COMPARING DNR AND WWKL
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Abstract. In Reverse Mathematics, the axiom system DNR, asserting the existence of
diagonally non-recursive functions, is strictly weaker than WWKL(, (weak weak Koénig’s

Lemma).

§1. Introduction. Reverse mathematics is a branch of proof theory which
involves proving the equivalence of mathematical theorems with certain collec-
tions of axioms over a weaker base theory. In the form adopted by Harvey
Friedman (see, e.g., [3]) and Stephen G. Simpson, expounded in the monograph
[9] and numerous papers, it involves formulating “countable mathematics” in
second-order arithmetic and proving mathematical theorems ¢ equivalent to suit-
able axioms (or axiom systems) 1 over a weaker base axiom system T, usually
RCAy. (Here, the subscript 0 denotes restricted induction, i. e., RCA does not
include the full second order induction scheme.) Since the model that we shall
construct in order to prove our main theorem does satisfy this scheme, subtleties
of restricted induction will have no bearing on the arguments in this paper.

Let T1 < T3 express that the theory T5 proves all the axioms of the theory T,
but not conversely. Simpson points to the chain

RCAy <WKLy <ACAy <ATR, < IT}CA,

as consisting of the axiom systems that appear most frequently as T°U 1.

In [10], Simpson and X. Yu introduced an axiom system WWKLj and showed
it to be strictly intermediate between RCAg and WKL as well as equivalent to
some statements on Lebesgue and Borel measure. WWKL, was further studied
by Giusto and Simpson [4]; and by Brown, Giusto and Simpson [2]. Giusto
and Simpson found that a certain version of the Tietze Extension Theorem was
provable in WKLj and implied the DNR axiom. They pointed out that DNR is
intermediate between RCAy and WWKLy, but left open the question whether
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DNR coincides with WWKLy, i. e., has the same theorems as WWKLg. Simpson
conjectured that DNR<WWKLg. In the current paper, we confirm Simpson’s
conjecture.

DEFINITION 1.1. If 0,7 € w<%¥ then o is called a substring of 7, o C T, if
for all « in the domain of o, o(z) = 7(x). The length of a string o is denoted

by |o|. A string (ai,...,a,) € w" is denoted (ai,...,a,) when we find this
more natural. The concatenation of {a1,... ,a,) by {a,) on the right is denoted
((a1y..- yan)yant1) OF {a1,...  an) * {(Gpy1) = (G1,... ,aQn) * apy1. I G € w¥

then o is a substring of G if for all = in the domain of o, o(z) = G(x).

Given G : w — w and n € w, we define the nth column of G to be the function
G, : w — w such that for all k € w, Gy, (k) = G(2"(2k +1)). On the other hand,
if for each n € w we are given a function G,, : w — w, then we let &,c,G,
denote the function G such that G(2"(2k 4+ 1)) = G, (k) for all n, k € w.

Let ®,,, n € w, be a standard list of the Turing functionals. So if A is recursive
in B then for some n, A = ®2. For convenience, if ® is a Turing functional and
for all B and z, the computation of ®Z(z) is independent of =, we sometimes
write % instead of @5 (z). Let ®,,; be the modification of ®,, which goes into an
infinite loop after ¢ computation steps if the computation has not ended after ¢
steps. We abbreviate ®? by ®,,. If the computation ®(z) terminates we write
®.(z) |, otherwise ®.(x) 1.

The axiom system DNR corresponds to a class of functions in w* denoted by
DNR: Given functions H, G : w — w, we say H is DNRY (diagonally nonrecursive
in G) if for all x € w, H(x) # G (x) or & (x) 1. Given h: w — w, we say H is
h-DNR® if in addition for all n, H(n) < h(n). (This necessitates that h(n) > 0
for all n.) We say H is DNR if H is DNR?. If H is DNR® and o is a substring
of H then o is called a DNR® string. In this article G : w — w will be called
relatively DNR if there are no z,y such that Gay(z) = I PO

DEFINITION 1.2. Let A be a real, i. e., a subset of the nonnegative integers w.
A Martin-Ldf test U relative to A is a sequence of open sets U, C 2, n € w
uniformly r.e. in A such that p(U,) < 27", where p denotes the standard
measure on 2¢. Then (), U, is called a Martin-Lif null set relative to A. If
A = () then we speak simply of a Martin-Lof test and a Martin-Lof null set. A
set R C w is Martin-Lof random if for each Martin-Lof test U, there is an n such
that R ¢ U,

For an introduction to Martin-Lo6f randomness and related concepts the reader
may consult [1].
The only fact we need about the axiom systems is the following:

Lemma 1.3. Let 7 be a Turing ideal, i. e., a set of subsets of w whose Turing
degrees form an ideal within the upper semilattice of all Turing degrees. Let
N(Z) be the w-model of RCAy with 7 as the interpretation of the power set
symbol.

(1) N(Z) = DNR if and only if for each G € Z, there is H € 7 such that H is
DNRE.

(2) N(T) = WWKLy if and only if for each G € Z, there is H € 7 such that H
is Martin-Lof random relative to G.
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PrOOF. For definitions of the DNR and WWKLg axioms, see [4]. The equiv-
alence (1) is immediate from the definition of the DNR axiom.

The “if” part of (2) follows from the relativization of a result of Martin-
Lof [8]: there is a Martin-Lof test (U,)new (as in Definition 1.2) such that the
complement of any U, is a II{ class of positive measure containing only Martin-
Lof random sets. Namely, let (Uy,)new be a universal Martin-Lof test.

