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1. INTRODUCTION

Michael Kemeny taught a course (Math 245) on Syzygies at Stan-
ford in Spring 2017.

These are my “live-TEXed” notes from the course. Conventions
are as follows: Each lecture gets its own “chapter,” and appears in
the table of contents with the date.

Of course, these notes are not a faithful representation of the course,
either in the mathematics itself or in the quotes, jokes, and philo-
sophical musings; in particular, the errors are my fault. By the same
token, any virtues in the notes are to be credited to the lecturer and
not the scribe. E| Please email suggestions to aaronlandesman@gmail.
com.

!This introduction has been adapted from Akhil Matthew’s introduction to his
notes, with his permission.


aaronlandesman@gmail.com
aaronlandesman@gmail.com
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2. 4/3/17

Today, we'll discuss why people care about syzygies. Syzygies go
back to mid-19th century geometric invariant theory.

A syzygy is simply a relation among the equations of a projective
variety. This goes by to Sylvester in 1850.

Example 2.1 (Syzygies of the twisted cubic). Consider the map
v: P! — P
[u;v] — w3, uly, uvz,v3] .
The twisted cubic X := v(IP'), the 3-Veronese embedding of P! in IP3.
We can note also that X is the scheme theoretic intersection of

f::yw—z2

g:=yz—xw
h:=xz— yz
There are two syzygies:
xf+yg+zh=0

yf+zg+wh=0.
2.1. Introducing notation. For the remainder of the course, we fix
the following notation. Consider S := C [xy, ..., Xn], a graded ring in
n + 1 variables. Let S4 denote the homogeneous polynomials in S of

degree d. Let M be a finitely generated graded module over S. For
C a curve, we will let g denote the genus.

Example 2.2. Let the twisted module S(—n) be the S-module de-
fined so that S(—m)y := S4_.. Note that as a module (without a
grading) this is isomorphic to S.

Definition 2.3. A graded S module M is free if one can write M =
GBnSC—ﬂJ®b“-

Definition 2.4. A resolution F, — M is minimal if each 8; : F; — Fi_
takes a basis of F; to a minimal set of generators of im (;).

Theorem 2.5 (Hilbert syzygy theorem, 1890). Let M be a finitely gen-
erated graded module over S := Clxy, ..., xnl. Then there exists a unique

minimal free resolution
(2.1)

0 « M « Fo < Fi < oo —— Fpyp — 0
5 St

of length at most n + 1.
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We’ll prove this on Friday.

Definition 2.6. If M is a finitely generated graded S module, then
the Hilbert function is the map

fm:Z — Z
d— dil’l’lc Mg.
Remark 2.7. One can verify that the Hilbert function is eventually

polynomial, and one defines the Hilbert polynomial to be this poly-
nomial.

Definition 2.8. Let F, be the minimal free resolution of M. Then, say
Fi = @®;S (—i—j)%.

These by; are the Betti numbers associated to f.

Define
A=) (1) bjis
i<

to be the alternating sum of the diagonal elements of the Betti table,
which is the table containing by; in position (i, j).
Lemma 2.9. We have

i1 n+d-— )

finld) = 3 (<17 A]-( N )
j

In this formula, we have ($) =0if a <.

Proof. Omitted. O

Example 2.10 (Twisted cubic, revisited). The homogeneous coordi-
nate ring of the twisted cubic, S/Ix has the following minimal free
resolution.

2.2)
0 +— S/Ix < S S(—2)®3 = S(—3)%2 0.
Here,

A= yw—zz,yz—xy,xy —zz]
Xy

B=|y z
z w

The Betti table (i.e., the table with (i,j) entry given by b;; of X is
Next week, we’ll show that the 4 table of a rational normal curve is
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i[0[1]2]3
01]/0[0]0
1[0[3[2]0

TABLE 1. Betti table of twisted cubic

01 [2 [---[d—1
11o] @) [26) - [(d=1(g)

TABLE 2. Betti table of twisted cubic

2.2. Enter Brill-Noether theory. We’d like to relate the extrinsic ge-
ometry of C C IP" (the Betti number of S/I¢ to the abstract intrinsic
geometry of the curve. For this, we’ll use Brill Noether theory.

Remark 2.11. Recall that for C a curve of genus g, the Brill-Noether
loci are

Wj(C) = { line bundles £ of degree d withh®(£) =41 } .
If C is general, the Brill Noether locus
Wa(C)
is smooth of dimension
plg,m,d):=g—(r+1)(g—d+T7)
g—ho(L)—h'(L).

The nicest proof of this, in Michael’s opinion, is Lazarsfeld’s proof
using K3 surfaces, which is just a couple of pages.

We’ll now define some useful invariants of a curve.

Definition 2.12. Given a smooth curve C, the gonality of C is
—mi N
Gon(C) := m&n {d twy # @}
= mdin {d . there exists a degree d map C — PP’ }

g+3 ]
5]
Definition 2.13. Given a smooth curve C, we let the Clifford index,

ammy:gp@%A—hmyAmamammmd%Agg—meJz@.

<l
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Remark 2.14. For a generic curve, Cliff C = Gon C — 1.
We now introduce some more notation.
Definition 2.15. Let C be a curve and L a line bundle. Then,
lc(L) = @nHO(C,nl)

is a graded S := Sym H°(L) module.
We let

bp,q = bp,q (INc(L)) =: bp,q(C,L).
For M a second, line bundle, let
fe(L;M) := @HO(C,nL+ M)
be the graded H(L) module. Then,
bpq(C;M, L) := by (Tc(L;M).

Goal 2.16. The goal for the first part of this course is to relate by, 4(C, L)
to Brill-Noether theory.

Theorem 2.17 (Castelnuovo-Mumford). For L a line bundle with
degl > 2g +1
then
¢r:C—=1P"

defines an embedding and Tc(L) coincides with S/1c (meaning &y is pro-
Jectively normal) which is equivalent to bo; = 0 for j > 2.

Proof. Omitted. O
Theorem 2.18 (Green, 1984). If degL > 2g+ 1+ p, then
by; =0fori<p,j=>2

Lemma 2.19 (Noether). If C is not hyperelliptic, or equivalently if Clitf C >
1, then ¢ : C — P91 is projectively normal. This means

HO(P™', 0(n)) — HO(C, wd)
is surjective, or equivalently
bo; =0forj>2
Proof.

Exercise 2.20. Prove this!
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Theorem 2.21 (Enriques, Petri, Babbage). Consider ¢, : C — P91,
If Cliff(C) > 2 then I¢ is generated by quadrics. In the language of syzy-
gies, this says

bi,j = OfOT’j > 2.

Conjecture 2.22 (Green’s conjecture, 1984, proved by Voisin in 2002,
2005 in suitably generic cases). If p < Cliff C then b,,; = 0 forj > 2.

The main focus of this course will be to prove Green'’s conjecture
and the secant conjecture.

3.4/10/17
Today, we’ll discuss the Eagon-Northcott complex.

3.1. Constructing the Eagon-Northcott complex. Let Rbe aring and
f:R" — RS forr > s.

Consider the graded ring

S =RXq,...,Xs].
Let F = S"(—1) be a graded S-module. Then, f defines a morphism
g:F—=S
of graded S-modules. We identify S; ~ R® in the canonical way.
Explicitly, if ey, ..., e; is a basis for R", then
g(ei®1) — f(ey) € RS ~ Sq.

By construction, this is indeed a homogeneous map of degree 0.

Consider the Koszul complex associated to g. That is, the complex
associated to {f (e;)}.

The Koszul complex Kq(g) looks like
(3.1)

0 « S < F < N < AF < ATF < 0

is a graded free complex. Now, take the degree d part. Note that the
degree d part of the ith component is

(/\iF)d - (/\iS (R" @ S(—1))>d
_< ka@s(—i))d

Therefore, Ko(g)q is
(3.2)

0 <= Sg ¢ Sa-1@RR" Sq s @R AR — - — Sar ®ATRT 0
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as a complex of R-modules.
Next, we dualize this complex. That is, we apply Hom (e, R).
(3.3)

v v
0 = Sg < Sirii

QR +— Sqri2 ®ART «— - @R «— Sy @ ATR" +— 0.
This follows from the identification
AR~ ATTHRT)Y
Consider now the special case d = r —s. Only look at the last r —s

terms of K, (g)rv_s. We obtain
(3.4)

0 —— Sy @AR —45 8V  @AIR y » ARy —— 0

and we may note
ASR" = SY @ ASR'.
To get the Eagon-Northcott complex, we extend the length of this

complex by one, via adjoining /\*R" 7T, ASRS ~ R for the map f :
R"™ — R®. Altogether, we get
(3.5)

0— SY @AR % 8V @ATIR — oo ASR, 2 ASRS 0,

Proposition 3.1. The composition of any two maps in|Equation 3.5|is zero.
That is, it is a complex.

Proof. From the construction, this automatically holds at every term,
except possibly the last one. That is, it only remains to show the
composition

(3.6) SY @ ASHIRT —4 §Y @ ASRT 250, AsRs
is zero. Dualizing, we need to show
(3.7) R —& 5 ATSRT 25 Rs @ ATSIRT

is 0. We can use the identifications

R —€> AT—SRT L) RS ®/\r—s—1RT

(3.8) l l l

(ARS)Y — 5 AS(RT)Y —— 5 S,
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This composition corresponds to an element of Hom (ASTIRT, R?).
Leteq,...,e; be abasis for R". We have
Soe(1) (e, Ao+ Aei,) =) (1P e(1) (e, A Ay, Av-Aei ) F(es,)
This is some element of R® since

D =P () (e, A A A Ae)
is an element of R. This follows from the definition. Then,

¢(1) € Hom (/A\°R",R),

SO
5oe(1) (e, Ao+ Nei,) =) (1P e(1) (e, A Ay, AveAei ) F(es,)

—

=y (1Pt (f(eh)/\---/\f(eip)/\---/\f(eisﬂ)) f (e,

Then, let A be the s x r matrix representing f. Let A, be the mth
column of A. Introduce the notation

Afmy . me) = (Am] T Ame) :

Then, we to check the composition is zero, it suffices to verify the
identity

p+1 . R
Z (=1)""" det (Ail,...,ip,...,isH) Ay, = 0.
Let’s start with an example:

Example 3.2. Take
45 6
A= (7 8 9)

G 301G 916G 3I6)

The first entry being 0 is saying that

4 5 6
4 5 6]|=0
7 8 9

and the second entry of the vector is 0 because

7 8 9
4 5 6.
7 8 9

This example easily generalizes, showing the compositionis 0. [

We obtain
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To recap, here is our definition:

Definition 3.3. Let f : R” — R®. The Eagon-Northcott complex is the
complex
(3.9)

0 « Rt AR SY @ ASTIRT « e g SY (@AR" +—— 0

and S =R [x1,...,xn].

Remark 3.4. Next time we will find a criterion for the Eagon North-
cott complex to be exact. The key to proving exactness will be the
Buchsbaum-Eisenbud criterion for exactness.

Definition 3.5. Let {p : R" — R® be a map of free R-modules. We
define

Ii(p) CR

to be the ideal generated by the j x j minors.
Intrinsically, (1) is the ideal given by the image of the map

NR" @ N(R®)Y = R.
This can be thought of as an element of
Hom (ATR?, R
given by Né. The rank of ¢, notated rk(¢) is the greatest integer j
so that I;(¢) # 0. Then,
[(}) := Lyg) (D).

Proposition 3.6 (Proposition 20.8, Eisenbud’s commutative algebra
book). If ¢ : R" — R® is a morphism, then cokerd is projective if and only
if I(¢) = R. In this case, coker has rank s —rk ¢.

Proof. Omitted. O

Next time, we’ll apply following criterion for exactness of a com-
plex to the Eagon-Northcott complex.

Theorem 3.7 (Buchsbaum-Eisenbud). Let

(3.10) Fo < f F1 < r Fz <

-
B
o

fn
be a complex. Assume
(1)
rk (Fy) = rk fy + rk fi 4

and
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(2)
depth I(fy) > k
fork=1,...,n
then Fq is exact.

Proof. Omitted. O

Definition 3.8. Recall that the depth of an ideal I is the maximal
length of a regular sequence x; € R with each x; € 1.

4. 4/12/17

Today’s goal is the Buchsbaum Eisenbud criterion for exactness.
There are two main ingredients:

(1) Fitting ideals
(2) The Peskine-Szpiro lemma

4.1. Fitting ideals. We'll just state their definition and properties
without proof. Given a matrix

¢ :R" — R®,
let the ideal Iy C R be the ideal generated by the j x j minors of ¢.

Definition 4.1 (Fitting ideal). Let M be a finitely generated R-module
for R noetherian (in the future we will assume R noetherian without
comment). Choose a presentation

(4.1) R > RP > M

Then,

V
o

Fitt;(M) := Iy_i(¢).

Proposition 4.2. Let M be a finitely generated R-module. Then,

(1) Fitt;(M) is well defined (i.e., independent of choice of resolution)
(2) Fitting ideals are functorial, meaning that for a maps of rings f :
R — S, we have

Fitt]’ (M®RS) = f(Fittj(M)) CS.

(3) As a consequence of the previous point, fitting ideals commute with
localization.

Proof. Omitted. O
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Remark 4.3. Recall thatrk ¢ : F — G is by definition
rko = max {j (L(d) # O} .
and
[(¢) = L ().
If M is a finitely generated R-module with presentation ¢, we have
[(M) := I().

Warning 4.4. I($) need not commute with localization because it
may be that rk ¢, < rk ¢.

Remark 4.5. If we assume that I(¢) contains a nonzero divisor then

1($)p #0

for all p € Spec R. This implies that rk(¢p,) > rk(¢p), which implies
rk ¢, = rk ¢ and so by |Proposition 4.2

I(Cb)p = I(d)p)-

Lemma 4.6. Let M be a finitely generated R-module. Then, M is projective
of constant rank if and only if I(M) = R. In this case,

rk(M)=b—rk¢

for
¢ :R* — RO
a presentation of M.
Proof. See Eisenbud’s commutative algebra book. 0

4.2. The Buchsbaum Eisenbud criterion. Here is the setup for the
Buchsbaum Eisenbud criterion for exactness.
We first recall some definitions:

Definition 4.7. Let M be a finitely generated R-module. A sequence

f1,...,frin Ris M-regular if f; is a nonzero divisor on M for M/ (fy, ..

fori=1,...,rand M/ (fy,...,f;) M #£0.
Definition 4.8. Let I C R be an ideal. Then,

depth,;(M) := {

If R is local then
depth(M) := depth, (M).

