LOWNESS FOR KURTZ RANDOMNESS

NOAM GREENBERG AND JOSEPH S. MILLER

ABSTRACT. We prove that degrees that are low for Kurtz randomness cannot
be diagonally non-recursive. Together with the work of Stephan and Yu [16],
this proves that they coincide with the hyperimmune-free non-DNR degrees,
which are also exactly the degrees that are low for weak 1-genericity.

We also consider Low (M, Kurtz), the class of degrees a such that every
element of M is a-Kurtz random. These are characterised when M is the
class of Martin-Lo6f random, computably random, or Schnorr random reals.
We show that Low(ML, Kurtz) coincides with the non-DNR degrees, while
both Low(CR, Kurtz) and Low(Schnorr, Kurtz) are exactly the non-high, non-
DNR degrees.

1. INTRODUCTION

Lowness is a notion of feebleness. A Turing degree a is called low in a given
context if it is indistinguishable from 0, the degree of recursive sets, using the
tools being examined; in other words, it is useless as an oracle for the notion of
computation under discussion. Technically, if C is a relativisable class of reals, we
say that A is low for C if C* = C.

The first notion of lowness to be examined was that of lowness for the Turing
jump: a is low if the halting set relative to a (denoted by a’) is computable from
the unrelativised halting set 0’ (in the notation of the previous paragraph, C = AY).
Spector showed that there are non-recursive low degrees [15].

Recently, attention has been focused on lowness notions arising from effective
randomness, genericity, and other classes from computability theory. Typically, the
class of degrees that are low for a class C is shown to be definable using common
notions of computability, thus shedding light on the class C itself.

The first such result is due to Slaman and Solovay [14], who showed that the
degrees that are low for EX-learning are exactly the degrees of A9, 1-generic sets.
However, lowness has come to prominence with the increased interest in algorithmic
randomness. The class of degrees that are low for Martin-Lof randomness has been
shown [11, 3] to be robust and to posses various pleasing degree-theoretic qualities,
such as being a X ideal contained in the A9 degrees and generated by its c.e.
elements. This class, known as the K-trivials, is also unique in being the only
well understood lowness class that has not yet been shown to be definable without
appealing to measure or effective randomness. As can be seen in Table 1, most
lowness classes that arise from other notions of randomness have either turned out
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to be identical to the K-trivials or have been characterised without reference to
randomness, often using the discrete notion of traceability [17, &].

On the genericity front, Greenberg, Miller and Yu (published in [18]) have shown
that the sets that are low for 1-genericity are exactly the computable ones. It
is, however, easy to construct non-computable degrees that are low for weak 1-
genericity (a set is weakly 1-generic if it is an element of all dense X)) sub-classes of
Cantor space, 2¢). In a remarkable paper [10], Stephan and Yu have characterised
the class of degrees that are low for weak 1-genericity as exactly those degrees that
are hyperimmune-free and not DNR. (The fact that such degrees are hyperimmune-
free is due to Nitzpon [13]). We recall that a degree a is hyperimmune-free (or
0-dominated) if every function f: w — w computable from a is dominated by some
recursive function; and a degree is DNR if it computes a diagonally non-recursive
function f, namely a function such that, for all e, if J(e) = pe(e) | then its value
is different from f(e) (where (@) is an effective listing of all partial computable
functions).

Stephan and Yu have also showed that each degree that is low for weak 1-
genericity is low for Kurtz tests, hence low for Kurtz randomness. This connection
between weak genericity and weak randomness may seem surprising; however, Kurtz
randomness is so weak that it may actually be considered a notion of very weak
genericity, as it only refers to open sets: a real is Kurtz-random if it lies in every
%Y class of measure one. It is known that the genericity notions themselves are
distinct: there are reals that are Kurtz random and yet are not weakly 1-generic
[9]. However, Stephan and Yu asked if the lowness notions coincided. It is easy to
see that degrees that are low for Kurtz randomness have to be hyperimmune-free
[5]; indeed, every hyperimmune degree contains a Kurtz random real [9]. In this
paper we confirm Stephan and Yu’s suspicion by showing the following:

Theorem 1.1. No DNR degree is low for Kurtz randomness. Hence the degrees that
are low for Kurtz randomness are precisely those that are low for weak 1-genericity:
the hyperimmune-free, non-DNR degrees.