The “only if” part of (2) follows from the relativization of a result of Kucera [6]:
for every Martin-Lof random set R, every I1{ class of positive measure contains
some finite modification of R. -

We will prove the following theorem by elaborating on the proof of Proposition
3 of [5]. The proof given there is attributed to Kurtz; the result follows also from
a theorem of Kucera [6].

Theorem 1.4. There is a recursive function h such that for each Martin-Lof
random real R, there is an h-DNR function f recursive in R.

PROOF. Given any real A C w and = € w, let f%(z) be equal to A restricted
to x, considered as a number < 2%. Let h(z) = 2% and let

Uy, ={A:3z>n.fi(z) =P (x)}.

Then the sets U,, define a Martin-Lof test U. Hence no Martin-Lof random
set is in all of the U,. So fi(x) = ®.(z) for at most finitely many x. Let f
be a finite modification of f* such that f is h-DNR. Since R computes f*, R
computes f. B

The following theorem is proved in Section 3.

Theorem 1.5. For any recursive function h : w — w, there exists G : w — w
which is relatively DNR, such that for each Turing functional ® and each i € w,
PGo® DG i5 not an h-DNR function.

Lemma 1.6. Let h be as in Theorem 1.4 and let Z be the Turing ideal generated
by the functions G; (for i € w) of Theorem 1.5 for this h. Then for each element H
of 7, there is an element K of 7 such that K is DNR”.

PROOF. Since H is in Z, there exist y and e such that H = PLoF G2,

Let K = G5,. Since G is relatively DNR, the proof is complete. B
Theorem 1.7. DNR is strictly weaker than WWKLy.

PRrROOF. Let h be as in Theorem 1.4 and let Z be the Turing ideal generated
by the functions G; (for ¢ € w) of Theorem 1.5 for this h. By Theorem 1.4, T
contains no Martin-Lof random real. By Lemma 1.6, for each element H of Z,
there is an element K of 7 such that K is DNR?. Hence, by Lemma 1.3, the
w-model of RCA( whose second-order part consists of all the sets in 7 is a model
of DNR in which WWKL is false. —

The following two theorems will not be used for the proof of Theorem 1.7,
but seem to have independent interest. Their proofs are based on the proof of
Theorem 2.1.

Theorem 1.8. There exists G : w — w such that G is DNR, but G does not
compute any h-DNR function for any recursive function h.
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Theorem 1.9. For each recursive function h : w — w there exists a recursive
function h* : w — w and a function G : w — w such that G is A*-DNR, but for
all Turing functionals ®, ® is not h-DNR. In fact, h* may be chosen elementary
recursive relative to h.

Throughout the rest of this article, fix a recursive function h : w — w.

82. Warm-up. This section is devoted to the proof of Theorem 2.1, which
serves as a warm-up exercise for Theorem 1.5.

Theorem 2.1. There exists G : w — w such that G is DNR, but for all Turing
functionals ®, ®% is not h-DNR.

To satisfy the requirement that G be DNR, it will be convenient to use the
following definition.

DEFINITION 2.2 (Section 2 only). Let ®y be a Turing functional such that for
all G w — w, ®f |« Fo.G(z) = ®,(v), and if ®F |=i € w then i = 0. Let
®,,, n > 1, be the Turing functionals of Definition 1.1.

The following definition is based on concepts in Kumabe’s unpublished preprint
[7], in which he establishes the existence of a fixed-point free minimal degree.

DEFINITION 2.3 (Good trees). A finite set of incomparable strings in w<* is
called a tree. (Note that this differs from some common notions of tree.) Given
a € w, a nonempty tree T is called a-good from o € w<% if

(1) every string 7 € T extends o, and

(2) for each 7 € w<¥, if there exists p € T with 0 C 7 C p, then there are at
least @ many immediate successors of 7 which are substrings of elements
of T.

If T is a-good from o and T'C P C w<%, then T is called a-good from o for P.

Lemma 2.4. Let b>a>1,let T,P C w<¥ and o € w<¥. If T is b-good from
o for P then T is a-good from o for P.

Lemma 2.4 is immediate from Definition 2.3. Note, however, that a tree that
contains an a-good tree is not necessarily itself a-good.

Lemma 2.5 (Lemma 2.2(v) of [7]). Let n > 1. Given a tree T that is (2n—1)-
good from a string « and given a set P C T, there is a subset .S of T" which is
n-good for P or for T — P.

PROOF. Give the elements of T the label 1 (0) if they are in P (not in P,
respectively). Inductively, suppose § extends a and is a proper substring of an
element of T'. Suppose all the immediate successors of (3 that are substrings of
elements of T have received a label. Give 3 the label 1 if at least half of its
labelled immediate successors are labelled 1; otherwise, give 3 the label 0. This
process ends after finitely many steps when « is given some label i € {0,1}. Let
S be the set of i-labelled strings in 7. If ¢+ = 1 then S is contained in P, and if
1 =0 then S is contained in T'— P, so it only remains to show that S is n-good.

Let L be the set of all labelled strings. Note that L is the set of strings
extending « that are substrings of elements of T. For any 8 € L — T, let k be



DNR AND WWKL 5

the number of immediate successors of 3 that are in L. Since T is (2n —1)-good,
k > 2n—1. Let p < k be the number of immediate successors of 3 that have the
same label as 3. By construction, p > k/2, and hence p > n. It follows that S
is n-good. -

The following lemma is not particularly sharp, but is sufficient for our pur-
poses.

Lemma 2.6. Let a,n > 1. Let T be a tree which is 2~ 'n-good from a string
a, and let Py, ..., P, be sets of strings such that 7' C |J, P;. Then for some i,
T has a subset which is n-good from « for P;.

