Complements op to Homotopy
The goal of this document is to provide some techwiques

that way help qou identify moce usetul descriptions of
Spaces Obtained as complemewts of things in R o $°
(889&-4"1. for n=3).

First, tecall that S" is the one Pomt compactitication of R
Therefore, whenever you fewove one of moce gonts from S"
it can be helpful o imagine one of the points as being the

owne used to COnS"'ruc'l’ S“ -From ‘R“. Iwn s woy o 30.; slan
be able 4o convince ‘joufse\"’ that.

%)

5“\{1'\ Po'm'l'si = lKn\ $m-| ()o‘.n-l-s}
b)

S"\ 8T 2 R"\$coordinate anis}
c)

d)

S\ 3 paif of lnked citclesd = R\G 2-axisy Vixdryd= 1%)

Sg\ ;,Vt compovlew)' un\inKs < R%\(i%—ax';siv ;_V\‘l copies of g! 3)

Next, Suppese X,Y csR" st.3a hypeiplane S5 For which
X and Y are w dlistinet cownected compovients of TR“\E.

Then it Follows that T N (X vY) 2R \X) v (R \Y),

Tn other words, the complements of K and Y in R" May be
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+teated Sepata'l'elj_ & the tesvlts wedged 4036‘“:“ to
ComPO’l'e R“ \(XUY). Te jus*i'f'j this, Simle foem He qya{-:evfl'

Rn/ I which collapses 2 deum to a pont - the weclge poimt.

‘oasi::all-,_,
RN

basicall
R" X &

The $wo tesu“inj (\aalves\ of \‘R“ that f(Emain n \R“/ 2 are

-I'ee\vm"callj_ homo']-opcj c?u:valewl' +o \naWspaces "H“:"‘i(xi\\ 'X,)o}

So a complete atqument would wention IH“ = IR“.

We can View focuvg owm complements of Sets n m“ t+hat

hawe vie ‘sepafatimg hyperplanes i the sewse above.

i.) \Rn\ fpontd = gt

An explicit comtinvous Mmap ‘Rﬂ\io‘iﬁw\}"——" s" whien
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Can be vsed 4o Const(ucr a homo-l'op’ 1S ?\-% ..2‘_;
Wan °

M the exawples below we pecform the Womotepy n two Stages
First collapsing IR"\3poatd to D" \{paintd hem +o S™.
eq. MR\io} <« ——> 2 (v, .,

= §°

'Rﬂ.\{(op\}/z
4 He'
R \3¢o,0,013

* GO

taph:
pro;gz-l- :Pevl\c

\!

A Even though RN {point? 29" and S¥\{pomt =R

it i not the case ot MR\ {2 ponts® = R . Since any

paif of ponts in R" can be sepatated by o hypetplane the

argument above can be wedfied to Show R\ §m peints§ ¥ 'V g .
¢=1
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The conclusion one caw dfaw ftom this cbsetvetion is +hat
the opetation of taling complements oF gets is vt well - detined
on homotepy classes of Spaces.

2) Let wsi, rR“ \ia. cootdinate ax’.s} & S“-a

This pfo\;lem can be teduced 4o +ue Previoos problem. of
ShWth_ fR \{pom‘l} = K‘ \r:) Pfo-jec{'ins_ YR“ onto the

M")'dimenﬁov\al Swbspace o('l'hojma' to the 'missiwg‘ cootd inate
axi§. In 4uis way , one Can ConStfuct a \mmo'l'opj frowr
m“\{Coo(o\iﬂa'l'e axis§ 4o R'H \ ioc‘usiv\'i.

To handle the complewmewt of mukiple ol'cs{,o':rl' lines ove can

1) Se’)arai'e them with \njpecp\qnes thew quetient 5 oc

ti) Womotope the Space So that all of the complements of
the lines ate parallel and +en project .

Thus R \Im isjoint tmes3 = R \$m pointsd & v s,
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3) R®\s*

The complement of e citcle in R® can be “expanded” to
the complement of a Solid tocus.

