HODGE THEORY & PERIOD DOMAINS

This set of notes was taken in Michael Kemeny’s Hodge Theory course at Univesity of
Wisconsin—Madision in Fall 2019 by Connor Simpson, who is responsible for all errors. If you
find an error, please contact Connor at csimpson6Quisc.edu

This course assumes differentiable manifolds, algebraic topology, and complex
analysis. Algebraic geometry is helpful for intuition, but not required.

1. INTRODUCTION
The goal of Hodge theory is to provide a dictionary
{geometric objects} <> {more linear data}.

Geometric objects are hard, but linear algebra is relatively easy, so this is helpful.
For us, the main geometric objects will be Riemann surfaces (curves) and K3 sur-
faces, and our two main goals for the course will be to prove Torelli theorems for
both of them.

Definition 1.1. A Riemann surface is a complex projective manifold of dimen-
sion 1.

Projective 1-manifolds are compact, so a Riemann surface is a compact real 2-
manifold; in other words, a connected sum of tori. The genus g of a Riemann
surface is defined by 2¢g = dim H; (X, C). Genus classifies Riemann surfaces up to
homeomorphism; however, there are infinitely many Riemann surfaces of a given
dimension g that are not isomorphic as varieties.

Remark 1.2. The curves of genus g are parameterized by M, the moduli of curves
of genus g. For g > 1, M, has dimension 3g — 3. If g = 1, we're studying elliptic
curves, and things are somewhat complicated...

In the case of curves, our theory will be particularly nice: isomorphism classes
of Riemann surfaces will correspond bijectively via the period map with abelian
varieties called Picard groups. This result is the Torelli theorem for curves. Our
second main goal will be to prove the Torelli theorem for K3 surfaces, which is
similar in flavor.

Part 1. Classical Hodge Theory
2. COMPLEX MANIFOLDS

In this course, all spaces will be Hausdorff and second-countable (i.e. they have
a countable base).

Definition 2.1. Let f : U C C* — C" be given by z — (fi(z),..., fn(z)). We
say that f is holomorphic if each of the component functions f; is separately
holomorphic in each variable; that is, if for all 4, j, f;(#1,...,2,) is holomorphic in
z; with z1,...,2;, ...z, held constant.
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Definition 2.2. Let X be a topological space. A complex chart on X is an open
U C X with a homeomorphism ¢ : U — V C C" with V open. A holomorphic
atlas on X is a collection of complex charts {(U;, ¢;)}; such that

(i) U; Ui = X

(ii) The transition maps ¢;; := ¢; o (b;l are holomorphic on ¢;(U; N Uj).
A complex n-manifold is a topological space with a holomorphic atlas in which
the codomain of all the charts is an open subset of C™.

Remark 2.3. Since C™ = R?", a complex manifold is also a real manifold.

Ezample 2.4 (Projective space). As a set, let P{ := (C*\ {(0,0)})/(z,y) ~ (Az, \y)
with A € C*. The charts are the usual ones: the subset Uy = {[z:y] : x # 0}
is homeomorphic to C via ¢; : [z : y] — £ and similarly, we defined ¢y : Uy =
{[z:y] : y#0} = C given by [z : y] — % We define the topology of P{ by
setting it equal to the coarsest topology that makes ¢1, 2 homeomorphisms. The
transition function is the inversion map ¢, o (;Sfl : 2+ 2z~ !, which is holomorphic

¢1(U1 n UQ) = C*.

Ezercise 2.5. Let 1; : S\ {(0,0, (=1)"*1)} — R? with i = 1,2 be the stereographic
projections from the north and south poles of S?. Show that they are homeo-
morphisms. Further, show that 1; and v := ((z,y) — (z,—y)) o 1o give charts
that glue to the sphere. Finally, show that these charts can be composed with the
standard charts on P! to give a diffeomorphism S? — PL.

From exercise it follows that P{. is compact and has genus 0. Exercise
is enough of a pain for P! to make it clear that defining diffeomorphisms ad-hoc is
not something that we want to do in the future for more complicated examples..

Let X and Y be complex manifolds.

Definition 2.6. A morphism of complex manifolds f : X — Y is a continuous
map such that for each chart ¢ : X DU - C"and v :Y DV —- C"
4 ,
coeunv)S Uubv e
is holomorphic.

An isomorphism is a morphism with an inverse. The group of automor-

phisms of a complex manifold X is
Aut(X) := {isomorphisms X — X}.

Ezample 2.7 (Automorphisms of P%). The automorphisms of P% are called Mébius
transformations. Explicitly, they are PGL2(C) := {4 € GL3(C)}/ ~ where
A ~ M for all X € C*, where [A] - [z : y] = [A- (x,y)]. Since GLy(C) C C* is
an open subset, GLy(C) is a complex 4-manifold. Hence, PGL2(C) is a complex
3-manifold.

3. PLANE CURVES

Definition 3.1. PE = (C"1\ {0})/ ~ where X(zo,...,%,) ~ (zo,...,z,) for all
reCr.

The usual charts show that P™ is a complex n-manifold.

Proposition 3.2. P¢ is compact
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Proof. The sphere S?"*t1 c R?"+2 =~ C"*! is compact and we have a surjection
S+l 5 PR given by (zg,...,%n) = [To et @) O

We will use P as our basic ambient space. A quick way to define compact
complex manifolds is to take the zero set of a homogeneous polynomial system
in P". In the particular case of the complex projective plane P%, a single
homogeneous polynomial defines a curve.

Let S = Clz, y, 2] and write Sy for the vector space of homogeneous polynomials
of degree d. Given a homogeneous polynomial F' € Sy, the vanishing or zero set
of F will be denoted Z(F) :={[z:y:z2] : F(x,y,z) =0}.

Remark 3.3. In affine space, the collection of zero sets of holomorphic functions
is bigger than the collection of zero sets of polynomials. However, in projective
space, there is no loss of generality in dealing with just polynomials! We can’t
easily justify this right now.

Theorem 3.4. If F € S, is nonsingular (i.e. its Jacobian is surjective at all
points), then Z(F') is a compact complex manifold of dimension 1.

To prove this, we require

Theorem 3.5 (Implicit function theorem in two variables). Let f € Clu,v]. If the
Jacobian of f is surjective at (ug,vo) € Z(f), then there is a holomorphic function
g(w) of one variable with g(ug) = vo and a neighborhood U so that (ug,ve) € U =

{(w,g(w)) :w € C}.

Ezercise 3.6. Let g be holomorphic. Show that the graph of g is a complex manifold
that is isomorphic to C (the isomorphism is projection onto the first coordinate).

Proof of theorem[3} Z(F') is compact because it is a closed subset of a compact
space.

Intersecting Z(F') with one of the standard charts, we get the vanishing of a
dehomogenization of F in C?. The image of Z(F) under the chart is nonsingular by
the chain rule. Hence, the image of Z(F) is covered by opens that are diffeomorphic
to C. Hence, Z(F) is a complex 1-manifold. O

Ezercise 3.7. Show that the image of Z(F') in the proof above is non-singular using
the chain rule.

Ezercise 3.8. Consider the function UP : C? x Sq — C defined by (p, F) — F(p).
Show this function is holomorphic and that (p, F') — 0 if and only if (A1p, Ao F) — 0
for all A\, Ay € C*. Hence, Z(UP) is a closed subspace of P? x P(Sy).

Ezercise 3.9. Similarly, show there is a holomorphic function U, : C3 x Sy — C

given by (p, F) — %E(p).

Definition 3.10. The moduli space of plane curves of degree d is
Uq :=P(Sa) \ pro(Z(UP)) Npry(Z(Us)) Npra(Z(U,y)) Npry(Z(Uz))

where pr, is the projection onto the second coordinate and UP and U,,U,,U, are
as in the preceding exercises.
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3.1. Genus and degree. Suppose we're given a curve Z(F) C P? with F € Sy
non-singular. The only invariant that we’ve defined so far is genus, so let’s see what
the genus could be.

f € Si: Then Z(F) is a line in P2, so Z(F) = P! and has genus 1.

f € Sa: All plane conic are isomorphic, so we need to compute the genus
of one of them.If F = zz — 42, then Z(F) is the image of the Veronese
embedding P! — P? given by [u : v] — [u? : uv : v?], so Z(F) has genus 1.

f € S3: This leads to elliptic curves. Turns out that the genus is 1 always.

In general, we would like a formula for the genus of a plane curve in terms of its
degree.

4. A REVIEW OF DE RHAM COHOMOLOGY

The material that we review here is all in Spivak’s “A comprehensive introduction
to differential geometry”.
Let X be a differentiable n-manifold.

Definition 4.1. The tangent bundle 7 : Tx — X is a vector bundle on X of
rank dim X defined as follows:

e On each chart ¢y : U — R™, 7= 1(U) = U x R™. On each patch U x R,

Tx has 2n coordinate functions (z1, ... ,xna%l, e %) where
n

2= U 25 R 2R

are the coordinates of ¢y and % is the ith coordinate function on R™.
e Transition functions

R*"xR" = (UNV)xR" = R" xR"
given by (¢UV7 JaC(¢Uv) with ¢pyy 1= ¢p o ¢‘71

Definition 4.2. A section of a vector bundle 7 : £ — X over U C X is a map
s : U — FE such that w o s = Idy. We denote the set of sections of E over U by
E(U); for each U, E(U) is a C*(U)-module. Sections of the tangent bundle are
called vector fields.