PROOF. The case a = 1 is trivial; the subset is T itself. So assume a > 2 and
assume that Lemma 2.6 holds with a — 1 in place of a. By Lemma 2.5, if there
is no 292n-good subset of T from « for P; then there is a 2%~ 2n-good subset S
of T from « for the complement P;. As TN P, C P,U---U P,, it follows that
S is 297 2n-good from « for P, U---U P,. By Lemma 2.6 with a — 1 in place
of a, S has a subset R which is n-good from « for some P;, i > 2. As R is also
a subset of T', the proof is complete. -

DEFINITION 2.7. Let € : w — w be a finite partial function and write e; = €(t)
for each ¢ in the domain of e.
Let ® be any Turing functional such that for all G : w — w,

@G(e) | 3t € dom(e) [(th(et) 1< h(er)]

Given n € w and €, let g(n,€) = 2%n where

a= Z h(ey).

tedom(e)

Suppose we have a sequence of computations (namely, ®;(e;) for those t where
e; is defined) that we would like to maintain the divergence of, while specifying
more and more of the oracle for the computations. Then we can use Definition 2.7
as follows: Given n € w, there exists a number g = g(n, €¢) € w such that if none
of the computations ®¢(e;) converge and take values dominated by h on any n-
good tree of strings, then ®“(¢) does not converge on any g-good tree of strings.
Lemma 2.8 spells this out.

Lemma 2.8. Let n > 1, let € be a finite partial function from w to w, and let
g be the function defined in Definition 2.7.

For each pair (t,4) satisfying ¢ < h(e;) (where h is as in Section 1) and ¢t €
dom(e), let Q4 = {8 : P (e;) =i}. Let Q ={B: D" (e) |}.

If there is a g(n, €)-good tree for @ from some string «, then for some (¢,1),
there is an n-good tree from a for Q-

PROOF. The number of pairs (¢,4) such that Q. ;) is defined is
a= Z h(ey).
tedom(e)

By the assumption that there is a g(n, €)-good tree for @, it follows that a > 0.
So since 2%n > 29~ In, every 29n-good tree is 24~ 'n-good. Now apply Lemma 2.6
to the properties Q). B
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The following Definition 2.9 will be used in Section 3. We include it here for
cross-reference with Lemma 3.9.

DEFINITION 2.9. A tree T is n/m-good (read: n-over-m good) from « if there
are m many immediate successors of a which have extensions in T, and for any 3
having a proper extension in T, 8 a proper superstring of «, there are n many
immediate successors of 3 which have extensions in 7.

Note that if we imagine trees as growing upwards, this means 7" is n “over” m
good in a pictorial sense.

Lemma 2.10. Suppose we are given « and n and a set P C w<“ such that
there is no n-good tree from « for P.
Then if V' is an n-good tree from « then there exists § such that

1. 0 extends an element of V', and
2. there is no n-good tree from (3 for P.

PROOF. In fact, there exists such # which is an element of V| since otherwise,
letting Vj be a counterexample for S,

vi= |J W

B2a,BeV

would be n-good from « for P. =

DEFINITION 2.11. Given a string o € w<¥, c € w, and n € w, let f = fo.cn be
defined by the condition: ® () (x) =1 if in ¢ steps a finite tree T and a number
i < h(e) are found such that T is n-good from « for {3 : ®?(e) =i} (and i is the
i occurring for the first such tree found). If such T and ¢ are not found within ¢
steps, then @y 4(v) 7.

DEFINITION 2.12. The Construction.

At any stage s+ 1, the finite set D441 will consist of indices t < s for compu-
tations ®¢ that we want to ensure to be divergent. The set Ay, will consist of
what we think of as acceptable strings.

Stage 0.

Let G[0] = 0, the empty string, and €[0] = 0. Let n[0] = 2. Let Dy = () and
AO = w<“’.

Stage s+1, s > 0.

Let n[s + 1] = g(n[s], [s]), with g as in Definition 2.7.

Below we will define Dgy1. Given Dgy1, Agyq will be the set of strings 7
properly extending G[s] such that for each t € D, 1, there is no pair (T, ) such
that ¢ < h(e;) and T is a finite n[s + 1]-good tree from 7 for Qu ;) = {0 :
o7 (er) 1=}

Let e be the fixed point of f = fas,sn[s+1] (as defined in Definition 2.11)
produced by the Recursion Theorem, i. e., . = Py ().

Case 1. ®.(e) |.

Fix T as in Definition 2.11. Let Dyy1 = Ds. Let G[s + 1] be an extension
of G[s] such that G[s+ 1] € T and G[s + 1] € Ag41.

Case 2. ®.(e) 1. Let Dyy1 = Ds U {s}. Let ¢[s + 1] = ¢[s] U{(s,e)}. In other
words, e; = €(s) exists and equals e. Let G[s + 1] be any element of Agy;.
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Let G = U,e,, G5l

End of Construction.

We now prove that the Construction satisfies Theorem 2.1 in a sequence of
lemmas.

Lemma 2.13. For each s,t € w with t < s, ny[s] > 2.

ProoF. For s = 0, we have n[0] = 2. For s+1, we have n[s+1] = g(n[s], €[s]) =
2%n[s] for a certain @ > 0, by Definition 2.8, hence the lemma follows. -

Lemma 2.14. For each s > 0 the following holds.

(1) The Construction at stage s is well-defined and G[s] € A,. In particular, if
s > 0 then in Case 2, A, is nonempty, and in Case 1, A, contains at least
one element of T'.

(2) There is no n[s + 1]-good tree for Q = {3 : ®”(¢[s]) |} from G[s].

