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1 Background

We assume familiarity with basic model theory, computability theory, and group theory. For more

details on these, we recommend [CK90]|, [Soal6], and [LS15] respectively.
We will adhere to the following conventions throughout the class:

e Models are implicitly assumed to be countable.

¢ Unless otherwise mentioned, “computable” and its derivatives will always refer to Turing
computability.

e L is the language {1,-,e~ !} for group theory. (Here #~! indicates that we use the notation
g~ for “g-inverse”.)

Discussion. We do need to include a constant symbol for 1. We do not need to include a function
symbol for inversion, but it will simplify our arguments without losing any generality.

Most notation and definitions are standard; however, we point out that we use “computably
presentable” to refer to computable structures, rather than group presentations (see Definitions

and .

1.1 Notation for formulas

Definition 1.1. We establish the following conventions for L-formulas. The only language we will
refer to is the language of group theory, L = {1,-,e 1},

e An atomic formula is a quantifier-free formula ¢(Z) which does not include conjunctions,
disjunctions, or negations. Relative to the axioms of group theory, any atomic formula in
the language of group theory is equivalent to “w(Z) = e”, where w(Z) is a word in T and its
inverses.

o (@) ="Nier i(@) AN N\je; ;()7, where I and J are finite, and (¢;)ier and (1;);es are
atomic formulas, then we write

¢ (@) ={vi(@) i € I}



and call this the positive part of ¢(Z) or the equations of ().
Analogously, we write

¢ (T) = {v(T) 15 € T}
and call this the negative part of ¢(Z) or the inequations of ().

o If®={p;:i<n}is a finite set of formulas, we write A ® for A ¢;.
i<n
e Let M be an L-structure. For a quantifier-free ¢(T,m) with parameters m € M, say the L-
structure N satisfies ¢ over M if N > M and N |= 3Tp(T, m). For m € N with N = p(n,m),
we will say that 7 satisfies (T, m) in N.

The following easy proposition will simplify our arguments showing that a group M is existentially
closed. It says that to check existential closure, it suffices to check finite systems of equations and
inequations.

Proposition 1.2. For a group M, the following are equivalent:

1. M is existentially closed; i.e., for every quantifier-free formula p(T, ™) with parameters from
M, if there is a group N > M with N |= 3x(Z, m), then M = 3Tp (T, m).

2. For every conjunction ¢(T,m) of atomic and negated atomic formulas with parameters from

M, if there is a group N > M with N |= ITp(Z, m), then M = Fxp (T, m).

Proof sketch. Clearly (1) implies (2). For the other direction, let ¢(Z,m) = V ¢:(ZT,m) be a
i<n

quantifier-free formula in disjunctive normal form which is realised in some group N > M. Thus,

N models at least one of the disjuncts, say ¢;(Z,m). Applying (2) to this ¢;, we obtain that

M = 3Tp; (T, m) and hence M = FTp(T, m). O

1.2 Computability Theory

While the details of the model of computation will not be directly relevant to this course, it is
important to be conversant in the basics of computability theory.

1.2.1 Computation

Definition 1.3. A Turing machine is a tuple M = (Q, S,d) where Q # ) is a finite set of states,
S # () is a finite set of symbols, and §: Q x S — Q x S x {R, L} is a function.

The intuition is that M codes a machine with a single head reading a single cell in a single
tape of order type Z. Each cell contains a symbol from S. The head may be in different “states”,
corresponding in human terms to “states of mind”, which determine how the head interprets the
symbol it is reading. This is formalised by §, which can be thought of as M’s “programme”:
(g,s,¢',5,¢) is interpreted as specifying that if the reading head is in state ¢, observing symbol s,
then it transitions to state ¢’, overwrites s with s’ and moves one cell to the ¢.

We need to fix conventions. Our eventual notions of “computability” and “relative computability”
will be independent of the choice of these conventions, but we cannot proceed without making some
decisions.



Convention 1.4. Henceforth, S = {0,1}. We say that a configuration of the tape represents n, if
it consists of n + 1 adjacent 1s and Os everywhere else.
We call such a configuration a standard configuration.

Definition 1.5. Fix a ¢; € @ called the initial state and a g € @ called the halting state. We allow
¢ = qf. M halts on input n if, M, when started in state g;, with its reading head on the leftmost
1 in the standard configuration for n, eventually enters the state g¢. If, upon entering q; for the
first time, M is in the standard configuration for m, we say that M halts on input n with output m.

This is written
M(n) = m.

Notice that there is at most one such m. If Im (M(n) = m), we write M (n) |.
If M does not halt, or, when it enters gy for the first time, the tape is not in a standard
configuration, write

M(n) 1
and say that M(n) is undefined.
Say that M represents the function
M(n) = m ifM(n?i:m
undefined otherwise

Notice that M is a (partial) function.
We now arrive at what it means to be computable.

Definition 1.6. A partial function f : w — w is computable if there is a Turing machine M which
represents f. Confusingly, we call such functions partial computable functions (rather than the more
correct, computable partial functions).

A set X is computable if x 4 is computable.

Note that we can easily upgrade to functions from w™ to w™. We leave the details to the reader.

Now, each partial computable function corresponds to a Turing machine, which is just a triple
(@, S,0) satisfying a few simple properties. After fixing some Gédel coding for tuples, we obtain an
enumeration (®.)c<. of all Turing machines. (More precisely, given some n € w, we can determine
if it is the Godel code of a Turing machine or not; and, if so, we can “follow” the computation of the
machine on a given input). Thus, we have the following.
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Theorem 1.7 (Enumeration Theorem). There is a partial computable f : w* — w such that

fle,x) = ®.(x). Thus, in particular, there is i such that f(e,x) = ®;(e, x).

Remark. There is no such effective enumeration of all total computable functions.

The Enumeration Theorem proves the existence of a universal Turing machine — i.e., a Turing
machine which simulates all Turing machines.

Henceforth, we shall be fairly lax about checking that functions are computable. While one could
in principle check that any function that we assert is computable is in fact computable, we will often
as best resort to intuitive arguments about computation, rather than referring to the specific model.

To build intuition, we show that unbounded searches can be carried out by Turing machines.
More formally, we have the following.



Proposition 1.8. Let 0(z,y) : w?> — w be computable. Then

V() = py(O(z,y) = 1 AVz <y(0(z,y) # 1)).
is also partial computable.

Proof. Fix z. Run 0(x,y) on each y in turn. If it ever halts and gives 1, output this y. Otherwise,
the machine will run forever on input x, so ¥ (z) 1. O

1.2.2 Enumeration

We wish to distinguish between objects which can be computed, and objects which can be “effectively
enumerated”. As a starting point, consider the proposition at the end of the last section. Given x,
we could tell if a given y satisfies () |=1y. Thus, if ¥(x) J, we are able to effectively determine
that this is the case in a finite amount of time. However, if () 1, we may never know; we may
think that we just have not yet seen the corresponding y.

Definition 1.9. Let ¢ : w — w be a partial computable function. Write

dom(y) = {z € w | ¥(x) 4}.
Say that W C w is computably enumerable if there is e < w such that
W = &..

Notice that this gives an effective enumeration (We)e<,, of the c.e. sets. In particular, the
following set is c.e.:
Ko={{e,x) |z € W}

This is a very important set. It’s our first (explicit) example of a set which is not computable. We
do this by showing that a seemingly simpler set K is already not computable, and then arguing
that if we could compute Ky, then we could compute K.

K={zcw|zeW,}
K is called the halting set.
Theorem 1.10. K and Kg are not computable.

Proof. Suppose that K were computable. Then by diagonalisation, we may produce a function f
that is partial computable, but is not ®. for any e.

fa) = {CI)I(x)—kl if v € K

0 otherwise

This is a contradiction.
Further, if Ky were computable, then we could compute K: x € K iff (x,z) € Kj. O

This argument: that from Ky, we can compute K, suggests that computation can be relativised.



1.2.3 Relativisation

We now develop a theory of relative computation. Intuitively, X is reducible to Y if there is a Turing
machine, which “given Y as an oracle”, can compute X.

This can be formalised by, for example, adding a second, read-only tape to our models of Turing
machines, together with a second head. The characteristic function of Y will be on the second
tape. We will again have a nonempty set Q of states, and now two sets of symbols: S; = {1, B}
for the “working tape” and Sy = {B,0, 1} for the “oracle tape”. The programme will be a function
0:Q xS xS — 851 xSy x{R,L} x{R,L}. Halting, etc are defined as before.

If machine @, on input n, and with oracle Y, halts in the standard configuration for m, we write

Y (n) |=m.

We may similarly define ®(n) 1, etc. Thus, we may define what it means to be computable relative
to Y.

Definition 1.11. A partial function f is computable relative to Y (written X <7 Y) if there is a
Turing machine ® such that ®¥ = f.

X is computable relative to 'Y or reducible to Y if x x is computable relative to Y. In this case,
we write X <r Y.

Write X =r Y if X <r Y and Y <y X.

1.3 Computable structure theory

Definition 1.12. A copy or w-presentation of and L-structure M is a model N = M with
dom(N) = w. Then, the atomic diagram of N, written D(N), is the collection of (Gédel numbers
of) atomic sentences of L(w) which hold in N.

Similarly D¢(N) refers to the complete diagram of N, the collection of first order sentences of
L(N) which hold in N.

Here we will always be working with countably infinite structures, so, as we see below, there is
no loss in generality in working with w-presentations. (See [Mon21] for further details.)

In this course, we will focus on the computability-theoretic power of D(M), as this is more
standard both in group theory (where, for groups, it corresponds to the word problem) and in
computability theory. The definitions below go through equally well for the complete diagram, but
will not be as relevant for the paper.

In general, the computability-theoretic power of D(M) may depend on the choice of copy of M.

Definition 1.13. Let M be an L-structure.

o We write Spec(M) for {a:a >t D(N) for some countable N =2 M}. If a € Spec(M), then
we will say M is a-computable or has an a-computable copy.

o In particular, M is computable or has a computable copy when 0 € Spec(M).
o The (Turing) degree of M is the minimum element a of Spec(M), if it exists.

Knight showed in [Kni86] that for nontrivial M, Spec(M) is upward-closed in the Turing degrees.
Since every M we consider here is nontrivial, we may replace the >t with =1 in the definition of
Spec M.

A stronger notion, which we also investigate here, is the degree spectrum of a class of models.



Definition 1.14. The degree spectrum of a class K of models is given by

DegSpec(K) = {a| a is the degree of M and M € K}

In words, DegSpec(K) is the collection of degrees, in the sense above, of models in K.

1.4

Constructions in group theory

For much of the basic material on groups, we follow [LS15].

1.4.1 Free groups

Perhaps the most important class of groups are the free groups.

Definition 1.15. Let X be a possibly infinite set of constants and let X! be the set obtained by
formally inverting each element of X. (We require in particular that X N X~ = (.

A word on X is an element of (X L X ~1)<«,

For a word w in n letters, we will write w(Z) for the corresponding word in the free variables
T, |T| = n. Similarly, for constants g, |g| = n, write w(g) for the word where each letter is
replaced by the corresponding element of g. Write Words(X) for the set of words on alphabet
X.

A word w is reduced if it does not contain a consecutive subword of the form c¢- ¢~ or ¢7! - c.

For a word w € Words(X), write Red(w) for the result of applying all possible reductions to
w. The set of all equivalence classes words on a set X, under the reducibility relation, forms
a group with multiplication given by concatenation, called the free group with basis X and
written Fx.

A group is free if it is isomorphic to F'x for some X. In this case, we sometimes say the image
of X under this isomorphism freely generates F'.

If w € Words(X), then |w| denotes the length of Red(w).

It is sometimes useful to use the universal property for free groups.

Theorem 1.16. A group F is free with basis X iff for any group G and any function f: X =Y,
where Y C G, there is a unique homomorphism f: F — G.

The cardinality of X determines F'x up to isomorphism.

Proposition 1.17. Fx 2 Fy iff | X|=|Y].

The cardinality of a basis of a free group is called the rank of F'.
Perhaps surprisingly, any two countable free groups each embed into the other. To prove this,
we need a sufficient condition for a subset X C G to freely generate a free subgroup of G.

Notation 1.18. For a subset X of a group G, write (X) for the smallest subgroup of G containing
X. (X) is called the subgroup generated by X.

Lemma 1.19 (Nielsen). Let F(X) be a free group and U C Words(X*1) satisfy the following:



(a) Vo € U%! (z £ 1)

(b) Yo,y e U (zy #1 = |wy| > max{|z], [yl})

(c) Va,y,z € UF! ((xy # 1 Ayz #1) = |ayz| > |z — |y[ +]2])
Then (U) is a free group with basis U.

Proposition 1.20. Let F,, and F,, be free groups on n and m respectively, where 1 < m,n < w.
Then
F, < F, and F, <F,,

Proof. Evidently, Fy < F,, for all such n, so it suffices to show that F,, < F5.
Let 1 < n < w. Define the subset U, of F» = (a,b) as follows

U, ={b""ab" |1 <i<n}.

We check that U, satisfies the conditions of Lemma m (a) is immediate. Let z = b~*a®b’ and
y=>b"7a°b. Then |b~*a®bi~Ta® b/

2i 42 ifi>jor(i=jande=¢
b~ ab" T b | = { 25 + 2 ifi<j
0 ifi=jande=¢

In the last case, z = y~ !, so (b) is satisfied.
(¢), follows from a similar, albeit slightly more involved, analysis.

1.4.2 Presentations

One of the reasons that free groups are so important is that they are ubiquitous: every group is
isomorphic to the quotient of a free group.

Theorem 1.21. Let G be a group. Then there is a free group F and a normal subgroup N of F
such that G =2 F/N.

Proof. Let X be such that | X| = |G| and let f: X — G be a bijection between them. Then, by the
universal property of free groups, f has a unique extension f: Fx — G that is a homomorphism.
Evidently, f is surjective. Let N <9 G be ker f. Then G & Fx/N. O

If you prefer the more “constructive” version of free groups, then G can be thought of as Words(G)
up to free reduction (this is the “free part”) modulo the relations gog1g; * for every gogi = go in the
atomic diagram of G.

Thus, G is determined up to isomorphism by the rank of the free group F' and a subset R of F
such that N is the smallest normal subgroup containing R. This gives rise to the notion of group
presentation. Notice that neither the size of X nor the choice of generators of N are uniquely
determined.