3
R\ s T .
7& T Contract R
*:"‘P“"'“‘ Yo o ball Py s
R\ ¢xD*

Next, the ‘Solid tocus complement’ cam gfadually be expanded.
this has the effect of hollowivnj ovt the ball, Evewl"onll'z_
all that's lebt is the boundary of +he bal aD® ~ §* and

a diameter of the Sphere wwich is dve to the ‘doavt hele® of
the selid forws. Therefote we aqet R\ ~

a L-spuere with a diameter, By contracting aw injective
(Jd‘ﬂ'\ on the Sutface of the Spuete which comnects the evndpomts

of the diameter we get "} — te - Sav gt
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Since we have quotiented lo'j a covitfactible SubsSpace, the (esult
is howmotopy Cquivalent 1o the space we Stasted with.

this proves that R\ = S®vs',

Ll) Sa \ $Vinred circles? = Rs\(iz-axzs},UQx&:ag 13) & 2

Fitst, reca that thete is a Heegaard splitting of $2 into twe

Solid toct awed along theit bowndaries. The cote circies of

these Yoci ote +thetefote Tinked with ene awother.

Hecre 8 a pic'l'ufe of tue imaae ot

the two +ori (and their core circles)

iVl 'Rs uwndes S'l'eriosmphic projecﬁon
of 83 from a point on one of the
Cote cices. Although this is wot

Wow olonuts work, one migut think of these core ciceles as
the '-jel\j‘ pact of the dowvt. Moce precisely, these core
cireles wmay be identified with the unit citcles in each copy

of € i S® is viewed as i(z,w) €€% :121%+®=11
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Then S'l'eriaﬁtcplnic projection feom (0,1) 15 o Surjective wiap

53\ §eo, 113 —> R that sewds {Ce"'e', o)\ oeloam?
to §(x,y,0) 1x%+42 24 FER’ whic is the core citcle of he

blee torus in twe pictore above. Smilatly, £¢o,e*?)l Belo,am3

IS wmapped to the Z-axis which is the core cifele of e areen

¢
ambievrf'\ torus which can be seen M the picture above (-Fouwl'a'm:nz'

out in both clifections from the other +otws' domt Wole.

Tlnece-Cace, aftec femwinj these core circles the emphj $pace
left behind can be expanded to thicker and ticker complemerwts

of solid tori unkil all tat is left is the commen beuwdary docus
along which the two otiginal Selidk toci are qed fo create S? in

the first place.
This ptoves $*\{linked circiesy 2 TS,

on the other \f\aml, we can afque the Fact that
R3\ (£2-axis} vixteyr=13) 2T difecty n a seguence

of pictures. s}..-. ™
oWwn



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz




al\m/'l g ¢
i=t
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Comtract R +o a ball cewteced at the intersection point
of the lmwes that have been removed. Expanol the complement

of 4he ntersection poin+ +o the bocmdai’ of the ball. This

leaves S“-‘ wrth  adm Po‘m-l-s temoved. We Kwow that
SH\{RM poin‘I'SSﬁ' IP:‘-‘\ iam-l po'M"'S} anol that

R \12w-t poimts3 2V 8" Len finiswes +he proef.

S NN
=B J T



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz



Andrew Krenz




Here is an application of these deas : Congider twe
Cuives A and B i the Sotid fotus T =0%x§' in rRS

as in the -Ficlufe below.

=

Ficst, wnotice that the patterm of crossings (oves V.S. under)

1§ ot that of a linked pair of citcles as viewed inside of

+he ambient [Rs. Here 33 an exp\:c;l— homo')'op;(_ whiclhh Shows
that A bounds a disk in RE\B.
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However, we can prove Hhat A is viet null-Momotopic o

a congtavt in T \B, Abs'l'cac-ﬂ-;, we Kwnow ‘Hrat
T\B 1S \nomo-]'op;c 4o Sg\ iﬂ component onlink}

which iS Womeatopic to R3Ez-axist v fcircle}) where the circle

iS separated from the Z-axis by a pave, awd its

ot difficolt do Shaw, using +he ideas above, that this is
'y e! (L

Space is hemdtopic o S VSV §¢ = . Howeves, +o

understand the wap incluiced on fundamental grops by the

melusion £:8'—>T\B, which is of type Z—>Z%Z,
17 nt
M) A(T\8)
we must undeistavid the howlai'ory T\B X ¢'vs'ved wore
concretely & keep track of the image of the loop A.
let’s begin with a sefies of pictures beginming witn T\B

& end'w\ca with S'Vstv s,
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co:*“c gxpan -Hne
Cowvenience B8 -l-oPa. w\aSS.m'-}
Sotid ocug