(3) Every tree V which is n[s + 1]-good from G[s], and is not just the singleton
of G[s], contains an element of Agq.

ProOOF. It suffices to show that (1) holds for s = 0, and that for each s > 0,
(1) implies (2) which implies (3), and moreover that (3) for s implies (1) for
s+ 1.

(1) holds for s = 0 because G[0] = ) € w<* = Ay.
(1) implies (2):

By definition of Ay and the fact that G[s] € A, by (1) for s, we have that
for each ¢ € D,, and each ¢ < h(e;), there is no n[s]-good tree from G[s] for
Qi) =18 : @f(et) l=1i}. Hence by Lemma 2.8, there is no n[s + 1]-good tree
for Q = {3 : ®P(e[s]) |} from Gs].

(2) implies (3):

Since V is n[s 4+ 1]-good, by Lemma 2.10 there is an element § of V from
which there is no n[s + 1]-good tree for @), and hence not for any Q. ;) since
Qt,iy € Q. Moreover, (8 properly extends G[s], since V is an antichain and is
not the singleton of G[s]. Hence by definition of A4 1, this element § belongs to
AS+1.

(8) for s implies (1) for s+ 1:

If Case 1 holds, let T be the tree found by ®,, i. e., T is n[s+1]-good from G|s]
(for Qs,5) for some 7). If T is not just the singleton of G'[s], and Case 1 holds,
then apply (3) for s to T

If T is just the singleton of G[s| or if Case 2 holds, then apply (3) for s to any
n[s + 1]-good non-singleton tree from G[s]. For example, this could be the set of
immediate extensions G[s] * k, k < n[s + 1]. =

Lemma 2.15. For any s > 0, if s € Dy then ®%(e,) T or ¥ (e,) > h(es).

PROOF. Otherwise for some ¢ € w, oSt (es) |< h(es). Since the singleton
tree T = {G]t]} is n-good from G[t] for all n, hence in particular n[t]-good, this
contradicts the fact that by Lemma 2.14(1), G[t] € A;. —|

Lemma 2.16. There is no 2-good tree for {3 : ® |} from GJ0].
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PROOF. Suppose a string « is DNR and ky # ko are integers. Let « = || (so
x is the first input on which « is undefined). It may or may not be the case that
¢z (x) |. In any case, it cannot be that k; = @, (z) = ko. Hence at least one
among « * k1 and « * ko is DNR. This shows that there is no 2-good tree from «
for the set of non-DNR strings. By Definition 2.2, q)g | iff B is not a DNR string.
As G[0] = 0 (the empty string) is a DNR string, the lemma follows. —|

Lemma 2.17. 0 € D+.

PRrROOF. By definition of D1, it suffices to show that at stage 1 of the Construc-
tion, there is no n[1]-good tree from G[0] for {3 : ® |= i} for any i < h(e). As
{6: @g =i} C{p: @g |} and n[1] = 2, this is immediate from Lemma 2.16.

Lemma 2.18. G is a total function, i.e., G € w”.

ProOOF. By Lemma 2.14(3), G[s + 1] € Asy1 for each s > 0, and hence by
definition of As;1, G[s + 1] is a proper extension of G[s]. From this the lemma
immediately follows. -

Lemma 2.19. G is DNR.

PROOF. By Lemmas 2.15 and 2.17, we have that either ®§ T or ®§ > h(eq).
By Definition 1.1, (n) > 0 for all n, whereas by Definition 2.2, ®§ |= i implies
i = 0. Hence the only possibility is that ®§ 7. By Definition 2.2, this means
that G is DNR. -

Lemma 2.20. GG computes no h-DNR function.

PROOF. Since each Turing functional has infinitely many indices, it suffices to
show that for each s, CDSG is not h-DNR where ®; is as in Definition 2.2. That is,
the fact that we defined our own ® is not a problem.

If Case 1 of the construction is followed then ®%(e) = ®Cl+l(e) = @,(e)
because G[s + 1] € T. So ®¢ is not h-DNR. If Case 2 of the construction is
followed then s € Dy, 1 and so ®%(e) T or ®%(e) > h(e) by Lemma 2.15. Hence
®% is not h-DNR. -

83. The main theorem. In this section we prove Theorem 1.5, which we
restate here.

Theorem 3.1. For any recursive function h : w — w, there exists G : w — w
(where G = ®;¢,G;) which is relatively DNR, and such that for each Turing
functional ® and each i € w, ®F0S BC: js not an h-DNR function.

To satisfy the requirement that G be relatively DNR, it will be convenient to
use the following definition.

DEFINITION 3.2 (Section 3 only). Let ®,, z € w be a sequence of Turing func-
tionals satisfying the following conditions:
(1) For all z, ®, queries its oracle on no column other than columns 0,... ,z. So
QY = LoD BC: for all G w — w.
(2) For all y € w, ®F, | Jx.Goy(x) = @f(’@m@%y’l(x), and if ®§ |=i € w
then ¢ = 0. All other Turing functionals belong to the set {®o,41 : y € w}.
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In Definition 3.2, we note that when y = 0, Go @ - -- & Goy_1 equals (). Also
<I>2Gy only queries G on columns 0, ... ,2y, so (2) is in compliance with (1).
We need the following extension of Definition 2.3.

DEFINITION 3.3 (Good systems of trees). Given strings o, € w<¥, n € w, we
define 0 = @pe,0n by 0(27(2k + 1)) = 0,(k). We write 0 = 09 @ -+ D oy, if
on =0 for all n > k. Let Q = w<%, and let Q<% be the set

{o0@ - opkcw & Vi<k.o; € ws¥}.

