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Introduction

These notes are based on the two courses given by the authors at the summer school

on “PDE and Applied Mathematics” at Vietnam Institute for Advanced Study in

Mathematics (VIASM) from July 14 to July 25, 2014. The first course was about the

basic theory of viscosity solutions, and and the second course was about asymptotic

analysis of Hamilton—Jacobi equations. In particular, we focused on the large time

asymptotics of solutions and the selection problem of the discounted approximation.
We study both the inviscid (or first-order) Hamilton-Jacobi equation

ug(z,t) + H(x, Du(x,t)) =0 for z € R", t >0, (0.1)
and the viscous Hamilton—Jacobi equation
ug(z,t) — Au(x,t) + H(z, Du(z,t)) =0 for z € R", ¢ > 0. (0.2)

Here, u : R" x [0,00) — R is the unknown, and u;, Du, Au denote the time derivative,
the spatial gradient and the Laplacian of u, respectively. The Hamiltonian H : R"™ x
R™ — R is a given continuous function. We will add suitable assumptions later when
needed. At some points, we also consider the general (possibly degenerate) viscous
Hamilton—Jacobi equation:

u(z,t) — tr (A(z)D*u(z,t)) + H(z, Du(z,t)) =0 for z € R", ¢t >0, (0.3)

where D*u denotes the Hessian of u, and A : R" — MZ" is a given continuous diffusion

matrix, which is nonnegative definite and possibly degenerate. Here, MI1" is the set

of n x n real symmetric matrices, and for S € MI", tr (S) denotes the trace of matrix
S. The assumptions on A will be specified later.

In the last decade, there has been much interest on dynamical properties of viscosity
solutions of (0.1)—(0.3). Indeed, in view of the weak Kolmogorov—Arnold—Moser theory
(weak KAM theory) established by Fathi (see [34]), the asymptotic analysis of solutions
to Hamilton—Jacobi equation (0.1) with convex Hamiltonian H has been dramatically
developed. One of the features of this lecture note is to introduce a new way to
investigate dynamical properties of solutions of (0.1)—(0.3) and related equations by
using PDE methods. More precisely, we use the nonlinear adjoint method introduced
by Evans [32] together with some new conserved quantities and estimates to study
several type of asymptotic problems. The main point of this method is to look at the

behavior of the solution of the regularized Hamilton-Jacobi equation combined with
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the adjoint equation of its linearized operator to derive new information about the
solution, which could not be obtained by previous techniques. Evans introduced this
method to study the gradient shock structures of the vanishing viscosity procedure
of viscosity solutions. With Cagnetti, Gomes, the authors used this method to study
the large-time behavior of solutions to (0.3). Another interesting topic is about the
selection problem in the discounted approximation setting. This was studied by Davini,
Fathi, Iturriaga, Zavidovique [26] by using a dynamical approach, and the authors [71]
by using a nonlinear adjoint method.

The outline of the lecture notes is as follows. In Chapter 1, we investigate the
ergodic problems associated with (0.1)-(0.3). In particular, we prove the existence
of solutions to the ergodic problems. In Chapters 2 and 3, we study the large time
behavior of solutions to (0.1)—(0.3), and the selection problem for the discounted ap-
proximation, respectively. To make the lecture notes self-contained, we prepare a brief
introduction to the theory of viscosity solutions of first-order equations in Appendix.
Appendix can be read independently from other chapters. Also, we note that Chapters
2 and 3 can be read independently.

It is worth pointing out that these lecture notes reflect the state of the art of the
subject by the end of summer 2014. We will address some up-to-date developments at
the end of Chapters 2 and 3.

Acknowledgement. The work of HM was partially supported by JSPS grants: KAK-
ENHI #15K17574, #26287024, #16H03948, and the work of HT was partially sup-
ported by NSF grants DMS-1361236 and DMS-1615944. These lecture notes were
started while the authors visited Vietnam Institute for Advanced Study in Mathemat-
ics (VIASM) in July 2014. The authors are extremely grateful for their hospitality.
The authors thank the anonymous referee for carefully reading the previous version
of the manuscript and valuable comments. The authors also thank Son Van for his
thoughtful suggestions.



Notations

e For n € N, T" is the n-dimensional flat torus, that is, T" = R™/Z".

o Forx = (x1,...,2,),y = (Y1,-.-yn) € R", z-y = x111 + - - - x,y, denotes the
Euclidean inner product of x and y.

e For x € R™ and r > 0, B(z,r) denotes the open ball with center x and radius r,
that is, B(x,r) ={y e R" : |y —z| <r}.

o M T is the set of n X n real symmetric matrices.

e [, denotes the identity matrix of size n.

e For S € M tr(S) denotes the trace of matrix S.

sym

e For A,Be M*" A> B (or B< A) means that A — B is nonnegative definite.

sym

e Given a metric space X, C'(X), USC (X)), LSC (X) denote the space of all contin-
uous, upper semicontinuous, lower semicontinuous functions in X, respectively.
Let C.(X) denote the space of all continuous functions in X with compact sup-
port.

e For any interval J C R, AC (J,R™) is the set of all absolutely continuous functions
in J with value in R™.

e For U C R" open, k € N and a € (0,1], C¥(U) and C**(U) denote the space
of all functions whose k-th order partial derivatives are continuous and Holder
continuous with exponent a in U, respectively. Also C*°(U) is the set of all
infinitely differentiable functions in U.

e For U C R" open, Lip (U) is the set of all Lipschitz continuous function in U.
e L>° norm of v in U is defined as

HUHwaU)==eS%§uP!UL

e For u : R" — R, we denote by Du the gradient of u, that is,

Du:Vu:(uxl,...,uxn):(au %>

oxy’ 0wy,
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e For u: R" — R, D?u denotes the Hessian matrix of u

0%u
2, —
1<i,j<n

and Au denotes the Laplacian of u

Au = tr (D*u) = Z Uy, -
i=1

e We use the letter C' to denote any constant which can be explicitly computed in
terms of known quantities. The exact value of C' could change from line to line
in a given computation.



Chapter 1

Ergodic problems for
Hamilton—Jacobi equations

1.1 Motivation

One of our main goals in the lecture note is to understand the large-time behavior of
the solutions to various Hamilton—Jacobi type equations. We cover both the first-order
and the second-order cases. The first-order equation is of the form

{ut+H(x,Du):0 in R"™ x (0, 00), (1.1)

u(z,0) = up(x) on R™.

The viscous Hamilton—Jacobi equation is of the form

u — Au+ H(x,Du) =0 in R" x (0, c0), (1.2)
u(z,0) = ug(x) on R”. '
More generally, we consider the possibly degenerate viscous equation
uy — tr (A(z)D?u) + H(z,Du) =0 in R" x (0, 00), (1.3)
u(z,0) = ug(x) on R™ '

under rather general assumptions on the Hamiltonian H, and the diffusion A.

The problem of interest is the behavior of u(x,t) as ¢ — oo. In this section, we
first give a heuristic (formal) argument to find out possible candidates for the limiting
profiles. Let us work with (1.1) for now.

We always assume hereinafter the coercivity condition on H, that is,
H(z,p) — oo as |p| — oo uniformly for z € R". (1.4)

It is often the case that we need to guess an expansion form of u(x,t) when we do not
know yet how it behaves as ¢ — oco. Let us consider a formal asymptotic expansion of
u(z,t)

u(z,t) = ay (o)t + ag(z) +as(x)t ™"+ ...,

9
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where a; € C*°(R") for all ¢ > 1. Plug this into equation (1.1) to yield
ay(z) — as(x)t > + ...+ H(z, Day(2)t + Day(x) + Das(z)t ™' +...) = 0.