Definition 4.3. The cotangent bundle is Qx := Ty, the dual bundle of Tx.
Sections of the cotangent bundle are differential 1-forms.

We can think of vector fields and differential forms as operators: a vector field v
acts on C* functions f : X — R. If locally on U x R", v = >, Ci% is a section
of T'x, then v(f) := 3", ci% € C(X). The fact that the transition functions are
given by Jac(¢yy) ensures that this action is well-defined.

In turn, a differential form acts on vector fields. Given f : X — R, we can define
a differential form df : X — Qx by

9 of
T — <;C,8zz — ;Clazz>

on the chart ¢; : U; — R™. The function d : C*°(X) — Qx(U) defined by f — df
is the exterior derivative.
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Definition 4.4. If F — X is a vector bundle, we can define the wedge product

N’ E by
(/\ E) U) = N\EW)).

In the case of the cotangent bundle, we write Q% := A’ Qx, and sections of Q%
are differential p-forms.

If 2; : U — R™ 2§ R is a coordinate function, we an consider dz; € QL ().
Note that the forms {dz;} are the dual basis of the coordinates {52~} for Ty over
U.

Therefore, if w € Q% (U) is a local p-form, then we can write it as
w = Z Cil,.“,ipdxil JANRERIA dl‘ip
1< <ip
with the coefficients ¢;,, ..., ¢;, smooth functions.
4.1. Action of p-forms on p-tuples of vector fields. If V and W are vector
spaces over k, then there is a tautological isomorphism between (A" V)Y and al-

ternating maps V x V x .- x V. — k. There is also a non-tautological natural
isomorphism A" VY — (A" V)V defined by

GLA - ANop—= VI A Avp = Z sgn(0)1(Ve(1)) - Pp(Vo(p))

oES)

Now, suppose that w € Q% (X) is a p-form. On a trivializing open U for Qx, we
now have isomorphisms

wlo € (A" Qx) (U) = A"(Qx (V) = N (TY(U)) = (N Tx (U))" = Alt, (Tx (U))
given by

OJ|U = E Ci1,u.,7ipdxi1 VANREIWAN dl'ip —
i1 <--<ip

(V1,00 ,0p) Z sgn(o)ciy,....i, dxi, (Vo)) Ao Adxi, (Vo))

i1<---<ip
o€Sy
It follows from this discussion that given p vector fields v1,...,v, € Tx(U),
w(vr,...,vp) € C®(U) is a C°(U)-linear combination of determinants of minors

of [v1,...,vp)].
4.2. The de Rham complex and cohomology. We now extend the exterior
derivative for all p to a map d : QP(X) — QPHL(X) satisfying
(i) dod=0
(ii) d(aAB) =da A B+ (=1)Fa AdB, where « for any k-form a.
Locally, it is given by the formula
w = Z ci1,...,ipdxi1 JANEERIAN d(Eip — dw = Z dcil,.“,ip A diCZ'l VANIERAN diCZ'p
i1<...<ip i1<...<ip

and one can check that these maps glue.
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Definition 4.5. The de Rham complex is

0— 0% (X) L Q4 (X) L - Q% (X) — 0
and its cohomology is de Rham cohomology. We denote that pth de Rham
cohomology group by HY .

Theorem 4.6 (de Rham’s theorem). For any differentiable manifold X, there
exists a natural isomorphism HY,(X) — HP(X;R) for all p, where H? is the pth
singular cohomology group.

The isomorphism in Theorem is defined as follows. Let [w] € HI, with
dw = 0. In order to define the isomorphism, we need to associate to w a function
Cp(X) — R, where Cp(X) is the free R-vector space with basis maps v : AP — X.
To do this, define w(y) := [ w:= [, 7w

5. HOLOMORPHIC VECTOR BUNDLES
Suppose that X is a complex manifold.
Definition 5.1. A topological complex vector bundle 7 : E — X of rank m
is consists of the following data:
e An open cover {U;} of X,
e Trivializations 7; : 7~ (U; = U; x C™ so that

commutes,
e Transition functions
T; Z:TiOTj_l ZUiﬂUj x(Cm—>UiﬁUj x C™
that are linear on each fibre £, := u x C™ with v € U; N Uj.

The fact that the transition functions are linear on fibers implies that we can
write the transition function 7;; as a matrix T}; € GL,,(C°(U;NU;)), where C°(U; N
U;) denotes continuous functions on U; N U;. The matrices T;; are the transition
matrices. Denote by A(U; NU;) the set of holomorphic function on U; N Uj;.

Definition 5.2. A topological complex vector bundles £ — X is holomorphic
if the entries of the transition matrices 7;; are holomorphic functions; that is, if
Tij S GLm(.A(Ul N UJ)) for all 4, j.

A holomorphic vector bundle is a complex manifold because the gluing maps are
all holomorphic, and moreover, £ — X is a map of complex manifolds.

Convention. All vector bundles are holomorphic unless otherwise stated.

Ezercise 5.3. Suppose we are given a complex manifold X an open cover {U;} and
transition matrices {T;,} with T;; € GL,,(A(U; N U;)) satisfying

(i) Ti = Idy,

(i) ThyTyi = Thi

Show that this data determines a vector bundle £ with Tj; as its transition matrices.
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Definition 5.4. Let 7; : E; — X fori =1,2. A map f: E; — E5 is a morphism
of vector bundles if 71 = myo f. A isomorphism of vector bundles is a morphism
of vector bundles with an inverse.

Exercise 5.5. A vector bundles is determined up to isomorphism by the data of its
transition matrices.

Ezample 5.6 (Holomoprhic tangent bundle). Suppose that X is a complex manifold
with atlas {¢; : U; — C"}. The atlas gives transition functions ¢,; = ¢; o ¢j_1 :
;Ui NU;) = ¢:(U; NU;). Now, define T;; = Jacc(¢;;), where Jace is the com-
plex Jacobian, which is the matrix of partials with respect to complex argu-
ments. These transition functions will satisfy the cocycle condition by the chain
rule. Therefore, using these transition functions gives the holomorphic tangent
bundle 7x of X.

6. COMPLEXIFICATION OF THE TANGENT BUNDLE

We now have two vector bundles on a complex manifold X: the holomorphic
tangent bundle Tx, of rank dim¢ X, and the complexification of the real bundle,
Tx ® C, which has rank 2dim¢ X over C. We would like to compare them.

6.1. The Jacobian. If V is a vector space over R with basis {e1,...,e,}, then the
complexification V ®g C is a vector space of dimension v over C and dimension
2v over R. If we have a linear map ¢ : V — V, then it naturally extends to a map
¢:V @r C— V @p C given by e 1 ¢le;) @ 1.

Now, consider a smooth function f : R? — R2?. Identifying R? with C, we
can write f(z,y) = u(z,y) + iv(x,y) with u,v smooth real-valued functions. The
Jacobian of f is

u  Ou

Ie) 0
Jac(f) = 90 o9 |-

ox oy

Complexifying, we obtain Jac(f) ® C : C* — C2.
If f is holomorphic, then the Cauchy-Riemann equations say that % = %Z and

ou _ Qv ] 9 ._1(o ;0 9 ._1(0 ,,0
5 = —ou Based on this, define 57 := 3 (az ZBy) and 5z = 2( m—i—zay),

and make the change of coordinates w; = %(el —ieg) and wy = %(61 + iey), where
{e1,ea} is a basis for C2.

Ezercise 6.1. Show that Jac(f)(w1) = %w1+%§w2 and Jac(f)(ws) %w1+%£w2.

In these new coordinates,

of  9f
Jac(f) = gf g]% )

9z 0z
9

<
Il
jes)
Il

If f is holomorphic, then Cauchy-Riemann says that g = g—f, SO we

have diagonalized the Jacobian.

i
1

6.2. Decomposing the complexified tangent bundle. Suppose that X is a

complex curve with local coordinate z. Let Tx be its holomorphic tangent bundle

with local coordinate -2 and transition matrices %"’j, and let Tx ® C be the
0z 0z

complexified smooth tangent bundle, which has local coordinates (Z, 6%). Both
Tx and Tx ® C are complex topological bundles with transition functions that are
smooth.
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Define an inclusion
11 :Tx -2 Tx ®C

9, ,17(90 .9
0z 2\ 0x Zay '

To check that this is a map of bundles, we need to check that it behaves properly
with respect to gluing; in other words, we must check that the following diagram
commutes

Te(U) — (Tx e O)Uy) B2 () —— Jac(oi) (3 (& —i%))

[ [ | I

Tx (U;) — (Tx @ C)(U;) 2

1(o _ .0
Using the new coordinates that we defined in Exercise[6.1} we sce that Jac(¢s;)(w1) =

ag;,- (%) because ¢;; is holomorphic; therefore, the diagram commutes.

Definition 6.2. Let T)l(’0 =im(i: Tx =& Tx ®C)

Definition 6.3. For any smooth complex topological vector bundle E, let E be
the vector bundle with transition matrices 7;;, where 7;; is the transition matrix of

E.

Remark 6.4. In the preceding definition, we are working with a bundle whose tran-
sition matrices 7;; have complex valued functions as their entries. The entries are
smooth as function to R2, but may not be holomorphic!