We remark that another lowness result of a somewhat similar flavor has recently
been established by Simpson and Cole [1], who showed that a degree is low for
bounded limit recursiveness, a notion resembling w-r.e.-ness, if and only if it is
both superlow and jump-traceable.

Additional lowness notions can be defined by using two classes M C N as
parameters. Here a set A is in Low(M, ) if M C N4, Such notions have been
mainly investigated by Nies (see [10]). In this paper we add to our understanding
by extending Theorem 1.1 to show:

Theorem 1.2. No DNR degree is in Low(ML, Kurtz).

As a corollary, we get that all intermediate lowness classes, Low(Schnorr, Kurtz)
and Low(CR, Kurtz), also consist of non-DNR degrees. Since every high degree
contains a Schnorr random real, we get in fact:

Corollary 1.3. Low(CR,Kurtz) = Low(Schnorr, Kurtz) consists exactly of the
degrees that are non-DNR and not high.

Table 1 summarizes the current knowledge about lowness classes issuing from
notions of randomness. Two slots currently remain uncomputed:
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N
W2R ML CR Schnorr Kurtz
W2R | K-trivial [4, 7, 10] | K-trivial [4] | K-trivial [10] ? ?
P P r.e.
ML | K-trivial [11] | K-trivial [11] traceable 18] non-DNR
CR | recursive [11] recursively 4] non-high
traceable and non-DNR
recursively non-high
M Schnorr traceable [17, %] and non-DNR
hyperimmune-free
Kurtz and non-DNR
TABLE 1. Low(M,N) for various randomness classes. Note that
each class is contained in the classes above it and to its right. The
gray entries are from this paper.
Question 1.4. What are Low(W2R, Schnorr) and Low(W2R, Kurtz)?
We note that this last class contains 0’.
The main theorem (5.2) will follow from the seemingly weaker Theorem 5.1,

which states that no DNR degree is low for Kurtz tests; that is, if f is a DNR
function then there is some null IIY(f) class which is not contained in any null
IV class. The general plan for the proof of this theorem (and the organization of
this paper) is as follows. We define (in Section 3) a continuous operator P that
maps functions f: w — w to a null II{(f) class P. The aim is to make P and
P9, for distinct functions f and g, sufficiently independent, so that even though
the measure of each P/ is zero, the union of P/ for non-negligible collections of
functions f will be far from null. The technical notion of negligibility that we
employ is that of svelte trees (Definition 3.2).

Suppose that C' is a null II{ class. Since P is a continuous operator, the collection
of functions f for which Pf C C is a closed subset of Baire space w*, so it is the
set of paths through a tree T C w<¥. Essentially, we show that this tree can be
covered by sufficiently few basic clopen sets [o] so that we can make none of the
paths of T DNR, dispensing of those clopen sets o by defining J(x) = o(z) for some
z in some column of the jump function J over which we have control (using the
recursion theorem, of course). The notion of svelteness is exactly what is needed
to carry out this plan.

As mentioned, in Section 3 we define the notion of svelte trees (which applies
to finite trees); we use various calculations (which we make in Section 2) to show
that if | J P/, where f ranges over a clopen subset of w*, has small measure, then
the corresponding finite tree which generates this clopen set is svelte (Theorem
3.3). In Section 4 we generalise the situation to the case where the union ranges
over (roughly speaking) a closed class of functions, which is what appears in the
actual construction. We remark that up to and including Section 4, the paper is
completely combinatorial, and does not mention any computability.
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In Section 5 we carry out the plan and provide the proof of Theorem 5.2. In
Section 6 we generalize this result and characterise the classes Low(C, Kurtz) for
other randomness notions C.

We remark that since the discovery of the proof described in this paper, work by
the second author, motivated by results of Kjos-Hanssen’s regarding infinite subsets

of random sets, has resulted in a completely different proof of our results.

2. CALCULATIONS AND INEQUALITIES

fa) = (1?)/

is increasing on the interval (0,1).

