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1. Introduction: The basic model and repeated trials

e Experiments

e Repeated trials and intuitive probability

e Numerical observations and “random variables”
e The distribution of a random variable

e The law of large numbers and expectations
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Experiments

Probability models experiments in which repeated trials typically re-
sult in different outcomes.

As a part of mathematics, Kolmolgorov’s axioms [3] for experiments
determine probability in the same sense that Euclid’s axioms deter-
mine geometry.

As a means of understanding the “real world,” probability identifies
surprising regularities in highly irregular phenomena.
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Anticipated regularity

If we roll a die 100 times we anticipate that about a sixth of the time
the roll is 5.

If that doesn’t happen, we suspect that something is wrong with the
die or the way it was rolled.
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Probabilities of events

Events are statements about the outcome of the experiment: {the roll is 6},
{the rat died}, {the television set is defective}
The anticipated regularity is that

#times A occurs
P(A) ~
(4) #of trials

This presumption is called the relative frequency interpretation of
probability.

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 5



“Definition” of probability

The probability of an event A should be

#times A occurs in first n trials

P(A) = lim

n—00 n

The mathematical problem: Make sense out of this.

The real world relationship: Probabilities are predictions about the
future.
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Random variables

In performing an experiment numerical measurements or observa-
tions are made. Call these random variables since they vary randomly:.

Give the quantity a name: X

{X = a} and {a < X < b} are statements about the outcome of the
experiment, that is, are events
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The distribution of a random variable

If X}, is the value of X observed on the kth trial, then we should have
<n: =
P{X =a} = lim ik < n: Xy =a}

n—oo n

If X has only finitely many possible values, then

Y P{X=da}=1

a€R(X)

This collection of probabilities determine the distribution of X.
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Distribution function

More generally,

1 n
P{X <z} = lim = 1_.(Xp)

n—oo 1,
k=1

Fx(x) = P{X < x} is the distribution function for X.
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The law of averages

If R(X)={ai,...,an} is finite, then

X4+ 4+ X, o= #HE<n X =a) &
1 =1 = P{X =
L - Y " 2 P{X = o)
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More generally, if R(X) C [¢,d], —00 < ¢ < d < o0, then

n—o0 n

= E<n:z<Xp<
lep{l“l <X <xp) = lim le#{ ="n- N kS T}
! =1

. X+ -+ X,
lim

n—00 n

IA

m
E<n:x< X<
< hmleﬂ#{ <n:mz k< T4}
n—oo

n
=1

= Z$z+1p{$z <X <1}
z

= ZSUHl(FX(le) — Fx (1))
l

. / Py ()
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The expectation as a Stieltjes integral

If R(X) C [c,d], define

BIX] = / dFy().

If the relative frequency interpretation is valid, then

. Xi+ -+ X,
lim

n—oo n

— BlX].
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A random variable without an expectation

Example 1.1 Suppose
i

P{ng}:1+x

: x > 0.

Then

m

lim > Y IP{l<X<Ii+1}

Nn—00 n
=0

Tl +1 l
= l —
lz;(l+2 1

[
(l+2)(1+1)

NE

— 00 asm — &0
l

I
o

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 13



2. The Kolmogorov axioms

e The sample space and events
e Probability measures

e Random variables
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The Kolmogorov axioms: The sample space

The possible outcomes of the experiment form a set €2 called the sam-
ple space.

Each event (statement about the outcome) can be identified with the
subset of the sample space for which the statement is true.
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The Kolmogorov axioms: The collection of events

If
A = {weQ: statementIis true for w}
B = {weQ: statement Il is true for w}
Then
ANB = {w e Q: statement [ and statement II are true for w}
AUB = {w € ): statement I or statement Il is true for w}
A = {w e Q: statement I is not true for w}

Let F be the collection of events. Then A, B € F should imply that
AN B, AU B, and A° are all in F. F is an algebra of subsets of ().

In fact, we assume that F is a o-algebra (closed under countable
unions and complements).
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The Kolmogorov axioms: The probability measure
Each event A € F is assigned a probability P(A) > 0.

From the relative frequency interpretation, we must have
P(AUB) = P(A)+ P(B)

for disjoint events A and B and by induction, if A4, ..., A,, are dis-
joint
m
P(UL Ag) = Z P(A finite additivity
k=1
In fact, we assume countable additivity: If A;, A,, ... are disjoint events,

then N
k=1

P(Q) =1.
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A probability space is a measure space

A measure space (M, M, 1) consists of a set M, a o-algebra of subsets
M, and a nonnegative function ;. defined on M that satisfies p(0)) = 0
and countable additivity.

A probability space is a measure space ({2, F, P) satsifying P(Q2) = 1.
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Random variables

If X is a random variable, then we must know the value of X if we
know that outcome w € ) of the experiment. Consequently, X is a
function defined on ).

The statement { X < ¢} must be an event, so

{(X<c}={w: X(w)<c}eF.

In other words, X is a measurable function on (2, F, P).
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Distributions

Definition 2.1 The Borel subsets B(R) is the smallest o-algebra of sub-
sets of R containing (—oo, c| for all ¢ € R.

See Problem 1.

If X is a random variable, then {B : {X € B} € F} is a o-algebra
containing B(R). See Problem 2.

Definition 2.2 The distribution of a R-valued random variable X is the
Borel measure defined by px(B) = P{X € B}, B € B(R).

px is called the measure induced by the function X.
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3. Modeling information

e Information and o-algebras

e Information from observing random variables
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Information and o-algebras

If I know whether or not w € A, then I know whether or not w € A°.

If in addition, I know whether or not w € B, then I know whether or
notw € AU B and whether ornotw € AN B.

Consequently, we will assume that “available information” corre-
sponds to a o-algebra of events.
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Information obtained by observing random variables

For example, if X is a random variable, o(X) will denote the smallest
o-algebra containing {X < ¢}, ¢ € R. 0(X) is called the o-algebra
generated by X.

Lemma 3.1 Let X be a random variable. Then

o(X)={{X € B} : B € B[R)}.

If Xi,...,X,, are random variables, then o(X1,..., X,,) denotes the
smallest o-algebra containing {X; <c¢},ceR,i=1,...,m.
Lemma 3.2 Let X1, ..., X,, be random variables. Then

o(X1,..., Xnm) ={{(X1,...,X,n) € B} : Be B(R™)}
where B(R™) is the Borel o-algebra in R™.
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Compositions

Let f: R" - Rand Y = f(Xy,...,X,,). Let f71(B) = {z € R :
f(z) € B}. Then

{Y e B} ={(X1,....,Xyn) € f(B)}

Definition 3.3 f : R™ — R is Borel measurable if and only if f~'(B) €
B(R™) for each B € B(R).

Note that {B C R: f~}(B) € B(R™)} is a o-algebra.

Lemma 3.4 If X, ..., X,, are random variables and f is Borel measurable,
thenY = f(Xy,...,X,,) is a random variable.

Note that every continuous function f : R” — Ris Borel measurable.
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4. Measure and integration

e Closure properties of the collection of random variables

e Almost sure convergence

e Some properties of measures

e Integrals and expectations

e Convergence theorems

e When are two measures equal: The Dynkin-class theorem
e Distributions and expectations

e Markov and Chebychev inequalities

e Convergence of series
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Closure properties of collection random variables

Lemma 4.1 Suppose { X,,} are D-measurable, [—oo, ool-valued random vari-
ables. Then

sup X,, infX,, limsupX,, liminfX,
n n n—oo

n—oo

are D-measurable, |[—oo, oo|-valued random variables

Proof. Let Y = sup, X,,. Then {Y < ¢} = N, {X,, < ¢} € D. Let
Z =inf, X,,. Then {Z > ¢} =N, {X,, > ¢} € D.

Note that lim inf,, ., X, = sup,, inf,;,>, X,. O
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Almost sure convergence

Definition 4.2 A sequence of random variables { X, } converges almost
surely (a.s.) if P{limsup,,_,,, X, = liminf, . X,} = 1.
We write Z = lim,,_,, X,, a.s. if

P{Z =limsup X,, = liminf X,,} =1

n—oo n—oo
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Properties of measures

Let (€2, F, P) be a probability space.
If A,Be Fand A C B, then P(A) < P(B). (B=AU(A°NB))
If {A;} C F, then

oo
UZO 1Ak < Z
k=1

Define By = Ay, B, = AN (A1U---UA,_1)¢ C Ayg, and note that { B }
are disjoint and U2 | Bj, = U2 1Ak

If Ay C Ay C A3 C ---, then P(U%OZIA]{;) = lim,,_.~ P(An) = Zzozl P(Akﬂ
Af 1)

If AL D Ay D A3 D ---, then P(ﬂzozlAk) = lim,,_. P(An> = P(Al) —
2 pe1 PIAL N Ag)
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Expectations and integration

Simple functions/Discrete random variables

Suppose X assumes finitely many values {a4, ..., a,}. Then
E[X] =) aP{X =a}
k=1
If

m
X = Z aklAk,
k=1

m

then
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Nonnegative random variables
If P{0 < X < o0} =1, then

=k k+1 k+1 k+1
:JLHSO;QTLP{Q X<—}_JLTOZ—P{_ = on

If P{0 < X < oo} =1, then [, XdP is defined by
/XdP = sup{/ YdP:Y < X,Y simple}
0 0

If P{X = o0} >0, then [, XdP = co. If P{0 < X < oo} =1,

— k k+1
li —P{— < X<— < XdP
ni%;zn {2 s /Q

1 _ kel
< hmzkip{— < ;; }
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General expecation/integral

Let XT=XV0and X~ = (—X) VO0.If
E[IX[) = EIX*] + E[X ] < o,

then
/ XdP = E[X] = E[X*] - B[X]

Properties
Linearity: ElaX + 0Y] = aE[X]| + DE]Y]
Monotonicity: P{X <Y} = 1implies E[X] < E[Y]
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Approximation

Lemma 4.3 Let X > 0. Then lim,_., E[X A ¢] = E[X].

Proof. By monotonicity, lim. .., E[X A ¢] < E[X]. If Y is a simple
random variable and Y < X, then for ¢ > max, Y (w), Y < X A cand
E[X A ¢] > E[Y]. Consequently,

lim F[X Ac] > sup ElY] = E[X]
e {v simple:y<x}
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The monotone convergence theorem

Theorem 4.4 Let 0 < X; < Xy < --- be random variables and define
X = limy .00 Xy Then lim, .o E[X,] = E[X].

Proof.For ¢ > 0,let A, = {X,, < X —¢€}. Then A; D Ay D ---and
NA, =0.Forc>0, X Ae<1u (X, Ac+e€)+cly, so

E[X Nc] <e+ E[X, Nc]+cP(A,).
Consequently,

E[X] = lim F[X Ac] = lim lim E[X, A < lim E[X,]

C— 00 C—00 N—00 n—oo
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Fatou’s lemma

Lemma 4.5 Let X,, > 0. Then
liminf £[X,,] > E[liminf X,,]

n—oo n—o0

Proof.

liminf £[X,,] > lim E[inf X,]

n—o00 n—oo m>n

= E[lim inf X,]

n—oo m>n

= FEliminf X,]

n—oo
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Dominated converence theorem

Theorem 4.6 Suppose | X,,| <Y, lim, ., X;, = X a.s., lim, .Y, =Y
a.s., and lim,_.o, EY,] = E[Y] < co. Then lim, .« F[X,] = E[X].

Proof.
liminf EY, + X,] > E[Y + X],

so liminf F[X,] > E[X]. Similarly,
liminf E[Y, — X,| > E[Y — X],
so limsup F[X,,] = —liminf F[-X,] < F[X]. O
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The Dynkin-class theorem

A collection D of subsets of (2 is a Dynkin class it 2 € D, A, B € D and
AC Bimply B— A€ D,and {4,} C Dwith A; C Ay C --- implies
U,A, € D.

Theorem 4.7 Let S be a collection of subsets of ) such that A,B € S
implies AN B € S. If D is a Dynkin class with S C D, then o(S) C D.

o(S) denotes the smallest o-algebra containing S.

Example 4.8 If Q)1 and )y are probability measures on ), then { B : Q1(B) =
(Q)2(B)} is a Dynkin class.
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Proof. Let D(S) be the smallest Dynkin-class containing S.

IfA BeS thenA=Q0—-A B °=Q—-B,and AAUB‘=Q—-ANBAB
are in D(S).

Consequently, AUB“— A= ANB°, AUB=Q—-ANDB°, A°NB° =
A°UB —B,and AUB =Q — A°N B®are in D(S).

For Ae S, {B: AUB € D(S)} is a Dynkin class containing S, and
hence D(S).

Consequently, for A € D(S), {B : AU B € D(S)} is a Dynkin class
containing S and hence D(S).

It follows that A, B € D(S) implies AU B € D(S). Butif D(S) is
closed under finite unions it is closed under countable unions. ]
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Equality of two measures

Lemma 4.9 Let p and v be measures on (M, M). Let S C M be closed
under finite intersections. Suppose that u(M) = v(M) and u(B) = v(B)
foreach B € S. Then u(B) = v(B) for each B € o(S).

Proof. Since u(M) = v(M), {B : u(B) = v(B)} is a Dynkin-class
containing S and hence contains o(S). ]

For example: M = R4, S = {[]" (=00, ¢;] : c; € R}. If
P{Xi<c,.... Xg<c}=P{YV1<c,....Ya<cq}, c1,...,cq ER,
then

P{(Xy,...,Xy) € B} = P{(Y},...,Yy) € B}, B e BRY.
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The distribution and expectation of a random variable

We defined
px(B) = P{X € B}, B e B(R).
If X is simple,
X = Z aplix—a,},
then

/QXdP = F[X] = ZakP{X =ai} = Zak,uX{ak} = /R:c,ux(dx)

k

and for positive X,

| z
:/QXdP = 711520/251{72<X§T}dp

l [+1

= 7}13;02 (s ——] —/wa(dfc)
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Expectation of a function of a random varialble

Lemma 4.10 Assume that g : R — [0, 00) is a Borel measurable function,
and let Y = g(X). Then

B = [ vaP = [ glapns(an @)

More generally, Y is integrable with respect to P if and only if g is inte-
grable with respect to px and (4.1) holds.
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Proof. Let Y, =) %1{L<Y§z+71} and g, = ), %19_1((47@]). Then
[ 1 [+1
Ely, =S “pP{i<cy< =
W) = SoP <Y S

= Y P e ()

n n
l

_ /R gn(@)px (d),

and the lemma follows by the monotone convergence theorem.

The last assertion follow by the fact that Y* = ¢*(X) and Y~
g9~ (X). =
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Lebesgue measure
Lebesgue measure L is the measure on (R, B(R)) satisfying L(a, b] =
b — a. Note that uniqueness follows by the Dynkin class theorem.

If g is Riemann integrable, then

[ otercian) = [ glayis

so one usually writes [, g(x)dz rather than [; g(x)L(dz). Note that
there are many functions that are Lebesgue integrable but not Rie-
mann integrable.
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Distributions with a (Lebesgue) density

A random variable X has a Lebesgue density fy if
P{X € B} = ux(B) = / 1p(z) fx(z)dr = / fx(z)dx.
R B
By an argument similar to the proof of Lemma 4.10,

Elg(X)] = / 9(2) fx (x)da.

R
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Markov inequality

Lemma 4.11 Let Y be a nonnegative random variable. Then for ¢ > 0,

Py > < 28
c
Proof. Observing that
cliy>q <Y,
the inequality follows by monotonicity. O
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Chebychev inequality

If X isintegrableand Y = X —F[X], then E[Y] = 0. (Y is X “centered
at its expectation.”) The variance of X is defined by

Var(X) = E[(X — E[X])] = E[X? — B[X].

Then

Var(X)

P{|X — E[X]| = ¢} = P{(X - E[X])* = €} <

€
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Convergence of series

A series >~ aj converges if lim,,_.o > ;_, aj exists and is finite.

A series converges absolutely if lim,, .. > ,_; |ax| < oc.

Lemma 4.12 If a series converges absolutely, it converges.
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Series of random variables

Let X1, Xo, ... be random variables. The series Y ;- , X} converges al-
most surely, if

P{w: lim Z Xi(w) exists and is finite} = 1.
-1

The series converges absolutely almost surely, if
P{w : Z|Xk )| < oo} = 1.

Lemma 4.13 If a series of random variables converges absolutely almost
surely, it converges almost surely.

If Y02 El| Xk]] < oo, then Y~ 2| Xy, converges absolutely almost surely.
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Proof.

If 220:1 |Xk<w)| = limy, o0 Zzzl |Xk(w)| < 00, then n < m,

D Xiw) =) X < Y [Xu(@)l = D 1Xw) = Y [ Xi(w)]

k=n+1

By the monotone convergence theorem

B[y 1Xf) = lim B [X4)) = 37 B[IX]] < oo,
k=1 k=1 k=1

which implies >~ | Xi| < co almost surely. ]

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 48



5. Discrete and combinatorial probability

e Discrete probability spaces
e Probability spaces with equally likely outcomes
e Elementary combinatorics

e Binomial distribution
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Discrete probability spaces

If Q2 is countable and {w} € F for each w € (), then F is the collection
of all subsets of (2 and for each A C (),

P(A) =) P{w}.

weA
Similarly, if X > 0,
EX]=) X(w)P{w}

wel
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Probability spaces with equally likely outcomes

If 2 is finite and all elements in Q2 are “equally likely,” thatis, P{w} =
P{W'} for w,w’ € ), then for A C (),

_#A
<]

Calculating probabilities becomes a counting problem.

P(A)
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Ordered sampling without replacement

An urn U contains n balls. m balls are selected randomly one at a
time without replacement:

Qo ={(a1,...,an) 1 a; € U,aq; # a;}
Then

#Qozn(n—l)---(n—erl):m.

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 52



Unordered samples
A urn U contains n balls. m are selected randomly.
Q,=(aCcU:#a=m}
Each o = {a1,...,a,} € £, can be ordered in m! different ways, so
#Q, = #Q, x ml.

Therefore,

n! n
#ih = (n—m)lm! (m)
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Numbered balls

Suppose the balls are numbered 1 through n. Assuming ordered
sampling, let X} be the number on the kth ball drawn, £ =1,... ,m.
Q={(a1,...,am)a; €{1,...,n},a; #ajfori # j}

Xi(ay, ... an) = ag.

1 n-+1
=1
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Flip a fair coin 6 times
Q:{(al,...,aG):aiE{H,T}} #Q:26

| 1 Ekthflip is heads
Xilar,- a5) = { 0 kth flip is tails

1 ifak:H
Xk(CLl)"'?aﬁ):{O lfa,k:T

Let
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Lopsided coins

We want to model n flips of a coin for which the probability of heads
is p. Let
Q={ar---a,:a,=HorT}.

Let S,(a;---ay,) be the number of indices ¢ such that a; = H, and

define
P(ay-+-ay) = p> (1 —p)" ="

Note that with this definition of P, S,, has a binomial distribution

P{S, =k} = (Z)p’“(l —p)" "
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Moments
Sy, is binomially distributed with parameters n and p if

n

P{S, =k} = (k>p’“(1 —p)" "

Then
E[S,] =np

and form < n,
ElSu(Sy— 1)+ (Sy—m)] =n(n—1)-- (n —m)p"*..
Consequently,

E[S?] = n(n—1)p* +np, Var(S,) =np(l —p)
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6. Product measures and repeated trials

e Product spaces

e Product measure

e Tonelli’s theorem

e Fubini’s theorem

e Infinite product measures

e Relative frequency
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Product spaces
Let (M, My, p1) and (Msy, Moy, u2) be measure spaces. Define

My, x My = {(21,22) 121 € M1,22 c MQ}

For example: R x R = R?

Let
Ml X M2 :O'{Al X A2 : Al c Ml,AQ - Mz}

For example: B(R) x B(R) = B(R?).
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Measurability of section

Lemma 6.1 If A € My x Myand z; € M, then
Az1 = {Z2 : (Zl,ZQ) € A} e Mo.