Lfia)M

maximal length of an M-regular sequencein I if IM # M
00 if IM =M.



14 AARON LANDESMAN

Lemma 4.9. Let (R, m) be a local ring. Suppose

4.2) 0 > A > B > C > 0

is a short exact sequence of finitely generated R-modules. Then,

(1
depth(B) > min (depth A, depth C).
(2)
depth(C) > min (depth B, depth A — 1)
(3)
depth A > min (depth B,depth C +1).

Proof. This follows from the characterization of depth in terms of Ext.
(Recall depth(M) = min; Ext;(k, M) # 0.) O

Lemma 4.10 (Peskine-Szpiro). Let R be a local ring and let

43) 0 — Fp — B F g —s - . F . T

be a complex with J; a finitely generated R-module. Suppose

(1) depth(%;) > iand
(2) depth H;F =0 forj > 0.

Then, Fo is exact.

Proof. Suppose J, is not exact. Let i > 0 be the largest i so that H;J
is nonzero. If i = n, then

HnJ C Fy.

But, depth(F,) > n > 0 by[Lemma 4.9 applied to A = Hn(F),B =
Fnh, C =1im fj.

So, we may assume i < n. Leti < n. As the complex is exact to
the left of J; by induction. We then have a short exact sequence

(4.4) 0 —— im fj > & > imf; —— 0
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using that for i <j < n. From we have
depthim F; > min (j, depthim fj; — 1)
> min (), depthim fj;; — 2)
> min (j, depth (im ) — (n —j)).
> min (j, depth (5) — (n — j)).
> min (j,n—(n—j)).
> .

But, we also have the exact sequence

(4.5) 0 —— im fj,; —— kerf; > HiF > 0.
By assumption, depth HiF = 0 but H;J # 0. Therefore,

depth H;F =0
> min (depth ker fj, 1)

This can only happen if depthker f; = 0. Note that we have i > 0
here. This contradicts that

ker f; C F
SO
depthker f; > 1.
since depth J; > i. O
We now come to a useful criterion for the exactness of a complex.

Theorem 4.11 (Buchsbaum-Eisenbud). Let

46) 0 — Fpn —" 3 Fq — - . F . 5

be a complex of free finite R-modules. Suppose
(1)
rk F; = rk f; + rk i
(2) if I(f;) # R, then depth I(f;) > i. fori > 1.

Then, Fo is exact.

Remark 4.12. In fact, this is an if and only if statement, but we only
need one direction, so we only state and prove that direction.
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Proof. The second assumption guarantees I(f;) has a nonzero divisor.

So, by [Remark 4.5, we know the assumptions are preserved under

localization. Therefore, we may assume R is local.
Let’s deal with exactness at F;. That is, we want to show

i f,
(4.7) Fip1 —— T » Fi

is exact.
We first consider the case i > d := depth R, we have

[(fiy 1) = I(fi) =R,

by the second assumption.

By we have cokerJ; is free of rank
rk cokerd; = rk F; —rk fi .

Construct
(4.8) F, — cokerF, —— F, ;.

To proving exactness at F;, it suffices to show f; is injective. We see
that

rk ]?1 =rk fi
=rk 9‘“1 —rk fi+1
= rk cokerd;

We hence have

I(f;) = I(f}) = R.

Then, dualizing the sequence
() =R

i

By |[Lemma 4.6/ we have cokerfNiv is free of rank

rk cokerd; — rk ﬂv =rk ﬁ
=0.

This implies fNiv is surjective so f; is injective.

To conclude, we only need prove the case that i < d. In this case,
we will apply By truncating F,, and replacing ¥4 with
cokerfgy 1, we may assume that F, has length at most d. That is, we
may assume n < d.

Without generality, we have that R is local.
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Lemma 4.13. Suppose F, satisfies the following condition: (), is exact
for every p # m in the local ring (R, m).

Proof. By this hypothesis, we have
Supp (HiF.) C {m}.
Therefore, there is some { for which meHiS'“. = (0. That is,
depth H;F = 0.

Note that each J; is free, so depth F; = d > i. Therefore, bym
we know 7, is exact.

To complete the proof, it suffices to reduce to the case that (F,),, is
exact for every p # m.

In the general case, we induct on dimR. If dimR = 0, then we
are done as there are no primes other than m. If dimR = n + 1 then
dim R, < dim R. Therefore, by the induction hypothesis for the ring
Ry, which is of lower dimension, we know that (J,), has vanishing
cohomology, and therefore the same follows for F, by

u

5.4/14/17

We'll now discuss some applications of the Buchsbaum-Eisenbud
criterion for exactness of a complex in a geometric setting. In par-
ticular, we’ll examine the relation to the Eagon-Northcott complex.
Let f : R" — R® for r > s. Recall we constructed an Eagon-Northcott
complex associated to f Eagon-Northcott(f) from the complex
(5.1)

04— R 4 AR o SY @ASHIRT = SY @ AFIRT «— - e SY AR +— 0

where we are using that R ~ /A*R® and S = R[x, ..., Xs].
We state the following theorem without proof, though we will

come back to it in [Corollary 6.3

Theorem 5.1 (Eagon-Northcott). Assume depth I;(f) > r+1—s. Then,
Eagon-Northcott(f) is exact.

5.1. Rational normal curves. Recall a rational normal curve C C P4

is the embedding from P! L pdfor £ = Op1(d). Recall that C is
smooth, rational, degree d, nondegenerate, The ideal of C is gen-
erated by the equations x{x; — xi_1xj41. It's clear that the rational
normal curves lies in the intersection of these equations, and you
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can check it actually is the vanishing of these equations by comput-
ing the Hilbert polynomial (in fact, these equations already form a
Grobner basis, so you can just use the leading terms).

Let
A= (X0 Tt Xa
X] .. Xd
be a 2 x d matrix of linear form. Let I¢ be the ideal generated by the
2 x 2 minors of A. Let R = C [xo,...,xq] (be the graded ring). View
A asamap f: R4(—1) — RZ. Let I¢ = L;(f) as C has codimension
d—1.
As C has codimension d — 1, we have depth I;(f) = d — 1. There-

fore, by [Theorem 5.1, Eagon-Northcott(f) is exact.
Let S = R[yy,yzl. Recall that Eagon-Northcott(f) is the complex

(5.2)
R ———— NRY-2) ——— (R} @ A3RY(=3)

(Sym, R?)Y @ A*RY(—4) +— -+ +— (Symy , R*)V @ AdRY(—d) «+—— 0

using that S} ~ R? by identifying y;,y, with the basis of R? and
identifying S, ~ Sym, R?. Note that we have an exact complex

(5.3) 0 «— R/I¢ +—— Eagon-Northcott(f)

Let S = kl[xp,...,xn]. Recall that a graded free exact S-complex
(Fe, de) is minimal if each d; takes a basis of F; to a minimal set of
generators of im d;.

Proposition 5.2. Let F, be a graded free exact complex. Then Fq is minimal
if and only if im d; is contained in (xo, ..., xn) Fi_1.

Proof. The proof uses the graded Nakayama lemma. We recall it
now:

Lemma 5.3 (Graded Nakayama lemma). Suppose M is a finitely gen-
erated graded S-module. Let m = (xo,...,xn). If ai,...,a, generate
M/mM. Then ay, ..., a, € m generate M.

Proof. The idea is tolook for elements of least degreein M/ (ay, ..., a;).

Exercise 5.4. Flush this idea out to give a proof.
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By the graded Nakayama lemma, we know that F, is minimal, if
and only if

di . .
Fi/mF, — im d;/mim d;.
is an isomorphism. Note that we have an exact sequence

(54) Fi—H > Fi > im di — 0

The statement that d; above defines an isomorphism is equivalent to
the map d;;

dq
Fipi/mFiq — Fi/mFy

is 0. Thatis, im d;,1 C (xo,...,%q) Fi. d

If S%(c) s+ 1) is a morphism then f is represented by a ma-
trix of linear forms.

Corollary 5.5. We have that Eagon-Northcott(f) is minimal.

Proof. This is just because at each step we are multiplying by linear
forms, so the result follows from [Proposition 5.2

6. 4/19/17

We want to find the syzygies of a k gonal curve, meaning a curve
C with amap f: C — P'. Let A := f*Op1(1). We have a scroll X
with C C X4 C P97 and a map

HO(A) @ HO(we ® AY) — Ho(we).
We also have a map P&¢(—2) — IP'. We have an exact sequence
(6.1) & — fowy — OL.

Let H be a hyperplane class and let R be the ruling in the scroll. We
have

ho(C,A) ~ h® (P (&¢(-2)),R)
and

HO (C,wc ® AV) ~ HO (P (& (—2)),H—R).
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We also have a map

C » P (Ef
62)
\4@1. /

We have that

—2))

j (P (&6 (=2))) C Xa.
Recall that H (C, A?) = 3, meaning j is an embedding.
Proposition 6.1. We have IP (€4 (—2)) ~ Xa.

Proof. Recall that X5 was defined so that {u, v} is a basis of HO(C,A)
and ty,...,t; are a basis of HO(wc — A), with{ =g+ 1—k.
We have that Iy, is generated by the 2 X 2 minors of

. Ibu‘q e l-l)utg
M= <1brt1 o 1"’Ttg>

with Py, € HO(P9~1,0(1)) ~ HO(C,wc). It suffices to show X is
irreducible of dimension b — 1 =dim P (& (—2)).
Let

V= im <H°(A) @ H(we —A) — HO(C,wC)> .

We have PVY C P9~! with HO(PVY,O(1)) ~ V. Then, X4 is a cone
over the projective variety PV =~ IP" defined by the 2 x 2 minors of
Mpyv .

To prove X, is irreducible of codimension g —k = { — 1, we may
assume the multiplication map

VvV ~HPY T, 001),

since a cone over a variety is irreducible of codimension d if and only
if the variety is irreducible of codimension d.
Then, M defines a morphism of projective bundles

P OIFTR (1) 5 02,

and X is the degeneracy locus of 1. That is, XA is the locus where
1 does not have full rank. Restricting

Plx, 1 09K (1) — 02
has rank at most 1. Since the multiplication map

HO(A) @ H(we — A) — HO(C, we)
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is surjective, so V =~ HO(IP9-',0(1)), it is not possible for all entries
of M to vanish.

One can verify that coker is a line bundle, call it £.

We have

(6.3) O (=1)9t17k y 92 y L y 0.

The second map corresponds to two sections of a line bundle L,
which defines a morphism X3 — PP!. The fiber over

[s:1] € P

is those points p € X, so that there exists f so that the diagram

2 — o
(6.4)
f
L
commutes. This, in turn, is true if and only if the composition
-k 2 (81
(6.5) O(—-1)9 > O > O

If
z:=su+tve HYC A)

then the fiber over [s: t] is the locus where the composition is 0,
which is the same as saying that \,;, = 0 for all t;. Recall we have
g + 1 — k independent linear forms. The fiber is thus a linear space
of codimension {. This implies that X5 has codimension { — 1 (be-
cause these linear spaces are distinct). Since each fiber of X5 — P'is
irreducible. O

Remark 6.2. If we drop the assumption that HO(C, Az) =3, thenj is
no longer an isomorphism, but

j (P (E(=2))) = Xa,

where j may no longer be an embedding, but X, is a cone over a
smooth scroll.

In fact, X5 has only rational singularities, meaning loosely that
you can compute the cohomology of line bundles on X5 from line
bundles on &¢ (—2).

Corollary 6.3. The complex Eagon-Northcott(Xa ) is exact.
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We have
bij (Ox,) =1~ (U15%) ifj=1,1>0
0 else

For a projective variety Z, define
0(Z) :=min{m:b,;(0z) =0,p >m}.

called the length of the 2-linear strand. For brevity, we will just call
this the length of the linear strand.

Conjecture 6.4 (Green). Suppose C has gonality k and Cliff(C) =
k — 2. Then,

dwe: C— P!
for A € W]l Then,
L(Te(we)) =€(0x,) =g—k.
There is a refinement of this due to Schreyer.

Conjecture 6.5 (Schreyer). If W]l is a reduced point A and A is the
unique line bundle line bundle of degree at most k — 1 with Cliff C =
k — 2, then

by 11 (C,we) =bg 11 (Xa,0(1)) =g—k.
6.1. Picard group of M.

Definition 6.6. A line bundle on My consists of the following data:

(1) For each t: € — S, a line bundle £(7)
(2) For each morphism f:S; — Sy,

(‘31L>(‘32

(6.6) lm lnz

S]%SZ

we are given an isomorphism

L(F) . L(Tt]) ~ F*L(Tﬁ)



MATH 245 NOTES: SYZYGIES 23

satisfying the cocycle condition. In more detail, if we have a
composition

C1 F > Cz G C3

(6 . 7) lﬂ 1 lﬁz lﬂs

S — 5, —2 45,

N2

~
N2

then the diagram

Lim) ————— f'L(m)

(6.8) l l

(gof)* (L(m3)) —— f*g* (L(m3)).

Remark 6.7. There is a natural notion of isomorphism of line bun-
dles. There is also a notion of tensor product. Therefore, Pic (M) is
an abelian group.

Example 6.8. One interesting example of a vector bundle is the Hodge
bundle which for a family : € — S, we have

L (1) := det (. wx)

is a vector bundle of rank g (if S is reduced this follows by Grauert’s
theorem). And further of w,; commutes with base change (see Liu,
Ch. 6, Thm 4.9).

7. 4/21/17
Today, we’ll have an introduction to divisor calculations on M.