In view of (1.4), we should have Da;(x) = 0 as other terms are bounded with respect
to t as t — oo, which therefore implies that the function a; should be constant. Thus,
there exists ¢ € R such that ay(z) = —c for all z € R™. Set v(x) = ay(z) for z € R™
From this observation, we expect that the large-time behavior of the solution to (1.1)
is

u(z,t) — (v(x) — ct) — 0 locally uniformly for z € R™ as t — oo, (1.5)

for some function v and constant c. Moreover, if convergence (1.5) holds, then by the
stability result of viscosity solutions (see Section 5.5), the pair (v, c) satisfies

H(z,Dv) =c¢ in R" in the viscosity sense.

Therefore, in order to investigate whether convergence (1.5) holds or not, we first need
to study the well-posedness of the above problem. We call it an ergodic problem for
Hamilton-Jacobi equations. This ergodic problem will be one of the main objects in
the next section.

Remark 1.1. One may wonder why we do not consider terms like b;(z)t* for i > 2 in
the above formal asymptotic expansion of u. We will give a clear explanation at the
end of this chapter.

1.2 Existence of solutions to ergodic problems

Henceforth, we consider the situation that everything is assumed to be Z"-periodic
with respect to the spatial variable z. As it is equivalent to consider the equations in
the n-dimensional torus T" = R"/Z", we always use this notation.

In this section, we consider ergodic problems for first-order and second-order Hamilton—
Jacobi equations. The ergodic problem for the inviscid (first-order) case is the one
addressed in the previous section

H(z,Dv)=c in T" (1.6)
For second-order equations, we consider both the ergodic problem for the viscous case
—Av+ H(z,Dv) =c in T", (1.7)

and, more generally, the ergodic problem for the possibly degenerate viscous case
—tr (A(z)D*v(z)) + H(xz,Dv) = ¢ in T" (1.8)

In all cases, we seek for a pair of unknowns (v,c) € C(T") x R so that v solves the
corresponding equation in the viscosity sense.
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We give three results on the existence of solutions (v, ¢) € C(T™) xR to (1.6)—(1.8).
The last one includes the first two results, but we study all of them separately as each
is important in its own right. Besides, the set of assumptions for each case is slightly
different.

The first result concerns the inviscid case.

Theorem 1.1. Assume that H € C(T™ x R") and that H satisfies (1.4). Then there
exists a pair (v,c) € Lip (T™) X R such that v solves (1.6) in the viscosity sense.

Proof. For § > 0, consider the following approximate problem
6v® + H(z,Dv’) =0 in T™ (1.9)

Setting M := max,er» |H(x,0)|, we have M /4§ is a subsolution and supersolution of
(1.9), respectively (see Section 4.2 for the definitions). By the Perron method in the
theory of viscosity solutions (see Section 4.7), there exists a unique viscosity solution
v? to (1.9) such that

%] < M6,

which implies further that H(z, Dv®) < M. In view of coercivity assumption (1.4), we
get
|Dv’| < O for some C' > 0 independent of 6. (1.10)

Therefore, we obtain that {v°(-) — v°(zo)} 50 18 equi-Lipschitz continuous for a fixed
xo € T". Moreover, noting that

[0 (2) = v (w0)| < | DV°[| e (v — 0] < C,

we see that {v(-) — U‘S(xo)}bo is uniformly bounded in T". Thus, in light of the
Arzela—Ascoli theorem, there exists a subsequence {d;}; converging to 0 so that v% () —
v% (29) — v uniformly on T™ as j — oco. Since |§;v% (x0)| < M, by passing to another
subsequence if necessary, we obtain that

6;0% (v9) — —c  for some c € R.

In view of the stability result of viscosity solutions, we get the conclusion. O

Remark 1.2. Let us notice that the approximation procedure above using (1.9) is
called the discounted approximation procedure. It is a very natural procedure in many
ways. Firstly, the approximation makes equation (1.9) strictly monotone in v°, which
fits perfectly in the well-posedness setting of viscosity solutions. See Section 4.1.2 for
the formula of v in terms of optimal control.

Secondly, for w®(z) = 0v°(x/6), w® solves

w’ + H (%,Dw5> =0 inT",

which is the setting to study an important phenomenon called homogenization.
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The arguments in the proof of Theorem 1.1 are soft as we just use a priori estimate
(1.10) on |Dv°| and the Arzela-Ascoli theorem to get the result. In particular, from

this argument, we only know convergence of {v% — v% (IO)}j via the subsequence {4;},.

It is not clear at all at this moment whether {v5

0 — 0 or not. We will come back to this question and give a positive answer under

— v (z0) } 50 converges uniformly as

some additional assumptions in Chapter 3.

Let us now provide the existence proof for the viscous case. To do this, we need a
sort of superlinearity condition on H:

1
lim (—H(x,p)2 + D, H(x,p) ~p) = 400 uniformly for z € T". (1.11)

|p|—o0 2n

Theorem 1.2. Assume that H € C*(T" x R") and that H satisfies (1.11). Then there
exists a pair (v,c) € Lip (T") x R such that v solves (1.7) in the viscosity sense.

Proof. The proof is based on the standard Bernstein method. For 6 > 0, consider the
approximate problem

6v® — Av® + H(z,Dv’) =0 in T™ (1.12)

By repeating the first step in the proof of Theorem 1.1, we obtain the existence of a
solution v° to the above. Note that in this case, by the classical regularity theory for

elliptic equations, v is smooth due to the appearance of the diffusion Av?’.

Differentiate (1.12) with respect to x; to get
o) — AvS + H,, + D,H - Dv} = 0.
Multiplying this by vgi and summing up with respect to 7, we achieve that
8| Dv°|* — Avd w8 + D,H - Dv° + D,H - Dvd 0% = 0.

Here we use Einstein’s convention. Set ¢ := |Dv°|?/2. Noting that

0,0 _ 0 0 5,0
SD-Z’]' - Umivzizj and 9033]'33]' - Uzimjvmixj + UI,L'U:EZ':I)]':E]'7

we obtain
Ap = | D) + Avgivii.

Thus, ¢ satisfies
250 — (Ap — |D*°[*) + D,H - Dv* + D,H - D = 0.

Take a point zo € T" such that ¢(zp) = maxg ¢ > 0. As we have Dp(zy) = 0,
D?p(xg) < 0, we obtain

| D20 (x0)[* + D, H - Dv°(2) <0
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Noting furthermore that
2.6 2o 1ia s 2 1 5 2
D2 (o) 2 =80 (@) > o H (o, Ded(x0))? — O
for some C' > 0. Thus,
1
2—H(x0, D (0))? 4+ Dy H (9, DV () - Dv°(20) < C.
n

In light of (1.11), we get a priori estimate || Dv°||fe(n) < C. This is enough to get the
conclusion as in the proof of Theorem 1.1. O

Here is a generalization of Theorems 1.1 and 1.2 to the degenerate viscous setting.
We use the following assumptions:

(H1) A(z) = (a"(2))1<ij<n € MG with A(z) > 0, and a¥ € C*(T") for all 4,5 €
{1,...,n},

and there exists v > 1 and C' > 0 such that

D, H(z,p) < C(L+[pl")  for all (z,p) € T" x R",

lim M = +00 uniformly for x € T". ( )

We remark that (1.13) is also a sort of superlinearity condition. It is clear that (1.13)
is stronger than (1.11). We need to require a bit more than (1.11) as we deal with the
general diffusion matrix A here. We use the label (H1) for the assumptions on A as it
is one of the main assumptions in the lecture notes, and we will need to use it later.