Proof. LetI',, = {A € My xMy: A, € My}. Notethat A; x Ay € T,
for A; € M; and Ay € M. Check thatI',, is a o-algebra. O
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A measurability lemma

Lemma 6.2 If A € M x Mo, then
faln) = [ LaCer, ()
is measurable.
Proof. Check that the collection of A satisfying the conclusion of

the lemma is a Dynkin class containing A; x A,, for A; € M; and
A2 & MQ. L]
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Product measure

Lemma 6.3 For A € M; x My, define

p1 X pa(A) = /M /M 1a(z1, 22) p2(d22) pa (dz1). (6.1)

Then iy X g is a measure satisfying
H1 X ,LLQ(Al X Ag) = ,ul(Al),ug(Ag), Al c Ml,AQ € M. (62)

There is a most one measure on My x My satisfying (6.2), so

/M | /M L, )l (d) = /M | /M Ll ).
(6.3)

Proof. ;i1 x ps is countably additive by the linearity of the integral
and the monotone convergence theorem.

Uniqueness follows by Lemma 4.9. ]
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Tonelli’s theorem

Theorem 6.4 If f is nonnegative My x Mo-measurable function, then

[ ] sttty = [ [ )

— / f(zl,zz)m X ,uz(dzl X dZQ)
M1><M2

Proof. The result holds for simple functions by (6.3) and the defini-

tion of /11 X p2, and in general, by the monotone convergence theorem.
O
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Example

Let (2, F, P) be a probability space, and let (|0, c0), B[0, ), dx), be
the measure space corresponding to Lebesgue measure on the half
line. Then if P{X >0} =1,

E[X] = /Q/OOO L, x (w)) (7)dx P(dw) = /00 P{X > z}dx

0
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Fubini’s theorem

Theorem 6.5 If f is M x Mo-measurable and

/M1 /MQ\f(21722)|ﬂ2(d22)u1(dz1) < o0,

then f is 1 X po integrable and

/ f(z1, 22)pa(dzo)pn(dzr) = / f(z1, 22) p (dzy) pa(dze)
My J Mo Mo J My

= / [ (21, 20) 1 X po(dzy X dz)
M1><M2
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Infinite product spaces

The extension to (M X - - X M, My X+ - X My, i1 X+ X fi,) i imme-
diate. The extension to infinite product spaces is needed to capture
the idea of an infinite sequence of repeated trials of an experiment.
Let (%, F;, P;), i = 1,2,... be probability spaces (possibly all copies
of the same probability space). Let

Q=07 xQy x ---:{(wl,wg,...) T Wy GQi,izl,Q,...}
and
F =FixFox - =0(A1 X XA X Qi1 X Qo Xt Ay € From=1,2,...)

We want a probability measure satisfying

m

P(Ay % -+ % A X Quat X Qg x - +) = [ [ Pi(Ay). (6.4)
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Construction of P

For A € F, let
Qn(A, Wna1yWnt2, - - ) = / 1A(u)1, W, .. .)Pl(dwl) s Pn(dwn)

The necessary measurability follows as above. Let 7 = o (A; x - - - X
Ay X Q1 X Qg X -+t A; € Fiyi=1,...,m). Then clearly
P(A) = lim Qn(Aa Wnt1y W25 - - )

n—oo

exists for each A € U,,,F™. It follows, as in Problems 5 and 6 that P is
a countably additive set function on U,,, 7.
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Caratheodary extension theorem

Theorem 6.6 Let M be a set, and let A be an algebra of subsets of M. If
p is a o-finite measure (countably additive set function) on A, then there
exists a unique extension of u to a measure on o(A).

Consequently, P defined above extends to a measure on V,,,7™. The
uniqueness of P satisfying (6.4) follows by the Dynkin class theorem.
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Expectation of the product of component (independent)
random variables

Lemma 6.7 Suppose X, is integrable and X, (w) = Yy (w) fork =1,2,. ...

Then . . .
E[][ X = H/ YidP, = | [ EIX4]
k=1 k=1 k=1
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Relative frequency

For a probability space (2, F, P), let (2>, F>°, P*>°) denote the infinite
product space with each factor given by (2, F, P). Fix A € F, and let

S wl,wg,... E 1A wk

Then S, is binomially distributed with parameters n and p = P(A).

and

POO{|n—ISn_P(A)| > 6} < E[(Sn _nP<A))2] _ P<A)(1 - P<A))7

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 70



Almost sure convergence of relative frequency

Letting Xj(w) = 14(wy), by the Markov inequality
E[(Sn —nP(A))"]

P>*{|n7'S, — P(A)| > €} <

el
_ E[(X; — P(A))Y N 3(n — D)E[(X; — P(A))%
niel n3et
and
" PR {0 1S, - P(A)] = ¢} < oo
Therefore

P*{limsup [n" 'S, = P(A)| > e} <> P*{|n"'S, — P(A)| = ¢} = 0

n—oo
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7. Independence

¢ Independence of o-algebras and random variables
e Independence of generated o-algebras
e Bernoulli sequences and the law of large numbers

e Tail events and the Kolmogorov zero-one law
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Independence

Definition 7.1 o-algebras D; C F, i =1,...,m, are independent if and
only if
P(DyN---NDy) = ][ P(D:), DieD;
i=1
Random variable X1, . .., X,, areindependent if and only if 0 (X1), ..., 0(X,,)
are independent.

An infinite collection of o-algebras/random variables is independent if every
finite subcollection is independent.

Lemma 7.2 If Dy, ..., D, are independent o-algebras, X}, is Dy-measurable,
k=1,...,m, then Xy,...,X,, are independent.
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Independence of generated o-algebras

For a collection of o-algebras {G,,a € A}, let V,c4G, denote the
smallest o-algebra containing U,c 4G,

Lemma 7.3 Suppose {D,, o € A} are independent. Let A;, Ay C Aand
A1 N Ay = 0. Then Vaea, Do and Ve a, D, are independent. (But see
Problem 7.)

Proof.Let
S@':{Alﬂ"'ﬂAm:AkEDak,Oq,...,CtmE.A@',Ozk%ozlfork’%m}

Let A € S, and let Q{l be the collection of B € F such that P(AN
B) = P(A)P(B). Then G3! is a Dynkin class containing S, and hence
containing V,e4,D,. Similarly, let B € V,c4,D,, and let GP bet the
collection of A € F such that P(AN B) = P(A)P(B). Again, GP is a
Dynkin class containing S; and hence Ve, D,. O
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Consequences of independence

Lemma 7.4 If X1, ..., X,, are independent, g, : R* — Rand g : R™ % —
R are Borel measurable, Y1 = g1(X1, ..., Xg), and Y2 = go(Xpi1, .-, Xin),
then Y, and Y5 are independent.

Lemma 7.5 If X1, ..., X,, are independent and integrable, then E[[ [}, Xi] =
HZL:1 E[X4].

Proof. Check first for simple random variables and then approxi-
mate. ]
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Bernoulli trials

Definition 7.6 A sequence of random variables {X;} is Bernoulli if the
random variables are independent and P{X, =1} =1 - P{X; =0} =p
forsome 0 < p < 1.

If {X;} is Bernoulli, then

oSy
=1

is binomially distributed and

171
lim — » X, = 8.
fu 2 X s
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Law of large numbers for bounded random variables

Theorem 7.7 Let {Y;} be independent and identically distributed random
variables with P{|Y'| < ¢} = 1forsome 0 < ¢ < oo. Then lim,, oo = > 7 | Y; =
E[Y]as.

Proof.(See the “law of averages.”) For each m,

z 21{ iy < 20
[+11
Z - Zl{ L y<tily

l
[+1 [+1

— Z—P{— <—}

m
l
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Tail events and the Kolmogorov zero-one law

Lemma 7.8 Let Dy, Dy, . .. be independent o-algebras, and define
T = MNm \/nzm Dna
where V>, D,, denotes the smallest o-algebra containing U,,>,,,D,,. If A €

T, then P(A) =0o0r P(A) = 1.

Proof. Note that for m > k, V,,>,,D,, is independent of V;<;D;. Con-
sequently, for all £, V;<;D; is independent of 7 which implies

P(ANB) =P(A)P(B) AcU®, Vi D, BeT.

But the collection of A satisfying this identity is a monotone class
containing U2, V<, D; and hence contains o(Uy2, Vi< D;) D 7.
Therefore P(B) = P(B N B) = P(B)? which imples P(B) = 0 or
1. L]
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Borel-Cantelli lemma
Let Ay, A, ... be events and define

B = NuUpsmd, = {w : w € A, for infinitely many n} = {A,, occursi.o.}

Note that .
PB) < S P(4,). (7.5)

Lemma 7.9 If Y >, P(A,) < oo, then P{A,, occursi.o.} = 0.

If Ay, Ay, .. .areindependent and >~ | P(A,) = oo, then P{A,, occursi.0.} =
1.

See Problem 9.
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Proof.
The first part follows by (7.5).
Noting that B = U, Ny>m AS,

P(BY) <Y P(MsmAl) =Y [ PAS) <Y e Zn Pl =,

m n>m

]
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8. LP spaces

e Metric spaces

e A metric on the space of random variables
e Normed linear spaces

e [P spaces

e Projections in L
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Metric spaces
d:S xS —|0,00)is a metric on S if and only if
o d(z,y) =d(y,x), z,y €S

o d(z,y) =0ifand only if z =y
o d(z,y) <d(x,2)+d(z,y),x,y,2 €S8, (triangle inequality)

If d is a metric then d A 1 is a metric.

Examples

eR™  d(z,y) = |z —y|
e C0,1] d(r,y) = SUPp<i<i [2(t) — y(t)]
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Convergence

Let (.5, d) be a metric space.

Definition 8.1 A sequence {z,} C S converges if there exists + € S
such that lim,_.., d(x,,x) = 0. x is called the limit of {x,} and we write
lim,, o x, = .

Lemma 8.2 A sequence {x,} C S has at most one limit.

Proof. Suppose lim,,_.» z, = z and lim,,_.» ,, = y. Then

Consequently, d(z,y) =0and z = y. O

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 83



Open and closed sets

Let (S, d) be a metric space. Fore > 0and x € S, let B.(x) ={y € S:
d(z,y) < €}. Be(x) is called the open ball of radius e centered at .

Definition 8.3 A set G C S is open if and only if for each x € G, there
exists € > 0 such that B.(x) C G. A set ' C S is closed if and only if F'
is open. The closure H of a set H C S is the smallest closed set containing
H.

Lemma 8.4 A set F' C S is closed if and only if for each convergent {x,} C
F, lim, .z, € F.

IfH C S, then H = {x : 3{x,} C H,lim, .z, = x}.
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Completeness

Definition 8.5 A sequence {x,} C S is Cauchy if and only if

lim d(x,,xm,) =0,

7,1M— 00
that is, for each e > 0, there exists n. such that

sup d(zp, ) < €.

n,m>n,

Definition 8.6 A metric space (S, d) is complete if and only if every Cauchy
sequence has a limit.

Recall that the space of real numbers can be defined to be the com-
pletion of the rational numbers under the usual metric.
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Completeness is a metric property

Two metrics generate the same topology if the collection of open sets is
the same for both metrics. In particular, the collection of convergent
sequences is the same.

Completeness depends on the metric, not the topology: For example
L4z 14y

T(%, y) - ’

is a metric giving the usual topology on the real line, but R is not
complete under this metric.
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Separability

Definition 8.7 A set D C S is dense in S if for every x € S, there exists
{z,} C D such that lim,,_,, z, = x.

S'is separable if there is a countable set D C S that is dense in S.

Lemma 8.8 S is separable if and only if there is {x,} C S such that for
eache >0, S C U2 B(xy).

Note that Q is dense in R, so R is separable.
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Continuity of a metric

Lemma 8.9 Iflim,, .o z,, = zand lim, . y, = y, then lim,, . d(x,,, y,) =
d(z,y).
Proof. By the triangle inequality

d(z,y) < d(x, zn) + d(20, yn) + d(Y, Yn)

and
d(@p, yn) < d(z,2,) + d(z,y) + d(y, yn)
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Equivalence relations

Definition 8.10 Let S be a set, and E C S x S. If (a,b) € E, write a ~ b.
E is an equivalence relation on S if

o Reflexivity: a ~ a

o Symmetry: If a ~ bthen b ~ a

o Transitivity: If a ~ band b ~ c then a ~ c.

G C S is an equivalence class if a,b € G implies a ~ band a € G and
b~ aimplies b € G.

Lemma 8.11 If Gy and G, are equivalence classes, then either G1 = G or
GiNGy=0.

Each a € S is in some equivalence class.
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Equivalence classes of random variables

Let (€2, F, P) be a probability space. Let S be the collection of ran-
dom variables on (2, 7, P). Then X ~ Y if and only if X = Y as.
defines an equivalence relation on S. L° will denote the collection of
equivalence classes of random variables.

In practice, we will write X for the random variable and for the
equivalence class of all random variables equivalent to X. For ex-
ample, we will talk about X being the almost sure limit of {X,,} even
though any other random variable satisfying Y = X a.s. would also
be the almost sure limit of {X,}.
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Convergence in probability

Definition 8.12 A sequence of random variables { X,,} converges in prob-
ability to X (X, LX) if and only if for each € > 0,
lim P{|X — X,| > €} =0.

Define
dX,Y)=E[1N|X =Y]].

Lemma 8.13 d is a metric on L° and lim,, .., d(X,,, X) = 0 if and only if
X, 5 X.
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Proof. Note that 1 A |z — y| defines a metric on R, so
EQLA|IX-Y||<E[LA|X —Z||+E[LA|Z-Y].

Since for 0 < e < 1,

d(X, X,
PUX — X, | > e} < WX

€
lim, o d(X,,, X) = 0 implies if X, £ x. Observing that
LAIX = X <1gx x50 t6
X, 5 X implies

limsup E[1 A X — X, |]] <e
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Linear spaces

Definition 8.14 A set L is a (real) linear space if there is a notion of ad-
dition + : L x L — L and scalar multiplication - : R x L — L satisfying

o Forallu,v,we L,u+ (v+w) = (u+v)+w

e Forallv,we L,v+w=w+ v.

o There exists an element 0 € L such that v+ 0 = v forall v € L.

e Forall v € L, there exists w € L (—v) such that v+ w = 0.

e Foralla e Rand v,w € L, a(v + w) = av + aw.

e Foralla,b € Randv € L, (a+ b)v = av + bv.

e Forall a,b € Rand v € R, a(bv) = (ab)wv.

e Forallve L, 1v =nw.
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Norms

Definition 8.15 If L is a linear space, then || - || : L — [0,00) defines a
norm on L if

e ||u|| = 0ifand only if u = 0.
e Fora e Randu € L, |lau|| = |al||u].

o Foru,v € L, ||lu+v|| <|u| + ||v]

Note that d(u, v) = |ju — v|| defines a metric on L.
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L? spaces

Fix (2, F, P). Forp > 1, let L? be the collection of (equivalence classes
of) random variables satisfying E|[|.X |F] < oo.

Lemma 8.16 L? is a linear space.

Proof. Note that |a + b|P < 2P~ (Jal? + [b]P). O
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A geometric inequality

Let p,q > 1satisfy p~! + ¢! = 1, and note that zﬁ = -1=q-1

If f(z) = 2P~ then f~'(y) = y» = y?!, and hence for a,b > 0,

a b
1 1
ab < / o' —I—/ Y tdy = —aP + =0,
0 0 p q

Consequently, if E[| X |?] = E[|Y|Y] = 1, then
E[|IXY]] < 1.
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Holder inequality

Lemma 8.17 Letp > land 5 + . = 1. Suppose X € [P and Y € L then

E[XY] < E[|XY]] < E[|IX|"PE[Y|7]"/

Proof. Define
y__ X o _ Y
B[ X |P)i/r E[|Y|e)t/a

Then o
E[XV] <1

and the lemma follows. OJ
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Minkowski inequality

Lemma 8.18 Suppose X,Y € LP, p > 1. Then
E[|X + Y7 < E[|X[P)? + E[|Y[?)"?

Proof. Since [X + Y| < |X|+ [Y]and &2 41 =1,

p

E[|X+Y]P] < E[X|IX+YPYU+E[|Y|IX+Y]P Y

< BIXPIPEIX +YPI'F + BIXPIPEIX +YPI'T
]
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The L? norm

For p > 1, define
IX1l, = E[IX[F]/7.

Then, by the Minkowski inequality, || X||, is a norm on L?. Note that
the Holder inequality becomes

EIXY] < [ X1l
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The L*° norm

Define
| X ||oo = inf{c > 0: P{|X| > ¢} = 0},

and let L™ be the collection of (equivalence classes) of random vari-
ables X such that || X ||, < 0.

| - || is @ norm and

EXY] < [|X][lIY]]s-
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Completeness

Lemma 8.19 Suppose { X,,} is a Cauchy sequence in LP. Then there exists
X € LP such that lim,_. | X — X[, = 0.

Proof. Select n; such that n,m > ny, implies || X, — X,,||, < 27%.
Assume that n;, 1 > ny. Then

ZEHX?%-H T Xnk:H S Z ||Xnk+1 T Xnk”p < o,
k k

so the series ) _, (X, ,, — X,,) converges a.s. to a random variable X.
Fatou’s lemma implies X € L? and that

E[IX = X, ['] < lim E[| X, — X [7] <277

Therefore
T X — X, < limsup(|X — X, [, + [ X — X)) <27
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Best L” approximation

Lemma 8.20 Let M be a closed linear subspace of L?, and let X € L*. Then
there exists a unique Y € M such that E[(X —Y)?| = inf zcp E[(X —Z)?].

Proof. Let p = infzcp E[(X—2)?%], and let Y, € M satisfy lim,, ., E[(X—
Y;)?] = p. Then noting that

E[(Y = Yu)?] = EI(X = Y2)2] + E[(X = Y;)?) = 2B[(X — Vo) (X = Y;,)]
we have
4p < E[2X — (Yo +Yn))’)
= E[(X = Y0)"] + B[(X = Y5)"] + 2E[(X = ¥,)(X = Yy,)]
= 2B[(X = Y,)"] + 2B[(X — Y;)*] = E[(Y, = Ya)7],
and it follows that {Y, } is Cauchy in L?. By completeness, there exists
Y such that Y = lim,, ., Y, and p = E[(X — Y)?].

Note that uniqueness also follows from the inequality. [
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Orthogonality

The case p = 2 (which implies ¢ = 2) has special properties. The first
being the idea of orthogonality.

Definition 8.21 Let X,Y € L% Then X and Y are orthogonal (X 1Y)
if and only if E[XY] = 0.

Lemma 8.22 Let M be a closed linear subspace of L?, and let X € L?. Then
the best approximation constructed in Lemma 8.20 is the unique Y € M
such that (X —Y) L Z forevery Z € M.
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Proof. Suppose Z € M. Then

E[(X =Y)] < B[(X — (Y +aZ))’]
= EB[(X —-Y)) —2aE[Z(X —Y)] +d*E[Z%.

Since a may be either positive or negative, we must have
EZ(X -Y)]=0.
Uniqueness follows from the fact that £[Z(X —Y})] = 0and E[Z(X —
Ys)] = 0 forall Z € M implies
E[(Y1 = Y2)*) = E[(Yi = Y2)(X = Y2)] = E[(¥1 = Y2)(X = ¥1)] = 0.
]
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Projections in L*

Lemma 8.23 Let M be a closed linear subspace of L?, and for X € L?,
denote the Y from Lemma 8.20 by Py;X. Then Py is a linear operator on
L?, that is,

PM(a1X1 + a2X2) = CL1PMX1 + CLQPMXQ.

Proof. Since

E[Z(a1X1 + ap Xy — (alPMXl —+ CLQPMXQ)]
= CLlE[Z(Xl — PMXl)] + CLQE[Z(XQ - PMXQ)]

the conclusion follows by the uniqueness in Lemma 8.22. H
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Best linear approximation

LetY € L?and M = {aY +b:a,b € R}, and let X € L% Then
PMX = aXY+bX

where
B _ E[XY]-EX]E[Y] Cov(X,Y)
by = E[X —axY] ax = E[Y?2]-E[Y]2  Var(Y)

Compute
ing’E[(X — (aY +b))?]
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9. Conditional expectations

e Definition

e Relation to elementary definitions

e Properties of conditional expectation

e Jensen’s inequality

e Definition of E[X|D] for arbitrary nonnegative random variables
e Convergence theorems

e Conditional probability

e Regular conditional probabilities/distributions
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Best approximation using available information

Let D C F be a sub-o-algebra representing the available information.
Let X be a random variable, not necessarily D-measurable. We want
to approximate X using the available information.
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Definition of conditional expectation

Let D C F be a sub-c-algebra, and let L?(D) be the linear space of
D-measurable random variables in L?. Define

E[X|D] = Pr2p)X.
Then by orthogonality (Lemma 8.22),
E[X1p] = E[E[X|D]1p], D €D.
We extend the defintion to L'.

