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ABSTRACT. We give a decision procedure for the V3-theory of the weak truth-
table (wtt) degrees of the recursively enumerable sets. The key to this decision
procedure is a characterization of the finite lattices which can be embedded into
the r.e. wtt-degrees by a map which preserves the least and greatest elements:
A finite lattice has such an embedding if and only if it is distributive and
the ideal generated by its cappable elements and the filter generated by its
cuppable elements are disjoint.

We formulate general criteria that allow one to conclude that a distributive
upper semi-lattice has a decidable two-quantifier theory. These criteria are
applied not only to the weak truth-table degrees of the recursively enumerable
sets but also to various substructures of the polynomial many-one (pm) degrees
of the recursive sets. These applications to the pm degrees require no new
complexity-theoretic results. The fact that the pm-degrees of the recursive
sets have a decidable two-quantifier theory answers a question raised by Shore
and Slaman in [21].

1. INTRODUCTION

If r is a reducibility between sets of natural numbers, we let D, denote the set
of r-degrees, ordered by <,, and R, denote the set of recursively enumerable r-
degrees, also ordered by <,. For the commonly studied reducibilities r, except
for 1- reducibility, D, is an upper semi-lattice with least element, and R, is a
bounded upper semi-lattice. (For many-one (m-) reducibility, we must ignore the
m-degrees of ) and w in order to get a least element.) Tt is natural to ask, for each
of these structures, whether the structure (in the language {<}) is decidable. For
the commonly studied structures, the answer is no. For R, (wtt stands for weak
truth-table reducibility) this undecidability is a recent result of Ambos-Spies, Nies
and Shore [6].

The methods used to show the undecidability of these structures in fact show
that some quantifier level of the theory of the structure is undecidable, and, thus,
an obvious next step is to try to find the exact quantifier level at which the theory
of the structure becomes undecidable.
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Any finite partial order can be embedded, as a partial order, into any of these
structures and this easily shows that the one-quantifier theory of these structures
in the language {<} is decidable. Lattice-embedding results allow one to conclude
that for many of these structures the one- quantifier theory remains decidable if vV, A
and 0 (and, in the case of R, sometimes 1 as well) are added to the language. (A
must be added as a three-place relation symbol.) However, even at this seemingly
simple level, our knowledge is incomplete — it is not known whether or not the one-
quantifier theory of Ry (where T stands for Turing reducibility) in the language
{<,V, A} is decidable.

At the two-quantifier level, there are only a few results known so far. In [9],
Degtev showed that the two-quantifier theory of D, in the language {<,V,0}
and the two-quantifier theory of R,, in the language {<,V,0,1} are decidable.
Lerman [18] and Shore [20] showed that the two-quantifier theory of Dr in the
language {<, 0} is decidable and, recently, Jockusch and Slaman [15] extended this
result by showing that the two-quantifier theory of D in the language {<,V,0} is
decidable.

In this paper, we show that the two-quantifier theory of R, in the language
{<,0,1} is decidable. The structure R is quite different from D,,, R, and
Dr. Every finite lattice is isomorphic to an initial segment of Dr, and for D,, and
Rm, every finite distributive lattice is isomorphic to an initial segment, while no
nondistributive lattice can be lattice-embedded into the structure. These initial
segments results play a strong role in the two-quantifier decision procedures for
these structures. By contrast, in R, one has both density and Sacks Splitting;
in fact, these two results can be combined ([16]). Thus, each nontrivial interval of
Rwit has a rather complicated structure, and, in particular, cannot be finite. These
differences mean that our decision procedure requires new techniques.

One advantage we have in deciding the two-quantifier theory of R is the fact
that it is a distributive upper semi-lattice, i.e., it satisfies

(Va,b,c)(c<aVb— (Jag < a)(Fbp < b)(c=agV b))

(the structures Dy, and R,, are also distributive) and, hence, no nondistributive
lattice can be lattice-embedded into it. In addition to distributivity, the main
ingredients in our decision procedure are a characterization of the lattices that
can be lattice-embedded into R+ preserving 0 and 1, given in Section 2, and the
extension-of-embeddings result for R, given in [12]. In Section 3, we give general
criteria under which a distributive upper semi-lattice for which the extension-of-
embeddings result of [12] holds has a decidable two-quantifier theory in the language
with <,0 and, if appropriate, 1. We apply these criteria not just to R, but also
to various complexity-theoretic structures. In particular, we answer a question of
Slaman and Shore by showing that the two-quantifier theory of the polynomial
many-one degrees of the recursive sets in the language {<,0} is decidable. Our
complexity-theoretic applications require no new results in complexity theory. All
that was missing was the algebraic analysis of Section 3.

The best undecidability result for quantifier levels of the theory of R is Lempp
and Nies’s recent result [17] that the four-quantifier theory is undecidable. Thus,
the exact point at which the theory of Ry becomes undecidable is unknown, but
the gap is small. A reasonable next step would be to try to decide the two-quantifier
theory of the structure in the language {<,V,0,1}.
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We refer the reader to Soare [22] for undefined terms and notations. If A, B C w,
we say that A is weak truth-table reducible to B (A <,u B) if for some e, A =
{e}? and there is a recursive function f such that for all z, u(B;e,z) < f(z). If
e = (eg,e1), and A is any set, we define

feo}A(z) if {eo}A(x) 4 and {er}(x) 4 and
[e](2) = u(A; e, z) < {e1}(z),
0 otherwise,

and for all s, we define

{eo}(x) if {eo}s (¢) | and {e1}4(x) | and
[e] () = u(4;e0,7) < {e1}(z),
0 otherwise.

Then, A <, B if and only if for some e, [e]® = A, and if {A,}sc. is a recursive
enumeration of an r.e. set A, then, for all z, lim,_,[e]2 (z) = [e]*(x).

We assume that (—,—) is a standard pairing function and write (z,y,z) for
(z,(y, z)) and similarly for (z,y, z, w).

If we use a script letter as the name of a poset, then we assume that the domain
of the poset is named by the corresponding Roman letter and the ordering is < with
the script letter as a subscript. Thus, for example, a poset P will be assumed to be
(P, <p). We denote the least element of P, if any, by 0p, and similarly for 1p, and
we use Vp, Ap to denote joins and meets in P. We sometimes drop the P subscript
when there is no risk of confusion. If X and ) are posets, we write X C ) to
mean that X CY and <y=<y [X. If X, ) are posets with least element, X Coy )
means X C Y and Oy = 0y. If X', are bounded posets, X Cp 1 V means X Co Y
and 1X = 1y.

Let X and ) be posets. A poset embedding of X into ) is a function f: X — Y
such that, for all z,y € X, z <y y if and only if f(z) <y f(y). A poset embedding
is necessarily one-to-one. If X’ is an upper semi- lattice, a usl embedding of X into
Y is an injective function f : X — Y which preserves joins, i.e., for all z,y € X,
feVvxy) = f(x)Vy f(y) . A usl embedding is necessarily a poset embedding. If X
is a lattice, a lattice embedding of X into ) is a usl embedding that also preserves
meets. A function f: X — Y is said to preserve least element (or preserve 0) if
f(0x) = 0y when X and ) both have least elements. (So, if either X or Y fails
to have a least element, every function from X to Y preserves least element.) The
terms preserve greatest element (preserve 1) are defined similarly.

If U is an upper semi-lattice, a subset I of U is an ideal of U if I is nonempty, I
is downwards closed (i.e., if z € U, y € I and x <y y, then = € I) and [ is closed
under join (i.e., if z,y € I, then z Vy € I). If U has a least element and S C U,
then there is a smallest ideal I(S) of U which contains S. If S # ), an element
of U is in I(S) if and only if z <z \/ A for some nonempty finite subset A of S. A
subset F' of U is a filter of U if F' is nonempty, F is upwards closed (i.e., if z € F,
y € U and z <y y, then y € F) and closed under meet (i.e., if x,y € F and z Ay
exists, then x Ay € F). A subset F of U is a strong filter of U if F' is nonempty,
upwards closed and for every z,y € F, there is a z € F with z <y x,y. A strong
filter of U is clearly a filter of /. If U has a greatest element, then for any subset S
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of U, there is a smallest filter F/(S) of U which contains S. If I/ is in fact a lattice
and S # (), then an element z of U is in F(S) if and only if A A <y z for some
nonempty finite subset A of S.