Theorem 1.3. Assume that A satisfies (H1). Assume further that H € C?(T" x R™)
and H satisfies (1.13). Then there exists a pair (v,c) € Lip (T") X R such that v solves
(1.8) in the viscosity sense.

Proof. We first consider the discount approximation
6v° — tr (A(z)D*°) + H(z, Dv’) =0 in T" (1.14)

for 6 > 0.
Next, for o > 0, consider the equation

ov*® — tr (A(z)D*v™°) + H(x, Dv™’) = aAv™® in T". (1.15)

Owing to the discount and viscosity terms, there exists a (unique) classical solu-
tion v*°. By the comparison principle, it is again clear that |dv*?| < M for M =
maxgern | H(z,0)].
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We use the Bernstein method again. As in the proof of Theorem 1.2, differentiate
(1.15) with respect to z;, multiplying it by vg‘f and summing up with respect to ¢ to
obtain

z 046 a,d i a,d a0
200 — a v v — a (Qg,e, — Ve VS0 )

ack acxj T TiTp T ;T

+ DpH - Dv™ + DyH - Dy = a(Ap — | D*o™° ),

where ¢ := |Dv*?|2/2. Here we use Einstein’s convention.
Take a point xy such that ¢(zg) = maxr ¢ > 0 and note that at that point

az]vaé a5+D H - Dva‘s—i—a”vo“s a,d +O{’D2 a6|2<0 (116)

T U TiT zk T; T xxk

The two terms a% vgggkvg‘}‘;k and a|D?*v*°|? are the good terms, which will help us to
control other terms and to deduce the result.

We first use the trace inequality (see [76, Lemma 3.2.3] for instance),

(tr (A,,9))* < Ctr (SAS) for all S € M2 1<k <n,

sym

for some constant C' depending only on n and |[D?A||perny to yield that, for some
small constant d > 0,

. C
a;fkvgi’ijvg‘f = tr (AkaQUQ"S)v;‘f < d(tr (Aka2va’5))2 + E\D’UO"‘S]Q
1 .
—tr (D*v*° AD*v*?) + C|Dv™°|* = 5@”1}? 0 g“ik + C|Dv™°|2. (1.17)
Next, by using a modified Cauchy-Schwarz inequality for matrices (see Remark 1.3
(trAB)? < tr (ABB)tr A for all A, B € M, with A >0 (1.18)

we obtain
. 2
(a”v?j’ij) = (tr A(z) D*v*°)? < tr (A(z) D*v™° D*v®%)tr A(x)
<Ctr (A(z)D*v™°D*v™°) = Ca™v %ijvg‘k‘ij (1.19)

In light of (1.19), for some ¢y > 0 sufficiently small,

1 . g 2
ial Uaé a,d +O[|D2 a5‘2 > 4C ((alj,voc,&v) + (aAva,6>2>

T;T a:]:pk ZTiTj

> 2¢y (aijvgi’ij + ozAvO‘"S)Q = 2¢y (51}0"5 + H(z, Dvo"(s))2
> coH (x, Dv*?)? — C. (1.20)
Combining (1.16), (1.17) and (1.20) to achieve that
D, H - Dv™° — C|Dv*°|* + coH (x, Dv*?)* < C.

We then use (1.13) in the above to get the existence of a constant C' > 0 independent
of a,d so that |Dv*?(xg)] < C. Therefore, as in the proof of Theorem 1.1, setting
w*(z) = v*°(z) — v*°(0), by passing some subsequences if necessary, we can send
a — 0 and § — 0 in this order to yield that w®° and dv®?, respectively, converge
uniformly to v and —c in T". Clearly, (v, ¢) satisfies (1.8) in the viscosity sense. O
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Remark 1.3. We give a simple proof of (1.18) here. By the Cauchy-Schwarz inequality,
we always have

0 < (tr(ab))? < tr(a®)tr (b*) for all a,b € MX",

Sym

For A, B € M™" with A > 0, set a := A'? and b := AY2B. Then,

(tr (AB))? < tr (A)tr (AY?BAY2B) = tr (A)tr (ABB).

Definition 1.1. For a pair (v,c) € C(T") x R solving one of the ergodic problems
(1.6)(1.8), we call v and ¢ an ergodic function and an ergodic constant, respectively.

We now proceed to show that an ergodic constant ¢ is unique in all ergodic problems
(1.6)—(1.8). It is enough to consider general case (1.8).

Proposition 1.4. Assume that H € C*(T" x R") and that (H1), (1.13) hold. Then
ergodic problem (1.8) admits the unique ergodic constant ¢ € R, which is uniquely
determined by A and H.

Proof. Suppose that there exist two pairs of solutions (v, ¢1), (ve,ce) € Lip (T") x R
to (1.8) with ¢; # ¢;. We may assume that ¢; < co without loss of generality. Note
that v; — et — M and vy — cot + M are a subsolution and a supersolution to (1.3),
respectively, for a suitably large M > 0. By the comparison principle for (1.3), we get

vy —cit — M < vy —cot+ M in T" X [0, 00).

Thus, (3 —c1)t < M’ for some M’ > 0 and all ¢ € (0, 00), which yields a contradiction.
[l

Remark 1.4. As shown in Proposition 1.4, an ergodic constant is unique but on the
other hand, ergodic functions are not unique in general. It is clear that, if v is an
ergodic function, then v 4+ C' is also an ergodic function for any C' € R. But even up
to additive constants, v is not unique. See Section 3.1.1.

The ergodic constant ¢ is related to the effective Hamiltonian H in the homogeniza-
tion theory (see Lions, Papanicolaou, Varadhan [61]). In fact, c = H(0). In general,
for p € R, H(p) is the ergodic constant to

—tr (A(z)D*v) + H(z,p+ Dv) = H(p) inT"
It is known that there are (abstract) formulas for the ergodic constant.

Proposition 1.5. Assume that H € C*(T" x R") and that (H1), (1.13) hold. The
ergodic constant of (1.8) can be represented by

c=inf {a € R : there exzists a solution to — tr (A(x)D*w) + H(z, Dw) < a in T"}.
Moreover, if A=0, and p— H(x,p) is convex for all x € T", then

c= inf sup H(z,Do¢(x)). 1.21
selnl ) sup (z, Do(x)) (1.21)
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Proof. Let us denote by di,dy the first and the second formulas in statement of the
proposition, respectively.

It is clear that d; < c¢. Suppose that ¢ > d;. Then there exists a subsolution (v, a)
with a < ¢ to (1.8). By using the same argument as that of the proof of Proposition 1.4,
we get (¢ —a)t < M’ for some M’ > 0 and all ¢ > 0, which implies the contradiction.
Therefore, ¢ = d;.

We proceed to prove the second part of the proposition. For any fixed ¢ € C'(T"),

H(z,D¢) < sup H(z,D¢(x)) in T" in the classical sense,
zeTn

which implies that d; < sup,eqm H(z, Dg(z)). Take infimum over ¢ € C*(T") to yield
that dy < ds.

Now let v € Lip (T™) be a subsolution of (1.6). Take p to be a standard mollifier
and set p.(-) = e "p(-/¢e) for any € > 0. Denote by v* = p. xv. Then v € C*(T"). In
light of the convexity of H and Jensen’s inequality,

H(z, Dif(x)) = H ( [ o) dy)

< [ H(z,Dv(z —y))p(y) dy

n

’I["I’L
< | H(x—y,Dv(zr—y))p(y)dy+Ce < c+Ce inT"
'H"ﬂ
Thus, dy < sup,ep H(x, Dv®) < ¢+ Ce. Letting € — 0 to get dy < ¢ = d;. The proof
is complete. O

Remark 1.5. Concerning formula (1.21), it is important pointing out that the ap-
proximation using mollification to a given subsolution v plays an essential role. This
only works for first-order convex Hamilton—Jacobi equations as seen in the proof of
Proposition 1.5. If we consider first-order nonconvex Hamilton—-Jacobi equations, then
a smooth way to approximate a subsolution is not known. In light of the first formula
of Proposition 1.5, we only have in case A = 0 that
c= inf sup sup H(z,p),

o€Lip (T") zeT" pe D+¢(x)
where we denote by Dt¢(z) the superdifferential of ¢ at x (see Section 4.2 for the
definition). An analog to (1.21) in the general degenerate viscous case is not known
yet even in the convex setting. See Section 3.4 for some further discussions.