Definition 9.1 Let X € L'. Then E[X|D] is the unique D-measurable
random variable satisfying

E[X1p] = E[E[X|D]1p|, D €D.
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Monotonicity

Lemma 9.2 Let X1, Xy € L', Xy > X5 a.s., and suppose Y1 = E[X;|D]
and Yo = E[X,|D]. Then Yy > Ys as.

Proof. Let D = {Y; > Y7 }. Then
0 < E[(X;—X2)1p] = E[(Y1 —Y2)1p] <0.
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Existence for L!

Lemma 9.3 Let X € L', X > 0. Then
E[X|D] = lim E[X A ¢[D] 9.1)

Proof. Note that the right side of (9.1) (call it Y) is D-measurable and
for D € D,
E[X1p] = lim E[(X Ac)lp] = lim E[E[X A ¢|D]1p] = E[Y1p],

C— 00 C— 00

where the first and last equalities hold by the monotone convergence
theorem and the middle equality holds by definition. O
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Verifying that a random variable is a conditional expec-
tation

To show that Y = E[X|D], one must verify

1. Y is D-measurable

2.
E[Y1p] = E[X1p], D €D. (9.2)

Assuming that X,Y € L', if S C D is closed under intersections,
Q2 € S, and o(S) = D, then to verify (9.2), it is enough to show that
E[Y].D] = E[X].D] for D € S.
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Relation to elementary definitions

Suppose that {D;,} C F is a partition of 2 and D = o{Dy}. Then

E[X|D] = Z%lm-

Suppose the (X, Y') have a joint density fxy(z,y). Define

2 afxy (@, y)da

9(y) = fr(v)

Then
EX[Y] = E[X[o(Y)] = g(Y).
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Properties of conditional expectation

e Linearity: Assume that X,Y € L.
ElaX + bY|D] = aE[X|D] + bE[Y|D]
e Monotonicity/positivity: If X, Y € L' and X > Y a.s., then
E[X|D] > E[Y|D]
e Iteration: If D; C Dy and X € L', then
EIX|D\] = EIE[X|Dy]|D)] 9:3)
e Factoring: If X, XY € L! and Y is D-measurable, then
E[XY|D| =YE[X|D].
In particular, if Y is D-measurable, E[Y|D] =Y.
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e Independence: If H is independent of (G, o(X)), then
E[X|o(G, H)| = E[X]|]]
Geg HeH,

EEX|Glenn] = E[E[X[G]1c14]
= EEX|G16|E14]
= E[X1¢]E[14]

— E[X1g1y]

In particular, if X is independent of H,

E[X|H] = E[X].
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Jensen’s inequality

Lemma 9.4 If o : R — R is convex and X, p(X) € L', then
E[p(X)|D] > ¢(E[X|D]).

Proof. Let ( 0 ()
" o pleth)—p@
o) = i ST
Then
p(r) = oy) > ¢ (y)(x —y).
Consequently,

Elp(X) — ¢(E[X|D])|D] > E[¢"(E[X|D])(X - E[X|D])|D]
= ¢ (E[X|D])E[X — E[X|D]|D]
= 0
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Definition of E[X|D] for arbitrary nonnegative random
variables

Let X > 0 a.s. Then
Y = lim E[X A ¢|D]

is D-measurable and satisfied
E[Y1p] = E[X1p]

(allowing co = o0). Consequently, we can extend the definition of
conditional expectation to all nonnegative random variables.
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Monotone convergence theorem

Lemma9.5 Let 0 < X; < Xy, < ---, Then
lim E[X,|D| = E[lim X,|D] a.s.

n—oo n—oo

Proof. Let Y = lim, ., £[X,|D]. Then Y is D-measurable and for
DeD,

E[Y1p] = lim E[E[X,|D]1p] = lim E[X,1p] = E[(lim X,)1p)].

n—oo

]
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Functions of independent random variables

Lemma 9.6 Suppose X is independent of D and Y is D-measurable, If ¢ :
R? — [0, 00) and g(y) = [ (v, y)px(dz) then

Elp(X,Y)|D] = g(Y), 9-4)
and hence, (9.4) holds for all p such that E[|o(X,Y)|] < oo.

Proof. Let A, B € B(R). Then setting ¢(y) = nux(A)15(y),
B[14(X)15(Y)[D] = px (A)15(Y).

Let C € B(R?) and go(y) = [ 1e(z, y)pux(dz). The collection of C
such that

E[1c(X,Y)|P] = go(Y)
is a Dynkin class and consequently, contains all of B(R?). By linearity,
(9.4) holds for all simple functions and extends to all nonnegative ¢
be the monotone convergence theorem. O

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 119



Functions of known and unknown random variables

Lemma 9.7 Let X be a random variable and D C F a sub-c-algebra. Let
= be the collection of v : R* — [0, 0o] such that ¢ is Borel measurable and
there exists B(R) x D-measurable 1) : R x £ — [0, oo] satisfying

Elp(X,Y)|D)(w) =¢(Y(w),w) (almost surely), (9.5)

for all D-measurable random variables, Y. Then = is closed under positive
linear combinations and under convergence of increasing sequences.

Since = contains all functions of the form v1(x)v2(y), for Borel measurable
v : R — [0, 00], Z is the collection of all Borel measurable ¢ : R* — [0, oo].
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Proof. Linearity follows from the linearity of the conditional expec-
tation.

Suppose {¢,} C Zand ¢; < ¢y < ---, and let ¢ = lim,,_, . Then
by the monotonicity of the conditional expectation, the correspond-
ing 1, must satisfy ¢, (Y (w),w) > ¢,1(Y(w),w) almost surely for
each D-measurable Y. Consequently, 1, = ¢, \V - - - V ¢, must satisfy
(Y (w),w) = 1,(Y(w),w) almost surely for each D-measurable Y,
and hence )

Elen(X,Y)|Dl(w) = ¢u(Y (w),w)  as.

for each D-measurable Y. Defining ¢ (z,y) = lim,_. g@n(x, y), (9.5)
holds. ]
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Fatou’s lemma

Lemma 9.8 Suppose X,, > 0 a.s. Then
liminf F[X,|D] > E[liminf X,|D] a.s.

n—oo

Proof. Since
EX,|D] > Elinf X,,|D],

the lemma follows by the monotone convergence theorem. [
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Dominated convergence theorem

Lemma 9.9 Suppose | X,,| < Y, lim, ., X;, = X as., lim, .Y, =Y
a.s. with E[Y] < oo, and lim,,_.«, E[Y,|D] = E[Y|D] a.s. Then
lim E[X,|D] = E[X|D] a.s.

n—oo

Proof. The proof is the same as for expectations. For example

liminf EY,, — X,,|D] > FEl[liminf(Y, — X,,)|D]

n—oo

— ElY — X|D],

SO
limsup F[X,|D] < E[X|D].

n—oo
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Conditional probability
Conditional probability is simply defined as
P(A|D) = E[14|D]

and if { A; } are disjoint, the monotone convergence theorem implies

P(UX A D) = E[14,|D] = ZElAkﬂ) > P(AD).

BUT, we need to remember that conditional expectations are only
unique in the equivalence class sense, so the above identy only as-
serts that P(U2,A;|D) and > -, P(A;|D) are equal almost surely.
That does not guarantee tha A — P(A|D)(w) is a probability mea-
sure for any fixed w € €.
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Random measures

Definition 9.10 Let (S,S) be a measurable space, and let M(S) be the
space of o-finite measures on (S,S). Let = be the smallest o-algebra of sub-
sets of M(S) containing sets of the form G 4. = {u € M(S) : p(A4) < c},
A e S, ¢ € R Arandom measure £ on (S,S) is a measurable map-
ping form (Q, F, P) to (M(S), Z). £ is a random probability measure if
§(5) =1

Note that since {£(A) < ¢} = 1(Ga,), £(A) is a random variable for
each A € S.
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Regular conditional probabilities/distributions

Definition 9.11 Let D C F be a sub-o-algebra of F. A regular condi-
tional probability given D is a random probability measure & on (2, F)
such that £(A) = P(A|D) foreach A € F.

Definition 9.12 Let (.S, d) be a complete, separable metric space, and let
Z be an S-valued random variable. (Z is a measurable mapping from
(Q,F, P) to (S,B(S)).) Then ¢ is a regular conditional distribution for
Z given D if £ is a random probability measure on (S, B(S)) and £(B) =
P(Z € B|D), B € B(S5).
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Existence of regular conditional distributions

Lemma 9.13 Let (5, d) be a complete, separable metric space, let Z be an
S-valued random variable, and let D C F be a sub-o-algebra. Then there
exists a regular conditional distribution for Z given D.
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Proof. If S = R, the construction is simple. By monotonicity, and the
countability of the rationals, we can construcut F(z,w), x € Q, such
that z € Q — F(z,w) € [0,1] is nondecreasing for each w € 2 and
F(z) = P{Z < z|D}, x € Q. Then for z € R, define

F — inf F = lim F(z,w).
(z,w) = inf Flyw)= lim F(zw)

Then the monotone convergence theorem implies

F(z) = P{Z < z|D}

and for each w, F'(-,w) is a cumulative distribution function. Defining
£((—o0,7],w) = F(z,w), £ extends to a random probability measure
on (R, B(R)). Finally, note that the collection of B € B(R) such that

£(B) = P{Z € B|D} is a Dynkin class so contains B(R). ]
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10. Change of measure

e Absolute continuity and the Radon Nikodym theorem
e Applications of absolute continuity

e Bayes formula
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Absolute continuity and the Radon-Nikodym theorem

Definition 10.1 Let P and ) be probability measures on (Q0, F). Then
P is absolutely continuous with respect to () (P << @) if and only if
Q(A) = 0implies P(A) = 0.

Theorem 10.2 If P << ), then there exists a random variable L > 0 such
that

P(A) = EQ[1,41] = /ALdQ, AeF.

Consequently, Z is P-integrable if and only if Z L is (Q-integrable, and
EP[Z] = EY[ZL)].

Standard notation: % = L.
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Maximum likelihood estimation

Suppose for each a € A,

PuD) = [ LadQ
r
and
La = H(Oé,Xl,XQ, .. Xn)

for random variables X1, ..., X,,. The maximum likelihood estimate
& for the “true” parameter o € A based on observations of the ran-
dom variables X;, ..., X, is the value of o that maximizes

H(O{,XI,XQ, .. Xn>
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Sufficiency
If dP, = L,d(Q where
Lo(X,Y) = HA(X)G(X,Y),

then X is a sufficient statistic for a. Without loss of generality, we
can assume E?[G(X,Y)] = 1 and hence dQ = G(X,Y)dQ defines a
probability measure.

Example 10.3 If (X1, ..., X,,) areiid N (u,0*) under P, ,yand Q = Po 1),

then
1 1—o? 2 - 12
Lija) = = exp{ = ZX QZXi—;
/ i=1

so (3o X2 571 X,) is a sufficient statzstchor (u,0).
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Parameter estimates and sufficiency

Theorem 10.4 If §(X,Y) is an estimator of 0(a) and ¢ is convex, then

EP[p(0(a) — B(X,Y))] = E™[p(0(a) — EQB(X, V)| X])]

Proof.

E™[(0(a) = 00X, V)] = E°[p(6(a) — 0(X. Y)) Hy(X))
EAEp(8(a) — 6(X. Y)) I X]H (X))
E°fp(0(a) — EQA[QA(X, Y)|X])Ho(X)]
E"[p(0(a) — E?[0(X,Y)|X])]

vl
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Other applications

Finance: Asset pricing models depend on finding a change of mea-
sure under which the price process becomes a martingale.

Stochastic Control: For a controlled diffusion process

X(t) = X(0) +/0 o(X(s))dW(s) +/0 b(X(s),u(s))ds

where the control only enters the drift coefficient, the controlled process
can be obtained from an uncontrolled process satisfying via a change
of measure.
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Bayes Formula

Lemma 10.5 (Bayes Formula) If dP = Ld(), then

EC[ZL|D]
P —
EV[Z|D]) = EO[LID]. (10.1)
Proof. Clearly the right side of (10.1) is D-measurable. Let D € D.
Then
Q Q
/E [ZL|D]dP _ /E [ZL\D]LdQ
» EQL[D]. p EC[LID]
E°[ZL|D]
_ /D—EQ[L|D] EQ|LD)dQ
= /EQ[ZL\D]dQ:/ ZLdQ:/ ZdP
D D D
which verifies the identity. O
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Example

For general random variables, suppose X and Y are independent on
(Q,F,Q).Let L= H(X,Y)>0,and E[H(X,Y)| = 1. Define

w(l) = Q{Y eI}
dP = H(X,Y)dQ.
Bayes formula becomes

EClg(Y)H(X,Y)|X] _ [9(y)H(X, y)vy(dy)
EC[H(X,Y)|X] JHX, y)vy(dy)

E (Y| X] =
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11. Filtrations and martingales

e Discrete time stochastic processes
e Filtrations and adapted processes
e Markov chains

e Martingales

e Stopping times

e Optional sampling theorem

e Doob’s inequalities

e Martingales and finance
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Discrete time stochastic processes

Let (E,r) be a complete, separable metric space. A sequence of E-
valued random variables {X,,n = 0,1,...} will be called a discrete
time stochastic process with state space E.
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Filtrations and adapted processes

Definition 11.1 A filtration is a sequence of o-algebras {F,,,n = 0,1,2, ...}
satisfying F, C F,and F,, C Fpp1,n=0,1,....

A stochastic process {X,} is adapted to a filtration {F,} if X,, is F,-
measurable for eachn = 0,1, .. ..

If {X,,} is a stochastic process, then the natural filtration {F=} for X is
the filtration given by FX = o(Xy, ..., X,).
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Markov chains

Definition 11.2 A stochastic process { X, } adapted to a filtration {F,} is
{F.}-Markov if E[f(X,11)|Fn] = E[f(Xn+1)| Xy foreachn = 0,1,. ..
and each f € B(FE). (B(E) denotes the bounded, Borel measurable func-
tions on E.)

Lemma 11.3 Let Y be an E-valued random variable and Z € L'. Then
there exists a Borel measurable function g, such that
ElZlY]=g(Y) a.s.

Lemma 11.4 If {X,,} is {F, }-Markov, then for each k > 1, n > 0, and
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Proof. Proceeding by induction, the assertion is true for k£ = 1. Sup-
pose it holds for kj. Then there exists g € B(E) such that

Elf(Xniror)|Fnl = EELf(Xnikgr) | Fusr] | Fnl
= E[E[f(Xn+ko+1>|Xn+ko]|-7:n]
[9( X))
[9(X+8) | X

|-
& =
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Martingales

Definition 11.5 A R-valued stochastic process {M,} C L' adapted to a
filtration {F,} is a {F,}-martingale if E[M, 1|F,] = M, for each n =
0,1,....

Lemma 11.6 If {M,,} is a {F,}-martingale, then E[M, ;| F,] = M,,
n=0,1,..., k> 1.
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Stopping times

Definition 11.7 A random variable T with values in {0,1,... 00} is a
{F,}-stopping time if {7 = k} € Fj foreach k = 0,1,.... A stopping
time is finite, if P{T < oo} = 1.

Lemma 11.8 If 7 is a {F, }-stopping time, then {T = oo} € V. F}.

Lemma 11.9 A random variable T with values in {0,1, ..., 00} isa {F,}-
stopping time if and only if {T < k} € Fj foreach k =0,1,. ...

Proof. If 7 is a stopping time, then {7 < k} = Ul {r =} € F. If
{r<k}eF,keNthen{r=k}={r<k}n{r>k-—-1} e F. O
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Hitting times

Lemma 11.10 Let { X,,} be an E-valued stochastic process adapted to { F,, }.
Let B € B(FE), and define 75 = min{n : X, € B} with 15 = oo if
{n, X,, € B} is empty. Then 15 is a {F, }-stopping time.

Proof. Note that {7p = k} = {X; € B} NN/} {X; € B}. O
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Closure properties of the collection of stopping times

Lemma 11.11 Suppose that 7,7, 1o, ... are { F,, }-stopping times, and that
ce N={0,1,...}. Then

e maxy, 7, and minyg, 7, {F, }-stopping times.

o 7 Acand TV care {F,}-stopping times.

o T + cisa {F,}-stopping time.

o If {X,} is {F,}-adapted with state space E and B € B(E), then v =

min{7 +n:n >0, X4, € B} isa {F,}-stopping time.

Proof. For example, {max;, 7, < n} = Ng{m < n} € F,, and

{y=m}=Ul{r=1}n{X, € B}nN ;1 X, € B} € F
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Stopped processes

Lemma 11.12 Suppose {X,,} is {F,, }-adapted and 7 is a {F, }-stopping

time. Then { X n,} is {F, }-adapted.

Proof. We have

{Xrnn € B} = (U {r = }n{X, € BHU({r = n}n{X, € B}) € F,.
L]
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Information available at time 7

Definition 11.13

Fr ={AeF : An{r=n}eF,n=01,...}
= {AeF:An{r<n}e€F,n=0,1,.}

Lemma 11.14 F; is a o-algebra.
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Stopped processes

Lemma 11.15 If {X,,} is {F,}-adapted, then for each m € N, X, is
F--measurable.

If 7, = FX,n € Nand 7 is finite for all w € Q, then FX = o(X,upnr,m €
N).
Proof.Note that so {X,,\. € B} € F,, since

{Xmnr € B0 {r =n} ={Xm € B}N{r =n} € F,, (11.1)
If {F,} = {FX}, then by (11.1), 0(X,pr,m € N) C FX. If A € FX,
then AN {r =n} € F¥X,so

An{r =n}={(Xo,..., X») € B} = {(Xo, Xirrs - s Xpnar) € By}

and A = Un{<X07X1/\T7 <. 7Xn/\7') € Bn} € U(XmATam S N) O
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Monotonicity of information

Lemma 11.16 If 7 and o are { F,, }-stopping times and o < 7 forall w € ,
then F, C F..

Proof. If A € F,, then
An{r<n}=An{oc <n}n{r<n}eF,

so A e F,. ]
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Conditional expectations given F,

Lemma 11.17 Let Z € L', and let 7 be a finite { F,, }-stopping time. Then

E(Z|F) = 3 ElZ|F L.

n=0

Proof. Problem 12 ]
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Sub- and supermartingales

Definition 11.18 Let {X,,} C L' be a stochastic process adapted to {F,}.
Then {X,,} is a submartingale if and only if

E[Xo01|F > Xp, n=0,1,...
and {X,,} is a supermartingale if and only if
E[Xn+1|fn] SXn, n:O,l,...
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Martingales and Jensen’s inequality

Lemma 11.19 If ¢ is convex and X is a martingale with E[|o(X,,)|] < oo,
then Y, = p(X,,) is a submartingale.

If ¢ is convex and nondecreasing and X is a submartingale, with E[|o(X,)|] <
oo, then' Y, = ¢(X,,) is a submartingale.
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Stopped submartingales

Lemma 11.20 Suppose that X is a {F, }-submartingale and 7 is a {F, }-
stopping time. Then

E[XT/\nl:Fn—l] > XT/\(n—l)7

and hence { Xz, } is a {F, }-submartingale.

Proof.

E[XT/\nlfn—l]

E[Xn]-{7>n—1}|fn—l] + E[XT/\(n—l)]-{Tgn—l}|Fn—1]
Xn-1lirsn—1y + Xonm-1)Lir<n—1)

1V

- XT/\(nfl)

By iteration, for m < n E[X | Fin] > Xeam-
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Optional sampling theorem

Theorem 11.21 Let X be a {F, }-submartingale and 7 and 1 be {F,}-
stopping times. Then

E[XTQ/\nLFTl] 2 XTl/\TQ/\n

Proof.

