prove that

d d
| HgvfjHL% < Oy g2 cna=m) H [ fillze(x,), wheneverny <--- <mng. (4.4)

j=1 j=1
Next, by Holder’s inequality and Theorem 2.1 (by our assumption on the sup-
ports of the f;),

d d
‘|H57fj||L% HHg fillze <OdN,pH||fJ||LP (Ay)*
j=1 j=1

j=1

Thus it suffices to prove (4.4) when ng > n; + 2d. Furthermore, by complex
interpolation (with some (p,q) sufficiently near the endpoint), it suffices to prove
(4.4) when ¢ = d(d + 1) and p = 2. In other words, we have reduced matters to
proving

d d
T & fillpaer S 2720 Tl L2 0ns)- (4.5)
j=1 j=1
By Hausdorfl-Young,

d
HTT & Fillass < lI(dpa) % - 5 (dpaa)] as (4.6)
j=1
where dyi; is the measure defined by

dyi; (6) = / (YD) £ (1) (1) d.

We compute

d
[(dpa) * -+ * (dpa))( /¢ -))Hfi(t )\ (£) dt
- d
-y / > ot Tt e
i=1

oc€Sy

where Sy is the symmetric group on d letters, and for each o € Sy,
P, :{(tl,... td) EInl X e XInd :to(l) < - <f0_(d)}.

By Lemma 3.1, ®(¢) := ZJ 17(t;) is one-to-one on P, , so we make the change
of variables £ = ®(t), yielding

[(dpa) %% (dpa)) = Y Fo,

g€Sy

where
F Hfz 7 |J tla"'7td>|_1|t=(®‘P0)71(€)'

By the change of varlables formula and the geometric inequality (3.2),

1
1ol a3 = e, (¢ Hfz ()T (b1 )P o
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d
1 _1
SITLAltn @) T =t =5 oy
i=1 i<j
By the pigeonhole principle, there exists an index k, 1 < k < d such that
Ngy1 — ng > =257 In particular, ngy1 — ng > 2. Therefore for (¢4,...,tq) €
Loy, ¥ x I,

H It —t;] = H [t — ;] H It — ;] H It — ;]

1<i<j<d i<k,j>k+1 1<i<j<k k+1<i<j<d
n.
~ H 2Mi H |t17t]‘ H ‘tiftj|.
i<k,j>k+1 1<i<j<k kr1<i<j<d

This implies that

dt1 K
||Fa||Lc‘lﬁ% ~ 27 almen et f ) X Tak(Frgts - -y fa)s (4.7)
where
¢
da+1 d+1 1
Tg(gl,...,gg) :/ Hgi(ti) d )\'y(ti) 2d H |ti —tj| d dtl dte.
R q 1<i<j<t

In the proof of Proposition 2.2 of [12], it is shown (see inequality (2.1) of that
article) that if 1 <p < £ and p~! + Z_qu’l =1, then

¢ ¢
/ st I esti—tde <INkl T Ngilloes
R 1<i<j<t i=1 1<i<j<e

We apply this to Ty with ¢ = d and p = % (if K = 1, p = k, but then the

inequality is trivial) to see that
k 1dit

Th(f1,-- - Sl S H [fiAF ] “3at1) -

iy L2d—kF1

Since 2%.1@—1:31 < 2, by Hélder’s inequality and the fact that |supp f;| < I, | ~ 2",

this implies that

n;(d—k) %
2d HfiHL?(A,,)'

k
|Tk(f17"'7fk?)‘ §H2
i=1
Similarly,
d
nik
Tai(fr, o SIS TT 2727 Ifillzecans)-

i=k-+1
Inserting these estimates into (4.7) and performing a bit of arithmetic,

d
d+1 (ni+-4ng)(d—Fk) (ngp1+--+ng)k
IFoll o S22 o0 = LIl

i=1

d
5 2_“‘2;")(”1«—”’“*1) H HfiHLZ()"Y)'

i=1

Since ny — ng41 > +(ng —n1) by our choice of k, this completes the proof of (4.4)
and hence of Lemma 4.1. O
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5. PROOF OF THE COROLLARY

We begin with (1.4). Let I, = {|L,| < 1} and I = R\ Ii,. With Z, equal to
the set of complex zeroes, we estimate

124 |Ly| 24 df’“‘“, only, |Ly| ~y dff"“”‘ > 1, on ;. (5.1)

If p < g, the full range of estimates follow by writing fov = (fo X1, + (]?o V)X Iy
and applying (5.1), (1.3), and the embedding L? C L%?P.
Now assume that p < ¢ and Nming < p' < Nmaxq. Let I, = {2" < |L,| < 271}
Then
|I] ~ny 20/ Bmin oy <0 |1,| ~ny 20/ Emax -y >0 (5.2)

It is crucial that 7 is a polynomial.) Let § = —2—p'; then ¢ < §. By Hélder’s
v P+
inequality, (5.2), and our main theorem, if n > 0,

~ < n(qu 7§K1 _ d22d ~) ~
Ifovllpar,) S22 max @Rmax—@+037|| f o || Ly (ga).