In the end of this chapter, we give the results on the boundedness of solutions to
(1.14), (1.3), and the asymptotic speed of solutions to (1.3). These are straightforward
consequences of Theorem 1.3.

Proposition 1.6. Assume that H € C*(T" x R") and that (H1), (1.13) hold. Let v°
be the viscosity solution of (1.14) and c be the associated ergodic constant. Then, there
exists C' > 0 independent of & such that

v‘s—i-g‘SC in T".
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Proof. Let (v,c) be a solution of (1.8). Take a suitably large constant M > 0 so that
v —c¢/§d £ M are a subsolution and a supersolution of (1.14), respectively. In light of
the comparison principle for (1.14), we get

v(x)—g—Mgv‘;(x)gv(x)—g—i—M for all x € T",

which yields the conclusion. O]

Proposition 1.7. Assume that H € C*(T™ x R™) and that (H1), (1.13) hold. Let u
be the viscosity solution of (1.3) with the given initial data uy € Lip (T™), and ¢ be the
associated ergodic constant. Then,

u—+ct is bounded, and
u(z,t)

. ¢ uniformly on T" as t — oo.

Proof. Let (v,c) be a solution of (1.8). Take a suitably large constant M > 0 so that
v—ct— M, v—ct+ M are a subsolution and a supersolution of (1.3), respectively. In
light of the comparison principle for (1.3), we get

v(x) —ct — M <wu(z,t) <v—ct+ M forall (z,t) € T" x [0, 00), (1.22)
which implies the conclusion. O

Remark 1.6. A priori estimate (1.22) is the reason why we do not need to consider the
terms like b;(z)t* for ¢ > 2 in the formal asymptotic expansion of « in the introduction
of this chapter.

We also give here a result on the Lipschitz continuity of solutions to (1.3).

Proposition 1.8. Assume that H € C?*(T™ x R") and that (H1), (1.13) hold. Assume
further that ug € C*(T™). Then the solution u to (1.3) is globally Lipschitz continuous
on T" x [0, 00), i.e.,

||Ut||Loo(’]I‘nX(07oo)) + ||DU||LW(TnX(07m)) S M fO’I’ some M > O

Proof. For a suitably large M > 0, uy — Mt and uy + Mt are a subsolution and a
supersolution of (1.3), respectively. By the comparison principle, we get ug(x) — Mt <
u(z,t) < ug(x) + Mt for any (z,t) € T" x [0,00). We use the comparison principle
again to get

lu(z,t + s) — u(z,t)| < max
xzeTn

u(z,s) —ug(x)] < Ms forall x e T", t,s > 0.

Therefore, |u;| < M. By using the same method as that of the proof of Theorem 1.3,
we get |Du| < M’ for some M’ > 0. O
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As a corollary of Propositions 1.7, 1.8, we can easily get that there exists a subse-
quence {t;};eny with ¢; — 0o as j — oo such that

u(x,t;) + ct; — v(z) uniformly for x € T" as j — oo,

where v is a solution of (1.8). We call v an accumulation point. However, we have to be
careful about the fact that v in the above may depend on the choice of a subsequence
at this moment. The question whether this accumulation point is unique or not for
all of choices of subsequences is nontrivial, and will be seriously studied in the next
chapter.



Chapter 2

Large time asymptotics of
Hamilton—Jacobi equations

2.1 A brief introduction

In the last decade, a number of authors have studied extensively the large time behavior
of solutions of first-order Hamilton—Jacobi equations. Several convergence results have
been established. The first general theorem in this direction was proven by Namah and
Roquejoffre in [72], under the assumptions:

p+— H(x,p) is convex, H(z,p) > H(z,0) for all (z,p) € T" x R", m%xH(x, 0) = 0.
e
We will first discuss this setting in Section 2.2. In this setting, as the Hamiltonian
has a simple structure, we are able to find an explicit subset of T™ which has the
monotonicity of solutions and the property of the uniqueness set. Therefore, we can
relatively easily get a convergence result of the type (1.5), that is,

u(z,t) — (v(x) —ct) — 0 uniformly for z € T",

where u is the solution of the initial value problem and (v,c) is a solution to the
associated ergodic problem.

Fathi then gave a breakthrough in [34] by using a dynamical approach from the weak
KAM theory. Contrary to [72], the results of [34] use uniform convexity and smoothness
assumptions on the Hamiltonian but do not require any structural conditions as above.
These rely on a deep understanding of the dynamical structure of the solutions and of
the corresponding ergodic problem. See also the paper of Fathi and Siconolfi [35] for
a characterization of the Aubry set, which will be studied in Section 2.5. Afterwards,
Davini and Siconolfi in [25] and Ishii in [49] refined and generalized the approach of
Fathi, and studied the asymptotic problem for Hamilton—-Jacobi equations on T" and
on the whole n-dimensional Euclidean space, respectively.

Besides, Barles and Souganidis [12] obtained additional results, for possibly non-
convex Hamiltonians, by using a PDE method in the context of viscosity solutions.

19
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Barles, Ishii and Mitake [8] simplified the ideas in [12] and presented the most general
assumptions (up to now).

In general, these methods are based crucially on delicate stability results of ex-
tremal curves in the context of the dynamical approach in light of the finite speed of
propagation, and of solutions for large time in the context of the PDE approach.

In the uniformly parabolic setting, Barles and Souganidis [13] proved the large-time
convergence of solutions. Their proof relies on a completely distinct set of ideas from
the ones used in the first-order case as the associated ergodic problem has a simpler
structure. Indeed, since the strong maximum principle holds, the ergodic problem has
a unique solution up to additive constants. The proof for the large-time convergence
in [13] strongly depends on this fact. We will discuss this in Section 2.6.

It is clear that all the methods aforementioned are not applicable for the general
degenerate viscous cases, which will be described in details in Section 2.4, because of the
presence of the second order terms and the lack of both the finite speed of propagation
as well as the strong comparison principle. Under these backgrounds, the authors
with Cagnetti, Gomes [17] introduced a new method for the large-time behavior for
general viscous Hamilton—Jacobi equations (1.3). In this method, the nonlinear adjoint
method, which was introduced by Evans in [32], plays the essential role. In Section
2.3, we introduce this nonlinear adjoint method.

2.2 First-order case with separable Hamiltonians

As mentioned in the end of Section 1.2, in general, (1.6) does not have unique solutions
even up to additive constants. See Section 3.1.1 for details. This fact can be observed
from Example 4.1 too. This requires a more delicate and serious argument to prove
the large-time convergence (1.5) for (1.1).

Before handling the general case, we first consider the case where the Hamiltonian
is separable with respect to x and p. We consider two representative examples here.

2.2.1 First example

Consider )

ut—|—§\Dul2+V(m) =0 inT" x (0,00),

u(+,0) = up on T
where V € C(T") is a given function. See Example 4.2 in Appendix. In this case, since
the structure of the Hamiltonian is simple, we can easily prove (1.5), that is,

u(z,t) — (v(x) — ct) — 0 uniformly for z € T",

where (v, ¢) satisfies

1
5|Dv|2+vzc in T". (2.1)
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This was first done by Namah and Roquejoffre in [72]. Firstly, let us find the ergodic
constant ¢ in this case. By Proposition 1.5, we have

c= inf sup (M + V(x)) > sup V(x) = max V(z).