E[XTQ/\nlle] — Z E[Xrg/\n‘fm]l{ﬁ:m}

m=0
n
> XTQ/\nl{7'1>n} + Z XTQ/\ml{lem}
m=0
— XTl/\Tg/\n
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Corollary 11.22 If in addition, o < oo a.s., E[|X,,|] < oo, and
lim E[|X,|1i,>n] =0,

n—oo

then
E[X7'2|f7'1] > XT1/\7'2
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Doob’s inequalities

Theorem 11.23 Let {X,,} be a nonnegative submartingale. Then

ElX,
P{max X, >z} < X

m<n X

Proof. Let 7 = min{m : X,, > x}. Then

E[X,] > E[Xuar] = xP{T < n}.
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Kolmogorov inequality

Lemma 11.24 Let {¢;} be independent random variables with E[;] = 0
and Var(§;) < oo. Then

Plsup |36 >} < 5 3 B
msn 5oy i=1

Proof. Since M,, = Y. | & is a martingale, M? is a submartingale,
and E[M;] = 37, EIE). U
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Doob’s inequalities
Theorem 11.25 Let {X,,} be a nonnegative submartingale. Then for p >
1, N

Elmax X?] < (—1) E[X?]

m<n m p—

Corollary 11.26 If M is a square integrable martingale, then
Elmax M?2] < 4E[M?].

m<n
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Proof. Let 7, = min{n : X,, > z} and Z = max,,<, X,,. Then

E[X}] < B[X]]
2P{Z >z} < E[X, 1<) < EXy1l<nm]

and

8
Elp(ZAB)] = | ¢(2)P{Z > z}dz
8

W/iZ)E[an{ZZZ}]d’Z = E[X”¢(Z A 6)]7

<

J
J

-1

and

where wE;Z) = [y o7/ (x)dx. If ¢(z) = 2¥ and % + % =1,q =5, then
P_p
p—1

B (ZA8)) = -2 BIX(ZA8) ) < 2 BIXIPE((ZASY) .
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Stopping condition for a martingale

Lemma 11.27 Let {X,,} be adapted to {F,}. Then {X,} is an {F,}-
martingale if and only if

E[X ) = E[X0]

for every {F, }-stopping time T and eachn = 0,1, .. ..

Proof. Problem 14. ]
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Martingale differences

Definition 11.28 {¢,} are martingale differences for {F,} if for each n,
&, is Fp-measurable and E[&,|F,_1] = 0.

L]

Lemma 11.29 Let {¢,,} be martingale differences and {Y,, } be adapted, with
& Yo € L, n=0,1,.... Then

M, = Z Yi1&k
k=1

is a martingale.

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 161



Model of a market

Consider financial activity over a time interval [0,7] modeled by a
probability space (2, F, P).

Assume that there is a “fair casino” or market which is complete in
the sense that at time 0, for each event A € F, a price Q(A) > 0 is
tixed for a bet or a contract that pays one dollar at time 7" if and only
it A occurs.

Assume that the market is frictionless in that an investor can either
buy or sell the contract at the same price and that it is liquid in that
there is always a buyer or seller available. Also assume that Q(2) <
0.

An investor can construct a portfolio by buying or selling a variety of
contracts (possibly countably many) in arbitrary multiples.
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No arbitrage condition

If a; is the “quantity” of a contract for A; (a; < 0 corresponds to
selling the contract), then the payoff at time 7" is

ZailAz..
i

Require ) . |a;|Q(A;) < oo (only a finite amount of money changes
hands) so that the initial cost of the portfolio is (unambiguously)

Z a;iQ(A;).

The market has no arbitrage if no combination (buying and selling) of
countably many policies with a net cost of zero results in a positive
profit at no risk.
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That is, if > |a;|Q(A;) < oo,
Z%’Q(Ai) =0, and Zai]‘Ai >0 a.s.,

2

then

ZailAi =0 a.s.

7
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Consequences of the no arbitrage condition

Lemma 11.30 Assume that there is no arbitrage. If P(A) = 0, then Q(A)
0. If Q(A) =0, then P(A) = 0.

Proof. Suppose P(A) = 0 and Q(A) > 0. Buy one unit of {2 and sell
Q(Q)/Q(A) units of A.

_ Q%) _
Cost = Q(Q2) — MQ(A) =0
Payoff =1 — ggi; 14=1 a.s.

which contradicts the no arbitrage assumption.

Now suppose Q)(A) = 0. Buy one unit of A. The cost of the portfolio
is Q(A) = 0 and the payoff is 14 > 0. So by the no arbitrage assump-
tion, 14 = 0 a.s., that is, P(A) = 0. O

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 165



Price monotonicity

Lemma 11.31 If there is no arbitrage and A C B, then Q(A) < Q(B),
with strict inequality if P(A) < P(B).

Proof. Suppose P(B) > 0 (otherwise Q(A) = Q(B) =0) and Q(B) <
(Q(A). Buy one unit of B and sell Q(B)/Q(A) units of A.

_ Q(B) _
Cost = Q(B) — MQ(A) =0
QB), _ Q(B)
Payoff: 15 — Q(A) 1,=15_4+ (1 — M)lA > 0,
Payoff = 0 a.s. implies Q(B) = Q(A) and P(B — A) = 0. ]
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() must be a measure

Theorem 11.32 If there is no arbitrage, () must be a measure on F.

Proof. Aj, As,... disjoint and A = U*;A;. Assume P(4;) > 0 for
some i. (Otherwise, Q(A) = Q(4;) =0.)

Let p = >, Q(4;), and buy one unit of A and sell Q(A)/p units of A4;
for each .

Cost = Q(4) - L S (1) 0

Payoff: ]-A — MZI/M = (1 — M)]_A.
p 4 p
If Q(A) < p, then Q(A) = p.
If Q(A) > p, sell one unit of A and buy Q(A)/p units of A,. [
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Theorem 11.33 If there is no arbitrage, ) << P and P << Q). (P and Q)
are equivalent measures.)

Proof. The result follows from Lemma 11.30. J
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Pricing general payoffs

If X and Y are random variables satistying X <Y a.s., then no arbi-
trage should mean

Q(X) < Q(Y).
It follows that for any @-integrable X, the price of X is

Q) = [ xaq

By the Radon-Nikodym theorm, d) = LdP, for some nonnegative,
integrable random variable L, and

Q(X) = B"[XL]
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Assets that can be traded at intermediate times

{F.} represents the information available at time 7.

B, is the price at time n of a bond that is worth $1 at time 7" (e.g.

B, = W), that is, at any time 0 < n < T, B, is the price of a

contract that pays exactly $1 at time 7.
Note that By = Q(1?)

Define Q(A) = Q(A)/By.
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Martingale properties of tradable assets

Let X,, be the price at time n of another tradable asset, that is, X, is
the buying or selling price at time n of an asset that will be worth Xr
at time 7. {X,,} must be {F,, }-adapted.

For any stopping time 7 < 7', we can buy one unit of the asset at
time 0, sell the asset at time 7 and use the money received (X;) to
buy X,/B; units of the bond. Since the payoff for this strategy is
X, /B; (the value of the bonds at time 7"), we must have

X, By X, A
" /BTQ /BT “

Theorem 11.34 If X is the price of a tradable asset, then X /B is a martin-
galeon (Q, F, Q).
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Equivalent martingale measures

Consider a simple model on (€2, F, P) of a financial market consisting

of one tradable asset (stock) {X,,,0 < n < T}, abond {B,,0 < n <
T}, and information filtration F,, = o(X}, Br,0 < k < n). Assume
that X, and By are almost surely constant and that the market is com-
plete in the sense that every payoff of the form Z = F(By, X, ..., Br, Xr)
for some bounded function F' has a price at which it can be bought

or sold at time zero. Then if there is no arbitrage, there must by a
probability measure () that is equivalent to P such that the price of

Z is given by

ByEC[F(By, Xy, ..., Br, X7)]

and X/B is a martingale on (2, 7, Q). (Note that we have dropped
the hat on () to simplify notation)
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Self-financing trading strategies

A trading strategy is an adapted process {(a,, 8,)}, where o, gives
the number of shares of the stock owned at time n and (,,, the number
of units of the bond. The trading strategy is self-financing if

an—an + 5n—1Bn = @an + Bana n > 0.

Note that if «,,_; shares of stock are owned at time n — 1 and [3,_1
units of the bond, then at time n, the value of the portfolio is av,_1 X, +
Bn-1B,, and “self-financing” simply means that money may be trans-
fered from the stock to the bond or vice versus, but no money is taken
out and no money is added.
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Binomial model

Assume that B, = (1 +7)"T),0 < P{X,,; = (1 +u)X,} < 1,and
P{Xpi1=01-d)X,} =1—P{X,;1 = 14+u)X,},

for some —d < r < u, so that we can write X,, 11 = (14+&,,41)X,,, where
R(&1) = {—d, u}. Since E?[X,, (1 + )T~V F ] = X, (1 +r)T7,
E9X, 1| F)] = Xn(1+7), ECl | Fa] =,

and hence
r—+d

u+d’

Q{1 = u|Fn} =
so that under @, the {¢,,} are iid with

Q{gn = u} =1 _Q{gn = _d} =

In particular, there is only one possible choice of () defined on Fr.
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Hedging

Theorem 11.35 For the binomial model, for each Z = F(Xy,...,Xr),
there exists a self-financing trading strategy such that

OéT—l)(T + 6T—1 = F(X07 <. 7XT)' (112)

Proof. Note that the self-financing requirement becomes
1 Xy + Bu(L+7) T =, X, + B, (1+7)" T n>0,
and (11.2) and the martingale property for X/B would imply
EC[F(Xo,..., X7)|Fra] = ara(1+7)Xr_1 + Br
= (1+7r)(ar—2Xr_1+ Br—2Br_1)

EYlF(Xy,..., Xp)|F)] = 1L+, X, + 3.B)
— (1 + T)T_n(anlen + 57171371)-
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Let

We can solve

OéT_lXT_l(l + ’LL) + ﬁT—l = F(XQ, - ,XT—l, XT_1(1 + u))
ar1 Xp—1(1 —d)+ pro1 = F(Xo, ..., Xr—1, X7r_1(1 = d))

and

(1 =+ T)T_n(@n—an—l(l =+ U) + 571—an) = Hn(XOa ce 7Xn—1> )(n—l(1 + U))
(1 + T)T_n(an—an—l(l - d) + ﬁn—an)

Note that the solution will be adapted and

Il
=
=
=
|
=
|
T
Q.

Hn(X07 e 7Xn) = (1 + T)T_n(()én—an + ﬁn—an)
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Since

Ho(Xo, ... X,)
= E9H,1(Xo, ..o, Xons1) | F
_ Z:anH(XO, e X X (14 )
u J_r ZHnH(XO, s X, X (1= d))
= T ) X (1 ) + BuBus)
F T 00X, (- d) + BB

— (1 + T)T_n(aan + ﬁan)a

the solution is self-financing. O

Corollary 11.36 For the binomial model, if all self-financing strategies are
allowed, then the market is complete.
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12. Martingale convergence

e Properties of convergent sequences

e Upcrossing inequality

e Martingale convergence theorem

e Uniform integrability

e Reverse martingales

e Martingales with bounded increments
e Extended Borel-Cantelli lemma

e Radon-Nikodym theorem

e Law of large numbers for martingales
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Properties of convergent sequences

Lemma 12.1 Let {z,,} C R. Suppose that for each a < b, the sequence
crosses the interval |a,b] only finitely often. Then either lim,_, x,, = 00,
lim, o ¢, = —o00, or lim,,_.o x,, = x for some x € R. (Note that it is
sufficient to consider rational a and b.)

Proof. For each a < b, either limsup,_,,, x, < b or liminf, . x, >
a. Suppose there exists by € R such that limsup,,_.,, z, < by, and

let b = inf{b : limsup, .. 7, < b}. If b = —oo, then lim,, .o 7, =
—o0. Otherwise, for each € > 0, liminf, .z, > b — ¢, and hence,
lim,, e T, = b. O]

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 179



(sub)-martingale transforms

Let {H,} and { X, } be {F,}-adapted, and define
H-X, =Y H1(Xp— Xie).
k=1

Lemma 12.2 If X is a submartingale (supermartingale) and H is a non-
negative, adapted sequence, then H - X is a submartingale (supermartin-

gale)
Proof.
FEH - X,1|F.] = H-X,+ E[H,( X1 — X0)|F)
= H-X,+ H,F[ X1 — X,|F]
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Upcrossing inequality

For a < b, let U,(a,b) be the number of times the sequence {X}
crosses from below a to above b by time n.

Lemma 12.3 Let {X,,} be a submartingale. Then for a < b,

E(Xy —a)
b—a

I B, ()
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Proof. Define
op = min{n: X, <a}
min{n > o; : X,, > b}

oir1 = min{n > 7;: X, <a}

Ti

and
Hk‘ — Z 1{Ti§k<0'i+1}'

Then H - X,, = ) .(Xnnrosy — Xnnr) and Uy (a,b) = max{i : 7; < n}.
Then since if 7; < oo, X, > band if 0; < 00, X, < a,
~H-X, > (b—a)Up(a,b) =Y (Xpno,, — @) Lirzncn)
> (b—a)Uy(a,b) — (X, —a)"

and hence
0> (b—a)E[Up(a,b)] — E[(X, — a)"]
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Martingale convergence theorem

Theorem 12.4 Let { X, } be a submartingale with sup,, E[X,| < oc. Then
lim,,_,~ X, exists a.s.

Corollary 12.5 If {X,,} is a nonnegative supermartingale, then X, =
lim,, . X, exists a.s. and E[X,| > F[X ]
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Proof. For each a < b,

E[(X, —a)* E[X*
E[lim U, (a.b)] < sup [( a)'] _ sup, EIX] + o] _

= .
n—00 n b—a b—a

Therefore, with probability one, Uy (a,b) < oo for all rational a, b.
Consequently, there exists ) C Q2 with P(€) = 1 such that for w €
Qg, either lim,, ., X,,(w) = oo, lim,,_,oc X, (w) = —00, or lim,, o X,,(w) =
Xoo(w) for some X (w) € R.

Since E[X,] > E[Xy),
E[|X,]] = 2E[X,]] — E[X,] < 2E[X,]] — E[Xo].
Consequently,
Eflim inf | X, || < lim inf B[|.X,[] < oo,

so P{lim, . |X,| = oo} = 0 and lim,_~, X,, € R with probability
one. ]
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Examples

X =11h; & & iid with § > 0 a.s. and E[¢] = 1. {X,,} is a nonneg-
ative martingale. Hence, lim,,_,, X, exists. What is it?

Sp =1+ 1, 1k iid, integer-valued, nontrivial, with E[n;] = 0,
me > —1 a.s.

Let 7 = inf{n : S, = 0}. Then for X,, = S\, lim,, .., X,, must be zero.
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Properties of integrable random variables

Lemma 12.6 If X is integrable, then for ¢ > 0 there exists a K > 0 such

that
/ | X|dP < e.
{IX]>K}

Proof. limg . | X|1{x>x = 0 as. [

Lemma 12.7 If X is integrable, then for e > 0 there exists a 6 > 0 such
that P(F) < 0 implies [ |X|dP < e.

Proof.Let F},, = {| X| > n}. Then nP(F,) < E[|X|1r,] — 0. Select n so
that E[|X[1F,] <¢/2,and let § = 5. Then P(F) < ¢ implies

/|X|dP§/ |X|dP+/ IX|dP < < +né =
F F,NF FenF 2
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Uniform integrability

Theorem 12.8 Let {X,} be a collection of integrable random variables.
The following are equivalent:

a) sup E[| X.|] < oo and for € > 0 there exists 6 > 0 such that P(F) <
implies sup,, [ | Xa|dP < e.

b) limK_m sup,, E[|Xa|1{|Xa|>K}] = 0.

c) limg o sup, E[| Xo| — | Xa| A K] =0

d) There exists a (strictly) convex function  on [0, co) with lim, ., @ =
oo such that sup,, Elp(|X.])] < .
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Proof. a) implies b) follows by

EllXal]

P{| X, > K} <
(1%, > K} < =2

b) implies d): Let N; = 0, and for k& > 1, select IV}, such that

ZkSUp E1{x, >N} Xal] < o0
k=1

Define ¢(0) = 0 and
¢ (z) =k, N < x < Nji1.
Recall that E[p(|X|)] = [, ¢'(z)P{|X| > z}dz, so

> Niy1
Elp( X, =3k /N P{|X.| > z}dz < stupEmX | Xall
k=1 k k=1
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To obtain strictly convex ¢, define

1

)=k~
P ) Niy1 — Ny,

(N1 — ) < ¢'().

d) implies b): Assume for simplicity that ¢(0) = 0 and ¢ is increasing.
Then r~'¢(r) is increasing and | X,| " o(|Xa|) 1 x,>x1 = K 1o(K),
50 E[1qx,1>x}|Xal] < s Ele(1Xal)]

b) implies a): [, |Xo|dP < P(F)K + E[1yx, >} Xal]-
To see that (b) is equivalent to (c), observe that
K
E[|Xa| - |Xa| A K] < E[|Xa|1{|Xa|>K}] < QEHXa‘ - |Xa| A 5]

]
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Uniformly integrable families

e For X integrable, I' = {E[X|D] : D C F}
e For X, Xy, ... integrable and identically distributed

X1_+_..._+_Xn.
" :

['={ n=12..}

e For Y > Ointegrable, I' = {X : | X| <Y}
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Uniform integrability and L' convergence

Theorem 129 X, — X in L' iff X,, — X in probability and {X,} is
uniformly integrable.
Proof. If X,, — X in L', then
lim E[|X,| ~ |X,| A K] = E[[X] ~ |X| A K]

and Condition (c) of Theorem 12.8 follows from the fact that

Jim B[|X| ~ [X| A K] = lim E[|X,| [ X,| A K] =0,
Conversely, let fx(z) = ((—K) V z) A K, and note that |z — fx(x)| =
|z| — K A |z|. Since

| X — X| <[ X — [r(X)| + |[x(X0) = [r(X)] +[X — fr(X)],
limsup F[| X, — X|] < 2sup E[| X, — fx(X,)]] ()

n—oo
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Convergence of conditional expectations

Theorem 12.10 Let {F,,} bea filtration and Z € L'. Then M,, = E[Z|F,]
is a {F, }-martingale and lim,, ., M, exists a.s. and in L. If Z is V. F,-
measurable, then Z = lim,,_,o, M,,.

Proof. Since E[|M,|] < E[|Z|], almost sure convergence follows by
the martingale convergence theorem and L!-convergence from the
uniform integrability of {M,,}.

Suppose Z is V, F,-measurable, and let Y = lim,_, M,. Then Y is
Vv, JF,-measurable, and for A € U, F,,
E[].AZ] = lim E[].AMn] = E[].AY].

n—oo

Therefore E[14Z] = E[14Y ] forall A € Vv, F,. Taking A = {Y > Z}
and {Y < Z} gives the last statement of the theorem. O
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Null sets and complete probability spaces

Let (€2, F, P) be a probability space. The collection of null sets N is
the collection of all events A € F such that P(A) = 0. (2, F,P) is
complete,if A € N and B C Aimplies Be N C F.

Lemma 12.11 Let (2, F, P) be a probability space and let
F={ACQ:3Be F,Ce N> AABCC}.

Then F is a o-algebra and P extends to a measure P on F. (0, F, P) is
called the completion of (2, F, P).

If (2, F, P) is complete and D C F is a o-algebra, then the comple-
tionof Dis D = o(DUN).
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Extension of Kolmogorov zero-one law

Corollary 12.12 Let {D,,} and G be independent o-algebras, and let
T = MG V Vizn D

Then T = G, where T is the completion of T and G is the completion of G.

Proof. Clearly, G C 7. Let F,, = GV V}_,D;. Then for A € 7, by
Problem 11,
E[14|F,] = E[14]G].

But 14 = lim,, ., E[14]F,] a.s., s0 A € G. O
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Reverse martingale convergence theorem

Theorem 12.13 Let {G,,} be o-algebras in F satisfying G, O G,1 and let
Z € LY. Then lim,, .., E[Z|G,] exists a.s. and in L.