Lemma 2.1. The function

Proof. This is routine. We show that In f is increasing on (0, 1). Note that
Inz — (1+ z)In(Le
(n fay = T2~ L)
z(z +1)(Inx)?
Since the denominator is positive when x € (0, 1), it is enough to prove that zlnz >
(142z)In(+£2) for z € (0,1). Both sides are equal when 2 = 1, so it suffices to prove

that the right hand side grows faster than the left hand side. Differentiating and
then simplifying, we need to show that Inz < hrl(l“'Tx)7 which holds when z < 1. O

Lemma 2.2. Let ég,...,0,—1 € (0,1) and € = min;<,, §;. Then

11 1+6:\ _ (1+¢ I ([Ticp 8:)/Ine
2 = 2 .

i<n

Proof. We proceed by induction on n. We get equality when n = 1. Assume that
the lemma holds for n, and let dy,...,d, € (0,1). By rearranging, we may assume
that 6,, = min;¢, 6;. Let n = min;,, d;. Since J,, < 7n, Lemma 2.1 ensures that

1+'I7 1/Inn - 1+(5n 1/1Iné,
2 - 2 '

Since In ([],,, d;) is negative,
(1 + T]>ln(ni<n %)/ Inn < <1 + 5n>1n(ni<n 8:)/nén
2 S\ 2 '

Now by induction,

[ (10 < (L) 0t 16,y
2 = 2 2 =

i<n

O

1456, In(TT, ., 8:)/Indy, 14+6,\  (1+6, n(TT,<,, 6:)/ndn
2 2 B 2 '

The following lemma is again an exercise in elementary calculus, although it is
worth noting that the left hand side approaches 1/2 as e approaches either 0 or 1,
so the inequality is tight at both extremes.
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Lemma 2.3. Ife € (0,1), then

14e\l"ld/lne
(3) <1
Proof. Taking the logarithm of both sides, we will show that

<1_ln4) 1n<1+€> < —1In2.
Ine 2

Multiplying by Ine, which is negative, it is sufficient to show that

1
(Ine —In4)1n (;6) > —In2lne.

Both sides are equal when € = 1, so it is enough to prove that the right hand side
grows faster than the left hand side. Differentiating and then simplifying, we need

to show that
1+¢

€

The value of the left hand side is 0 for ¢ = 1, so the inequality will follow from
the fact that the left hand side is increasing on (0,1). Again differentiating and
rearranging, it suffices to show that

Ine —In4 +

In(1 +¢) < 0.

2e > In(1 +¢).
However, for all e, we have In(1 + ¢) < € so we are done. O
Raising to the n*™ power, we get:
Corollary 2.4. For alle € (0,1) and n > 0,

1 +e n+1n(272")/1ne
(1)

3. SVELTE TREES

We begin by defining the operator taking an f € wS“ to a closed subset P/
of Cantor space, 2“. The operator depends on an increasing sequence of natural
numbers 7 = (nq,no,...), which we fix for now (and which we will eventually
compute using the recursion theorem).

Fix an injection I: w<* — w. For n € w, let U, = {X € 2* : X(n) = 1}. For
f € ws¥, define

Pr=" () Uisinn-
m:ny, <|f]
The reason for using the U, is that they yield independent sets. Recall that two
sets A, B C 2¢ are independent if u(AN B) = u(A)u(B). For I C w, let A be the
algebra of sets obtained from U, for n € I, by using finite Boolean combinations.

Fact 3.1. Suppose that I,J C w are disjoint, A € A; and B € A;. Then A and
B are independent.

We will use this observation repeatedly, but for now, note that it implies that
w(P?) =0 for every f € w*.

Definition 3.2. Let T C w<¥ be a finite tree. We say that T is k-svelte if there is
a sequence (Ski1,Sk+2, Sk+3,-..) of subsets of T such that:
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o S, CTNwm
o |Sp| <2m~*HD;and
o cvery leaf of T extends some string in | J Sy,.

For a finite tree T C w<*, let PT be the union of P for all leaves o of T.
The following theorem, which is the main computational theorem in this paper,
establishes a dichotomy: either the measure of P7 is large, or T is svelte (and so
can be covered “cheaply”).

Theorem 3.3. If T C w<¥ is a finite tree such that u(PT) < 2=*+VD then T is
k-svelte.

Proof. For m € w, let T,,,, = TNw"™™ and let S = J,, Tn,.. Let L be the collection
of strings in S that do not have proper extensions in S. We note that
PT =] P
o€l
For 7 € S and o € L such that ¢ 2O 7, let

PP= () Ul

m:|7|<nm,<|o|

(so for 0 = 7 we have P? = 2“) and for 7 € S let

QT = U P_f_f.
occL:02T

For 7€ S, let 6, =1 — p(Q-).