Connsider Tx, with local coordinate % (this is just a formal symbol). The
transition matrix for Ty is aa;" = 8;5 i As before, we have an inclusion ts : Tx —

Tx ® C, given by % > % (a% +i8—y). Write T)O( = im(eg).
Ezercise 6.5. Check that -2(z) = 1, that -2 = 0, that -2(2) = 0, and that

0z 0z 0z
Z(z) =1

Proposition 6.6. Tx ® C = T)l(’0 ® T)O(’1

Proof. This follows from the fact that w; and wy are an eigenbasis for the Jacobian
of a holomorphic function. Fill in the details as an exercise. ([

Ezercise 6.7. Show that for X of any dimension, Proposition still holds.

7. DECOMPOSITION OF COHOMOLOGY

When dualized, Proposition gives the following decomposition of the space
of 1-forms
QyeC=0Yo0y’

with Qm (T” ) Write dz; for the dual basis in Qi’o and dz; for the dual basis

of Q%', so that Qx ® C has basis dz;, dz; for 1 < i < dim X.
In turn, this gives a decomposition of the space of p—forrns for each p:

/p\QX®(C @/\Qm@/\gm

a+b=p
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Locally, elements of A” (Qx ® C) are of the form
o= Z CI’]dZ[/\dEJ
[T]+|J|=p
where c;, 5 is a smooth complex-valued function, I = {i1,...,4 1}, J = {j1,--., 10},
dzr = dzi, N+ A dzim, and dz; is defined similarly. Local sections of A* Q;O ®
A’ Q%' are (a,b)-forms and written > r|=a,g|=b CLId2r N dZy.

7.1. Dolbeault cohomology. Complexifying the exterior derivative gives d : Q5. ®
C— Q% @ C. If a is an (a, b)-form, then

da= Y dery Adzp Adzy with dep € Q90 @ Q0L
|I|=a,|J|=b
Hence, da is the sum of a (a + 1,b)-form and a (a, b + 1)-form.

Definition 7.1. If « is an (a, b)-form, then let do € Q71 and do € Q™0+ be
the forms such that da = da + Oav.

Ezercise 7.2. Let f : X — C be a smooth complex-valued function. Show that f is
holomorphic if and only if f = 0. This is analogue to how a function f : R? — R?
is holomorphic if and only if % f=0.

Lemma 7.3. The operators O and O satisfy:
(i) > =9=0
(ii) 00 +00=0
Proof. The differential is d = 9 + 9, so
0=d*=(0+0)*=0*+ (00 + dd) + 9.
Collecting terms of the same degree (as maps of graded vector spaces) gives the
desired result. (]

The lemma above allows us to make the following definition.
Definition 7.4. The Dolbeault complex is
s X)) -2 QX)) -2 QBT (X) - -
The (p, ¢)th Dolbeault cohomology group is
HP(X) = ker(QP4(X) — QP9TH(X))/im(QP1H(X) — QP9(X)).

Exercise 7.5. Let a = ¢y ydzr AdZy. Show that Oa = 0 if and only if « is holomor-
phic with respect to all z; with i € J (i.e. the coefficient functions are holomorphic).

8. SHEAVES AND SHEAF COHOMOLOGY
While vector bundles are nice, they sadly don’t form an abelian category.
FExample 8.1. For a divisor D, consider
0— Ox(—D) = Ox — Op — 0.

The first two terms of this sequence are vector bundles, but Op is usually not a
vector bundle. Hence, vector bundles are not closed under taking cokernels.

Hence, to give ourselves tools like the long exact sequence for cohomology, we
need to enlarge our category and work with sheaves instead.
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8.1. Sheaves.

Definition 8.2. A presheaf F on X of abelian groups (or modules, rings, etc) is
the following data:

e For each U C X open, a set F(U).
e For each inclusion of opens V C U, restriction maps F(V) &Y F(U)
satisfying vy, = Idy and ywv o yvy =yuw forall W C V C U.

Definition 8.3. A sheaf F on X of abelian groups (or modules, rings, etc) is a
presheaf satisfying the additional condition that if U = |J; U; is an open cover and
u; € F(U;) are sections such that

Y.nv, s (ui) = Yu.no;,u; (ug) for all 4, 7,
then there is a unique section u € F(U) such that vy, v (u) = u; for all i.

Ezercise 8.4. Let E — X be a vector bundle. Show that the sets E(U) with
restriction maps defined by restriction of functions form a sheaf.

Ezample 8.5 (Sheaves).
(i) The constant sheaf Z on X is defined by

7 := {locally constant functions U — Z}

with restriction maps given by restriction of functions.
(ii) The structure sheaf Ox is given by

Ox (U) := {holomorphic functions f : U — C}

with restriction maps given by restriction of functions. Observe that this
is a sheaf of rings, since the product of two holomorphic functions is holo-
morphic.

(i) The sheaf of nowhere-zero functions is O% defined by

Ox(U) :={f € Ox(U) :Vu e U, f(u) # 0}

and restriction maps given by restriction of functions. This is a sheaf of
abelian groups under multiplication (this makes O% quite different from
Ox!).

8.1.1. Sections of vector bundles. Recall that we can define a holomorphic vector
bundle E of rank m by defining it to be C™ on a trivializing cover {U;} and speci-
fying transition matrices T;; € GL,, (Ox (U; NU;)) satisfying the cocycle condition.

We equivalently use this data to determine the sheaf of sections of E as follows.
On each trivial open U;, set E(U;) = O?@m. On overlaps U;NU;, we identify sections
by S; = Tij 0 S55.

8.2. Morphisms of sheaves.

Definition 8.6. A morphism of presheaves ¢ : F — G is specified by a morphism
o(U) : F(U) = G(U) for each open U such that the following diagram commutes
for all V. C U opens

F) 2% gw)

A% YV, u

Fv) 29 gv)
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Given a morphism of presheaves ¢ : F — G, we can define the image, ker-
nel, and cokernel presheaves of ¢ by im(¢)?(U) = im(¢(U)), coker(¢)?(U) =
coker(¢(U)), and ker(¢)?(U) = ker(¢(U)). These are presheaves, but not necessar-
ily sheaves, even if both F and G are sheaves. However, the following proposition
lets us fix this problem.

Proposition 8.7. Given any presheaf F, there exists a unique sheaf F* and a
map 0 : F — FT such that any ¢ : F — G with G a sheaf factors uniquely through
6.

The sheaf FT is the sheafification of F.

Definition 8.8. Given ¢ : F — G a map of sheaves, define the kernel, image,
and cokernel sheaves to be the sheafification of the presheaf kernel, image, and
cokernel presheaves, respectively. We call ¢ injective if ker(¢) = 0 and we say that
¢ is surjective if coker(¢) = 0.

8.3. Stalks. Let X be a complex manifold and F a presheaf on X.

Definition 8.9. For z € X, the stalk of F at =, denoted F, is
Fo:={(U,s) : x€UC X open,se F(U)}/ ~

where (U, s) ~ (V,t) if there is W C U NV such that yw v (s) = yw,v (1).

Proposition 8.10. A morphism of sheaves on X ¢ : F — G induces a map
Gp : Fx — Gy forallz € X.

Proposition 8.11. A map ¢ : F — G of sheaves on X is injective, resp. surjective
if and only if ¢ : Fo — Gy is injective, resp. surjective, for all x € X.

Ezample 8.12 (Exponential exact sequence). Let X be a complex manifold. We will
write Ox for the sheaf of holomorphic functions, O% for the sheaf of non-vanishing
holomorphic functions under multiplication, Z for the locally constant sheaf Z, and
A for the sheaf of smooth functions.

The exponential map is ¢ : Ox — O% is given by Ox(U) > f +— exp(2wif).
Note that this is a surjection because one can locally take logarithms in C. The
kernel of the exponential map is the locally constant sheaf Z. Hence, we have a
short exact sequence

0—+Z—0Ox - 0% —0.

8.4. Cech cohomology. Let U = {U;}ier be a locally finite covering indexed by
an ordered set I. Write Uy,,.. s, = nj:io,i1,--.7 ) Uj. Let F be a sheaf and let
CrU,F) = Hio<-~<z‘p ]:(Uio,m’ip)-
Define a map ¢ : CP(U,F) — CPT (U, F) by
(0(0))ionmipin = DV s o ipilon

k

%

p+1

Proposition 8.13. §2 =0

Let HP(U,F) := ker(d : CP(U,F) — CPTY(U,F))/im(5§) and note that if ¢’
refines U, then there is a map H?(U,F) — HP(U', F).

Definition 8.14. The pth Cech cohomology group is
HP (X, F) := hgﬁp(u, F).
u
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Remark 8.15. A theorem of Leray says that to compute Cech cohomology, it suffices
to take a sufficiently fine open cover. In particular, if using the Zariski topology,
then a cover by affine opens is fine enough.

8.4.1. Line bundles and cohomology of O%. Let X be a complex manifold and fix
a cover U = {U, };cs. Recall that a line bundle with trivializing cover U is given by
the data of g;; € O%(U; NU;) satisfying grigi; = gr;. This data gives an element
9= (9i5) € C*(U, O%).

Since the group operation in O% (U) is multiplication, we can write (6g):jx =
9.k gl_k1 - gi,5- Note that

gekerd <= gjngii' g =1 <> 6ijg1 = Gin-

But this is the cocycle condition! Hence, the kernel of § contains the data of all
line bundles on X that are trivialized by U.

Definition 8.16. The Picard group, denoted Pic(X), is the group of line bundles
on X with operation ®.