Proof. Let YV = E[Z|Gn_k], 0 < k < N. Then {V;} is a martingale,
and the upcrossing inequality for {Y,V} gives a “downcrossing” in-
equality for { E[Z|G,|}. O
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A proof of the law of large numbers

Let {¢;} be iid random variables with E[|;|] < co. Define

1 n
and G, = 0(X,,&01, €002, --.). Then G, D G,.1 and

is a reverse martingale, so X,, converges a.s. and in L'. By the Kol-
mogorov zero-one law, the limit must be a constant and hence E[¢;]
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Asymptotic behavior of a martingale with bounded in-
crements

Theorem 12.14 Let {M,,} be a martingale and suppose that
Elsup | M1 — M| < o0

Let Hy = {lim,,_, o, M,, exists} and

Hy = {limsup M,, = oo, liminf M,, = —o0}.

n—o0 n—aoo

Then P(Hl U HQ) =1.
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Proof. Let H,” = {limsup,,_,,, M,, = oo} and H, = {liminf, .., M, =
—oo}. For ¢ > 0, let 7. = inf{n : M,, > c¢}. Then {M]} is a martingale
satisfying

Bl M

| < 2E[sup |[My41 — M,|] + 2 — E[M].

Consequently, Y. = lim, ., M exists almost surely. Then H; =
UAY. < ¢} and HY D NAY. > ¢}. Consequently, P(H, U Hy) = 1.
Similarly, P(H, U Hy ) =1, and hence P(H, U (Hy N Hy)) = 1.
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Extended Borel-Cantelli lemma

Recalling the Borel-Cantelli lemma, we have the following corollary:

Corollary 12.15 Forn =1,2,...,let A,, € F,,. Then

Gi={) 14, =00} ={) P(A|F1) =0} =Gy as.

Proof.
M, Z 1y, — P(AilFic1))

is a martingale satisfying sup,, |M,+1 — M,| < 1. Consequently, with
H, and H, defined as in Theorem 12.14, P(H,; U H,) = 1.

Clearly, Hy C Gy and Hy C G. For w € Hy, lim,,_,» M, (w) exists, so
eitherboth > 14 <oocand d °, P(A,|F,-1) < o orw € Gy and
w € Go. O]
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Jensen’s inequality revisited

Lemma 12.16 If ¢ is strictly convex and increasing on [0, c0) and X > 0,
then

Elp(X)|D] = ¢(E[X|D]) < oo a.s.
implies that X = FE[X|D] a.s.

Proof. Strict convexity implies that for x # v,

p(z) —py) > " (W) (x —y).
Consequently,
Elp(X) — p(E[X|D]) - ¢* (E[X|D])(X — E[X|D])D] = 0
implies X = F[X|D] a.s. [
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Radon-Nikodym theorem

Theorem 12.17 Let v and p be finite measures on (S, S). Suppose that for
each € > 0, there exists a 6. > 0 such that (A) < 6. implies v(A) < e.
Then there exists a nonnegative S-measurable function g such that

V(A):/gd,u, AeS.
A

Proof. Without loss of generality, assume that p is a probability mea-
sure. For a partition { By} C S, define

B,)
xtm Zy By
— 1(Br)

which will be a random variable on the probability space (S, S, p).
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ThenE[X 18] = 1(S) < oo,

v(S)

X8 > g <
1f > K} < %

and for K > ”gs)

/ XBedy = (X8 > K) < e
(X B> K
It follows that { X P} is uniformly integrable. Therefore there is a

strictly convex, increasing function ¢ such that

sup Efp(XP)] < oo
{Br}

Let DIB} C S be the o-algebra generated by {B;}. If {C}} is a refine-
ment of { By}, then

pIx DB = x 1B,
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Let {A,} C S, and let F,, = 0(Ay,...,A,). Then there exists a finite
partition { B}'} such that 7,, = o({B}'}). Let

v(B})

M, = XBib =N " kg,
zk: p(Be)
Then {M,} is a {F, }-martingale, and M, — M{4} as. and in L.

Let

v= sup E[p(M"] = lim E[p(Mh)].
(A)CS m—00

Let {4,} = U, {A™}. Then
BE[MA|o({AT})] = M

and E[p(M 4] = 4.
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For each A € S, we must have E[p(M {AH}U{A})] = v, and hence
E[¢<M{An}U{A}) _ SO(M{A”}) _ s0+(M{fin})(]\4{xfln}u{x4} _ M{An})] —0,
which implies M {4:3U{4}) = p/{4) a5, and

v(A) = E[1yM AU = B[, M) = / MAY gy,
A
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Kronecker’s lemma

Lemma 12.18 Let {A,,} and {Y,,} be sequences of random variables where
Ay > 0and A,y > A, n = 0,1,2,.... Define R, = Zzzlﬁ(ifk —
Yj—1). and suppose that lim,,_.., A, = oo and that lim,_.-, R, exists a.s.
Then, lim,,_,~ E/Tn =0 a.s.

Proof.
AR, Z(AkRk —Ap 1 Rpq) = Z Ry 1(Ap — Agq) + Z Ap(Ry — Ri—1)
k=1 k=1 k=1
= Y, - Y+ Zkal(Ak — Ap_1) + Z 2 (Vi — Y1) (Ar — Ag—1)
k=1 p=1 k-1
and
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Law of large numbers for martingales

Lemma 12.19 Suppose { A,,} is as in Lemma 12.18 and is adapted to {F,},
and suppose { M, } is a {F, }-martingale such that for each {F, }-stopping
time 7, E[AZ2 (M: — M-_1)*1{;<y] < 00. If

= 1
Z A2 (Mk — Mk,1)2 < o0 a.s.,
k=1 ""k-1

then lim,,_o 4= = 0 a.s.
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Proof. Without loss of generality, we can assume that A, > 1. Let

—~ 1
7, = min{n : Z (M, — My_1)* > c}.
k_

—~ Ai

Then

Z A2 (Mk/\TC - M(k:—l)/\rc) <c+ A2 (MTC - Mchl) 1{TC<<>O}'

k=1 k—1 Tc_l
Defining R;, = " 71— (Mgr, — Mz_1)rr,), sup, E[(R;,)?] < oo, and
hence, { R} } converges a.s. Consequently, by Lemma 12.18, lim,, ., MZ—QTC =
0 a.s. Since

Mn . Mn T
{lim — =0} D U.({ lim AAC =0} N {r. = o0}),

P{limy, o 52 = 0} = 1. O

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 207



Three series theorem
Theorem 12.20 Let {¢,} be {F, }-adapted and define n,, = &1, 1<py- If

Z P{|&+1| > b|Fn} < 00 a.s., ZE[nnH\fn] converges a.s.,

n=1 n=1
and .
> " El(n — Elnel Fier))* | Fra] < o0,
k=1
then >~ | &, converges a.s.
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Proof. Let 7. = inf{n : > ;_, El(m — E[mk|Fr-1])?*|Fr-1] > c}, and
note that {r. = n} € F,-1. Then M,, = > ;_,(mx — E[nk|Fi-1]) is a
martingale with bounded increments as is M,,,,,. Since

E[(Murr.)*) = > BBk — Elnk| Fi1])*Lirom] < ¢+ 40,
k=1
limy, oo M7, €Xists a.s. Since lim,_,., P{7. = oo} = 1, lim,, .o, M,, ex-
ists a.s. Since the extended Borel-Cantelli lemma implies > | 1y, sy <
o0 a.s., y .o &, converges a.s. O

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 209



Geometric convergence

Lemma 12.21 Let {M,,} be a martingale with |M, 1 — M,| < ca.s. for
each n and My = 0. Then for each € > 0, there exist C and n such that

1
P{=|M,| > ¢} < Ce™™.
n
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Proof. Let () = e 4+ €” and ¢p(x) = e* — 1 — x. Then, setting
X = My — My
E[p(aM,)] = 2+ E[p(aMy) — ¢(aby_y)]
k=1
= 2+ Z Elexp{aMj_1}p(aXy) + exp{—aMi_1}p(—aXy)]

k=1

< 2+Z<pac olaMy_1)],

and hence
E[p(aM,)] < 2em#lac),
Consequently,
p{sup_\ Myl > ¢} < ZRAMI] o nitac)-ae)
k<n T o(ane)
Then n = sup,(ae — ¢(ac)) > 0, and the lemma follows. ]
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Truncation

In the usual formulations of the law of large numbers, A, = n or
equivalently, A, = n + 1, so we would like to know

E[T_Q(MT - MT—1>21{T<00}] <0 (12.1)
and

1
ZI{Z— Mk — Mk,1>2 < o0 a.s.

Define p;(z) = ((—k) V x) A k and
fn — pn(Mn - Mn—l) - E[pn(Mn - Mn—l)‘fn—l]-

Then M, = > i1 &n 1s a martingale satisfying (12.1).
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13. Characteristic functions and Gaussian distributions

e Definition of characteristic function

e Inversion formula

e Characteristic functions in R?

e Characteristic functions and independence
e Examples

e Existence of a density

e Gaussian distributions

e Conditions for independence

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 213



Characteristic functions

Definition 13.1 Let X be a R-valued random variable. Then the charac-
teristic function for X is

ox(0) = EJe"] = / €% 1 (dr).

The characteristic function is the Fourier transform of jux.
Lemma 13.2 ¢y is uniformly continuous.

Proof.
|§0X((9 + h) — SOX(Q)‘ < E[|€i(9+h)X _ ez’&Xl] _ EH@MX . 1”
[

Lemma 13.3 If X and Y are independent and Z = X + Y, then p; =
PXPY-
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Inversion formula

Theorem 13.4

I I/Te_wa_e_i% (0)d0 = Sy {a} + px(a,b) + ~px (b}
Tose2m | g LW T QA T XA D) o
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Proof.

T Tz| o
/ Smeezdezsgn(z)Q / Y = R(2,T)

-T u

0
T ,—ifa _ ,—ifb T pif(z—a) _ oif(z—b)
/ _ ex(0)dd = // : dfpx (dz)
10 RJ-T 10

B _ /R/YT’ sinf(x — a) — sinf(z — b) 060 (d)

0
_ / (R(z — a,T) — R(x — b, T))px(dz)

The theorem follows from the fact that

27 a<zxr<b
lim (R(zx —a,T) — R(x—b,T))=¢ © x€{a,b}
T—o0 .

0 otherwise
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Characteristic functions for R

Let X be a R%valued random variable and for 6 € R¢, define

px(0) = Ble”].

Define
1 a<zxr<b
Lyx)=1 3 x€{ab}
0 otherwise
Corollary 13.5
—’Lelal —Z@lbl

— €

d
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Independence

Lemma 13.6 X1, ..., X, are independent if and only if

d
E[eiZkzl Oka] _ H ox, (0/{)
k=1

Proof. Let X;, k= 1,...,dbe independent with 1 % = HXp- Then The

characteristic function of X = (X,...,X,) € R? is the same as the
characteristic function of X = (Xji,...,X,) so the distributions are
the same. O]
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Examples

e Poisson .

© - A i

ex(0) = Ze’eke /\F = exp{A(e?? — 1)}

k=0 '

e Normal
_ (z— w? 92 2
/ \/% 22 dx = exp{ifu — —}

e Uniform
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e Exponential

A

9) — ooi@x)\—)\xd:
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Sufficient conditions for existence of density

Lemma 13.7 L' characteristic function: If [ |px(0)|d8 < oo, then X has
a continuous density

Fr(z) = % /R =075 (0)d0

Proof.

T ~ifa _ ,~ifh boT
/ , @X(Q)cw:/ / e 0% o (0)dfdx
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Computation of moments

Lemma 13.8 If m € N* and E[|X|"] < oo, then

mdm

EX") = (=) 2ox (0) oo
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Gaussian distributions

Definition 13.9 X = (Xi,..., Xy) is jointly Gaussian if and only if a -
X =0, ap Xy, is Gaussian for each a € R

Lemma 13.10 Let X = (X1,...,Xy), X} € L?, and define u, = E[X}],
o = Cov(Xy, X)), and ¥ = ((oy1)). Then X is Gaussian if and only if

1
ox(0) = exp{ip -0 — éeTze}. (13.1)

Proof. Suppose (13.1) holds, and let Z = ZZZI ar Xi. Then pz(6) =
exp{ifyu - a — £6%a’Sa}, so Z is Gaussian.

If X is Gaussian, then §- X is Gaussian with mean p-6 and Var(0-X) =
67320, so (13.1) follows. O
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Independence of jointly Gaussian random variables

Lemma 13.11 Let X = (Xq,..., Xy) be Gaussian. Then the X} are inde-
pendent if and only if Cov(Xy, X;) = 0 forall k # 1.

Proof. Of course independence implies the covariances are zero. If
the covariances are zero, then

d d
| 1 —
ox(0) = exp{ip- 0 — 5 kz_:l 0201} = H i3

and independence follows by Lemma 13.6. O
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Linear transformations

Lemma 13.12 Suppose that X is Gaussian in RY and that A is a m x d
matrix. Then Y = AX is Gaussian in R™.

Proof. Since ) 7", b;Y; = S > i1 bjajx X, and linear combination
of the {Y;} has a Gaussian distribution. O
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Representation as a linear combination of independent
Gaussians

Let (X1, X5) be Gaussian and define Y; = X;and Y5 = Xg—%Xl.
Then Cou(Y1,Y2) = 0 and hence Y; and Y5 are independent. Note that

Xy =Ys + Sy,

More generally, for (X1,. .., X,;) Gaussian, define Y; = X; and recur-
sively, define Y, = X + Zf;ll b X, so that
k-1

Cov(Yy, Xpm) = Cov( Xy, m)—i—z buCov(X;, X)) =0, m=1,... k-1
I=1

Then, Y} is independent of X1, ..., X;_; and hence of Y7, ..., Y.
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Conditional expectations

Lemma 13.13 Let (X, ..., Xy) be Gaussian. Then there exist constants
€0, Cl, - . ., Cq—1 SUch that
d—1
E[XgX1,..., Xga] =co+ Y aXp. (13.2)
k=1

Proof. By the previous discussion, it is possible to define
d-1
Yi=Xq— Z k- Xk
k=1
so that Cov(Yy, X)) =0,k =1,...,d — 1. Then Y; is independent of
(X1,...,X41) and (13.2) holds with ¢y = E[Yy].
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14. Convergence in distribution

e Definitions

e Separating and convergence determining sets
e First proof of the central limit theorem

e Tightness and Helly’s theorem

e Convergence based on characteristic functions
e Continuous mapping theorem

e Convergence in R?
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Convergence in distribution: Classical definition in R

Definition 14.1 A sequence of R-valued random variables { X, } converges
in distribution to a random variable X (denoted X, = X) if and only if

lim Fx, (z) = Fx(z)

n—oo

at each point of continuity x of Fx.
Lemma 14.2 Fx(z) — Fx(x—) = P{X =z}, so P{X = x} = 0 implies

that x is a point of continuity of Fx. Fx has at most countably many
discontinuities.

Lemma 14.3 If Fx, (z) — Fx(z) for x in a dense set, then X,, = X.
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Weak convergence of measures

Definition 14.4 Let (E,r) be a complete, separable metric space. A se-
quence of probability measures {j,,} C P(E) converges weakly to j1 €
P(E) (denoted ji,, = p) if and only if

/ gdp, — / gdu, forevery g € Cy(E).
E E
In particular, ux, = px if and only if

Elg(X,)] — E[g(X)], foreveryg e Cy(E).

We then say X,, converges in distribution to X.
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Equivalence of definitions in R

Lemma 14.5 If £ = R, then X,, = X ifand only if ux, = px.

Proof. Fore > 0and z € R, let

f;(l‘) = _6_11(z,z+e)(x)7 fz(2> = 1.
Then
1(*00,2]('1.) S fZ(x) S ]-(foo,z+e} (l’)

Then pux, = px implies

limsup F¥, (2) < Fx(z + €) < liminf Fx, (2 + 2¢),

n—00 n—0o

so limsup,,_,, Fx,(z) < Fx(z) and liminf, ., F, (2) > Fx(z—).
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Conversely, if g € C1(R),

Y 0
Blo() = o)+ [ o)~ [ e, )

[0,

= +/ g (x)px, [z oo)dx—/ J (z)px, (—oo, x]dx
0,00) (—00,0)

]
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Separating and convergence determining sets

Definition 14.6 A collection of functions H C Cy,(FE) is separating if

/fdu:/fdz/, for every f € H,
E E

implies ;1 = v.

A collection of functions H C C(E) is convergence determining if

lim [ fdu, = / fdu, forevery f € H,
E E

n—oo

implies ji,, = [u.
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C. is convergence determining

Lemma 14.7 C.(R), the space of continuous functions with compact sup-
port, is convergence determine.

Proof. Assume lim, .., E[f(X,)] = E[f(X)] for all f € C.(R). Let
fr(x) € C.(R) satisty 0 < fx(x) < 1, fx(z) = 1, |z| < K, and
fx(x) =0, |z| > K + 1. Then E[fx(X,)] — E[fx(X)] implies

limsup P{|X,| > K + 1} < P{|X| > K},

n—oo

and for g € Cy(R),
limsup |E[g(X,)] — Elg(Xn) fr (Xn)]] < [lgl|E[1 — fx(X)].

n—oo

Since limg . E[1 — fx(X)] = 0, by Problem 19,
lim Elg(X,)] = lim lim Blg(X,)fx(X,)] = lim Blg(X)fx(X)] = Elg(X)
]
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C° is convergence determining

Let )
p(x) _ cexp{—m} —1 < x < 1
0 otherwise

where c is selected so that [, p(z)dz = 1. Then p is in C2° and for
[ e C.(R),

@) = [ F) o e = )i,
fe € C(R) and lim,_, o sup, | f(z) — fe(x)] = 0.

Note that C,,(R), the collection of uniformly continuous functions is
also convergence determining since it contains C\.(R).
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The central limit theorem: First proof

Theorem 14.8 Let X1, Xo, ... be iid with E[Xy] = pand Var(Xy) =
0% < oo, and define

S Xe—np V1 1 o X —p
Zn: == — X, — = — .
Vno a(n; k= H) \/ﬁ; o

Then Z,, = Z, where
=1 o2
P{Z < 2} = 0(z) = / % dz.

oo V2T

Remark 14.9 If X satisfies E[X| = pand Var(X) = 0 < oo, then Y =
% has expectation 0 and variance 1. Note that the conversion of X to Y is
essentially a change of units. (Think conversion of Fahrenheit to Celsius.) Y
is the standardized wversion of X. Distributions of standardized random
variables have the same location (balance point) 0 and the same degree of
“spread” as measured by their standard deviations.
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Sums of independent Gaussian random variables are
Gaussian

Lemma 14.10 If X, Xy, ... are independent Gaussian random variables
with E[Xy] = 0 and Var(X},) = o2, then for eachn > 1,

1 n
77 2%

is Gaussian with expectation zero and variance o>.
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Proof. Without loss of generality, we can assume that E[X;] = 0
and Var(X;) = 1. Let &,&, ... be iid Gaussian (normal) random
variables with E[¢;] = 0 and Var(&;) = 1. For 0 < m < n, define

n

:ZXk+ Z ks ZXk+ Z &k
=1

k=m-+1 k=m+1

Then for f € C>*(R),

1 1 1 1
g0 — 70y — zm)y _ r(_—_ 7z(m=1)
f(\/ﬁn)ﬂnn)mil(f(ﬁn)f(\/ﬁ )
3 (P2 (3 — )+ =2 ez - )
T = no s N
1 . 1 1 - 1
R(—2Z™ —X,)— R(—=2"™ —¢,.)),
(I, =) = RO, )
where
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and |
|R(z,h)| < =h* sup |f"(u) — f"(v)].

|lu—v|<h
Consequently,
1 1
E[f(—=Z")] — E[f(—=2)
B2 = U220
<EXT sup [f7(w) = ()]
lu—v|< 751X
+ElEf sup [f"(w) = f(0)] = 0
lu—v|< 16|
by the dominated convergence theorem. O
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Helly’s theorem

Theorem 14.11 Let { X, } be a sequence of R-valued random variables Sup-
pose that for each € > 0, there exists a K. > 0 such that

sup Fiy (—K.)+1—Fx (K. =sup(P{X, < —K.}+P{X, > K. }) <e.

Then there exists a subsequence {n,,} and a random variable X such that
Xp, = X.

Proof. Select a subsequence of { Fx, } such that F'y (y) converges for
each rational y. Call the limit F°(y) and define

Fy(z) = inf F°(y)> sup F°(y)
yeQy>z yeQ,y<a

Then FYx is a cdf, and by monotonicity, Fx, () — Fx(x) for each
continuity point x. ]
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Tightness

Definition 14.12 A sequence of random variables { X, } is tight, if for each
€ > 0 there exists K. > 0 such that P{|X,,| > K.} <e.