€C(T™) zeTr 2 zeTn zeT"

On the other hand, if we take ¢ to be a constant function, then

0 2
c < xs;l%i <% + V(m)) = max V(z).
Thus, we get ¢ = max,er V().

Set uc(x,t) :== u(x,t) + ct. Then

() + %\DUCP — max V(z) — V(a).

zeT?

Set
A={zeT": V(z)=maxV(z)}.

zeTn
Then we observe, at least formally, that for z € A

1
(uc)t = _§|Duc|2 < 07

which implies the monotonicity of ¢ — u.(z,t) for € A. Thus, we get

litm inf ,u.(x,t) = limsup “u.(z,t) for all x € A,

t—o00

where, for f € C(T" x [0,00)), we set

limsup” f(z, ) = lim sup {f(y.5) = |z —y < 1fs, s> 1},

t—o0

liPlinf*f(x,t) ::tlim inf {f(y,s) : |[x—y| <1/s, s>1t}.

We call these limits li{n inf , and limsup * the half-relazed limits. In view of the stability

—00 t—o0o

result of viscosity solutions (see Theorem 4.11 in Section 4.5), lim sup *u. and litm inf ,u,
t—00 — 00

are a subsolution and a supersolution of (2.1), respectively. Also notice that the set A
is a uniqueness set of ergodic problem (2.1) (see Theorem 2.15 in Section 2.5), that is,
for vy, vy are a subsolution and a supersolution of (2.1), respectively,

if v7 <wy on A, then v; < vy on T".

This is an extremely important fact, and we will come back to it later. In light of this
fact, we get lim sup *u, < litm inf ,u. on T", and thus,
—00

t—oo

li{n inf ,u, = limsup *u, on T",
— t—o00
which confirms (1.5) (see Proposition 4.13 in Section 4.5).
We encourage the interested readers to find a simple and direct PDE proof for the
fact that A is the uniqueness set of (1.6) (see [72] and also [68] for more details).
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2.2.2 Second example

Next, let us consider

{ut+h(x)\/l+\Du|2:0 in T" x (0, 00),

(2.2)
u(-,0) = ug on T",

where h € C(T") with h(z) > 0 for all € T" is a given function. See Section 4.1.1 in
Appendix. We obtain the ergodic constant c¢ first as follows:

h(z)\/1+ Do =c <= |Duf? = % (2.3)

_ 2
c= /;ré%%ch(x) = L%%%{h@' (2.4)

Set u. := u + ct as above to get that

(ue)t + h(z)\/1 4+ |Du|? = c.

Thus, we get

In this case, we have

(ue)e = c—h(z)\/1+ |Duf> <0 in A:={xeT" : h(x) = c}. (2.5)

Therefore, we get a similar type of monotonicity of u. in A as in the above example.
Moreover, setting V() := (¢* — h(z)?)/h(x)?, we see that

A={zeT": V(x) = m%rn V(z) = 0}.
EASHING
Thus, we can see that A is a uniqueness set for (2.3) as in Section 2.2.1. The large
time behavior result follows in a similar manner.
Moreover, we have the following proposition.

Proposition 2.1. If the initial data ug is a subsolution of (2.3), then u(x,t)+ct = ug(z)
for all (xz,t) € A x [0,00). In particular,

tlim (u(z,t) + ct) = ug(x) for all z € A.
Proof. Since ug is a subsolution to (2.3), ug — ct is also a subsolution to (2.2). Thus,
by the comparison principle, we have ug(z) — ct < u(z,t) for all (z,t) € T" x [0, c0).
Combining this with (2.5), we obtain the conclusion. O

Example 2.1. Let us consider a more explicit example. Assume thatn =1, h: R — R

is 1-periodic and
2
h(z) = —, (2.6)
V1t f(2)?
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h(x) Jim ue(z,t)

0" 14 12 3/4 1 1/4 3/4 1

Figure 2.1: Graphs of h and lim;_ u.(z,t)

where f(x) := 2min{|z —1/4], |z —3/4|} for all x € [0, 1]. See Figure 2.1 for the graph
of h. Consider uy = 0 on T. Since ug is a subsolution to (2.3), in light of Proposition
2.1, we obtain

1
tlim (u(z,t) + ct) =up(x) =0 forze A= {Z,%}a

which is enough to characterize the limit. See Figure 2.1. We will give further discus-
sions on this example in Section 2.5.

Can we expect such a monotonicity in the general setting? The answer is NO. For
instance, if we consider the Hamilton—Jacobi equation:

1
up + §|Du —b(z)*=|b(z)]* in T" x (0, 0),

where b : T" — R" is a given smooth vector field, then we cannot find such an easy
structure of solutions. Therefore, we need more profound arguments to prove (1.5) in
the general case.

2.3 First-order case with general Hamiltonians

In this section, we assume the following conditions:
(H2) H € C?*(T" x R"),

(H3) D2 H(z,p) > 201, for all (z,p) € T x R", and some 6 > 0, where I, is the
identity matrix of size n,

(H4) |D,H(z,p)| < C(1+ |p?) for all z € T" and p € R™.

We see that if H satisfies (H3), (H4), then it satisfies (1.13) hence also (1.11). Therefore,
all of the results concerning ergodic problems in the previous chapter are valid here.
Our main goal in this section is to prove
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Theorem 2.2. Assume that (H2)—(H4) hold. Let u be the solution of (1.1) with a
given initial data ug € Lip (T™). Then there exists (v,c) € Lip (T") x R, a solution of
ergodic problem (1.6), such that (1.5) holds, that is,

u(z,t) — (v(x) —ct) — 0 wniformly for x € T".

We call v — ¢t obtained in Theorem 2.2 the asymptotic solution for (1.1).

Remark 2.1. It is worth pointing out delicate things on the convexity assumption
here. Assumption (H3) is a uniform convexity assumption. We can actually easily
weaken this to a strictly convexity assumption, i.e., Dng > 0, since we do have an a
priori estimate on the Lipschitz continuity of solutions. Therefore, we can construct a
uniformly convex Hamilton-Jacobi equation which has the same solution as that of a
strictly convex one.

On the other hand, this “strictness” of convexity is very important to get conver-
gence (1.5). Consider the following explicit example:

u + Jupy — 1| =11in R x (0,00), u(-,0) = sin(x).
Then, it is clear that
u(z,t) =sin(x +t) for all (z,t) € R x [0, 00)

is the solution of the above but convergence (1.5) does not hold. This was first pointed
out by Barles and Souganidis in [12].

We also point out that the convexity is NOT a necessary condition either, since it
is known that there are convergence results for possibly nonconvex Hamilton—Jacobi
equations in [12, 8]. A typical example for nonconvex Hamiltonians is H(z,p) =

(Ipl* = 1) = V(2).

2.3.1 Formal calculation

In this subsection, we describe the idea in [17] in a heuristic way to get
u(-,t) — —c as t — oo in the viscosity sense, (2.7)

where c is the ergodic constant of (1.6). We call this an asymptotic monotone property
of the solution to (1.1). This is a much stronger result than that of Proposition 1.7.
We “assume” that u is smooth below in the derivation. Notice that this is a completely
formal assumption as we cannot expect a global smooth solution u of Hamilton—Jacobi
equations in general.