Ezercise 8.17. Show that
— H'(0%)

Pic(X)
L — [gi5]

is an isomorphism.
Recall that given any cohomology theory, we have a long exact sequence. Hence,
from the exponential exact sequence
0-Z—-0x >0%x =0
we obtain a long exact sequence
= HY(Ox) = HY(O%) 2 A*(X,Z) —
Philosophically, this beaks Pic(X) up into a continuous part coming from H'(Ox)

and a discrete part coming from H(Z).

Definition 8.18. If L € Pic(X) = H'(O%), then ¢;(L) is the first Chern class
of L.

8.4.2. Smooth functions (or “Why Cech cohomology is useless for differential ge-
ometers”). Let A be the sheaf of smooth functions on a complex manifold X. Recall

that Qg(’b is the (a,b)th part of A**? Qx r®C, and note that for each open U C X,
Q%" (U) is a module over A(U); in order words, Q%" is an A-module.

Proposition 8.19. H?(Q%") =0 for p > 0.

Proof. Given U = {U;} countable and locally finite, there is a partition of unity
subordinate to U; that is, there are smooth functions p; : X — R such that p[l(R\
{0}) C U; and such that for all z € X, ), pi(x) = 1 (the fact that the cover is
locally finite implies that this sum is always finite).

If o = (04,..4) € ZP(U,Q%"), define 7 € CP~1 (U, Q%") by

Tjo,eosdp—1 — E PrOk,jo,....5p—1
k

where we consider oy j,,....j,_, as a smooth function on Uj, N---NU;, _,. One can
check that 67 = 0. O
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FEzercise 8.20. Do the check in the previous proof.
Remark 8.21. This shows why Cech cohomology is completely useless in differential
geometry.

9. RESOLUTIONS AND COHOMOLOGY

The following result can be found in most introductory differential geometry
texts (such as Spivak, page 225). Call a p-form closed if do = 0 and exact if there
is a B such that a = df.

Lemma 9.1 (Poincaré lemma). If M is a contractible smooth manifold and « is a
closed p-form with p > 0, then « is exact.

Since sufficiently small opens in manifolds are isomorphic to R™, the Poincaré
lemma implies that the following is an exact complex of sheaves

0R—=QYp = Qg = Q>
We can use this to get a new (integration-free!) proof of de Rham’s theorem.
Theorem 9.2. Fori > 0,
H'(X,R) = Hap(X) = ker(d' : Qx g(X) = QY p(X))/im(d"™).
Proof. For i =0, consider the short exact sequence
(1) 0 R — Q% —im(d®) — 0.

Since H(X,-) = T'(X,-), the beginning of the long exact sequence arising from the
short exact sequence is

0— HR) —» H*(Q% ) — H(imd°) — -+,
———
:Q()](,R(X)
so HO(X,R) = ker(d°) = HJR(X).

For i > 0, we again use long exact sequences. By and Proposition
HY(R) = H=1(imd°). Similarly, by using the long exact sequences associated to
the short exact sequences
2) 0 — im (@ 1) = ker(d) — Q , > im (&) — 0,
for each 1 < j <i— 2, we find that

HY(R)= A '(imd®) = A 2(imd") = - - - H (im d'~?).
The beginning of the long exact sequence associated to (2)) when j =i — 1 reads
0— H(imd' %) — H*(Q 1) = H%(imd" ") - H' (imd'~?) — 0.
Hence,
H'(R) = H'(imd'™?) = Ho(imdi_l)/im(Q;]}%(X) — H(imd"™ 1))

= H°(kerd")/im(Q (X)) — H(imd' "))

— ker(d' s Qi  (X) — QL X))/ im(d ™ s Qi A(X) — Dy 5 (X))

= HjiR(X)
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Let’s abstract our proof technique for this.
Definition 9.3. If F is a sheaf, then a resolution of F is a complex
goigomg1ﬂ>92ﬁ"'
with a morphism F — Gy such that 0 - F — Gg — G; — Go — - -+ is exact.

Example 9.4.
QY = Qg = Qyp >
is a resolution of R.
Definition 9.5. A resolution G, of F is acyclic if Hp(gi) =0 for all p > 0.
Ezxercise 9.6. Let Ro be an acyclic resolution of F. Then
HP(F) 2 ker(Ry(M) = Rpy1 (M))/ im(Ry_1 (M) — R, (M)).
(Hint: this will mirror our proof of de Rham’s theorem.)

9.1. A resolution for Dolbeault cohomology. The following result can be
found on page 47 of Huybrechts’ Compler Geometry: An Introduction.

Theorem 9.7 (_5' Poincaré lemma). Let 8 be an open disc D C C" and let o €
OPY(D) satisfy Oa = 0. Then there exists a B € QP971(D) such that 98 = «a.

Corollary 9.8. If X is a complex manifold, then we have an acyclic resolution
008 » k0 Lot dop2 .

where Q% is the sheaf of holomorphic p-forms and Qg(’i is the sheaf of smooth (p,i)-
forms.

Corollary 9.9 (Dolbeault’s theorem). H?(X, Q%) = HP(X)

10. ALMOST-COMPLEX STRUCTURES
Let V be a finite-dimensional vector space over R.

Definition 10.1. An almost complex structure on V isalinearmap I : V — V
such that 12 = —Idy.

An almost complex structure gives V' the structure of a complex vector space,
with (a 4 bi) - v := av + bI(v). Additionally, if we complexify V', then the possible
eigenvalues of I : Vo — V¢ are +i.

Definition 10.2. If V has almost complex structure, let
V10 © Vi be the i-eigenspace of T and
V%! € V¢ be the (—i)-eigenspace of 1.

Lemma 10.3. Vg = V10 g V0!

Proof. Let v € V. Then

1 1
v=—-(w—=—tI()+ =(v+il(v))
2 e — 2 —_—
evio evol

d

Lemma 10.4. Complex conjugation is an isomorphism (over R) V1.0 — V0.1,
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Proof. Let v =x + iy with z,y € V. The V10 part is

S —iI(0) = S+ iy — i(I(@) +i1(9)))

and its conjugate is 3(v + I(9)), which is the V%! part of ©. O

FEzercise 10.5. Show that if V' has an almost-complex stucuture, then dimg V is
even.

Definition 10.6. Let (-, ) be a symmetric bilinear form on V with almost complex
structure I. We say I is compatible with (-,-) if (v,w) = (I(v),I(w)) for all
v,we V.

Convention. For the remainder of this section, we will work with (V, 1, (-,-)) with
V' a real vector spcae, I an almost complex structure, and (-,-) a positive definite
symmetric bilinear form compatible with I (which we extend to be sesquilinear on
Ve when needed).

Ezercise 10.7. Check that if (V,I,(,)) is of real dimension > 4, then we can write
VI, (,)) = (Wi, 11,(,);) & (Wa,I,(,),) for some (non-unique) nonzero subspaces
with almost-complex structures (Wi, I, (,);).

Definition 10.8. The fundamental form w on V is the bilinear pairing
w(v,w) = (I(v),w)
for v,w € V.
We next establish a pair of basic properties of the w.
Lemma 10.9. w is alernating; that is, w € /\2 vV.
Proof. Let v,w € V.

w(v,w) = {I(v),w) = <12(v),l(w)> =—(v,I(w)) = — (I(w),v) = —w(w,v).

Lemma 10.10. w(I(v),I(w)) = w(v,w) for all v,w € V.

Proof.
w(I(v), I(w)) = (I*(v),[(w)) = (I(v),w) = w(v,w)
O

From an almost-complex structure on V, we also obtain an almost-complex
structure on V'V given by I - f := folI € VV. This gives a compatible decom-
position V¥ = (VV)1.0 g (VV)01 = (V1O ¢ (VO1)V. Hence, we may define
/\p,q V\/ = /\P(VV)LO ®/\Q(Vv>071 C /\p+q V((;/‘

Ezercise 10.11. Show that w € A" VY. (Hint: w e A VY = A*° Ve A vV e
A”? VY, and for any a € A*° VY, we have a(I(v), I(w)) = —a.)
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10.1. Operators on the exterior algebra. Let (V,I,(:,-)) be as above, with
fundamental form w.

Definition 10.12. Given a finite-dimensional vector space W, the exterior alge-
brais A" W := @, /\k W. This is a graded algebra with non-commutative product
A, and it is finite-dimensional over the ground field of W.

There are three operators on A" V" (extensible by C-linearity to A" V) that
will be of great interest.

Definition 10.13. The Lefschetz operator is L : A" VY — A" VY given by

a — wAa. Note that if we extend L to A" VY, then by Exercise[10.11) L(AP?VV) C
/\p+1,q+1 vV,

If (W, (,)) is a Euclidean space (a finite dimensional vector space with a pos-
itive definite inner product), then there is a natural inner product on A*WV. To
define it, pick an orthonormal basis eq,...,eq for W and declare

{e} ::e;/1 /\~--/\e;/“| vy <idg < - <dyp), [ < d}

to be an orthonormal basis of A" WV.

Definition 10.14. The dual Lefschetz operator is A : A" VY — A"VV is
defined to be the adjoint of L; that is, defined by the property

(La, BY = (a, AB) for all a, B € \"VV.
where (,) is the form induced on A* VY by the inner product on V.
Ezercise 10.15. Prove that A has type (—1, —1); that is, A(A”YVY) c AP 2471V,

Definition 10.16. The counting operator is H : A" VY — A" VYV, which is
defined by H|px v = (k —n) -Idpk v, where 2n = dimg V.