If {X,} is tight, then Helly’s states that there exists a subsequence
that converges in distribution. Note that the original sequence con-
verges if there is only one possible limit distribution.

Lemma 14.13 Suppose 1) > 0 and lim, ., ¢ (r) = oo. If sup,, E[¥(X,,)] <
oo, then { X, } is tight.
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Lévy’s convergence theorem

Theorem 14.14 If lim px, (0) = g(0) for every 6 and g is continuous at 0,
then g is the characteristic function for a random variable X and X,, = X.

Proof.Assume tightness. Then convergence follows from the inver-
sion formula.

Proof of tightness:

5722 — px,(0) — ox,(—0))do = 67! f5 fR (1— ey (dx)dd
= fR f — 29;17 dQ,uX (dllf)

f]R 1_ 5111(53: (dm)
px, IfEI > 2071}

AVA
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The central limit theorem: Second proof

Proof. Let Z, be as before. Then assuming £[X;] = 0 and Var(X}) =

L,
¢2,(0) = BL"F) = px(0)
i L 9 62 62 .
Claim:

; 0
lim nE[eZ\f —1- —X+ —X 2]

n—oo

:—hmEXz//ef“X 1)dudv = 0,

n—oo

so wz (0) — e~2” and Z, converges in distribution to a standard nor-
mal random variable. O]
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Triangular arrays

Definition 14.15 A collection of random variables { X,,x, 1 < k < N,,,n =
1,2,...} is refered to as a triangular array. The triangular array is a null
array (or uniformly asymptotically negligible) if

lim sup B[| X,k A1] =0

n—oo k
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Lindeberg conditions

Theorem 14.16 Let {X,;,1 < k < N,,n = 1,2,...} be a triangular
array of independent, mean zero random variables, and let Z be standard
normal. Suppose that lim,, ., >, F[X? ] — 1. Then

Y X = Zand sup E[X},] — 0
k
k

if and only if for each € > 0,

lim Y BIX3 1, = 0.
k
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Proof. Let {¢,,} be independent Gaussian (normal) random vari-
ables with E[¢,;] = 0 and Var(&,:) = Var(X,). For 0 < m < m,,
define

ZXnk+ Z Enik; ZXnk+ Z Enie

k=m+1 k=m+1

Then for f € C*(R),

[y

m=
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Consequently,
(2] = ELF(Z)

<Y BN, swp o [f(w) — f1(0)]

m=1 [u—v[<| X prm
+> E[§§m| sup [f"(w) = f(v)]]
m:l u—v S nm

<201 Y ElX x4
m=1

+ Y E[X2,] suwp |f(u) = f'()]
m=1

|lu—v|<e
) E[§§m| sup [f"(u) = f"(v)]] = 0.
m=1 U—V|=|Enm

For the converse, see Theorem 5.15 in Kallenberg. [
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Types of convergence

Consider

a) X, — X almost surely
b) X, — X in probability

c) X,, = X (X, converges to X is distribution)
Lemma 14.17 X,, — X in probability if and only if E[|X,, — X| A 1] — 0.

Lemma 14.18 Almost sure convergence implies convergence in probabil-
ity. Convergence in probability implies convergence in distribution.
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Proof. If X,, — X almost surely, the E[|X,, — X| A 1] — 0 by the
bounded convergence theorem.

Itg € CX(R), then |g(z) —g(y)| < (l¢'llz —y[) A (2]lg])). Consequently,
it X,, — X in probability,

[E[g(Xn)] — Elg(X)]l < 2llgl) V lg'| E[ X0 — X| A 1] — 0.
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Skorohod representation theorem

Theorem 14.19 If X,, = X, then there exists a probability space and ran-
dom variable X,,, X such that Py, = HX,, bx = px,and X, — X almost
surely.

Proof. Define
Gn(y) =inf{z: P{X, <z} >y}, G(y)=inf{z: P{X <z} >y}

Let £ by uniform [0, 1]. Then G(¢) < z if and only if P{X < z} > ¢,
SO

P{G(§) <z} = P{P{X <x} > ¢} = P{X <=z}.
Fx (x) — Fx(z) for all but countably many x implies G, (y) — G(y)
for all but countably many y. O
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Continuous mapping theorem

Theorem 14.20 Let H : R — R, and let Cy = {x : H is continuous at x }.
If X,, = X and P{X € Cy} =1, then H(X,,) = H(X).

Proof. The result follows immediately from the Skorohod represen-
tation theorem. ]
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Convergence in distribution in R?

Definition 14.21 {y,, } C P(RY) is tight if and only if for each € > 0 there
exists a K. > 0 such that sup,, pu,(Bk,(0)¢) < e.

Definition 14.22 { X"} in R? is tight if and only if for each ¢ > 0 there
exists a K. > 0 such that sup,, P{|X,| > K.} <e.

Lemma 14.23 Let X" = (X7, ..., X}). Then {X,} is tight if and only if
{X}'} is tight for each k.

Proof. Note that

d
P{X"| > K} < 3 P{IX}| > d'K)
k=1
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Tightness implies relative compactness

Lemma 14.24 If {X,,} C RY is tight, then there exists a subsequence {n;.}
and a random variable X such that X" = X.

Proof. Since { X, } is tight, for € > 0, there exists a K > 0 such that

[oxn(0h) — exn(b2)] = K00 — 02| P{|X| < K} +2P{| X[ > K}
S K‘61_92‘+267

which implies that {¢x~(0) } is uniformly equicontinuous. Selecting a
subsequence along which ¢ x-(f) converges for every 6 with rational
components, and by the equicontinuity, for every 6. Equicontinuity
also implies that the limit is continuous, so the limit is the character-
istic function of a probability distribution. O]
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Convergence determining sets in R?

Lemma 14.25 C.(RY) is convergence determining.

Proof. Assume lim, ., E[f(X,)] = E[f(X)] for all f € C.(RY). Let
fr(x) € C.(RY) satisfy 0 < fx(z) < 1, fx(z) = 1, |z| < K, and
frx(z) =0, |r| > K + 1. Then E[fx(X,)] — E[fx(X)] implies

limsup P{IX, | > K + 1} < P{X| > K},

n—oo

and for g € Cy(RY),
limsup | E[g(Xn)] — Elg(Xn) fx(Xn)]| < [lgl|E[1 = fr(X)].

n—oo

Since limg .~ E[1 — fx(X)] = 0, by Problem 19,
lim Elg(X,)] = lim Tim Elg(X,)[x(Xa)] = lim Elg(X)fx(X)] = Elg(X)

n—oo —00 N—00

]
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Convergence by approximation

Lemma 14.26 Suppose that for each € > 0, there exists X" such that
P{X" — X" > €} <,

and that X™¢ = X¢. Then there exist X such that X¢ =’ X and X" = X

Proof. Since |e® — Y| < |0]|z — y],
pxn (0) — oxne(0)] < |0le(1 — €) + 2e.
By Problem 19,
lim ox2(60) = lim o (6)

n—oo €E—00
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Convergence in distribution of independent random vari-
ables

Lemma 14.27 For each n, suppose that {X7,..., X} are independent,
and assume that X! = X, k=1,...,d. Then (X7,..., X]) = (X1,..., Xq),
where X1, ..., X, are independent.
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Continuous mapping theorem

Theorem 14.28 Suppose { X,,} in RY satisfies X,, = X and F : R? — R™
is continuous. Then F(X,) = F(X).

Proof. Let g € Cy(R™). Then go F € Cy(RY) and Elg(F(X,))] —
Elg(F(X))]. -
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Convergence in R™

R* is a metric space with metric
d(w,y) = 3027 H2® — y ¥ A1
k
Note that z,, — z in R* if and only if x,(lk) — 2% for each k.

Lemma 14.29 X, = X in R® ifand onlyif (X", ..., X\") = (xX®,. .. X@)
for each d.
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15. Poisson convergence and Poisson processes

e Poisson approximation of the binomial distribution
e The Chen-Stein method

e Poisson processes

e Marked Poisson processes

e Poisson random measures

o Compound Poisson distributions
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Poisson approximation of the binomial distribution

Theorem 15.1 Let S,, be binomially distributed with parameters n and p,,,
and suppose that lim,,_,., np, = A\. Then {S,,} converges in distribution to
a Poisson random variable with parameter \.

Proof. Check that
k
i (5, =k} = i )ob(1—p) = e

n—oo n—od
or note that

E[ez‘HSn] — ((1 . pn) _|_pnei0)n N e>\(€i9*1).
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A characterization of the Poisson distribution

Lemma 15.2 A nonnegative, integer-valued random variable Z is Poisson
distributed with parameter X if and only if

ENg(Z+1)— Zg(Z)] =0 (15.1)
for all bounded g.

Proof. Let g;(j) = 65 Then (15.1) implies
AP{Z =k—-1}—kP{Z =k} =0

and hence i

P{Z =k} = %P{Z = 0}.
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The Chen-Stein equation

Let Z) denote a Poisson distributed random variable with E[Z,] = .

Lemma 15.3 Let h be bounded and E[h(Z))] = 0. Then there exists a
bounded function g such that

Ag(k + 1) — kg(k) = h(k), ke N.
Proof. Let ¢(0) = 0 and define recursively

gk -+ 1) = 5 (h(K) + kg (k)

v(k) = ?kf(lk))!. Then
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and .
k! N [\
glk+1) = G ﬁh(l) = T ﬂh(l%
1=0 I=k+1

and hence, for k +2 > A\

s J
A N

gtk + 1) = ”h”;(kﬂﬂ)!/k! SThiDkr2z 2
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Poisson error estimates

Lemma 15.4 Let W be a nonnegative, integer-valued random variable. Then
P{W c A} — P{ZA c A} = E[)\gA,A(W + 1) — WgA,A(W)]
where gy 4 is the solution of

Agaa(k +1) — kgya(k) = 1a(k) — P{Zy € A}
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Sums of independent indicators

Let {X;} be independent with P{X;, = 1} = 1 — P{X, = 0} = p;, and define
W=>",and W, =W — X,. Then

EWg(W)] =Y E[Xig(W; +1)] sz (Wi +1)]

and setting A = >, p;,
EPgW +1) =Wg(W)] = sz (W+1) —g(Wi +1)]

= sz (g(W; +2) — g(W; + 1)]
— Zp (g(W; +2) — g(W; + 1)]

and hence
|P{W € A} — P{Z, € A}|
<> max(sup(ga,a(k + 1) = g2, 4(k)), sup(ga 4« (k + 1) = gx. 4 (K))-

- k>1
i =
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Estimate on g

Lemma 15.5 For every A C N,

1—e?
sup(gaa(k +1) — gxa(k)) < 3
k>1
Proof. See Lemma 1.1.1 of [1]. H
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Bernoulli processes

For eachn = 1,2,..., let {{}!} be a sequence of Bernoulli trials with
P{& = 1} = p,, and assume that np, — A. Define

Nn(t) - Zk 1§k
7' = inf{t: N,(t) =1} .

Vo= T T

Lemma15.6 For to = 0 < t1 < -+ < t,, then N,(t;) — Np(tx_1),
k =1,...,m,are independent and converge in distribution to independent
Poisson random variables.
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Interarrival times

Lemma 15.7 {4’} are independent and identically distributed.

Proof. To simplify notation, let n = 1. Define F;, = o(&;,i < k).
Compute

Py >m|F} = ) Bl =t =0} | Fil Lni)
k

- Z E[1{5k+1='“=§k+m:0} |fk] l{Tl:k}
k

= (1—p)”
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Convergence of the interarrival times

Lemma 15.8 (v{,74,...) = (71, Y2, - . .) where the y;, are independent ex-
ponentials.

Proof. By Lemmas 14.27 and 14.29, it is enough to show the conver-
gence of {7} for each k. Note that

P{y > s} = P{naj > [ns]} = (L = p,)") — ™.
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Continuous time stochastic processes

Definition 15.9 A family of o-algebras {F,} = {F;,t > 0} is a filtration,
if s < timplies F5, C F.

A stochastic process X = {X(t),t > 0} is adapted to {F;} if X(¢) is
Fi-measurable for each t > 0.

A nonnegative random variable T is a {F; }-stopping time if {T < t} € F;
foreacht > 0.

A stochastic process X is a {F;}-martingale (submartingale, super-
martingale) if X is {F;}-adapted and

E[X(s)|F] = (2, )X(t), Vi<s
A stochastic process is cadlag (continue a droite limite a gauche), if for

each (or almost every) w € Q, t — X(t,w) is right continuous and has a
left limit at each t > 0.
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The Poisson process

The convergence in distribution of the increments and interarrival
times suggest convergence (in some sense) of the Bernoulli process
to a process N with independent, Poisson distributed increments.
Convergence of the interarrival times suggests defining

l
N(t) = max{l : ka <t}
k=1

so that IV is a cadlag, piecewise constant process.

Defined this way, the Poisson process is an example of a renewal process.

Setting F}¥ = o(N(s) : s < t), the jump times
7 =1inf{t : N(t) >}
are {F} }-stopping times.
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Relationship between N and {7}

Note that
-1 ()\t)k
P{n >t} = P{N{t) <1} = ZG_MT
k=0
and differentiating
)\ltl—l iy
le(t): (l—l)'e :
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Martingale properties

If N is a Poisson process with parameter A, then
M(t) = N(t) — Mt

is a martingale.

Theorem 15.10 (Watanabe) If N is a counting process and
M(t) = N(t) — At

is a martingale, N is a Poisson process with parameter \.
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Proof.

E[ O(N(t+r)— |fN]
n—1
=14+ Z B[Nk =Nk 9 — (¢ — 1)(N(sp41) — N(sp,))e? N R =NO)| FN]
k=0
n—1

+Z/\<Sk+1 _ 8k>(6i9 _ 1)E[ 10(N(sk)—N(t)) ’f-N]
k=0

The first term converges to zero by the dominated convergence the-
orem, so we have

E[ew( (t+r)— ‘fN] -1+ )\( )/ E[ew( (t+s)— |fN]dS
0
and E[e?Nt+1)-N(0)| FN] = M1 Gince {e" : § € R} is separat-
ing, N(t+7)— N (t) is independent of 7. [
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Thinning Poisson processes

Theorem 15.11 Let N be a Poisson process with parameter \, and let {&.}
be a Bernoulli sequence with P{{, = 1} =1 — P{&, = 0} = p. Define

N(t)

N()
Ni(t) =D &, MNo(t) =) (1-&).
k=1

k=1

Then Ny and N, are independent Poisson processes with parameter \p and
A(1 — p) respectively.

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 275



Proof. Consider
N(t)
B[N0t = Blexp{i y ((6y — 02)&: + 0)}]
k=1
_ E[(ewlp-i— ei@g(l _p>)N(t)]

— exp{A(e™p + (1 - p) — 1)
_ e)\p(ewl—1)6)\(1—p)(ei92—1).

By a similar argument, for 0 = ty < --- < t,, Ni(te) — Ni(ti—1),
No(t) — No(tp—1), k = 1,...,m are independent Poisson distributed.

o(N;) = o(Ni(s),s >0) = V,o(N;(27"), N;(2 x 27"), N;(3 x 27" ...),

so independence of o (/N1 (27"), N1(2 x 27"), N1 (3 x 27" ...)
and o(N2(27"), Na(2 x 27™), No(3 x 27"...) implies independence of
o(N7) and o(Ny). O
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Sums of independent Poisson processes

Lemma 15.12 If Ny, k = 1,2, ... are independent Poisson processes with
parameters \i, satisfying A = Y, Ay < oo, then N = >, N}, is a Poisson
process with parameter ).
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Marked Poisson processes

Let N be a Poisson process with parameter ), and let {7;} be inde-
pendent and identically distributed R?-valued random variable.

Assign 7, to the kth arrival time for N. 7, is sometimes refered to as
the mark associated with the kth arrival time.

Note that for A € B(R?)

N(t)

NA ) =#{k:m <t € A} =) L)

k=1

is a Poisson process with parameter Ay, (A), and that for disjoint
Ay, Ay, ..., N(A4;,-) are independent.
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Space-time Poisson random measures

Theorem 15.13 Let v be a o-finite measure on R?. Then there exists a
stochastic process {N(A,t) : A € B(R?),t > 0}, such that for each A
satisfying v(A) < oo, N(A,-) is a Poisson process with parameter v(A)
and for Ay, As, .. . disjoint with v(A;) < oo, N(A;-) are independent.
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Proof. Let {D,,} be disjoint with U,,D,, = R? and v(D,,) < oo, let
{N,,,} be independent Poisson processes with parameters v(D,,), and
let {n;"} be independent random variables with

v(AN Dy,)
v(Dp)

Then for each A € B(R?) with v(A) < oo, set

Nou(t) Nou(t)
NAH =Y > 1af) =Y > Lanp, (0.

m k=1 m k=1

P{ni' € A} =

Note that Z],:;"l(t) 14np,, (") is a Poisson process with parameter v(D,,) X

A2l — y(AN Dyy). O
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Poisson approximation to multinomial

Theorem 15.14 Let {n}'} be independent with values in {0,1,...,m}, and
let p; = P{n}, = l}. Suppose that sup, P{n;; > 0} — 0and ), P{n}, =
l} — N forl > 0. Define N = #{k : n}, =1},1 =1,...,m. Then
(N, ...,N) = (Ny,...,Ny,), where {N,} are independent Poisson dis-
tributed random variables with E[N;| = \,.
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Compound Poisson distributions

Let v be a finite measure on R and let N be the Poisson random mea-
sure satisfying N(A) Poisson distributed with parameter v(A). Then
writing

N(R)
N=> o
k=1

where N (R) is Poisson distributed with parameter v(R) and the { X} }

are independent with distribution p(A) = ngg,

Y = /deac ZXk
R

has distribution satisfying

oy (0) = Elpx(0)V®)] = elele™~Dr(da) (15.2)
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16. Infinitely divisible distributions

e Other conditions for normal convergence
e More general limits
e Infinitely divisible distributions

e Stable distributions
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Conditions for normal convergence

Theorem 16.1 Let {1} be a null array (uniformly asymptotically negli-
gible). Then Z, = Y, &, converges in distribution to Gaussian random

variable Z with E[Z} = pand Var(Z) = o? if and only if the following
conditions hold:

a) Foreach e >0, Y, P{|{w| > €} — 0.

b) 3 Elénk i<yl —

C) Zk VaT(Snk1{|§nk|§1}) — 0'2.
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Proof. Let Zn =Y. Enrlyjg,u|<1}- Then

P{Z# 2} <3 Plleul > 1) =0,
k

so it is enough to show Z, = Z. Let

Gk = Sk e i<ty — El&urlijeni<iy]-
Then noting that 7, = max;. |E[&.x 1, <13]| — 0,

ZE i Lcusa] < (14 n,)? ZP{I&kI > €1} — 0,

Theorem 14.16 implies 7, = 7. O
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The iid case

Theorem 16.2 Let &, be iid and let a,, — oo. Define ji, = E[{1{jc<q,}])-
Suppose that for each € > 0,

lim nP{|¢| > ane} =0

and that

lim —( [f 1{|§|<an}] ) = 0'2.

n—00 a2

2p-1 8k — 1
Qn
where Z is normal with E[Z] = 0 and Var(Z) = o2,

Then
Mo 7
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An example of normal convergence with infinite vari-
ance

Example 16.3 Let

23 rz>1
fe() = { 0 otherwise.
Then
no_ o n 1
2B Y g<ey] = 25 logn = 2, pn =2(1—a;) = 2,

and taking a, = \/nlogn,

nP{|¢] > ae} = n(an—le)Q — 0.

Consequently, for Z normal with mean zero and variance 2,

> ohe1 &k —2n(l —a,")

Qn

= Z.
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More general limits

Let {{.;} be a null array, but suppose that Condition (a) of Theorem
16.1 fails. In particular, suppose

lim ZP{fnk >zy=Hi(z), lim ZP{fnk < —z}=H_(2)

n—oo n—oo

for all but countably many z > 0. (Let D be the exceptional set.)

