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Abstract

We show that the question of whether the p-tt-complete or p-T -complete

sets for the deterministic time classes E and EXP have measure 0 in these

classes in the sense of Lutz's resource-bounded measure cannot be decided

by relativizable techniques. On the other hand, we obtain the following

absolute results if we bound the norm, i.e., the number of oracle queries

of the reductions: For r = tt; T ,

�

p

(fC : C p-r(kn)-complete for Eg) = 0 and

�

p

2

(fC : C p-r(n

k

)-complete for EXPg) = 0:

In the second part of the paper we investigate the diagonalization strength

of random sets in an abstract way by relating randomness to a new gener-

icity concept. This provides an alternative, quite elegant and powerful

approach for obtaining results on resource-bounded measures like the ones

in the �rst part of the paper.

1 Introduction

Lutz's resource-bounded measure provides a framework for the quantitative

analysis of complexity classes (see Lutz [13]). The most interesting results of

�
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this theory have been obtained for the deterministic exponential time classes

E = DTIME(2

lin

) and EXP = DTIME(2

poly

), which are captured by the p-

and p

2

-measure, respectively. Here, the question of determining the measure of

the complete sets for these classes under the various types of polynomial-time

reducibilities became a challenging problem which in part is still unsolved.

Mayordomo [14] has shown that the class of p-m-complete sets for E (or EXP)

has p-measure 0. Ambos-Spies, Neis and Terwijn [5] extended Mayordomo's

theorem to bounded truth-table completeness, by showing certain relations be-

tween genericity and randomness. The somewhat weaker form of this result

for p

2

-measure was independently obtained by Buhrman and Mayordomo [8] by

looking at resource-bounded Kolmogorov complexity.

For reducibilities with nonconstant norm, however, this question remained open.

In fact, Allender and Strauss [1] have shown that, assuming BPP = EXP, the

class of the p-T -hard sets has p-measure 1, whence the class of p-T -complete

sets does not have p-measure 0, and their result can be easily extended to p-tt-

completeness. Since Heller [12] has constructed an oracle A relative to which

BPP

A

= EXP

A

, this shows that it is impossible to use relativizable techniques

to extend the result of Ambos-Spies et al. from bounded truth-table to truth-

table or even Turing reducibility.

The �rst goal of our paper is to show that the p-measure (and p

2

-measure) of

the classes of the p-tt-complete and p-T -complete sets for E and EXP is in

fact oracle dependent. This is shown by complementing the result of Allender

and Strauss as follows: Assuming P = PSPACE (or at least PSPACE �

DTIME(2

kn

) for some k), we show that the p-measure of the class of p-T -

complete sets for EXP is 0. (Recently, this result was independently proved by

Buhrman et al. [10] by using a new nonmonotone martingale concept suggested

by Regan.)

By analyzing the proof of our theorem, we can extend the absolute smallness

results for the classes of complete sets as follows: For arbitrary but �xed k, the

class fC : C p-T (kn)-complete for EXPg has p-measure 0 and fC : C p-T (n

k

)-

complete for EXPg has p

2

-measure 0, where p-T (l(n)) refers to p-T -reductions

of norm l(n), i.e., to reductions having the number of oracle queries on an input

of length n bounded by l(n) for arbitrary but �xed oracle. (These results were

obtained independently by Buhrman and Van Melkebeek [9].) Note that by the

theorem of Allender and Strauss, the latter is the best possible result provable

by relativizable techniques.

By expressing resource-bounded measure in terms of resource-bounded random-

ness, the above results can be viewed as consequences of the diagonalizations

\built" into random sets. In the second part of the paper we address the ques-

tion of which types of diagonalizations are subsumed by randomness. Since the

most common types of diagonalizations in complexity theory have been formal-

ized by corresponding genericity notions (see [2] for details), this question can be

answered by isolating the genericity notions which are implied by randomness.



First results in this direction were obtained by Ambos-Spies et al. in [5], where

the compatibility of the genericity concept of [3] with randomness was shown.

This genericity concept, however, is too weak for dealing with reducibilities of

nonconstant norm. Here, we introduce a new genericity concept compatible

with randomness, which captures the diagonalizations of the type required for

establishing our smallness results in the �rst part of the paper. Though this

genericity approach is somewhat technical, once the required relations to ran-

domness are established it becomes a quite powerful tool for obtaining results

on resource-bounded measure.