Note that Q@ C Q<. Conversely, given o € Q<“, the equation o(2"(2k + 1)) =
o, (k) defines each o,,. We refer to the elements of Q<% as pseudostrings. For
example, (0,1,1,0) & (1,1,0) is pictured as being defined on initial segments of
the first two columns of w of length 4 and 3, respectively.

Given ag, ... ,a; € Q, x > 0, we use the shorthand notation &, for (ao, ... ,ay).
Similarly for other mathematical objects: so for example if ng,... ,n, are inte-
gers we abbreviate (ng, ... ,ng) by fl,. @, is also identified with the pseudostring
ap @B -+ B ay. So given a € Q¢ the equation o = @, is equivalent to: o, =0
for all y > .

If i, = (ng,...,n,;) then we can apply operations componentwise, such as
writing 27, — 1 for (2ng —1,...,2n,; — 1).

Let z > 0. A system of trees T = (To, ..., T:) = [, is a tree Ty together
with, for each o¢ € Tp, a tree T1(0p); and recursively for each oy € Ty (Gk—1),
0<k<ux, atree Tyy1(0%). If 0, € To.(Gr—1), we say 0 € T. (Ifz =0, 01 is
the empty sequence and T, (Fy—1) = Tp.)

We say that a pseudostring 3 extends a pseudostring « if 5(z) = a(x) when-
ever a(x) is defined.

Hence if o and 3 are elements of Q%! for some 2 > 0 then we have a notion
of 3 extending «.

We call a set P C Q<% open if for each a € P and /3 extending «a, 5 € P.
Given z > 0, a subset P of QT is called open if for each o € P and /3 extending
a, B € Q! we have 3 € P.

Suppose P is a subset of Q*+!. A system is said to be a system for P if each
element of the system is in P. We write P(g;;) to indicate that Ex € P; and we
write P(gm—la ) for {5:6 : P(gm—lygm)}

A system T, is fiz-good from & if for each 5k_1 € fk_l, 0<k<u, Tk(ﬁk_l)
is ng-good from oy. For k = 0 this means that Ty is ng-good from oy.

A system T, is (Ry—1,Mnz/m)-good from &, if

(1) T, 1 is flp—1-good from &', _1, and
(2) for each -1 € Tp—1, Tu(Bz-1) is ny/m-good from o, (as in Definition
2.9).

We say that f; componentwise extends ﬁ; if for each 0 < y < x, &, extends ﬁy,
in other words §T extends ﬂT if we consider them both as pseudostrmgs If ﬁT
componentwise extends ﬂx, and /Bz is an element of a system Tm, then ﬂm is called
the restriction of fm to Tm. This is well-defined since TI is an antichain under
the partial order of componentwise extension.
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To prove Theorem 3.1 we will extend the results of Section 2 from trees to
systems of trees.

Lemma 3.4. Let m,, 1, be sequences of positive integers such that m; > n;
for each 0 <7 < z. Let T; be a system of trees. Let P C Q**! and let &, be a
sequence of elements of €. If fx is mg-good from &, for P then fm is 1 -good
from &, for P.

Lemma 3.4 is immediate from Definition 3.3. The following is a generalization
of Lemma 2.5 to systems of trees.

Lemma 3.5. Given z > 0, a system T, that is (271, — 1)-good from some
sequence of strings &, and a subset P of T, there is either an 7,-good subset
of T, for P from &', or an 7i,-good subset of T, for the complement of P from &,.

Proor. The case x = 0 is Lemma 2.5. Suppose x > 1. All sequences d,,
0 <y < z, in the following proof are assumed to be in fy Let d_1 denote the
empty sequence of strings. Call the elements &, that are (not) in P red (blue).
So each @, is either red or blue.

Inductively, let y < z, y > 0. Call &,_1 red (blue) if there is an n,-good tree
of ay from o, such that &, is red (blue). Each &,_; is either red or blue by
Lemma 2.5, since each @, is either red or blue.

Hence d_; is either red or blue. Say @_; is red. Then there is an 7i,-good
system from &, for which &, is red, namely, the set of all @, such that for each
y <, a is red. —

Lemma 2.6 generalizes to Lemma 3.6 below by the same proof.

Lemma 3.6. Let a > 1 and let 77 be a finite sequence of positive integers. Let

T be a system of trees which is 24~ '7i-good from some &, and let P,..., P, be
sets of sequences of strings such that 7" C |J, P;. Then for some 4, T' has a subset
which is 7i-good for P; from &. -

The following definition extends Definition 2.7.

DEFINITION 3.7. Given a finite sequence of positive integers 71,, x > 0, and a
finite partial function e from w to w, let G, (7, €) = 2%7,, where

a= Y h(et)
tedom(e)
and h is as in Section 1.

Lemma 2.8 now generalizes to the following Lemma 3.8. The proof of Lemma
3.8 from Lemma 3.6 is identical to the proof of Lemma 2.8 from Lemma 2.6.

Lemma 3.8. Let 115 be a finite sequence of positive integers, let € be a finite
partial function from w to w, and let g5 be the function defined in Definition 3.7.
For each pair (t,1) satisfying i < h(e;) and ¢ € dom(e), t < s, let

Quiy = {5, : B (e(t) = i}
Let . -
Q= {ﬁs : (I)ﬁs(e) l}
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FIGURE 1. The case x = 1, m = 1 of Lemma 3.9.

