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IV\'l'uﬂ'iV'e\'a_, the dovde coves aAJs o twist.
21) Gwen oliscrete spaces di=10,13 and 1:=1i#3
\
there s a (uvﬁqoe) Contivuous wap L—>1. of Coufse,

the wapping ceJ\imJe,r of | is an interval,

el k] 0\4"" TR S

Now, the 3«»' % to ounderstand Wow 4o combine these +wo
exawples wth a twist, in some sevse.

First, we give an explicit pafameteritation of the wmdbivs

Steip A in IRC.
YL
7 Y
—— > M=R*
___] 7
2 X

Y(xyq):= R(y) +2Bly)

o< (8):= <cos(®), sin(81,0>
RB(8) := Lsin( %)cosm $in(%8) sin(8), cos(Op) >
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From this desctiption of 21 it is clear that there is o

oeformation retraction from M onto S* whieh 18
essewl-ialli obtaived bj c:on-}rac'l-:n; e olomain of thig

Pacame'l'efi%aﬁov\ hoci%owl-all, until all that is lef+ over is
the patt on the 3-axis. In cother words, this is the

deformation tetcaction of M onto its %coce cicele™ ce.,
g(‘x,j,o)elﬁ?’( 7c1+«}9'=1§. To be precise, this \nomo'l'opo}
iS & continvous map H=Y_°a1-.lxlj}'<z,‘42]x[0,a1r))——>m3

which 1s qivew ‘0'3 the fotmula H(f,xjj,‘) = AP((:L"&)"‘):O.

Recall: There exists o deformaron retcact of Cy)(F)
onto the codomain of .

Claim: The oefotmation retract of M guatanteed by e
fact above is H.

To vec:f«j e Clam one weeds +o check ‘he -F—ollowinzz
) S* 2 IM2The image of $EUalxlo,8m) under A

(i) The image of V| 1 roam) i homeomorphic +o S%
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(iii) V.g’é'[o,;l'n') the pre-image of the wap
H(L,- =), )5 [e,2m) —R® (ces(4),Sinly), 0)

1S the interval [la,Valxiy3.

Hete is a weuristie pictute

Since each of the three properties Follows easily From tne
fowmulas for V¥V and H we wow Viave #nat M 2 M.

Ad: R=4the real projective plane RPE

Tdea- The mclugion 1qt’ St e3> M is the mebsion
of IM into M (which we new Kwew 1S the Mokivs Sheip).
Since the Cove On a Circle 1S a disk, this question

18 askiw; what Space i$ obtained From 3!030\3 a disk

to the boomlac; of o wdbivs Steip, of equivalently
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What is the quotiewt Space M/IM. TIn any case, we

Exrpect a (wown -ocientable) A-wmanifdd wlovt bow'dat:_
based on tue descriptions above. This \imits the

Poss'.b;m-‘.es. Let's wow pfove that R."—".-.R?a.

TaKe, as ovt definition of \RPO‘, the ecell complex

/é\
-////_{//,- D9/~ whete ~ dentifies ontipedes
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B; Telabe“m; Cach cdge & obf—ocmmj_ tne disk a bt
e

we see that ,///‘5*\. ~ 77
/e/ //v q % 9,

Next, we cut alowj +he wmain o‘iasomal of the square &
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Paste 9
W R 2
W
: , 7
i+ remains 1o Show that / +3_ 18 a wobivs
7

S‘Hip with a disk 3\094 a\owj s b ow\olal;. 30, whete s

the wmobivs steip in this f)i@l'uce? It's the ouppet left

+cian 30]4" Pa(-l'

Not€ : may be easior

v to think about Hhis hometepy
equivalence wn twe figwt-to -

\ett dicection ¥irst.

On the other hawd, A 1S a disk becavse F we glue
the C.octeSpo\nd:ag_ sides we get which can be

flattened down b o disk. @
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