By induction on m > k + 1, define sets S,,, C T),, . Let Sip41 = {7} where ¢,
is minimal among the strings of T, ,. Suppose that Sy 1,...,S,_1 have been
chosen. Let S, be the collection of strings in 7, , that extend some string in
Sk+1 U Skqpa U---U Sy, Order T, ~\ Scm so that 6, is non-decreasing, and
let S,, be the first 2~ (*+1) many strings on the list (or if the list is shorter, let
Sm be all of T,, . S<,,). We halt the process when we get to some m such that
S<m =T),,,. Figure 1 shows an example.

If every string in L (and so every leaf of T') extends some string in (J,,~; Sm
then T is k-svelte. Otherwise, we show that pu(PT) > 2~ (k+1),

First, if there is some 0 € LN T, for some m < k, then we note that pu(P%) >
27k and P° C PT. Assume from now that is not the case.

For m > k, let S<;, = S<im U Sy,. Let m* be least such that LNT,, . ~\ (S<m+)
is nonempty. By reverse induction on m, k < m < m*, we show that

(1) I é&<2

T€Tn,, ~S<m

2m—k

First, we show that for all m € [k, m* — 1],

@) I &- 1 (”25").

TET T, NS<m 0€Tn,, 1 S<mt1

Because m < m*, for every 7 € T,, . \ S<m, the set

T1={0€Ty,,, : TCo}
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FIcURE 1. The covering process shows that 7' is O-svelte. The
elements of S, are the boxed nodes on level n,, of T; the grey
nodes are the ones that have been “knocked oftf” by S; US;. Note
that we first choose the weightiest nodes 7 (among the non-grey
ones) to put in S, - those for which p(Q;) is the greatest. This is
not necessarily the same as having the largest number of leaves (in
L) above T, since if, for example, two leaves o and ¢’ are close to
each other (they have a long common initial segment) then there is
significant overlap between P? and P? ', so the joint contribution
P?UP? to Q, is smaller than the contribution of leaves which lie
further apart.

is nonempty (and disjoint from Sc,,41), and
Qr= U Qo OU](U).
oeT]

Further, {7 1: 7 € T},,, ~ S<m} is a partition of T}, ., N\ S<p41. Forevery o € 71
there is some J, C w such that Q, € A;_, I(c) ¢ J, and such that the J, U{I(0)}
are pairwise disjoint. It follows that all the sets involved are independent (Fact 3.1).
Thus 1(Qs NUs(0)) = (Qs)/2 and so p (2¥ N\ (Qs NUp(s))) = (1+65)/2; and

p(29N Q) =[] #(2° N (Qe NUi(w)));

ocetl

this establishes Equation 2. See Figure 2 for an illustration.
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S<m+1
60'1 60’2 50'3 60_4
T e o o o o . ® 01 ®02 @03 #04
. I ) \ / !
\ ! / \ ! !
N \ / !
N v !
Ay v |
AL/ \/ |
o [ ]
\ / !
\ / |
\ /7 |
\ / |
\ /
\ / !
N !
\/ | ’
T, ] ° T T
1460y (1+6c,2) <1+603) (1+6g4
2 2 2 2
S<m

F1cURE 2. Illustrating Equation 2: in this tree, we have two nodes
Tand 7 in T),,, N\ S<m. We have 7 T= {01} and 7/ 1= {02, 03,04},
a partition of T}, ., \ Scpmy1. This gives §, = (1 +d5,)/2 and
6 = (14 65,) (1 + 655) (1 + 65,) /8.

Now let m = m* — 1. Then since T}, . ~\ S¢m+ is nonempty, we know that
| S| = 2" ~(+*+1) | By the definition of m*, in fact, there is some o* € T, .\ Sy
in L; we have d,~ = 0 and §, < d,+ for all o € S,,,«. Thus 6, = 0 for all o € S,,,+.
So,

H 1+ 6, < 12_2m*—(k+1) < 2_2m—k.
2 2
JETnm* NS
Equation 2 now ensures that the Inequality 1 holds for m = m* — 1.