If U is a bounded upper semi-lattice, we say that an element z of U is cuppable
if there is a y # 1y with z V y = 1. We denote the set of cuppable elements of I
by CUPy or just CUP if U is clear from the context. Dually, an element x of U is
cappable if there is a y # 0y such that x A y = 0. The notations CAP;; and CAP
are defined in the obvious way.

2. LATTICE EMBEDDINGS

We now turn to the characterization of the finite lattices that can be embedded
into R+ by maps that preserve least and greatest elements.

Theorem 1. Let L be a finite lattice. Then, there is a lattice embedding of L into
Ruwtt that preserves 0 and 1 if and only if L is distributive and

(2.1) F(CUP:)NI(CAP.) = 0.

The “only if” direction follows from results in the literature. First, a lemma
due to Lachlan shows that all sublattices of R are distributive. A proof of this
lemma is given in Stob [23].

Lemma 2. The upper semi-lattice Ryt s distributive. Hence, no nondistributive
lattice can be lattice-embedded into R¢t.
O
Next, we use some results on the distribution of the cuppable, the cappable, and
the noncappable r.e. wtt-degrees. We will write CUP 4 for CUP% ,, and similarly
for CAP,;. We also write NC,,y for Ry — CAP . Part (a) of the following
lemma is shown in Ambos- Spies [1] and Part (b) is shown in Ambos-Spies et al. [5].

Lemma 3. (a) CAPyyu is an ideal of Ryt and NCyyie is a strong filter of
tht-
(b) CUPyit € NCyis-
O
Now, to show that the embedding condition in Theorem 1 is necessary, let £ be

a finite lattice and let f : L — Ry be a lattice embedding that preserves 0 and 1.
By Lemma 2, it suffices to show that (2.1) holds. Obviously, f(CUP.) C CUP 4
and f(CAP.) C CAPyy, so f(F(CUP.)) and f(I(CAP,.)) are contained in the
filter generated by CUP,; and the ideal generated by CAP., respectively. By
Lemma 3, the former is contained in NC,,;; while the latter is CAP . Thus,

f(F(CUP.)) C NCyy and f(I(CAPL)) C CAP

whence F(CUP,) N I(CAP.) = 0.

In the remainder of this section, we show that the embedding condition of Theo-
rem 1 is sufficient. We first need some more lattice-theoretic notations and results.
If £ is lattice, we denote the set of (nonzero) join-irreducible elements of L by J.
and for a € L, we let

J(a) = {] S J£|j <r a}.
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Note that if L is finite, then a = \/ J(a) for every a € L, where \/ = 0, by
convention. (This is easily shown by induction on |{b € L|b <. a}|.)

The next lemma gives some simple properties of finite distributive lattices which
we will need for our proof.

Lemma 4. Let L be a finite distributive lattice.

(a) For every j € Jp and A C L such that j <p \/ A, there is an a € A with
Jj<ca.

(b) For every a,b € L with a £, b, there is a j € Jz such that j < a and
J£cd.

(c) For every a € L, there is a least b € L such that aV b= 1.

(d) For every a € CUP and b >, a, there is a ¢ <g b with aV ¢ =b.

(e) For every a € CUP, there is a j € CUPN J(a).

(f) Let CUPmin = {a € CUP|Vb <. a(b & CUP)}. Then, CUPmyin C Jz and
1 =\ CUPmin.

Proof. Part (a) is straightforward by distributivity. Part (b) follows from the ob-
servation that a = \/ J(a).

For a proof of Part (c), for a contradiction, assume that the claim fails. Then,
there are incomparable elements by and b; that are minimal such that a V by = 1,
and a V by = 1. But then, by distributivity, a V (bp A by) = 1., contrary to
minimality of by and b;.

Part (d) is an immediate consequence of distributivity.

For a proof of Part (e), take b # 1, with a Vb = 1, and fix a maximal element
j of J(a) such that j £, b. Then, j < a, 1z = jV (V(J(a) — J(j)) V b) and
j £c \V(J(a) —J()) Vb, by (a). So, j € Jo NCUP.

The first part of (f) is immediate by (e). To show the second part, for a con-
tradiction, assume that \/ CUPin < 12. Then, by definition of CUP i, and (c),
there is a least a € L — {1.} such that a V \/ CUP;, = 1z and a ¢ CUP;,. So,
there are b <, a and ¢ <, 1. such that b € CUP,;, and bV e = 1.. Hence, by (d),
a="bVc for some ¢’ <, a and

1z =aV\/ CUPin = (bVe)V\/ CUPwin = ¢ V(bV\/ CUP i) = ¢/ V\/ CUP i,
contrary to choice of a. O

For the remainder of this section, we fix a finite distributive lattice £ such that
Condition (2.1) holds. For each join-irreducible j € L, let

Ji={j" € Jcli" #c i}

and let ming be the least element of F/(CUP) and maxy be the greatest element of
I(CAP).

Since I(CAP) is closed downwards, Condition (2.1) implies that ming £, max;
and hence, by Part (b) of Lemma 4, there is a join- irreducible element j, of L such
that

(2.2) jo <z ming and jo £ maxy .

Moreover, we may define two functions u,d from J, to J, such that for each j € J,
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(23) U(_]) ZE jajO and d(.]) SE ja jO-

(The existence of u and d is shown as follows. By Lemma 4 (a) and (f), for every
J € Jr, there is a join-irreducible j' € CUP such that j <. j'. So, we may let u(j)
be any such j'. For the existence of d(j), note that j, is noncappable, so there is
some nonzero a € L with a < j,jo. Now, we can take d(j) to be any element of
J(a).)

In the following, let jo,...,jp, be some ordering of .J. where jy is chosen as
in (2.2).

We now turn to the construction of an embedding of £ into R,. By a standard
infinite injury tree argument, we construct disjoint r.e. sets A; (j € J) such that
for

A= 4 (J CJr)
JjeJ
the function
f:1L—= Ry

defined by
fla) = degwtt(AJ(a))

for a € L will be a lattice embedding of £ into R, that preserves least and greatest
elements.
Note that f(0z) = 0 and, for any a,b,c € L,

(2.4) a<gb= f(a) <wu f(b)
and, since Ajyq)ur) = Asaveb)

c=aVe b= f(c) = f(a) Ve f(b).

So, it suffices to ensure that the function f has the following properties:

(2.5) fz) =0 (greatest element)
(2.6) a£r b= fla) Luwi f(b) (nonordering)
(2.7 c=aANgb= f(c) = fla) Aww f(b) (meets)

To satisfy these conditions, it suffices to ensure that the sets we will construct
have the following properties:

(28) K Swtt AJ[;:

for some wtt-complete r.e. set K,

(2.9) Aj Luwtr A,

for j € Jr, and

(2.10) C <wtt Asa), As) = C <wtt Asa)n(v)

for any set C' and a,b € L.
(Note that Ajza)nss) = Agancs), 80 (2.7) is a direct consequence of (2.10)
and (2.4).)
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Conditions (2.9) and (2.10) are broken up into the following diagonalization and
meet requirements, respectively (for j € Jz, a,b € L, e = {(eg, e1)):

Dj’e : Aj 75 [Q]AJJ'
Mape: [eo]™@ = [e1]™® total = [eo] " <wir As(aynin)-

Let (D, : n > 0) and (M, : n > 0) be recursive listings of the D and M
requirements, respectively, and let Rs,, = M, and Rapy1 = D,. The strategies
for both the D and M requirements will have two possible outcomes. Hence, the
priority tree of the construction is T = 2<% and we assign requirement R, to the
n-th level of T so that any strategy a with |a] = 2n (2n + 1) is a strategy for
M, (D,,). We write R, for the requirement for which « is a strategy. As usual, a
strategy a will be allowed to act at a-stages, i.e., at stages at which its guess about
the outcomes of the higher priority strategies seems to be correct.

The strategies for satisfying (2.8) and the D and M requirements are as follows.

Condition (2.8) is ensured by direct coding: Let K be a wtt-complete r.e. set
such that K C wl® and let {K[s] : s > 0} be a recursive enumeration of K such
that K[0] =0 and |K[s + 1] — K[s]| = 1, say ks € K[s + 1] — K[s]. We will ensure
that for any s, either (by the activity of some strategy)

Ajls)Tks +1# Aj[s+1]Tks + 1
for some j € Jg, or
(2.11) 3j € Jo N F(CUP)(ks € Aj[s + 1] — Aj[s]).

Obviously, this implies (2.8).

For a meet requirement M, = M, ., we have two different types of strategies
depending on whether J(a) N J(b) = @ or not. If J(a) N J(b) = 0, we call M, a
minimal pair requirement, and we call M,, a proper meet requirement otherwise.

