Math 234

What you should know on day one
August 28, 2001

1. You should be able to use general principles like
Length = / ds, Area = / dA, Volume = / dv.
For example the length of the semi circle
T = cost, y = sint, 0<t<n

is
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2. You should be able to derive a formula like

2
ds:“r2+ <%> do

from more general formulas. For example, the last formula can be derived by
taking ¢ = @ in the formula

ds = d_x 2—1— @ 2dt z = 1cosb =rsinf
AN at ) - r Y= '

3. You should be comfortable with the idea of approximating a function by a
(Taylor) polynomial. The polynomial of degree n which best approximates the
function f(x) near x = a is the Taylor polynomial
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The linear approximation is the case n = 1 and is given by

L(z) = f(a) + f'(a)(z — a).



Thus y = L(z) is the equation for the tangent line to y = f(z) at the point
(z,y) = (a, f(a)). The quadratic approximation is the case n = 2 and is given

by "
Q) = f(a) + F@)(e —a) + D@ — a2

If f'(a) =0 and f”(a) # 0 then f(z) has a (local) minimum (or maximum) at
x = a if and only if @) does.

4. You should be comfortable with differentials and simple differential equa-
tions.

5. You should be comfortable with the distinction between vectors and points.
The notation P(z,y, z) means that P is the point with coordinates x,y, z. The
vector from Py (x1,y1,21) to Po(xa,y2, 22) is

—_—
PPy = (22 —x1)i+ (y2 — y1)j + (22 — 21)k.

A translation which moves P; to P{ and P, toP} leaves the vector from P; to
P, unchanged; i.e. ]TPQ) = ]TPQ’) if and only if PP, and PjPj are opposite
edges of a parallelogram. (In particular, if ]TP; = JTPQ’), then the four points
Py, Py, P, P} are coplanar.)

6. You should know the fundamental vector operations. Suppose c is a scalar
(number) and

a = a1i+ asj + ask, b = byi + baj + b3k,
are vectors. There are five vector operations:

Vector Addition. a+b = (a1 + b1)i+ (az + b2)j + (as + bs)k.

Scalar Product. ca = caii+ casj + cask.

Dot Product. a-b =a1by + asbs + azbs.

Cross Product. a x b = (agbs — azba)i+ (azby — a1ba)j + (a1by — asby k.
Length. la| = va-a=/a? + a3 + da3.

The formula for the cross product can best be remembered with the determinant

formula
a; a2 as
axb= b1 bg bg
i j k

7. You should be familiar with the geometric interpretations of the vector op-
erations.

e To add a and b translate b so its tail is the tip of a and draw the vector
for the tail of a to the tip of b. In other words, P, P, + P,P3 = P, Ps.




The vector ca points in the same direction as a if ¢ > 0 and in the opposite
direction if ¢ < 0. Its length is |c| times the length of a, i.e. |ca| = || |a].

If 6 is the angle between a and b then
a-b =|a||b| cosb

and
|a x b| = |a]|b]| sin 6.

eaxblaaxblb,andaxb=—-bxa.

—_—
|a| is the distance from the tail of a to the tip of a; i.e. d(P1, P2) = |P1Ps|
is the distance from the point P; to the point Ps.

8. You should know how to use the geometric interpretation ro guide calcula-
tions. For example,

e The point P lies on the line parallel to the vector L through the point
Py if and only if ﬁ = tL for some number ¢. In particular the vector
equation 1307}3 = tﬁ)ﬁ gives parametric equations for the line through the
points Py and P;.

e Thus the line through the points Py(xo, Yo, 20) and P;(x1,y1,21) has the
parametric equations

T = xo + t(r1 — 20), Y =10 +t(y1 — Yo), z =z +t(z1 — 20),

i.e. a point P(z,y,z) lies on this line if and only if its coordinates satisfy
these parametric equations for some value of . Eliminating ¢ gives the
“symmetric equations” for the line:

T—Zo  Y—Y _ 22— %0

xr1 — o Y1 — Yo 21 — 20

e The point P lies on the plane perpendicular to the vector N through the
— P—

point Py if and only if PpP L N, i.e. N - PP = 0. Thus the point

P(z,y,x) lies on plane perpendicular to N = ai + bj + ck and through

Py(zo, yo, 20) if and only if its coordinates satisfy the equation

a(z — o) +b(y —yo) + c(z — 20) = 0.

e If the angle between a and b is 6, the length of the projection of b along
a is |b|cosf and the area of the parallelogram with edges a and b is
|a] |b| sin §, The area of a triangle is one half the area of the corresponding
parallelogram, and the volume of a parallelopiped is the area of the base
time the altitude. (The altitude is the length of the projection of the third
edge along the perpendicular to the first two.)



9. You should be familiar with parametric representation of a curve. When the
point P is a function of time (or some other parameter) ¢ the equations

v=at), y=yl), z=z(),

are parametric equations for the curve. The position vector for the point
P(x,y,z) is
- . .
r=0P=xi+yj+zk

where 0(0,0,0) is the origin. The velocity vector of the parametric curve is

v—@—d—xi—&-@'ﬁ-%k
Todt dt ad T ar e

The acceleration vector is

dv _ Pag Py P
dt ~— dt2 a2 T

10. You should have seen conic sections. (We will meet conic sections in 234:
a planet moves in an ellipse with the sun at a focus.) If F} and F, are given
points (in a plane) and 2a > d(Fi, F»), then the set of all points P such that

d(P, Fy) + d(P, Fy) = 2a

is the ellipse with foci F; and F> and major axis 2a. If F'is a point, L is a line,
and 0 < e < 1, then the set of all points P such that

d(P,F) = ed(P,L)

is the ellipse with eccentricity e, directrix L, and corresponding focus at F'.

1 Practice Questions
11. The following question involve the three points

A(-1,0,2),  B(2,1,-1), C(1,-2,2).

(i) Find the angle ABC.

Answer: The angle 6 is given by the formula

—_— =
BA .- BC
cosf = p— p—
‘BA‘ ‘BC‘
Now

—
BA = (—1—2)i+(0—1)j+(2—2)k = —-3i—]
BC (1-2)i+(—2-1j+@2-(-1)k = —i-3j+3k



SO
—

BA-BC = (=3)(~1) + (~1)(=3) + (0)(3) = 6,
‘ﬂ‘:\/9+1+ = V10, ‘B.(f‘=\/1+9+ = V19
and 6 = cos™*(6/+/190).

(ii) Find an equation for the plane containing the three points A, B, and C.

Answer: The vector
— —
N = BA x BC,
is perpendicular to the plane and B is a point on the plane so the point P(z,y, z)

lies on the plane if and only if the vector BP is perpendicular to the vector N
so the equation of the plane is

N
N.-BP=0.
Now
-3 -1 0
N=| -1 -3 3|=-3i+9j+8k
i j k

and BP = (. —2)i+ (y — 1)j + (2 + 1)k so the equation is
—3(xz—-2)+9(y—1)+8(z+1)=0.

(iii) Find the area of the triangle ABC.

Answer: The length of N is the area of the parallelogram with edges BA and
BC so the area of the parallelogram is half this. The area is %\/9 + 81 + 64.

12. Find the distance from the origin to (the nearest point on) the line

x—2 y—1 2-—2z
3 4 5

Answer: There are several possible approaches to the problem of finding the
distance from the point P;(z1,y1,21) to the line L whose equation is

T—%o _Y—Y _ 2~ %0
= = . L
a b c (L)
(i) The line has parametric equations
r = at + xg, y = bt + yo, z =ct+ 2o,

and the distance from P; to P(z,y, z) is

r(t) = \/(at +axg—x1)2+ (bt +yo—y1)? + (ct + 20 — 21)2.

The minimum value of the function r is the distance from P; to L. To
find this solve the equation r/(¢) = 0 for ¢ and plug the answer into r(t).



(ii) The vector
v =ai+ bj+ ck

is parallel to the line. Let P(x,y, 2) be the closest point of the line L to
—_
the point P;. Then the vectors P; P and v are orthogonal so

0:Pl—P)-v:a(w—xl)—l—b(y—yl)—i—c(z—zl). (%)

The two equations (L) and the equation (x) give three equations in three
P
unknowns x, y, z. Solve to find P. The distance from P; to L is |P;P|.