Assume that Inequality 1 holds for m where £ < m < m*; we prove it for
m — 1. Again because m < m*, we know that T,  ~ S, is nonempty, and so
S, | = 27~ (k41 Because m < m*, we know that for all ¢ € T),,, \ S<m, d5 > 0.
Let € = minyer,, < s.,, 0. Then for all o € S,,, 6, < e. Thus

H (1—;60> < <1;—E>

cESm

gm—(k+1)

By Lemma 2.2,

(1 + €>IH(HUETnm\s<m 6:7)/1118
2 .

1():
O'GTnm\ng

By induction, we know that

_gm~—k _g.gm—(k+1)
II d-<2 =2 ,

0€Tn,, ~S<m

nm

so (as e < 1),

In (HUGTnm\ng 50) In (2—2.2m7(k+1)>
> .
Ine e

)
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Since (1 +¢)/2 < 1, the function y — (1££)” is decreasing, so

272'2m'_(k+1) ) /Ine

(1 + 5>IH(HUET"’”\S<’" o) /me < (1 + €>ln(

2 2

Putting it all together, since T}, = Sm—1U (T, , ~ S<m—1), we get

m—1NS<m—1

1+¢
I e<(5

‘rETnm71 NSem—1

>2m(k+1)+1n (2—2-2”*(’”1))/1115

2m—(k+l) 72(m—1)7k

Corollary 2.4 shows that this quantity is strictly smaller than 2~ =2 ,

as required.
Thus (noting that S<j, = () we get that

1
H 5, < 5
TeTnk
Now, by reverse induction on m < k, we show that
(3) I o <1—270tt=m
T7€Th,,

(where we let ng = 0). Assume that this is true for m < k. Note that Equation 2
still holds for the levels below k:

1+96
5, = ( )
TEYH 061;[ 2

m—1 nm

Let € = minger,  d,. The key observation here is that ¢ > HaeTn 0y. Thus
Lemma 2.1 says that

1/1n [
(1+s>1“” - <1+Haenm 50) /(M o)

)

2 2

raising both sides to the power of In (H 0 ), which is negative, we get that

O’ETn"L g

(1+€>1n(naeTnm 56)/1n5 _ <1+H06Tnm (sg>

2 2

Now Lemma 2.2 shows that

(k41—
I 1+5,,) < <1+H06Tnm 50) < 14 (1 —2-kHmm) _ 19— (k+1—(m=1)

2 2 2

o€Ty,,
as required. We note that the worst case ([] §, being maximal) is when e =[] 5,
which happens exactly when there is only one branch below level ng, i.e., when
|T;,,.| = 1. In that case, u(PT) = 27%u(Q,), where T is the unique string on level
ng.

For m = 0, we get 6y < 1 — 27D 50 1 (Qy) = p(PT) > 2=*+1 and the
proof is complete. O
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4. INFINITE TREES

In this section, instead of using finite trees, we use infinite trees that have no
dead ends. We maintain our notation from the previous section. Our trees have a
particular form:

Definition 4.1. A tree T C w<¥ is full-by-finite if there is a finite tree S C w<%,
each leaf of which lies on some level n,,, such that

T =SU{o €w<¥ : o extends some leaf of S}.
Let T C w<“ be a tree with no dead ends. We let PT = User P/.

Theorem 4.2. Suppose that T is a full-by-finite tree, witnessed by the finite tree
S.If p (PT) < 27*+D then S is k-svelte.

Proof. Let L be the set of leaves of S. Assume that p (PT) < 27D We will
show that u (UTGL PT) < 2=+ from which will follow by Theorem 3.3 that S
is k-svelte.
For any m € w, for any o € w"™| let
B, = P < U Pr.
pEWT™MFL : pDo

Then since {Uy(,y : p € w™m+1} are all independent,

p(Bs) =p | P~ U Urp) | = 0.

pEW"mM+L : pDo

Let 7 € L and suppose that |7]| = ny,, .

. U Pc U U B

feEwY¥: fOT m>2m,; cEwnm : g T

and so the measure of the set on the left is 0. Since every f € [T] extends some

T € L, we get that
,L<U PT\PT> =0.

TEL
O

Note that we did not actually need T to be full above the leaves of S; it is
sufficient that every string of length n,, extending a leaf of S has infinitely many
extensions of length n,,;1. However, this generality is not useful because the full-
by-finite trees are the ones that arise naturally:

Lemma 4.3. Suppose that C' C 2% is clopen. Then there is some full-by-finite tree
T such that

[T)={few” : P CC}.
Proof. Let C' C 2“ be clopen; then there is some d € w such that C is the union of
[p] for certain p € 2.