For the proper meet requirements, we adapt Fejer’s meet strategy (from [11]) to
wtt-reductions. For the minimal pair requirements, we use the standard minimal
pair technique, but impose some additional restraint.

For M,, = My, (e = (eg,e1)), let

ln[s] = max{z : Vy < z([eo] ™ (y)[s] 4= [ea] @ ()[s] )}

be the length of agreement between [eo]*7(» and [e;]*7® at the end of stage s.
Note that

(2.12)  [eo]t@ = [e1]A®, total iff liml,[s] = w iff limsupl,[s] = w.
s s

(Notice that for Turing reductions (2.12) in general fails.) The behavior of a
strategy a (Ja| = 2n) for M, depends on the hypothesis of M,,. If the hypothesis
is true, i.e., limy [,[s] = w, then « is infinitary (outcome 0); otherwise, it is finitary
(outcome 1).

Now, if M,, is a proper meet requirement, then a strategy a (|a| = 2n) for M,
works roughly as follows: If s is the first stage such that z < [,[s] (and « has
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highest priority to act), then a defines a set COR(a, z)[s + 1] of correction markers
for x:

(2.13) COR(a,z)[s + 1] = {(s + 1,2n,z,9) : 0 <y < s},

i.e., COR(a,x)[s + 1] consists of s + 1 numbers all greater than s and, by con-
struction, none of them has been enumerated in any set under construction by
the end of stage s. Now, after stage s, a correction marker for x will be put
into Aj(a)ns) only in order to let Aj(,)nsp) compute [eo] A7 (z) = [e1]A7® ()
(if these computations are equal and defined): If there are stages ¢ and u such
that s < t < u, [eo]*7@ (2)[t] I= [e1]?"® (2)[t] | and wu is the least stage such
that [eo] 7 (2)[t] 4 [eo] "7 (2)[u] L and [e1] V7@ (2)[t] 4 [e1]*7®) (2)[u] I, then
the least marker in COR(a,z)[s + 1] not yet used is put into A)nsp) at stage
u + 1. Notice that, as < [,[s], we have max{{eo}(z),{e1}(z)} < s, whence
this can happen at most s times. So, COR(«, z)[s + 1] contains sufficiently many
markers for these corrections and, moreover, assuming that [eg]47 = [e;]47®
is total, for the greatest element y of COR(«,x)[s + 1] and any stage v > s, if
As@nam 1Ty = As@nsm [y and [eo]*7@ (2)[v] }= [e]*7®) (2)[v] |, then these
computations are correct. Since y will be computable from z, this will imply that
[eo] 7 <wit Asa)nin)-

Once appointed, the set COR(«, x)[s+ 1] will not change during the construction
unless the strategy « is initialized. (In this case, we might define a new copy of
COR(a, z) later.) We let COR(a,z)[t] be the current copy of COR(a, ) at the
end of stage ¢ (if there is one) and we let

(2.14) cor(a, z)[t] = min(COR(a, z)[t] — Aj(a)ns)[t])-

To satisfy a diagonalization requirement D, = Dj., we use the Friedberg-
Muchnik strategy: we pick a follower z, wait for [e]AJJ‘ () = 0, put z into A;
and preserve the computation [e]AJi (z) by a restraint. So, the possible outcomes
for a D,,-strategy are either that we wait forever for [e]*7i () |= 0 (outcome 1) or
that we ensure that A;(z) =1#0= [e]*7i () (outcome 0).

The restraints for the diagonalization and meet strategies are as follows: First,
by initialization of lower priority strategies, computations will be protected against
followers of diagonalization strategies and correction markers of proper meet strate-
gies of lower priority.

A second type of restraint is imposed by the diagonalization strategies to protect
their computations against the coding requirement (2.11): When a diagonalization
strategy «, |a| = 2n+ 1, D, = D; . completes a diagonalization via follower z at
stage s + 1, it will impose restraint on A Ju Of length s +1 (and of priority «)

to protect the computation [e]A"i (z) = 0. (Note that, by (2.3), in general, this
is more than restraining A, which would be sufficient solely for the protection of
[e]*7i (z). This stronger restraint will help the minimal pair strategies succeed.)
This restraint applies to coding only, i.e., it gives a targeting procedure for coding
numbers as in the Sacks splitting theorem.

A third type of restraint is imposed by minimal pair strategies c. This restraint
is put on at a-expansionary stages and applies to the correction markers of proper
meet strategies only. (Note that by (2.1), coding has no direct impact on the
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minimal pair strategies.) The goal of this restraint is to target the correction
markers of the infinitary meet strategies 8 below « (i.e., 30 C «) into the side
which has been (possibly) destroyed at the a-expansionary stage. Here, we will
give a’s restraint priority al to ensure that the restraint of another minimal pair
strategy -y above the infinitary outcome of « (i.e., @0 C ) has higher priority than
that of a. The a restraint will be cancelled only if a (not 1) is initialized.

These minimal pair restraints are further supported by ensuring that any meet
requirement M, ;. with jo € J(a) N J(b) will correct above jo so that correction
markers for such requirements cannot enter either side of the minimal pair strate-
gies.

Finally, to have a better way of controlling the side effects on correction markers
of K-coding or diagonalizations, at each stage of the construction we put numbers
into exactly one set A;.

We now turn to the formal construction:

a-stages s and, for meet strategies «, a-expansionary stages s and the certified
length function l4[s] of a at the end of stage s are defined by induction on s and
|| as follows:

s = 0. Stage 0 is an a-stage for all a and a-expansionary for all o with |a| even.
For the latter, [,][0] = 0.

s > 0. Stage s is a A-stage (where A is the empty string). If |a| is even, i.e., Ry
is a meet requirement M,, = M, . (e = (eg,e1)), then

lo[s] = 1n]s]

if M,, is a minimal pair requirement and

(2.15)
la[s] =max{z : Vy < z([eo] "7 (y)[s] 4= [e] V7 (y)[s] 4
A (cor(a, y)[t + 1] 4= [le] ™ (y)[s] = [eo] V7 (y)[1] V

[e] @ (y)[s] = fea] @ (y)[8] v
Aj@ynawtTeor(a,y)[t + 1] + 1 # Aya)nypls][cor(a, y)[t + 1] + 1
V  « has been initialized at some stage v with t + 1 < v < 5]

where ¢ is the greatest a-expansionary stage < s)}

if M, is a proper meet requirement. Moreover, for a as above such that s is an
a-stage, we say s is a-expansionary if

lo[s] > max{l,[t] : t < s At is an a-stage};

s is an a0-stage if s is a-expansionary, and s is an al-stage, otherwise. (The
purpose of the seemingly complicated definition in (2.15) is to ensure that if s is
an a-expansionary stage for some proper meet strategy «, then no correction for
a is needed at stage s + 1.) Finally, if s is an a-stage, with |a| odd, i.e., R, is a
diagonalization requirement D, = D; ., then s is an a0- stage if there is a follower
x of a at the end of stage s such that = € A;[s]; otherwise, s is an al-stage.

We say that a is accessible at stage s + 1 if s is an a-stage and |a| < s and we
let d[s] be the unique string of length s accessible at stage s + 1.
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A strategy a requires attention at stage s + 1 if one of the following two cases,
depending on the type of R,, applies:

Case 1: R, is a diagonalization requirement D,, = D; . and one of the following
holds:

(2.16) a C §[s] and «a has no follower.

(2.17)
a C 4[s] and there is an a-follower z such that A;(z) = [e]*77 (z) = 0[s].

(2.18) a < d[s] and ks is less than the current « restraint.

Case 2: R, is a proper meet requirement M,, = M, ; . and there is a number y
such that

(2.19)
o Cals] A s > 0 A cor(a,y)[t + 1] 1< ks A [eo]A7 (@ ()[s] 1 [eo] @ ()1

Alea] ) (y)[s] J# [e] V7@ (y)[2]
A Ajynsmls]icor(a, y)[t + 1]+ 1 = Ay@a)nsw) ]l cor(a, y)[t + 1] + 1
A« has not been initialized at any stage v with t + 1 < v < s,

where t is the greatest a-expansionary stage less than s.

Note that in (2.18), we only require a < d[s], while in (2.16), (2.17) and (2.19)
we require « C 0[s].

If we initialize a strategy, we cancel all parameters associated with the strat-
egy. Otherwise, a parameter of a strategy at some stage will be unchanged at the
following stages unless we explicitly redefine it.

Construction.