Definition 1.22. A presentation (X | R) for a group G consists of a set of generators X and a set
R of words on X called relations or relators such that G is isomorphic to a quotient of the free group
on X by the normal subgroup generated by R. In particular, the group given by a presentation
(X | R) is the group satisfying exactly the equations w(X) = v(X) provable from the axioms of
group theory and the sentences r(X) = e for every r € R. (See [Rot99, Chapter 11] for more details.)

Example 1.23. Show that the following group is trivial:
{a,b | a " bab=%; b taba™?)
Definition 1.24. We establish the following conventions for group presentations.

o G is finitely generated if it has a presentation (X | R) with X finite, and finitely presented if
it has a presentation (X | R) with both X and R finite. To emphasise that a given tuple g
generates G, we will sometimes write (g | R), and to emphasise that R is a set of words whose
letters are contained in g, we may write R(g).

e If G is a subgroup of H and g € H generates G, we will write G = (7).

e G has an a-computable set of relators if there is a presentation (X | R) with X finite and
R <t a. When a = 0, we say that G has a computable set of relators.

Remark. Every group with a c.e. set of relators also has a computable one: suppose G is such a group
with c.e. list of relations (R;(g) : i < w). Then G is computably presented via (R;(g)e’ : i < w).
Indeed, to check if some word is a relator in the new relating set, first check that it is of the form
w(g)1?, where w has no terminal 1s. Then, to check if this is a relator, go through the computable
enumeration of the old relating set up to position i. This will be enough to determine if w(g)1°
corresponds to a relator in the old relating set.
This is called Craig’s Trick.

Definition 1.25. We will write H < G to denote that H is a subgroup of (ﬂ When H < G, call G
an overgroup of H.

We will make use of several constructions from group theory. Throughout, we use G, h to denote
the concatenation of g and h.

Definition 1.26. Let G = (g | R) and H = (h | S) be finitely generated groups.

e The direct product of G and H is given by

GxH=(g,h| RUSU{[g,h]| g €g.h€h})

e The free product of G and H is given by

G+ H=(g,h|RUS).

INote that this notation is similar to, but distinct from, the notation for computability introduced in an earlier
subsection. Throughout, undecorated < will refer to the subgroup relation or the ordering on the natural numbers,
while decorated < will denot e a computability-theoretic reduction.




« Suppose G and H both embed some group F', generated by f, with a: F < G and 3 : F — H.
Then the free product with amalgamation of G and H over F is given by

Gxp H={(g,h | RUSU{a()B~(f): f € [})

o If G contains two copies of F' with an isomorphism, say « : F' = F’ between them, then the
HNN extension of G over « is given by

Gxa = (9.t | RU{tft a(f)™ 1 f € f})
where ¢ is a letter not appearing in g.

The last definition may seem unmotivated. The key property of HNN extensions is that Gx, is
an overgroup of G (as we see below) in which the isomorphism between H and H is now realised as
a (particularly simple) definable automorphism.

1.5 Word problems
Definition 1.27. For a finitely generated group G = (X | R), let the word problem of G be
W(G,X)={w:waword on X and w =1 in G}.
Remark. Note that (X | W(G, X)) is always a presentation of G.
We can somewhat explicitly describe the word problem of a group from its presentation.

Proposition 1.28. Let G = (X | R) be a group, where X is computable. Then W (G, X) can be
effectively enumerated from R.

For now (until we meet enumeration reducibility), what this proposition tells us is that if R is
computable (or c.e.) then W(G, X) is computably enumerable.

Proof. Recall that G = Fx /((R)). Let U = {z7'rz |z € X UX 1 r € R}. Then
((R)) = Words (UL U ")/ ~

where ~ is the reduction relation used in the definition of the free group.
Thus, with a computable enumeration of X, relative to any enumeration of R, we may effectively
enumerate the elements of ((R)). O

The following easy proposition justifies the use of the phrase the degree of the word problem for

G.

Proposition 1.29. Let G be finitely generated. Then the degree of W(G) is independent of the
choice of finite generating set for G.

Proof. Let G be a finitely generated group and let g and h be finite generating sets for G, say via
the presentations
G=(G|Ry=(h]|S).

Let & be an isomorphism between Fj/((R)) and Fy;/((S)). Then define a : g — Wordsh to be the
map sending g; to a representative of &(g;). Notice that this function is finite and hence computable.

Further, w(g) = 1 in F5/((R)) iff w(a(g)) = 1 in F/((S)). Thus, W(G,g) <7 W(G, h).

The converse is proved analogously.

Thus, degr(W(G, 7)) € SpecG. O
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Hence, from now on, for finitely generated groups, we write W (G) for W(G, X), where X is a
finite generating set.

1.6 The complexity of a group

We’ve now seen two ways to measure the computability-theoretic content of a group — the spectrum
of the group (i.e., the degrees computing atomic diagrams of isomorphic copies) and the word
problem. We show now that these are equivalent.

We start with the simple observation that the degree of a copy of G is equivalent to the degree
of the multiplication function.

Proposition 1.30. Let G be an w-presentation of a countable group G. Then degr(G) = degr( ).

Proof. It suffices to show that the inverse function e~ ! is computable from -. But h = g~ iff

g - h = 1. Since every element has an inverse, we can search G (i.e., w) for such an element. O

We now verify that we can obtain a copy of G from a presentation. Recall that in identifying G
with F'x /{(R)), we assume that the inverse map = + 2! on X is computable.

Proposition 1.31. Suppose G = (X | R). Then degp(W (G, X)) € Spec(G).

Proof. Without loss of generality, we may take X LU X~! C w. Thus we may represent words
in X U X! as elements of w using some fixed computable Godel coding, so that G has domain
equivalence classes of elements of w. Notice that the union of these equivalence classes (which is a
subset of w) is computable from X LI X!, since the Gédel coding is effective.

Note that X <o W(G,X): z € X iff v - 271 € W(G, X).

From G, we build a copy G of G by taking as elements of G the least element of each equivalence
class. This set is computable in W (G, X) since [g] =g [h] iff gh= € W(G, X). (The argument in
Proposition implies that h~1 may be found computably in X & W (G, X).) Now, this is a group
isomorphic to G with dom G C w. Now, let (g;);<w be the G-computable increasing enumeration
of G and let a be the map sending i to g;. Then G = a‘l(é) is a group under the multiplication

= -goa~'. Further, n-xm = ( iff a(n) -5 a(m) = a(f), which is computable in W (G, X), as

G G
described above. O

The following proposition finishes the argument that, for a finitely generated group G, deg,(W(G, 7)),
which by Proposition does not depend on the choice of finite generating set, witnesses the
degree of G.

Proposition 1.32. Let G = (g | R) be a finitely generated group, and let G be a copy of G. Then
degT(W<§a R)) <t G

Proof. Let & : G — G be an isomorphism and let & = & | § be a finite (hence computable) map.
Then

w(g) e W(G,9) < w(a(g))=1inG
O
Thus the degree of a group generalises the degree of the word problem to possibly infinitely-
generated groups. Furthermore, by Proposition [1.46] every Turing degree is the degree of the word

problem of a finitely generated group. Before we prove this, we need some ways of constructing
groups.
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1.7 Normal Forms

One pleasant property of all of these constructions is that elements of each of these groups admit
normal forms. We will meet these after we discuss word problems.

Proposition 1.33 (Normal Form Theorem for Direct Products). FEvery word in Words(g, h) is
equivalent in G x H to a unique word of the form

uv

where w € G and v € H.
(Notice the uniqueness is up to a choice of word in each equivalence class of Words(g) and

Words(h).)

Thus we obtain the following corollaries.
Corollary 1.34. G,H < Gx H
Corollary 1.35. W(G x H) =r W(G) & W (H)

Proposition 1.36 (Normal Form Theorem for Free Products). Every word w € Words(G U H) is
equivalent in G x H to a unique word of the form

UpVpULVL * -+ - Up—1Un—1
where:
(a) u; € G and v, € H
b)i>0 = wy#landi<n—-1 = v; #1
Again, we obtain similar corollaries.
Corollary 1.37. G,H < G=x H.
Corollary 1.38. W(G « H) =r W(G) @ W(H)

Proof. Take a word in Words(G U H). Using W(G) and W(H), we may reduce it to its normal
form. Then w =1 in G * H iff its normal form is 1. O

Proposition 1.39 (Normal Form Theorem for Free Products with Amalgamation). Let w €
Words(G U H). Then w is equivalent in G xp H to a word of the form

SUQVQ * * * Up—1Vp—1
where
(a) u; € G\ a(F) and v; € H\ B(F)
b)i>0 = wy#landi<n—-1 = v; #1
(¢) s € a(F) is arbitrary
In this case, we only obtain uniqueness of the normal form up to a choice of coset representatives

for a(F) and B(F) in G and H respectively.

12



Corollary 1.40. G,H,F < Gx*p H
Corollary 1.41. W (Gxp H) <r W(G)aW (H)@asa~ @ e~ W (a(F) C G)eW (3(F) C H)
In practice, many of these terms will end up being computable.

Proposition 1.42 (Normal Form Theorem for HNN extensions). Let G, be an HNN extension
with associated subgroups H and H. Then every word w € (G U {t})<¥ is equivalent in G, to a
word of the form
v=got" g1t gn
wheree; =1 = ¢; ¢ H andeg; = -1 = gi¢ﬁ.
Further, if we pick representatives of the right cosets {Ag}qec and {Bg}geq, then v is unique
subject to the constraints:

(a) e, =1 = g, is the choice of representative of a coset of A
(b) g, = —1 = g; is the choice of representative of a coset of B

(¢c) go € G is arbitrary

There are a number of very important applications of HNN extensions, all of which rely on the
Normal Form Theorem.

Theorem 1.43 (Britton’s Lemma). Let Gx, be an HNN extension, and w € (gU {t})<% be a word
with no subwords of the form t='ft or ta(f)t=1, for f € F. Then w # 1 in Gx,

Proof. Take such a word w. Then, putting w into a normal form from left to right does not change
the number of ts. Hence w # 1 in Gx,,. O

Corollary 1.44 (Higman-Neumann-Neumann). G < G, via the identity map.

This is not the original proof of HNN, who did not have access to Britton’s Lemma.

Proof. If w does not contain ¢, then w is its own normal form. Thus, for w € G, w = 1 in G, iff
w=11in G. O

Corollary 1.45.
W(Gx)=r WG aWHCG)eWHCGE) dada™

We can now show that even finitely generated groups can be arbitrarily complicated. (Recall
that we cannot hope for the same from finitely presented groups, which must be c.e.)

Proposition 1.46. For every X, there is a finitely generated group G such that W (G) =1 X.

Proof. Let X C w. Recall that U = {b~"ab" | i € w} is a basis for a free subgroup of Fy, ). Consider
the HNN extension
H = (a,b,t | {t7 b ‘ab’t = b ‘ab’ :i € X})
which forces ¢ to commute with b~%ab’ if i € X.
We claim that [t,b~ab’] = 1 in H iff i € X. For the nontrivial direction, consider [t,b™‘ab’] for
i ¢ X. By Britton’s Lemma, this is not equal to 1 in H. Thus X <y W(H).
On the other hand, by the Normal Form Theorem for HNN extensions,

H<pid®id '@ W(F,y) & W({({b 'ab’ :i € X})) C H).
Each term on the RHS is computable except W ({({b~‘ab’ : i € X})) C H) <r X. O
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Theorem 1.47 (Higman—Neumann—Neumann). FEvery countable group can be embedded in a
two-generator group.

Proof. Let G be a countable group and § = (go, g1, - ..) a possibly infinite set of generators for G.
Let F5 = {(a,b|). Let H = G x F5. Then we claim the following both freely generate F,, in H:

Xo = {a,b"tab,b"%ab?,.. .}

and
X, = {b,goa"'ba, g1a"%ba?,...}.

That X freely generates a free group follows from Lemma|[T.19] For X;, consider the homomorphism
from X; — Fq ) generated by f(a) = a, f(b) = b, and f(g;) = 1. Then f(X;) is a free basis for a
free subgroup of Fi, ) by Lemma @ again. Hence, if there were a nontrivial relation amongst the
elements of X7, this would push forward to a nontrivial relation amongst the elements of f(X1), a
contradiction.

Thus, the map o which sends a — band b=+ abitt i g;b= Db+ extends to an isomorphism
between subgroups of H. (We also denote this isomorphism by «.) Consider the HNN extension

Hxo = (g,a,b,t | W(g) U {t tat = b} U {t~ 1o~V ap 1t = ga=(HDpai 1)),

By the Normal Form Theorem, H, and hence GG, embeds into Hx*,,, and Hx,, is evidently generated
by a and t. O

Notice that the argument above depends on the enumeration of the generators of G. We note an
interesting result of Thomas that the argument above cannot be made uniform, in an effective way.

Theorem 1.48 (S. Thomas ([Tho09])). There is no Borel, isomorphism-invariant map v : G — G
such that G < ¢¥(G).

2 Early theorems in group theory and computability

In this section, we focus on two classical theorems connecting group theory and computability
theory. The first, due to Sergei Adian ([Adi55]) and, independently, Michael Rabin ([Rab58]), states
that recognising whether the group given by a finite presentation has one of a very large class of
properties is undecidable (and in fact decides 0"). The second is Higman’s celebrated Embedding
Theorem which characterises finitely generated groups with computable set of relators as exactly
those which embed into a finitely presented group. The proofs we give of both theorems are modern;
for the Adian—Rabin Theorem we follow the proof in , while for Higman’s Embeddting Theorem, we
follow [LST5].

2.1 Adian—Rabin Theorem

We start by specifying the “large class of properties” that the theorem covers. The name is in honour
of Andrey Markov, Jr, who proved a result analagous to the Adian—Rabin Theorem for semigroups
([Mar51]).

Definition 2.1. A Markov property for finitely presented groups is a property P such that:

14



(a) There is a finitely presented group G satisfying P
(b) There is a finitely presented group G_ such that any overgroup H > G_ does not satisfy P

The Adian—Rabin Theorem states that for any Markov property P there is no algorithm which
decides whether a given presentation satisfies P.

Theorem 2.2 (Adian—Rabin Theorem). Let P be a Markov property. Then
{[{(X | R)] | (X | R) is a finite presentation and (X | R) satisfies P} >1 0/

Remark. This theorem can be thought of as a “sibling theorem” to Rice’s Theorem in computability,
which states that any nontrivial index set; i.e., any set of c.e. sets which is neither empty nor all of
them, computes 0'.

More precisely, an index set I is a subset of w such that e € I and W, = W, = ¢’ € I. Then
Rice’s Theorem says that I # (), w implies that I >7 0.

In order to prove this theorem, we need one fact which we will obtain later, as a consequence of the
Higman Embedding Theorem. It was originally due to Pyotor Novikov ([Nov55]) and, independently,
William Boone ([Boo58]).