7.1. Grothendieck Riemann Roch. To start, we’ll have a brief intro-
duction to Grothendieck-Riemann Roch. See for example, Hartshorne,
appendix A. Assume X and Y are smooth and quasi-projective. Sup-
pose we have a proper morphism 7 : X — Y. Then, K(X) is the free
group generated by coherent sheaves modulo the relations that on X
if we have a short exact sequence

(7.1) 0 > I > F) > 3 > 0

we impose the relation [J;] = [F7] + [F3] . Note that this is a ring, and
we can replace all coherent sheaves by locally free sheaves if we’d
like.

For & € Coh(X). We have
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Definition 7.1. For E a vector bundle, we define the total Chern class

c(E) =) o (B)t'

with
ci(E) € A" (X, Q).
the Chern class.

Remark 7.2. By the splitting principle, we can write
ct(E) := Z ci (E) t
i

=00 +out).

Definition 7.3. If E is a vector bundle with ct(E) = [ [ (1 + «;t), then
the Chern character

Ch(E)=) e™

Example 7.4. Viewing Ch (E) as an element of the graded ring Ch; (E)
is the ith graded piece of Ch (E). We have

Chy (E) =rkE
Ch;(E) = c1(E).
We have
c% —20
>
Lemma 7.5. The Chern class defines a ring homomorphism
K(X) — A*(X)
F +— Ch(F).

Chy (BE) =

Proof.

Exercise 7.6. Verify this.
U

Definition 7.7. Let E be a vector bundle with ¢ (E) = []; (1 + oyt).
We define the Todd class

Td(E) =[] o

1—e %
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Remark 7.8. The Todd class is multiplicative, so that if we have
(7.2) 0 y I > I > I3 > 0
then

Td (F3) =Td (F7) Td (F3)

Theorem 7.9 (Grothendieck Riemann Roch). Suppose t: X — Y is
proper. Then,

Let F € K(X). where T, = Tx — " Ty.

Theorem 7.10 (Mumford’s formula). Let 7t : € — My be the universal
curve. Let

A= ¢ (Tmewyr)

be the hodge class and
K == T (C1Wr - C1Wr)
be the kappa class. Then,
K = 12A.
Proof. We have
MWy = THW — R17t*w7t
= MWy — (1.0¢)”
= T Wy — OJY/EQ

= T Wx+ OMQ

This implies
Ch (mwz) = Ch (mtwx) 4+ Ch (O, )
= Ch (. wq) + 1

1
=g+ 1+ci(mwy) + 5 (C% (M) — 2 (Tt*wﬂ)> +oee

Using that T, = —w,, we have
7t (Ch (wy) Td Ty)

1 1 1
= 71, (1+c1 (wn)+§<c%—cz>+~--) (1—201 (wﬂ)+ﬁc1 (wn)2+~~
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We then have
A = [Ch(mwlly,
SO
7t (Ch (wyr) Td (—wy)) = 7, <1 + 101 (wr) + 1c% — 1c% + lc%> .
2 27 2712
We obtain
. (Ch () Td (~wr)) = 1%

7.2. Hurwitz Divisor.

Definition 7.11. Assume that g = 2k — 1 is odd. Define the Hurwitz
divisor Hur C My to be

{C : 3f: C — P! of degree atmostk}.

Remark 7.12. We can also define Hur C My determinantally. Con-
sider 7t : € — Mg. Define

Chi=C Xy -+ Xoy €

as an n-fold fiber product. Let p; : € — C be the ith projection.
Consider 7, : C" — My. Consider

Z= {(m,...,pk) SEChER <C,Zpi> zz}.

Then, 7t(Z) is Hur.

Remark 7.13. Note that 7tis not finite on Z, since the fibers are at least
1 dimensional as the divisor moves by the assumption ho(C, > ipi) >
1.

Warning 7.14. Therefore, 7|7 has fibers of dimension at least 1, mean-
ing 7, (Z) = 0. Here is a fix to the issue that 7ris not generically finite,
so the pushforward would be 0 by definition.

We can fix this by demanding that the first point p; lies in some
fixed canonical divisor. That is, we define

K; € Pic (€k> =p] (wr).

Then, we can define

1
Hur := TEIIrESh (), (K41 - [Z]).
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We are almost ready to define [Z] determinantally.
Definition 7.15. Define the diagonal
Ay; C €
to be the (i,j)th diagonal, i.e., the image of €~ — €™ under the map
sending 1, ..., Pn1 tOP1, -, Pi, Pists -+, Pj1, PL Pjtls - -+, Pri-

Given the short exact sequence
(7.3)

0 —— Oek+] — Oek+1 (Z] A]'/kJr]) E— OZiAj,kH — 0
and let
p: ek-H — ek
be the projection away from the last factor.

Remark 7.16. Note that

k
Px O@k-H Z Aj,k+1 ) ~ Oek+1 .
j=1

If (p1,...,px) € CF are general, then ho(C, >ipi) =1
This is the same as saying the map

H(C,0¢) ~ H° (oc (Z m))

for py,...,pk general on C. We have a natural map

P« (O@k+1) — Px (o@k+1 (Z Aj,k+1>> .

The above computation implies that for any sufficiently small open
U, the map

POt (U) = pu | Opisr | D Ajir | | (W).
j

Taking derived pushforwards of the exact sequence
(7.4)

0O —— Oek+1 E— OekH (Z] A]',k-H) 5 oZiAj,kH 0
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on Oth degree, we get

P*o@k+1 >~ p*oekH ZAj,k+]
j
and continuing we get

(7.5)

0 —— p*OZiA L> R1p*(9@k+1 — R1p*(9@k+1 (Z'Aj,kH) — 0

i k+1 )

Note that the first term p. Oy Ajyir 18 locally free of rank 1, and then
Z is the locus where the map « is not injective.

8. 4/24/17

Last time, we were discussing the divisor Hur C My for g = 2k —
1. We were discussing the construction of the Hurwitz divisor as
M : C — Mg, with

1
Hur := Z]K
ur (29—2)(k—1)'7tk*([ ] ])

where K; is the pullback of the canonical divisor of € — Mg along
the first projection €* — €. Let’s review how this went. We can view

Z)={pr, P ROC Y pi) > 2}
We have an exact sequence
(8.1)

0 —— Ogxr1 —— O(X Ajy1) —— Oxayy, —— 0

Pushing this forward along p : €<*! — €¥, which is projection onto
the first k factors, we get an isomorphism between the pushforward

of the first two sheaves, we get a short exact sequence
(8.2)

0 — POy Ay —— RIPeOpkit —— RIpL (0 ) Aypey) —— 0

The fibers o4 (for q corresponding to a curve) are given by
(8.3)

0 —— H(0c) —— HYOc (L pi)) — H (0, ) — H'(Oc)

and o fails to be injective if and only if h (Oc (3_pi)) > 2. We will
define Z as the locus of points q with g not injective.
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Theorem 8.1 (Porteous). Suppose X is a smooth scheme over C and ¢ :
E — Fis a map of vector bundles with E of rank n and F a vector bundle of
rank m. Let

Xk(d) :={p € X : p has rank at most k}.
Assume Xy () has the expected dimension (m — k) (n —k). Then,
Xk (@)] = Am—xn—k (¢4 (F)/ ce(E)) .,
where A(e) is defined as follows. If

a(t) = Z a t*
k

is a formal power series, we have

q,p Y ap+q7]

Ap qla(t)) := det .
ap7q+1 o .. ap.

To apply Porteous’ theorem, we must know that Z C €* has codi-
mension g — (k — 1) = k. For this, we need the following:

Clebsch The Hurwitz stack
Ha,g = {C — P" : deg d, C smooth of genus g} / Aut <IP1> .

has dimension 2g —5 — 2d.

Segre The map Hg 4 — My is generically finite for (with some as-
sumption on g and d that Michael wasn’t exactly sure about,
he thought it was g > 7).

Exercise 8.2. Show that the above results mean we can apply Porte-
ous’ theorem to show Hur is indeed a divisor.

Theorem 8.3 (Harris-Mumford, Harer, Kempf). We have
(1)

[Hur] = cA
(2) In fact,
_ (2Zk—4)!
“CTRx—2r

Remark 8.4. Harris-Mumford used test curves, explicit curves in Mg
that they understood well for which they could compute things ex-
plicitly.
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Proof. We have

2= 8 (e (R'pe (06 (X 2301) ) =cqicer (R'pe (06 (X Ajxs1) )
=1—p (Oe (Z Aj,k+1)) :

The Chern classes are expressible as polynomials in Chg. That is, [Z]
is polynomial in

Ch (pr (0¢ (X Ay101))) = e (Ch (06 (X Auwer) Td (),

using, Grothendieck Riemann-Roch. Therefore, [Z] is a polynomial
in

Pl [Aj,k—H } )
and

Px [wp] = P (Kyq1).
where Ki = p{we/, with p; the ith projection €™ — €. To simplify
this, we can use the push-pull formula. We have
P ([Ajxe1 -7 (D)) = ps ([Ajrn]) - €
=
Note here p*( € A* (@k). We want to express as much of the above
as possible as the pullback of cycles on . We have

(A1l - [Ajir] = Al - p* [Ay] -
Loosely this is saying that if py,...,pxs1 with p; = pyyy and p; =

pj+1 this is equivalent to saying p; = pi41 and p; = p;. We also have
the relation

[Ajxi1] - K = [Aga] - p7K.
The above relations let us deal with any monomial in which no
repeated [A; 1] appears. For example,
P (Arjeet - Aziert - Az it - Kicr1) = P (A1 1P ™A1 2p" A1 3p7Ky)
S AP RVAYEEERN SP
Next, we have to deal with powers of these diagonals. For this, we

use the self intersection formula (see Hartshorne, p. 431).

Lemma 8.5 (Self Intersection Formula). Suppose we have a closed im-
mersion of schemes (or stacks) i : Y — X with both smooth of codimension
r. We have Y - Y =i, (¢ (Ny/x)).
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Using this self intersection formula, and letting q : €**1 — €* be
projection away from the jth factor, we get

[Aj,k—i—]}z =1, <C1 (NAjrk+1/ek+1>>
=—1:q (—O-q)
== [Bjxn]p" (K).
We then conclude that [Z] can be written as a polynomial in the

cycles A;j and K;. We also may include p. (K{_,) for some positive
integer e. To simplify this, we use flat pullback of cycles

Lemma 8.6 (Flat pullback, Fulton proposition 1.7). Suppose we have a
Cartesian square

p

B
(8.4) lg

RN
L}D

‘—
P

@

with f flat and g proper, we have
c.f*oe =h*g.ox
for « € A*(B).

In our situation, we can apply this to the diagram

Ek+1 Pr+1 e
(8.5) |r l
ek s M

we obtain
P (KL]) = T (KE>

Therefore, Hur is a polynomial in 7 , times polynomials in Ay ;,
K;’s and 7. (K*). To conclude, one can factor 7 as a composition

kel 5. se

Repeating the above, things remain polynomials in the analogous
classes, except that certain A;; classes become 1. When one factors
this, one obtains that [Hur] is a polynomial in 7. (K'). Note that Hur
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is a divisor, and the only divisor in 7, (KY) is 714 (K2) (meaning £ = 1).
This implies by dimension reasons that

Hur = cm, <K2> =K,
so Hur = ¢’A, which is Mumford’s formula. O

9. 4/26/17

9.1. Graded Tor. Today, we’ll discuss graded tor. Let R be a graded
k-algebra. Let M and N be two graded R-modules. Note that M @y N
is graded. We have

(M ®grN)q = {Z m; ®n; : deg(m;) +deg(nyi) = d} .

Note that Torg(M, N) is a bigraded module gotten by taking a pro-
jective resolution

,\
AN
ae!
o
AN
-
J,
AN

9.1) 0

Then, tensoring up, we obtain a complex of graded R-modules P, ®r
N. Then,

Tor} (M, N)q
is the pth homology of (Ps @r N),. Then,
TorR (M, N) = @4>0Tor? (M, N)j.
We have
Tor?(M, N)q >~ TorP(N, M),.

9.2. The Koszul complex, revisited. LetS =k [xo,...,xn] and M be
a finitely generated S-module. We have a minimal free resolution

(9.2) 0 < M < Fo < e — Fhg

We know that for a minimal free resolution, if we tensor by k :=
S/ (xo,...,xn), all differentials are 0, and therefore, all differentials
are 0 by Nakayama'’s lemma. That is, if we have J; = ®;S(—1—j )P,
Therefore,

(9.3) Fi xsk = EBjk(—i — j)biri
as a graded k-module. We then have
dim <Tor}2(M, k)iﬂ-) —by;(M).
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We can treat Tor}q( M, k)i as the “canonical” invariant of interest,
since the isomorphism [Equation 9.3]is canonical.

Now, considering k as an S-module, we have a minimal free reso-
lution given by the Koszul complex
(9.4)

0 < Kk < S « E(—1) «—— A?E(=2) «+— A"ME(n—1) +—— 0

Then, ToriS (M, k)i; is the homology of
(9.5)

APTE(—1—1) ®s M)ij —— AE(—1) s M —— AVTE(—i+1) ®s M
with V:= S ~ k®"t1 Then,
AE(—) @ M ~ (/\iE ® M(—i)) ~ (Aiv ® M(—i))
So,

(/\iE(—i) ® M) ~ AWV @y M;,

i+
and Tor(M, N)i; is the homology of
9.6) ATV M_ —— AVerM; —— ATV R My
9.3. Kernel Bundles. Let X be a projective variety and £ a line bun-
dle. Define

(L) == @&qH°(qL).

as a graded Sym H°(L) module. Assume £ is base point free so that
the evaluation map

HO(X, L) ® Ox — L

is surjective. Define My as the kernel

9.7) 0 —— My —— HOX,L)® Ox >y L > 0.

More geometrically, if we have a map ¢y : X — P" with r = ho(L) —
1. By the Euler exact sequence, we have
(9.8)

0 —— (U]PT(]) E— HO(OIPr(]})@O]pr E— O]Pr(]) — 0

Then, M1 = ¢7(Qpr (1)) is a vector bundle.
Recall the notation

bpq(X, 1) = by q(Tx(L)).
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We have a short exact sequence
(9.9)

0 — NP TMy®(q—1L — APTTHY()® (q— 1)L —— APMp®qL —— 0

(see Hartshorne, II-5).
Taking global sections, we get a map

APTTHOM) @ HO (g —1)L) 5 HO (APM ® qL).
Theorem 9.1 (Lazarsfeld). We have b, (X, L) is the dimension of cokerx.