Let us first fix T" > 0. We consider the adjoint equation of the linearized operator
of the Hamilton—Jacobi equation:

{ —oy — div (DpH (2, Du(z,t))o) =0 in T" x (0,7) (2.8)

o(x,T) = 0y () on T",
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where d,, is the Dirac delta measure at a fixed point z, € T". Note that although (2.8)
may have only a very singular solution, we do not mind in this section as this is just a
formal argument. It is clear that

o(xz,t) >0 and / o(z,t)de =1 for all (z,t) € T" x [0,T]. (2.9)

Then, we have the following conservation of energy:

d
— | H(z,Du(z,t))o(x,t)dx
dt Jon

= D,H(z,Du) - Dujodx + | H(z, Du)oydx
T Tn

=— / div (DpH(:c, Du)a)ut dx — / ugopdr = 0,

n

which implies a new “formula’”:

(g, T) = / ut(+, 7)oy de = — | H(z, Du)odz

T

t=T

1 (T
= ——/ H(x, Du)o dzdt.
T 0 T'"/

Noting (2.9) and |Du(z,t)] < C by Proposition 1.8, in light of the Riesz theorem,
there exists vy € P(T"™ x R™) such that

1 T
// o(x,p) dvp(z,p) = —/ / o(x, Du)o dxdt
TnxR" T J n

for all ¢ € C.(T" xR™). Here P(T"™xRR") is the set of all Radon probability measures on
T" x R™. Because of the gradient bound of u, we obtain that supp (v7) C T" x B(0, C),
where supp (v7) denotes the support of vp, that is,

supp (vr) = {(z,p) € T" X R" : vp(B((x,p),r)) > 0 for all » > 0} .

// dVT<x7p) = 17
Tn xR™

there exists a subsequence 7; — oo as j — 00 so that

Since

v, ~v €P(T" xR") as j— o0 (2.10)
in the sense of measures. Then, we can expect some important facts

(i) v is a Mather measure associated with (1.6),

(ii) suppv C {(z,p) € T" x R" : p = Dv(x)}, where v is a viscosity solution to (1.6).
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We do not give the proofs of these facts here. We will give the definition of Mather
measures in Chapter 3. Property (ii) in the above is called the graph theorem in the
Hamiltonian dynamics, which is an extremely important result (see [63, 62] for details).
One way to look at (i) is the following: if we think of Du as a given function in (2.8),
then (2.8) is a transport equation, and the characteristic ODE is given by

{ X(1) = DH(X(1), Du(X(0).1) for t € (0.T) @11)

X(T) = Xy,

which is formally equivalent to the Hamiltonian system.
If we admit these, then we obtain

I
(o, 1) = _T/ H(x, Du)o dzdt
] Tn

— _//WRHH(Q; p) dvr, (z,p) //MR” x,p) dv(z,p) =

as j — oo for any subsequence T} satisfying (2.10).

Now, we should ask ourselves how we can make this argument rigorous. Some
important points are

(i) to introduce a regularizing process for (1.1),

(ii) to introduce a scaling process for ¢ as we need to look at both limits of a regu-
larizing process and the large-time behavior, and

(iii) to give good estimates,

which are discussed in details in the next subsections.

2.3.2 Regularizing process

In the following subsections, we make the formal argument in Section 2.3.1 rigorous by
using a regularizing process and giving important estimates.

We only need to study the case where the ergodic constant ¢ = 0, and we always
assume it henceforth. Indeed, by replacing, if necessary, H and u(x,t) by H — ¢ and
u(z,t) + ct, respectively, we can always reduce the situation to the case that ¢ = 0.

We first consider a rescaled problem. Let u be the solution of (1.1). For € > 0, set
u(z,t) = u(z, t/e) for (z,t) € T" x [0,00). Then, u® satisfies

©) eu; + H(z,Du?) =0 in T™ x (0, 00),
) u®(x,0) = up(z) on T™.

By repeating the proof of Proposition 1.8 with a small modification, we have the
following a priori estimates

||U/§||Loo(jl‘n><[071]) S 0/8, ||DU€||LOO(TTL><[0’1]) S C (212)
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for some constant C' > 0 independent of . Notice that in general, the function u® is
only Lipschitz continuous.

For this reason, we add a viscosity term to (C)., and consider the following regu-
larized equation

(A) {swf + H(z, Dw®) = e*Aw®  in T" x (0, 0),

wé(z,0) = up(z) on T".
We also consider a corresponding approximation for the ergodic problem (1.6):
(E). H(z,Dv°) = e*Avs + H, in T".

By Theorem 1.2 and Proposition 1.4, the existence and uniqueness of the ergodic
constant H, of (E). holds. Besides, there exists a smooth solution v° to (E)..

The advantage of considering (A). and (E). lies in the fact that the solutions of
these equations are smooth, and this will allow us to use the nonlinear adjoint method
to perform rigorous calculations in the next subsection.

Proposition 2.3. Assume that (1.11), (H2) and (H4) hold, and the ergodic constant
of (1.6) s 0. Let u® and w® be the solution of (C). and (A). with a given initial data
ug € Lip (T™), respectively. There exists C > 0 independent of € such that

Proof. We consider the function ® : T" x T™ x [0, 1] — R defined by

[z —yl*

Kt
2n

O(z,y,t) :i=u(z,t) —w(y,t) —

for n > 0 and K > 0 to be fixed later. Pick (x,,y,,t,) € T" x T™ x [0, 1] such that

S(xp, yp,t,) = max  P.
( n2 Y 77) z,yeTn, tel0,1]

In the case t,, > 0, in light of Ishii’s lemma (see [23, Theorem 3.2.19]), for any
p € (0,1), there exist (a,, p,, X,) € 72’+u5(xn,tn) and (b, p,,Y;) € 72’7w5(yn,tn) such
that

xz

ay — by = K, py = ";%,(Xﬁ 0 )gAﬂ+mﬁ, (2.13)

0 -,

1/ 1, —I,
v (2

Here, 75" denotes the super-semijet, and sub-semijet, respectively (see Section 4.2).

where
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We need to be careful for the case t,, = 1, which is handled by Lemma 4.4. By the
definition of viscosity solutions,

ea, + H(z,,p,) <0 and eb, + H(x,,p,) > 'tr (Yy),

which implies
eK + H(zy, py) — H(yy, py) < —'tr (Yy).

Note that

—e'tr (V) = Z{(Xn()ei, Oc;) — (Ye’e;, e%e;) }
i=1

- Oe; Oe; 2 Oe; Oe;
< . .
= {An ( e’e; ) ( e’e; ) o, ( e’e; ) ( e’e; )}
Cet

<= +0().

Since Dy, yy, ty) < (x4, Yy, ty), we have

|y — | _

Kt
2n

U (Y, ty) — Wy, ty) — Kty < us (2, ) — w(yy, ty) — s

which implies |p,| < C for some C' > 0 in view of the Lipschitz continuity of u°. Thus,
|z, — yn| < Cn. Therefore,

[ H (2, py) = H(Yy, Py)l < C(L+ Ipyl*) ]y — yy| < C.

Combine the above to deduce

eK <Ce'/n+Cn+0(p) asp—0.
Sending p — 0 and setting K := C’e~'(¢*/n + n) for C' > C, we necessarily have

ty = 0.
Thus, we get, for all z € T, ¢ € [0, 1],

O(z,2,t) < D2y, Yy, ty) = (2, Y, 0),

which reads for ¢t =1,
u(,1) = w (e, 1) < uolay) — o(yy) + K

gt g3 1
< || Duo]| Lo enyn + 0’6‘1(; tu)=C (F (1 ;)") |

Setting

=2
n:i=¢e’,
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we get uf(z,1) — w(z,1) < Ce? for all z € T". By exchanging the role of ¢ and w*®
in ® and repeating a similar argument, we obtain [[u®(-,1) — w(+, 1)|| poe(n) < Ce>.