(iii) Pick a point Py on the line; for example, the point Py(xg, yo, 2z0) and let P
be the closest point of the line L to the point P; as in (ii). Then P PP,
is a right triangle so

—_ — —
|PLPy|* = |P P> + |PPy 2.

—_—
Then | P Po|? = (z1 — 20)® + (y1 — y0)? + (21 — 20),

— PR
.
|PPy| = — 2 Y
v

—_—
and the distance from P; to L is | P, P|.

(iv) The vector M = v x Py Py is orthogonal to the plane containing the line and
the point P; so the vector N = v x M lies in this plane and is orthogonal
to v and hence the line. The distance from P; to the line is the length of

—_—
the projection of P; Py on N; i.e. the distance from P; to L is

NP P
53 4140
|PLP| = ——
|IN|

(v) Let Py and @ be two points on the line, e.g. Py(zo, 0, 20) and Q(zo +
a, Yo, +b, 2o + ¢). The area of the parallelogram with vertices Py, P;, and

P T —— —
Q is |PoP1 x Po@|. But this area is also the length of the base | Py@| times
the height and the height is the distance from P; to the line. Hence the
distance from P; to L is
—_—
|PoP1 x PoQ)

—
[P Q|
13. The following questions concern the four points
P1(17273)7 P2(47171)7 Q1(27374)7 Q2(17571)

(i) Find parametric equations for the line Py P, through P; and Ps, and for the
line Q1Q> through @7 and Q-.



(ii) Find a unit vector u perpendicular to both the lines P, Py and Q1Qs.
(iii) Find the distance d(P; Py, Q1Q2) between the lines Py Py and Q1 Q2.

(iv) Find an equation for the plane A which contains the line PP, and is
perpendicular to u. Find an equation for the plane B which contains the
line Q1Q)2 and is perpendicular to u.

(v) The planes A and B are parallel. Find the distance between them.

(vi) Find an equation for the plane M which contains the line PP, and is
parallel to u. Find an equation for the plane N which contains the line
Q1Q2 and is parallel to u. (The planes M and N intersect.)

(vii) Find the point P on the line P; P, which is closest to the line Q1Q2. Find
the point @ on the line Q1Q2 which is closest to the line Py Ps.

(viii) Find the distance d(P, Q) from the point P to the point Q.
(ix) How to the parts of this question relate to one another?

14. The motion of a particle in the plane is governed by the equations

dx dy
a -~ AT

(i) Find parametric equations for its coordinates (z,y) at time ¢ if (z,y) =
(1,—4) when ¢t = 0. (Hint: Find z first.)

Answer: We solve the equation dz/dt = x by separation of variables:

df:dt = In(z)=t+C = z=etC,

When t =0 we have x =180 1 = et 50 C' =0 so

t

T =ce".
d
Thus d—i =—2?=—-€esoy= —e?'/2 + C;. When t = 0 we have y = —4 so
—4=—eY/24+Cy 50 Cy = —T7/2
_ et +7
Y= 5

(ii) Find the velocity vector v and the acceleration vector a.

Answer: p
v:d—ii—kd—ij:xi—ij:eti—thj
and ) )
d°x, d?y, . ote
azwl—kw.]:el—?e j-



15. Find the coefficients aj, in the Maclaurin series f(z) = Zakxk for the
k=0
function f(z) = (1 + z)%/5.

Answer: The general formula is Taylor’s series

= ¥ (a)(xz — a)*
f(x):zf (a)(@ —a)*

!
= k!

Maclaurin series arises by taking a = 0

© (k) )k
fay =y 0

k!
k=0

In case f(z) = (1 + )P this becomes the binomial formula

(1+z) = i (Z)x’f.

k=0
where
(p) _plp=Dp=2)---(p-k+1)
k k!

2 2(2 _1)(2-9)...(2 —
ak:@)zg(g 1)(2 2/3! G-k+1)



