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We have obtained two infinite families of product solutions

Jo ( anr) sin c ant and Jo ( Anr) cos c ant.

According to the principle of superposition, we seek solutions to our original prob-
lem, (7.7.50)-(7.7.52) in the form

00 00

u(r, t) =I: anJo (/r) cos c ant + >2bnJo (v r) sin c ant.
n=1 n=1

(7.7.64)

As before, we determine the coefficients an and bn from the initial conditions.
u(r, 0) = a(r) implies that

00

a(r) _ anJ0 ( )1nr) .

n=1
(7.7.65)

The coefficients an are thus the Fourier-Bessel coefficients (of order 0) of a(r). Since
Jo ( Tnr) forms an orthogonal set with weight r, we can easily determine an,

a(r)Jo (\/,\-nr) r dr
a

0=an faj2 (/r) r dr
(7.7.66)

In a similar manner, the initial condition a/at u(r, 0) = 0(r) determines bn.

EXERCISES 7.7
*7.7.1. Solve as simply as possible:

Ua

at2 = c2V2u

with u(a, 0, t) = 0, u(r, 0, 0) = 0, and at (r, 0, 0) = a(r) sin 30.

7.7.2. Solve as simply as possible:

2 = c2V2u subject to a (a, 0, t) = 0

with initial conditions

(a) u(r, 0, 0) = 0,
a

(r, 0, 0) = f3(r) cos 50
(h) u(r, 0, 0) = 0, i (r, 0, 0) _ 13(r)

u(()d)

u(r, 0, 0) = 0,(r' B)' Tut (r, e, 0) = Q(r, e)

2
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7.7.3. Consider a vibrating quarter-circular membrane, 0 < r < a, 0 < 9 < it/2,
with u = 0 on the entire boundary.

*(a) Determine an expression for the frequencies of vibration.
(b) Solve the initial value problem if

u(r, 0, 0) = g(r, 9), (r, 0, 0) = 0.'ji

7.7.4. Consider the displacement u(r, 0, t) of a "pie-shaped" membrane of radius
a (and angle it/3 = 60°) that satisfies

82
2 = c2v2u.i§j

Assume that A > 0. Determine the natural frequencies of oscillation if the
boundary conditions are

(a) u(r, 0, t) = 0, u(r, it/3, t) = 0, au (a, 8, t) = 0

(b) u(r, 0, t) = 0, u(r, it/3, t) = 0, u(a, 9, t) = 0

*7.7.5. Consider the displacement u(r, 0, t) of a membrane whose shape is a 900
sector of an annulus, a < r < b, 0 < 9 < 7r/2, with the conditions that u = 0
on the entire boundary. Determine the natural frequencies of vibration.

7.7.6. Consider the circular membrane satisfying

02U

= c2v2u
subject to the boundary condition

u(a, 0, t) = - (a, 0, t).

(a) Show that this membrane only oscillates.
(b) Obtain an expression that determines the natural frequencies.
(c) Solve the initial value problem if

u(r, 0, 0) = 0, at (r, 9, 0) = a(r) sin 39.

7.7.7. Solve the heat equation
ou

= kV2u
8t

inside a circle of radius a with zero temperature around the entire boundary,
if initially

u(r, 0, 0) = f (r, 9).

Briefly analyze limt....oo u(r, 9, t). Compare this to what you expect to occur
using physical reasoning as t -' oo.
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*7.7.8. Reconsider Exercise 7.7.7, but with the entire boundary insulated.

7.7.9. Solve the heat equation

a" = kV2uat
inside a semicircle of radius a and briefly analyze the limt.,,. if the initial
conditions are

u(r,0,0) = f(r,9)

and the boundary conditions are

(a) u(r,0,t) = 0, u(r,a,t) = 0, Ou(a,9,t) = 0
* (b) ee (r, 0, t) = 0, a° (r, 7r, t) = 0, (a, 0, t) = 0

(c) "(r,0,t) = 0, N(r,7r,t) = 0, u(a,0,t) = 0
(d) u(r, 0, t) = 0, u(r, 7r, t) = 0, u(a, 9, t) = 0

*7.7.10. Solve for u(r, t) if it satisfies the circularly symmetric heat equation

19U = k1 '9 (r&u)

subject to the conditions

u(a,t) = 0

Briefly analyze the limt_,,,,,.

u(r, 0) = f (r).

7.7.11. Reconsider Exercise 7.7.10 with the boundary condition

(a,t) = 0.

7.7.12. For the following differential equations, what is the expected approximate
behavior of all solutions near x = 0?

*(a) x2 '4.- + (x - 6)y . 0 (b) x2 d + (x2 + is) y = 0

*(c) x2 d + (x + x2) e + 4y = 0 (d) x2 d + (x + x2) . - 4y = 0

*(e) x2d -4xd +(6+x3)y=0 (f) x2, +(x+1)y=0d.4 4

7.7.13. Using the one-dimensional Rayleigh quotient, show that A > 0 as defined
by (7.7.18)-(7.7.20).