Stage 0: Initialize all strategies.

Stage s + 1: The stage consists of four steps. A number can enter a set only in
Step 1.

Step 1: Fix « (if there is any) minimal such that « requires attention and
distinguish the following cases.

Case 1: R, is a diagonalization requirement D,, = D; .. Distinguish the follow-
ing two subcases depending on the clause via which a requires attention. In either
case, initialize all strategies 8 with a < .

Case 1.1: (2.16) or (2.18) holds. Put ks into A
(s +1,2n + 1,0) as an a-follower.

Case 1.2: (2.17) holds. If ks < z, put k, into A,;). Otherwise, put x into A;
and impose an a- restraint of length s + 1 (and priority «) on Auiiy-

Case 2: R, is a proper meet requirement M, = M, .. Fix the least y for
which (2.19) holds and let ¢ = cor(a,y)[t + 1]. Distinguish the following two
subcases. In either case, initialize every strategy 8 with al < 3.

Case 2.1: jo € J(a) N J(b). Put cinto A;,.

u(j)- If (2.16) holds, appoint
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Case 2.2: Otherwise. Fix #1 minimal such that 3 is a minimal pair strategy
which imposes a restraint > c on a set A, with d(j) € J(a) N J(b). Put c into
Ag(j)- If no such 3 exists, put c into the least j € J(a) N J(b).

Case 3: No «a requires attention. Put k, into A;, and initialize all strategies
with §[s] < .

Step 2: Let j be the unique element of J, such that a number enters A; at step
1. Call s +1 a j-stage.

Step 3: Let a (|a| = 2n, M,, = M, ;) be any proper meet strategy that has
not been initialized in Step 1 and such that a0 C 4§[s]. For any x < l4[s] such
that COR(a, x) is not defined at the end of stage s, define COR(a, z)[s + 1] and
cor(a, z)[s + 1] by (2.13) and (2.14), respectively.

Step 4: Let a (Ja| = 2n, M, = Msp,.) be any minimal pair strategy that
has not been initialized in Step 1 and such that a0 C §[s]. Cancel any previous
a-restraint (if any) and impose a new a-restraint on Ay, ,, of length s +1 (for j as
in step 2).

This completes the construction.

Verification. Let f be the true path of the construction, i.e., the leftmost path
such that for every n

3%s(f[n C 6[s])

and let s, be a stage such that, for every s > s, f[n < {[s].

Note that elements of K, followers of diagonalization strategies and correction
markers for proper meet requirements are all of different forms (namely (0, —),
(s+1,2n4+1,0), and (s +1,2n, —, —), respectively). Moreover, for different («, z),
the sets COR(a, z) are mutually disjoint (and so are different copies of COR(«, x)
defined at different stages following initialization of ). So if, in Step 1 of stage s+1,
we say that we put a number z into A;, then this number is not in any of the sets
Aji[s], 7' € Jg; in particular, z € Aj[s + 1] — A;[s]. It follows that {A4,]j € J.} is
a disjoint family of sets.

Note also that if a requires attention at stage s+ 1 by Case 2 and y and ¢ are as
in (2.19), then I,[s] < y. Since cor(a, y)[t + 1] |, there must be an a-expansionary
stage t' < s with y < l,[t']. Thus, s is not a-expansionary.

Claim 1. K Swtt AJL‘

Proof. Since at any stage s+ 1 a number z < k, enters one of the sets A;, the claim
follows by permitting. O

Claim 2. Let 8 C f.

(1) B is initialized only finitely often.

(2) If Rs is a diagonalization requirement, then 3 requires attention only
finitely often and the restraint for 3 goes to a (finite) limit.

(3) If R is a proper meet requirement and 51 C f, then 3 requires attention
only finitely often.

Proof. Routine. O

Claim 3. For all j € J; and e, D; . is met.
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Proof. Fix a C f such that || = 2n + 1 and D,, = D;.. By Claim 2, let ¢ be
the last stage at which « was initialized. Again by Claim 2, « requires attention
only finitely often. Since there are infinitely many stages s with a C d[s], we may
conclude that there is a least stage u > t such that a follower z for « is appointed
at stage v + 1 and that this follower is permanent. Now, distinguish two cases:
Case 1: © € A;.

Fix v > u such that x enters A; at stage v + 1. Then, by (2.17), [e]*7i (z)[v] =0,
and, at stage v + 1, all strategies § with @ < ( are initialized, and « imposes a
restraint on Ay . of length v 4+ 1. So it suffices to show that

Apv]lv+1=A4;Tv+ 1.

u(j)

We will show more, namely
(2.20) ‘v’y<v+1(y€AJL—AJL[U]%yGAjUAu(j)).

For a proof of (2.20), we first note that, since « is not initialized after v, no di-
agonalization strategy  with 8 < a and no proper meet strategy 8 with 51 < «
receives attention after stage v. It follows that for no w > v do we have §[w] < a.
Moreover, since at stage v + 1, all strategies 8 with 8 > «a are initialized, we may
conclude that the only numbers y < v + 1 which can enter A;, after stage v are
elements of K, followers of a, or correction markers of proper meet strategies 3
with 80 C a. Now, no number from K enters Ay, at stage v + 1 and, by a’s
restraint which is permanent from stage v + 1 on, elements y of K with y < v +1
that enter A, later enter A, ;). Since x is permanent, it is a’s only follower after
v and it enters A;. This leaves the correction markers. For a contradiction, assume
that s + 1 is the least stage > v + 1 at which a correction marker y < v + 1 of a
meet strategy 3 with 30 C o —say |3| = 2m and M,,, = M, ;. — enters a set A;
with j' # j,u(j). Let s’ be the greatest S-expansionary stage less than s. Then,
by construction, there must be numbers 2,, 2, <y < v + 1 that entered A;(,) and
A ), respectively, after stage s' and before stage s+ 1, but no number < y entered
Aj)nse) at such a stage. Since, by 0 C a, v is f-expansionary, i.e., v < §', it
follows from minimality of s that z, and 2, entered A; or A, ;). Since j <g u(j),
this implies 2, € Aja)nr(p) OF 2 € Aj(a)ns(p), @ contradiction.

Case 2: x & A;.

It suffices to show that we don’t have [¢]*7i (z) = 0. For a contradiction, assume
that [¢]*7i (z) = 0. Then, a will require attention infinitely often via (2.17) and z.
This contradicts Claim 2. O

Claim 4. Let M,, = M, with e = (eg, 1) and assume that
(2.21) [eo] V7 = [e1]A7® = g is total.
Then, (f]2n)0 C f.

Proof. Let @ = f[2n. Then, there are infinitely many a-stages and, by (2.21)
and (2.12),

(2.22) lign ln[s] = oo.

So, if M,, is a minimal pair requirement, there are infinitely many a-expansionary
stages, whence, a0 C f. So, without loss of generality, we may assume that M, is a
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proper meet requirement and, for a contradiction, that al C f. Then, by Claim 2,
we may choose ¢ such that no stage > ¢ is a-expansionary and at no such stage
does « require attention. By (2.22), choose an a-stage s > t such that

In[s] > max{l,u] : u < s Au is an a-stage}
and such that
K |N=FKIN

where N is the largest number ever assigned to be a correction marker for a. (There
are only finitely many numbers ever assigned to be correction markers for « since
such markers are only assigned at a-expansionary stages.) By definition, either s
is a-expansionary or a requires attention at stage s + 1. But this contradicts the
choice of t. [0

Claim 5. Let u,t,a,j be given such that

(2.23) R, is a minimal pair requirement.

(2.24) a0 C d[u]

(2.25) u+11is a j-stage.

(2.26) u<t.

(2.27) a is not initialized at any stage v with u < v <.
(2.28) No stage v with u < v < t is a-expansionary.
Then

(229) V_]I S Jg(jl 2 Jo /\jl # d(_]) — Aj/ [U + ].] [u +1= Aj/ [t] [u + ].)
and

(230) d(j) # jo = Aagpu+ 1] min{y, u+ 1} = Aggp)[t]] min{y,u + 1.
where y is the unique number that enters A; at stage u + 1.

Proof. The proof is by induction on w. Fix a, b, e such that Ry, = Mg 4. By (2.25)
and our choice of y,

Ajlu+ 1] A;lu] = {y} and Apu] = Apfu+1] for j' # .