Our notation is mainly standard and follows [4]. We let � = f0; 1g be the binary

alphabet, �

�

be the set of �nite binary strings, and �

1

be the set of in�nite

binary strings. Sometimes, we identify strings with numbers, and subsets A of

�

�

with their characteristic sequences A(0)A(1)A(2) : : :. The initial segment of

A of length n is denoted by A j�n = A(0) : : :A(n� 1). We assume the reader to

be familiar with the polynomial-time reducibilities m (many-one), btt (bounded

truth-table), tt (truth-table) and T (Turing). For r = tt; T , r(l(n)) will denote

that the norm of the reduction is bounded by l(n).

2 Resource-BoundedMeasure andRandomness

In this section, we introduce the fragment of Lutz's resource-bounded measure

theory required for the following. For more details, we refer to Lutz [13].

Lutz's theory is de�ned in terms of martingales. A characterization of classical

measure by martingales was given by Ville in 1939, while Schnorr [15] was

the �rst to look at computable martingales. He also de�ned resource-bounded

randomness in these terms.

A martingale is a function d : �

�

! Q

+

; (where Q

+

is the set of nonnegative ra-

tionals) which satis�es the so-called martingale condition d(x0)+d(x1) = 2d(x)

for all strings x. A martingale d succeeds on a setX if lim sup

n!1

d(X j�n) =1,

and d succeeds on a class C if d succeeds on all sets X 2 C. By Ville, a class C

has (classical) measure 0 i� some martingale succeeds on C.

A t(n)-martingale is a martingale d 2 DTIME(t(n)), and d is called a p-

martingale [p

2

-martingale] if d is an n

k

-martingale [2

(logn)

k

-martingale] for some

k � 1. A class C has p-measure 0, �

p

(C) = 0, if some p-martingale succeeds on

C. The p

2

-measure is de�ned correspondingly. Note that martingales operate

on initial segmentsX j�x. Since jX j�xj

k

� 2

kjxj

and 2

(log(jX j�xj))

k

� 2

jxj

k

, this im-

plies that p-measure corresponds to E = DTIME(2

lin

) while p

2

-measure corre-

sponds to EXP = DTIME(2

poly

). Lutz has shown that �

p

(DTIME(2

kn

)) = 0

for all k but �

p

(E) 6= 0, whence a measure on E can be de�ned as follows: A

class C has measure 0 in E if �

p

(C \ E) = 0, and C has measure 1 in E if the

complement C of C has measure 0 in E. Similarly, we obtain a measure on

EXP based on the p

2

-measure.



The resource-bounded measure can also be de�ned in terms of resource-bounded

randomness (see, e.g., [4]): A set R is t(n)-random [p-random, p

2

-random] if no

t(n)-martingale [p-martingale, p

2

-martingale] succeeds on R. For any k, there

is an n

k

-random set R in E but there are no such sets in DTIME(2

kn

). Hence

there is no p-random set in E but such sets exist in EXP. Moreover, a class C

has p-measure 0 i� C does not contain any n

k

-random set for some k � 1. In a

similar way, 2

(log n)

k

-random sets characterize the p

2

-measure and the measure

on EXP.

3 Randomness vs. Completeness

In this section we show that the measure of the p-Turing and p-truth-table

complete sets in E and EXP cannot be determined by relativizable techniques.

Allender and Strauss [1] have shown that, assuming BPP = EXP, the p-T -

complete sets have measure 1 in E and EXP, and their result easily extends

to the p-tt-complete sets. We complement this result by showing that the p-

T -complete sets, and hence the p-tt-complete sets, have measure 0 in E and

EXP if we assume that PSPACE � P. Oracles A and B relative to which

BPP

A

= EXP

A

and PSPACE

B

= P

B

have been constructed by Heller [12]

and Baker, Gill and Solovay [6], respectively. Our proof also yields the following

absolute result: The class of the p-T (kn)-complete sets for E (or EXP) has p-

measure 0 and the class of the p-T (n

k

)-complete sets for EXP has p

2

-measure

0 (for arbitrary but �xed k).