Let R be the set of strings o € w* such that P C C, and let L be the set of
minimal strings in R. Then L is finite: if 7 € L then || = n,, for some m and
I(1) < d. Let S be the downward closure of L. Then S is a finite tree (and each
leaf of S has length n,, for some m); noting that R is closed upwards, we can let
T=SUR. O
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Remark 4.4. The witnessing tree S can be obtained effectively from C.

Proof. To find L we only need to search over the finitely many strings ¢ such that
I(0) < d, and tell for which such strings we have P? C C. The operation mapping
o to (a canonical index for the clopen set) P is effective, so given C, we can answer
that question, for each o, effectively. The number d can also be obtained effectively
from C. [l

5. CHARACTERISING Low(Kurtz)

In this section we prove that no DNR function is low for Kurtz randomness.
First we show that DNR functions cannot be low for Kurtz tests. In particular,
there is a (recursive) increasing sequence 7i as above such that using the derived
operator P, if f is a DNR function, then P/ (which is a II{(f) class of measure 0)
is not contained in any I19 class of measure 0.

Theorem 5.1. A DNR degree is not low for Kurtz tests.

Proof. We use the recursion theorem. Recall that J, the universal partial recursive
function, is defined by letting J(e) = @.(e) if the latter converges, and is left
undefined otherwise; f € w® is a DNR function if for all e € domJ, f(e) #
J(e). The function J is universal in the sense that for every ¢ € w there is some
(uniformly) recursive order function «, such that J o a. = ¢..

During the construction we define a partial recursive function v; by the recursion
theorem, we can assume that we know a ¢ € w such that ¥ = ¢, and so we know
the “column” of J over which we “have control”. Partition w into finite intervals
Xk for m > 0 and k < m so that |X,, x| = 2m=(k+1) (and so that if m < m’,
k< m and k' < m’ then max X, 5, < min X,/ x/).

We can now define the sequence (n,,) so that for all m > 0 and k < m, o[ X k]
is contained in the interval [n,;,_1,7m).

We now describe how to define 1. Let k € w and let Qj, be the k' TIY class. If at
some stage s of the construction we have enumerated enough of (the complement of)
Qy. to see that u (Qx[s]) < 2~ *+1) then we compute a finite tree S which is k-svelte
and such that the upward closure T of S is the tree of paths f such that Pf C Qy[s].
Let (Sk+1, Sk+2,- - -,.51) witness that S is k-svelte. For every m € [k+1,1] and every
o € S, we pick a distinet « € X, 1, and define ¥(z) = o(ac(z)). Thus for such o,
o(ae(x)) = J(ae(x)) | and so o is not a DNR string. Since every f € [T] extends
some o in some S,,, no f € [T is DNR. This concludes the proof. O

The uniformity of P’ yields the main theorem:

Theorem 5.2. Suppose that f is DNR. Then Pf contains a Kurtz random real.
Hence, Low(Kurtz) C =DNR.

Proof. The main idea is that for any f € w®, if some nonempty clopen subclass
[p*] N P’ is covered by a II{ class of measure 0, then so is all of P/. For suppose
that p* € 2<%, [p*] N Pf £, and [p*] N P/ C Q where Q is I19. For all p € 2<% of
the same length as p*, let
Qo=1{p"X:p"Xe€Q}
and let
Q= U @

p:lpl=lp
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Then Q' is a II{ class, and if Q has measure 0, then so does Q’. Suppose that
X e P/ andlet p= X [ |p*|; let X* = p*"X | [|p*], 00). Recall that

Pl={y e2®: (Ymecw) Y(I(f | nm)) =1}

Let m € w and let i = I(f [ ny). If i > |p|, then X*(i) = X (i) = 1 because
X € Pf.If i < |p| then X*(i) = p(i) = 1 because [p] N Pf # (). Hence X* € P7, so
X* e Q. It follows that X € Q' so P/ C Q'.