Theorem 2.3 (Novikov—Boone Theorem). There is a finitely presented group F with unsolvable
word problem; indeed, there is such F with W (F) >7 0.

Novikov and Boone did not refer to the halting set in their papers, but the stronger result follows
from their arguments. Further, observe that since any finitely presented group has c.e. word problem,
we automatically get that W (F) = 0.

In fact, Clapham has shown that Higman’s Embedding Theorem is sufficiently effective to obtain
the following strengthening of Theorem (ICla67]).

Theorem 2.4. Let W be a c.e. set. Then there is a finitely presented group F such that W(F) =r W.

We postpone the proof of Theorem [2.3] until after the proof of Higman’s Embedding Theorem.
Before we prove the Adian—Rabin Theorem, we give some examples.

Corollary 2.5. The following properties of finite presentations (X | R) are undecidable (and in
general require 0':

) )
(b) (X | R) is finite;
(¢) (X | R) is abelian;
(d) (X[ R) is free;
(e) (X | R) is computable;
(f) (X | R) has Turing degree a, for a fized c.e. degree a;
(&) (X| R) is simple.
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Proof. For most of these, it is easy to check that the given property is Markov. We do the last three,
and leave the remainder as exercises.

For (e), let G be (a |) and G_ be the group F given by Theorem [2.3] Similarly, for (f), we may
take G as the group given in Theorem 2.4 and G_ as the finitely presented group in
Evidently, this argument generalises, and there are many other Markov properties related
to the degree of the word problem of a group.

Finally, for (g), we can take G, to be any finite simple group; e.g. As. G_ is a little trickier
— certainly non-simple groups may have simple subgroups, like, for example As * F5. We use an
observation due to Kuznetsov that finitely presented simple groups are always computable ([Kuz58]).

Let K = (X | R) be a finitely presented simple group. If K = {1}, then we are done.
Else, let w € Words(X*!) be such that w # 1 in K. Then we can enumerate W (K, X) as follows:
v € Words(X*1) is not equivalent to 1 in K iff w € ((v)). Since ((v)) can be computably enumerated,
this is a c.e. property of v.

On the other hand, because K is finitely presented, W (K) is c.e. Hence W(K) is computable. [

This last observation deserves its own signposting. Notice that the argument only uses that
W(K) is c.e.

Proposition 2.6. Let K be a simple group with c.e. word problem. Then W (K) is computable.
Before we prove Adian—Rabin, we note one further corollary in topology.

Corollary 2.7. The problem of deciding, for a given finite simplicial complex which represents a
manifold, whether that manifold is simply connected, is undecidable.

Proof. Given a finitely presented group, one may effectively construct a simplicial complex S which
represents a compact manifold M such that 71 (M) = G (e.g. Chapter 1 of [Hat02]). Thus, if we
could decide if the manifold for S were simply connected, we would be able to decide if the original
presentation represented the trivial group, contradicting Adian—Rabin. O

We now present the key lemma in Miller’s proof of Theorem

Lemma 2.8. Let H = (X | R). Let X = {x;}i<pn, where n < w — notice this is < and not <! For a
word w € Words(X), let Hy, be the quotient of H * Fiq 4 ¢y given by adding the following relations:

atba = c b ebe (1)
a"?b"taba® = ¢ 2b " tebe? (2)

a 3w, bla® = ¢3bc? (3)

a~ () g bt = o~ () podti (4)

Then:
(a) If w# 1 in H, then H < H,, via the identity.
(b) If w=1in H, then H,, is trivial.

Note further that if H is finitely presented, so is H,,; and if H is finitely generated, then so is
H,.
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Ezxercise 2.9. Show that H,, is generated by b and ca™'. Thus, H,, is finitely generated, even if H
is not.

Proof of Lemma. (a) Assume w # 1. The trick is that in this case, H,, is secretly a free product
with amalgamation. Let U be the set of words on the RHS and V the set of words on the
LHS. Then U is Nielsen-reduced in Fy, .y, is a basis for the free subgroup (U) < Fy .

We check that V' also is a free bases for (V) < H * F(, ). Indeed, consider a word v(VE) =
VU1 +**Up—1 = 1 in H * Fi, py. Then, by Proposition m it must be that adjacent elements
are inverses — otherwise we do not get cancellation of the a’s and hence we end up with a
normal form with positive length.

Thus, H,, is the free product of Fy;, .y and H * Fi,; with these free subgroups identified.
Hence, by the Normal Form Theorem for free products with amalgamation (Proposition [1.39)),
H<H,.

(b) Assume that w = 1. Then, using Eq. , we have
w=1= [wb=1= c?b*=1 = b=1.
By Eq. and Eq. , we then get
b=1 = ¢c=1 = a=1.

Finally, by Eq. , we have that xz; = 1 for all s.

We can now prove the Adian—Rabin Theorem.

Proof of Theorem[2.3 Let F = (X | R) be a finitely presented group with W(F) >¢ 0" as given
by the [Novikov—Boone Theoreml Let P be a Markov property and G_ and G4 the corresponding
finitely presented groups. For each word w € Words(X*!), let P(w) be the standard presentation for
(F+G_)w*G+ and H(w) be the corresponding group. Then w = 1 in F implies that (F+G_),, = {1},
so H(w) = G4 and hence satisfies P. On the other hand, if w # 1 in F, then (F « G_),, > F « G_,
so H(W) > G_, and hence does not satisfy P. Thus

{[{X | R)] | (X | R) is a finite presentation and (X | R) satisfies P} >7 W (F) > 0.

2.2 Higman Embedding Theorem

In this section, we sketch a proof of Higman’s Embedding Theorem. We follow the streamlined
treatment in [LS15], although [Hig61] remains remarkably readable.
We start with some applications.

Corollary 2.10. Every group with a computable set of relators embeds in a finitely presented group.

Proof. Check that the proof of Theorem [I:47] actually produces a group with computable set of
relators from a group with a computable set of relators. O

Corollary 2.11. There is a universal finitely presented group.
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Proof. Effectively list all finite presentations. Take the free product. This has computable set of
relators. By the previous corollary, it embeds into a finitely presented group. O

Corollary 2.12. There is a finitely presented group with unsolvable word problem.

Proof. Let X C w be c.e. Then the group G with G =7 X from Proposition [I.46 has c.e. presentation.
Thus, by Craig’s trick, it has a computable set of relators. Hence it can be embedded in a finitely
presented group F'. Since it’s finitely generated, W (G) <p W (F), as required. O

Theorem 2.13 (Boone-Higman Theorem). A f.g. group G has computable word problem iff G
embeds in a simple subgroup of a finitely presented group

Proof. Firstly, suppose that G is finitely generated and G < K < F where K is simple and
F = (X | R) is finitely presented. Then W (F') and hence W(G) are c.e. On the other hand, we can
effectively list W(QG) as follows: fix some v € K with v # 1. Then w ¢ W(K) (and in particular
w ¢ W(Q)) iff v e ((w))p iff v € (({w} UR)), which is itself c.e. (See Proposition[2.6). Thus, W(G)
is c.e. and co-c.e., as required.

Now, let G be a f.g. group, say with generators g, with computable word problem. Consider
G * (z), the group obtain by freely adding a new generator x. Then, by Proposition for every
v,w € Words(gi) with w,v # 1 in G, both vz~ 'vz and 2~ 'vzw have infinite order, and hence,
(ve~tvx) = (z7lvzw). Thus, we may take the HNN extension (G * (Z))*ye—1vwesz—tozw- 10 this

HNN extension, we have that
w =z v et vzt € ((v)).
Thus, taking countably many HNN extensions, we can build a group
G* = (GU {tyw : v,w € Words(gF)} | Rel(G, ) U {tusve vat,, =2 vzw s v,w € Words(g5)}).

In G*, every pair of words w,v € G with v,w # 1 satisfy that w € ((v)). Hence, performing this
countably many times, we obtain

G<GE"<GE" <.
Let K be the union of this chain. Since the increasing union of groups is a group, K is a group,
and by construction, K is simple. Further, since G has solvable word problem, K has a computable
presentation, and hence, by Higman’s Embedding Theorem, embeds in a finitely presented group. [

The following example (due to Higman) shows that it is not sufficient for a group to have
computable set of relators, or even for every finitely generated subgroup to have computable set of
relators, to embed into a finitely presented group.

Proposition 2.14. There is a group G such that G has computable set of relators and every finitely
generated subgroup H < G embeds into a finitely presented group, but G itself does not.

Proof sketch. Let G be the group constructed in Proposition [1.46|for a c.e. set S. Let X generate
G and note that G has no torsion (this can be checked by [Britton’s Lemmal). Then let G be the
group given by the presentation:

G = (X, (Yuw)wewWoras(x1), t | W(G), {ug wu, =t :w #1in G}).

Then G is obtained from G by a series of HNN extensions so G < G. Further, any f.g. subgroup H
of G is a subgroup of (X, (wy)w<n,t), which is f.g. and has computable set of relators, and hence

embeds in a finitely presented group. However, G does not; else W(G) = {words conjugate to ¢}
would be c.e. which would imply that W (G) is computable. O
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2.2.1 A proof of Higman’s Embedding Theorem

Again, we follow the proof given in [LS15 IV.7], the key parts of which they attribute to Valiev
([Val68], with later unpublished simplifications).
For a subgroup H < G, write Gxp for Gxiq,, .

Definition 2.15 (Higman). A normal subgroup N of a finitely generated group G is benign if Gxpy
embeds into a finitely presented group.

Theorem 2.16 (Higman’s trick). If N is a benign subgroup of G, then G/N embeds in a finitely
presented group.

Proof. Let N < G be benign, and let F' = (f | R) be a finitely presented group with Gxy — F.
We assume that G is generated by the elements g, that § C f, and that Gy has stable letter ¢.
Further, let G’ and N’ be isomorphic copies of G and N, with g’ generating G’.

Let H = (G,t7'Gt) < G*y. Then H is isomorphic to the free product of G and t~'Gt,
amalgamated over .

We pause to verify this claim. Clearly both groups have the same generators, so it suffices to
show they have the same word problems. Firstly, note that every relation of G *y t~'Gt holds in
H. Thus, take a word w € Words((g U {t})*!) and suppose that w # 1 in G *y t~'Gt. By the
Normal Form Theorem for Free Products with Amalgamation (Proposition , it follows that,
in G *xn t~'Gt, w is equivalent to a word of the form co-c¢1 - ... cn_1, where ¢; € N iff i = 0 and,
for every i > 0, ¢; € G iff ¢;41 € t~'Gt. Further, since w # 1, we have that n > 0. Since H is a
quotient of G xx t~1Gt (because it satisfies all the relations of G *y t~1Gt), it follows that w is
equivalent to this word in H as well. Now, since H is a subgroup of an HNN extension, we may
apply Britton’s Lemma (Theorem , which implies that w # 1 in H.

Thus, the map ¢ : H — G'/N’ given by p(w) = w’ and p(t7'wt) = 1 is a well-defined
homomorphism.

Working inside F' x G'/N', let ¢ : H x {1} — F x G’ /N’ be defined by ¥((h, 1)) = (h,¢(h)). By
the first coordinate, this injective, and thus we may form the HNN extension K = (F X G'/N')x*y.
We claim that K is finitely presented.

Indeed, F is finitely presented, G’ is finitely generated, and H is finitely generated, so, if the
relations of G’ /N’ follow from these, then K is finitely presented by the standard HNN presentation
(without the relations for G'/N’). Suppose w’ = 1 in G’/N’. Then w' € N’, so w € N and hence,
in Gy, t~twt = w. Thus ¥((w,1)) = (w,w’), while ((t~*wt, 1)) = (¢~ wt,1). But t 1wt = w, so
it follows that w’ = 1, as required. O

Thus, we need to show that every c.e. normal subgroup of a free group is benign.
We skip the following lemma, which is Lemma 7.7 of [LS15].

Lemma 2.17. Let G be a f.g. group which embeds into a finitely presented group. Then:
(a) Every f.g. subgroup of G is benign in G.
(b) If H and K are benign in G, then HN K and (H, K) are both benign in G.

(¢) If K is benign in G and H is a finitely generated group with K < H < G, then K is benign in
H.

The following lemma shows that c.e. subgroups of a particular form are benign.
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Lemma 2.18 (Principal Lemma (Valiev)). Let S C w be c.e. Then
Gg = <a§bocg | x e S> < F{uo,bo,CO}
is benign in Fiag py.co}-

See [LS15] for the proof, and for how to deduce Higman’s Embedding Theorem from the Principal
Lemma.

3 Relativisation of Higman’s Embedding Theorem

In this section, we show that Higman’s Embedding Theorem relativises — namely that groups H
which embed in a group which is finitely presented over some fixed group G, can be characterised
computability-theoretically. The relevant notion of computability theory is the enumeration degrees.

3.1 Enumeration reducibility

The idea of enumeration reducibility is that it focuses on positive information. Whereas in Turing
reducibility, we can answer positive and negative questions of our set (i.e., questions of the form
x € X and x ¢ X, respectively) by a series of positive and negative queries to our oracle, enumeration
reducibility requires merely that we are able to answer positive questions, but we are only allowed
positive questions to our oracle. Another way to conceptualise this is that X is enumeration reducible
to Y if from any enumeration of Y, we can effectively (and uniformly) produce and enumeration of
X2

Note that on sets, Turing reducibility and enumeration reducibility are incomparable, although
we will see below that the Turing degrees naturally embed in the enumeration degrees.

We fix a computable pairing function (-,-) — w and a computable enumeration (D, ),e. of the
finite subsets of w.

Definition 3.1. Let X,Y C w. Then X is enumeration reducible to Y, written X <., Y iff there is
a c.e. set W such that
re€X <= Ju ({(z,u) e WAD, CY).

The elements (z,u) € W are called (enumeration) axioms.
If W = W,, we write X = T'.(Y), and call T'. the eth enumeration functional or the eth
enumeration operator.

Thus, we can determine if 2 € X by computably listing the elements (y, u) of W, and waiting
for one of the form (z,u). We then go through the enumeration of Y and, if we see each element of
D,, we can conclude that x € X. This gives an enumeration of X. At no point can we conclude
that « ¢ X.

It is not hard to check that <, is reflexive and transitive, and thus we can define the enumeration
degrees D, as the set of equivalence classes on P(w) under the induced equivalence relation. Like
Dr, the enumeration degrees form an upper semilattice with join ®.

