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1. Each element g € SO(3) is a rotation through an angle § = ©(g) about some
fixed axis. Our objective is to calculate the probability

Pla<© < p)=pu(0 " (a,))

for 0 < a < 8 < 7w where the probability measure p is the normalized Haar
measure on SO(3), i.e. the unique volume form on G of total mass one which
is invariant under the left translations (and therefore also right translations).
Now

Pla<O < 8)=P(cosa > cos© > cos 3)

so it is enough to calculate the latter.

Lemma 2. Let

SU(2) = SO(3):q—g
denote the double cover, i.e. for ¢ € SU(2) and ¢ € T.SU(2) = R3 we have

9(q) = qdq "
Then )
cos O(g) = Tr(zq) -1

where Tr(q) denotes the trace of q.

Proof. The elements of SU(2) are the unit quaternions

-

We can write ¢ € SU(2) as

ST

), ult + vo = 1.

IS

q = To0o + X101 + X202 + X303 (#)

where u = g + ix1, v = x5 + iz3 and the o; are the Pauli matrices

(10 (i 0 (01 (0 i
99=1p 1) =\o ) 2=\ -10) =i 0)



The Lie algebra T,SU(2) of SU(2 is the span of o1, 0g, o3 . For the diagonal

matrix
e 0
d¢ = 0 e~ 10 )

the corresponding rotation g4 has axis o1 and rotates the span of o9 and o3
through an angle of § = 2¢. Hence

cos O(gy) = cos(2¢) = 2cos? ¢ — 1 = M _1

The lemma follows since every element ¢ € SU(2) is conjugate to a diagonal
matrix. O

3. Because the Euclidean norm is multiplicative on the quaternions, the volume
element on S* = SU(2) inherited from R* is invariant under left and right
translations by a unit quaternion and is therefore (up to a normalization) the
invariant volume form on SU(2). This volume element is obtained by interior
multiplication with the radial vector field and restricting to S and is thus

w = xgdry drs drs — 11 dxg drs drs + xo drg dry daes — x3 drg day das.

The volume of S3 is 272, Hence for any measurable subset X of SO(3) we have

that )
X)=
n(X) = 35 [ o

where X C SU(2) is the preimage of X C SO(3) under the double cover. In the
notation of (#) the trace of ¢ is Tr(q) = 2z so

cosO(g) =22 — 1

by the lemma. If ¢ € S? is one of the preimage of g € SO(3), then the other one
is —q so

P(bgcos@ga)z%/ w (1)
X (b,a)

s

for =1 < b < a <1 where

b+ 1 / 1
X(b7a’) = {(mO?mlax27I3)€SBZ %§$0§ a; }

Note that X (b, a) is a subset of the upper hemisphere zy > 0.

4. To evaluate the integral we parameterize the upper hemisphere by the unit
ball B3 C R3 via the map f : B3 — S defined by

flx1, 22, 23) = (Vl—P2,$17$2,fU3), p = a7 + a3 + 3.

Now

[ (xo dxy dao dxs) = \/1 — p? dxy day dus



and
T dry + xo dxe + x3 dxs3

f*d{L‘O = —

Lo
SO
2

f*(—l‘l dl‘o dwg dl‘3) = % d.]?l d.]?g dl‘g
0

with similar formulas for f*(xzo dxodzy drs) and f*(—xz3 dxg dzy dzs) so
2 dx1 dxo d
frw= 17p2+p7 dxldmdx?):w_
V1—p? V1—p?

In spherical coordinates, x1 = psin¢cosf, ro = psingsinb, x3 = pcos o, we
get
p?singdpdo df

V1= p?
X(b,a) = {(z0,21,72,23) €S* : b < 1—2p* < a}

1-— 1-—
= {(xo,l‘l,@,x:s )EeS?: - \/2b}~

Hence by (1) we have

2m V(1-b)/2 2
Pb<cos® <a)= 2/ / / sin ¢ dp d¢ db
i N

fro=

Also

| A

This evaluates to
P(b<cosO <a)=F(a)— F(b)

where
1 — 2 —
F(z) = Lo —251n1< ! x)
T T 2
Since 0 sing
F(cosf) = 7Y
s

the expression for the probability simplifies to

f—sinf «a—sina

Pla<©<p) =

™