For a;,b; ¢ D and 0 < a; < b; or a; < b; < 0, define N, (a;, b;] = #{k :
&k € (ai, bi]}. Then

(Na(a, bi], Np(ag, ba], . ..) = (N(a1,b1], N(az, b, . . ) (16.1)

where N(a, b] is Poisson distributed with expectation H, (a) — H,(b)
if 0 < a < b and expectation H_(b) — H_(a) if a < b < 0 and
N(ay, bi],..., N(an, by, are independent if (a1, b1], . . ., (am, by, ] are dis-
joint. (See Theorem 15.14.)
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Compound Poisson part

Lemma 16.4 Assume that for all but countably many z > 0,

lim ZP{Enk >z} =H,(z hm ZP{fnk —z} = H_(2),

(16.2)
and let Cy be the collection of z such that H, and H_ are continuous at z.
Let v be the measure on R satisfying v{0} = 0 and v(z,00) = H,(z) and
v(—o00,—2) = H_(z) forall z € Cy. Then for each e > 0, e € Cl,

Y, = Zénklﬂgnkbe} =Y (16.3)
k

where Y€ is compound Poisson with distribution determined by v restricted
to (—oo, —€)| U (€, 00), that is

Pye (9) = ef[*e,E]c(ewmil)V(dx) (16.4)
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Proof. Let
Ni(a, bl = #{k : & € (a,b] N [—¢, €]}
Then

> aiNg(aj,a5:] <Y &ulye,sa < Y ajaNs(aj, aja).
k
Assuming that a; € Cy, by (16.1)
E[ew 2 ajN’i(aj’ajH]] — H QONe(aj,ajﬂ](aje) = e Vf(aj’ajﬂ](ewaj_l).

Taking a limit as max(a;+; —a;) — 0 gives the rightside of (16.4). The
convergence in (16.3) follows by Problem 24. ]
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Gaussian part

Lemma 16.5 Suppose
lim lim » Var(&ulieq<a) = 0% (16.5)

e—0 n—oo

then there exist €,, — 0 such that

k k

where Z is normal with E[Z] = 0 and Var(Z) = o2,
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General limit theorem

Theorem 16.6 Suppose that {&,} is a null array satisfying (16.2) and
(16.5). Then for T € Ch,

Zn = (& — Bléulig,i<n))
k
converges in distribution to a random variable Z with

p2l0) = exp{~ G0 + [ (€ = 1= 1L ()eib)v(de)}
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Proof. Let
k k

+ Z(&nk1{|§nk|>e} - E[§Hk1{€<|§nk|§7}])
k
= ZE Y- AT
Then

[—7,—€)U(e,T]

A, = Z El&Liecignl<ry] — zv(dz)
k
and

E[GZH(Y;_A;)] — exp{/ (6i92 —1— 1[_T,T](Z)ZZQ)V(dZ)}
[—e,€l°

In addition,
|E[ez't9Zn] . E[eiﬁZg]E[eiG(Y;—A;)]
<
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Infinitely divisible distributions

Lemma 16.7 Let 0%, 7 > 0, a € R, and v a measure on R — {0} satisfying
Jg |21? Av(dz) < oo. Then

o? :
0z(0) = eXp{?H2 + iaf + /R(ewz —1—i021_, 1(2))v(dz)} (16.6)

is the characteristic function of a random variable satisfying
Z=0Zy+a+ / 2E(dz) + / 2€(dz)
[—7,7] [—7,7]°

where Z is standard normal, £ is a Poisson random measure with E[§(A)] =
v(A) independent of Z, and & = £ — v. The first integral is defined by

/ 2£(dz) = lim ( 2€(dz) +/ 2£(dz)) (16.7)
[—7,7] [01,,7]

n—oo [77’,76”]

for any sequences e, 6,, that decrease to zero.
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Proof. Note that
i [y vy [ )
[0n,7] [—T,—€n)
are martingales satisfying
BIOLY) = [ 2@, BOGPI= [ i),
[07,7] [—7,—€x]

and the limit in (16.7) exists by the martingale convergence theorem.
The form of the characteristic function then follows by (15.2). ]
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Property of infinite divisibility
Lemma 16.8 Let ¢z be given by (16.6), and define

2
vz, (0) = exp{%@2 + i%@ + % /R(ewz —1—i021_, ;(2))v(dz)}. (16.8)

Then (16.8) defines a characteristic functions and if 7" are iid with that
distribution, then

>z

k=1

has the same distribution as Z.
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Regular variation

Lemma 16.9 Let U be a positive, monotone function on (0,00). Suppose

that Ulta)
T
: _ <
fm U(t) P(z) < 00
for x in a dense set of points D. Then
U(x) =2’

for some —oo < p < 0.
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Proof. Since
Ul(trieg)  U(twizp) U(ta)

Uty — U(tz) U®R)’
if ¢(x1) and ¢ (x2) are finite and positive, then so is
Y(2172) = P(11)(22). (16.9)

If ¢(x1) = oo, then ¢(2}) = co and ¢(z;") =0 foralln = 1,2,.... By
monotonicity, either ¢(x) = > or 7. If 0 < ¢(x) < oo, for some
z € D, then by monotonicity 0 < ¢(x) < oo for all z € D. Extending
Y to a right continuous function, (16.9) holds for all z;, xs. Setting

v(y) = logy(e’), we have v(y1 + y2) = 7(y1) + 7(y2), monotonicity
implies v(y) = py for some p, and hence, i/(z) = 2” for some p. [

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 299



Renormalized sums of iid random variables

Let X1, X, ... beiid with cdf F', and consider

n

A D (Xk = bn),

a
" p=1

where 0 < a,, — oo and b,, € R. Setting

X, — b,
gnk: d )

Qn

Z P& >z} =n(1 — F(ay,z + by))

and
Z P& < —z} =nF(—auz + by)
k
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A convergence lemma

Lemma 16.10 Suppose that F is a cdf and that for a dense set D of z > 0,
lim n(1—F(a,z+b,)) =V (2) >0, lim nF(—a,z+b,)) =V (2) >0

n—oo n—oo

where V1 (2),V=(2) < oo, lim,_o VT (2) = lim, ooV~ (2) = 0, and
there exists € > 0 such that for

an€+b,

= [ e bdr),

an€+by,

an€+b,
lim sup naf/ (z = b, — pu)?dF (z) < 0.

n—00 —ane+b,,

Then lim,, . a,'b, = 0, and if V*(z) > 0 for some = > 0, V' (z) =
AT27% 0 < a < 2, and similarly for V.
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Proof. For 2 > 0, we must have

lim a,z +b, =00, lim —a,z+b,=—00

n—oo n—oo

which implies limsup |a,,'b,| < 2. Since z can be arbitrarily small,
lim,, oo a;lbn = 0.
If V*(z) > 0, then there exists 2 > 0 such that V(2 — ) > V(2 + )

forall ) > 0. Foreach z € D, z < 2, we must have lim sup ”*12 < 249,
6 > 0. Consequently, lim,, ., ™ = 1. Let N(t) = n, if a, § t < Apy1-

Then
bNt
1 —F(at) L Flavegg —a@) Hove) v
PETZFG) ~ 2T Flawg i — 20 S ey VHG)
— Flane @5 — avm) T 0vo)

for each z,  that are points of continuity of the right continuous ex-
tension of V. It follows that V' (z) = a !XTz~ for some —a = p <
0.
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To see the a < 2, assume for simplicity that F' is symmetric so that
b, = u5, = 0and V* = V. Then by Fatou’s lemma,

limsupnaf/ PdF(z) = limsup4n/ u(F(ane) — F(apu))du
0

n—00 —ane€

> 4/06u(V+(u) —V*(e))du

= 4/ ult(u™ — e ) du,
0

and we must have a < 2. ]
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Stable distributions

Let

: = 10z . AT
wz(0) = exp{iaf + /0 (e —1 — 20,21[,777](2))@6&

g _
+/ (e 0= 1 2921[—7,7](2))|Z’T—|-1dz}

Then Z is stable in the sense that if Z; and Z, are independent copies
of Z, then there exist a, b such that

1+ Zo—b
&

7 =

has the same distribution as 7.
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b o0 - )\+
©,(0) = exp{i-0 + iabd + 2/ (e7 —1 - i@c‘lzl[_T’T](z))zaHdz
c 0

0 S A~
#2 [ (@ i g () )
—00 >\+

b <
= exp{z'EH + a6 + 2/0 (e —1 — 1021_; (CZ))WCCZZ

o A~
10z :
+2 /_Oo(e —1- ZHZ]'[_T,T](CZ))COZ+1|Z‘OL+1 CdZ}
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17. Martingale central limit theorem

e A convergence lemma
e Martingale central limit theorem
e Martingales associated with Markov chains

e Central limit theorem for Markov chains
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A convergence lemma

The proof of the martingale central limit theorem given here follows
Sethuraman [4].

Lemma 17.1 Suppose

1. U,, — a in probability
2.{T,} and {|T,,U,|} are uniformly integrable
3. E[T,] — 1

Then E[T,U,] — a.
Proof. The sum of uniformly integrable random variables is uni-

formly integrable and T,,(U,, — a) — 0 in probability, so
E[T,U,| = ET,,(U, — a)] + E[aT,] — a. [
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Martingale central limit theorem

Definition 17.2 {¢;;} is a martingale difference array with respect to { Fi.}
if {&} is {Fi} adapted and E[&41|Fy) = 0 foreach k = 0,1, . ...

Theorem 17.3 For each n let {F]'} be a filtration and {£]'} be a martin-
gale difference array with respect to {F}'}, that is, X' = 2521 &} is an
{F}}-martingale. Suppose that Elmax; |£7]] — 0and Y (£])* — o in

probability. Then
"=y =17
J

where Z is N (0, 0?).
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Proof. Assume that 0 = 1. Let nf = £} and 7} = €)1 {EKKJ( n)2<9).
Then {7} } is also a martingale difference array, and P{Z n; # Z &} —
0.

Since
o0 _ x 0 _
log(1 +ix) = 5 + Z
k=1 k=3
setting

2l+1

Y
2

exp{ir} = (1 +ix) exp{—% +7r(x)}

where |r(z)| < C|z|? for |z| < .5.
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LetT, = [[;(1+i6n}) and U,, = exp{—% > )2+ 7(0n7)} Clearly,
{T,,U,} is uniformly integrable, F£'[T,] = 1, and U,, — e~%/2. We also
claim that {7},} is uniformly integrable.

7, = \/g<1 FOER) S L+ max G

Consequently, by Lemma 17.1,

E[e"%i) = BT, U,] — ¢~ 7.
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Markov chains

Let
Xk—l—l = F(Xk7 Zk-l—laﬁ())

where the {Z},} are iid and X is independent of the {Z};}

Lemma 17.4 {X}} is a Markov chain.
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Martingales associated with Markov chains
Let 11z be the distribution of Z; and define
H(z.0) = [ Flo.z Ozl (17.1)

Then .
M, = Xy — H(X1, fo)
k=1

is a martingale. Define
Pafla) = [ F(F@, 2 )n(a)

Then
M] = Z J(Xk) = P f(Xi-1)

is a martingale and by Lemma 12.19, lim,,_., %MJ =0 a.s.
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Stationary distributions

7 is a stationary distribution for a Markov chain if px, = 7 implies
px, =mforallk =12, ...

Lemma 17.5 7 is a stationary distribution for the Markov chain if and only

if
/ fdr = / Py, fdr
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Ergodicity for Markov chains

Definition 17.6 A Markov chain is ergodic if and only if there is a unique
stationary distribution for the chain.

If {X}} is ergodic and px, = 7, then
1 > (X)) — /fdw a.s. and in L'
n
k=1

for all f satisfying [ | f|dm < co. (This will be proved next semester.)
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Let
Quh(y) = / W(F(y, =, B), y)uz(d=)

Then

M= " h(Xi, Xp1) — Quh(Xp1)
k=1
is a martingale. If the chain is ergodic and p1x, = 7, then for h satis-

fying [ Qg,|h|(x)7(dx) < co
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Central limit theorem for Markov chains

Theorem 17.7 Let { X} be a stationary, ergodic Markov chain. Then for
[ satisfying [ f2dr < oo

1
—M! =Y/

n

N

where Y/ is normal with mean zero and variance [ f2dr — [(Ps, f)*dr.

Proof.
SO0 = Paf () = [ P~ [ (Pagiar,
k=1

and the theorem follows. ]
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A parameter estimation problem

Recalling the definition of H (17.1),

and

is an unbiased estimating equation for (3. A solution Bn is called a mar-
tingale estimator for (3.
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Asymptotic normality

M, = > H(Xp1,3,) — H(X)1, o)
k=1

= S H (X1 B0) B — o)+ S S H (X1, ) (B — o)?
2
k=1 k=1

and

Vi (% > H (X 5o>> V(B o) + 373 () (Vo — 5u))?

Therefore, assuming [ 2?7 (dz) < oo and [ H'(z, By)w(dx) # 0,

. Y
V== TG A @)

Y normal with E[Y] = 0and Var(Y) = [ 2*r(dz)— [ H(z, By)*m(dz).
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18. Brownian motion

e Random variables in C[0, 1]

e Convergence in distribution in C0, 1]

e Construction of Brownian motion by Donsker invariance
e Markov property

e Transition density and heat semigroup

e Strong Markov property

e Sample path properties

e Lévy characterization
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The space C|0, 1]
Define

d(z,y) = sup|z(s) —y(s)| A1

s<1

Lemma 18.1 (C|0, 1], d) is a complete, separable metric space.

Proof. If {z,} is Cauchy, there exists a subsequence such that
d(Tpy, Ty, ) < 27F. Defining z(t) = limy, o0 2, (t),

() = 2, ()] < 2757

and hence x € C[0, 1] and lim,, ., d(x,, ) = 0.
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To check separability, for x € C[0, 1], let z,, be the linear interpolation

of the points (£, M%), SO
B k
xn(t)=m+ (t_ﬁ)m n] — Lf’f(n)nJ’ ko, kil
n n n n n
Then

[nt] | nt]

[2n(t) =2 (t)] < |2(= =)=z (t)|[+z(= =)=

and lim,, .o supg<s<y |20 (t) — 2(t)| = 0. O

[z(12)n Jm Lz ] — |x(2)n)

n n
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Borel subsets of C'[0, 1]

Let max = z(t), 0 <t < 1. and define S = o(m;,0 < t < 1), that is,
the smallest o-algebra such that all the mappings 7; : C[0,1] — R are
measurable.

Lemma 18.2 S = B(C|0, 1]).

Proof. Since 7; is continuous, S C B(C[0, 1]). Since for 0 < € < 1,

Be(y) = {zld(z,y) < €} = Nyegrpyiz : [2(t) —y(t)] < e} €S,

and since each open set is a countable union of balls, B(C10,1]) C S.
0
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A convergence determining set

Lemma 18.3 Let (S, d) be a complete, separable metric space, and let C,,(.S)
denote the space of bounded, uniformly continuous functions on S. Then
Cy(5) is convergence determining.

Proof. For g € C(S), define

gi(x) = inlf(g(y) +ld(z,y), d'(z) = sgp(g(y) —ld(z,y))

and note that g;(z) < g(z) < ¢'(z) and
lim g,(x) = lim ¢'(z) = g(=).
Then
gi(@1) = gulw2) = inf i(d(21,y) = d(22y) = —ld(z1, 22),

and it follows that |g;(x1) — gi(x2)| < ld(z1,22), so g; € Cy(S). Simi-
larly, ' € C,(S).
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Suppose lim, ., E[f(X,)] = E[f(X)] for each f € C,(S). Then for
each [,

Elgi(X)] = lim Elg(X,)] < liminf Elg(X,)] < limsup E[g(X,)]

n—0ao n—00

< lim E[¢'(X,)] = E[¢"(X)].

But lim; ., E[g;(X)] = lim;_. E[¢'(X)] = E[g(X)], so
lim Elg(X,)] = Elg(X)].

n—oo
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Tightness of probability measures

Lemma 18.4 Let (S, d) be a complete, separable metric space. If i € P(S),
then for each € > 0 there exists a compact K. C S such that u(K.) > 1 —e.

Proof. Let {z;} be dense in S, and let ¢ > 0. Then for each k, there
exists N, such that

(UM By i () > 1 — 27",

Setting Gy = vaz’“lBTk(xi), define K. to be the closure of Nj>1Gy .
Then
W) = 1= p(UGi) = 1— e
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Prohorov’s theorem

Theorem 18.5 {ux. ,a € A} C P(S) is relatively compact in the weak
topology if and only if for each € > 0, there exists a compact K. C S such
that

ir€1£ P{X, € K.} > 1— e. tightness

Corollary 18.6 Suppose that for each k, { X’} is relatively compact in con-
vergence in distribution in (S, dy,). Then {(X}, X2, - )} is relatively com-
pact in (] Sk, d),

d(z,y) = Z 2 dy (p, i) A 1.
K
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Convergence based on approximation

Lemma 18.7 Let { X,,} be a sequence of S-valued random variables. Sup-
pose that for each € > 0, there exists { X} such that Eld(X,, X{) N1] <€
and XS = X°. Then {X°} converges in distribution to a random varible
Xase — 0and X,, = X.

Proof. Let X* = X2". Then {(X}, X2,...)} is relatively compact in
5% and any limit point (X!, X2, ...) will satisfy E[d(X!, XT1) A 1] <
27! + 2'*1. Consequently,

X=X"+) (x"-Xx
=1

exists.
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Let g € C,(5), and let w(d) = supy(, <5 |9(r) — g(y)|- Then for 0 <

e<1,
|Elg(X3)] — Elg(Xn)]] < Elw(d(X,, X;))]
< w(Ve) +2[|gllo Ve
It follows that
lim Elg(X,)] = lim Tim Elg(X;)] = E[g(X)].
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Convergence in distribution in C|0, 1]

Let P.x be the linear interpolation of (x(0), z(27%), ..., z((28=1)27%), z(1)),
that is,

Pox(t) = x(127") 425t —127") (2 ((1+1)27") —2(127F)), 1277 <t < (141)27F.
Theorem 18.8 Let { X, } be C|0, 1]-valued random variables. Then X,, =

Xifand only if (X,,(t1), ..., Xn(tm)) = (X(t1),..., X(tn)), forallty, ... t, €
0, 1] (the finite dimensional distributions converge), and

lim sup F[d(X,, P.X,)] = 0.

k—oo p

Proof. The theorem is an immediate consequence of Lemma 18.7. [
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Kolmogorov criterion

Lemma 18.9 Suppose that X takes values in C'0, 1], and there exist C, 3 >
0 and 6 > 1 such that

E[|IX(t) - X(s)PA1]<Clt—s|’, 0<t,s<1.

Then
2 H5
Eld(X,P.X)] < 20YF ——
1—-2 75
Proof. If (27% <t < (I +1)27%, then
X (t) = X(127F)] < ) X (@ I [e2m ) — X (27 e2m])|
m=k
and
X (1) = X(I+ 1277 <) [x(@ I em ) — X2 em),
m=k
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X () = BX ()] < [X (1) = X127+ [X () = X (1 +1)27")].

Let
= IX(+ 127 - X (27 AL

l<2m
Then

IX(t) — P.X()|A1< zznl/ﬂ

m=k

and hence
E[d(X,PX)] <2 Eln,"’ <2 Z (2mC2~m0YB = 9018 Z g-mit

m=Fk

]
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Construction of Brownian motion by Donsker invari-
ance

51,52, ... 1id E[ﬁ] = 0, VCLT(&) =1

L)

Then X,, = W, standard Browian motion.

W is continuous

W has independent increments

EW(@t)] =0, Var(W(t))=t, Cov(W(t),W(s))=tAs

W is a martingale.
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Proof. For simplicity, assume that E[¢}] < co. Then, assuming t —s >
-1
n.-,

E[(Xn(t) = Xu(s))]
[nt]

= E[(ﬁ( (ns—l o S)gLns +1 t \/_ Z 5 + \/_ t— M>€LntJ+1>4]

" k=|ns|+2
o |nt| — TLLnsJ + 1)2 N % |nt| — knsj + 1)

S Cglt - S|2.
For0<t—s<nl

E[(X,(t) — Xa(s)Y] < C(t — s)*n* < C(t — s5)%
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Markov property

X(t) = X(0)+W(t), X(0) independent of .