It is worth noting, although we will not need it in this class, that enumeration reducibility can
be defined in terms of the notion of “c.e. in”. The following was proved by Alan Selman in his PhD
thesis ([Sel71]).

2Many of the arguments in this section come from Soskova et al’s unpublished book “Computing with Incomplete
Information” on the enumeration degrees.
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Theorem 3.2 (Selman’s Theorem). For X C w, write CE(X) for {Z | X is c.e. inZ}. Then
X< Y < CEX) DCEY).
In a sense, enumeration reducibility generalises Turing reducibility.

Proposition 3.3. Let X,Y Cw. Then
X<rY <= XoX<.YaY.
Further, X isce.in Yif X <. Y &Y.

Sets, like those of the form X @ X, for which Y <. Y, are called total and enumeration degrees
containing total sets are also called total. Every total enumeration degree contains a set of the form
X @ X. (Naturally, every Turing degree contains a total set, since X =7 X @ X.)

The previous proposition implies that the poset of the Turing degrees embeds into the poset
of the enumeration degrees via the map ¢ : X — X @ X. By Selman’s Theorem, the enumeration
degree of X is determined by the set of total degrees above it.

We make explicit another connection between enumeration reducibility and a concept we have
already seen.

Proposition 3.4. There is a minimum enumeration degree 0. consisting of exactly the c.e. sets.

Further, as in the Turing degrees, there is a notion of the jump of an enumeration degree.

Definition 3.5. Let X C w. Then
Kx == @Tr(X)

e<w

The enumeration jump of X is the set X! = Kx ® Kx.

Note that Kx = @, [c(X) is the set whose columns consist of the complements of sets

enumeration reducible to X.

Proposition 3.6. Let X, Y C w. Then:
(a) X = Kx.
(b) X <. Y = X! <.Y/. So, in particular, the enumeration jump is degree-invariant.
(c) X <. X..

Proof sketch. Evidently, X <, Kx, since X =T'.(X) for some e. Then z € X iff (e,z) € Kx. On
the other hand, for every e,z < w, we have (e,z) € Kx iff € I'.(X). Because there is a single c.e.
set whose eth column is the eth c.e. set, this can be determined from an enumeration of X. This
completes the proof of (a).

Assume that X <. Y. Then every column of Kx appears as a column of Ky. Further, that the
proof of transitivity of <. produces a total computable function f such that if 7 <, X via I'¢, then
X <Y via I'y). Thus, the f(e)th column of Ky is equal to the eth column of Kx, and we have
that Kx <. Ky. Similarly, Kx <. Ky. This proves (b).
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We show that Kx £67X The result then follows. Assume that Kx <. X. Then Ki} <. X
where K% = {e| (e,e) € Kx}. Suppose that K% <. X via I'.. Then

eGKi}“(
< (e,e,) € Kx
< (e,e,) & Kx
= (e,e) ¢ Kx,

a contradiction. O

3.1.1 Enumeration reduction and group theory

Here we discuss how the enumeration degrees interact with group theory.

Proposition 3.7. Let (X | R) 2 (Y | S) be presentations for a group G with X andY both finite.
Then W(G, X) =. W(G,Y).

Proof. As in the Turing-reducibility case: since X is finite, the map 7 : X — W(G,Y) which
determines the group isomorphism ¢ : G — H is computable. Hence to determine if w € Words(X ™)
is 1 in G, wait for its image to appear in W(H,Y). O

Proposition 3.8. For every group G = (X | R), we have that W(G,X) <. R.
Proof. W(G,X) = ((R)) in Fx. This is enumerable from R. O

Proposition 3.9. For every S C w, there is a finitely generated group G with W(G) =, S.
Proof. Recall the argument from Proposition [[.46} In that proof, we formed the group
H = (a,b,t | {[t,b""ab’] : i € S})

and argued that W(H) = S. By Proposition we have W(H) <. R. On the other hand, i € S
iff [t,b=ab'] = 1 in H, so R <. W(H). O

Proposition 3.10. FEvery simple group has total word problem

Proof. This is essentially Kuznetsov’s argument in Proposition 2.6] Fix K simple and without loss
of generality, assume that K # {1}. Take v € K such that v # 1. Then, from an enumeration of
W(K), we can determine if v € ((w)). Then w € W(K) iff v € ({(w)). (Note that in general is it
possible to computably enumerate ((w)). The use of the enumeration oracle W (K) is to determine
if one of these words in ((w)) is equal to v in K.) O

3.2 Statement and applications of the relativisation

With this background on enumeration reducbility, we are almost ready to state Ziegler’s relativisation
of Higman’s Embedding Theorem. We need one further definition.

Definition 3.11. Let G be a group. A group F is finitely presented over G or finitely presented
relative to G if there is a finite set of generators X and relators R such that

F = (gen(G), X | rel(G), R)

and the subgroup (gen(G)) of F' is isomorphic to G via the natural map.
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The following proposition is an immediate consequence of Proposition [3.8

Proposition 3.12. Let H be finitely generated. If H is a subgroup of a group which is finitely
presented over G, then W(H) <, W(G, X) for any set of generators X of G.

Martin Zielger proved the converse to this proposition in [Zie80].

Theorem 3.13 (Relativisation of Higman’s Embedding Theorem). Let G and H be a finitely
generated groups. Then the following are equivalent:

(a) W(H) <. W(G)
(b) H is a subgroup of a group which is finitely presented over G.

Notice that we recover Higman’s Embedding Theorem by taking G = {1}.
Before we prove Theorem [3.13] we note that we obtain relativised versions of the corollaries to
Higman’s Embedding Theorem.

Corollary 3.14. Every group H such that W(H,X) <. W(G) embeds in a group which is finitely
presented over G.

Proof. Tt suffices to check that the two-generated overgroup from Theorem [I.47] is e-equivalent to
H. O

Corollary 3.15. Let a be an enumeration degree. Then there is a universal group for being finitely
generated and having word problem enumeration reducible to a.

Proof. Fix a. Let H be a finitely generated group with W (H) <, a. Enumerate the sets R of words
on finite alphabets with R < a. Then the free product of all these groups (on formally disjoint
alphabets) is e-reducible to W(H). Thus it embeds in a group F finitely presented over H and
in particular finitely generated. Since F' embeds in a group finitely presented over H, we have
W(F) <. W(H), but since H has finitely generated subgroups with word problem of e-degree a, we
also have W(F) >, a =, W(H). O

The following is a relativisation of the [Boone—Higman Theorem|

Corollary 3.16. A f.g. group G has total word problem iff G embeds in a simple subgroup of a
group which is finitely presented over G.

Proof. Suppose that G < K < F where F' is finitely presented over G with the new relations R. Fix
v ¢ W(K). Then w # 1 in G iff ((w))r 3 v iff (({w} URUW(G)))Fr (the normal closure of this set
in the group F'), which is e-reducible to W (G).

On the other hand, if G has total word problem, then by an argument analagous that that of
Theorem [2.13] we can build a simple group K such that the relators of K are <. G. By Corollary|[3.14]
we get that K embeds in a group which is finitely presented over G. O
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3.3 Proof of Theorem [3.13

In this section, we show that for finitely generated groups G and H, W(H) <, W(Q) iff H is a
subgroup of a group finitely presented over G.
The right-to-left direction follows from Proposition [3.8]

For the remainder of this section, we prove the left-to-right direction.
Let g and h generate G and H respectively. Let T be the c.e. set witnessing W(H) <, W(G),
and let

Iy ={ /\ w@=1—-v@) =1](u,v)cT}.
weD,,
Then, for any group K, we have that K = Z(g,h) and (g) = G, then h = H.

The following claim establishes that each of the implications in Z being satisfied in K is equivalent
to the satisfiability of a X{ sentence in overgroups of K.

Claim 3.16.1. Let K be a group. For each n, let I,(zo,...,z,) be the implication /\1<i<n T; =

1 — xop = 1. Then for each n, there is a formula ¢, (z;T), where n = |z|, such that for every
ag, . ..a, € K, K | 1(a) exactly when 3%z ¢,,(Z; @) is satisfied in some overgroup of K.
Furthermore, ¢,, can be chosen of the form ¢, = “w,(Z;a1,...,a,,a9) =17

The reader could be forgiven for wondering whether this is really progress towards our goal;
after all, we have gone from a set of first order implications to a set of X1 conditions. However, we
will show that these conditions can be combined into a single quantifier-free L, ,, formula which is

satisfied in some overgroup of K iff Z(g, h) holds. By Higman’s Embedding Theorem, we will be
able to simplify this to a formula of first order logic, and we will be able to read the new relations R
off of this formula.

Proof of Claim. The proof proceeds by induction on n. Suppose G = ap =1 — a3 = 1. We show
this is equivalent to 1 (x,y) = “a; = [[ao, x],y]” being solvable over K.

The backwards direction is straightforward.

In the other direction, suppose G |=a; =1 — ag = 1. This is equivalent to G = a; # 1Vag = 1.
If ag = 1, then x = y = 1 solves ¢ in G. So suppose a1 # 1. In the first case, ap = a;. Let {(a’)
be such that (a’) & (ag). Consider G x (a’). Then let Hy be the HNN extension (G x {a'))*qq<sa’-
Then t~lagt = @’ and the order of a, Lo’ equals the order of a/, so we may take a further HNN

extension Hy = Ho*aala,Ha,. Then

slagta's =d

s_laalt_laots = t_laot

ag = [[ao, t], s].

Now, suppose a1 # ag, and ag,a; # 1. Then let H be a nontrivial group and h € Hy\{1}. Then,
in G * Hy, both [ag, h] and aq[ag, h] have infinite order. (Here we use that ag # a;.) Thus, they
are conjugate in the HNN extension Hy = (G * Ho)*[ag,h]<>a; [ao,h]» @S Tequired. This completes the
n =1 case.

Now suppose that ¢, 1 has been defined and satisfies the conclusions of the claim. Notice that

I,(ag,...,a,) is equivalent to a, = e = I,_1(ag,...,ga—1). By hypothesis, I,_1(ag,...an_1) is
equivalent to the solvability of 3z ¢(Z; @) in some overgroup of K. Let H be any such overgroup.
In H, we have that a, = 1 — ¢,_1(ag,...,an—1). Further, ¢,_1(ag,...,a,—1) is of the form
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wWp—1(ag,...,an,—1) = 1 by the induction hypothesis. Applying the n = 1 case, we get that
an, =1 = wp_1(ag,...,an—1) = 1 in H iff w,—1(ag,...,an-1) = [[an, 20], 21] is solvable in an
overgroup of H. Thus, if K | I,,(g) then 3zg, 21 (wn—1(ag,...,an—1) = [[an, 20], 21]) is solvable in
an overgroup of K. The converse is clear.

This finishes the proof of the claim. B

Now, returning to the main proof, write 6,,, for the implication A p w(T) =1— v(y) = 1.
Then, what we have so far is that K = Z(g, h) iff Nuvyed F2 (u,0) Ouw (Zu,w, 0(7), v(h)) is satisfied
in an overgroup of K. (Here we use that if H and H’ are overgroups of K, then there is a further
overgroup H xx H' of K containing both H and H’ (and hence satisfying all the X9 sentences of
both H and H').)

The next claim shows that we may in fact choose a finite collection of Z witnessing the existential.

Suppose that there is some L > K which satisfies A\, ,)ce F2(u,0) Puv(Zu,w, W(G), v(h)). Let (a;)icw
be an enumeration of the witnesses for the existentials. Then the claim shows that, at the expense
of moving to a further overgroup, there are by and by such that a; can be expressed as a word in by
and b;.

Claim 3.16.2. There is a computable sequence of words {v;(x,y) | ¢ € w} such that for every sequence
{a; | i < w} from a countable group L, the system of equations {v;(z,y) = a; | i < w} has a solution
over L.

Proof. This follows by tracing through the proof of the Higman—Neumann—Neumann Embedding
Theorem (Theorem [1.47)), choosing an enumeration (k;)i<. of K where ka;+1 = a;.
(Neumann obtains the simpler expression t;(z,y) = [[z,y** '], z] in [?].) —|

Hence, L = A\, ,yeo T2 (u,0)0u.0(Zu,0, W(9), v(h)) iff there is some L’ > L satisfying

L' =3z, 2 N wuwEun(zo,21), W(G),0(h)) =1
(u,v)eD

Let ¢(Z,7) be the formula A, ) ca Wu,v(tu,0(20, 21),w(g),v(h)) = 1. Notice that {w, , | {u,v) €
®} is c.e. Let

. —— —
F= <a0;a1a§/7h 7f | R(G/Oaalaglah 7f)>
be a finitely presented group embedding the group

(20,21, G, I | {wuw(Fu,w (20, 21),0(7),v(h)) : (u,v) €T},

as provided by Higman’s Embedding Theorem.
We need one further trick to finish the proof.

Claim 3.16.3. For every n, there is a formula 7, Euniform in n) such that for every group M and

every a,b C M with [@| = |b| = n, the map @ + b is a homomorphism iff 377, (a,b,7) is solvable
over M.

Proof. Let (@), (b) C G. Suppose (@) —» (b) and let (@) = (a). Then in G x (@), the map @ > (b,a)
generates an isomorphism. Hence, taking two HNN extensions, we can find an overgroup H which
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has elements s and ¢ such that

tlat=da

s~ tas =a'b=t"tatb

Let
N (@, b,2,y) = /\y_lay = x taxb A /\[E,x_lax] =1

By construction, if (@) — (b), then 7, is solved in an extension.
On the other hand, suppose H > G solves 7, and suppose w(a) = 1. Then

sTw(@s =1
w(s™as) =1
w(t™ath) = 1
t~tw(@)tw(b) = 1
w) =1
where the last line follows since w(a) = 1. 4

We claim that
E(T,Y, 20, 21,77 s 20,21, &, 1) = R(@, 7', 20,21, € ) U (T 3; 7,75 1)
is the desired relating set. More precisely, set
T 55 7 B = = T _
F= <a07a179,7 h 7f797 b | R(U‘Oa alag/7 h 7f)a77(g?g/7b)7 W(Ga g)>

Let’s pause briefly to recollect where each piece of F' comes from, and how it serves our purposes.

Firstly, the finite set of relations R is provided buy Higman’s Embedding Theorem and ensures
that each of the words wy, ) coding the enumeration reduction W(H) <. W(G) is equal to 1 in
F. Hence, in F, we have that W((h")) CT(W({g’))). Thus, if (¢’) is isomorphic to a quotient of G
(i.e., W({g")) CW(G,7q')), then we will have that (k') is isomorphic to a quotient of H.