Theorem 3.1 (Allender and Strauss [1]) Let A be n

2

-random. Then A is p-

tt-hard for BPP.

Corollary 3.2 Assume BPP = EXP. Every n

2

-random set is p-tt-hard for

EXP. Hence, in particular, for r 2 ftt; Tg, the class fC : C p-r-complete

for Eg has measure 1 in E, and the class fC : C p-r-complete for EXPg has

measure 1 in EXP.

Theorem 3.1 extends the result of Bennett and Gill in [7] that the p-T -hard

sets for BPP have classical measure 1. The proof of Allender and Strauss

uses results on pseudo-random number generators, and in [1], the result is only

claimed for p-T -reducibility. In 1996, the third author obtained an alternative,

elementary proof based on the original proof of Bennett and Gill, which also

yields the result for p-tt-reducibility. This proof will appear in Mainhardt's

Ph.D. thesis.

Corollary 3.2 shows that if BPP = EXP, i.e., if BPP is \large", then the

p-tt- and p-T -complete sets for E and EXP are abundant in the sense of Lutz's

measure. We now complement this observation by showing that if PSPACE

(hence BPP) is \small", in particular if PSPACE = P, then the p-tt- and

p-T -complete sets for E and EXP are scarce.



Theorem 3.3 Assume that PSPACE � DTIME(2

kn

). There is no n

k+2

-

random set which is p-T -complete for E or EXP. Hence

�

p

(fC : C p-T -complete for E (EXP)g) = 0;

whence fC : C p-T -complete for Eg and fC : C p-T -complete for EXPg have

measure 0 in E and EXP, respectively.

Proof (sketch). Let R be n

k+2

-random and, for any set X, let

L(X) = fx : k fxy : jxj = jyj& xy 2 Xg k eveng:

Then, for X 2 E (EXP), we also have L(X) 2 E (EXP), whence it su�ces

to show that L(R) 6�

P

T

R. So, given a p-T -reduction M , we will de�ne an

n

k+2

-martingale d which succeeds on C = fB : L(B) =M

B

g.

Fix a polynomial time bound p for M where w.l.o.g. p(n) > 2n, and let

q(n) be a polynomial which bounds the norm of M , i.e., the number of oracle

queries in the computation ofM

X

(x) for any string x of length n and any oracle

X. Note that q(n) � p(n). Finally, �x an easily recognizable in�nite sequence

x

0

< x

1

< x

2

< : : : of strings such that p(jx

m

j) < 2

jx

m

j

< jx

m+1

j for m � 0.

On the interval [x

m

; x

m+1

) the martingale d will be de�ned in such a way that,

for any set B,

(3.1) L(B)(x

m

) =M

B

(x

m

) ) d(B j�x

m+1

) �

3

2

d(B j�x

m

)

will hold. Obviously this will make d succeed on C.

For the de�nition of d, �x x = x

m

, x

0

= x

m+1

and some initial segment

� = X j�x. Assume that d(�) is given, and let n = jxj and n

0

= jx

0

j. We will

de�ne d(X j�y) for all proper extensions X j�y of � with y < x

0

.

Note that, for any set X, L(X)(x) is determined by X \ I

x

, where I

x

=

fxy : jyj = jxjg. Similarly, M

X

(x) only depends on X j�x

0

. So, for � = X j�x

0

, �

determines L(X)(x) andM

X

(x) whence we may denote these values by L(�)(x)

and M

�

(x), respectively.

We call a proper extension � = X j�y of � a complete extension if y = x

0

and a partial extension if y < x

0

. A complete extension � is called positive if

L(�)(x) =M

�

(x) and negative otherwise. For a partial extension �

0

, let pos(�

0

)

be the number of positive extensions of �

0

. Note that, for B as in the premise

of (3.1), B j�x

0

are positive, and that one half of the complete extensions of �

are positive. So, in order to guarantee (3.1) it su�ces to de�ne d on the interval

[x; x

0

) in such a way that the capital d(�) is uniformly distributed among the

positive extensions (while for the negative extensions X j�x

0

, d(X j�x

0

) = 0). This

is achieved by letting

d((X j�y)0)

d((X j�y)1)

=

pos((X j�y)0)

pos((X j�y)1)

for any partial extension X j�y.