Proof. Let V := H(X,L).
9.10)
0

-

APFTIM ® (g — 1)L

-

APV ® (q—1)L

T

0 —— AW’"My ®qL ——— APVR®qL —— AP TMi®(q+1)L —— 0

T

ANPIV®(q+1)L —— 0

Now, H°(8) is the Koszul differential
d° : APV @ H(qL) — APV HO((q + 1)L).
Then,
ker dP ~ HO(APM; ® qL)
and
im dP" ~ im (o).
This is exactly the claim that the tors are given by cokernel of o«. [
Corollary 9.2 (Serre-duality). If C is a smooth curve, we have
bp,q(C, we) =bg 2 3 4(C, wc).

In particular, for q > 3, we have by 4(C, wc) = 0.
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Proof. Consider
APV @ HO((q—1)L) & HO(APMy @ qL).

We get an exact sequence
(9.11)

0 — NPFIML® (q—T)L — APV (q— 1)L —— APM ® gL —— 0.

Observe APVY ~ APV & det VY. Then,
APV @ HO((g—TDwe)Y ~ APV H! ((2—q)we).
We also have
HO(APMy @ qe)Y ~ H(APMY @ (1 — q)we).

We have rkM; = k—1, so detM| ~ L, as comes from the exact
sequence. Therefore,

HO(APMy @ qwe)Y ~ HY(APMY @ (1 — q)we)
~ H' (AT PMye ® (2—q)we).
Then,
cokerx” = ker <H1 <A9_1_prC ®((2— q)wc> S APV eHT ((2- q)wd) .

Using the long exact sequence [Equation 9.11, we have

cokera” = ker <H1 <A9_1_prC ® (2— q)wc) S APV H! (2— q)wc)> .

~ coker (AQ*PPHO((»C) ®HO ((2— q)we) — HO (AQ*HMAC ® (3 — q)wc>> .

The first term has dimension by ; 3 ¢(C, wc). This finishes the

proo by Theorem 9.1 0
10. 4/28/17
LetS =k [x1,...,xn]. Given an exact sequence of graded S-modules
(10.1) 0 > M,y > M, > M3 > 0

we get a long exact sequence on tor
(10.2)
- —— TorsT (M3, k) —— Tork(My, k) —— Tort(Mp, k) —— -
Taking the i + jth strand of this complex, we get
(10.3)
— TOT?S_H (Mg, k)i—i—)' — TOT%(M],k)i_._j E— TOTi(Mz, k)i+j —_—
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We define

Kij(M) := Tor§(M, k)i
SO

bij(M) = dimy K (M).

Definition 10.1. The long exact sequence of Koszul cohomology is

the exact sequence obtained above, which can be rewritten as
(10.4)

- — Kip1,,-1(M3) —— Ki;(My) ——— Kj;(M2)

Kij(M3) — Kiq;11(M3) —— -+~

Lemma 10.2 (Semicontinuity). Suppose 7t : X — S is a flat map of finite
type schemes over Spec C (where S is not a polynomial ring). Suppose S is
integral and £ € Pic(X). Assume

R (Xs, L), h7(Xs, (4= 1)Le), W (Xs, gLs), RO (X, (q +T)L)
are all constant for closed points s of S. Then, the function
P:S—>Z
s = bp,q(Xs, Ls) = bp,q (T, (X))
is upper semicontinuous.

Proof. Without loss of generality, we can take S = Spec R to be affine.
Let

& =mlL
Fy = m, 197!
Fy = m, L9
F;3 = m, L9,

There is a morphism
L @ m, L9 — m, L9t

This is the same as given an element of

Hom (7’[*]_ ® W*Lq,qu“) — Hom (n*rt*l_ ® 1, L9, 71 % 7T*Lq+]>
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So, we have adjunction maps
'L — L
', L9 — L9
We then obtain
(10.5) APHE R T —— APER Ty —2 APT1E® F;
with 6 given by
(1A Asp@t) = Y (=1 A AGAAsy @ st

j
For all closed points s in Spec R,

(10.6)
51 Rk 5y Rk
APHE @p F1 @ k(s) 22 APe @ 55 @ k(s) 22 AP-Te @ T3 @ K(s)

The middle cohomology is
Kp,q(Xs, Ls)
and
by q(Xs, Ls) = dimker (8, @ k(s)) —dimim (81 ® k(p))
=1k (APE€ ® F3) —dimim (§; ® k(s)) —dimim (&7 ® k(s)).

Note that we are assume rk (APE ® F;) is constant. Therefore, as we
can work locally, we have reduced to verifying that for\: A — B a
morphism of finitely generated free R modules, we have

s rk (P ®«k(s))
is lower semicontinuous. But, for any r € IN,
{p € SpecR: 1k (P ®«(s)) <1}
is closed with ideal given by entries of /A". O

Let X be a projective variety L and line bundle and F a coherent
sheaf on X. We have

’(F,L) = ®&qH(qL® F)
is a graded Sym H°(L) module.
Definition 10.3. Define
Kp,q(X, F;L) = Kp q(Ix(F, L))
and
bpq (X, L) =dimK, q (X,FL).
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We now want another way for computing K, ;.

Proposition 10.4. Let X be a projective variety and L be a line bundle on
X. Assume L is very ample and the embedding

¢r: X — DT,
for v = hO(L) — 1 is projectively normal, meaning
HO(P", 0(n)) — H(X, nL)

is surjective for n > 1.
Then,

Kp1 (X, 1) = HO (P, (AP 0pr)(p +1) @ x )
Proof. We have a short exact sequence of sheaves defining X given
by
(107) 0 > Jx > Opr > Ox > 0

we get an exact sequence of graded Sym HO(IPT, O(1)) ~ Sym HO(X, L)
modules
(10.8)

0 —— Bq=oH(P",Ix(q)) —— ®¢HO(P",0(q)) —— @®qH(X,qL) —— 0

We get a short exact sequence
(10.9)

- — Kpp (P7,0(1) — Kpq (X, L) — K12 (P7,Ix; O(1)) — Ky 2(IPT,0(1))
By the same proof as last time,
Kp—1,2 (IP", Ix; O(1))
~ coker (APHO(P", 0(1)) @ HO(9x ® O(1)) = H* (AP0 @ Ix © 0(2) ) )

~ HO (/\P*‘(Q(])) ® Iy ® O(2)>

using that X is linearly normal to say H°(X,Jx ® O(1)) = 0. So, it
suffices to show

Kp,q (P7,0(1)) =0
if (p, q) # (0,0).
Lemma 10.5. We have

Kp,q(PT,0(1)) =0
forall (p,q) # (0,0).
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Proof. Take V = HO(IP", 9(1)) which is an r + 1 dimensional vector
space. Then, we get
(10.10)

APV @H? (0(q—1)) —— APV HY(0(q)) —— APV H (0O(q+1)),
which we want to show is exact. We know that the Koszul complex
(10.11)
0 ¢—— k +— S +— VS(-1) +— N*V®S5(-2)

with § = Sym V. Taking the p + q graded part, we get

(10.12)

0 « K < Spiq ¢ V®Spiqa1 «— NVRS,1q2
The complex we want to show is exact, is precisely this complex at
step p. O

O

Recall now Green'’s conjecture:

Conjecture 10.6. We have b, >(C, wc) = 0 if and only if p < Cliff C
orp > g.

Remark 10.7. This can be equivalently rephrased as b, 1(C, w¢c) =0
if and only if p > g — 2 — Cliff(C).

10.1. Hirschowitz-Ramanan. Taking g = 2k — 1, consider Hur My =
{C:Gon C < k}. Green’s conjecture this is the same as the set

Kos := {C:bg_1(C,wc) #0}

We have a universal canonical embedding

e ) s P (1, wp)
(10.13) X /
P
My
Then,
(10.14) 0 > M > pp.O(1) —— O(1) —— 0

where M has fibers Qpr(1). The degeneracy locus of
P (/\k_ZM(Z)> gt A2 M(2)

is Kos.
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11. 5/8/17
Recall the Koszul divisor Kos C Mg for g = 2k — 1 is set theoreti-

cally {C : by 1(C, wc) # 0}
Consider the universal cover € — My given by
s P, i

o j
(11.1) \“J /
Mg

Recall we have the relative Euler sequence for p given by

(11.2) 0 —— Qp(1) —— p"p«O(1) —— O(1) —— 0.

Lemma 11.1. The two sheaves

. (Qk*‘ (k)) and " Q% (k)

are vector bundles of rank (k — 1) (215)
Proof. Recall the Bott formula implies

(0L fo<p<mji>p
hO(P™, QP (j) =< 1 ifj=p=0
0 else

By the Bott formula we want to compute

0rma—] ~k_2 (k=TY\ 2k B 2k
im0 (71) (2) =i (%),
We will show
p. (Q5(0)

is a vector bundle of rank x (C, A" ?M,.).
We have an exact sequence

~
o

(11.3) 0 —— My, — H(we) ® Oc¢ > we

Wlth ch = ].*Q]ng] (1 )
First, we compute x (C,/A¥?Mg,.). We have by Riemann Roch
and the splitting principle

X (C, /\k_zMwC> = deg </\k_2MwC(2wC)> +rk </\k_2MwC(2wC)> (T—g).
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Using

det NE = (er_ 1 ) detE.
(where multiplication means tensor power) we obtain

X (C A M ) = deg (A2 Mue 2we)) +1k (A2 Mc 2we) ) (1= g)
—2(2g—2) (i l)—kdeg(/\k M) + (i:;)(]—g)
=z(29—2)(§_2) -(§23) ee-2-19-1(32,)

)

(s

2k — 2) (k—2)2(2k —2) (2k—2)

=3k=2) 2k -2 3

e (%)

o)

(7)) (2k—=3)! Kl (k—2)!
(Zkk—z) kl(k—=3)! (2k—2)!
k-2
=55
So, we have computed x (C, /\k_zMwC). To complete our proof,
we only need verify

Above we used

h (C, A 2 M (wE?) = 0.
We now know
K1 (C, we) = coker (AP“HO(wC) @ H ((g—1we) = HO (APMy (g — 1)wc)>
= ker (H' (A" M @ (4T we) = APTH(we) @ H' (9= D w))
This tells us
Ki_33 (C,we) o~ H! (/\k_ZMwC ( §2))
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as H! (w‘?2> = 0. Serre duality tells us that
b33(C, wc) = byo(C, wc)

It suffices to show the following:

Lemma 11.2. We have b;(C, wc) forj > 0.

Proof. We have
(11.4)

0 —— NH(we) @ HO(O¢) —4— NTH(we) ® HO(we)

Note that the first term is 0 because NTTH (we) @ HO(—we) = 0. We
want to show d is injective. We have a wedge map

A: NTH (we) @ HO(we) = ANH (we)
S]/\---/\Sj_1 ®tl—)S1/\---/\Sj_]/\t

Then,

d(siA-As) = Y (D) sp A AGA A
j
so /Ao d = &j -id implying d is injective. O

We have a natural map
F:ip. (Q‘;—Z(k)) " (Qk_z(k)>
given by adjunction via
Hom (p*Q};’z(k),ﬂ*j*Q]"z(kD — Hom (p*Q}j’z(k),p*j*j*Qk’Z(k))

and we obtain the desired map by pushing forward along p the map
adjoint to the identity.
The map F on fibers is given by

F&k(p) : H (1139—1,/\k—2 (QK) ® 0(2)) — HO(C, AM 2 M. @ AZ).

We are looking for when this map drops rank, which is either on a
divisor or everywhere. So, if Kos is not all of My, it is a divisor. Then,
HO(Ic ® Q¥(k)) # 0 if and only if by_11(C, wc) #0.

Definition 11.3. We define Kos = ¢; (7.j* Q" 2(k)) —¢1 (p« (Q52(Kk))).
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We now introduce some notation. Define
M= Qp(1)
and define
Ga’b = p* /\a M(b).

We have an Euler sequence

(11.5) 0 > M > PP« O(1) > O(1) > 0.

This yields an exact sequence
(11.6)

0 —— A"M —— A"p*p,0(1) —— AW TM®0O(1) —— 0
we obtain
R'p, A" M(q) =0

forw > 0,q > 0as by_1,q+1 (P977,0(1)) = 0. Pushing forward the
above sequence via p yields
(11.7)

0 —— Pu (A™M(q)) —— Ap0(1) @ p.0(q) — pu (AWM (q—1)) — 0

using the projection formula. We can rewrite this as
(11.8)

0 — Ggp — NGp1 ®Gop —— Gg1p-1 —— O

Using this we can determine Chern classes by induction on a.

12. 5/10/17

Recall our setup: We have

e j > IP (71 wp)
(12.1) n
\Mg A

Recall we have defined the Koszul divisor
[Kos] := ¢; (n*j*Qk_z(k) —p*Qk_z(k)) .

We want to now compute the classes of the two bundles in this dif-
ference.
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12.1. Computing the second class. We have that
[Kos] = {[C] : bx_1,1(C, wc) = 0}.

Recall Ggp = p« A*M(b). with M := Q(1). We have an exact se-
quence
(12.2)

0 —— Ggp —— N*Go1 ®Gop —— Ga1p41 —— O

as we saw yesterday. Then, using this short exact sequence itera-
tively and then the splitting principle, we obtain

C1 (P*Qk_z(k)> =1 (Gx—2,2)

=y (Ak_ZGOJ ® Go,z) —c1(Gy-33)

k-2
=q (Z NGy @ Go,2+e>

(=0
-2

=Y (-1 <C1 (Ak*z*eGOJ) rk (Goz4e) +1k (/\kfzfer) C1 (Go,2+e))
=0

Again, above we used the splitting principle to deduce
QERTF)=rkéEq(F)+(E)rkT.
To compute the terms at the end, we have
Go,1 =p«0(1)

~ 7,j*0(1)

o T Wi
using the isomorphism HO(P9~1, 9(1)) ~ H°(C, w¢) on fibers, which
implies we have an isomorphism globally. So, we have c; (Gp,1) = A,

the hodge class.
Next, note that

atve) = (5 ae

This implies
—1
(G2l = X 0 (9 ) eilGozser+ (1 251 ) k(Gozean)

So, we still need to compute

(1) c1(Go2+¢)
(2) rk Go2+¢-
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For this, observe

Sym, Go; = Sym® p.O(1)
~ p, Sym® p*p.0(1)
— Px 'Symb O(1)
~ p,O(b).

