Math 234 Exam II (with answers) Spring 2017

1. Suppose that P(z,y) = Az? + y? and Q(x,y) = Bx?*y + Czy, where A, B, and C are
constants.

(a) [7 points| For which values of the constants A, B, and C does there exist a function

f(z,y) such that f, = P and f, = Q7

Solution: There is a function f(z,y) such that f, = P and f, = @ if and only
if P, = @), (i.e., if and only if the hypothetical mixed partials are equal). So we

need 5p 90
— =2y=2B Cy=—.
oy~ Y zy +Cy =5~
By matching up the coefficients on like terms, we see that this is only possible
if B=0 and C = 2. There is no restriction on A.

(b) [7 points] Find such a function f(z,y) for those values of A, B, and C for which it
exists.

Solution: From part (a), we have P(x,y) = Az?+y? and Q(z,y) = 2zy, where
A is arbitrary. At this point, it’s actually pretty easy to guess a function f(z,y)
such that f, = P and f, = @, but for completeness, we will find the function
systematically.

First, if we integrate P with respect to x, treating y as constant, we find that

A
fx,y) = 32° + 2y + D(y),
where D(y) is an unknown function of y. Now differentiate with respect to y to

get
fy = 2{Ey + D,(y)

But if f, = Q = 2xy, then D'(y) = 0, so D(y) is a constant (with respect to
both = and y). Let’s call this constant K, so the final answer is

A
gx?’ + xy* + K, where K is an arbitrary constant.

2. Consider the function f(z,y) = 3zy — 2® — 3.
(a) [7 points| Find all of the critical points of f.

Solution: The critical points occur when the gradient is 0, so taking the gra-

dient of f, we have
= . (3y—3a?
V= (3:6 - 3y2) '
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So we have to solve the equations

3y — 322 =0, and
3z — 3% = 0.

These reduce to y = 22 and & = y?. Plugging the first into the second, we get
y = y*. So either y = 0, or we can divide by y to get 1 = y3, hence y = 1. If
y = 0, then x = 0 by the second equation. If y = 1, then z = 1.

So the critical points are | (0,0) and (1,1)|.

(b) [7 points] For each critical point, classify it as a local maximum, local minimum,
or saddle point of f.

Solution: To classify the critical point (a,b) using the second derivative test,
we have to analyze the quadratic form

QAT Ay) = 1 [fua(a, D(AD)? + 2fe (0, DATAY + (o, D)(Ag)]

Note that f,, = =6z, fzy = 3, and f,, = —6y. So the quadratic form becomes

1
Q(Az, Ay) = 5 [—6a(Az)* + 2 - 3AzAy — 6b(Ay)?]
= —3a(Ar)* + 3AzAy — 3b(Ay)>

For the critical point (0,0), we have Q(Ax,Ay) = 3AxAy, which is clearly
indefinite. Therefore, | (0,0) is a saddle point |.

For the critical point (1, 1), we have

Q(Ax, Ay) = —3(Az)? + 3AzAy — 3(Ay)?
= —3[(Az)* — AzAy + (Ay)?]

— 3 |(a0- %Ay)Q - <_%Ay>2 + ()

— 3 (Ax - %Ay)Z — %(Ay)2 +(Ay)?

—3|(ar-1ta 2+§(A)2
- v Ry 1Y

Y

which is negative definite. Therefore, | (1, 1) is a local maximum |.

3. [15 points| Maximize f(z,y) = xy subject to the constraint 8z? + y? = 1.
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Solution: We use the method of Lagrange multipliers. Let g(z,y) = 822 + 42, so
the constraint is g(z,y) = 1. We have

§f = (i) and ﬁg = (126y$> )

Note that ﬁg = 0 implies that x,y = 0, which is not consistent with the constraint.
So we have to solve the equations

=. (y\ 16r\ | &
1= () -2(5)-o0

along with the constrain equation, g(z,y) = 1. All together, we have to solve the
system of equations

y = 16z,
xr = 2y\, and
8z + % = 1.

From the first two we get y = 32y\%2. Note that if y = 0, then = 0, which as we
noted is inconsistent with the third equation. Therefore, we can divide by y to get

_ 2 _ 1
1—32)\,01‘)\—2&@

Case 1: A\ = ﬁi' Plugging A into the first two equations makes them equivalent, so
we are down to

y = 22z, and
8% + 1 = 1.
Now this gives us 822 + (2v/2z)? = 1622 = 1, so x = £1/4. Plugging back into the
first equation gives us the solutions (1/4,1/+/2) and (—=1/4, —1//2).