Let us now prove

.| = [, - ¢ < C&
in a similar way. Set
=yl
2n

where v° and v are solutions to (E). and (1.6), respectively. For a maximum point
(xy,y,) of ¥ on T" x T", we have

V(z,y) :==v(z) —v°(y)

Y

H(x,,p,) <0 and H(y, py) > ettr (Y,) + H.

for any (p,, X)) € 72’+v(x7,), (py, Yy) € 72’_?)5(%). Note here that we are assuming the
ergodic constant of (1.6) is ¢ = 0 now.
Therefore, similarly to the above,

54
H.-0< H(Z/naPn) - H(%,pn) — 84tr(Yn) <(C (774- g) .

Setting n = €2, we obtain H, < Ce?. Symmetrically, we can prove H, > —Ce?, which
yields the conclusion. O]

Remark 2.2. As seen in the proof, the vanishing viscosity method gives that the rate
of convergence of u® — w® is

\/viscosity coefficient /(the coefficient of uf and w?).

Because of this fact, we can choose €* for any a > 2 as a coefficient of the viscosity
terms in (A). and (E).. We choose oo = 4 here just to make the computations nice and
clear.

2.3.3 Conservation of energy and a key observation

The adjoint equation of the linearized operator of (A). is

(A)) —eos — div(DyH (z, Du®)o®) = e*Ao®  in T" x (0,1),
) o (z,1) = by on T™.

Proposition 2.4 (Elementary Property of 0%). Assume that (H2)-(H4) hold. We have
o >0 T" x (0,1), and

/ o (z,t)dx =1 for allt €0,1].
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Proof. We have that ¢ > 0 in T" x (0, 1) by the strong maximum principle for (AJ)..
Since

4
dt Jon

we conclude

o°(-,t)dx = / (=div(D,H (z, Dw®)o®) — e*Ac®) dz =0,

/ as(x,t)dx:/ aa(x,l)dx:/ 0po dr =1

for all t € [0, 1], which is the conclusion. O

Lemma 2.5 (Conservation of Energy 1). Assume that (H2)—(H4) hold. Then we have
the following properties

(i) i/ (H(z, Dw®) — e*Aw®)o® dx = 0,
dt Sz

1
(i) ew;(xo,1) = —/ / (H(z, Dw®) — £*Aw)o® da dt.
0 n

Proof. We only need to prove (i) as (ii) follows directly from (i). This is a straightfor-
ward result of adjoint operators and comes from a direct calculation:

a4
dt o

:/ (D,H (z, Dwf) - Dwi — e*Aw)o® dx + / (H(z, Du®) — e*'Awf)of dx

n

(H(z, Dw®) — £*Aw)o® dx

= / (div (DpH(x, Dw®)o®) + 54A0€>wf dx — / cwjoy dv = 0. O
Remark 2.3.
(i) We stress the fact that identity (i) in Lemma 2.5 is extremely important. If we
scale back the time, the integral on the right hand side becomes

T
—%/ / [H(z, Dw®) — e*Aw®] 0°(z,t) dz dt,
0 n

where T' = 1/¢ — oo. This is the averaging action as ¢ — oo, which is a key observation.
We observed this in a formal calculation in Section 2.3.1.

(ii) We emphasize here that we do not use any specific structure of the equations up
to now, and therefore this conservation law holds in a much more general setting. To
analyze further, we need to require more specific structures and perform some delicate
analysis. But it is worth mentioning that, in this reason, this method for the large-time
asymptotics for nonlinear equations is universal and robust in principle.

The following theorem is a rigorous interpretation of asymptotic monotone property
(2.7) of the solution to (1.1), which is essential in the proof of Theorem 2.2.

Theorem 2.6. Assume that (H2)—(H4) hold, and the ergodic constant of (1.6) is 0.
We have
tm o (- 1)l 2y = .
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More precisely, there exists a positive constant C', independent of €, such that
ellef (- Dl zmemy = | Dws (1)) = e A (-, Dl goe ey < CM2.

To prove this, we use the following key estimates, which will be proved in the next
subsection.

Lemma 2.7 (Key Estimates 1). Assume that (H2)—(H4) hold, and the ergodic constant
of (1.6) is 0. There exists a positive constant C, independent of €, such that the
followmgs hold:

/ |D(w® — %) *0° dv dt < Ck,
Tn
(ii) / |D?(w® — v¥)|* 0" dxdt < Ce™".
o Jrn

We now give the proof of Theorem 2.6 by using the averaging action above and the
key estimates in Lemma 2.7.

Proof of Theorem 2.6. Let us first choose xg, which may depend on ¢, such that
lew; (o, )] = [lew; (-, Dl poe(ry = | H(-, Dw?(:, 1)) = " Aw(-, 1) e (rn).-

Thanks to Lemma 2.5,

lew; (zo, 1)| = H(z, Dw®) — e*Aw)o® dx dt| .

n

Let v® be a solution of (E).. By Proposition 2.3,

6Hwt Dl e en

n

H(z, Duw®) — * Awf)o® dx dt‘

H(z, Duw®) — e*Aw® — (H(z, Dv°) — e*Av® — H.))o® dx dt

n

1
</ |H(x, Duwf) — H(z, Dv)| 0° + &*|A(w® — v)|o® dx dt + |H.|
<C’/ / [|D(w® —v)| + &*|D*(w® — v°)|] 0 dz dt + Ce>.

We finally use the Holder inequality and Lemma 2.7 to get that

elfwi (-, Dl oo omy

1 1/2 1 1/2
<C [(/ |D(w® — v%)*0° dx dt) + & (/ |D?(w® — v)|?0° da dt) + &2
o Jrn o Jrn

<(Ce'/?, O
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Let us now present the proof of the large time asymptotics of u, Theorem 2.2.

Proof of Theorem 2.2. Firstly, the equi-Lipschitz continuity of {w®(-, 1)}.~0 is obtained
by an argument similar to that of the proof of Theorem 1.2. Therefore, we are able to
choose a sequence ¢,, — 0 as m — oo such that {w®(-,1)},,eny converges uniformly
to a continuous function v in T", which may depend on the choice of {&,, };men. We let
tm := 1/e,, for m € N, and use Proposition 2.3 to deduce that

|u (-, tn) — V|| Loo(rny — 0 as m — oo.

Let us show that the limit of u(-,t) as ¢ — oo does not depend on the sequence
{tm}men. In view of Theorem 2.6, which is one of our main results in this chapter,
v is a solution of (E), and thus a (time independent) solution of the equation in (C).
Therefore, for any z € T", and ¢ > 0 such that ¢, <t < t,,,1, we use the comparison
principle for (C) to yield that

fu(@, 1) = v(@)] < ul, tr + (¢ = t)) = 0Ol zmeny < -y tm) = 00 | mgemy:
Thus,
T [lu(-,£) = o) =z < i fu(c ) = 0() gy = 0.

which gives the conclusion. O

2.3.4 Proof of key estimates

A key idea to prove estimates in Lemma 2.7 is to use a combination of the Bernstein
method and the adjoint technique.

Lemma 2.8. Assume that (H2), (H4) hold. Let w® be the solution of (A).. There
exists a constant C' > 0 independent of € such that

1
//54|D2w8|205dxdt§0.
0 n

This is one of the key estimates which was first introduced by Evans [32] in the
study of gradient shock structures of the vanishing viscosity procedure of nonconvex,
first-order Hamilton—Jacobi equations. See also Tran [78]. The convexity of H is not
needed at all to get the conclusion of this lemma as can be seen in the proof.