Moreover, at stage v + 1, o imposes a target restraint for correction markers on
Ay, of length u + 1, all strategies 8 with a0 < 3 are initialized at stage u + 1,
and, since a is not initialized at any stage v with u < v < ¢, no diagonalization
strategy 8 with 8 < a and no proper meet strategy 8 with 81 < a acts at such
a stage. So, the only strategies that can act at stage u + 1 are strategies 8 with
a0 C 3 and the only strategies that can act at a stage v+ 1withu+1<ov+1<+¢
are proper meet strategies 8 with 80 C «a, diagonalization strategies v with a0 C v
that are receiving attention via (2.18), and strategies n with a0 <y, 7.



14 K. AMBOS-SPIES, ET AL.

Now, for a contradiction, assume that (2.29) or (2.30) fails. Fix v with ¢ >
v+ 1> u+ 1 minimal witnessing the failure of (2.29) or (2.30) and pick the unique
j" and z such that

(2.31) 7' Zgjg/\jl#d(j)/\zSU/\ZEAJ'/[U'F].]—AJ'I[U]
or
(2.32) j'=d()Nd(j) # joNz <min{y,u+ 1} Az € Ajjv+ 1] — Ajr[v].

Since j' #r jo, z is not a coding number. Moreover, since at stage v + 1 only
diagonalization strategies v with a0 <z, v, i.e., strategies which have been initialized
at stage u + 1, can become active via (2.17), z is too small to be a follower. So, z
is a correction marker of a proper meet strategy 8 with 80 C «. (The correction
markers of 3’s with a0 <y, 8 are too big for z and no other proper meet strategies
may act.)

Fix ¢,d,e’ = (e, e}) such that Rg = M. 4. and let u' be the greatest j-
expansionary stage < v. Note that, as 0 C «, v’ > u. Let z = cor(a,w)[u’ + 1].
Then, [ej]47 (w)[u'] I= [e}]*7@ (w)[u'] | and the use in both computations is < z.
By the end of stage v, both of these computations have been destroyed, so we may
take m.,mq < z < u with m, € Aj)[v] — Aj)[u'] and mg € Ajyg)[v] — Aya)lu'].
By minimality of v and the fact that u’ > wu, m. either entered some A;» with
J" >r jo, or m. entered Ay(;), or m. = y and m, entered A; at stage u + 1. The
same is true for my. We now consider six cases and derive a contradiction in each
one. Often, the contradiction will be “self-correction”, namely, showing that either
me Or mq is in Aj)ny(a)- This is a contradiction because then 3 does not require
attention at stage v + 1 through w.

Case 1: jo € J(c)N J(d).
By Case 2.1 of the construction, z will enter 4;,, a contradiction.

Case 2: jo & J(c) U J(d).

Since J(c) and J(d) are downwards closed subsets of Jz, no j” with j” >, jo is
in J(c) or J(d). Thus, m. enters either A; or Ay;, and the same holds for mg.
Since d(j) <¢ j, d(j) € J(c) N J(d), so if either m. or mq enters Ay, we get
self-correction. If m., mg both enter A; (so m. = mq = y), then j € J(c) N J(d),
and we again have self-correction.

Case 3: j € J(c) N J(d).

By Case 1 and symmetry, w.l.o.g. jo & J(c) and, hence, no j” >, jo is in J(c).
Thus, m. enters either A; or Ay;). Since d(j) <. j and j € J(d), m. also enters
A g and we have self-correction.

Case 4: j & J(c)U J(d).

By Cases 1 and 2, w.l.o.g. jo is in exactly one of the sets J(c),J(d), say jo €
J(c) — J(d). Then, mq enters Ay;). Since d(j) <r jo, mq is also in A, and we
have self- correction.

Case 5: j,jo € J(c) — J(d) or j,jo € J(d) — J(c).
By symmetry, we need only consider the former possibility. As in Case 4, mg must
enter A;;) and hence also enters A ).
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Case 6: Otherwise.
By symmetry, we may assume that

jo € J(c) — J(d) and j € J(d) — J(c).

Since, for 7" with j"" >, jo, 7" & J(d), it follows from minimality of v+ 1 that only
numbers > min{y,u + 1} have entered A (4 since the last 3-expansionary stage u’'
and before stage v + 1. Thus, z > min{y,u + 1}, so min{y,u + 1} < z < u. This
implies min{y,u + 1} = y and hence z > y. Thus, (2.32) fails.

Now, since « is not initialized after stage u and before stage ¢t + 1 and since u
is the greatest a-expansionary stage less than ¢, the target restraint of « of length
u+1> zimposed on Ay, at stage u+1is still in force at stage v+1. Moreover, by
case assumption, d(j) € J(c)N.J(d). So, the fact that z does not enter A, ;) implies
that there is a minimal pair strategy o with a’1 < a1 and with valid restraint of
length [ > z on some Ag;iy with j” # j.

Now, o'l < a1 implies that either o/ <7, a, a0 C o/, or /1 C a. If a0 C o/,
then every o'-expansionary stage is an a-expansionary stage and hence there are
no such stages > u and < v + 1. If either of the other two possibilities holds, then
at any o'-expansionary stage, a would be initialized. Thus, if u” is the greatest
o/-expansionary stage < v + 1, we have u” < u and hence, by ;" # j, u" < u.

So, (2.23)-(2.28) hold for u",v,a’ and j" in place of u,t,« and j. Since y <1 =
u" + 1, it follows, by inductive hypothesis, from (2.29) (for u”,v,a’ and j" in place
of u,t,a, and j) that y enters Ay at stage u+ 1, whence j = d(j"). So, j < jo,
contrary to case assumption. []

Claim 6. For all a,b € L and e = (eg,e1), Mo pe is met.

Proof. Fix n and a such that M,, = M, ;. and « is the strategy for M,, on the true
path f. Moreover, w.l.o.g. assume that (2.21) holds so that, by Claim 4, a0 C f.
By Claim 2, fix s, minimal such that « is not initialized after this stage. By a0 C f,
there are infinitely many stages s with a0 C d[s]. So, for each z, we can let sq4 4
be the least stage > s, such that a0 C d[sq,,] and l4[sq,z] > . Now, distinguish
the following two cases depending on whether M, is a proper meet or minimal pair
requirement.

Case 1: J(a) N J(b) # 0.
By choice of 54,4,
[e0] 47 (2)[50,0] = [1]® (2)[50,0] 4

and the set
COR(a, %)[sa,z + 1] = {(sae + 1,2n,z,y) : 0 <y < s}

of correction markers defined at stage so, + 1 will be permanent. So for any two
consecutive a-expansionary stages u and v with s, < u <,

[eo] 7 (2)[u] = [e1] V7 () [u] = [e] V() () [v] = [e2] "7 (w)[v]
unless
As@yniwulIm(z) # Aza)nse 0] Tm(z)

where
m(z) = max(COR(«, x)[sa,z + 1]) + 1.
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So,
9(@) = [eo] 7 (z) = [eo] M ()[t.],
where

te = pus > sa,2(Asa)niw [s]Im(z) = Aja)nie) [m(z) and s is a-expansionary),
whence, g <wtt Aya)nr(s)-

Case 2: J(a)N J(b) = 0.
We will show that

(2.33) g(r) = [€O]AJ(G) (2)[5a,2]-

Obviously, this will imply that g is recursive.
To prove (2.33), it suffices to show that for any two consecutive a-expansionary
stages v and v with v > u > 544,

[eo] 7t () [u] = [eo] M (x)[v].
Since, by choice of v and u,
[eo] M (2)[u] = [ex]V7® ()[u] and [eo] V7 (z)[v] = [e2] V@ (2)[v]
this will follow from
Ajayu]lu+1= Az w]Ju+1or Ajp)fullu+1=A;4[v][u+1.

But this is immediate by Claim 5. (Since J(a)NJ(b) =0, if u+ 1 is a j-stage, then
for some ¢ € {a,b}, d(j) & J(c). If j' > jo, then j' >, d(j), so j' & J(c). Thus,
by (2.29) and the fact that j ¢ .J(c) (so no number enters A at stage u + 1),
AJ(C) [u] fu +1= AJ(C) [U] [u + 1.) O

3. THE TwWO-QUANTIFIER DECISION PROCEDURE

In this section, we show how the characterization given in the last section of
the finite lattices lattice-embeddable into R preserving 0 and 1, together with
an already known extension-of-embeddings result, can be used to give a decision
procedure for the two-quantifier theory of R, in the language {<,0,1}. We will in
fact formulate general conditions under which a distributive upper semi-lattice has
a decidable two-quantifier theory and we will use these general conditions to show,
using results already in the literature, that several complexity-theoretic structures
also have decidable two-quantifier theories.