Recall that 7(g,g’,b) was defined so that the map g; — g/ is a homomorphism (and thus in fact
an epimorphism). Hence, in the presence of W (G,g), we have that (g, g, b) guarantees that (g’)

is in fact isomorphic to a quotient of G, and hence that (h') is isomorphic to a quotient of H, by
above.

To finish the proof, we need to verify firstly, that G < F via the identity map (so that F is
finitely presented relative to G), and secondly, that H < F. We already know that (g) and (h’) are
isomorphic to quotients of G and H respectively. Thus, since F is the free-est group (i.e., has the
fewest relations) of any group satisfying R(ay, al,y',ﬁl,f) un(g,g,b) UW(G,g), it suffices to show
that there is a group satisfying all of these relations, and such that (') = H and (G) = G.

Consider L = G % (F/W(G,g')). Then, evidently G < L. Further, by definition of F, we have
that R(ag,a1,9,h , f) holds in L. Moreover, the map g; g5 is a homomorphism since we have
quotiented out by W (G,q’), and so there is an overgroup L' > L and b € L’ such that n(g,g’,b)
holds in L.

The argument for H is similar.
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4 Ziegler’s Definability Theorem

Higman’s Embedding Theorem and its relativisation only code positive data (i.e., words which are
equal to 1) in the group which is being embedded. That we get an embedding and not a quotient
comes down to the fact that we are mapping into the free-est group satisfying that some collection
of words is equal to the identity.

However, we have already seen that this operation can hide computational complexity; for
example, there are finitely presented groups whose word problem computes the halting set.

In this section, we prove a theorem, due to Martin Ziegler, that upgrades the “algebraic” side
of the Higman Embedding Theorems to capture the full atomic diagram, namely the word and
co-word problem of the group. The computability-theoretic side uses Zielger-reducibility, which was
introduced by Martin Ziegler for this purpose. It is worth noting that Ziegler-reducibility extends
the known @Q-reducibility (or quasi-reducibility) which had been studied on the c.e. sets. CITE!!

We will state Ziegler’s Theorem here and provide definitions for undefined terms in the upcoming
sections.

Theorem 4.1 (Ziegler’s Definability Theorem). Let G and H be finitely generated groups. Then
the following are equivalent:

(a) W(H) <* W(G)

(b) There is a quantifier-free formula (T, h,g) of group theory, for which there is a group F > G

~

satisfying 3T0(Z, h,G), and such that for any such group, with (g) = G, we must have (h) = H.

The “unrelativised case”, i.e., when G = {1} states that a f.g. group H has solvable word problem
iff there is a single existential formula which guarantees that a given set of parameters h in a group
F is isomorphic to H. Thus, groups with solvable word problem are in some sense definable (at the
expense of going to an overgroup). This was first stated by Rips in [Rip82] but was probably known
earlier.

4.1 Ziegler reducibility

Fix as before a computable enumeration D,, of the finite subsets of w and a computable enumeration
D} of the finite subsets of w of cardinality at most 1.

Definition 4.2. Let X, Y be subsets of w. Then we define X Si YE| if there is a c.e. set W such
that _
reX < Iz,u,v) e W (D, CYAD:CY).

Then X <*Y (pronounced “X is Ziegler-reducible to Y” or “X is x-reducible to Y iff
X<.Y and X<Y
First things first, we verify that this relation is reflexive and transitive.
Proposition 4.3. Let XY, 7Z Cw. Then
(a) X <* X

3This is misleading notation as this relation is not transitive
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b) X<'Y<*Z = X< Z

Proof sketch. The first claim is clear.

Towards the second, we have that X <. Z since enumeration reducibility is transitive. To check
that = ¢ X, we ask Y finitely many positive questions and one negative question per axiom. The
one negative question can be converted, via the 1-e-reduction from Y to Z to finitely many positive
questions and one negative question being put to Z. Thus, X <! Z. O

Thus, <* induces an ordering on the equivalence classes given by X =* Y iff X <* Y and
Y <* X. We call this structure the Ziegler degrees and denote it D*.

Proposition 4.4. D* is an upper semilattice with least element 0., which consists of exactly the
computable sets, and join given by X @Y.

We further note that Ziegler reducibility in general properly refines Turing reducibility and
enumeration reducibility.

Proposition 4.5. Let X,Y Cw. Then X <*Y implies X <7 Y and X <. Y.
Further, via the usual argument, we have the following.
Proposition 4.6. Let G and H be a finitely generated groups. Then
(a) if g is a finite generating set for G and X is any generating set, then W(G,q) <* W(G, X)
(b) if G < H, then W(G) <* W(H)

Finally, the following is due to Ziegler in CITE. It is more complicated than the traditional
argument (as, indeed, there are m-degrees that do not contain the word problem of a finitely
generated group.)

Theorem 4.7. FEvery x-degree contains the word problem of a finitely generated group.

Ezercise 4.8. Show that W (G x H) =* W(G) & W (H).

4.2 Warm-up to the proof of Ziegler’s definability theorem

In this section, we give an example of Ziegler’s definability theorem for a group with a solvable word
problem. We then sketch the proof of the theorem for groups with solvable word problem, following
[Rip82].

Example 4.9. We will find the formula ¢ which isolates Z.
Consider the group

F={a,bc,d|a " ba—b*b" cb=c? ¢ tde=d* d " ad = a?).

Higman showed in CITE that this group is infinite and has no finite quotients. For us, it will be
enough to show that (a)r = Z and any quotient of F' for which a # 1 still has (a) = Z. Then the
formula for Z is

o(x,y,2,0) = “a tra - N lyr =P Ay ley =22 A2 laz =ad® Aa £ 17
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F can be built from HNN extensions and free products with amalgamation. Let Gy = (a,b |
a~tba = b?) = (b |)*pp2. Similarly, we may define Gy, Gz, and G3 to be the corresponding
groups of generators (b, c), (¢,d), and (d,a) respectively. Then by the normal form theorem for
HNN extensions, we have that (b)g, = (b)g,, so we may form the amalgamated free product
Hy = Go *y G1. A similar argument gives the amalgamated free product Hy = G2 *(4) G3. Then
the normal form theorem for free products guarantees that the subgroups (a,c)p, and (a,c)p, are
freely generated by the given generators, and hence we may form a final amalgamated free product
F = Hg #(q,c) H1. By construction, (a) £ Z in F.

Now, we finish by showing that if F is a quotient of F and a # 1 in F, then (a) 7 = Z. Suppose
that a # 1, but that a has order n for some finite n (i.e., a” =1 and ™ # 1 for every 0 < m < n).
If n is even, then by the last relation, a? = 1, contradicting minimality, so n is odd.

Furthermore, the order of a being finite implies that the order of every generator is finite. Since
a has order n, we get that b = a~"ba™ = b*", so b has order dividing 2" — 1, and in particular has
odd order. That the orders of the other generators are finite follows similarly.

We finish by obtaining a contradiction. Let n,, respectively n;, etc, be the orders of a, b, etc,
and pg, pp, etc, be the least prime multiples of n,, np, etc. By the argument above, we have that

=1,
80 ng, and hence p,, divides 2"¢ — 1. Thus 2™ =, 1. Let k be the order of 2 in (Z/p,Z)*. Note
that k > 1 since p, is odd. Then k| ng and by Lagrange’s Theorem k | p, — 1. Hence pg < k < p,.

A similar series of arguments show that p, < py < p. < pqg < pa, a contradiction.

Hence, any group satisfying 3x,y,z (a lwa—z? Az tyr = > Ay ley = 22 Az taz = a? Aa # 1)
must have (a) = Z.

4.3 Proof of Ziegler’s definability theorem
We start with what has been the “easy” direction in our earlier embedding theorems.

Theorem 4.10 (First half of Ziegler’s Theorem). Let G and H be f.g. groups with such that there
is a sentence 3Tp(T, g, h), where ¢ is quantifier-free and consists of conjunctions of atomics and
negative atomics, which is satisfied in some group F' > G, and for every such group F', we have that

(h) = H.

Proof. Note that o(f,g,h) states that some collection of words in f,g, h is are equal to the identity,
and some collection of words in the same elements are not. Let o%(f,g,h) consist of only the
equations.

Then, since ¢ is consistent with G, the group

F=(f9.h]¢"(f,5.h)UW(G.7)
satisfies ¢. Hence (h)r = H.
Thus, by Proposition W(H) <. ¢t (f,g,h) UW(G).
On the other hand, w ¢ W (H) iff ((w(h)Up™ f,g, h)UW(G,g))). Using W(G) as an enumeration
oracle, one can enumerate both this subgroup, say as (n;)i<, and W(F). If there is some n; -
v(f,g,h)~! and v # 1 is a conjunct of =1, then w(h) ¢ W (H). Further, if there is n; - v(g) ™!, and

v(g) € W(G), then w(h) € W(H). O
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The other direction follows similarly to the proof of Theorem (the relativisation of Higman's
Embedding Theorem).

Theorem 4.11 (Second half of Ziegler’s Theorem). Let G and H be finitely generated groups with

W(G) <* W(H). Then there is a quantifier-free formula ©(T,q, h) which is solved in some overgroup

of G and for any such overgroup F, we have that (h)yg = H.

Proof. Suppose that W (H) <, W(G) via the c.e. set ® and W (H) <! W(Q) via the c.e. set .
As in the proof of Theorem [3.13] we may form the sets of implications

7=A{ /\ w(@) =1—vh)=1](v,u) € ®}

weD,,

and

T={ N\ w@=1A N\ @@ #1—=0vh)#1]|(v,ut) eV}

wED, wED}

Then in any group F with elements g, h C F and (g) r = G, and such that F satisfies Z(g, h)UJ (3, h),
we have that (h) = H.
Notice that since |D}| < 1, each implication in J is logically equivalent to one of the form

N\ w@ =1rv(h)=1-1(g) =1
weD,,

or
/\ w(@ =1Avh)=1— L
weD,,
Let ¢ be a new symbol, and suppose we are in a group with the relation ¢ # 1. Then we can
rewrite the second form as
N\ w@=1rv(h)=1—c=1
WED,,

Now we have a c.e. set of implications of the form A, cp w(g, h)=1—v(g,h,c) = 1.

Exactly as in the proof of the relativisation of Higman’s Embedding Theorem (Theorem ,
we obtain a finite set of equations R(a,b,¢,dq,7,h, f) = R(@§,ch, f) Un(g,c,g,¢,b) (in the
notation of that proof). The desired formula is

Y= /\rzl/\cyél.

reR

5 Existentially closed groups

Ziegler proved his definability theorem in the context of existentially closed groups, where he solved
several open questions concerning the possible classes of finitely generated subgroups of e.c. groups
and properties which are first-order definable in the class of e.c. groups.

We start with the definitions.
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5.1 Existential closure

We work in this section in the language of group theory, but everything below can be done for an
arbitrary theory, for an arbitrary language. For some of the theorems to go through as stated, one
needs to assume that the language is countable or that 7" is a V3 theory.

Definition 5.1. A group M is existentially closed if for any 2 C M and any quantifier-free formula
©(Z, m) such that there is N > M and n C N with (7, m), then there is already @ C M with

o(a,m).

For the purposes of this definition, a quantifier-free formula can be thought of as a conjunction
of atoms of the form w(Z,m) = 1 and negated atoms of the form w(Z,7) # 1.

We start with some simple observations about existentially closed groups, to get used to the
definition.

Proposition 5.2. Let M be a countable e.c. group. Then:
(a) M is infinite

(b) M is not finitely generated

(d) M contains as a subgroup every f.g. computable group

)
)
(¢) M is not abelian
)
(e) M is simple
)

() M is w-homogeneous; i.e., any isomorphism between finitely generated subgroups of M extends
to an automorphism of M. (In fact, the automorphism can be taken to be conjugation.)

Proof.  (a) Let mg,...my—1 € M. Then 3z (x #moA--- Az # my_1) is solved in M * (a |) by a,
and so there is some m,, € M with m,, # mg,...my # mu_1. Thus M # {mg,...mp_1}.

(b) Let mg,...mp_1 € M. Then 3z, y ([x,mo] =1A--- Afx,mp_1] =1 A [z,y] # 1) is solved in
the HNN extension of M associated to the map id : (mg,...,Mp_1) = (Mo, ..., Mp_1).

(c) Exercise

(d) By the “unrelativised” Ziegler definability theorem, for any f.g. computable group G, there
is a quantifier-free ¢(Z,7) such that there is a group satisfying ¢ and such that any group
satisfying (h,g) has (g) = G. Let H be a group satisfying 377p(%, 7). Then H % M also
satisfies 3%, gy, so M satisfies 3%, yp. Hence M contains an isomorphic copy of G.

(e) Let mg,my € M. Then, in Mx*(s |), the elements [mg, sjmy and [my, s] both have infinite order,
so we may take the HNN extension along the isomorphism which sends [mg, sjmi — [mo, s].
In this overgroup, there is ¢ such that ¢~[mg, sjmit = [my, s, whence there are a,b € M with
b~1[mo, almib = [mo, a, witnessing that m; € ({(mo)).

(f) Exercise (Hint: use HNN extensions)

Proposition 5.3. The class of e.c. groups is not first order.
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Proof. This proof is beyond the scope of this course, but I include it here for readers who know
about ultraproducts, or are inspired by the argument to learn about them.

Let M be existentially closed. Then, by the last part of the previous proposition, any two
elements of infinite order in M are conjugate. let MY be a non-principal ultrapower of M. By Lo$’s
Theorem, MY = M. However, we show that MY cannot be e.c. by finding two elements of infinite
order that are not conjugate. Indeed, take an element g = (g1, g2, gs, . . .) where g; has order ¢, and
an element h = (hq, ho, hs,...), where h; has order w. (Why do such elements exist?) Then, again
by Lo$’s Theorem, the order of g and h are both infinite. But M = =3t(t~1g;t = h;) for all i, and
hence g and h are not conjugate in MY. O

Further, as an immediate consequence of Ziegler’s definability theorem, we get the following
result.

Theorem 5.4. Let G and H be finitely generated groups. If W(H) <* W(G), then H embeds into
every e.c. group containing G.

Proof. Let W(H) <* W(G) and let (%, g) be the quantifier-free formula from Theorem [£.1} Let M
be an e.c. group with G < M. Then 3Zp(T,7) is solved in some F' > G by the consistency condition
in Theorem Thus, ¢ is solved in F'x M, and hence, by existential closure, also in M, say by @.
Thus H = (a) ¥ a. O

In due course, we will prove a converse to this theorem. But first, we should make sure that e.c.
groups actually exist!

Theorem 5.5. For every countable group G, there is an e.c. group M with M > G.