Therefore, Gop ~ Sym® Go 1. Then,

c1 (Sym, E) = (rk(Er)kJ{ET)L_1> c1(E).

Plugging this into our expression, we can work out that ¢;(Gyx_2)
is some constant multiple of A.

Remark 12.1. One can also determine this constant with Porteous’
formula as Kempf did in his proof. But that approach would be
much more difficult.

12.2. Computing the first class. Next, we want to compute

o (n*j* Nk=2 M(Z)) .
Define

Hap = 1" A" M(b)
If b > 2, using cohomology and base change, we see that

HY (AN @ wg®) =0

(as K2(1_1,3(C, wc) = 0). This implies that H, 1, are vector bundles for
b>2

We then have an exact sequence
(12.3)

0 —— j{a,b S /\afHOJ ®g'f01b S j‘Ca,],bJr] — 0

We can use Grothendieck Riemann Roch to compute Hy1, and we
know A = Hp 1.
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Using that j*O(1) = wy, for b > 2, we have
a1 (Hap) = <7T!w£’[>

. < [Ch wy Td (‘”X) ] z)

2
1T b> b 2
= (E—f—?—z) Tt €7 (W)
:<1+6b2—6b)7\

2
=, (1 +bC1(wﬂ)+b—2c%(wﬂ)+---) (1 _alwd) | alwn)

where the last step uses Mumford’s formula.
Either using a computer, or doing it by hand, one obtains the fol-
lowing expression for the Koszul class:

Theorem 12.2 (Hirschowitz-Ramanan). We have
6(k+1)(A—1)(2k—4)!
(k —2)'k!

= (k—1) [Hur].

[Kos] =

Proof. The first equality follows from what we have seen above, and
the second follows from the Harris-Mumford calculation (which was
originally done over Mg, but later Kempf was able to carry out Por-
teous just over M). O

12.3. The factor of k — 1.
Question 12.3. How do we interpret the mysterious factor of k —1.

Here is an answer: Let X be a complex manifold. Let M(x) =
[aij(x)] be a matrix of holomorphic functions on X.

Lemma 12.4. Suppose p € X and M(p) has rank at most v. Then the
holomorphic function det(M(x)) vanishes to order at least n — .

Proof. After replacing M(x) with P~'MP for some scalar rank d ma-
trix, with P chosen so M (p) is in Jordan normal form. This then tells
us the determinant has at least n — r zeros.

There are now two cases

Case 1: The first row of M(p) is nonzero. In this case, let M; . be

the 1, c minor. As M(p) is in Jordan normal form, we have rk M . (p) <
r—1. By induction onn, det(M; ((x) vanishes to order at least (n — 1) —

2 12
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(r—1) = n—r. This implies det (M(x)) vanishes to order at least
n—r.

Case 2: The first row of M(p) is 0. In this case, the result is
straightforward. Here we have det (M (p)) vanishes to order at
least n — r — 1, the whole determinant vanishes to order at least n —
T. O

Proposition 12.5 (Hirschowitz-Ramanan). Let [C] € Mgy be a smooth
point of the Hurwitz divisor. Then, by_11(C, wc) <k —1.

Remark 12.6. In fact, the reverse inequality follows easily from the
eagon northcott complex. That is, we have

br_11(C,we) > k—1.
13. 5/12/17

We'll start with explaining why scrolls come up. We’ll describe the
relation between syzygies of curves and syzygies of scrolls.
Last time, we saw the Hirschowitz Ramanan computation implies

that for a curve C € Hur which is a smooth point of Hur, then

by_11(C, we) < k— 1%. In fact, the reverse inequality holds as

well.

We will show that for any [C] € Hur we also have the reverse
inequality.
Lemma 13.1. For every curve C € Hur, we have by_11(C,wc) > k—1.

Proof. This follows by using the scroll in which the curve lies. By
upper semicontinuity, it suffices to show that for a general curve
C € Hur we have by_11(C,wc) > k—1. Letf : C — P' be a
base point free pencil of degree k. Let X be the associated scroll with
C C X C P97 5o that the rulings of the scroll cut out the basepoint
free pencil on the curve. Thanks to the eagon Northcott complex,
we know I'x(H) has a minimal free resolution of length k — 1, with
H = 0x(1), and by_1 1(X,H) = k— 1. The claim then follows imme-
diately from the following proposition. O

Proposition 13.2. The restriction Ox — Oc induces an inclusion by 1 (X, H) —
bp,] (C/ wc ) .

Remark 13.3. This says, geometrically, that some of the syzygies of
the curve come from syzygies of the scroll.

Proof. Recall the definition of the kernel bundle, given by

(13.1) 0 —— My —— HO(Ox(H)) —— Ox(1) —— 0
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Writing out the kernel bundle description of Koszul cohomology, we

have the exact sequence
(13.2)

0 —— APFTHO(X, H) ——— HOAPMp @ H) ——— Ky i (X, H) —— 0
: L
0 —— APHTHO(C,we) —— HUAPMy ® we) — Kpp(C,we) —— 0

To show the natural map K, ;1(X,H) — K, 1(C, wc) is injective, it is
equivalent to show r¢ is injective. We have

ker(rc) = H® (X, A’ My @ H® I¢/x)

coming from the following exact sequence

(13.3) 0 —— I¢/x > Ox > Oc > 0.

To conclude, is suffices to show H°(X, APMy ® H® I /x) = 0. Now
recall that we have

Kp1,1 (X, Ie/xi H) = HO(X, APMy @ H® Iex),
so it suffices to show
Kp1,1(X, Ie/x; H) = 0.
For this, the exact sequence
(13.4) 0 —— Ox(H) — I¢/x(H) —— we —— 0
yields an exact sequence on Koszul cohomology

(13.5)

o}
Kp12,0(X, Ic/x; H) —— Kpi20(X, H) —— K 12,0(C, wc)

Kp11,1 (X, Ic/x; H) —— Kppq,1 (G H).

Observe that ¢ is an isomorphism because the map on global sec-
tions H(X, nH) — HO(C, w?“) is an isomorphism, using that both
Xand C are linearly normal, so the two groups above are both identi-
fied with H°(IP9~', nH). To conclude, it suffices to verify that K11 (X;H) =
0. Indeed, from the definition of Koszul cohomology, we have that
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this is the middle cohomology of the complex
APFEHO(X, H) @ HO(X, Tex)

J

(13.6) APHFTHO(X, H) @ HO(X, H ® I¢x)

|

APHO (X, H) @ HO(X, 2H @ I¢ /x).

So, it suffices to show
APTTHO(X, H) @ HO(X, H® I¢/x) = 0.
In turn, it suffices to verify
H(X, H® Ic/x) =0,
which holds by the crucial assumption that C is linearly normal. [J

13.1. K3 Surfaces.

Definition 13.4. A K3 surface is a smooth projective surface X with
Kx ~ Ox and H'(0x) = 0.

Lazarsfeld and Voisin studied Brill Noether theory and syzygies
using K3 surfaces. Let C C X be a smooth curve. We want to relate

£, a line bundle on a curve C to the study of vector bundles on a K3
surface. The basic construction is due to Mukai:

Construction 13.5. Let £ be a line bundle on a curve C C X and
suppose £ is base point free. We have an evaluation map
ev:H(C,L)®@0O¢c — L.

We studied M = ker ev. We next construct a related line bundle on
X.

Leti: C — X be a closed immersion. We define the Lazarsfeld-
Mukai bundle F as the kernel

(13.7) 0 > Fr y HO(C, L) ® Ox —— 1,4 —— 0

Proposition 13.6. The Lazarsfeld-Mukai bundle F constructed in
is locally free.

Proof. The claim is local, so we may assume L is trivial. Then, we
have an exact sequence

(13.8) 0 s Fr » HO(C, L) ® Ox —— 1,0c —— 0
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Remark 13.7. Recall that the homological dimension of an R-module
M is the minimal length of a projective resolution. By Auslander-
Buchsbaum formula relates the homological dimension to depth. That
is,

dh(M) + depth(M) = dimR.
For E a coherent sheaf, we have
dh(E) = max{Ey : x € X}.

As follows from the Auslander-Buchsbaum formula and inequalities
on depth, if we have a short exact sequence of coherent sheaves

(13.9) 0 > E > F > G > 0

for F free, we have

dh(E) = max{0,dh(G) — 1}.

Using the above, it is equivalent to show that dh(O¢) = 1. But
indeed this follows because homological dimension is the minimal
length of a projective resolution, and we have a length 1 resolution

(13.10) 0 —— Ox(—C) > Ox > Oc > 0

sodh(O¢) = 1. d

14. 5/15/17

Today, we'll discuss using K3 surfaces to understand curves.

14.1. Interlude on the Picard group of a K3 surface.

Definition 14.1. Let X be a smooth projective variety. A cycle of
codimension 1 is an element Z of the free abelian group over Z,
Z"(X), generated by closed irreducible subschemes of codimension
T.

We have the following three notions of equivalence for cycles:

Definition 14.2. Two cycles Z1, Z, € Z'(X) are rationally equivalent
denoted Z; ~mt Z if there exists a closed subscheme V C X x PP/,
flat over P! so that

VX x {0} = Z,
VX x {co} = Z,
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We define the Chow group
AT(X) == Z"(X)/ ~rat
Further, Pic(X) = AT(X).

Definition 14.3. Two cycles Z1,Z; € Z"(X) are algebraically equiv-
alent denoted Z; ~;5 Z; if there exists smooth curve C and a closed
subscheme V C X x C, flat over C with two points p, q € C so that

VNXx{p}=12
VNXx{q}=12;

The Neron-Severi group is

NS(X) := Z'(X)/ ~aig

Remark 14.4. It turns out the Neron-Severi group is the set of con-
nected components of the Picard group.

Theorem 14.5 (Neron-Severi). NS(X) is a finitely generated abelian group.

Definition 14.6. Let X be a surface. Two invertible sheaves L1, L, are
numerically equivalent, denoted L; ~num L; if for all M € Pic(X)
we have

(Ly-M) = (L- M)

Remark 14.7. Note that L; ~alg L2 implies Ly ~num L. We further
define num(X) = Pic(X)/ ~aum-

Remark 14.8. num(X) is a quotient of NS(X), hence num(X) is finitely
generated. Further, num(X) turns out to be free.

This is because if L™ = Ox, we obtain £ ~yum Ox because 0 =
LM =nL - M, which implies £ - M = 0.

Proposition 14.9. Let X be a K3 surface over the complex numbers. Then
the natural maps

Pic(X) — NS(X) — num(X)
are all isomorphisms. In particular, Pic(X) ~ Z™™X for some integer v(x).

Proof. Assume L is numerically trivial. Then, for any ample line bun-
dle H with £-H = 0. Assume £ # Ox. This implies that neither
£ nor £V are effective, since the intersection of an ample with any
curve is positive (as we can take a high enough power of £ which
is very ample and moves in a pencil, and then has positive intersec-
tion).
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We then have by Serre duality that
ho(L) =0 = h?(L) = hO(LY).

Then,

1 1

—h!(L) =x(L) = 5 (L- L+ wx) +x(0x) = 517 +2
Therefore,
:

zaﬁ+zgo

and so
2 <0

which contradicts numerical triviality of L. O

Definition 14.10. Let X be a K3 surface and fix an ample line bundle
H. For a coherent sheaf ¥ € coh(X), define the rank of F to be its rank
as a sheaf over the generic point (i.e., the rank of the corresponding
module over K(X)).

Define the slope of J to be
_ degy ¥
mF) = rk(F) °

Definition 14.11. Let F be. Then ¥ is said to be H-stable if for all
subsheaves 0 C E C Fwith 0 < rkE < rkF, we have

w(E) < u(F).

Example 14.12. The sheaf H @ Ox is not stable. To see why, note that
c1(H + Ox) = H. Therefore, u(H @ Ox) = H?/2 > 0. But,

u(H) = H? > H?/2 = u(H® Ox)

Remark 14.13. Slope stability is a useful condition for controlling
the automorphisms groups. This yields an analogy between stable
vector bundles and stable curves. We now explain this further.

Proposition 14.14. Let F be H-stable. Then, any nonzero endomorphism
¢ F — Fis an isomorphism.

Proof. Suppose 1 were not an isomorphism. Then, we claim ker1 #
0. To see this, if 1 were injective, we would have

(14.1) 0 > F > F > G > 0

which implies that c¢;(G) = 0 for all i and the rank is 0 (by additivity
of rank in short exact sequences). This implies that in fact § = 0.
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Therefore, 1) is not injective. Hence, we have some kernel

(14.2) 0 > G > F > F

Thus, § C JF is some nonzero subbundle. Note that G is also torsion
free because it is a subsheaf of F, which is torsion free by assumption.
Hence, rk(J) > rk(9) > 1. Which implies rkim ¢ < rkF. We now
apply stability toim ¢ C J.

Using stability, we have

u(im ¢) < ud.

We have a short exact sequence

(14.3) 0 —— kero > F >»imp —— 0
Since degree and rank are additive, we have
degJ = degker ¢ +degim ¢prkF =rkker d +rkim ¢
We then obtain
()~ uker o) = S 4 im ) — )
H H ~ rkker ¢ H -
We know the right hand side is negative. But, by stability of J, the
left hand side is positive, a contradiction. O

14.2. Stability of Lazarsfeld-Mukai bundles. Recall the setup from
last time. Leti: C C X be a curve and let A € Pic C be a basepoint
free line bundle. Then, we construct F5 as the kernel

(14.4) 0 > Fa > HO(A) ® Ox —— i,A —— 0.