It remains to show that the martingale d is n

k+2

-time bounded. For this, it

su�ces to show that pos(X j�y) can be computed in 2

(k+1)m

steps for any partial

extension X j�y of �, m = jyj. To do so, we distinguish three cases.

Let v be the unique element of I

x

such that there are exactly q(n) elements

in I

x

greater than v, and let w be the greatest element of I

x

. Then, for y < v,

one half of the total extensions are positive. For y > w, L(X j�y) is already

determined by X j�y. So here we can compute pos(X j�y) by looking at the query

tree of the computation M(x) and counting the (appropriately weighted) paths

giving output L(X j�y) which are consistent with X j�y. Note that this query

tree has depth at most q(n) where q is the polynomial norm of the reduction

M . So this procedure can be carried out in poly<(2

q(n)

) steps. For q(n) > kn,

however, this exceeds the time jX j�yj

kn

available to d. This problem is overcome

by our assumption that PSPACE � DTIME(2

kn

), since the above search of

a tree of polynomial depth requires only polynomial space.

The case of v � y � w is similar. Here, in addition, we have to cycle

through the (at most 2

q(n)+1

many) extensions X j�w of X j�y in order to deter-

mine L(X j�x). Then, for each X j�w, the positive extensions are counted as in

the second case. 2

By relativizing the proofs of Corollary 3.2 and Theorem 3.3, we obtain

Corollary 3.4 For r = tt; T , the measure of fC : Cp-r-complete for E (EXP)g

in E (EXP) is oracle dependent. 2

Corollary 3.4 has been obtained independently by Buhrman et al. [10] by in-

vestigating a nonmonotone variant of resource-bounded martingales introduced

by Regan.

By analyzing how the complexity of the martingale d de�ned in the proof of

Theorem 3.3 depends on the norm q of the reductions M we consider (without

the assumption that PSPACE � DTIME(2

kn

)), we obtain the following ab-

solute results, which have been independently obtained by Buhrman and Van

Melkebeek [9].

Theorem 3.5 (a) For any k, there is a number k

0

such that no n

k

0

-random set

is p-T (kn)-complete for E or EXP. Hence, for �xed but arbitrary k,

�

p

(fC : C p-T (kn)-complete for E (EXP)g) = 0:

(b) For any k there is a number k

0

such that no 2

(log n)

k

0

-random set is p-T (n

k

)-

complete for EXP. Hence, for �xed but arbitrary k,

�

p

2

(fC : C p-T (n

k

)-complete for EXPg) = 0: 2

Note that, by Corollary 3.2, the second part of the theorem cannot be im-

proved by relativizable techniques. Also note that, by the �rst part of Theorem



3.5, no p-random set is p-T (lin)-complete forEXP. The proof of the second part

of the theorem can be easily modi�ed to yield the following resource-bounded

random separation for the classes P and PSPACE, in fact for P and �P.

Theorem 3.6 For any p

2

-random set R, P

R

6=�P

R

, so P

R

6=PSPACE

R

.

Again by Corollary 3.2, the resource-bound in Theorem 3.6 cannot be im-

proved by relativizable techniques.

4 Genericity Compatible With Randomness

Guided by the results of the preceding section, we now introduce a new resour-

ce-bounded genericity concept compatible with measure. This concept will yield

simpler proofs of the results above and of related results.

The theorems in Section 3 have been obtained by exploiting the \built-in diag-

onalizations" in a random set. The construction of an incomplete set is a quite

simple exercise in diagonalization. So, once we have isolated the diagonaliza-

tion arguments subsumed by a randomness concept, properties of the random

set which can be forced by this type of diagonalization can be established quite

easily. Formalizations of di�erent types of diagonalization techniques have been

given in terms of genericity, where a generic set is a set having all properties

which can be forced by diagonalizations of this type (see [2] for a survey of gener-

icity concepts introduced in complexity theory). Unfortunately, however, most

of the genericity concepts in the literature are too strong for being compatible

with randomness.

The �rst successful attempt to isolate some diagonalizations built into random

sets was made by Ambos-Spies, Neis and Terwijn [5] by showing that the gener-

icity concept of Ambos-Spies, Fleischhack and Huwig [3] is compatible with

randomness. In particular they showed that every n

k+1

-random set is AFH-n

k

-

generic (in the sense of [3]), whence any property shared by all AFH-n

k

-generic

sets (for any �xed k) has p-measure 1 and measure 1 in E. Since no AFH-n

2

-

generic set is p-btt-complete for E, in [5] Ambos-Spies et al. concluded that the

class of the p-btt-complete sets for E has p-measure 0, hence measure 0 in E.