Nmax)

max) < 0, so this is summable over n > 0. The

The exponent is just z—(1 —
argument when n < 0 is similar.

Now we turn to the optimality of (1.4). The condition p < pg = di;i‘f forg>1
follows by considering a nondegenerate segment along v and applying a result of
Arkhipov—Chubarikov—Kuratsuba in [1] (see also [7]). That p < pg for ¢ < 1
follows by interpolation with the restricted strong type LP#! — LPd estimate for
nondegenerate curves from [2]. It suffices by interpolation to verify the remaining
inequalities when ¢ > 1. Thus we may consider L7 — L* bounds for the extension
operator. The condition Nying < p’ < Npaxq follows from Knapp type examples.
Assume p > q. Performing an affine transformation and reparametrization, we may
assume that v(t) = (t™101(t),...,t™404(t)), where mq + - -+ + mg = Npin and the
6; are polynomials with 6,(0) = 1 and ||0;||co sufficiently small on [0,1]. Let N be
a large integer and define

N
gn(t) = 2%eiz”(t)X[2—",2—n+l)7 1<n<N; g= Zgn,
1

where the z,, are spaced sufficiently far apart in R?. Using Knapp-type arguments
and the physical space separation of the F. gy, if p" = Nming,

L 1
gl par ~ N9, | Fygllpor ~ N#".

Letting N — oo, since ¢’ > p/, LY — L?’ boundedness cannot hold. The verifica-
tion of p’ < Npaxq is similar.
This leaves us to prove (1.3). We begin with a well-known lemma.

Lemma 5.1. Let P be a real polynomial and Z., be the set of complex zeroes of
P. There exists a decomposition R = ch:(fﬁzw’dcg P) I; as a union of intervals such
that the following holds for each j. There exist C; > 0, b; € Z, and k;j € Zxq so
that for every t € I;, bj is the closest element of Z, to t and |P(t)| ~ C;|t — bj|¥i.
The implicit constant depends only on deg P.

This is a simple variant of a well known (see e.g. [10]) lemma, for the convenience
of the reader, we give the short proof.
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Proof. Define I, = {t e R:d, = |t —b|}, b € Z,. Of course, R = (J, I, so we
may leave b fixed for the remainder of the argument. We index the elements of Z,
by b = bg,...,bar, so that |b —bg| < --- < |b— by|. For convenience, we also set
bar+1 = 0o. Define a sequence of annuli,

Aj={tely:glb—bj| <|t—b < 3b—bil}, 0<j<M.
Then I, = |JA;, and on A;, by the triangle inequality and the definition of Iy,

M M
|P(t)| =C H |t - bk|nk ~C H |b _ bk|nk|t o b|n0+"'+ni7
k=0 k=j+1
where we are taking ny = 0 if P(by) # 0. -

Now we return to the proof of (1.3). We adapt an argument of Drury—Marshall
[18] to the polynomial case. By the triangle inequality, it suffices to prove the
estimate when the L{" norm is restricted to one of the intervals I = I; from
our lemma. Let C,k,b denote the corresponding constant, power, and zero. In
particular, d(t) = |t — b on I. Applying an affine transformation to +y if necessary
(this leaves (1.3) invariant), we may assume that C' = 1.

We rewrite our main result (1.1) as

N £ d(d 2
IF QDI =B an,@yany < Cpanlfllze, — p = 45Hq, 1<p< SH2,

For any r > 0, |t — b|_% is in L™, so by the Lorentz space version of Holder’s
inequality [29],

~

k141
LAY @I =" 4 || ppa < Cpeanlfllze,

whenever p’ = Wq, c<qgl1<p< d;ﬁf.
Marcinkiewicz interpolation [29] along the level sets of 1% — % + %, within the

2
region p’ = %q, c<q l<p< ddiif, gives the estimate

- L dasy
IF YLy @) dy(E) * 7 2" ey < Cpgnkllfllzz,

and since 0 < k < N, we can put the pieces back together to obtain (1.3).
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