Given ring elements A and B, write [A, B] := AB — BA for their commutator.
Theorem 10.17. The operators L, A, H satisfy

(i) [H,L] = 2L
(i) [H,A] = —2A
(iii) [L,A] = H

Remark 10.18. The complex vector space spanned by L, A, H with product given
by commutator forms a 3-dimensional Lie algebra. One might naturally wonder
which one. Recall that

sl (C) := {2 x 2 matrices with trace 0}

. 0 1 00 1 0 . .
has basis X = {O O]’ Y = [1 O]’ and B = 0 _J. There is a map of Lie
algebras sending B to H, X to L, and Y to A; hence, the operators L, A, H make
A VV into an sly(C) representation.

Ezercise 10.19. Prove that B, X, and Y satisfy the relations described in Theorem
10.17} Hence, there is a natural sly(C) action on A" V'V.

Proof of Theorem @/ and ,
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(i) Let € A" VV.

[H,L)(a) = HL(a)) — LH()
=HwAa)—(k—n)L(x)
=k+2-—n)(wAha)—(k—n)wAa)
=2wAa)=2L(a)

(i) Let a € A" VV.
[H,A](o) = HA(a) — AH ()
= HA(a) — (kK — n)A(«)
= (k—=n—=2)(Ao)) — (k —n)(A(a))
= —2A(a)
where the penultimate equality follows from Exercise
U

Proof of Theorem . We proceed by induction on dimg V' = 2n.

If dimg V' > 2, then by Exercise [10.7, (V,1,(,)) = (Wi, 11, (,);) & (W2, I2,(,),)
for some nonzero orthogonal subspaces W7 and W5 with almost-complex structures.
By standard linear algebra, A" VY = A" W)Y @ \* Wy, so it suffices to check the
identity for a1 ® ao with a; € /\k1 WY and as € /\k2 wy.

Observe that the Lefschetz operator of V' decomposes as L = L1 ® 1 + 1 ® Lo,
wherel; and Lo are Lefschetz operators of W7 and Ws, respectively. The dual
Lefschetz operator decomposes similarly. This allows us to compute

[L,Al(c; ® ag) = L(A(o1 @ a2)) — A(L(ag @ a2))
=L(A1(a1) @ as + aq ® Aa(an))
—A(L1(a1) @ ag + a1 @ La(ag))
= (L1A1(0n) ® ag 4+ Ay (o) @ La(az))
+ (L1(on) @ Ag(az) + a1 ® LaAs(az))
— (AM1L1(01) ® az + Li(a1) ® As(az))
— (A1) ® Lo(az) + a1 ® AaLo(az))
= [L1, A1](0n) ® az + az @ [La, As](ar2)
= (k1 —n1)a1 ® ag + a2 ® (ks —na)(a2) by induction
= (k1 +ka— (n1+n2))a1 ® az = H(ag ® az)
Now, all that remains is to check the base case, when dimg V' = 2. In this case,
ANV =AVVaervve N VY.
Since L has total degree 2, it acts by 0 on the top two homogeneous components.
On R = /\O VV, it acts by L : 1 — w. Similarly, since A has degree —2 and is
the adjoint of L, it acts on A>VY by w + 1 and by 0 on A’ VY & VY. One can

now easily check case-by case that [L, A](«) = H(a) for elements « of each of the
possible degrees 0, 1,2, completing the proof. [

Lemma 10.20. Fori>1 and o € A*VV,
L', A)(a) =i(k —n+i— 1)L (a).
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Proof. We proceed by induction on i. When i = 1, [L,A](a) = H(a) = (kK — n)a
by Theorem For ¢ > 1,
[LYA)(a) = L*A(a) — AL ()
= L(L" 'A(a) = AL Y (a)) + LAL" () — ALY ()
= L([L™1 Al(@)) + [L, AJ (L™ (@)
=L((k—n+i—2)(i—1)L" *(a)) + (k+2(i —1) —n)L" ' (a)
=i(lk—n+i—1)L"(a)

10.2. The Lefschetz decomposition.

Definition 10.21. « € A*¥VV is primitive if Ao = 0. We denote the subspace of
degree k primitive elements by P* ¢ AFVV.

Theorem 10.22 (Lefschetz decomposition). A*VY =, L' PF=%

Proof. Recall that by Theorem we have an sly(C)-representation on A" V'V.
Hence, we can decompose A\* V" as a direct sum of irreps. We show that if W C
A" V'V is anonzero irrep, then W = span{v, Lv, L'v, ...} for some primitive element
.
Pick w # 0 € A™W, where m = max{m : AW # 0}. If w is not homogeneous,
then we may cancel off all but one of the nonzero homogeneous components of of
w using the operators (k — n)Id —H for 0 < k < 2n (the resulting vector will still
be in AW because AH(w) = HA(w) — 2A(w) = 0). Set v to be the primitive
element that results from this process.
Since the elements of {v, Lv, L?v, ...} are homogeneous, W' := spang{v, Lv, L?v, ...
is closed under H. It is also closed under L, and by Lemma [10.20]

AL (v) = cL' Y (v) + L'A(v) = cL* ' (v) + 0

for some constant ¢, so W' is also closed under A, and W’ = W, as desired. |

11. HERMITIAN AND PROJECTIVE MANIFOLDS

In this section, we discuss how to globalize the structures discussed in the pre-
vious section. Let X be a complex manifold with real tangent bundle T'x r with
fiber coordinates a%i, 8%1" Denote the complexification by Tx ¢ := Txr ® C, and
let Tx be the holomorphic tangent bundle.

We have an isomorphism of smooth bundles (not holomorphic!) given by the
composition

TX,]R — TX,(C =10 &) 701 5 710 o~ Tx.

Hence, the multiplication i : Tx = Tx induces an almost-complex structure
I: TXJR — TX,]R given by aiwl — % and % — _Bizri'
To finish the analogy with the vector space picture, we need a compatible inner

product.

Definition 11.1. A Riemannian metric is ¢ € Sym?® Qx g(X) such that g, :
Tyr X Tyx — R is positive definite for all x € X and such that the function
= gx(v(x), u(x)), with v,u € Tx g(X) is smooth.
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Definition 11.2. A Hermitian manifold is a complex manifold together with a
Riemannian metric ¢ € Sym?Q x,r(X) such that g is compatible with I; that is,
9(I(w), I(v)) = g(u,v) for any u,v € Tz

Definition 11.3. If X is a Hermitian manifold, the fundamental form is w :=

g(I(); ).

Note that w is a real (1,1)-form; that is, w € Q?X,R(X) N Q;l (X) C Q%{,@(X)'
As in the vector space case, we can define the exterior algebra A" Qx g a smooth
vector bundle of finite rank, and the operators L, H, A : A" Qxr — A" Qxpr all
globalize appropriately (for example, L is locally given by wedging with w).

Definition 11.4. A Hermitian manifold is Kahler if the fundamental form is
closed; that is, dw = 0.

11.1. Projective manifolds. We would eventually like to have the operators
L,H,A act on the cohomology of X. One problem with out current set-up is
that there is no reason for €, , H?4(X) to be finite-dimensional. To fix this prob-
lem, we could assume that X is compact or, as we will do in this course, impose
the stronger condition that X is projective.

Definition 11.5. A morphism i : X — Y of complex manifolds is an immersion
if 7 is injective and the induced holomorphic map on holomorphic tangent bundles
is Tx,z — Ty,i(z) is injective.

Definition 11.6. A projective manifold is a complex manifold such that there
exists an immersion i : X — P" for some n such that the image is closed.

Note that if X is projective, then the compactness of the image of the immersion
i : X — P" implies that ¢ is a homeomorphism. Therefore, X must be compact.

Theorem 11.7 (Serre). If X is a projective complex manifold and E is a holomor-
phic vector bundle of finite rank, then H'(X, E) is finite dimensional over C for all
i.

Recall from Corollary that HP9(X) = HI(X,0%), where Q% denotes the
pth wedge power of the holomorphic cotangent bundle.

Remark 11.8. We will see later that we have a decomposition H?(X,C) = @, -, H*(X).
Hence, if X is projective, then Theorem and Corollaryimply that dim H?(X,C) <
00.

Remark 11.9. Theorem is very false if X is not compact!

Remark 11.10. If X is a projective variety, it is not bad to prove Theorem[I1.7} The
hard part is showing that a holomorphic bundle on a projective complex manifold
is the same as a coherent sheaf on a projective variety, which is among the main
results of Serre’s GAGA.

We have operators L, H, A : A" Qxg — A" Qx r. Fibrewise, these operators are
the same as the ones that we studied on vector spaces in Section Taking global
sections, we obtain operators L, H,A : A" Qxr(X) = A" Qxr(X). We will later
see that these operators descend to operators on cohomology.
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11.2. Projective manifolds are Kéhler. The main result of this section is
Theorem 11.11. Projective manifolds are Kdhler.

To show that a Hermetian manifold is Kéhler, we need to show that w = g(I(-),-)
is closed. It turns out that it is enough to work with the fundamental form w. In
particular, if we have such an w, then we can define g := w(-, I(+)). If we define g
this way, then it is symmetric because

g(aa b) = w(a’a Ib) = w(Iav 7b) = w(bv Ia) = g(b7 CL)
and compatible with I because

g(Ia, Ib) = w(Ia, I*b) = w(a, Ib) = g(a,b).

11.2.1. The case of P"*. Before proving Theorem [11.11] we prove the following spe-
cial case. Our strategy for the proof will be to construct an I-compatible real
(1,1)-form w’. We will then show that w’(-,I(+)) is positive definite and hence a
Riemannian metric.