In order to give our decision procedure, we must first develop some algebraic
background.

Lemma 5. Let U = (U, <y) be an upper semi-lattice and let S be a finite subset
of U. Then, the closure of S in U under join is finite.

Proof. Let 8" = {\| F|} # F C S}. Then S’ is closed under join, since (\/ F) V
(VF'")=\(FUF"), and contains S, so it follows that S’ is the closure of S under
join, and S’ is finite. O

The following result is known in lattice theory. (It is for instance Exercise 2 on
page 146 of [8] and follows from Theorem 1 on page 80 of [13].)
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Lemma 6. Let £ be a distributive lattice and let S be a finite subset of L which
generates L under join and meet. Then, |L| < 221!
O

If U = (U, <y) is an upper semi-lattice, we let IDy; denote the set of ideals of U
and 7y denote the structure (IDy, C). For each a € U, | a denotes {b € U|b <y a},
which is easily seen to be in ID;;. The ideal | a is called the principal ideal generated
by a.

Part (a) of the following lemma, in the case that U is a distributive lattice, goes
back to Stone [24]. (See for example Theorem 7 on page 141 of [8].) It is no harder
to show the result when U/ is just a distributive upper semi-lattice, and this is done
in the proof of Proposition VI.1.11 in Odifreddi [19]. The other two parts are easy
to show.

Lemma 7. Let U be a distributive upper semi-lattice with least element. Then:

(a) Ty is a distributive lattice. If I,J € IDy, then I Az, J =1NJ and
IVI(,( J:{aVub|a€ I and b e J}

(b) Zy has least element {0y} and greatest element U .

(¢) The mapping p : U — Ty given by p(a) = | a is a usl embedding which
preserves 0 and 1.

O

Lemma 8. Let U be an upper semi-lattice with least and greatest elements and let
I be an ideal of U.

(a) If I is cuppable (in I ), then some element of I is cuppable (in U).
(b) If I is cappable (in Ty ), then every element of I is cappable (in U ).

Proof. First suppose that I € 1Dy, is cuppable in 7y, say IVIU J = U with J € IDy,
J #U. Then 1y € IV, J, s0 1yy = aVy b for some a € 1,b € J. Since b € J,
b#1y,s0a € Iis cuppagle.

Now, suppose that I € IDy, is cappable. Then, there is J € IDy, J # {0y}, with
INnJ = {0y}. Takeb e J, b+# 0y. Forevery a € I, if ¢c € U and ¢ <y a,b, then,
since I and .J are closed downwards, ¢ € I'N.J, so ¢ = 0. Thus, a Ayy b = 0y, which
means that a is cappable. [

Lemma 9. In Iz, , [[CAP)NF(CUP) = 0.

witt

Proof. Let 7 = Ig,,,, and suppose, for a contradiction, that I is an ideal of R
that is in I(CAPr) N F(CUPr). Since I € I(CAPy), there are ideals Jy,...,J
(k > 0) of Ryt that are cappable in Z such that I C J; V7 --- V7 Ji. Hence, every
element of I can be expressed as a; Vit -+ Varr a with a; € J; for 1 < i < k.
By Lemma 8(b), each a; is cappable in R,y;. Since, by Lemma 3, the cappable
elements of R, are an ideal, it follows that each element of I is cappable.

Since I € F(CUPr), there are ideals Ki,... ,K, (r > 0) of R,y that are
cuppable in Z such that Ky N---N K, C I. By Lemma 8(a), each K;, 1 < i < r,
contains an element cuppable in R, say b;. Since, by Lemma 3, each cuppable
element of R, is noncappable, each b; is noncappable. We claim that Ky N---NK,
contains a noncappable element. Indeed, set ¢; = b; and suppose that 1 < 7 < r
and we have ¢; a noncappable element of R, with ¢; € K, for 1 < ¢ < j. Since,
again by Lemma 3, the noncappable elements of R, from a strong filter, there is
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a noncappable element c;j11 of Ry with ¢jp1 <yt ¢j,bj41. Since the K;’s are all
ideals of Ry, cj+1 € Ky for 1 < £ < j+ 1. The element ¢, constructed by this
process is noncappable and is in K7 N---N K, C I. This contradicts the conclusion
of the previous paragraph that every element of I is cappable. O

Lemma 10. Let U be an upper semi-lattice with least and greatest elements such
that the diamond lattice can be lattice-embedded into Ty preserving 0 and 1. Then,
the diamond lattice can be lattice-embedded into U preserving 0 and 1.

Proof. 1If the diamond lattice can be lattice-embedded into Z;; preserving 0 and 1,
there are ideals I and .J of U, neither equal to U, such that I V7, J = U and
INnJ = {0y}. There must be z € I,y € J with x Viy y = 14 and, since I, J are
not equal to U, z,y are not equal to 1. If z € U is such that z <y z,y, then
z€INJ,soz=0y. Thus, z Ay y = 0y. It follows that the diamond lattice can
be lattice-embedded into & preserving 0 and 1. O

The following pullback lemma is due to Ershov [10]. It is Proposition VI.1.12 of
Odifreddi [19].

Lemma 11. If U is a distributive upper semi-lattice with least element, S is a
nonempty finite subset of U closed under join, and L = (L, <17, I L) is the sublattice
of Ty generated by p(S) (where p is the canonical embedding of Lemma 7(c)), then
there is a sub-upper semi-lattice L' of U such that S C L' and L' is isomorphic to
L by an isomorphism that extends p[S.
O

An important step in determining the two-quantifier theory of a poset U is to
solve an extension-of-embeddings problem appropriate for /. When U has distinct
least and greatest elements, the appropriate extension-of-embeddings problem for I/
is the 0,1-extension-of-embeddings problem, which we now describe. An instance of
the 0, 1-extension-of-embeddings problem is a pair (X,))) of finite bounded posets
such that X Cp; YV and Ox # 1x. If U is a bounded poset, a positive instance
of the 0, 1-extension-of-embeddings problem for U is an instance (X',)) of the 0,1-
extension-of-embeddings problem such that every partial-order embedding of X
into U preserving 0 and 1 can be extended to a partial-order embedding of ) into
U. In Fejer-Shore [12], it is shown that an instance (X,Y) of the 0,1-extension-
of-embeddings problem is a positive instance for R, if and only if the following
condition is met:

There are no subsets A and B of X such that, in X, every upper bound
(3.1) for A is greater than or equal to every lower bound for B, but, in ),
"/ there is an upper bound z for A and a lower bound 2’ for B such that

2 Ly 2.

If (X,)) is an instance of the 0,1-extension-of-embeddings problem and X is a
lattice, we claim that condition (3.1) is equivalent to the following condition:

3 )Eor all 21,20 € X, and y € Y, if 21,22 <y y, then z; Vy 22 <y y, and,
““if xy, 9 >y y, then 1 Ay z2 >y y.
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To see this, first suppose that (3.1) holds. If z;,22 € X,y € Y and z1,22 <y ¥,
take A = {x1, 22}, B = {21 Vxx2}. Then, in X, every upper bound for A is greater
than or equal to every lower bound for B, and, in ), y is an upper bound for A
and z; Vy x2 is a lower bound for B, so, by (3.1), 1 Vx x2 <y y. The other half
of (3.2) is shown similarly.

Conversely, suppose that condition (3.2) holds and that A and B are subsets of
X such that, in X', every upper bound for A is greater than or equal to every lower
bound for B. Then, \/,, A >x A, B. If, in Y, z is an upper bound for A and 2’
is a lower bound for B, then, by (3.2), z >y \/4 A >y Ay B >y 2. Thus, (3.1)
holds.

From the point of view of two-quantifier decision procedures, the important facts
about condition (3.2) are that it is effective and that the following lemma holds.

Lemma 12. Let (X,)) be a pair of finite partial orders such that X C )Y and X
is a lattice, let U be a poset and let f be a lattice embedding of X into U. Then, if
there is a poset embedding f' of Y into U that extends f, (X,)) satisfies (3.2).

Proof. The result is immediate. O

With these lemmas out of the way, we can state a general result which gives a
decision method for the two-quantifier theory of many of the bounded distributive
upper semi-lattices that occur in recursion and complexity theory.