If there is a g(7, €)-good system for @ from some &, then for some (,4), there is
an 7i-good system from & for Q ;). —

In Lemma 3.10 below we will generalize Lemma 2.10. To that end we first prove
Lemma 3.9 below. Lemma 3.9 can be viewed as a generalization of the following
observation. Recall the notion of b/a-good from Definition 2.9. Suppose a < b
and there exists a b/a-good tree T from « for a set P, but there is no b/a+1-good
tree from « for P. Suppose ki, ..., k, are a many distinct integers such that for
each i, T contains a tree which is n-good from « x k; for P. Then there is no
k & {ki,... kq} such that T contains a tree which is n-good from « * k for P.

Lemma 3.9. Suppose we are given z > 0, a sequence of strings oJ,., a sequence
of positive integers 7., and an open set P C Q**1,

Suppose 0 < m < ny, and T, is a (flg—1, Nz /m)-good system from o, for P,
but there is no (ngC 1,1z /(m + 1))-good system from &, for P.

Given ﬁl L€ Tyrq, let k (ﬁbL 1), 4=1,...,m denote m many numbers k for
which T(ﬁm 1) is ng-good from w, * k.

Then it is not the case that for every B$ 1 € Ta: 1 there exists an 7i,_1-

good system G”H”” ! from ﬁm 1 for which for each 51; 1 € G’BI ! there exists

x—1
(fx_l) ¢ {ki(ﬁm_l) : 1 <4 < m} such that there exists Gg“ 1(595_1) which is
ng-good for P(£,_1,-) from wy * k(E,_1).

PROOF. Suppose &1 € G’g‘ 1'. Since éﬁ”El is good from F,_1, we know that
fz 1 extends ﬂz 1 componentwise. Let ﬂm 1 be the restriction of fz 1 to T _1.

—

Suppose the lemma fails. Let Gy = U{Gﬁ’ Y fByy € Ty}, Let Hy = G,
except that

Ha:(gw—l) = Gm(ét—l) U Tm(gw—l)
for each ér;_l and its restriction B;_l to T;C_l.

If 7 is a number such that 1 < i < m, then Tx(ﬁw_l) is an ng-good tree for
P(By-1,-) from w, * k; and hence by openness of P also an n,-good tree for
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P(Ez,l, -) from w,, * k; for each 1 < i < m, since 5;3,1 extends 5},1 component-
wise.

But Gx(gw,l) is an ng-good tree for P(Ew,l,) from w, * k(f;,l). Hence
H,($,—1) is an ng/(m + 1)-good tree for P(€,_q,-) from w,. So H, is an
(flz—1,Mns/m + 1)-good system for P from &, contradiction. -

Lemma 3.10. Suppose we are given @, and 7, and an open set P C *+!
such that there is no 7,-good system from a, for P.
If V, is an 7,-good system from &, then there exists 3, such that

1. B, extends componentwise an element of 1730, and
2. there is no 7,-good system from g, for P.

PrOOF. By Lemma 2.10, it is immediate that Lemma 3.10 holds for = = 0.
Inductively, suppose x > 1 is given such that Lemma 3.10 holds for = — 1; we
will show that Lemma 3.10 holds for . From the hypothesis of Lemma 3.10, we
are given that there is no 7,-system from a, for P, and we let V. be as in the
statement of Lemma 3.10. .

Let P,_1 be the property defined by: for all By1, P._1(Bz—1) holds iff there
is an ny-good tree from « for the property {a : P(ﬁ_;._l, a)}.

We note that Lemma 3.10 for x — 1 is applicable to @, _1, 7iz—1, Pr—1 and
I_/;c_l. Indeed if there exists an 7, _1-good system for P,_; from &,_; then there
would exist an 77,-good system for P from &, by the definition of the notion of
a good system, and this would contradict the hypothesis of Lemma 3.10 for x.
And Vx—1 is 7, _1-good from & _.

So by Lemma 3.10 for z — 1, there exists d,_1 extending componentwise an
element of Vz,l, such that there is no 7,_1-good system from ¢,_, for P,_1. In
other words, there is no 7i,-good system from (&',_1, c) for P.

Fix such a &,_1. Let 4,_1 be the element of 171_1 such that &,_1 extends
~x—1 componentwise, and let V,, be a shorthand for V,(%,_1). Let

Q = {7, : there is no 7i,-good system for P from 7, & Ip € Vo (p 2 72)}.

To complete the proof of the lemma, we will now construct o,[0], &,[1], ...,
Wy [p] for some p € w, such that o, [p] satisfies the conclusion of Lemma 3.10. To
accomplish this we will ensure that for each 0 < i < p, w,[i] € Q, and w,[p] € V;.

Let &,[0] = (Fz—1, ). Note &,[0] € Q. If w,[0] € V,, then just let p = 0.

So suppose we are given @y [i] € @ for some ¢ > 0, such that w,[i] € V.

Let m > 1 be maximal such that there is a system T, which is (1, n0/m)-
good from &, [i] for P, if such an m exists. If m exists, then since there is no
fiz-system from &, [i], we have m < ng; let T, be such a system.

If m does not exist, let Wy[i + 1] be (by_1[i], ws[i] * k) for some k such that
wz[i] x k C p for some p € V. Such a k exists because Jp € V,.p O wy[i] and
wy[i] € V. Note that w,[i + 1] € Q.

So we may assume m does exist. Given ffz,l S fm,h we use the notation
ki(ﬁ;_l), i =1,...,m to list m many numbers k for which T(ﬁx_l) is ng-good
from wy[i] = k.

Let us temporarily say that C_jx is a useful system for ,5’95_1 if é;c—l isan 7, _1-
good system from ﬁ;,l for which for each f_;,l € ém,l there exists k(«f_;,l) ¢
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FIGURE 2. The case x = 1, m = 2 of Lemma 3.10.