Theorem 11.12. P" 4s Kdahler

Let {U;} be the standard charts on P™, where U; is the open of P™ where the ith
coordinate is nonzero and the homeomorphism to

. . ZTo Ef\ x
U; — C™is given by [zg:--- @] = (=, ..., =, ..., =2 .
T T Z;

Define (1,1)-forms w; € Q41(U;) by
i n 2
= —001 .
w; 27r68 og <Zz_; )

Recall that if f € Q%(X) = C°°(X), then 90f € Qﬁgl (X). The function i—f is the
fth coordinate function z; : U; — C. When we take absolute value and square it,
we are getting zpz,. This is a smooth function, even if it is not a holomorphic one,
so wj is in fact a (1,1)-form.

Ty
T

J

Lemma 11.13. 90f is a closed form for any f € Q°(X).
Proof.
d(00f) = (04 9)(00f) = 9*0f + 000f =0 — d0*f =0

where the final equality is because 99 + 00 = 0. O

Lemma 11.14. The forms w; € Q;I(Uj) glue to give a global (1,1)-form wpg €
Q%' (X)), called the Fubini-Study form.
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Proof. Let ¢; : U; =4 C" be the usual charts with U; = {z; # 0} on P". We must
show that w;|u,nv, = wklu,;nu,.- Since {z, xx # 0} = U; N Uy, we have

)

LTk

_ 2
It now suffices to show that 90 log ( ) = 0. For convenience, write z := 7= €
J

C.

In this notation,

Lk
Lj

89 log <‘z’“

J

2
> = 001og (|2x|?)

= 8510g (Zkik)

=0 < 17 2k dzk>
ZkRk
1

= 8 <_d2k;> = O
2k

because the 0 and 0 acts by differentiation with respect to the Z,’s and the z’s,
respectively, in local coordinates. Therefore, the w;’s glue to the Fubini-Study form

Wrs.

Next, we must show that wrg € Q]%,’,}R(IP’”) C QQ,I7C(]P’”), or equivalently, that
wrs = wrgs (Note the subscript R. The Fubini-Study form is an element of the
smooth, real cotangent bundle!).

For any real-valued differentiable f, we have @ = 00f = 00f = —00f. Since

wj = %85 f for f differentiable and real-valued, it follows that

§ — i -
w; =——00f = —00f = w;.
@i 2 ! 2 f=w
Therefore, wps = Wrg, so it is real, as desired.

Finally, wpg is closed by Lemma [11.13 (I

Proof of Theorem[11.19 We use wps to define a Riemannian metric g(-,-) =
wrs(-,I()). We need to check that g is positive definite; that is, g(v,v) :=
wg (v, Iv) > 0 for all v # 0 € T, g. To do this locally, write wpg =) hi;dz; A dZ;
and consider the matrix H = [h;;];;. The fact that wpg is a Kéhler metric implies
that H is Hermitian at every point of X, so we need only check that it is positive
definite. This check is left as an exercise. (I

FEzercise 11.15. Check that g is positive definite. (Hint: Huybrechts page 118)

Hence, P¢ has a Kahler metric wpg. In particular, dwrps = 0 and Owps =0, so
we can think of wrg as a class [wrg] € HYH(P™) = HL(P™, Qpn (P7)).
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11.2.2. The general case. We now proceed to the general case of Theorem [11.11

Proposition 11.16. If f : X — Y is a closed immersion and w € Q%,’R(Y) is
Kihler, then the pullback f*w € Q% x(X) is also Kdhler.

Proof. For any x € X, we have df, : Ty g — Ty, r- The pullback is defined by
(0, 0) > fre(v,w) = wldf (v), df (w)).

Since f is a closed immersion, dimY > dim X; therefore, there are local co-
ordinates z1,...,zdimy in a neighborhood of f(z) € Y such that 2z, := z o f
for i = 1,...,dim X are local coordinates in a neighborhood of z € X (by the
implicit function theorem). If we write w in the basis dz; A dZ;, then f*w =
%Zogi,jgn hij o fdzi A dZ;-. The coefficients [h;; o f]i j<» form a positive definite
Hermitian matrix because [hi;lo<i j<m is positive definite and Hermitian; therefore,
f*w is Kéhler. O

Proof of Theorem[11.11] This follows immediately from Proposition [L1.16] applied
to the Fubini-Study form. |

12. HARMONIC FORMS

Throughout this section, we will assume for simplicity that X is a compact,
connected Hermitian complex manifold with dimg X = 2n. These assumptions will
not all be needed all the time, but they will make the exposition simpler. Recall
from smooth manifold theory that a volume form is a nonzero global section of
Q¥R

Definition 12.1. Vol := £, where w € Q% r(X) is the fundamental form of X.
Ezercise 12.2. Explain why we multiplied by %

Recall that locally, w = %Z hijdz; A dz;, where [h;;] form a Hermetian matrix,

which defines a Hermitian inner product H(zZ, 52) = h;; on each holomorphic
i J

tangent space Tx, . Now, let ej,..., e, be an orthonormal basis for 7x ;. Then

e1,1€1,€2,1%€2,. .., ey, e, gives a basis over R for Tx ;.

Proposition 12.3. Vol(e; Aie; Aea Adea A+ Nep Niey) =1

Proof. Exercise. U

Volume forms are useful because we can integrate against them. Recall from
our section on linear algebra that we can extend the Riemannian metric g to be a
metric on Q’)“(’R, defined on {e/ A---Ae; }, where eq,..., ez, is an orthornormal

basis for Tx g. We denote the metric on Q’)“(,R by g as well.
Let o, 3 € Q% z(X) be smooth k-forms.

Definition 12.4.
(aaﬁ)Lz = / g(aaﬂ) Vol
b's
regarding g(«, 8) as a smooth function on X given by = — g, (a(x), 5(x)).

This definition makes sense because we assumed that X is compact. Also observe
that (o, @)r2 > 0 and that (o, ) =0 <= a=0.



HODGE THEORY & PERIOD DOMAINS 23

12.1. More operators. The objects we have defined give us three isomorphisms.
e The metric ¢ gives an isomorphism m : Q])C(,R = Hom(Q’%,R,R) by a —

g(Oé7 ) .
e The volume form defines an isomorphism R — Q%{jR given by 1 — Vol.

. v
e Recall that form a vector space, A\*V = (/\dlm Vok V) and that for
v

a vector bundle, /\ké' = (/\rank(g)_k 5) ® det £. Hence, there is an
isomorphism p : Q*"F — Hom(Qﬁ(,R, Q%&R) given by a — - A a.

Putting all these together, we get the Hodge * operator

Definition 12.5. Let

x:=p lom: Q’;(,R = Q%?Rk.
This map yields the Hodge * operator
w1 Q% g (X) = QFRM(X).
Exercise 12.6. For all a, 5 € Q’)“(,R(X),
aAxB = g(a,B)Vol.
In particular, (o, 8)r2 = [ g(a, 8) Vol = [ a A 0.

We now define some adjoints with respect to the L2 metric. Recall the differential
d : Q’)?R(X) — Q’?"ﬂé(X) Define its adjoint d* : Q?{,R(X) — Q’;(_’R}(X) by d* =
(—1)F x~1 dx.

Proposition 12.7. Ifa € QXR, then (a,d*B) 2 = (da, B) 2

Proof. By the Leibniz rule, d(a A %) = da A8+ (—1) a A d(*B). Since d(a A *3)
is closed, this implies that the right-hand side is

(da, B) 2 = /da/\*ﬁ (— )k+1/xa/\d(*,8):/Xa/\*d*ﬁz(oz,d*ﬁ)m

O
Definition 12.8. The Laplacian Ay : QXR(X) — Q])f(’R(X) is given by Ay =
dd* 4 d*d.
The name of the Laplacian is justified by the fact that when k& = 0, Ag(f) =
Proposition 12.9. Ay is self adjoint with respect to the L?-metric
Proof.
(o, dd* B+ d*dp) = (a,dd*B) + (o, d*dp)
= (d"a,d* ) + (da, df)
= (dd*a, B) + (d*da, B)
= (Aqa, B)
O

For later convenience, we also record the following
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Lemma 12.10. (o, Ayg(8))r2 = (d*a, d*B) + (da, df)

Definition 12.11. Call o a harmonic k-form if Aj(a) = 0. For the set of all
harmonic k-forms, write

HE, = {a € W r(X): Ag(a) =0}
Proposition 12.12. « is harmonic if and only if da = d*a = 0.

Proof. The implication < is immediate. For the other direction, suppose Ag(a) =
0. Then
0= (o, Ag(a)) = (do, dav) + (d* e, d* )
so the positive definiteness of (-,-)r2 implies that do = 0 and d*« = 0.
U

12.2. Harmonic forms and de Rham cohomology. Proposition [12.12] implies
that harmonic forms are all closed, which gives a map HY (X) — Hjjp(X) with
a = |al.

Proposition 12.13. The natural map HX (X) — HE.(X) is injective

Proof. Suppose that « is harmonic and o = dB. Then

(ava)L2 = (aadﬁ)Lz = (d*aaﬂ)LQ = (Ovﬁ)LQO
by Proposition |12.12 O

Showing that the natural map is surjective requires the following hard analysis
result (elliptic differential operators).