Case 2: A = —4# Plugging A into the first two equations makes them equivalent,

V2°
so we are down to

y = —2v2z, and
8z + 9% = 1.
Now this gives us 822 4 (—2v/2x)? = 162> = 1, so 2 = +1/4. Plugging back into the
first equation gives us the solutions (1/4, —1/v/2) and (—1/4,1/v/2).

We have found all of the possible points at which the maximum may occur. To finish,
we check the values of f(z,y) to figure out where it actually occurs.

| () | fly) ]

Ll Rt
| —
§|H \El/
Ne—"]
=~ =~
- & (5

~
%»—A
[\

N—"T—"1
W~
S




Math 234: Exam 11

So the maximum possible value of f (x y) subject to the constraint g(x,y) = 1 is

S R Py S
— . occurs a € points — an —_ .
4/2 P 4’2 V2

4. [15 points] Find the volume of the solid bounded by the cylinders z? + y* = 1 and
2422 =1.

Solution: Note: It might be tempting to set this problem up in cylindrical coordi-
nates, but as it turns out, that makes the calculation much worse.

From the first equation we get
—1<z<1l,and—V1—-22<y<+V1-22
The second equation gives us that
—V1—2a2 <z< V1— 22

So the volume is

1 pv1-—a? 1 pV1=2?
/ / \/1—x2—<—\/1—$2>dyda::/ / 2V 1 — 2?2 dy dux.
1 Jovice 1 Jovic

Note that
Vi—a? Vi—a?
/ 2\/1—:1:2dy:(2\/1—x2>y‘
—Vi—a? —Vi-a®

= (ovT=—2) (Vi 22— (—vVI—2)) =4(1- ).

So the volume is

1 pvV1-22 1
// 21— 22 dyda /4 (1= 2%) de =4 (x —2*/3) |
)iz -1
= 4(

1

1-1/3) —4((—1) — (=1)/3) =[16/3].

5. [14 points] Evaluate the following integral by first changing the order of integration:

Lo
/ / xe! dydx.
0 Jy=
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Solution: Note that

1 1
/ / xey5dy dr = // ze? dA,
0 Jyz D

where D is the region pictured below.

1>
Y
0.8
0.6 - ¥
0.4 - Y

0.2 -

02 04 06 08 1

Note that D = {(x,9): 0 <y < 1,0 <z < ¢?}, s0

// zeV dA = / / xe! dx dy.
D 0o Jo

Calculating the inner integral, we get

v* 1 o] 1
y5d :_2y5 _ = 22y5:_4y5
/Oxe z=gve| 2(y)e Sye
The outer integral is
1
Loy s 1 5! 1
= dy=—¢€'| =|—(e—1
/0 Ve =5, Y

6. [14 points] An object occupies the region inside the sphere of radius 3 and its density is

given by p(z,y,z) = > > >
VIt y +z2

. Find its mass.

Solution: This problem is most easily solved using spherical coordinates. Let S be
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the sphere of radius 3 (centered at the origin).

Mass—///,ud‘/ / / /,up Slngodpdcpdé’—/ / /psmgpdpdcpd&

using the fact that p = /22 + y? + 22, so u(z,y,z) = 1/p. Calculating the inner
integral, we get

/ 3 ;
psing dp = §p sin ‘ = —smgp
Now the middle integral is

™

/”9 ) 9
—sinp dp = —= cos ¢
0 0

9 9
5 5 5 (cosm — cos0) 2( )=9

Finally, we have

2m
Mass:/ 9d =[187].
0

7. [14 points] Find /(m — 1)? 4+ 9ds, where C is the circle 2% 4 y? = 4 (traversed once).
c

Solution: We parameterize C using &(t) = (gzﬁz), for 0 < ¢t < 2m. Note that
|2’ (t)|| = 2. Therefore,

/c(x L1 4 yds = /0 " [(2eost — 1)2 + (2sint)?] |F()]] dt

27 27
—2/ 4008215—4(:0815—1—1+4sin2tdt—2/ 5—4cost dt
0 0

2

=1207].

= 2 (5t — 4sint)
0
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