Proposition 14.15. Assume the Picard rank p(X) = 1 and PicX = Z [C]
and H := Ox(C). Then, Fa is stable.

Proof. For any vector bundle which is a subsheaf of a free sheaf V C
O;‘? “and any 1 < s < rk(V), consider ASVY as a vector bundle. Let
b = ({). We then have A\*V C O;‘?b. Therefore,

Endo, (ASV) ~ ASV @ ASVY C </\SVV)@b
It follows
0 #id € H° (End (A%V))
Therefore, H° (/\SVV) > 1.
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Now, let E C Fp be a subsheaf with rkE < rkFa. By the above,
taking s = rk E, and noting that E C F C Ox ® HO(A), we see

ho(detEY) > 1
hO(ASTEY) > 1.
Then, since det E has a section, we conclude det E = kH" for k > 0.
Lemma 14.16. We have detE £ 0. That is, k # 0 above.
Proof. Note that
E~ ATEY @ detE.

Since k = 0, we have E ~ A®TEY, and so E would then have a
section. Taking cohomology for the exact sequence, we get

(14.5) Fa —— HO(A) ® Ox —— 1A,

we see

(14.6) 0 —— HO(FA) —— H°(A) —— HO(A)

which implies HO(FA) = 0 and so H°(E) = 0. O

So, we know k > 0. Then,
detFa = —¢i(im A) = —¢1(O¢).

This implies i+A ~ Oc outside of codimension 2. Hence, from the
short exact sequence

(14.7) 0 —— Ox(—C) > Ox > Oc > 0

we obtain ¢1(O¢) = ¢1(0x(C)) It follows that detFy = —[C] = —H.

Since these degrees are negative, and the rank of E is less than that

of A, we obtain rk(E) < rk(F), using that k > 0. d
15. 5/17/17

15.1. Hirzebruch-Riemann-Roch for K3 surfaces. Let us start by
recalling Hirzebruch-Riemann-Roch: For E a vector bundle and X
smooth and projective then

X(E) = Lc(E) Td(X)

where integration means taking the top degree piece. Here, Td(X) =
Td(Tx).

Lemma 15.1. For X a K3 surface, we have deg c,(Tx) = 24.
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Proof. If X is a K3 surface, then ¢;(Tx) = 0. Therefore,
2 =x(0x)

_ a 1
= deg [1 - 5 + 12(cz+cz)}2

This implies 12 - 2 = degc; (Tx). Hence, degc,(Tx) = 24. O
Recall that

Ch(E) = tk E + ¢; (E) + % (c%(E) - ZCZ(E)) .

Corollary 15.2. For X a K3 surface and E any vector bundle, we have
X(E) = deg (Ch,(E) + 21k(E)).

Proof. This follows by plugging in the result of the previous lemma
to Hirzebruch-Riemann-Roch. O

15.2. Recollection of Brill-Noether theory. Let C be a curve and
A € Pic(C). Recall the Brill-Noether number

p(A) :=g—h’(A)h!(A).

This is the “expected dimension” of the locus of line bundles of de-

O(A)—
gree deg A and h%(A) sections. We let Wge g\) " denote this locus.

We'll give a simple argument due to Lazarsfeld for that a general
curve the dimension of Wj is the expected dimension.
Assume C C Xis a K3 surface. Let A be basepoint free. Recall

(15.1) 0 > Fa » HO(C,A) ® Ox —— i,A —— 0

Proposition 15.3. For A a basepoint free invertible sheaf on a curve C with
C C X for X a K3 surface, we have

X (FA ® FX) —2_20(A).

Proof. Ch gives a ring homomorphism from the K group to the chow
ring. That is,

Ch(Fa ® FY) = Ch(Fa) - Ch(FY).
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Exercise 15.4. Let
ct(E) = 1+ ci(E)t+ca(E)tP + - --

=T+ aq(E)t)--- (14 as(E))

and comparing c¢(E) to
ct(EY) =T+ cr(EV)t+ (V)P + -

=(1—ai(E)t)--- (1 —as(E)L).

Show using the above and the splitting principle that
G(EY) = (=1 a(E).

By the above, we have

Ch(Fa) = tk(FA) + €1 (Fa) + 5 (c3(Fa) —2c2(Fa))

2
1
Ch(FY) = rk(Fa) —c1(Fa) + 5 (c}(Fa) = 2c2(Fn))
Letting e = h%(C,A) and L = [C], we have
rkFa =e
Cq FA =—L

We using the exact sequence

(15.2) 0 > Fa > H(C,A) ® Ox —— i,A —— 0

and the facts that xi.A = x(C, A) (we saw this last time, but essen-
tially it follows because the two agree outside a codimension 2 set)
and x(Ox) = 2, we have

2e =x(Fa) +x(C,A)
=xX(Fa)+(d+1—9g).

Hence, using Hirzebruch Riemann Roch as above, we get x(Fa) =
Chy(Fa) + 2rk(Fa), and so

2e+Chy(FA)+d+1—g=2e

It follows

1
(15.3) zLZ—CZ(FA) =g—1—d.

We have an exact sequence

(15.4) 0 > Ox > L > Oc(C) —— 0
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Note that O¢(C) = w¢ by adjunction because Kx = Ox. Therefore,
x(L)=2=9g-1.
Using this and Riemann-Roch (on surfaces) which says x(L) = %L .
(L +Kx) + 2, we obtain
1

_Z: —
2L g—1.

We then obtain, by plugging in the previous line to[Equation 15.3|
c2(Fa) =d,
Collating this, and using Hirzebruch-Riemann-Roch, we have
x (FA®FX) = [2rk (Fa @ FY) +Chy (Fa @ FY) |
= 2%+ Chy(Fa)

Therefore,
X (FA ®FX) —2e2 fe(2g—2-2d)— (2g—2).
Therefore, since
p(A)=g—ele+g—d—1),
withe+g—d—1=h'(A). It follows that

X (FA ® FX) —2-2p(A).

15.3. Brill Noether on K3 surfaces.

Definition 15.5. Let k be a field with chk = 0, X a variety over k
and E a vector bundle on X. We say a vector bundle E is simple if
Hom(E,E) = k.

Lemma 15.6. Assume PicX = Z|[C] and Fa as above the Lazarsfeld-
Mukai bundle associated to A on C C X. Then, Fp is simple.

Proof. We know F, is stable, so any nonzero morphism ¢ : FA — Fa
is an isomorphism. We claim ¢ is constant. Assume otherwise. Pick
any x € X. Then, ¢ ® k(x) is a matrix. Pick any eigenvalue A. Then
¢ — Aidis not an isomorphism and is nonzero, a contradiction. O

We deduce the following result in Brill-Noether theory.

Proposition 15.7. Let C C X be a smooth curve and Pic(X) ~ Z [C].
Then, for any A € Pic(C) we have p(A) > 0.
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Proof. Assume A is basepoint free. Then,
x (Fa@FY) = (Fa@FY) —h' (FA@F{) + h3(FA @ F)
— 21! <FA®FX.) .
Therefore,
2-2p(A) =2g—h!(FA® FY),

which implies p(A) > 0.
If A is not basepoint free, let Z be the base locus. Then, A(—Z) is
basepoint free. Then,

deg(A(—Z)) < deg(A)
h°(A(~2)) = h®(A)
This implies
0 <p(A(=2Z)) <p(A)
O

15.4. Deformation theory of Hilbert schemes. One reference for this
section is Sernesi’s book on deformation theory. We now state the
main results on properties of the Hilbert scheme.

Let X C IP" be a projective variety and fix a polynomial p(t) €
Q [t]. The Hilbert functor .‘J{g( . assigns to any scheme locally noe-

therian S-scheme all flat morphisms

X » XX S
(15.5)
N

so that each fiber has Hilbert polynomial p(t).

Theorem 15.8. The functor J{g( 1) is representable by a scheme H. Further,

there is a universal family Z C Y x H, flat over H which is universal,
meaning that for any Sand X C Y x S in }Cg(t) (S) so that there is a fiber
square

—

X z
(15.6) l l
S—— H

We have the following result on deformation theory:
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Theorem 15.9. Assume Y is smooth and let [X C Y] € H(Spec k) where
X is smooth. Then,

(1) Tx(H) =~ H°(X, Nx,y)

(2) If H1(X, Ny y) = O then H is smooth at [X].

16. 5/22/17

Today’s objective is to prove Lazarsfeld’s Brill Noether theorem.
We’ve already seen that on a K3 surface of Picard rank 1, the corre-
sponding W} is empty. Lazarsfeld’s theorem says that when p(g, 1, d)
0, all W}’s are smooth of the expected dimension p.

Definition 16.1. Fix r,d > 0 and let X be a K3 surface with Pic X ~
ZL. Fix an isomorphism V ~ C'1. Define P} to be the scheme
parameterizing tuples (C, A, A) so that

(1) C € |£]is smooth and irreducible
(2) A € W{(C) is base point free
(3) Ais a surjection

V®0x - A
so that
HO(A): V ~ H(C, A).
modulo the equivalence relation that
(C,A,A) ~(C,A,aA)
with a € C —{0}.

Lemma 16.2. The functor Py is a open subscheme of the Hilbert scheme
H(X x P(V)), contained in a single component of the Hilbert scheme (i.e.,
there is a single Hilbert polynomial associated to the Hilbert scheme in
which P} lies.

Proof. The triple (C, A, A) determines
7\|C Ve OC — A

which yields a morphism C — IP(V). Since we started with a closed
immersion C — X we hence have a closed immersion C C X x PV.
Conversely, given such a closed embedding, we obtain (C, A, A), and
these two constructions are clearly mutually inverse. We are just
using that A|c being a surjection is an open condition. 0
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There is a morphism
m: Py — P|L|
(C,AA) = C e L]
where |£] := IPH°(£). We want to study the differential of 7t. A triple

(C,A,A) € Py corresponds to C C X x IP(V). We obtain g : C — PV.
Here g = ¢ o. We then have a short exact sequence

(161) 0 —— Q*T]PV E— NC/XXIP(V) L> NC/X — 0

Hence,
TicanPh = HO(C, Ne/xxpv)-
We have
Teal£l = H%(C,N¢x)
=H®(C,0¢(C))
= H°(C, we).

We can identify dm at (C, A, A) with HO ().

Theorem 16.3 (Lazarsfeld). Assume PicX ~ ZL. Then, d7c a) is
surjective if and only if Petri’s multiplication map

n:HY(C,A) @ HY(C, we — A) — HY(C, we)
is injective.
Proof. To start, recall the short exact sequence
(162) 0 —— g*Tpy —— N¢/xxpvy —— Ngjx — 0
We have the following claim:
Lemma 16.4. The map H' () is an isomorphism.

Proof. We know H?(C, g*Tpy) = 0 so H! () is surjective. Second, we
know h' (Ne/x) = h'(wc) = 1. So, it suffices to show h! (Nc/xxpv) =
1. For this, let us describe the embedding C C X x PV with projec-
tions pr; : X x PV — X,pr, : X x PV — PV. We can canonically
identify

vV~ H (PV, 0(1)).
We have an exact sequence

(16.3) 00— FA 25 VRO, — 1A

o
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Then ¢ induces a morphism
pr;(FA) ® pr; O(=1) — Oxxpv-.
This map sends S®@ T +— T ($(S)). We obtain a global section z of
pr; (FX) ®pr; O(1).

We can check from the exact sequence (16.3) Z(z) = C C X x PV. It
follows that

N xxpv = Fale ® Alc

We need h! (X,F¥ ®1,A) = 1. This is the same as the restriction to
C because i4A is supported on C.
Tensoring our definition of Fa by F} we get

(164) 00— FAQF{ —— VRF{ —— AQF{ —— 0.
Since Fp is simple, using Serre duality, we have
ho(FA @ FY) = h?(Fa @ FY) = 1.
Then,
12 (v ® FX) — dim V- h2(FY) = dim V- RO(Fa) = 0,
as follows from the sequence

(16.5) 0 —— Fp —— V®0Ox —— i,A y 0

and the fact that H(n)) is an isomorphism. To show the map
H'(A®FY) = HA(FA ® F) ~ C

is an isomorphism, which would complete the proof, it only remains
to check H'(V ® FX).
Indeed, this follows because H' (Ox) = 0 and so from the sequence

HO(A
0 — 5 hO(Fy) —— vV M 1o, A

(16.6) /

h'(FA) —— 0

This implies H'(FA) = 0 since H°(A) is an isomorphism. Hence,
H! (FX) = 0, as we wanted to show. O
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So, we have seen H'(«) is an isomorphism. We want to show the
petri map is injective if and only if d7r is surjective.

We have an exact sequence
(16.7)

0 —— HO(C, g*Tpy) —— HO(N¢/xxpy) —2 HO(Nc,x)

H'(g"Tpy) ———— 0

Then, d is surjective if and only if H' (g*Tpy) = 0.

To complete the proof, it suffices to check H'(C, g*Tpy) = 0 if and
only if the Petri map is injective.

Here, g = ¢ : C — PV, up to a choice of basis. Then, the result
follows from Petri’s theorem, which we’ll talk about next time.

That is, Petri’s theorem says:

Theorem 16.5 (Petri).
H'(C, g Tpy)" = ker (u ‘H(we —A) @ HO(A) — Ho(wc)> .

This tells us drt is surjective if and only if u is injective. O

17. 5/24/17

Today, we’ll discuss the Petri map.

Definition 17.1. Given a curve C and a line bundle L on C, the petri
map is

w:HOL) @ Ho(we — L) — HO(Ac).

Late time, we studied the map p : P} — |£|. sending (C,A,A) —
C. We saw that generic smoothness of the map p implies that the
differential is surjective, which means 4 is injective.

Today’s goal will be to relate this to Brill-Noether theory.

17.1. The construction of W} (C). Let £ be a Poincare bundle on C x
Pic!(C), meaning that £|c, m] = M on C. These are determined up

to pullback of a bundle from Picd(C). Let q:Cx Picd(C) — Pic4(C)
be the projection.
Fix a divisor E on C of degree 2g —d — 1. Here, g = g(C). Let

F:=E x Pic%(C) ¢ C x Pic%(C).
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We get an exact sequence

(17.1) 0 —— L(—F) y £ y Ll > 0

and twisting by F we get

~

(17.2) 0 L s L(F) —— LJp(F) —— 0

Forany L € Pic?(C) we have that degL(E) > 2g—1so
h!'(C,L(E)) = 0.