Theorem 13. Let U be a bounded, distributive upper semi-lattice such that

o if X is a finite lattice that can be lattice-embedded into U preserving 0 and
1 and (X,Y) is an instance of the 0,1-extension-of-embeddings problem
satisfying (3.2), then (X,Y) is a positive instance of the 0,1-extension-of-
embeddings problem for U,

e if a finite lattice can be lattice-embedded into Ty preserving 0 and 1, then
it can be lattice-embedded into U preserving 0 and 1,

and let ¢ =V ---Va,y; --- Jymtd be a sentence over the language {<,0,1} with
Y quantifier-free and x1,... ,Tn Y1, .. ,Ym all distinct. Then, U \= ¢ if and only
if the following condition is met:

for every finite lattice L that can be lattice- embedded into U preserv-
ing 0 and 1 and each n-tuple @ = (a1,... ,a,) of elements of L such
that {a1,... ,a,,0z,12} generates L under join and meet, there exists a

bounded poset P and an m-tuple b= (b1,... ,bm) of elements of P such

e |[P—L|<m,

e L. Co1 P,

e (L, P) satisfies (3.2), and

e P = ld,bl.
Proof. First suppose that U |= ¢. We show that (3.3) holds. Let £ be a finite lattice
that can be lattice-embedded into I/ preserving 0 and 1, and let @ = (a4, ... ,a,) be
an n-tuple of elements of L. Fix a lattice embedding f of L into U that preserves 0
and 1. Since U = ¢, there is an m-tuple b’ = (b,... ,b!,) of elements of U such that

U = ¢[f(@),0]. Let P' = f(L)U{b,,... b} and define P' = (P', <y | P'). Since f
preserves 0 and 1, 0y, 14 € P', so P’ is a substructure of i/ when U/ is considered as a
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structure for the language {<,0,1}. Since ¢ is quantifier-free, P’ |= o[f(a), b']. We
now construct P to be an isomorphic copy of P’ which contains £ in the same way
that P’ contains f(L). To be precise, let T be a set of objects not in L of cardinality
0|1 <i<mand b, & f(L)}| and let g : T — {b}|1 <i <m and b} & f(L)} be a
bijection. Let P = LUT and define f' : P — P’ by

iy Jf(z) ifzel
f(z)_{g(z) ifzeT.

Then, f' is a bijection. Define P = (P, <p) where z <p w if and only if f'(z) <y
f'(w) and let b = ((f)"2(B}),...,(f)"2(b.,)). We show that P and b are as
desired. We have P a bounded poset and b an m-tuple of elements of P. We also
have L C P and |[P —L| = |T| < m. If z,y € L, then z <p y is equivalent to
f'(z) <u f'(y), which in turn is equivalent to f(z) <y f(y) and, since f is a lattice
embedding, this last is equivalent to © <, y. Thus, £ C P. Since f preserves 0
and 1, 0p =0, and 1p =12, s0 £ Co 1 P. Also, the lattice embedding f of £ into
U can be extended to a poset embedding f' of P into U, so, by Lemma 12, (L, P)
satisfies (3.2). Finally, P is isomorphic to P’ via f', P’ = ¥[f(@), 0], f'(a;) = f(a;)
(since a; € L) for 1 < i < n, and f'(b;) = f'((f")"1 (b)) = b for 1 <i < m, so
P = ya, l;], as desired.

Now, suppose that (3.3) holds. We show that U = ¢, i.e., that for every n-tuple

a = (a},...,al) of elements of U, there is an m-tuple b= (... , 1) of elements
of U such that U |= ¢[d',b']. Let @ = (af,... ,al,) be an n-tuple of elements of U
and let S be the closure in U of {a},...,a}, 0y, 1y} under join. By Lemma 5, S is

finite. Let p be the canonical embedding of U into 7y and let £ = (L, C) be the
sublattice of Z;; generated by p(S). By Lemma 6 and the fact that Z;, is distributive,
L is finite. Since S contains 0y and 13 and p preserves 0 and 1, L contains 07
and 17, , so the identity map is a lattice embedding of £ into 7y preserving 0 an
1. By ‘éfle second hypothesis on U, £ can be lattice-embedded into I preserving 0
and 1. Define an n- tuple @ = (ay,... ,a,) of elements of L by a; = p(a}). Since
{da},...,al,,0u, 1y} generates S under join, p preserves joins, 0, and 1, and p(S)
generates L under join and meet, it follows easily that {a1,... ,a,,0¢, 1.} generates
L under join and meet. Thus, by (3.3), there is a bounded poset P = (P, <p) and
an m-tuple of elements b= (b1,...,bm) of P such that |[P —L| < m, L Cop1 P,
(£, P) meets condition (3.2) and P |= (@, b]. Then, (£, P) is an instance of the 0,1-
extension-of- embeddings problem satisfying condition (3.2), so, (£, P) is a positive
instance for U, by the first hypothesis on /. By Lemma 11, there is a subset L'
of U which contains S and a function p' : L' — L which extends p[S and is an
isomorphism of (L', <y [L') with £. Since (p')~! : L — U is a poset embedding
(although not necessarily a lattice embedding) of £ into I/ which preserves 0 and
1 and (£, P) is a positive instance of the 0,1-extension-of-embeddings problem for
U, there is a poset embedding p" : P — U of P into U which extends (p’)~!. Let
b = (p"(b1),...,p" (bm)). Since ¢ is quantifier-free and p” is a poset embedding
which preserves 0 and 1, U = ¢[p"(@),p"(B)]. By definition, p”(b) = b'. For
1 <i<mn,a; =p(a}) and a} € S. Since p' extends p[S, a; = p'(a}) and a; € L'.
Since p" extends (p')~', p"(a;) = (p)7'(p'(a})) = a). Thus, p"(@) = @ and
U = ¢l@,b], as desired. [
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Corollary 14. IfU is a bounded distributive upper semi-lattice such that

o the set of finite lattices that can be lattice-embedded into U preserving 0 and
1 is decidable,

o if X is a finite lattice that can be lattice-embedded into U preserving 0 and
1 and (X,Y) is an instance of the 0,1-extension-of-embeddings problem
satisfying (3.2), then (X,Y) is a positive instance of the 0,1-extension-of-
embeddings problem for U,

o if a finite lattice can be lattice-embedded into Ty preserving 0 and 1, then
it can be lattice-embedded into U preserving 0 and 1,

then the two-quantifier theory of U in the language {<,0,1} is decidable.

Proof. 1f U is such an upper semi-lattice, Theorem 13 applies to it. Any V3 sentence
of the language {<, 0,1} can be effectively translated into one of the form required
in Theorem 13 by dropping redundant quantifiers. Thus, we need only to verify
that condition (3.3) can be tested effectively. Since U is distributive, every lattice
which is lattice-embeddable into &/ must be distributive. By Lemma 6, if £ is a
distributive lattice generated under join and meet by n + 2 elements, then we get
a recursive bound on the size of £. Thus, there are only finitely many £ to check,
and, since we are assuming that the class of finite lattices lattice-embeddable into
U preserving 0 and 1 is decidable, we can effectively find all the £ and @ we need
to check. For each such £ and @, the test for the existence of the required P is
effective, since |P — L| < m and condition (3.2) can be checked effectively. O

Theorem 15. The two-quantifier theory of Ryt in the language {<,0,1} is de-
cidable.

Proof. We want to apply Corollary 14. We have R+ a bounded distributive up-
per semi-lattice. Theorem 1 shows that the set of finite lattices that are lattice-
embeddable into R+ preserving 0 and 1 is decidable and it is shown in [12] that the
positive instances of the 0,1-extension-of-embeddings problem for R, are exactly
those satisfying (3.1). As discussed previously, this gives the second condition of
Corollary 14. Thus, we only need to show that R, meets the third condition. Let
T be Ir,,,,let £ be a finite lattice that can be lattice-embedded into Z preserving
0 and 1 and let f be such an embedding of £. Then, f maps CAP, into CAPz and
CUP, into CUPz, so f maps I(CAP.) into I(CAPz) and F(CUP.) into F(CUP7).
Since, by Lemma 9, I(CAP7) N F(CUPz) = 0, I(CAP.) N F(CUP,) = (. In ad-
dition, since 7 is distributive, £ is distributive. Thus, by Theorem 1, £ can be
lattice-embedded into R, preserving 0 and 1, as desired. O

We are now going to apply Corollary 14 to some complexity-theoretic structures
U, specifically, to ideals of the pm-degrees of the recursive sets. In [2], it is shown
that the upper semi-lattice of the pm-degrees of the recursive sets is distributive.
In [21], the extension-of-embeddings problem for the structure of the pm-degrees of
the recursive sets is taken up. There, Shore and Slaman show that if X and ) are
finite posets with least element, X Cy Y, X is a lattice and (X',)) satisfies (3.2),
then any poset embedding of X into the pm-degrees of the recursive sets preserving
0 can be extended to a poset embedding of ) into this structure.
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Theorem 16. The structures of the pm-degrees of the exponential-time computable
sets and the pm-degrees of the exponential-space computable sets have decidable two-
quantifier theories in the language {<,0,1}.