Zo°min3 in on +h€ Section con+ainiu<3 +e inflated Complemen‘l'

/7
23T "j expdna'n’nj ‘the complement of B So that the

of B , we can see that the inside

of the hele iS Filled in by DT

Which can be Sheumk +H an intecval

a’amr" ho'e Lacmes as sSmall as Poss:ue- Av\aﬂner wacj 4o

+Hink about what's \nappem‘n’ m +his step 18 +o tealize

that DT 2 §x3. In any case, We end op with

= Da*l'- \ D%« ¢

AHer Glonaa'l-mc} +he (parple3 pact that's loeiw’ fewoved

+he Picture looks \ike
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aml foominj back ovt we see

viow +he wmisSin
pact \oasicall-; look §
like an anmnulus
CFO33 an inte(val =

then +he (Gwaining innef part of T can be slowl} puswed

back afound the Yotus as illustsated below

&

the point iS that +he tilled in pact of His Solid docus i$

like Da"l i the interval inside the avnvlvs x I s

iejv\ofed & the two moves pic-hueo! above ate essewl-iau}

jus'l- con'l'rac{-inj Hhe wmtesval ditechian down. Since I ﬁij}

we can conhact +wis port dom to o disk wuiek \eaves
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|
T VD VI = Since disks are Contfactible,

we can Col(a‘)Se Hie oligsikc and +he CCSUH'Mj Space wsll

be \aomol-opj Q?uido’evﬂ" o the one we Haited with.

L€ you cdowt like that petspective, Yov cavthink abevt

Collapﬁnj the disk ditection of +he
Solicl cyliolef cutside the tall annvlus

which qumps imme diafels from the
picture above to

@ but either way
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we end vp with & copj of Sa +hat Was +wo diameters

one on Hie insicdle and one on the ovtsicle. Bj c:ovmec‘fins_

the endpoints of o diometer to one another by o pati

on the Suiface of the sphese, we get a contractible

Subspace that idemibies tue ewols of tue cliameter
emce +his Sub space is ?ud'*iem"eo/ ovt.

QL./ cs

finally, we can trace baclc Hitouqh these Vowotopics

I

= 8'vg'y ¢?

Keepim) tcack of the loop A. When A ?asses 'Hn(ooa\n

the losp B iuside T, this is like +ravecsing +he

ivrl-ecval 1 hat Came -@rom SlnrinK.'aj "Hne hole in t+he
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Solid toius cComplewment. So, after oﬁen-l-ing_ A

O loeks ]
Tire

, LY

and its clear that this

mtetval is +raversed twice

in two diffectent dliraections

t+he other copy of §' in the result comes from the Solid

Pa('l' of the tows that wos either SQuisked down f a disk
ond then quotiented ovt of tuined into the ovtter

diameter of S immedia-l-ek;. Tn the case of the fotwmer

A aets pushed to the boundary of the totus as wiore of the
mtecio¢ of He Solid torus is remeed, and its cleac what-

happens to A n e othes case. Since i+ is vet as cleacr
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What happens with A in the tirst case, we finish the

acjumewl- +oc hat Vefsion of So\via, the problem.

A can be the interisc of the part Shaded blue, Yot
Must be on the \oo\mdauj of the

tocus in the puiple pact wnless [ o

1S Fassimj +ln€ou3\a +he interval ,
S ewce all thet (ewams is T2V DU T 4ne euve
A wmust Wainly be "'Cavel\iw); on the bo\mo‘a-rj of 4ne

Yotus. Then at the Stage where the disk is collapsed

(- (4

1~/ J13
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the Poiwl- +hat +he dlisk collapses 15 is whuat 8§ Stcetched

out 1o an interval that eventually Yecomes the secowd cops

of s'. Therefore, when A passes througu this disic in

Qither direction, Hhis cotresponds o a now-fiivial leop in S'.

@ becones

Al and all we see Hhat Z:Ae—>T\% induces

‘:*: Z >Z2% Z.  whete the 'mage of the oenefatol

of the domain s aba-! b"' whefe a gc b ace the qenera-l-ors

of the +wo fachrs of the codowam. Since Z*7Z ‘s not
commutative we don't expect aba-'b™!' to be dttivial, and

indeeo]l + iswt. wWe conclode that A 13 net nwll - howmolrpic

m  T\B.
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