For this theorem, it will be important that the theory of groups admits a V3 axiomatisation;
namely the axioms of group theory are all of the form VZ3y (or simpler). For this, it is important
that we have a constant symbol for 1.

Proof. Let G be a countable group and let A be the quantifier-free diagram of G with parameters
from G; that is, A is the set of quantifier-free sentences ¢(g). We will abuse notation and write G
both for the group itself and for its underlying set. Let T}, be the axioms of group theory. Let C be
a countable set of new constant symbols. M will have domain C'U G, and we will inductively build
the quantifier-free diagram of M. Let (©¢(T, e, G.))e<w be an enumeration of the quantifier-free
formulas of group theory with parameters from C'U G and let ¢;(¢;,g;) be an enumeration of the
quantifier-free sentences of group theory with parameters from C' U G.
Stage 0: Let My = .
Stage s +1, s =3 0: Suppose that M, has been defined, is a set of quantifier-free sentences in the
language of group theory with parameters from C'U G such that M, UT,, U A is consistent.
Check if M, U Ty, U AU {FTps (7,C,g) is consistent. If not, My, = M. If so, then let dcC
be fresh (i.e., as yet unused) constants. Then set

Ms+1 =M,U {¢§(87E7 §>}

By hypothesis, this remains consistent.
Stage s + 1, s =3 1: Suppose that M, has been defined, with the same conditions as above. Since
M, UT,, UA is consistent, at least one of

M;U{~psa(eg)y  or  M;U{¢:2(59)}
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is consistent. Let M1 be one of these theories which is consistent.
Stage s + 1, s =3 2: Suppose that M, has been defined, as above. For the first s elements of CUG
(with respect to a fixed enumeration of order type w), say ag,...as—1, we set

Mop1 =M;U{a;i - (a5 -ar) = (ai-aj) -ap 4,5,k <s}U{a;-1=1-a;, =a; : i < s}
Wa;-af =af -a;=1]i<s}

where a is a fresh constant.

Now, let M = J, M. We claim that M is complete for quantifier-free formulas in the language
of group theory with parameters from C U G (i.e., for every such formula v, either ¢ € M or
—p € M); that M is a group; that M is existentially closed; and that G < M.

We first show that M is quantifier-free complete. Indeed, let i) be a quantifier-free formula in the
language of groups with parameters from G U C. Then ¢ = 1); for some 14, so at stage s = 3(i + 1),
we added either 1; or =1); to M. Thus M is quantifier-free complete.

Verification that M is a group is similar; at stages s =3 2, we guaranteed that all of the elements
of M satisfy the group axioms. Here we use that the theory of groups is V3 — to guarantee
inductively that VZ3560(T,7) sentence is satisfied, it suffices to ensure that for any finite subset @ in
the domain, there is some stage s and some finite tuple b in the domain such that 6(a@, b) has been
added at stage s.

To check that M is existentially closed, let 3¢ (7, ¢, g) be such that there is some N > M such
that IV solves 3T (%, ¢,g). There is some e such that ¢ = ¢, and N witnesses that Mz U Ty, UAU
{3Z.(T,¢,7) is consistent. Thus, at stage 3e, we added some tuple d that solves ¢, in M.

Finally, to check that G < M, we note that the subset of M named by the constants of G is
isomorphic to G. O

Notice that this construction is in some sense very easy (or, at least, very robust) — at no point
when adding sentences to M did we have to worry about possibly injuring later requirements on
M. As long as our fairly mild induction hypotheses held, we were always able to add a sentence to
further our goals of making M e.c., a group, and quantifier-free-complete.

To formalise this, we need the language of model-theoretic forcing.

5.2 Model-theoretic forcing

[Note: This is section was written while I was in graduate school, and has not been edited for
consistency.

Throughout this subsection, let T" be a first order theory in a countable language L and let C' be
a countable set of new constant symbols.

The following definitions are in direct analogue with their set-theoretic counterparts (see for
example [Kunld]). They are due to Robinson in [BR70].

Definition 5.6. A (T )-condition is a finite collection of p of basic sentences of L(C') such that T'Up
is consistent.

We define a forcing relation p IF* ¢ (read “p *-forces ¢”), for a condition p and a sentence ¢ of
L(C), inductively as follows:

e If pis basic, plF* pif o €p
e fo=9Al, plr*pifpl-* ¢ and pl-* 6
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o If o = 3TY(T), p IF* @ if p IF* 1(¢) for some closed term ¢ of L(C')
o If o =), pIt* ¢ if there is no ¢ 2 p with ¢ IF* ¢
We then define p - ¢ (“p forces ¢7) if p IF* =—.

Remark. Tt is worth taking the time here to unravel the relation p I ¢. By definition, p IF ¢ iff
p IF* ==p. Tracing through the definition of p IF* =), we get that p IF* ——¢ iff for every ¢ D p,
there is r 2 ¢ with r IF* ¢.

The following lemmas are proved in exactly the same way they are proved in standard texts on
set-theoretic forcing.

Lemma 5.7. No condition forces ¢ and —.
Lemma 5.8. If p C q are conditions and p I+ @, then q |- .
Lemma 5.9. If p ¥ ¢ then there is ¢ 2 p with q IF —p.

As in set-theoretic forcing, the idea behind model-theoretic forcing is that the forcing rela-
tion should somehow build or pick out “special” structures. Again, the following definition is a
transcription of the corresponding definition of a generic extension in set theory.

Definition 5.10. An L(C)-structure M is (T-)generic if M is consistent with T (i.e., M embeds
in a model of T), and for every sentence ¢ of L(C),

M = <= for some p C AY (M; M), pIF .
We will sometimes also use generic to describe the reduct M [ L.

Note that the requirement that M is consistent with T is equivalent to insisting that all
p C A (M; M) are in fact T-conditions.

This definition has a number of drawbacks. Firstly, it is not clear that generics always (or
even, perhaps, ever) exist. Secondly, even if generic structures were to exist, the definition is very
non-constructive — it gives no hint as to how one would go about building a generic structure. We
will provide answers to both of these questions. However, we start with an example.

Ezample 5.11. Let L = {<} and let T be the theory which says < is a linear order with a least
element.

M = (Q; <) is a T-generic structure.

M is consistent with T" as one can adjoin an element which is less than every element of Q by
compactness. The second requirement follows from quantifier elimination.

This example suggests another question: when, if ever, are T-generic structures models of 77
Are they determined by T' (up to elementary equivalence or even isomorphism)?
We address the questions posed before the example first.

Theorem 5.12. Let T be a theory. Then there is a T-generic structure M.

Proof. We build a generic structure by specifying its quantifier-free diagram, proceeding in stages.
Order the quantifier-free L(C') sentences as (p; : i < w).
At stage 0, let py = 0.
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At stage i + 1, we will decide whether to include ¢; or its negation. Set p;+1 = p; U {p;} if
p W —p; and p; U {—yp;} otherwise.

One can check that each of the p;s is a condition, so the union (J; p; is consistent and decides
every quantifier-free formula in L(C). Thus, this determines a countable model M built from the
constants C.

We now check that M is generic.

Firstly, we need to verify that M embeds in a model of T'. In other words, we check if the theory
T U A% (M; M) is consistent. It suffices to check that T'U p is consistent for every finite subset
p C AY(M;M). Let i be sufficiently large so that p C p;. Since p; is a T-condition, T'U p; is
consistent; hence T'U p is consistent.

Secondly, we show that M |= ¢ iff p IF ¢ for some p C A% (M; MC). The result follows from a
structural induction of formula complexity. The base case follows from the construction.

All of the inductive cases are fairly straightforward, so we only lay out the most interesting —
negation — to give a flavour of the argument.

Let ¢ = —p and suppose M |= . Then M ¥ 1), so, by induction, there is no p C A% (M;C)
with p Ik 9. Thus @) IF =), as required.

In the other direction, suppose there is some p C A% (M) with p IF —¢). Then for every q 2 p,
q W 1. Hence M ¥ 1), so M = —) as required. O

Note that this answers both of our original concerns about the definition of generic structures
— not only do they exist, but they can be built up inductively by taking “complete” sequences of
conditions.

It motivates the following definition, first laid out in [Zie80] and further embellished with a
Hodgesian whimsy in [Hod&5].

Definition 5.13. Define a game between two players, V (P1) and 3 (P2) where each takes turns
playing a T-condition satisfying that p;11 2 p; for all i < w, where p; the condition played on the
tth turn.

As above, we can always ensure that the plays give the quantifier-free diagram of a structure.
Let p = (p; : i <w) and call this structure the compiled structure, denoted M (D).

Let Cond be the set of conditions. Then a strategy is a function o : Cond — Cond such that
a(p) 2 p. A player plays the strategy o if they play o(p) upon seeing condition p.

Let P be a property of the sequence of plays or the compiled structure. 3 has a winning strategy
in G(P) if there is a strategy o such that by playing o, 3 ensures that P holds. Call a property P
enforceable if 3 has a winning strategy for P.

Define the forcing relation p G-forces ¢, for a condition p and an L(C)-sentence ¢, by p Ik ¢ if
3 has a winning strategy for G(M = ) assuming V’s first move contains p.

Remark. We pause briefly to remark that this set-up bears similarity to Cohen’s motivation for
forcing as laid out in [CohO§|. There, he considers adding a new set to a countable transitive model
of V = L by working with a poset of conditions consisting of finite, consistent collections of sentences
of the form n € a and m ¢ a, where m and n are natural numbers and a is a new constant symbol
corresponding to the set we are constructing. Picking a complete sequence of conditions corresponds
to naming a subset of w. Cohen shows that if the choice of conditions are “generic enough”, then
the subset picked out is non-constructible and, in particular, not in the ground model.

The following proposition is elementary, but will ensure that structures we build using games
are nontrivial.
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Proposition 5.14. 1. It is enforceable that each element of M is named by infinitely many
constants in C.

2. If T has infinite models, then it is enforceable that M is infinite.
3. If pW¥q o, then there is ¢ 2 p with q IF —p.

However, IFg to be truly helpful in understanding model-theoretic forcing, we need to see how it
relates to Robinson’s original definition.

Proposition 5.15. Let p be a T-condition and ¢ an L(C)-sentence. Then
plFg ¢ <= plkF .

Proof. Let o be atomic. Then p I ¢ iff for every g 2 p, there is 7 O ¢ with ¢ € r. We claim this is
equivalent to p IF¢ ¢. On the one hand, if for every ¢ DO p, there is r O ¢ with ¢ € r, then plFg ¢,
since 3 can pick such an r when V plays q. On the other hand, if there is ¢ O p such that for every
r 2, ¢ ¢ r, then we must have that ¢ is inconsistent with ¢g. Hence, if V plays ¢ to start, 3 does
not have a winning strategy for G(M = ).

Let o =9 A6. Then plF ¢ iff p I 4 and p IF 0. By induction, this occurs iff p -5 1 and p IF¢ 6.
By interleaving 3’s strategies for ¢» and 6, one can show that the previous statement is equivalent to
plFa .

Let ¢ = Jzp(x). Then p I- ¢ iff for every g D p, there is r O ¢ with r IF* Jxp(z). Now,
rIF* Jxep(z) iff r IF* ¢(t) for some term ¢ in L(C'). By induction, this is equivalent to r IFg ¥(t).
To finish, it suffices to show that the property

for every q D p, there is r D ¢ with r IF* Jap(z)

is equivalent to p lF¢ Jzp(z).

The forward direction is clear. For the backwards direction, we know that 3 can force that the
compiled structure M models Jxtp(z). Moreover, 3 can also force that every element of M is named
by a constant from C. By interleaving these strategies, we see that 3 can force that M = i (c) for
some constant c.

Finally, let ¢ = —1p. Then p I+ ¢ iff for every g O p, there is r O ¢ with r IF* —). Thus, for every
s 2 r, s ¥* . By induction, s ¥* ¢ iff s ¥ ¥. Hence, to conclude, we need to show that the
property

for every q D p, there is r O ¢ such that for every s D r, s g ¢

is equivalent to p IFg —.
This follows from Lemma [5.14] O

Since both our definitions of a forcing relation are equivalent, we will now just use I-.
Moreover, the following proposition is a generalisation of the procedure used in the previous
argument to show that if plFg ¥ and p IFg 6, then plFg ¥ A 6.

Proposition 5.16 (Conjunction Lemma). If {P; : i < w} is a countable collection of enforceable
properties, then N\, P; is also enforceable.

Proof. Let o; be a winning strategy for G(F;). 3 partitions w into infinitely many infinite sets and
plays o; on the ith partition. Since each set is cofinal in w, 3 can ensure that each P; is satisfied. [
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Tying together the models associated with each approach to forcing, it turns out that the
property of being generic is enforceable.

Proposition 5.17. For any theory T, the property “M is T-generic” is enforceable.

Proof. By construction M is consistent with T' (see the proof of Theorem [5.12)). Thus we only need
to check that the property

“M ¢ <= forsome p C AY(M; M), plF ¢”

is enforceable.
The proof is by structural induction on the complexity of . O

Definition 5.18. The forcing companion, TS of a theory T is
{¢ : ¢ is a sentence of L and ( I+ ¢}.

Equivalently, T/ is the set of all L-sentences which hold in every generic model.

Note that T is a theory in the original language L.

So, to better understand model-theoretic forcing and the structures it builds, it will be useful to
understand 77. We have already seen an example — the theory of a linear order with a minimal
element — where 7T is not contained in 7. Let’s consider another example where it is.

Ezample 5.19. Let T be the theory of groups in the language L = {1,-}. (Note that L typically also
has a unary function e~ for inversion, but for the purposes of this example, we omit it.)

Claim 5.19.1. Every T-generic structure is a group.

Proof. We show that the axioms of group theory are enforceable.

To show that Vaz(x - 1 = ) is enforceable, it suffices to prove that ¢- e = ¢ is enforceable for every
constant ¢ € C, as the compiled structure can be forced to be built from constants. So, order C' as
(c; : 1 < w). At stage 2i, 3 plays pa; = pai—1 U {¢; - 1 = ¢;}. This will be a condition since at no
point could V have blocked it and stayed consistent with T'.

The argument that associativity of - is enforceable is similar.

Finally, we show that Vz3y(x - y = 1) is enforceable. Again, because the compiled structure can
be forced to be built from constants, it suffices to show that for every ¢ € C, there is a d € C with
c-d=1. At stage 2i, let po; = pa;—1 U{¢; - d = 1} for some constant d which has not been used yet.
Again, this is a condition because all earlier plays were required to be consistent with 7.