Theorem 12.14 (Hodge decomposition). Q% 5(X) = HE (X) @& Ay(Q% 5(X))

Corollary 12.15. ’H’gd(X) = Hko(X)

Proof. It remains to show that HX (X) < H},(X) is onto. Let a € Q’)“(,R(X)
be closed. By Theorem a = f+ Ay(y) with 8 harmonic. Expanding this
expression, o = 3 + dd*(v) + d*d(~). Since «, 8, and dd*(v) are both closed, it
follows that d*d~ is closed as well.
Therefore,
(d*dry,d*dy) 2 = (dy,dd*dy) 2 = 0,
so a« = 4 dd*y and [a] = [5]. O

12.3. Duality theorems. We will deduce several duality results using the Hodge
* operator  : Q])C(,R(X) — Q%}fﬂgk(X). On k-forms, the Hodge * is given by - Axa =
g(-, ) Vol.

Ezercise 12.16. Let’s look at *j on the fibre QQR. Choose a basis e1, ..., ea, of Qg
such that Vol = ey A+ - -Aeg,. Show that if iy < -+ < i and j; < -+ < Jon_g so that
{i1, . s J1y -y Jon—ik} = {1,...,2n} then *(e;, A---Ae;, ) = sgn(o)(ej, A---Aej, )
where ¢ is the permutation whose 1-line notation is 1, ...,%J1,- - Jon—k-

Proposition 12.17. %2 = (—1)*27=k) . Q]§(’R(X) — Q]){(,R(X)

Proof. By Exercise [12.16] x%(e;, A -+ Ae;,,) = sgn(o’)e;, A---e;,, where o’ is the
permutation that takes i1,%9,...,%k, J1,---,J2n—k O J1, .-+, J2n—ksi1,--.,%k. The
sign of this permutation is (—1)k(2n=*), O
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Proposition 12.18. For all a € Q’%,R(X), Ay (@) = xA4a.

Proof. Exercise (Hint: use Ay = dd* 4+ d*d; the hard part is the signs). O
Proposition 12.19. d* = (—1)* =1 d% and d* = — * dx

Proof. This follows from the fact that & — (k + 1)? is odd. O
Corollary 12.20. If « is Harmonic, then x« is Harmonic.

Corollary 12.21. * induces an isomorphism H% (X) = ’HZZ_IC(X).

Corollary 12.22 (Poincaré duality). The pairing HZd (X)x HZ’};’“(X) — R given
by (a, B) — fX a A B is non-degenerate.

Proof. For each o € Hgd (X), we need a Harmonic 2n—k form j such that [ aAS #
0. Set 8 = xa. Now, [aAxa= [g(a,a)Vol = (a,a)r2 #0. O

13. THE COMPLEX CASE

We would like to refine the duality theorems above to work on Dolbeault coho-
mology.

Recall the complexified tangent bundle Tx ¢ = T4 @ T%!, and the decomposi-
tion Qx ¢ = Q10 @ Q%1 If g is an inner product on Tx g, then we extend this to
a Hermetian inner product & on T'x ¢ by the formula h(v,u) := g(v, @), where g is
extended to be C-linear.

Lemma 13.1. The decomposition Tx ¢ = T10 ¢ T is orthogonal with respect to
h(u,v).

Proof. Consider the fibre T, c = T ST Ifv e T.c, then its components are
1
5(v —il(v)) € T}°
1
5(v +il(v)) € T>?
Now, for v,w € T} ¢,
h(v —ilv,w + ilw) = g(v — ilv,w — iIw)
= g(v, @) — ig(v, [w) — ig(Iv,w) — g(ITv, [w) =0
because g is I-invariant, so the terms above cancel. (I

Extending h to Q’;QC(X), we find that the decomposition Q’;QC(X) =B oipor 2(X)
is also an orthogonal decomposition with respect to h. This naturally gives us a
norm

Definition 13.2. For a, 3 € QP4(X), the L?-norm is

(o, B)p2 = /Xh(oz,ﬁ) Vol € C

w™

where Vol = o
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13.1. Kahler identities. Let X be a complex Hermitian manifold of dimension
2n. Let g be a Riemannian metric on 2x g and h a Hermitian metric on Q]§<,<c =
Qxr ®r C. Expanding all our definitions, recall that

h(c, B) Vol = g(a, ) Vol = a A #f3

and that o € QRY(X) and 3 € Qg(/’ql (X), then h(a, 3) = 0 unless p = p’ and ¢ = ¢’
by Lemma|13.1

Definition 13.3. Let d := — % 9% and 9* := — x Ox.

Proposition 13.4. 0* is adjoint to O and 0* is adjoint to O with respect to the
complexified L* norm.

The following exercises will be useful for the proof.
Ezercise 13.5. If § € Q%I (X), then 4 € Q% " P(X).
Exercise 13.6. %3 = /3.

Proof of Proposition|15.4). This proof will follow a plan roughly the same as the
proof of Proposition [12.7, Let o € Qg{l’q(X) and 8 € QP9(X). We need to show
that (Oa, 8) = (o, 0* ).

Expanding the left-hand side, we get

(Oa, B) L2 :/ h(da, 8) Vol z/ g(da, B) Vol = / da A xf3
p's p's X
By Exercises [13.5 and
a AN e QINX) = Oan*p) e QITHX) =0

because A" Q%1(X) = 0. Hence, d(a A xB) = d(a A *f), which implies that
fX d(a A x3) = 0 by Stokes’ theorem. One can now complete this proof by using
the Leibniz rule as in the proof of Proposition [12.7] (]

As before, we now define our Laplacian operators Ay = 09" + 90 : P X) —
OP4(X) and Az = 00* 4+ 90* + 0. We also define our other operators L := w A — :
OP9(X)[toQPTHaTL( X)), A the adjoint of L.

Theorem 13.7. If X is Kdhler (i.e. dw = 0), then we have the following identities.
(i) [B:,L} =[0,L] =0 and [5’; Al = [0%,A] = 0. -
(ii) [0*, L] =10, [0*,L] = —id, [A, 0] = —i0*, and [A,J] = i0*
Lemma 13.8. A = 'L«
Proof. Let a € Q’)“(,(C(X), B e Q])“{é(X) Then
g(a, LB) Vol = g(Lg, «) Vol
= LB A *xa
=wA B A *xa
=B AwA*a because w is a 2-form
= B8 A L(xa)
= g(B,* 'L * a) Vol
= B A L(xa) = g(B,+ 'L x a) Vol
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Proof of Theorem[13.7}
(i) We show that [0%,A] = [0%,A] = 0. If a € QP9(X), then

[0*,A](a) = 0*(x 'L a) —+ 'L x (0*a)
= % 0sxx Lxa+sx Lxxdxa
= — % OL(xa) + (-1« 1 LO(xa) = —x[0,L](xa) =0 because [d,L] =0
(ii) We won’t prove this. It uses the Lefschetz decomposition Q% = @ L?(P*~2)
where P? = ker(A : QJ)‘QC — Qg{é) For the remainder, see page 120 of
Huybrechts.
(]

These relations can be used to prove the following, which allows us to refine our
knowledge of Harmonic forms to work on (p, ¢)-forms.

Theorem 13.9. Ay = Az = 1A,

Lemma 13.10. 99* +90*0 =0

Proof.
100" +8%9) = A[A, 8] + [A, 9]0 = OAD — >N + A® — DAD = 0
(I
Proof of Theorem[15.9

Ay = 00" + 9*0 = i0[A, J] + i[A, ]
=i0(AD — OA) +i(AD — ON)O
i(OAD — OOA + AOO — OAD)
=i(([0, A] + AD)D — DOA + AJD — D([A, 3] + OA)
= i(—i0* + AD)D — DOA + ADO — 9(i0* + OA)

Now, the identities 0% = 0% = 00 + 00 = 0 imply that the above is equal to
0*0 + 00" = Aj.
Next, we show that %Ad = Ap.
Ag=dd" +d"d
= (04 0)(9* +9*) + (0" +0*)(0 + )
= Ap + Aj + cross-terms
= Ay + Ay + (00" + 00* + 0*0 + 9*0)
:A5+A5+85*+6*6=A6+A3
where the final equality is by Lemma [13.10 (Il

Theorem has a number of important consequences. Among them is the
following lemma, which allows us to decompose Harmonic forms into harmonic
p, g-forms.

Lemma 13.11. Suppose X is Kihler and « € Q% (X) such that oo = > prg=k O
is a decomposition as (p,q)-forms. If « is harmonic, then so is o9 for all p,q.
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Proof. Ag(e) = 0 by assumption. This implies that Ag(a) = 0 by Theorem [13.9]
SO
> Ap(aPt) =0 = Ap(a) =0
p+q=Fk

for all p, ¢ because the decomposition of Q])C(,«:(X) into p, ¢g-forms is a direct sum. [J
Definition 13.12.

(3) HET(X) i= {a € QP9(X) : Ayla)
(4) HAN(X) == {a € QPI(X) : Ap(a)

If X is Kéhler, then Hig (X) = HRI(X).

}

0
0}

Corollary 13.13. If X is compact and Kahler, then
HA(XC) = D HRX)
p+q=kp,q=0
where HYY(X) = {a € QFL(X) @ Ag(a) = 0} = {a € QR (X) @ Ag(a) =
Aj(a) =0}

By Corollary [12.15, HX (X,C) = H}p(X,C) = H*(X,C). We can understand
the right-hand side of the statement above in similar terms. There is a linear map
HRU(X) — HPY(X) := ker(9 : QP4 — QP2H1) = im(9). Showing that this is
injective is not too bad. By applying hard theorems from elliptic operator theory,
one obtains the following result
Theorem 13.14. HRYY(X) — HP4(X) is an isomorphism.