{ki(ﬁw,l) : 1 < i < m} such that there exists Gw(f_’w,l) which is ng-good for
P(Ep_1,-) from wyli] * k(Ey_1).

By Lemma 3.9, it is not the case that for every ﬁm,l € fm,l there exists a
useful system. Thus, let 52_1 be a counterexample.

Since V,, is ngz-good and n, > m + 1, V, is m + 1-good. We also know that
3p € Vip D wali] and w,i] & V. It follows that there exists k & {k;(Fp—1) : 1 <
i < m} such that w,[i] * k is extended by an element of V,.. Fix such a k and let
"‘_jw[l + 1} = (nglawa:m * k)

If there existed an 7i,-good system D, for P from (51_1,%6 [i] * k), then D,
would be a useful system for F,_1 (with k(&,_1) := k for each &,_;), contradic-
tion. Hence &, [i + 1] € Q.

Since V, is finite, we eventually reach an i such that w,[i] € V,.. Letting p = ¢
completes the proof of the lemma. B

The following definition extends Definition 2.11 to systems of trees.

DEeFINITION 3.11. Given z > 0, a sequence of strings &, where each «; € €,
¢ € w and a sequence of positive integers 7, let f = fz .7, be defined by
the condition: for all z,t € w, ®¢)+(2) = i if in ¢ steps a finite system of

trees T, and a number i < h(e) are found such that T, is fiz-good from @&, for

—

{Bs : <I>§m (e) =i} (and i is the ¢ occurring for the first such tree found). If no
such T;, and 4 are found within ¢ steps, then ® ) .(z) is undefined.

DEFINITION 3.12. The Construction. At any stage s + 1, the finite set Dgyq
will consist of indices ¢t < s for computations (I>tG that we want to ensure are
divergent. The set As41 will consist of what we think of as acceptable pseu-
dostrings. At stage s we will define a sequence of positive integers 7i[s] = 7is[s] =
(no[s], ... ,ns[s]); so the entries of this vector are ns[s], 0 <t < s.

Stage 0.

Let G[0] = 0, the empty pseudostring, and €[0] = (). Let
Doz(bandAon.

Stage s+ 1, s > 0.

Si

[0] = (2). Let
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Below we will define Dgy1. Given Dgy1, Agy1 will be the set of pseudostrings
T = 75 such that 7; properly extends G¢[s| for each ¢ < s, and for each ¢t € Dy,
there is no pair (ﬁ, i) such that i < h(e;) and T} is a finite 7[t]-good tree from 7
for Q1) = {0 : ®7(er) = i}.

Let flsy1[s + 1] = (Gs(7s[s],

Let e be the fixed point of f =
by the Recursion Theorem, i. e.,
Case 1. ®.(e) |.

Fix fsﬂ as in Definition 3.11. Let Dgy; = D;. Let G[s + 1] be an extension
(columnwise, nonempty on columns < s only) of G[s] such that G[s + 1] € Ta11
and G[s + 1] € Ag4q.

Case 2. ®.(e) 1. Let Dsy1 = DsU {s}. Let ¢[s + 1] :=€[s]U{(s,€)}, so e5 :=e.
Let G[s + 1] be any element of As,1.

Let G = U,e,, Gls]-
End of Construction.

€[s]),2), with g as in Definition 3.7.
fais),s,5(7]s),els]) (as in Definition 3.11) produced
D, =

=DPf(e)-

We now prove that the Construction satisfies Theorem 3.1 in a sequence of
lemmas.

Lemma 3.13. For each s,t € w with t < s, ny[s] > 2.

PrOOF. For s = 0, we have 77[0] = (ng[0]) = (2).

For s + 1, we have 7i[s + 1] = (gs(7i[s], €[s]), 2) and gs(7i[s], €[s]) = 27i[s] for a
certain a > 0, by Definition 3.8, hence the lemma follows. -

Note that G[s], while only nonempty on columns < s—1, can be considered as

defined on all columns, or as many additional columns as desired, in accordance
with Definition 1.1. For example, in Lemma 3.14(3) we think of G[s] as

Gols] @ -+ @ Gs_1s] ® Gys]
with Gg[s] = 0.

Lemma 3.14. For each s > 0, the following holds.

(1) The Construction at stage s is well-defined and G[s] € As. In particular,
if s > 0 then if Case 2 applies then A, is nonempty, and if Case 1 applies
then A, contains elements of T.

(2) There is no gs(7is[s], €[s])-good system of trees for

Q= {B: @ (cfs]) 1}
from G[s].
(3) Every system V, which is g, (7s[s], ¢[s])-good from G[s], and is not just the
singleton of G[s], contains an element of A, 1.

ProoF. It suffices to show that (1) holds for s = 0, and that for each s > 0,
(1) implies (2) which implies (3), and moreover that (3) for s implies (1) for
s+ 1.

(1) holds for s = 0 because G[0] =0 € Q = A,.
(1) implies (2):

Suppose U, is a §,(74[s], €[s])-good system for Q from G[s]. As each &, only

queries columns < ¢, and t € Dy = dom(e[s]) implies ¢ < s, we see that each
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®, for t € Dy only queries columns < s — 1, so ®X(e[s]) only queries columns
< s—1 for any X, and in particular only queries columns < s. By Lemma 3.8,
there is an 7i[s] = 7is[s]-good system Vj for

Quuay = {6: - @ (er) 1=}
for some t € D, and ¢ < h(e;) from G[s].

Now 7[s] = (Gs_1(][s — 1], €[s — 1]), 2), hence the restriction V,_; is o1 (s —
1], ¢[s — 1])-good.