Now suppose that f is a DNR function. We know that P/ is not contained in
any II9 class of measure 0, and so for all p € 2<%, if [p] N P/ is nonempty, then
that class is also not contained in any IIY class of measure 0. By induction, we
define an increasing sequence (£) of strings. List all TI{ classes of measure 0 as
Ri, Ry, .... Let & = (). Given &,_1, assuming that [¢,_1] N P/ # (), we know that
[Ek—1]N P7 is not contained in Ry, and so we can find some &, extending &,_; such
that [&]) N PS # 0 but [¢] N Ry = 0. Then X = J, & is a Kurtz random real
contained in Pf. ]

This completes the proof that the degrees that are low for Kurtz randomness
are low for weak 1-genericity. Since every degree that is low for weak 1-genericity
is low for Kurtz tests [16], all three notions coincide.

6. CHARACTERISING Low (M, Kurtz)

We now consider the classes Low (M, Kurtz) for notions of randomness stronger
than Kurtz randomness. We start with Martin-Lof randomness; we show that a
degree is in Low(ML, Kurtz) iff it is not DNR. Note that, as there is a univer-
sal Martin-Lof test, lowness for the pair (ML, Kurtz) is the same as lowness for
(ML, Kurtz)-tests.

One direction of the characterisation of Low(ML, Kurtz) was provided by Bjern
Kjos-Hanssen in [6].

Theorem 6.1 (Kjos-Hanssen). -DNR C Low(ML, Kurtz).

Proof. Let a be a degree that does not compute a DNR function. Let P be any
I19(a) class of measure 0. We want to show that P is contained in an unrelativised
ML-test.

There is an a-recursive, nested sequence (C,,) of clopen sets such that u(C,) =
27" and P = ,, Cy. By the assumption on a, there are infinitely many numbers
n such that J(n) = C,, (or more precisely, J(n) is a code for C,). Now let U, be
the union of all J(e) for e > n such that J(e) codes a clopen set of measure at most
27¢. Then (U,,) is uniformly r.e. and indeed a ML-test, and P C (U, because for
all n there is some e > n such that C, C U,. O

The other direction extends Theorem 5.2 and uses the tools developed in earlier
sections.

Theorem 6.2. Low(ML, Kurtz) C -DNR.

Proof. As in the proof of Theorem 5.1, we consider the operator f — P7; again we
define a partial function v and, by the recursion theorem, we get an index ¢ such
that 1) = .. We partition w into intervals X,, ; for m > 0 and k < m such that
| Xon x| = 2™~ *+D and define the sequence (n,,) so that a.[Xom k] C [m_1,7m)
for all k < m.
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Let (Ug) be the universal Martin-Lof test; at stage s, for all k, let Ug[s] be the
clopen set that has so far been enumerated as part of Uy. At stage s, suppose that
a (unique) number k has been enumerated into (. Since p (Ugi1[s]) < 27F+Y),
we can compute a finite k-svelte tree whose upwards closure is the tree of paths f
such that P/ C Uj,1[s]. We ensure none of these paths are DNR by defining 1 as
before.

Now suppose that f is DNR but that P C Ny Ur. We show that (" < f. This
will prove the theorem: no complete degree is low for (ML,Kurtz) because there
is an ML-random set R <7 (. Let k € w. Since Pf C Uy, and P/ is compact,
there is some s such that Pf C U, 1[s]. Such a stage s can be effectively obtained
from f. Then we know that if k ¢ ('[s] then &k ¢ @', for otherwise we would ensure
that f is not DNR at the stage at which k enters (. O

We now turn to the intermediate classes Low(Schnorr, Kurtz) and Low(CR, Kurtz).
Recall that a degree a is called high if a’ > 0”.

Theorem 6.3. Low(Schnorr, Kurtz) = Low(CR, Kurtz) = —=High N =DNR. Fur-
thermore, the test notions are also equivalent.

Proof. For a degree a,

a is low for (Schnorr, Kurtz)-tests = a is low for (CR, Kurtz)-tests

4 I

a is low for (Schnorr, Kurtz) = a is low for (CR, Kurtz).

Because Low(CR, Kurtz) C Low (ML, Kurtz), all of these properties imply that a is
non-DNR. Nies, Stephan and Terwijn [12] proved that every high degree contains
a computably random real. Hence no high degree can be low for (CR, Kurtz), so
again, all four properties imply that a is not high.

All that remains is to prove that if a is not high and not DNR, then it is low for
(Schnorr, Kurtz)-tests. We will use a result of Kjos-Hanssen (see [2]): if a is not
high and not DNR, then for any a-recursive function h, there is a (total) recursive
function f such that f(n) = h(n) for infinitely many n.