From Grauert’s formula,
R'q.L (F) = 0.

Pushing forward the exact sequence above by ¢, we get the exact
sequence
(17.3)

f

0 —— qul —— quL(F) —— qu (LIF(F)) —— R1qeL —— 0
Let

A = q.L(F)

B := q.LI¢(F).

Both A and B are vector bundles by Grauert’s theorem. Further,
pushforward commute with base change, so we obtain

f@k(p) : HO(C,L(E)) — HO(C, LIg(E)).

Choose [L] = P € Pic?(C). Pick H°(C,L) > v+ 1. Then the rank of
f®k(p)isatmost 2g —d — 1+ m— (r+1). We define W}(C) as the
locus of points p so that f : A — B has rank at most2g —d —1+m —
(r+1).

We saw long ago how to construct such loci in a functorial way via
fitting ideals:

Set

OWQ(C) = OPicd(C)/Ij(f)/
where Ij(f) is the fitting ideal. Recall the definition: We have a map
NT:NA = NB € Hom(NA, NVB)
~ NAY @ NB

N o
~ Hom (NA ® ABY, Opea) ) -
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Under this correspondence, we define I;(f) as the image of N in
OPiCd(C). The key property that we talked about in lecture 6 or so is

that [;(f) is functorial. That is, it commutes with base change. That
is, I; (f ® Spec B) = I;(f) ® Spec B. Loosely speaking “fitting ideals
are independent of presentation.”

Let’s try to understand

Ty W3(C) C Ty Pic(C) ~ H'(C, 0¢) ~ H(we)Y.

We wish to describe those £’ € Picd (C x Spec k [¢]) reducing to £
which come from elements of T;;Wj(C). That is we want to charac-
terize first order deformations of L so that the sections sy, ..., sy of
H°(C, L) also deform.

We can describe a line bundle L via transition functions. That is, L
is the same as the data {U} together with transition functions

{gap € O° (UgNUg)}.
Let
Uq = {Uq x Spec k[el}, {Gap }
be the transition data for L’. As L’ reduces to L, we have
Jop = Jap (T + ehap).
Then,
hap € OF (UgNUg).
Then, these g,p satisfy the cocycle relation, which means
9ap9py = Jay-
We obtain
9ap (14 €nap) 9oy (14 €hpy) = gay (14 ehay)

SO
9ep9py (14 € (Nap +hpy)) - = oy (1+ ehery) .
Comparing the ¢ coefficient, we obtain
oy (hap +Mpy) = oy (hay)-
It follows that
Nap +hpy = hoy.

We want to understand when a section s € H%(C, L) lifts to a sec-
tion of £'.
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In terms of transition data, a section is a collection
{sa},sa € T(Oy, ) such that so = gupsp.

Then, an extension s of s to a global section of L’ is

(a) 8 €T (Ou,)
satisfying the two conditions that
ey
Su = So+ ESL
@)
Sa = JapSp
Expanding the second equation, we get
Sa+ESL, = Sq
= gaﬁ . ’S“B
= gap (14 €hap) (sp +esp) -
Expanding this and comparing coefficients of ¢, we see
Se = 9&[53[/3 + gaphapsp
This can be simplified slightly to
NapSa = S — GupSp-
By the property that
hap +hgy = hay,

we have that h is a 1-cocycle in e ({Uu},{Ou,}) - That is, it deter-
mines an element z € H'(C, O¢). In other words, the tangent space
to the Picard group is H'(C,0¢) = T Pic¢(C). Here, z corresponds
to L'. Further, z® s = {hupgsa} € H'(C,L). The condition for s to
extend is saying z ® s = 0 because

NagSa = g — GopSp = 0 (sk) € € ({Ua},{La}) -
Theorem 17.2. So, assume that L € Wy (C) has r + 1 sections. Then,
Ty W5(C) = {z eH (0c):z@H° (C,L) = o} e H'(C,L).
Equivalently, using Serre duality,
TiyWa(C) = (im p)*
For w the petri map.
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18. 5/26/17

18.1. Wrapping up the Petri map. Assume L € W} (C) with ho(C) =
T+ 1. We saw

v e H'(C,0¢) ~ Picd(C)

lies in
TyW4(C)

if and only if

v H(C, L) — H'(C,L)

SHSK®V
is the zero map.
Lemma 18.1. The above is equivalent to saying
TyWa(C) = (im w)*
with
u:H(C, L) ® H(C, we — L) — H(C, we).

Proof. Indeed, for s € H°(C,L) and v € H'(C,0¢) ~ HO(we)Y we
have

s®@v=0¢eH(C,L) ~H(wec—L1)
if and only if

(s®@v,t) =0forallt € H(wc —L).
In turn, this is equivalent to

(v, u(st)) =0forallt € H(wc —L).

Above, v € HY(C, wc)Y, u(st) € HO(C, wc). This is the condition we
wanted. Namely, if the above holds for all s and t as above, then

v € (im u)L.

Corollary 18.2. If the Petri map | is injective, then
dim T ;W3 (C) = p = g — hO(L)h'(L).

Theorem 18.3 (Brill-Noether theorem). We have dim W} (C) > p at
each point. Further, if w is injective then Wy (C) is smooth of dimension p.
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18.2. Return to syzygies. Suppose we have a smooth curve in a K3
surface, C C X, with PicX ~ Z [C].

Then, provided C is general in its linear system |C|, then p is injec-
tive, so C is Brill-Noether general.

We suspect there is a close relation between syzygies and Brill
Noether theory. Therefore, it makes sense to study syzygies of curves
on a K3 surface, since they behave like Brill Noether general curves.

The reason K3 surfaces are so useful is because of the Lefschetz
theorem. One definition of a K3 surface is that it is a surface X C P9
so that each hyperplane section of X is a canonical curve of genus g
in P9~

On a K3 surface, let H be the hyperplane section. Then, we have
an exact sequence

(181) 0 —— Ox(—H) > OX > OD > 0
for D € |H|. Then, twisting up by H, we get
(18.2) 0 —— Ox —— Ox(H) > Wp > 0

We then obtain a surjection on cohomology
HC (0x(H)) = H°(wp),
using H'(X, Ox) = 0. We further obtain
h(wp) + 1 =h%(Ox(H)).

This means the curve is embedded by a complete linear system, so it
is a canonical embedding.
Choosing a non-canonical splitting, we obtain an isomorphism

HO(Ox(H)) ~ H(D, wp) & C{s}

corresponding to choosing an embedding of HO(D, wp) — HO(X, Ox).
Now, recall some notation. Let L and H € Pic(X) be two line bun-
dles on a K3 surface X. Recall

Kp,q(X, =L H)
was defined as the (p, q)th syzygy space of the Sym H°(X, H) mod-
ule ®qezH°(X, qH —L). Let us also assume that the graded pieces of

HO(X, qH — L) are 0 for ¢ < 0. Recall Kp,q(X, —L; H) was the coho-
mology of

APHFTHOX, H) @ HO ((q— 1)H —L) — APHO(H) @ HO(qH — L)
S AP TTHOH) @ HO (q+1)H—L).
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The following lemma explains the power of K3 surfaces for study-
ing syzygies.
Lemma 18.4 (Lefschetz theorem). Suppose X is a K3 surface with line

bundles L and H € Pic(X). Suppose H is base point free and let D € |H|
be a smooth curve. Assume either

(1) L ~ Ox and H'(X,qH) = 0 for q > O (this may hold often by
Kodaira vanishing, if H is ample)
(2) (H-L) > 0and H'(X,qH —L) =0 for q > 0.
Then,

Kp,q (X/ _L> H) ~ Kp,q (Dr _L|D/ (UD).

Proof. By the assumption we have the following short exact sequence
of Sym HO(X, H) modules:
(18.3)

0 —— PqezHYX, (q—1H—-L) —— @®qezH(X,qH - L)

—

@quHO(D/qu — L) > 0

using that H' of the first term is 0. Rename the third term above by
B := ®4ezH’(D, quwp — L)

thought of as a Sym HO(X, H) module.

Take the long exact sequence of Koszul cohomology of[Equation 18.3|
We obtain
(18.4)

Kpq 10X, —LH) —— Kpq(X,—L;H) —— Kp (B, HO(X, H)) —— K, 1 4(X,—L;H)

We now require the following lemma due to green:

Lemma 18.5 (Green). Let M be a graded Sym(V) module and s € V.
Then,

Kp,q(M, V) 25 Kp q11(M, V)
is zero.

Proof. The Koszul cohomology K, 411(M, V) is associated to the com-
plex

SAPVOMg S -
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Take t; /\- - - Aty ® m a representative of ker d. Now, consider
t] /\ e /\t‘p ® sm € Kp,q+] (M,V).

We want to show this is 0. To do this, we need to construct an ele-
mentw € APV ® Mg with d(w) =t; A--- Aty @ sm.
For this, consider

sAH A At,@m e APV @ M.
Then,

disAt A Atp@m)=t1 A Aty @sm—sAd(t; A--- Aty @m)
:t]/\---/\tp®sm.

Hence, t A+ - Aty ® sm = 0. O

Coming back to the proof of the Lefschetz hyperplane theorem,
observe that we have
(18.5)

®
Kp,q—1(X, —L;H) — Kp (X, —L;H) —— Kpq(B, HO(X, H)) —— Kp_1,4(X, —L;H)
Since the ®s map is 0, we obtain
Kp,q(B, HO(X < H)) =~ Kpq(X, —=L;H) & Ky_1,4(X — L, H).

Recall that B = @qH%(qwp — L). It only remains to relate syzygies
of B with respect to Sym H°(X, H) to syzygies when viewed as an
Sym H°(D, wp) module. Due to the surjective map

HO(X,H) — H%(D, wp)

we can consider B as a Sym HO(D, wp) module. We want to compare
the resulting K, 4 groups. Indeed, we obtain

APHO(X,H) ~ APH®(D, wp) & AP~THO(D, wp).
using the non-canonical identification

H(X,H) ~ H°(D, wp) @ C(s).

Exercise 18.6. Using the fact that s|p = 0, show that the isomorphism
APH(X, H) ~ APHO(D, wp) @ AP THY(D, wp).

is compatible with the differentials of the Koszul complex associated
to B.
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From this, we obtain
Kp,q(B, HO(X, H))
is computed by the direct sum of the two complexes
(18.6)
APHO(Kp) @ HO((q —1)Kp — L) @ AP*THO(Kp) @ H((q — 1)Kp — L)

!

APHO(Kp) @ H(gKp — L) @ APHO(Kp) ® H(gKp — L)

|

Therefore,

Kp,q(B, H°(X, H)) ~ Ky (D, —Lp, wp) & Kp_1,4(D, —Lp, wp)
~ Kp,q(X, =L H) @ Kp_1,4(X, —=L; H).

So, for p =0, we get
KO,q (D/ _L/ (.UD) = KO,q (X/ _I—) H)
and by induction, we get

Kp,q (D/ _L/ (DD) = Kp,q (X/ _L) H)

19. 5/31/17

Hilbert scheme of points. Voisin rephrases the Koszul cohomology
of a line bundle on a surface in terms of the Hilbert scheme of points.

There’s a lot of techniques using chow theory and hodge theory to
attack Koszul cohomology.

So, today, we'll prove some things about Hilbert schemes of points.
Let X be a surface and L be a very ample line bundle. Consider
¢ : X — P9. If X is a K3, then [ = 2g — 2, as follows from Rie-
mann Roch for surfaces.

Let Z C X be a zero dimensional subscheme of a surface. Let
n:=h%0z). Then, p(t) = pz(t) =n.

We have

X =1{Z C X:pz(t) =n}.
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Then,
TzgH™ ~ H%(Z,Nz/x)
~ H°(Z,Homy, (17/13,02).
Let’s try and work out this normal bundle. We can assume Z is sup-
ported at one point by analyzing the support at just one of the points.
Further, we can assume X = Spec A is affine, where A is local, and
regular of dimension 2.

Then, Iz C A. The condition that Z has length n means A /17 has
length n as an A-module. We have

Homa /1 <I/IZ,A/I> ~ Homa (I,A/I).

Proposition 19.1. Let A be a regular local ring of dimension 2. Let 1 be an
ideal with A /1 of length n. Then, Homa (I, A/1) is an A module of length
at most 2n.

Proof. Note that depthI > 1. By Auslander Buchsbaum,
depth(I) + Projdim(I) = dim A = 2.

Since the projective dimension of I is nonzero. Since it is also not
free, it must have depth 1.

Localizing away from the maximal ideal, we see I is free of rank 1.
Let

(19.1) 0 > Py > Po >y 1 > 0

be a resolution of I. We obtain Py = AX!,P; = Ak, Applying the
functor

Hom(e, A/I),
we get
(19.2)
0 — Homa (L, A/I) — Homa(A¥, A/I) — Homa(AX,A/I) — Ext'(I,A/I) — 0.
Then,
LA (Homa (AX, A/1)) = k (Homa (A, A/T))

=Kkia(A/])

= kn.
So,

LA(LA/T) — (kK+1)aA(A/D) +kla(A/I) — LExt' I, A/1)) = 0.
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To conclude, we only have to show

LA (Ext' (L A/1)) > n.
We only need

LA (Ext'(LA/D) < n.

We then use

(19.3) 0 > 1 > A » A/l —— 0

and apply Hom(e, A/I). We obtain
(19.4)

0=Ext'(A,A/I) — Ext'(I,A/1) —— Ext’(A/L,A/1) —— 0 = Ext*(A, A/]).
It then suffices to show

N (Extz (A/I,A/I)> <n.

Then, we apply Hom(A /I, ). We similarly get that it suffices to
show

LA(Ext'(A/LA)) <n
using that Ext’(e, ) = 0. Since A is Gorenstein, we have
Extl /m(A/ma, A) =0
and
Extf\(A/mA,A) ~ A/ma.