For each t* < s — 1, g+ (7i[s — 1],€[s — 1]) = 2%ny+[s — 1] > ng[s — 1] (for a
certain a > 0). Applying this to t* < t (since ¢t < s — 1), by Lemma 3.4, the
further restriction V; is 7i[t]-good.

By (1) for s, G[s] € As. Recall that Ay is the set of pseudostrings 7 = 75—
such that 74+ properly extends Gy« [s — 1] for each t* < s—1, and for each t* € Dy
(hence t* < s — 1), there is no pair (Tj~,i*) such that i* < h(ep) and Ty is a
finite 7i[t*]-good tree from 7 for Q= ;+) = {F¢- : @fﬁ* (ep«) =14*}.

Applying this with t* :=t and ¢* := 4, we have that G[s] = G[s]s_1 and there
is no pair (T},7) such that i < h(e;) and T} is a finite 7[t]-good tree from G[s]
for Qi) = {7+ : q’ft (e) =1}

But Vt is exactly such a tree fn so we have a contradiction.

(2) implies (3):

Since V, is §,(7s[s], €[s])-good, by Lemma 2.10 there is an element G5 of V,
from which there is no §s(7s[s], €[s])-good tree for @, and hence not for any
Q1) since Q5 € Q. Moreover ﬁ_; properly extends G|[s], since V, is not just
the singleton of G[s]. So as V; is §.(iis]s], €[s])-good, as s + 1] = fep1[s +1] =
(gs(7is[s], €[s]),2) and as by Lemma 3.13, ni[s] > 2 for each ¢t < s, it follows that
every column f; of 3, extends Gy [s] properly.

Hence by definition of A1, this element E belongs to Agy1.

(8) for s implies (1) for s+ 1:

If Case 1 obtains, let T, be the tree found by ®., i. e., T, is Js(Tis[s], €[s])-good
from G[s] (for Qs for some ). If T, is not just the singleton of G[s], and Case
1 obtains, then apply (3) for s to ..

If T, is just the singleton of G[s] or if Case 2 obtains, then apply (3) for s to
any §s(7s[s], €[s])-good non-singleton system of trees from G|s]. 4

Lemma 3.15. For any s > 0, if s € Dsyq then ®%(e,) T or ®%(ey) > hey).

PROOF. Otherwise for some t € w, @SG[t](es) l< h(es). Since the system
whose only element is G[t] is 7,-good from G[t] for all 77, with x > ¢, hence in

particular 7i[t] = 7i;[t]-good, this contradicts the fact that G[t] € A;. =
For each x € w, let I, = (1g,...,1;) be the sequence of length x+ 1 consisting
of all 1’s, i. e., where 1o =--- =1, = 1.

Lemma 3.16. For each y > 0, there is no (Tgy,l, 2)-good system from G[2y]
for the property {0 : @gy 1}

PROOF. Suppose there is such a system fgy.
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First suppose fgy has only one element. Then this element is G[2y], by the

gy[zy] . But Gy [2y], column 2y
5[21/]
y

definition of a good system from G[2y]. Hence @

of G as constructed during stage 2y, is empty. So by Definition 3.2, ¢ T, so
we have a contradiction.

Now suppose fgy has more than one element. Given Go @ - - - ® Gay—1, there is
at most one value of Gg,(0) such that (Ga,(0)) is not a DNRE0®&G2y—1 gtring.
Hence for any sequence of positive integers iy, if Ty, is fla,-good from G[s] then
ngy < 1, s0 2 < 1, which is a contradiction. =

Lemma 3.17. For each y € w, 2y € Dy 4.

PROOF. By definition of Dy 1, it suffices to show that at stage 2y + 1 of the
Construction, there is no g(7[2y], €[2y])-good system from G[2y] for {S : @gy 1=
i} for any i < h(e). We will show this in fact for {8 : @5, |}.

Suppose there is such a system fgy. By Lemma 3.13, g.(7[2y], €[2y]) > 2 for
0 < x < 2y. Hence by Lemma 3.4, fgy is (fgy_l,Q)—good. By Lemma 3.16, we
have a contradiction. —

Lemma 3.18. G is a total function, i. e., G € w®.

PRrOOF. By Lemma 3.14(3), G[s + 1] € As41 for each s > 0, and hence by
definition of A,11, G¢[s + 1] is a proper extension of Gy[s] for each ¢ < s. From
this the lemma immediately follows. —

Lemma 3.19. G is relatively DNR.

The proof of Lemma 3.19 from Definition 3.2, Lemma 3.15 and Lemma 3.17 is
formally identical to the proof of Lemma 2.19 from Definition 2.2, Lemma 2.15
and Lemma 2.17.

Lemma 3.20. For each y € w, Go @ - - - @ G computes no h-DNR function.

ProoF. It suffices to show that given y € w, and a Turing functional ¥ which
does not query its oracle beyond column 2y 4 1, WG0®©C2u41 js not h-DNR. In
the Construction we have been considering the Turing functionals ®,,z € w of
Definition 3.2. Since each Turing functional has infinitely many indices, it follows
from Definition 3.2 that there are infinitely many odd numbers s > 2y + 1 such
that

PGo®-0G2y41 — GoOOG2y+1 — HGo®0Gs _ &

S S s
Fix such an s and consider stage s+ 1 of the Construction. If Case 1 holds then
@Y (e) = ®.(e) and so ®¢ is not h-DNR. If Case 2 holds then by Lemma 3.15,
®%(e) 1 or ®%(e) > h(e). Hence ®¢ is not h-DNR. 4
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