Proof. Let U stand for either of these structures. As discussed above, U is a distribu-
tive upper semi-lattice. The existence of complete problems for the exponential-
time and exponential-space computable sets under pm-reducibility is well-known.
(See for instance Exercise 21 on page 96 of [7] for a complete exponential-time com-
putable set and page 353 of [14] for a complete exponential-space computable set.)
Thus, U is a bounded distributive upper semi-lattice. It follows from results in the
literature that the finite lattices that are lattice-embeddable into U preserving 0
and 1 are exactly those finite lattices £ such that £ is distributive, £ has more than
one element, and the diamond lattice cannot be lattice-embedded into £ preserving
0 and 1. Indeed, in [3], it is shown that any such lattice can be lattice-embedded
into U preserving 0 and 1, while, in [4], it is shown that the diamond lattice cannot
be lattice-embedded into U preserving 0 and 1, which implies that no finite lattice
not in the given class can be lattice-embedded into i/ preserving 0 and 1.

If (X,)) is an instance of the 0,1-extension-of-embeddings problem with X" a
lattice, (X,)) satisfies (3.2) and f is a poset embedding of X into U, then, by
the result of Shore and Slaman mentioned above, there is a poset embedding f'
of YV into the pm-degrees of the recursive sets that extends f. Since 1y = 1y,
f' is actually an embedding of Y into U, so (X,)) is a positive instance of the
0,1-extension-of-embeddings problem for /.

Thus, we have the first two conditions on U/ needed to apply Corollary 14 and all
that is left is to show that if £ is a finite lattice that can be lattice-embedded into
Ty preserving 0 and 1, then £ can be lattice-embedded into I preserving 0 and 1,
i.e, L is distributive, £ has at least two elements and the diamond lattice cannot
be lattice-embedded into £ preserving 0 and 1. The first two of these conclusions
are immediate. If the diamond lattice could be lattice-embedded into £ preserving
0 and 1, then it could be lattice-embedded into Z;; preserving 0 and 1, and then,
by Lemma 10, the diamond lattice could be lattice-embedded into U/ preserving 0
and 1, contradicting the characterization of embeddable lattices given earlier. O

Many structures in recursion and complexity theory do not have greatest ele-
ments. A version of Theorem 13 and Corollary 14 can be obtained for such struc-
tures as well, if we consider a slightly different extension-of-embeddings problem.
An instance of the 0-extension-of-embeddings problem is a pair (X', ) of finite posets
with least element such that X Cy V. If U is a poset with least element, a positive
instance of the 0-extension-of-embeddings problem for U is an instance (X,)) of
the problem such that every poset embedding of X" into ¢/ that preserves 0 can be
extended to a poset embedding of ) into U.

Theorem 17. Let U be a distributive upper semi-lattice with least element such
that

o if X is a finite lattice that can be lattice-embedded into U preserving 0
and (X,)) is an instance of the 0-extension-of-embeddings problem satisfy-
ing (3.2), then (X,Y) is a positive instance of the 0-extension-of-embeddings
problem for U,
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e if a finite lattice can be lattice-embedded into Tyy preserving 0, then it can
be lattice-embedded into U preserving 0,
and let o =Vzy---Ve,Jy; - - Jymy be a sentence over the language {<,0} with ¢
quantifier-free and x1,... ,Tp,Y1,-.. ,Ym all distinct. Then, U |= ¢ if and only if
the following condition is met:

for every finite lattice L that can be lattice- embedded into U preserv-

ing 0 and each n-tuple @ = (a1,...,a,) of elements of L such that
{a1,... ,a,,0c} generates L under join and meet, there exists a poset
P with least element and an m-tuple b= (b1,...,bm) of elements of P
such that:

b |P - L| <m,

L4 E gO P}

o (L, P) satisfies (3.2), and

o P 1[d,b].

Proof. The proof is a slight modification of that of Theorem 13. O

Corollary 18. IfU is a distributive upper semi-lattice with least element such that

o the set of finite lattices that can be lattice-embedded into U preserving 0 is
decidable,

o if X is a finite lattice that can be lattice-embedded into U preserving 0
and (X,Y) is an instance of the 0-extension-of-embeddings problem satis-
fying (3.2), then (X,Y) is a positive instance of that problem for U, and

o if a finite lattice can be lattice-embedded into Tyy preserving 0, then it can
be lattice-embedded into U preserving 0,

then the two-quantifier theory of U in the language {<,0} is decidable.
Proof. As for Corollary 14. O

Our next theorem answers a question raised by Shore and Slaman in [21]. The
solution involves no new complexity-theoretic facts, but just the algebraic analysis
that goes into Corollary 18.

Theorem 19. Let U be an ideal of the pm-degrees of the recursive sets that has no
greatest element (e.g., the pm-degrees of the elementary recursive sets, the primitive
recursive sets, or all the recursive sets). Then, the two-quantifier theory of U in the
language {<,0} is decidable.

Proof. As mentioned previously, any such U is a distributive upper semi-lattice
with least element. In [2], it is shown that every finite distributive lattice can be
lattice-embedded into U preserving 0.

Let X be a finite lattice and let (X',)) be an instance of the 0-extension-of-
embeddings problem satisfying (3.2). By the Shore-Slaman result mentioned above,
any poset embedding f of X into I can be extended to a poset embedding f' of )
into the pm-degrees of the recursive sets. However, since ) can add elements above
1y, there is no guarantee that f' is an embedding of ) into /. Thus, we consider
partial orders X*, V*, obtained from X', ), respectively, by adding (the same) new
element 1* as a new greatest element. Then, it is easily checked that A* Co V*,
X* is a lattice, and (X*, Y*) satisfies (3.2). If f is a poset embedding of X into U,
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FIGURE 1. (a) A bounded distributive upper semi-lattice . (b)
The lattice 7y = Q. (c) A lattice that can be lattice-embedded
into Zy; preserving 0 and 1, but cannot be lattice-embedded into
U.

then, since i/ is an upper semi-lattice without greatest element, there must be an
element z of U with z >z f(1x). Thus, we may extend f to a poset embedding f*
of X* into Y. By the Shore-Slaman result, there is a poset embedding f'* of V*
into the pm-degrees of the recursive sets that extends f*. Then f'* in fact embeds
V* into U, so f’, the restriction of f'* to Y, is a poset embedding of ) into I/ that
extends f. Thus, (X,)) is a positive instance of the 0-extension-of- embeddings
problem for .
The theorem follows immediately from Corollary 18. O

We close with some remarks about the third condition on a usl U given in
Corollaries 14 and 18. If U/ is an upper semi-lattice, then an ideal of I/ is called
quasi-principal if it is the intersection of finitely many principal ideals. If i/ is a
distributive upper semi-lattice with least element, then it is not hard to show that
Qyu, the set of all quasi-principal ideals of &/ ordered by set inclusion, is a sublattice
of 7yy. The canonical embedding p of U into Zj; actually maps U into Qyy. It follows
that the third condition of Corollaries 14 and 18 can be weakened by replacing Ty
with Qp. For the particular structures we have considered, the weakened condition
is no easier to show than the original condition, but use of the weakened condition
in other situations could conceivably be advantageous.

The ease with which we have been able to show the third condition of Corollary 14
for the structures &/ we have considered might tempt one to conjecture that for
any bounded distributive upper semi-lattice i/, if £ is a finite lattice that can be
lattice-embedded into 7y, preserving 0 and 1, then £ can be lattice-embedded into
U preserving 0 and 1. This conjecture is false. For instance, let U consist of a copy
of w with an exact pair above it, plus a greatest element. (See Figure 1a.)
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It is easily checked that U is a distributive upper semi-lattice. The lattices Z;,
and Qp are the same. They contain only one element besides the principal ideals,
namely, the ideal consisting of the copy of w. (See Figure 1b.) The lattice given
in Figure 1c can be lattice-embedded into 7;; preserving 0 and 1, but it cannot be
lattice-embedded into U. It would be interesting to have some general conditions
which apply to recursion and complexity-theoretic structures and guarantee that
they satisfy the third condition of Corollary 14.

Similar considerations apply to the third condition of Corollary 18.
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