Hence, by the Conjunction Lemma (Lemma, it is enforceable that M satisfies all the axioms
of group theory. -

So what went wrong with the theory of linear orders with a least element that didn’t go wrong for
groups? The problem was that we could continue adding smaller elements without ever contradicting
the theory — but, in the limit, we obtained a structure with no minimal element. In other words,
the theory of linear orders with a least element is not closed under unions of chains. The next result
shows that T" being closed under unions of chains is enough to ensure that every generic structure is
a model of T

Proposition 5.20. T D Tyg
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We omit the proof, which is very similar to the argument given in the previous example.

However, it is still possible that there is some other generic structure for the theory of linear
orders with a least element that is a model of that theory. The next result shows that in fact, (Q; <)
is the only countable generic model of that theory.

Recall that a theory T has the joint embedding property (JEP) if, whenever M and M’ are
models of T, there is a model N of T into which both M and M’ embed.

Proposition 5.21. Suppose T has the joint embedding property. Then T' is complete.

Proof. Suppose not, and let ¢ be a counterexample. Then, because @ ¥ ¢ and () ¥ =, there are p
and ¢ with p IF ¢ and ¢ IF —¢. Since ¢ is a sentence in L, we may assume that p and ¢ have no
witnesses in common. Moreover, as both p and ¢ are consistent with T, there are models N, =T Up
and N, = TUgq. Let N be a model of T' containing both. Since p and ¢ have no constants in
common, N witnesses that p U ¢ is consistent with 7" and thus a condition. But pUq I o A —¢, a
contradiction. O

The previous proposition shows that the forcing companions for both of the theories we have
considered so far — that of linear orders with a minimal element and that of groups — are complete.
We give one example of what happens when T does not have the JEP.

Example 5.22. Let T be the theory of fields. Then T7 is the theory of algebraically closed fields.
Moreover, V can determine a positive characteristic for the generic structure on the first turn, if he
wishes.

We will now investigate the generic structures themselves, rather than just their theories. The
next theorem justifies the development of the machinery of model-theoretic forcing in the context of
studying existentially closed groups.

Theorem 5.23. T'-generic structures are existentially closed models of Ty3.

Proof. We show that for every consistent sentence of the form 37 (), where ¢ is basic and may
have parameters from C, it is enforceable that M |= 3Zy(Z). When ¢ has conjuncts or disjuncts,
the argument is similar, but more complicated.

Enumerate all such 3; sentences in L(C) as (p; : i < w). At stage 2i, if p; = JTY(ZT,T) is
consistent with pg; 1, set pa; = poi_1 U {¢(d,¢)} for a new set of constants d. Otherwise, let
P2i = P2i-1-

Now let M be the compiled structure. By the Conjunction Lemma and the fact that “M = Ty3”
is enforceable, we may assume that M is a model of T3. Now suppose that ¢ = 3T () is a sentence
in L(C) with 1 basic. Suppose ¢ = ¢; in the list above. If ¢ is modelled by N O M with N = T3,
then IV witnesses that ¢, is consistent with po; at stage 2:. Hence, by the construction, po;+1 will
contain a constant witnessing that M = . O

Thus, model-theoretic forcing gives us another way to build existentially closed groups.
However, not every existentially closed group is generic ([Mac72l Section 9]). Nonetheless, this is
almost true; every existentially closed group is generic over some extension of group theory.

Theorem 5.24. Let N be a countable model of T, and let Ty = T U A4 (N;N). Then, in
model-theoretic forcing over Ty, it is enforceable that the compiled structure embeds N .

Moreover, if N is existentially closed for T, then in addition it is enforceable over Ty that the
compiled structure is isomorphic to N.
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Proof. Since we have added constants for every element of N, the first statement is clear.

To prove the second statement, we show that, for every ¢ € C', we can force that ¢ = n for some
n € N. Fix ¢ and suppose that V has just played p. Consider ¢(Z,7) defined by replacing the
constants in /A p from C with Z. Then 3Tp(T, ) is a quantifier-free 31 sentence with parameters
from N which is consistent in N. Thus, since N is existentially closed, there is a solution m € N.
Let n be the element of 7 corresponding to ¢ (if ¢ did not appear in p, then n may be picked
arbitrarily). Then, p U {¢ = n} will guarantee that ¢ names an element of N. O

5.3 Ziegler’s Embedding Theorem

We now prove a converse to Theorem We state it as one theorem, and combine it with
Theorem 11

Theorem 5.25. Let G and H be finitely generated groups. Then the following are equivalent.
(a) W(H) <" W(G)
(b) For every e.c. M, if G embeds into M, then H embeds into M

(¢) There is a quantifier-free formula ©(T,7y,q) which is satisfied in some group F with (g)r = G,
and such that for any such group, the group generated by the interpretation of y is isomorphic

to H.

Proof. (a) <= (c) is just Theorem [{.1]and (a) = (b) is Theorem [5.4] Thus, all that is left to
check is (b) = (a).

We will prove the contrapositive. Suppose that W(H) £* W(G). We will build an e.c. group M
which contains G and not H. Let A be the quantifier-free diagram of G with constants from G and
T = Typ UA. Since being an e.c. model of T is enforceable, and any such model is an e.c. group
containing G, it suffices to show that (¢) 2 H is enforceable.

Let p be a condition and suppose that there is no condition ¢ O p and no quantifier-free () with
—)(¢) € ¢ and ¥ (h) true in H. Then, it must be that, for every ¢(Z), we have that A\ pUTg - ¥(c).
Thus, let ¢(Z,7,g) be the formula obtained by replacing the constants ¢ in A p with ¥ and the
remainder of the constants with Z. Now ¢ defines H over G, contradicting that W (H) £* W(G). O

5.4 Fraissé’s Theorem

In this subsection, we introduce another way of building structures that can be modified to yield
existentially closed models. We start with a number of definitions. Again, we work with general
languages and theories, but the familiar unfamiliar with this notion can always assume that L = L,
and T' = Ty,.

Recall that a structure M is w-homogeneous if for every isomorphism ¢ : G — H of finitely
generated submodels G and H of M, there is an automorphism a : M — M with a D «. As we
showed in Proposition [5.2] every e.c. group is w-homogeneous.

Fraissé’s Theorem characterises the finitely generated substructures of w-homogeneous structures.
Before we can state the theorem, we need a few definitions.

Definition 5.26. Fix a countable language L. Let K be a countable collection of (isomorphism
types of) finitely generated L-structures. Then K has the:
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1. Hereditary Property (HP): for every B < A € K with B finitely generated, we have B € K.
2. Joint Embedding Property (JEP): for every A, B € K, there is some C € K with A, B < C.

3. Amalgamation Property (AP): for every A,B,C € K, and embeddings a : C — A and
p:C — B, there is a D € K and embeddings & : A — D and §: B — D such that & 2 « and
B 2B

We call a K satisfying these properties a Fraissé class.

It is not hard to see that if M is w-homogeneous, then the collection of finitely generated
substructures of M is a Fralssé class. Fraissé’s Theorem is a converse to this.

Theorem 5.27 (Fraissé’s Theorem). Let K be a countable collection Fraissé class. Then there is
a unique, countable, w-homogeneous M such that IC is exactly the collection of finitely generated
substructures of M.

Note that in the following proof, we use the amalgamation property to ensure that M is w-
homogeneous. If we drop the assumption that K has AP, we instead get a countable structure M
with Sk(M) = K, which may not be w-homogeneous and may not be the unique countable structure
with Sk(M) = K.

Proof. We only prove the nontrivial direction. Let (4;);<. be an enumeration of K.

Stage 0: Let My = Ag.

Stage s+ 1: Suppose that M, has been constructed and is in K. Let M2, ; be a joint embedding of
M. Then, for every 4, j < s with A; < A; and every copy of A; in M, let M, Skfll be an amalgamation
of Aj and MF | over A;.

Let My1 =, MF ;.

Finally, let M = |J, M.

Verification: It is clear from the construction that Sk(M) = K and that M is countable. Towards
w-homogeneity, let ¢ : A = B be an isomorphism between f.g. submodels of M. Then wait until a
stage s such that A, B C M,. We show how to do one step of the construction of an automorphism
a of M by back-and-forth. A full proof can be found in Appendix A of [Sinl7].

Suppose we have a partial automorphism «, extending iota. Let a € M \ dom ag. Then {(a, A)ps
is a finitely generated submodel of M and hence is A; for some j. Wait for ¢ > s with ¢ > j. Then
A; < Aj,and A; 2 B < Mfﬂ' Thus, in Msk_tll, there is an overmodel C' > B with C' = A; via
an isomorphism extending ¢. Let b be the image of a under this isomorphism. We can extend the
partial automorphism a; to as11 = as U {(a,b)}.

Uniqueness of M follows from a similar back-and-forth argument. O

Thus, every e.c. group is the Fraissé limit of a Fraissé class of finitely generated groups. However,
not every Fraissé class of groups gives rise to a Fraissé limit.

Ezample 5.28. The class of finite groups forms a Fraissé class. HP is immediate, and JEP follows
from the direct product construction. AP is not obvious, but can be shown using Neumann’s
permutational products from [Neu60].

However, every e.c. group contains as a subgroup every finitely generated computable group; in
particular Z. Thus the Fraissé limit of the class of finite groups is not existentially closed. What
conditions do we need to add to the definition of a Fraissé class to guarantee existential closure?
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Definition 5.29. Let L be a countable language and K be a countable set of (isomorphism types
of) finitely generated L-structures. Then K has existential closure (EC) if for every quantifier-free
formula (7, g) with parameters from some G € K, and which is solved in some G > G, there is
some H € K with G < H and H |= 37¢(7, 7).

Theorem 5.30 (Fraissé’s Theorem for existentially closed structures). Let T' be a V3 theory and
K a countable collection of (isomorphism types of) finitely generated T structures. Then there is
a countable, w-homogeneous, existentially closed model M of T such that the finitely generated
substructures of M are exactly the elements of K iff K is a Fraissé class satisfying EC.

Further, such M is unique.

The proof is very similar to the proof of Theorem [5.2

Thus, every existentially closed group arises as a Fraissé limit of an existentially closed Fraissé
class.

In fact, since e.c. groups are automatically w-homogeneous, we get a stronger theorem in the
case of groups.

Theorem 5.31. A countable group M is e.c. iff Sk(M) satisfies HP, JEP, and EC.

Ezample 5.32.
Ko, ={G | G isf.g. and W(G) is c.e.}

is an e.c. Fraissé class of groups.

HP is clear, and JEP follows from the fact that W (G x H) =, W(G) & W (H). We are left with
EC. Let g C G and ¢(7,7) be solved in some H > G. Without loss of generality, we assume that g
generates G. Then we claim that ¢(Z,g) is solved in

F=(g,fIW(G),¢"(f,9),

where |f| = [Z|. Let h C H be a solution for ¢ in H. Then (h,g)y is a quotient of F, and hence,
since ¢~ (h,g) holds in (h,§) g, it also holds in F. Thus, ¢(f,g) holds in F; as required. A similar
argument guarantees that G < F.

To finish the proof, observe that W (F) <. W(G) @ ¢T(f,7) = W(G), since ¢V is finite.

In fact the previous example generalises to show that for every enumeration degree a, the finitely
generated groups G such that W(G) <. a forms an e.c. ideal. In fact, we can leverage this argument
to show that any countable ideal in the enumeration degree produces an e.c. Fraisséclass.

Proposition 5.33. Let T be a countable ideal in D, and let Kz be the collection of f.g. groups G
such that W(QG) € ZE| Then Kz is an e.c. Fraissé class.

Proof. Identical to above. O

5.5 Scott sets and e.c. groups

In this section, we show how to build e.c. groups from a Scott set. Scott sets are due to Dana Scott
and were introduced in his study of nonstandard models of Peano Arithmetic [Sco62].

4Throughout this example, we abuse notation by writing “X € Z”, when more properly we should write “Xle €17,
or “X € UI”.
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Let M be a countable nonstandard model of PA. Scott defines the standard system of a countable
nonstandard model of PA as the collection of subsets of N which are coded by some element of M.
More precisely, let (pn)n<w be the increasing enumeration of the standard primes. For an element
a € M, define

Xo={n: M Ep,|a}

to be the subset of N coded by a. Then the standard system of M is
SS(M)={X,|ae€ M}.

Scott gave an structural characterisation of the subsets of 2 which arise as standard systems of a
countable nonstandard model of PA. We now call such subsets of 2* Scott sets. Before we start, we
need the notion of a I19-class.

Definition 5.34. A H?—class is a subset P C 2“ such that there is a c.e. set W, such that
X¢P < JoeW, (60 <X)

Thus we can determine in a c.e. way that a set X is not in P. Since each ¢ corresponds to a
basic open set in the product topology on 2¢, the I1{-classes are exactly the effectively closed sets.
We can relativise the notion of I19-class in the natural way.

Definition 5.35. Let Y C w. Then a H?-class relative to Y, denoted H?’Y, is a subset P C 2% such
that there is a set W, c.e. relative to Y such that

X¢P < JoecW (¢ <XX)
With these definitions, we can define Scott sets.
Definition 5.36. A subset S C 2% is a Scott set iff it satisfies the following:
(a) f XeSandY <r X, thenY € §;
(b) If X, Y € S, then X ®Y € 5; and
(c) If X € S and P is a nonempty II{-class relative to X, then there is Y € PN S.
Thus, Scott’s Theorem, in this language, is the following.

Theorem 5.37. S C 2 is a Scott set iff there is some countable nonstandard model of PA such
that S = SS(M).

Notice that the definition of Scott set is analagous in form to the definition of e.c. Fraissé classes:
condition (a) has a similar flavour to HP; (b) to JEP and AP, and (c) to EC. We formalise this in
the following theorem.

Theorem 5.38. Let S be a Scott set and Kg the collection of finitely generated groups with
W(G) € S. Then Ks is an e.c. Fraissé class.
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Proof. HP follows quickly from (a) and JEP from (b). We now check EC. Let § C G € Kg and
suppose that ¢(Z,g) is solved in H > G by h. Let ¢ be a set of new constant symbols with
|e| = |Z|. Let (¢4)i<w be an enumeration of the quantifier-free sentences of Ly, (¢). Consider the
W (G)-computable binary tree T where o € T iff

T,, UW(G) U (e g) U {7 |i < |o]}

is not contradictory by a proof of length < |o|. Then [T is nonempty since (h,g) g gives rise to a
path on T'. Thus, there is some path Y on T with Y € S.