Let P be a I19(a) class of measure 0, and again consider the a-recursive, nested
sequence (C,) of clopen sets such that ;(C,) = 27" and P = ), Cy. Define an
a-recursive function h such that h(n) is a code for C,,. Take the recursive function
f guaranteed by Kjos-Hanssen’s result; we may assume that f(n) codes a clopen
set of measure 27" for all n. Now by padding, we can increase (J,.,, f(e) to a
nested sequence of uniformly r.e. classes (U, ) of measure exactly 2~ "—the point is
that after taking (., ) f(€) we know that the contribution of the rest is at most

27", Therefore, we have a Schnorr test and P C ﬂn U,. O

REFERENCES

[1] Joshua A. Cole and Stephen G. Simpson. Mass problems and hyperarithmeticity. J. Math.
Log., 7(2):125-143, 2007.

[2] R. Downey and D. R. Hirschfeldt. Algorithmic randomness and complexity. Springer-Verlag
Monographs in Computer Science, In Preparation.

[3] Rod Downey, Denis R. Hirschfeldt, André Nies, and Sebastiaan A. Terwijn. Calibrating
randomness. Bull. Symbolic Logic, 12(3):411-491, 2006.

[4] Rod Downey, Andre Nies, Rebecca Weber, and Liang Yu. Lowness and I19 nullsets. J. Sym-
bolic Logic, 71(3):1044-1052, 2006.

[5] Rodney G. Downey, Evan J. Griffiths, and Stephanie Reid. On Kurtz randomness. Theoret.
Comput. Sci., 321(2-3):249-270, 2004.



[10]
(1]
(12]
(13]
(14]
[15]
(16]
(17]

(18]

NOAM GREENBERG AND JOSEPH S. MILLER

Bjgrn Kjos-Hanssen and David Diamondstone. Members of random closed sets. To appear.
Bjgrn Kjos-Hanssen, Joseph S. Miller, and Reed Solomon. Lowness notions, measure and
domination.

Bjgrn Kjos-Hanssen, André Nies, and Frank Stephan. Lowness for the class of Schnorr random
reals. SIAM J. Comput., 35(3):647-657 (electronic), 2005.

Stewart Kurtz. Randomness and genericity in the degrees of unsolvability. PhD thesis, Uni-
versity of Illinois at Urbana-Champaign, 1981.

A. Nies. Computability and randomness. Oxford University Press, In Preparation, 2009.
André Nies. Lowness properties and randomness. Adv. Math., 197(1):274-305, 2005.

André Nies, Frank Stephan, and Sebastiaan A. Terwijn. Randomness, relativization and
Turing degrees. J. Symbolic Logic, 70(2):515-535, 2005.

Daniel Nitzpon. On ‘low for’: A few examples of lowness in recursion theory. Doctoraalexa-
men, University of Amsterdam, 2002.

Theodore A. Slaman and Robert Solovay. When oracles do not help. In COLT ’91: Proceed-
ings of the fourth annual workshop on Computational learning theory, pages 379-383, San
Francisco, CA, USA, 1991. Morgan Kaufmann Publishers Inc.

Clifford Spector. On degrees of recursive unsolvability. Ann. of Math. (2), 64:581-592, 1956.
Frank Stephan and Liang Yu. Lowness for weakly 1-generic and Kurtz-random. In Theory
and applications of models of computation, volume 3959 of Lecture Notes in Comput. Sci.,
pages 756-764. Springer, Berlin, 2006.

Sebastiaan A. Terwijn and Domenico Zambella. Computational randomness and lowness. J.
Symbolic Logic, 66(3):1199-1205, 2001.

Liang Yu. Lowness for genericity. Arch. Math. Logic, 45(2):233—238, 2006.

SCHOOL OF MATHEMATICS, STATISTICS AND COMPUTER SCIENCE, VICTORIA UNIVERSITY, P.O.

Box 600, WELLINGTON, NEW ZEALAND

E-mail address: greenberg@mcs.vuw.ac.nz

JOSEPH S. MILLER, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WISCONSIN, MADISON, WI

53706-1388, USA

E-mail address: jmiller@math.wisc.edu



	1. Introduction
	2. Calculations and inequalities
	3. Svelte trees
	4. Infinite trees
	5. Characterising Low(Kurtz)
	6. Characterising Low(M,Kurtz)
	References

