The dynamical zeta function
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1. An invertible integer matrix A € GL,,(Z) generates a toral automorphism
f:T" — T" via the formula

fomrm=moA, 7:R" - T :=R"/Z"

The set

Fix(f) =={x € T": f(x) =z}
of fixed points of f is the kernel of the homomorphism 1 — f : T" — T". Now
df(x) = A for € T" and, if 1 — df (z) is invertible whenever f(x) = z, then
the fixed points of f are isolated and hence finite in number. In fact

Theorem 2. If det(I — A) # 0 then #Fix(f) = | det(I — A) |.

Lemma 3 (Smith Normal Form!). If B € Z™™ there exist P € GL,,(Z)
and QQ € GL,(Z) such that B = PDQ where D is diagonal, (i.e. D;; =0
for i # j) and, where d; := Dy we have d; > 0 and d; divides d;y, for
i=1,...,min(m,n).

Proof. Do row and column operations to get the ged of the B;; in the (1,1)
position and zero elsewhere in the first row and column and then induct on
the size of the matrix. O

Proof of Theorem 2. By Smith [ — A= PDQ so1— f = ¢ o o1 where ¢

and ¢ are automorphisms and

d(m(x)) = n(dyx, dox, ..., dyx),

IThis is essentially the fundamental theorem for abelian groups.



Hence det(I — A) = det(P)det(D) det(Q) = £d; - - - d,,. Now

k1 kn
cker(d) <= v=7|—,...,
x € ker(9) x 7r<d1, ’dn)
for some integers k; with k; = 0,...,k; — 1. Because ¢ and v are automor-

phisms, # ker(1 — f) = # ker(d). Hence
|det(I — A)| =dy---d, = #ker(8) = #ker(1 — f) = #Fix(f) n
Definition 4. Let f: X — X have the property that
Ny, := #Fix(f")

is finite for all £ = 1,2, .... Then the dynamical zeta function for f is the

formal power series
oo

k
(r(t) o= exp (Z Al ) |

k=1

Note that each orbit of f or period k consists of k fixed points of f* so that
log (f(t) is the generating function for the number Ny /k of periodic orbits of
period k.

Theorem 5. Let A € {0,1}™ and let 04 : ¥4 — X4 be the corresponding
subshift of finite type. Then

Coy(t) = det(I —tA) .

Proof. The (i, j) in A* is the number of paths in the incidence graph from i
to j Hence Ny = tr(A*) is the number of closed paths in the incidence graph,
i.e. the number if distinct elements of ¥4 which are periodic of period k.

Thus -
((t) = exp <Z #)

k=1
= exptr(—log(l —tA))
= det exp(—log(I — tA))
= det(f —tA)™!
where we have used the formula exp tr(B) = det exp(B) (the exponential of

the sum of the eigenvalues is the product of the exponentials of the eigenval-
ues). O



Theorem 6. Assume that Ny = det(I — A¥) and define

Z Ntk

k=

as above. Then
1)j+1

H det (T — tATA))"

Proof. For any matrix B € R"*" we have

n

det(I — B) = Y (-1)tr(A/B)

=0

where A7B : AVR™ — AJR™ is the map on the jth exterior power induced by
B :R" — R". Note that A’ is functorial: AJ(Bj o By) = (AB;) o (A By).

Now
oo

th Ny,

log((t) =

n (_1)j+1
trlog ((I — tAjA> )
0
n (=17t
=tr log ((I — tAjA> )
=0

J]=

<.
Il



so exponentiating

:Hdetexplog( —tA]A Hdet —tA]A))( 2
Jj=0 O

7. Assume f : M — M is a smooth map of a compact oriented manifold of
dimension n and let I' € M x M denote the graph of f and A C M x M
denote the diagonal, Then a point p € M is a fixed point of f (i.e. f(p) = p)
iff (p,p) e TNAiff pe F7'(A). Then the submanifolds T and A of M x M
intersect transversally at (p,p) if and only if the I — df (p) : T,M — T,M is
invertible. In this case we say that the fixed point is nondegenerate and
define the fixed point index of f at p by

i(f,p) == sgndet(1 — df ((p))-

Since

ittt =g (10 ) = (o 1)

we see that i(f,p) = 1 if the orientation of T(,,)I" induced by the graph map
and the orientation of T, A induced by the diagonal map add up to the
orientation of T{,,) M x M and that i(f,p) = —1 otherwise.

Theorem 8 (Lefschetz Fixed Point Theorem). Assume that f has only non-
degenerate fized points. Then

n

Y ilfip) =) (~1Yte(Hy(f) - Hi(M,R) — H;(M,R)).

f(o)=p 3=0
Proof. [1] page 129. O

Theorem 9. Let f be the toral automorphism induced by A € GL,(Z) and
assume A is hyperbolic (no eigenvalue on the unit circle) then there is an A
mvariant splitting R™ = E*@® EY, an inner product on R™, and a number A\ €
(0,1) such that ||Av]] < MJv|| forv € E* and || A~ ]| < Ajv]| forv € E*. Let
((t) be defined in Theorem 6 and u = dim E*. Then (;(t) = ¢(t)V" if A|E®

preserves orientation and Cp(t) = (t) V" if A|E® reverses orientation.



Proof. For M = T™ and f the toral automorphism induced by A we have
H;(M,R) = AMR™ and H;(f) = AVA. Since df(p) = A the left hand side
of the Lefschetz fixed point formula is +#Fix(f) where + = sgndet(/ — A)
and the right hand side is det(I — A) = >_,(=1)'tr(A7A). Now + = (—1)"
if det(A|E*) > 0 and £ = (—1)“*! if det(A|E*) < 0. Now mimick the proof
of Theorem 6 replacing t by (4t). O

Definition 10. A diffeomorphism f : M — M is called Anosov iff there is
an f invariant splitting TM = E° & E*, a Riemannian metric on M, and a
number A € (0, 1) such that ||df (p)v|| < AJv| for v € E5 and [|df ' (p)v|| <
Av]| for v € E}.

Theorem 11. The zeta function of an orientation preserving Anosov diffeo-
morphism on a compact orientable manifold is rational.

Proof. If E* is orientable and df |E" preserves orientation the proof is essen-
tially the same as the proof of Theorem 6: read H; for A; and use that H; is
functorial. The tricky part is to see that at a point p of period k the index
i(f*,p) is depends only on f and the parity of k.2 (See [5] and the other
references. ) O
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