Y is the quantifier-free diagram of a group F' generated by g U¢ such that F' > G and F solves
. Thus, Kg satisfies EC, as required. O

6 Ideals in the Ziegler degrees

In this section, following [Zie80, III.3], we characterise the ideals in D* which arise from skeletons of
e.c. groups. The idea of the characterisation will be similar to the proof of Theorem [5.38} it will be
necessary to give an analogue of Scott sets in D*.

6.1 Computably enumerable Hornclasses

Recall Definition of a I¥-class: a subset P C 2% is a I1{ class if there is a c.e. set of initial
segments ¢ which witness that a set X is not in P. In other words, there is a c.e. set of finitary
positive and negative questions that determine non-membership in P.

A c.e. Hornclass is a translation of this concept into the Ziegler degrees. Instead of a c.e. set of
finitary conditions (on both X and X) which determine whether X € P, it will instead be a c.e. set
of finitary conditions of the form: a finite set of restraints on X and at most one restraint on X.

Recall that we have fixed a computable enumeration (D, )<, of the finite subsets of w and a
computable enumeration (D}),cy of the subsets of w of cardinality at most one.

Definition 6.1. A c.e. Hornclass is a subset P C 2% such that there is a c.e. set W, such that
X¢P < Fuwv)eW, (D, CXADNX =10)

As with standard II9-classes, we want to relativise this notion to an oracle Y. However, in
keeping with Ziegler axioms, we require that we can determine non-membership of X € P by a
c.e. set of finitely many positive questions and a single negative question about X and ¥ — in
other words, we should only be able to ask a single question about X or Y for each axiom. Thus we
obtain the following definition.

Definition 6.2. Let Y C w. Then a c.e. Hornclass relative to Y, or, more succinctly, a Y -c.e.
Hornclass is a subset P C 2 such that there is a c.e. set W, such that

X¢P = Fuv)eW. (D, CXBYADINXY =10)
FEzercise 6.3. Rewrite the definition of H?’Y—class in this form.

Lemma 6.4. Let P be an X-c.e. Hornclass andY =* X. Then P is a Y -c.e. Hornclass.

Now, we have a notion of Scott set in the Ziegler degrees.
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Definition 6.5. A subset Z C 2% is a closed ideal if:
(a) X €eZTandY <* X impliesY € T
(b) XeZandY € Z implies X @Y €7

(¢) X € 7 and P a nonempty c.e. Hornclass relative to X implies PNZ # ()

6.2 A computability-theoretic characterisation of the skeleta of e.c. groups

As Ziegler showed in [Zie80, TV.3.12], closed ideals exactly characterise the e.c. Fraissé classes of
groups. To simplify the statement, we introduce some definitions. Note that we follow our standard
tradition of abusing notation by confusing a Ziegler degree a and its union.

Definition 6.6. For a collection /C of finitely generated groups let
deg"(K)={aeD*|3G e K (W(G) =" a)}.
On the other hand let Z C D*. Then set
Kz ={G af.g. group | W(G) € I}
In this language, [Zie80, TV.3.12] is the following.

Theorem 6.7. Let K be an e.c. Fraissé class of groups. Then deg*(K) is a closed ideal. On the
other hand, let T be a closed ideal. Then Kz is an e.c. Fraissé class of groups.

Further, by Theorem if I = Sk(M) for some e.c. M, then Kgeg- (k) = K. In other words, if
G € K and H is finitely generated with W(H) =* W(G), then H € K.

Proof. Firstly, let Z be a closed ideal. We show that I := Kz is an e.c. Fraissé class. It suffices
to show that K satisfies HP, JEP, and EC. HP follows from the first clause of Definition [6.5] and
JEP from the second. Towards EC, let T C G € K and ¢(z,g) be a formula solved in an overgroup
H > G. The idea is similar to that in Theorem however, we will proceed more carefully as
Hornclasses are less intuitive than I19-classes.

Let € be a new set of constant symbols with |[¢| = |Z| and fix an ordering (w;);<., of Words((¢)* U
(9)T). Without loss of generality, we can take ws; 41 to be the formal inverse of wy;, and ensure that
(w;)j=,40,1 is an enumeration of Words(g). We can then think of a set X € 2“ as coding a subset of
Words(¢ U g), which we would like to identify as the word problem of a group. Notice that, given
indices ¢ and j, it is computable to find the index % so that wy = w; - w;. Write k = i to indicate
this index. Thus, the following is a c.e. set of 1-enumeration conditions:

{X@E~@E+1)=1|icw} U
{XO) =1AX{@")H)=1-X{=LXH=1AX{H=1—-X(E"j)=1]|4,j € w}
X satisfies these conditions iff it represents the word problem of a group generated by ¢, g.
Further, we need to ensure that X codes a group containing G; this is where we use the

W(G)-oracle. Letting Y = X @ W(G), we need to add the following c.e. set of l-enumeration
conditions:
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{(Y2l+1)=1-Y(4) =1,Y(20+1) =1 Y(40) = 1| £ even} U
{(Y2l+1)=1-Y(20-2)=1,Y(20+1)=1—Y(20—2) =1 odd}

Putting this together, we get a W(G)-c.e. Hornclass P of word problems X of groups extending
G which solve ¢(Z,¢). Further, since there is a group satisfying 3Z(Z,g), P is nonempty, and hence
has a solution in Z, as required.

On the other hand, let K be an e.c. Fraissé class and let Z = deg”(K). We first check that Z is
an ideal: let a € Z and b <* a. Then, by choice of K, we may take G be a f.g. group with W(G) € a
and by Theorem 4.7 we may take H a f.g. group with W(H) € b. By Theorem since G < M,
we also have H < M, so b € Z, as required.

Similarly, if a,b € Z witnessed by G and H respectively. Let G and H be subgroups of M
isomorphic to G and H respectivel and generated by g and h. Then F = (g,h)ys is a finitely
generated subgroup of M with W(G),W(H) <* W(F). Thus, W(G) ® W(F) <* W(F), and so,
since [W(F)]* € Z, by the first part we have that aV b € Z.

Finally, we need to check closure. Let P be a nonempty a-c.e. Horn class for some a € Z. (This
is well-defined by Lemma [6.4]) Take W (G) € a by definition of Z. Recall Claim there is a
computable sequence (v;(x,y)); of words on two letters such that for any group H and any countable
sequence (a;); € H, there is a group G > H and b, ¢ € G with v;(b, ¢) = a;. We think of X € 2% as
coding whether v;(b,¢) = 1. Now, let W, be the c.e. set such that

XeP = {D,CXaeWG)ADNXdW(G) =0 (u,v) € W.}.
This is equivalent to
XeP = N\ < N Xew@G) =1-\/ X@W(G)(j))
(u,0)EW, “i€D, jED]

This corresponds to a c.e. set of Horn implications. Thus, as in the proof of Theorem [3.13] it’s
equivalent to 3zp(Z, b, cg) being solvable in some overgroup H of G. Furthermore, there is such an
H, as P is nonempty. Hence (by JEP for groups), 3z, z,yp(Z, z,yg) is solved in M; say by @, b, c.
Then W ({b, c)ps) computes a path in X by checking whether v;(a,b) € W ({b,c) ). O

7 Definable properties of e.c. groups

In this section, we study the first-order definability of certain properties in e.c. groups. We
characterise them as the arithmetic group properties. This follows Chapter IV in [Zie80]. Fix
throughout a computable bijection [-] between ({xg,z1,xa,...}T)*.

Definition 7.1. Let P(7,T,p) be a relation between number variables 7, group element variables T,
and group sequence variables p. Then P is arithmetic for groups if it is of the form

3?13y13ﬂlw2\7§2%2 e R(ﬂla B 3536(7—1)7 cee 76(/0)7 W(<y17 Xy T 7ﬁ>))

where R is a quantifier-free formula in the language of arithmetic with €.



Towards the first-order definability of the arithmetic properties of groups, we show that every
e.c. groups interprets a weak second order arithmetic.

Theorem 7.2. Let M be an e.c. group and a € M with infinite order. Then there is an interpretation
of (N, deg” (SK(M))) in (M: a).

Thus, in particular, any purely arithmetical property is first-order definable in any e.c. group.

Proof. Firstly, note that since Z is computable, Theorem implies that every e.c. group has an
element of infinite order, so the hypothesis in the theorem does not restrict the class of e.c. groups.
Let
ez(x,a) = “Vy ([y,al =1 = [y, 2] =1)".

We claim that M = pz(b,a) iff b € (a). Indeed, if b € (a), we certainly have M |= ¢z(b,a). On the
other hand, suppose that b ¢ (a). Then there is t € Mx, with [t,a] =1 and [t,b] # 1. Thus, since
M is e.c., we have M |= 3y ([y,a] =1 A [y, b] # 1), as required.

Thus, we will consider a™ as representing n € Z. We now define addition and multiplication on
this copy of Z.

Let
<p+(x,y,z,a)=“ /\ wZ(*aa)/\m'y:Z”
«€{z,y,z}
and
ox(z,y,2z,a) = /\ oz(x,a) N3t (t 7 at =z At Iyt = 2)”.
x€{x,y,z}

Evidently, M = ¢, (b,c,d,a) iff b= a™ and ¢ = a™ for some n,m € Z, and d = a™"™.

Further, suppose that M = ¢y« (b, ¢,d,a). Then, again b = a™ and ¢ = a™ for some n,m € Z.
The condition on ¢ guarantees that the automorphism g — ¢~!gt restricted to (a) is the map a — a™.
Thus, d = (a™)" = a™™. On the other hand, if b = a", ¢ = a™, and d = a™™ for some n,m € Z,
then, again using HNN extensions an the fact that M is e.c., there is some ¢t € M with t~1gt = ¢g"
for every g € {(a). Thus, M = ¢« (b, c,d,a).

For b,c,€ (a), write b c=dand b®b = d for M = ¢y(b,e,d,a) and M | ¢y (b,¢,d,a)
respectively.

Finally, using Lagrange’s four-square theorem, we may define w C Z as follows:

vw(x,a) =gz(x,a) Ny, z,w,t (=yQRudzRQ2zEwWRWHtRL).

This gives the first order part of (w;+, ).

Towards the second order part, for each b,c € M, let X}, . = {a™ | [a~"ba",c] = 1} and
Xpe={n|a" € X;,.}. We will show that A € deg*(Sk(M)) iff A = X, . for some b,c € M.

For the backwards direction, let b,c € M. Then X, . <* W({(a, b, c)) and so, by Theorem
since deg”(Sk(M)) is an ideal, we have that X . € deg™(Sk(M)).

On the other hand, let A € deg*(Sk(M)), and let G € Sk(M) with A =* W(G). By Theorem [4.1]
and w-homogeneity of e.c. groups, there is b € M such that {a,b} freely generates a copy of F
in M. Then, by B = {a""ba™ | n € w} is a free basis for F,. Let B’ = {a "ba™ | n € A}.
Let U = () < F,p. Then every word w € F,; can be written uniquely in the form a™v for
some v € Words(B*) and m € Z. Further, w € U if it can be written as above with m = 0 and
v € Words((B")*), and so W(U C F) <* A.
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Consider the sets of implications:
I(z) = {[z,w(a,b)] =1|w e U} <, W(G)
and
J(2) = {[z,w(a,b)| =1 = a=1]w¢ U} < W(G)

By the proof of Theorem I(xz) U J(x) is equivalent over (g) = G to an existential formula
Jyo(y,x,g). By existential closure of M, there is an element ¢ € M satisfying ¢ and hence TU J. In
particular ¢ satisfies that U = {w € F, 3 | [c,w] = 1}. Hence, n € Aiff a="ba™ € U iff [c,a " "ba"] =1
iff a™ € Xy ., as required. O

We note that the parameter a may be removed using the formula from Example [1.9] Thus, as a
corollary, we obtain the following.

Corollary 7.3. For every formula (@, X) of second order arithmetic, there is a first order formula
&(7,b,¢,x) such that for every e.c. group M, every m € w, and every a,b,¢ € M,

(NAW(G) [GeSKM)}) Fy &= ME¢

It will further be useful to provide another characterisation of the class of properties that are
arithmetic for groups. In [Zie80, Chap IV], Ziegler calls this logic L*
Lemma 7.4. The class of arithmetic properties of groups is the smallest class containing the

following atomic formulas:

9i 95 = 9k
-1

9 = 9j
gi =¢€
9;” = Gk
oi(nj) = gk
l(oi) = n;
and closed under
i. number quantifiers
7. group element quanitifiers

1. group sequence quantifiers

Proof. We first show that each of these atomic formulas is arithmetic for groups. (a) follows since
gi - g; = gi iff [z;-2;-2,'] € X. (b), (c), and (d) are similar.

Towards (e), we note that from [o] and n, we can obtain o(n), and so o(n) = g; iff [o(n)-g; '] € X.
Finally, (f) is built into the definition.

Thus every atomic formula is arithmetic for groups. Since arithmetic for groups is closed under
number-, group element-, and group sequence-quantifiers, every property in this class is arithmetic
for groups.
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For the other direction, it suffices to show that if R(7,£(7); W ({Z,T)) is quantifier-free, then it
belongs to the class in the lemma.
Indeed, R must be of the form

S(u,w,T) ANDyy CXADy Cw\X
where S is a quantifier-free formula of first order arithmetic. O

Theorem 7.5. Every property which is arithmetic for group is first-order definable in every e.c.
group.

Proof. To every arithmetic formula (7, T, p), we build a first order formula ¢(7) so that for every
mEw,geM,and T € M<¥, so that

©(7,7,5) holds of M < M |= ¢(a”,7,7)

We use the characterisation of properties that are arithmetic for groups in Lemma [7:4] The only
ones that require work are (d), (e), (f), and iii.

Towards (d), we note that g:” = gy, iff the map a — g; sends a™ to gx. In other words, gl” = gk
iff (g;, gx) is the homomorphic image of (a,a™) via the order-preserving map of the generators. By
Claim this is first order definable by a formula of the form Jzn(a, a™, ¢;, gk, Z).

Towards (e) and (f), we recall that there is a sequence (w;(z,¥))i<w such that for any group
sequence (a;)i<, C G, we have that there is an overgroup H and b, ¢ € H with w;(b,¢) = a;. Thus,
in e.c. groups, we may replace sequence variables with these words. To associate a sequence o
so defined with its length, we also introduce a new number variable m;, which we will ensure
is the length of 0. Hence, (0;(n;) = gr) = “(nj < m; Aw(b;,b;) = gi) V (gx = 1)”. Similarly,

7

(£oi) = nj) = “nj = m;".
Group quantifiers are straightforward; number quantifiers are replaced with 3z (p,(z) A---)
and group sequence quantifiers are replaced with Im;3z;, 2} - --. O
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