
Final Homework. Surface integrals and the divergence theorem.

I. Find the area of the surface S = {(x, y, z) : z =
√
x2 + y2, 0 ≤ z ≤ 1}.

II. Let S = {(x, y, z) : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, z = xy}. Find∫∫
S
z dA.

III. Let ~F = y3~j + 3x2(z + 1)~k.

(a) If S1 = {(x, y, z) : 0 ≤ x ≤ 2, 0 ≤ y ≤ 1, z = 0} and ~N is the upward pointing unit

normal, find the flux
∫∫

S1

~F · ~N dA.

(b) If S2 = {(x, y, z) : x2 + y2 ≤ 1, z = 0} and ~N is the downward pointing unit normal,

find the flux
∫∫

S2

~F · ~N dA.

(c) If S3 is the boundary of the half ball R = {(x, y, z) : 0 ≤ z ≤
√

1− x2 − y2} and ~N is

the outward unit normal, use the divergence theorem to find the flux
∫∫

S3

~F · ~N dA.

(d) Let S4 = {(x, y, z) : z =
√

1− x2 − y2} and let ~N be the upward pointing unit normal

to S4. Using parts (b) and (c), find
∫∫

S4

~F · ~N dA.

IV. Let S be the boundary of the region R = {(x, y, z) : −1 ≤ x ≤ 1, 0 ≤ y ≤ 3, 0 ≤ z ≤ 1}.
Let ~N be the outward unit normal to S. Let ~F = xyz~i + xyz~j + yz2~k. Use the divergence
theorem to find the (outward) flux of ~F across S, i.e.,∫∫

S

~F · ~N dA.

V. Consider the cylindrical region R = {(x, y, z) : x2 + y2 ≤ 1, 0 ≤ z ≤ 3}. Let S be the

boundary of R and let ~N be the outward unit normal to S. Let ~F = x~i + y~j + z2~k. Find∫∫
S

~F · ~N dA

in two ways:

(a) By directly calculating the flux across S (hint: beak it up into three surface patches),

(b) By using the divergence theorem.
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Answers.

I.
√

2π

II.(3
5/2
−2·2

5/2
+1)/15.Thisistheresultoftheintegral∫1

0

∫1

0

uv
√
v2+u2+1dudv.

III.

(a)8

(b)−
3
4π(notethatweusethedownwardpointingunitnormal)

(c)
4
5π

(d)Thefluxacrosstheboundaryofthehalfballisthesumofthefluxacrossthetop
portionandthebottomportion.Wefoundthefluxacrossthebottom(withoutward
pointingnormal!)in(b)andthetotalfluxin(c),sothefluxacrossthetopportionis

Total−Bottom=
4

5
π−(−3

4
π)=

31

20
π.

IV.27/2

V.15π.Whendonedirectly,thisbreaksdowninto0forthebottom,9πforthetop,and6π
forthemiddle.
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