We then have, for I C mp,

~

(19.5) 0 N » A/T —— A/map —— 0

with I C ma. Then, {A(N) = n —1. Then, by induction, we get
Ext’(A/I,A) = n. O

Exercise 19.2. Show that the depth of (x,y) C k[x,y] is one.

Corollary 19.3. If X is a smooth surface, X™ = H} is smooth of dimension
2n.

Proof. 1t suffices to show that X has dimension n. Then you use con-
nectedness of the Hilbert scheme. O
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20. 6/2/17

Today, we’ll discuss Voisin’s description of syzygies. Let X be a
smooth projective surface. Last time, we proved Fogarty’s theorem,
that XV .= Hy, is smooth of dimension 2n.

Recall that the trick to proving this was to show dim T,X" < 2n
and then appealing to Hartshorne’s theorem on connectedness of the
Hilbert schemes.

We have the universal subscheme

Z (p.a) y X x X

(20.1) x /

XM,

Definition 20.1. Let L € Pic X. Define the tautological bundle L™
by

LM .= q.p*L.

Remark 20.2. The fiber over [z], for z C X a 0 dimensional subscheme
is isomorphic to HO(£ ® O5), which is n dimensional. Therefore, L™
has rank n.

Remark 20.3. The tautological bundle is useful in Gromov Witten
theorem, various invariants. If you're interested in learning more,
look at Ellingsrudd-Gottsche-Lehn.

Proposition 20.4 (Ellingsrudd-Gottsche-Lehn). We have
HO (X["],det L[“]) — AMHO(X, L),
Proof. Here is a sketch of the proof. Consider the evaluation map
HO(X, L) ® Oymy — L™

which over [z] € XM sends HO(X, L) — HO(X,L ® O,).
Take the nth wedge of the above evaluation map and taking global
sections, we obtain a map

AMHO(X, L) — HO(detLy).

We will prove this is an isomorphism by constructing an inverse.
Recall that if X is any factorial variety and U C X is any set whose
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complement has codimension at least 2 with HO(X, L) ~ HO(U,L) is
an isomorphism. There is a Hilbert chow morphism

p: X xtM) = xn/gn

where the latter denotes zero cycles of degree n and is called the
symmetric product. We also have a projection

m: X" — XM,
Let U C X™ be the subscheme parameterizing reduced 0-dimensional
whose support has length at least n — 1 (so we allow one degree 2
point). Let V = (W) C X™. Let

V:i=BlpV,

where A is the diagonals A = U; ;A ; with A = {x; = x;}.
Remark 20.5. One can think of X™ as a resolution of singularities for
Xm,
Fact 20.6 (Fogarty). The quotient of V under the S,, action is an open
set whose complement has codimension at least 2 W C XM,

The relevant diagram is

v—34 s vext

(20.2) lp ln

X >w —%  x(

On X™ we have a rank n bundle L™ and we also have a bundle
" =piL@ - ®p,L, where p; : X" — Xis the ith projection. There
is a natural map

p*L[Tl] — q*LT‘L
given as follows: If z € V, the fiber of f is
HOL® 0,,)) — &HY(L @ X;)

where q(z) = (x1,...,%Xn).

The map f is an isomorphism on the open set of tuples of distinct
points. Therefore, the morphism of vector bundles is injective (as it
is such on the generic fiber, and any subsheaf of a torsion free sheaf
is torsion free). Let E be the exceptional divisor. Then, cokerf is
supported on the exceptional divisor. That is, we have

20.3 0 —— prol T o o[ 4 cokerf —— 0
p q
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It turns out that cokerf has rank 0 and is supported on E, and it turns
out that det cokerf ~ Ox(E). Therefore,

detp*Lm ~ ¥ (—E).
We have

(
~ HO(V,p* det LM)Sn
~ HO(q" L (—E))>"
C HO(q*LIEn)Sn
~ HO(V,LM)Sn
~ HO(X™, LM)Sn

Summarizing, we have a map
HO(XM, det L™) — HO(X™, LKM)Sn,
For o € S, and t; € HO(X, L), we define
o(piti @Pita @ @pptn) == sgn(o) (Pite() @ Prtom)) -

Thatis, S,, acts by permuting factors and taking determinants. There-
fore,

HO(X™, L¥M)Sn ~ AMHO(X, L).

Exercise 20.7. Verify that this construction is inverse to the map in
the other direction, yielding an isomorphism.

O

21. 6/5/17
Today, we'll start by discussing Curvilinear schemes.
Definition 21.1. We say [Z] C XM is called curvilinear if
Oz = Cltl/(t)).

The value of this concept of curvilinear schemes is that if we fix
x € Supp(Z), we can then define the residual of x for any curvilinear
scheme.
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Definition 21.2. For Z a curvilinear scheme and x € Supp(Z), the

residual Ty is
)z ify #x
wl2) = {specut]/(t‘f ~1) ify=x

Exercise 21.3 (Easy exercise). Let X be a surface. The set of curvilin-

ear schemes XEEW c XM s open and its complement has codimen-
sion 2.

Let
Zn C Xy X X
be the universal subscheme. We have the residual morphism

T L — XM e x
( [Z]/ X—) = (TX [Z]/ X)
The point of this is that it gives you inductive arguments.

Theorem 21.4 (Voisin). Let

Zn — Xairv
(21.1) lp

X.
Let L be a line bundle on X. There is an isomorphism

K110 1) 2 H (20, " det L) /q"HC (Xiiry, det 1)

Proof. Recall last class we showed HO(detLW) = AMHO(X,L). We
have

Xy x X —P25 X
(21.2) lm
X
There is a morphism
¢ q LM — (pTL[“*” @ij) :
This map sends [Z] € Z,, for
(Z) = (Z',x)
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to
HO(L® O7) = H(L® Oz/) & HO(x).
Let D C Z,, be the complement of
{(Z,x) € Zn : Zisreduced at x}.

We have 1(D) = Z,_1. We have that ¢ is injective outside of D. The
cokernel of ¢ is D (and not 2D), even scheme theoretically. We then
have

q* det LM ~ ¢ (det LM L) (—D),
which implies
HO (zn, q* detL[“]> — ker <H° <T* det 1™ L) S HO <(T* det 1M L)|D>> :

Then, T is an isomorphism away from D and it sends D to Z;,_7. One
then shows

HO (zn, q* detL[“]> — Ker <H° (x[“—” x X, det L ® L) S HO (zn_1, MR L>> :

So we have an exact sequence
(21.3)

00— HO (z,n,q*detﬂfﬂ) L HO (x[“*” % X, det LI m)

—

HO (Zn_1,L[“] X L) ' 0

By [Proposition 20.4, we have an equality

HO (x?;;v” % X, det L1 L) ~ AVTHO(L) @ HO(L).

We obtain a corresponding commutative diagram
(21.4)

AMTHO(L) @ HO(L) y HO(Z,_;,det L1 KL)

\ /

AMTHO(L) @ HO(L2).

Repeating the above argument, we obtain a map

HO(Z, 1, det I RT) — HOXMZ « X, det L2 12,
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We similarly obtain

/\n—ZHO(L)
l \
HO(Zn, q* det LM) ATHO(L) @ HO(L)
(21.5) l

5 HO(Zn_1,det L1 KL)

|

AV 2HO(L) @ HO(12)
We can identify
ker (/\“—‘ HO(X, L) ® HO(L) & A" 2HO(L) ® HO(L2)>
with
HO(Zn, q* det LM).

and im 6" 2 ~ q*HO(XE&]rV x X, det L.

Theorem 21.5 (Voisin). Let X be a K3 surface and £ and ample line bun-
dle. Suppose PicX ~ Z1L. We have 1? = 2g — 2, and assume g = 2 — k.

Then, Kk—],] (C, wc) = Kk_]/] (X, L) = 0f01’ Ce |U

By Lazarsfeld’s result, if C € |L| is general, then it is Brill Noether

general for Gon(C) =k + 1.

22. 6/7/17

Theorem 22.1 (Voisin). Let X be a K3 surface, L a line bundle and Pic X ~
Z1. We have 1> = 2g — 2 and g = 2k. Then, Ki1(X, L) ~ Ky 1(C, we) =

0.

Remark 22.2. If C € |L|is general then Lazarsfeld’s result says C is

Brill-Noether-Petri general. We have
p(g,1,k+1)=g—2h' =2k—2k =0,

since 2—h! = (k4 1) +1 -2k, so h! = k. So, C has gonality k + 1,

by the Brill-Noether theorem.
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So, C carries a base point free D € W] +1- We have the Lazarsfeld-
Mukai bundle

(22.1) 0 > F » HO(C,DgOx —— i,D —— 0.

We have that F has rank 2.

Lemma 22.3. If G is a vector bundle with the same Chern character of F,
we have F ~ G.

Proof. We showed previously
X(F®FY) =2-2p(D) =2.
Suppose G is any vector bundle with Ch(G) = Ch(F). Then,
x(F®GY) =2,

since the Euler characteristic only depends on the Chern charac-
ter, by Hirzebruch Riemann Roch. Then, either H(F® GY) > 0 or
HO(FY ® G) ~ H2(F® GY) > 0. Therefore, either there is a nonzero
G — For F — G. But since F and FY are stable, and p;(F) = 11(G)
and F is stable, we have seen F ~ G. O

22.1. An alternate construction of F. Using [Lemma 22.3] we can

now give an alternate construction. The following construction is
either due to Serre or Griffiths-Harris.
LetD € W1]<+1 (C). We have

x(0c(D) =k+14+1—-2k=2—k.
We know
h°(0c(D)) =2,
SO
K (we—D) =h! (0(D)) =k

We have an exact sequence

(22.2) 0 —— O(—D) > Oc > Op > 0
which we twist to
(22.3) 0O — wc—D — w¢e —— w¢elp —— 0

Note that wclp ~ Op. We obtain
h(we) =2k, h° (wele) =k + 1.
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Chasing the exact sequences and using Riemann Roch, we deduce
H®(C, wc) = HY(D, welp)

has 1-dimensional cokernel.
On a K3 surface, we have the sequence

(22.4) 0 — Ox > L > Llc > 0

where L|¢ ~ wc. We have h'(Ox) = 0. Therefore

HO(X, L) » HO(C, we)

(22.5) \ /

HO(D, wclp)

Note that f has corank 1if and only if D € W1 with D € Pic*t1(C).
Look at the ideal sheaf of D as a codimension 2 subscheme of X. We
have the sequence

(22.6) 0 > Ip > Ox > Op > 0
We have the following facts:
Fact224. (1) Ext'(Op,LY) =0

2) Ext?(Op, LV) ~ H(LY ® Op), thinking of the latter as a vector
g
space.

To prove the above facts, use the local to global Ext sequence.

We now apply the functor Hom (e, L") to the prior exact sequences.
We obtain
(22.7)

0 —— Ext'(0x,LY) — Ext'(Ip,LY) —— HO(LY ® Op) —— Ext?(O,LY).
Using the facts, we obtain
(22.8)
0 —— H'(LY) —— Ext'(Ip,LY) —— H(LY ® Op) —— HO(L)Y,
where we used
Ext?(0,LY) = HA(LY) = Ho(L)V.

Dualizing the above sequence, we obtain
(22.9)

HO(L) —2% HO(L® Op) — Ext'(Ip,LY)Y —— HY(L) —— 0.
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We have shown resp is not surjective with corank 1 if and only if
D e W11<+1- IfD e Wllﬂ,weget

0 # e € Ext'(Ip,LY)V
~ Ext' (Ip®L, wx)v

Therefore,
eV € Ext'(Ip ® L, Ox)

This element corresponds to an extension

(22.10) 0 > Ox > V >y [p@L —— 0.

Let E := FY. Via a local computation, one obtains that V is a vector
bundle with ChV = Ch(FY) = Ch(E). So, V ~ E ~ FY, using
Lemma 22.3

Note that our construction in this case yields

(22.11) 0 » Ox —— E y Ip®@L —— 0.

We then obtain a global section s of E vanishing on D € W] - It
follows that the map E — Ip ® L can be written as /\s (sending t
t/A\'s). So the exact sequence above is

(22.12) 0 y Ox —— E 25 Ip®L —— 0.

Forany t € HO(E), we can see that V(t) is some W11<+1 (C’) for some
C’.
Motivated by the above description, Voisin studies

b:P (HO(E)> X[k
s — V(s).

One can verify ¢ is a closed immersion. Let’s use this an Voisin’s
description of syzygies via the Hilbert scheme.
Define
P(HE) =P (HE)) NXER.

curv



82 AARON LANDESMAN

Let

[k+1]
Z’k—H ” Xcurv

(22.13) q
\X[ | /

Let W = q* (P (H°(E)) .., )-

Voisin wants to prove the following. She doesn’t actually prove
this, she has to do some alterations, but for simplicity, we’ll just pre-
tend she proves this:

(1) HO(W, q* det L)) &~ q*HO (IP(HO(E))CUW, detL[k+”).
(2) The restriction
HO(Zies1, q* det Ly — HO(W, g* det LI+

is injective.

k41

Let’s see why these facts above imply [Theorem 22.1, By our de-
scription of syzygies from previous lectures, we know

Kiet1 (X L) = HO(Zierr, " det L) /g HO (XY, det L+,
We want to show
HO(Ziey1, q* det L) /g HO(X Y, det L) = o,
That is, we want to show
HO(Zysr, q* det L) ~ g*HO (XY det LI+,

We know this is injective and it is an isomorphism when restricted
to the curvilinear part. To do this, we use the trace map. This is
essentially summing over the fibers. Explicitly, it is

HO(Ziert, q* det L) — HO(X (T det LT,
We have degq =k +1sotroq” = (k+1)id. Let
o € HO(Zyy1, q" det L),

We want to show it comes from something in q*HO(X**1!, det LI<+1)).
We know that oly = q* for some

B € HO (113 (HO(E)) ,detL[k+”> .

curv

We have

(22.14) p= k% (tr (o)) [w-
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If o/ = ou—q* (klﬁ tr(e)). We have by (22.14), that o/|w = 0. The
second property (saying that the restriction to W is injective). We
obtain ' = 0 so « € im q* as we wanted, completing the proof.
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