The genericity concept of [3], however, is tailored for diagonalizations over

bounded query reductions: As shown in [5], for any unbounded nondecreas-

ing polynomial-time computable function f there are AFH-n

k

-generic sets (for

k � 1) which are p-tt(f(n))-complete for E. So the diagonalization strength

of this genericity concept does not su�ce to obtain results on reducibilities of

unbounded norm as in Theorem 3.5.

Our new genericity concept, which will be su�ciently strong to cope with this

situation and which still is subsumed by randomness, re�nes the concept of [3]

by adding a device allowing look-aheads. This additional feature was inspired by



Regan's new concept of a nonmonotone martingale introduced in [10]. The look-

aheads give us extra strength similar to nonmonotonicity but { in the context

of genericity { our approach is technically simpler. (The di�erence between the

common genericity concepts and our new look-ahead genericity notion parallels

the di�erence between self-reducibility and auto-reducibility. This will be made

more explicit in the full version of this paper.)

De�nition 4.1 A prediction machine M is an oracle Turing machine where,

whenever M

X

(x) is de�ned, then M

X

(x) = (y; i) for some string y � x and

some i 2 �. Moreover, the computation of M

X

(x) is subject to the following

two constraints:

(4:1) If M

X

(x) = (y; i) then M

X[fyg

(x) =M

X�fyg

(x).

(4:2) If in the computation of M

X

(x) the oracle is queried for some string z � x

then M

X

(x) is de�ned.

A prediction function f is the functional computed by a prediction machine. f

predicts A at x if f

A

(x) = (y;A(y)), and f predicts A if f predicts A at some

x. f is dense along A if f

A

(x) is de�ned for in�nitely many x.

Note that (4.1) is a necessary fairness condition while (4.2) is an optional

condition expressing that additional information on X for strings � x can be

only required if actually a prediction is made at x. In order to get corresponding

resource-bounded genericity concepts, we will introduce time bounds (which,

in order to make the bounds compatible with those for martingales, will be

exponentially blown up) and bounds on the size of the look-ahead.

De�nition 4.2 A t(n)-prediction function f is a functional computed by a

t(2

n+1

)-time bounded prediction machine M . If, moreover, M

X

(x) queries at

most l(jxj) strings � x then the function f is an l(n)-l.a. t(n)-prediction func-

tion. A set G is l.a. t(n)-generic [l(n)-l.a. t(n)-generic] if every t(n)-prediction

[l(n)-l.a. t(n)-prediction] function f which is dense along G predicts G.

Note that AFH-genericity coincides with 0-l.a. genericity in the above sense.

On the other hand, one can easily show that look-ahead genericity is weaker than

general genericity in the sense of [2], whence it induces resource-bounded cate-

gory concepts on E and EXP. In particular, there are l.a. n

k

-generic sets in E

but, for any length bound l, there is no l(n)-l.a. n

k

-generic set inDTIME(2

kn

).

The following theorem shows the compatibility of the new concept with resource-

bounded measure if we appropriately bound the norm of the look-ahead. We

omit the proof, which resembles the proof of Theorem 3.5.

Theorem 4.3 Every n

2k+3

-random set is (kn)-l.a. n

k

-generic. Furthermore,

every 2

(log n)

k+1

-random set is n

k

-l.a. 2

(logn)

k

-generic.



Now, in order to obtain alternative proofs of the results in Section 3 based on

our new genericity concept, it su�ces to prove the corresponding results for

generic sets. For instance, in order to obtain Theorem 3.5(a) from Theorem

4.3, it su�ces to show that no (2kn)-l.a. n

2

-generic set is complete for E under

p-T -reductions of norm kn. This can be shown by expressing a straightforward

diagonalization in terms of prediction functions, which guarantees that, for a

(2kn)-l.a. n

2

-generic set G, L(G) 6�

P

T (kn)

G, where L(G) is de�ned as in the

proof of Theorem 3.3.
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