T(t)f(x) = E[f(x+WI(t / fly

E[f(X(t+s)|F] = E[f(X(t)+ W (t+s)—W ())\ftX]= T(s)f(X(1))
and for 0 < sy < sy

Elfi(X(t+ 51)) fa(X (t + 52)) | F}]
= E[fi(X(t + 51))T(s2 — 81) fo( X (t + 51))|F]
= T'(s1)[/1T'(s2 — s1) f2] (X (¢))
Theorem 18.10 If P,(B) = P{x + W(-) € B}, B € B(C|0,0)), then
E1p(X(t+)|F] = Px(B)
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Transition density

The transition density is
1 (y—2)*

p(t7x7y):\/%_

e 2t
which satisfies the Chapman-Kolmogorov equation

p(t+s,z,y) = /p(t,x,Z)p(s,z,y)dZ
R

Note that
0 1 d?

—T(t)f(x) = §@T(t)f($)
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Right continuous filtration

BIF(X(+9)IFE] = lim BIf(X(t+5) |7

= lm T(s — h)f(X(t + h)) = T(s) f(X(1))

Lemma 18.11 If Z is bounded and measurable with respect to o(X (0), W (s), s >
0), then

E[Z|F¥] = E[Z|F}] as.
Proof. Consider

Hfz t))|Ft) = Hfz D)IF]

and apply the Dynkin-class theorem. O
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Corollary 18.12 Let F;* be the completion of F;X. Then F* = FX.

Proof. If C € FX, then E[1¢|F{"] = 1¢ a.s. Consequently, setting
Co = (B FX| =1}  P(C°AC) =0
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Approximation of stopping times by discrete stopping
times

Lemma 18.13 Every stopping time is the limit of a decreasing sequence of
discrete stopping times.

Proof. If 7 is a { F/* }-stopping time, define

[ ZE w e nen(1), T <00
" 00 T = .

Then

{Tn St} — {Tn S [227175]} _ {7_< [227;15]} G‘EX'
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Strong Markov Property

Theorem 18.14 Let 7 be a {F;  }-stopping time with P{r < oo} = 1.

Then
EIf(X(T +t)|F] =T f(X(), (18.1)

and more generally, if P,(B) = P{x + W (-) € B}, B € B(C[0,0)), then
E1p(X (7 +))|F7] = Px(r)(B)
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Proof. Prove first for discrete stopping times and take limits. Let 7,
be as above. Then

Elf(X(mn + )| F7] = ZE X (70 + )| Fro-»] L7, k2
- ZE X (k27" 4 1)) Fro-n]1(r —go-n)

— ZT F(R27™) 17 gy
= T(t)f(X(Tn)-
Assume that f is continuous so that 7'(¢) f is continuous. Then
ELf(X (7 + )| F7] = E[T(t) f(X (7)) F7]

and passing to the limit gives (18.1). The extension to all bounded,
measurable f follows by Corollary 21.4. [
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Lemma 18.15 If v > 0 is F,-measurable, then
Elf(X(t+)|F] =T f(X(7)).

Proof. First, assume that ~ is discrete. Then

Ef(X(r+MIF] = D Elf(X(r+)IF1-n
reR(7)
- Z E[f(X(T + 7n))|-”t7]1{’y:r}
reR(7)
- Z T(r 7)) 1{5=r)
reR(7)
= T(F(X(7)).
Assuming that f is continuous, general v can be approximated by
discrete ~. O
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Reflection principle

Lemma 18.16
P{sup W (s) > c} = 2P{W (t) > ¢}

s<t
Proof. Let 7 = ¢t Ainf{s : W(s) > ¢}, and v = (t — 7). Then setting
f - 1(0,00)/

BIF(W(r + WIF] = TV W () = 51¢rag

and hence, P{7 < t} =2P{W(t) > c}. O
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Extension of martingale results to continuous time

If X is a {F; }-submartingale (supermartingale, martingale), then Y," =

X (k27")is { F]! }-submartingale (supermartingale, martingale), where
/= Fira-n. Consequently, each discrete-time result should have a

continuous-time analog, at least if we assume X is right continuous.
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Optional sampling theorem
Theorem 18.17 Let X be a right-continuous {F;}-submartingale and 1,
and 1o be { F, }-stopping times. Then
EX (e Nc)|Fry] > X(11i A2 Ac)
Proof. For i = 1,2, let 7" be a decreasing sequence of discrete stop-

ping times converging to 7;. Then, since X V d is a submartingale, by
the discrete-time optional sampling theorem

E[X(my Ne)Vd|Fm] > X(1' N5 Ac) V.

Noting that { X (73’ A ¢) V d} is uniformly integrable, conditioning on
F-, and passing to the limit, we have

E[X(mANc)Vd|F,] > X(nATAc)Vd.

Letting d — —o0, the theorem follows. ]
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Exit distribution for W
Leta,b > 0and 7 = inf{t : W(t) ¢ (—a,b)}. Since

{r <t} =M Usepone {W(s) € (ma+n"" b—n 1)},
7 is a {F}" }-stopping time. Since lim; .., P{W(t) € (—a,b)} = 0,
T < o0 a.s. For each ¢ > 0,
EW(rAc)]=0
Letting ¢ — 0o, by the bounded convergence theorem
EW(r)] = —aP{W (1) = —a} + bP{W (1) = b} =0,

and
a

PW(r) =t} = .
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Doob’s inequalities

Theorem 18.18 Let X be a nonnegative, right-continuous submartingale.
Then forp > 1,

Blap X(sy) < (1) ELX (0

Corollary 18.19 If M is a right-continuous square integrable martingale,
then
Elsup M (s)?] < 4E[M(t)%.

s<t
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Proof. By Theorem 11.25,

E[ll’gng%%cX(k2_”t)p] < (p%l) EIX(t)"],

and the result follows by the monotone convergence theorem. [
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Samplepath properties

Finite, nonzero quadratic variation

lim > (W (ti) = W(t;))* = t.

Brownian paths are nowhere differentiable.
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Law of the Iterated Logarithm

lim sup W)

=1
t—oo V/2tloglogt

W (t) = tW(1/t) is Brownian motion. Var(W (t)) = t*1 =t Therefore

. W(1/t) : Wi(t)
lim sup = lim sup =
=0 /2t 'loglog 1/t =0 +/2tloglog 1/t

Consequently,

: W(t+h)—W(t)
lim sup =
h—0  +/2hloglog1/h

See [2], Theorem 13.18.
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The tail of the normal distribution

Lemma 18.20
/ e Tdr<aleT = / (1+a2 He zdo
a a o :B2
< (14 a_2)/ e 2dx

Proof. Differentiate

U
|
—
e
[ V]
e
[ )
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Modulus of continuity

Theorem 18.21 Let h(t) = \/2tlog1/t. Then
(W (t1) — W (k)|

P{lim sup -1 =1
{6_’0 t1,t2€[0,1],[t1 —to| <e h([t1 — ta]) !

Proof.
PLmas(W (k2) = W((k = 1)27)) < (1= b2 ")} = (1 = 1) < e
for

o0 1 2 2 n C 2

I = / et /2d$ > (O—— —(1-9)*log 2 > _27(175) n
(1-6)y/2Tog 2" V 2T \/ﬁ Vn

so 2" > 2™ for n sufficiently large and Borel-Cantelli implies

P{lim sup %%%c(W(k2_”) —W({(k—=12"")/h(27") > 1} =1.

n—oo
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For5>0ande>%—1

W ((i+k)27") — W(i2™")|

<) 21— B((1+€)y/210g(2"/k)))

<C Z 1 o~ 2(1+¢)*log (2" /k))
N (1+€)y/2log(2"/k))

1 2
< C_Qn(1+5)2—2n(1—6)(1+e)
J— \/ﬁ
and the right side is a term in a convergent series. Consequently, for
almost every w, there exists N(w) such thatn > N(w) and 0 < k <
2M0 () < g < 2m—2m implies

W ((i +k)27") = W(i2™™)| < (1 + e)h(k27")
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W ()~ Wt)| < [W([2¥O]27VE) - W ([2V )2V 0)
3 w2 - W )2 )

n>N(w)
Y W2 )27 = W([2" ]2 )
n>N(w)
SO
W(t) =W(ts)] < 2(1+¢) Y h(2™"
n=N(w)+1
(L +e)h(|[2Yh] — [2¥W]|27M)

]
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Lévy characterization

Theorem 18.22 Let M be a continuous martingale such that M?(t) — t is
also a martingale. Then M is a standard Brownian motion

Proof.

E[eiH(M(t—i—r)—M(t)) |ft]

n—1

=14 ) E[(e?Mre) M) — 1 — 40(M (s341) — M(sp))
k=0
1 ; _
507 (M (si1) = M(5))7) "0 MO 7
n—1
1 .

=502 D (et — s Bl MM O 7

k=0

The first term converges to zero by the dominated convergence the-
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orem, so we have
E[eie( (t+r)— |f~t] —1_ _92/ E[ezﬂ( (t+s)— ‘]—"t]ds
0

0%r

and E[e?MEn)-MO)| 7] = ¢~ 7,
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19. Problems

1. Let M be a set and {M,,, o € A} be a collection of o-algebras of subsets of M.
Show that Nye 4 M, is a o-algebra.

2. Let (2, F, P) be a probability space, and let X be a real-valued function de-
fined on 2. Show that {B C R: {X € B} € F}isa o-algebra.

3. Note that if 6;,0, € {0,1}, then max{6;,0:} = 6, + 0, — 610,. Find a sim-
ilar formula for max{6,,...,0,,} and prove that it holds for all choices of
b1,...,0,m € {0,1}. Noting that

max{lAl, ey lAm} = 1U§11Ai’
use the identity to prove the inclusion-exclusion principle (that is, express
P(U", A;) interms of P(A;, N---NA;).

4. Six couples are seated randomly at a round table. (All 12! placements are
equally likely.) What is the probability that at least one couple is seated next
to each other?

5. Let {a}} be nonnegative numbers satisfying

lim a} = ay,

n—oo
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for each k. Suppose that for each K C {1,2,...},
vk = lim Z ay,
T ke
exists and is finite. Show that

Vg = E Qg .

keK

6. Let (M, M) be a measurable space, and let z, ji2, . . . be probability measures
on M. Suppose that

p(A) = lim g, (4)
for each A € M. Show that y is a measure on M.

7. Find o-algebras D;, D,, D5 such that D, is independent of D3, D is indepen-
dent of D3, and D, is independent of D,, but D; V D, is not independent of
Ds.

8. Let (5, d) be a metric space. Show that d A 1 is a metric on S giving the same
topology as d and that (S, d) is complete if and only if (S, d A 1) is complete.

9. Give an example of a sequence of events {4, } such that ) P(A,) = oo but
P(B) =0for B =N, Up>n An.
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10. Give and example of a nonnegative random variable X and a o-algebra D C F
such that E[X] = co but E[X|D] < co a.s.

11. Let D, G, and 'H be sub-o-algebras of 7. Suppose G and H are independent,
D C G, X is an integrable, G-measurable random variable, and Y is an inte-
grable, H-measurable random variable.

(a) Show that
E[X|DVH] = E[X|D],
where D V 'H is the smallest o-algebra containing both D and H.

(b) Show that
E[XY|D] = E[Y]E[X|D] .

(c) Show by example, that if we only assume H is independent of D (not G),
then the indentity in Part 11b need not hold.

12. Let Z € L', and let 7 be a finite {F,, }-stopping time. Show that

E[Z|F] = 3 ElZ|F )L .

n=0
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13. Let X1, X5, ... and Y}, Y5, ... be independent uniform [0, 1] random variables,
and define F,, = o(X;,Y; : i < n). Let

7 =min{n Y, < X,}.
Show that 7 is a {F,, }-stopping time, and compute the distribution function

P{X, <z}

14. Let {X,,} be adapted to {F,,}. Show that {X,} is an {F, }-martingale if and
only if
E[X ] = E[X0]
for every {F,}-stopping time 7 and eachn = 0,1, .. ..

15. Let X; and X, be independent and Poisson distributed with parameters \;
and \, respectively. (P{X; = k} = e™%2 ok =01,..)LetY = X; + X,.
Compute the conditional distribution of X; given Y/, that is, compute P{X; =

16. A family of functions H C B(R) is separating if for finite measures ; and
v, [ fdu = [ fdv, for all f € H, implies u = v. For example, C*(R) and
{f : f(z) = €% 6 € R} are separating families. Let X and Y be random
variables and D C F. Let H be a separating family.
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(a) Show that E[f(X)|D] = E[f(X)] for all f € H implies X is independent
of D.

(b) Show that E[f(X)|Y] = f(Y) for all f € H implies X =Y a.s.
17. Let {X,,} be {F,,}-adapted, and let B, C' € B(R). Define
A, ={X,, € B, somem > n},
and suppose that there exists 6 > 0 such that
P(AW|F) > 61c(X,)  a.s.
Show that

{X, € Cio} =N, Upsn { X € C} C{X, € Bi.o.}.

18. Let Xy, X5, ... be random variables. Show that there exist positive constants
¢ > 0 such that >~/ ¢, X}, converges a.s.

19. Let {a,} C R. Suppose that for each € > 0, there exists a sequence {a{,} such
that |a,, —a$,| < e and a° = lim,,_, af, exists. Show that a = lim,_,o a® exists and
that a = lim,,_, a,,.
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20. Let X3, X», ... beiid on (2, F, Q) and suppose that px, (dz) = vy(x)dz for some
strictly positive Lebesgue density . Define X, = 0 and for p € R, let

H’YXk PXk 1)‘

(a) Show that {L”} is a martingale on (€2, F, Q).
(b) Let Fy = o(Xy,...,Xy) and define P, on Fy by dP, = L}dQ. Define
Y? = Xi — pXi—1. What is the joint distribution of {Y}”,1 < k£ < N} on
(Q, Fn, P,)?
21. (a) Let {M,} be a {F,,}-martingale. Assume that {),} is {G, }-adapted and
that G, C F,,n=0,1,.... Show that {M, } is a {G,, }-martingale.
(b) Let {U,} and {V, } be {F, }-adapted and suppose that

n—1
Un—> Vi
k=0

is a {F, }-martingale. Let {G,} be a filtration with G, C F,,, n = 0,1,....
Show that

ElU,|Gn] — i E[V.|G] (19.1)
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is a {G,, }-martingale. (Note that we are not assuming that {U,,} and {V,,}
are {G, }-adapted.)

22. Letr > 0,and let {¢, ..., &, } be independent, uniform [0, ] random variables.
Let p > 1, and define
Xék) = p"&k

and N, = #{k : X\ < r}. Let F,, = Fy = o(&1,...,&n). For g € G,[0,00)
satisfying g(z) = 1 for x > r, define

Un ﬁ (X(k> Vo = ﬁ szlil ﬁg
k=1 k=1 k=1

is a {F,}-martingale. Let G, = o(Ny, k < n). Compute the martingale given
by (19.1).

23. Let X; > Xy > --- > 0 and F[X;] < co. Let {F,,} be a filtration. ({X,} is not
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necessarilty adapted to {F,,}.) Show that with probability one
lim F[X,|F,] = lim E[hm Xl Fo] = hm lim E[X;|F,).

n—oo n—oo k—o00 n—o0

(If you have not already completed Problem 17, you may want to apply the
result of this problem.)
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24. Suppose that Y < X, < Z:, Y= Y‘and Z; = Z°asn — oo, and Y = X
and Z¢ = X as ¢ — co. Show that X,, = X.

25. For each n, let { X'} be a sequence of random variables with R(X}!) = {0, 1}.
Assume {X}'} is adapted to {7} and define Z} = E[X}',,|F}']. Suppose that
A>0,>, Z} — Ain probability, and E[max;, Z}'| — 0. Show that ) |, X! =Y
where Y is Poisson distributed with parameter \.

Hint: There is, no doubt, more than one way to solve this problem; however,
you may wish to consider the fact that X' € {0, 1} implies

o ) 1 Xn i9_1
ez@Xk :1+X,?<6Z0—1)_ + k(e )

= : 1+ 270 (e —1
1+Z]?71(619—1)( + k—l(e ))
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20. Exercises

1. Let X be a R-valued function defined on 2. Show that {{X € B} : B € B(R)}
is a o-algebra.

2. Let D; C Dy, and X € L?. Suppose that F[E[X|D;]?| = E[E[X|D,]?]. Show
that £[X|D,| = E[X|D,] a.s.
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Glossary

Borel sets. For a metric space (£, ), the collection of Borel sets is the smallest o-
algebra containing the open sets.

Complete metric space. We say that a metric space (£,r) is complete if every
Cauchy sequence in it converges.

Complete o-probability space. A probability space (2, F, P) is complete, if F con-
tains all subsets of sets of probability zero.

Conditional expectation. Let D C F and E[|X|] < co. Then E[X|D] is the, essen-
tially unique, D-measurable random variable satisfying

/XdP:/E[XyD]dP, VD € D.
D D

Consistent. Assume we have an arbitrary state space (£, B) and an index set /.
For each nonempty subset J C I we denote by E” the product set [],.; E, and we
define B’ to be the product-o-algebra ®c ;8. Obviously, if J C H C I then there is
a projection map

pt . B — B
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If for every two such subsets J and H we have
Py = p?(P )
then the family (Pj)g.;cy is called consistent.

Metric space (E, ) is a metric spaceif Eisasetand r : E x E — |0, c0) satisfies

a) r(xz,y) = 0if and only if x = y.
b) r(z,y) =r(y,z), v,y € &
c) r(z,y) <r(z,2)+r(z,vy) (triangle inequality)
Separable. A metric space (E,r) is called separable if it contains a countable dense

subset; that is, a set with a countable number of elements whose closure is the
entire space. Standard example: R, whose countable dense subset is Q.

Separating set A collection of function M C C(9) is separating is u,v € M;(S) and
[ gdv = [ gdu, g € M, implies that u = v.

o-finite A measure y on (M, M) is o-finite if there exist A; € M such that U;A; = M
and u(A;) < oo for each i.

Uniform equicontinuity A collection of functions {h,, o € A} is uniformly equicon-
tinuous if for each € > 0, there exists a § > 0 such that |z — y| < § implies
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SUPqeA |ha(z) — ha(y)| < e
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21. Technical lemmas

e Product limits
e Open sets in separable metric spaces

e Closure of collections of functions
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Product limits

Lemma 21.1 For |z| < %, e~ <1 — g, Consequently, if lim,,_.oo >, ax, = ¢ and

limy, o0 D4 (Akn)? = 0, then

lim H(l —ag,) =€ .
k

Proof. Let h(z) = 1 — z — e~*~*", and note that h(0) = #'(0) = 0 and for |z| < I,
R"(0) > 0. Since lim,, . Y_,(ar,)?* = 0, for n sufficiently large, maxy, ag, < é and
hence

e “= lim exp{— Zalm — Z(akn)Q} < lim H(l — Q)
k k

k
< i exp(= T o) =
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Open sets in separable metric spaces

Lemma 21.2 If (S, d) is a separable metric space, then each open set is a countable union
of open balls.

Proof. Let {x;} be a countable dense subset of S and let G be open. If z; € G, define
¢; = inf{d(z;,y) : y € G°}. Then

G = Ui:xiEGBei (mz) .

®Fijrst ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ®Quit 371



Closure of collections of functions

Theorem 21.3 Let H be a linear space of bounded functions on S that contains constants,
and let S be a collection of subsets of S that is closed under intersections. Suppose 1, € H
foreach A € S and that H is closed under convergence of uniformly bounded increasing
sequences. Then H contains all bounded, o(S)-measurable functions.

Proof. {C' C S : 1¢ € H} is a Dynkin class containing S and hence ¢(S). Conse-
quently, H contains all o(S)-measurable simple functions and, by approximation
by increasing sequences of simple functions, all o(S)-measurable functions. [
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Corollary 21.4 Let H be a linear space of bounded functions on S that contains constants.
Suppose that H is closed under uniform convergence, and under convergence of uniformly
bounded increasing sequences. Suppose Hy C H is closed under multiplication. Then H
contains all bounded, o(H,)-measurable functions.

Proof. If p(z1, ..., zy,) is a polynomial and fi,. .., f,, € Ho, then p(fi,..., fn) € H.
Since any continuous function h on a product of intervals can be approximated
uniformly by polynomials, it follows that A(fi,..., f) € H. In particular, g, =
is in H and hence, by Theorem 21.3, H contains all boun(igd, o(Hp)-measurable
functions. O
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