Hence, HP(X) = H9(X, Q% ), where Qx is the holomorphic cotangent bundle
(which by GAGA corresponds to the algebraic cotangent bundle). Putting all these
isomorphisms together, we obtain

Corollary 13.15. If X is compact and Kdhler, then
H*(X,C)= H*(X,C)= @ H"(X)= @ H"(Q%).
p+q=k p+q=k
P,q=0 P,q=0

Recall that complex conjugation gives and isomorphism QP4 = Q%P If o €
QP(X) is harmonic, then

(Ag(a) =0 = Ag4(a) =0) = HPI(X) = HL(X) = H(X) = H"P(X)
This is important enough, that we dignify it with the title of Theorem

Theorem 13.16. HP4(X) > H?P(X)

We have now established all the Hodge theory that we will need and we can
move on to applications!
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Part 2. The Torelli Theorems

Our first goal in this new age will be to establish the Torelli theorem for curves.
Let C be a projecive complex variety of dimension 1. Recall from Exercise [8.1
that Pic(C') & H'(O%) and that the boundary map

HYO%) ¥ H2(C,2) ~ 7

associates to each line bundles L an integer, which we will denote by deg L.
Since dim C = 1, H?(C, O¢) = 0, so deg is surjective. We now study its kernel.

14. JACOBIANS
Definition 14.1. The Jacobian of C' is
Jac’(C) := kerdeg = {L : deg L = 0}.

We will soon see that the Jacobian is not only an abelian group, but also a com-
pact complex manifold. The Torelli theorem says roughly that we can completely
recover C' from Jac’(C) and a little bit of extra data.

Consider the long exact sequence arising from the exponential sequence

.= HY(C,Z) - HY(C,0¢0) — H(C,0%) — H*(C,Z) — 0.
—————
~7,

There is a short exact subsequence

0— HY(C,Z) - H(C,0¢) — Jac’(C) = 0
For exactness on the left, note that the exponential map C = H°(O¢) — H°(OF)C*
is surjective. Hence,

Jac’(C) = H'(C,0c)/i(H'(C,Z)) = H'(C)/H' (C, Z).

From Hodge theory, we have H*(C) = H'(C) = H°(C,w¢) = C9, and we know
that H'(C,Z) = H,(C,7) = 7?9. Hence, Jac’(C) = C9/Z?9, a complex torus.
Definition 14.2. A torus is a quotient C"/A, where A is a free abelian group
spanning C™ over R.

A complex torus is always compact and has a natural complex structure that

makes the surjection C* — C™/A holomorphic. A complex torus is also a group,
so Jac’(C) is an abelian variety.

Remark 14.3. We haven’t shown that H'(C,Z) is full rank in H%'(C). We'll talk
about it more in the future.

14.1. Getting a better handle on the Jacobian. To get a better handle on
the Jacobian H*!(C)/H'(C,Z), we’ll use Serre duality. Let X be a compact
Kéhler manifold of dimension 2n. Define a pairing H?9(X) x H" " 4(X) — C
by (a,) = [y a A B. This pairing is positive definite: given o € H?(X), xa €
Hn=am=P(X), so FaH"P"~4(X) and

(a,@):/a/\m:/h(a,a)Vol>O.

Hence, we have the Serre duality isomorphism H?9(X) = (H"Pm49(X))Y by
a— (a,-).
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Applying this to H%!(C), we obtain an isomorphism H%!(C) = HY(C)V =
(H°(we))Y, and from this, it follows that

Jac’(C) = H™'(C)/H'(C,Z) = H"°(C)V/H\(C,Z).

We can understand the right-hand side explicitly in terms of forms and singular
homology. Consider an element [o] € H?(X) with o a (1,0)-form. Locally, we
can write o = fdz = fdx + if dy where f is a smooth complex-valued function.
Since « is closed, it follows from Stokes’ theorem that for any loop v representing
a class [y] € H1(C,Z), we obtain a well-defined complex number f,y a € C. This
yields a nice description

Jac®(C) = coker (Hl(a Z) — HI’O(C)V>

i [

14.2. A bilinear pairing. Besides the Jacobian, we will need a little bit of extra
data to determine C. Recall H'(C,C) = H"(C) @ H*'(C). We have a bilinear
pairing @ : H*(C,C) x H*(C,C) — C given by Q(a, 8) = [« A 8. This pairing
has a number of properties:

Proposition 14.4.
(i) If o, 8 € HY(C) or o, 8 € H*'(C), then [a A B =0.
(i) Ifa#0€ HYO(C), then iQ(a, &) > 0 (and is real!)
Proof.

(i) This follows immediatley because H*%(C') = H%2(C) = 0.

(ii) To understand @, let’s work out what the % operator does. In this context,
you can work out from Propositions that * : dz — dy and * : dy — —dz.
Hence, in the basis dz = dz + idy, * : dz — —idz. Now,

iQ(oz,o‘z):/a/\(ia):/a/\(fia):/a/\@>0

15. HODGE THEORY ON ABELIAN VARIETIES
Let C be a curve of genus g.

Definition 15.1. The Hodge metric of C is the positive definite Hermitian metric
on H0(C) defined by

hay) = iQGw. i) =i [ 2 ng
We can now precisely state our goal.

Theorem 15.2. C is completely determined by the data of:

(i) The g-dimensional complex vector space HY°(C)
(ii) The rank 2g lattice A = Hy(C,Z) embedded with full rank in H°(C)Y
(i) The Hodge metric h

To proceed, we need to describe the Hodge theory of the g-dimensional torus.
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15.1. Hodge theory of complex tori. Let X = CY9/A with A a rank 2¢ lattice
spanning C9 over R. We will work out the Hodge theory for the torus X. For each
x € X, we have an isomorphism 7, : X — X given by v — x 4 v, which induces an
isomorphism d7y : Tx,0 = Tx 5. It follows that the tangent bundle of X is trivial,
since the group action gives us a nonvanishing global section.

15.1.1. Tori are Kdihler. To see that X is Kéhler, take local coordinates x1,...,xq
on X, which yield 1-forms dz1,...,dx, (more geometrically, d(x + a) = dx because
da = 0). Now take w = > dz; A dZ; to be our Kéhler form. This is obviously
Hermitian and positive definite, since its matrix is the identity.

15.1.2. Cohomology of tori. In sheaf notation, the statement that the tangent bun-
dle of X is trivial is that Ox ®T, ¢ — Tx. Dualizing, we obtain Qx — Ox®Qx .
Hence,

(5)  HPI(X) = HU(Q%) = HI(N" Qx0 @ Ox) = A Qx 0 ® HI(Ox).

Since X is Kahler, we now obtain

HY(Ox) = H(X) = H10(X) = /q\QX,O,
and substituting this into Equation [5| we obtain
Proposition 15.3. H?9(X) 2 A\’ Qxo® A7 Qxo
and
Corollary 15.4. H?(X,C) =@, ,_, A" Qx.0 @ A" Qx.0 2 AP (Qx,0 ® Qx 0)

Since H*(X,C) 2 Qx 0 ® Qx,0, we have found a new proof that the cohomology
ring of a torus is the exterior algebra.

15.1.3. Jacobians. If X = Jac’(C), then Ty,c0(0y0 = HYO(C)Y, 0 Qyaeo(cy0 =
HY(C) and QJaCO(C),O =~ H%1(C). The following results are direct consequences
of this observation and the preceding discussion.

Proposition 15.5. HP9(Jac’(C)) = AP H'O(C) @ A? HO'(C)

Corollary 15.6. H?(Jac’(C),C) = A\? H'(C,C)

We have a bilinear form Q on H*(C, C), so we can identify H'(C,C) = H'(Jac’(C),C)
with its dual. Hence, we can identify H?(Jac’(C),C) with alternating 2-forms
HY(C,C) x HY(C,C) — C.

Now, regard @ as an element of H?(Jac’(C),C). By Proposition Q €
HY' (Jac’(0)).

Let ¢ be the restriction of Q to H*(C,Z) C H(C,C).

Proposition 15.7. q is integer-valued; that is,
q € Alto(H'(C,Z)Y,Z) = Alto(H*(C, Z),Z) = H*(C,Z)

Proof. Exercise. The second isomorphism comes from identifying H'(C,Z) with
its dual via q. O

It follows that ¢ € H?(Jac’(C),Z) N H'(Jac’(C)).
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Theorem 15.8 (Lefschetz theorem for (1,1)-forms). If X is a Kahler manifold,
Pic(X) = H'(O%) — H*(X,Z)n H"(X)

18 surjective.

Proof. Next time O

Corollary 15.9. ¢ = ¢;(0) for some line bundle  on Jac’(C).

Remark 15.10. If you are an algebraic geometer, you immediately wonder what line
bundle 6 is. To specify a line bundle on a variety, you can give a divisor. Any point
p € C gives an isomorphism Jac’(C') — Jac?™!(C) given by L +— L((g — 1)p).

By Riemann-Roch, x(L) = deg(L) + 1 — g, so if L € Pic?"(C), then h°(L) —
h'(L) = 0.

In general, L € Pic?”*(C) has zero sections; therefore, f corresponds to the set
of effective line bundles, regarded as a subscheme of Jac? ™! (C).
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