Proof. By a computation similar to that in the proof of Theorem 1.2, for ¢(z,t) :=
| Dw?|?/2, we have

eps + D,H - Do + D, H - Duf = e*(Ap — |D*uwf|?).

Multiply the above by ¢ and integrate over T" x [0, 1] to yield

1 1
54/ / | D*wf|*0® dudt = — / / (er + DyH - Dy — €4Agp) o dxdt
0 n 0 n

1
— / D, H - Dw®o® dxdt.
0o Jrn
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Integrating by parts, we get
1
/ / (5gpt +D,H - Dy — 84Ag0) o dxdt
0 n

1
= / [epoc|iZ) du +/ / (—eof — div (D,Ho®) — £*Ac®) ¢ dxdt
n 0 mn

<C(Cke.

Noting that |D,H - Dw®| < C, we get the conclusion.
O]

Proof of Lemma 2.7 (i). Subtracting equation (A). from (E)., thanks to the uniform
convexity of H, we get

0 =e(v® —w®); + H(x, Dv°) — H(x, Du) — *A(v® — w®) — H,
> e(v° — w®); + DpyH (x, Duf) - D(v° — w®) + 0| D(v° — w®)|* — ' A(v® — wf) — H..

Multiply the above inequality by o° and integrate by parts on T" x [0,1] to deduce
that

1
9/ |D(w® — %) *0° dx dt
o Jrn
- 1
<H. —/ / e((v® —w)o®)s dxdt
O n

1
+ / / [eof + div (D, H (z, Dw®)o®) + £* Ac®] (v° — w®) dadt
0 n
t=1

v ][ vl

=H. + e(w(zo, 1) — v°(x0)) — e/n(uo(x) —v°(x))o®(x,0) dx

t=0

=H, +cuw(70,1) — 8/ (v°(zg) — v°(x))o"(x,0) do — s/ up(z)o(z,0) de.

n n

Note here that w® satisfies

i

as we see in the proof of Proposition 1.6. Thus, H. + ew®(xg,1) < Ce and

H.t
19

w® + < C for some C > 0,

Lo (T x (0,00))

1
e/ ID(w® — %) o da dt < e(C + || Do | oocony + Il o)) < Ce,
0 Tn

which implies the conclusion.
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Proof of Lemma 2.7 (ii). Subtract (A). from (E). and differentiate with respect to z;
to get

e(vF = wf)gy + DyH (w, D¥) - DvS, — D,y H(x, D) - Dus

T

+ H,, (v, Dv°) — H,, (v, Du®) — e*A(v° — w®),, = 0.

Let p(x,t) := |D(v"—w®)|?/2. Multiplying the last identity by (v —w*),, and summing
up with respect to i, we achieve that

ey + DyH(z, Duf) - Dy + [(D,,H(g;, Dvf) — D, H(x, Dw5)> Dve ] (05 —wt)

+ (DoH(w, Do) = Do H(w, Duf)) - D(v* = wf) = £} (Ap — [D2(* = wf) ) =0,
By using the equi-Lipschitz continuity of v°, w® and (H4), we derive that

eps + DyH(z, Duf) - Dp — e*Ap + | D?(v° — wf)|?
<O(|D*°| + 1)|D(v° — wf)|*. (2.14)

The right hand side of (2.14) is a dangerous term because of the term |D?*v°|. We now
take advantage of Lemma 2.8 to handle it. Using the fact that ||Dv®|| ~ and ||Dw®|| 1~
are bounded, we have

CID*%| |D(v° —w?)]* < C|D*(v° — wf)| [D(v° — w)* + C|D*w| | D(v° — w)?
! C
< %|D2(vf — ")+ SID0F —wf)P + CID%] (2.15)

Combine (2.14) and (2.15) to deduce

4
ey + DyH(z, Duf) - Do — e*Ap + — |D2(v —w®)|?
< C|D(v® —wf)|* + g|D(va —w®)[? + C|D*wf|. (2.16)

We multiply (2.16) by ¢, integrate over T™ x [0, 1], and use integration by parts to
yield that, in light of Lemma 2.8 and (i),

/ / |D?(w® — v°)|?0° dw dt < C€+—6+C/ | D*w®|o® d dt

1/ 2 1/2 c Cc C
< —3+C / / ]DQwEIQJdedt / / asdxdt <Z5+53<53 O
€ o Jn o Jn € € €

Remark 2.4. The estimates in Lemma 2.7 give us much better control of D(w® — v%)
and D?(w® —v°) on the support of o°. More precisely, the classical a priori estimates by
using the Bernstein method as in the proof of Theorem 1.2 only imply that D(w® — v°)
and e*A(w® — v¥) are bounded.
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By using the adjoint equation, we can get further formally that e~'/2D(w® — v°)
and &7/ 2D?*(w® —v°) are bounded on the support of o°. Clearly, these new estimates are
much stronger than the known ones on the support of ¢°. However, we must point out
that, as ¢ — 0, the supports of subsequential limits of {o¢}.~¢ could be very singular.
Understanding deeper about this point is essential in achieving further developments
of this new approach in the near future.

It is also worth mentioning that we eventually do not need to use the graph theorem
in the whole procedure above.

2.4 Degenerate viscous case

In this section, we consider a general possibly degenerate viscous Hamilton—Jacobi
equation:

u; — tr (A(z)D*u) + H(z, Du) = 0 in T" x (0, 00). (2.17)
Here is one of the main results of [17].
Theorem 2.9. Assume that (H1)—(H4) hold. Let u be the solution of (2.17) with initial

data u(-,0) = ug € Lip (T™). Then there exists (v,c) € Lip (T™) x R such that (1.5)
holds, that is,

u(z,t) — (v(x) —ct) = 0 uniformly for x € T" ast — oo,
where the pair (v, c) is a solution of the ergodic problem
—tr (A(z)D*v) + H(z, Dv) = ¢ in T".

For an easy explanation, we consider the 1-dimensional case (i.e., n = 1) in this
section. This makes the problem much easier but we do not lose the key difficulties
coming from the degenerate viscous term —tr (A(a:)DQu). We now assume that the
ergodic constant ¢ for (1.8) is 0 as in Section 2.3.3.

We repeat the same procedures as those in Sections 2.3.2 and 2.3.3. Associated
problems are now described below:

(C)  wu—a(x)ug, + H(z,u,) =0in T x (0, 00), u(z,0) = ug(x) in T,
(A),  ew —a(x)ws, + H(zr,ws) = 'w, in T x (0, 00), w®(x,0) = up(z) in T,
(A)). —e0f — (a(2)0%) 4w — (Hp(z,wE)o%), =0, in T x (0,1), o°(x,1) =d,, in T,
(E). —a(x)v, + H(x,v5) =", + H. in T.

Here, assumption (H1) means that a € C?(T) is a nonnegative function.
As pointed out in Remark 2.3, we have the same type conservation of energy.

Lemma 2.10 (Conservation of Energy 2). Assume that (H1)-(H4) hold, and the as-

sociated ergodic constant is zero. The following properties hold:
d
(i) E/ [H(z,wS) — (a(z) + eMws,] o dz =0,

(i) ewy(xg,1 / / (z,ws) — (a(z) + eh)ws,] o du dt.
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The proof of this lemma is similar to that of Lemma 2.5, hence is omitted.
Now, as in the proof of Theorem 2.6, we have

E!th HLooar = [H(wi(, 1)) = (" + a(@))wiy (-, Dl

H(z,wi) — (e* + a(z))wi,] o° dx dt

’» Y

H(z,wl) — (e* + a(z))wi, — (H(z,v5) — (' + a(2))vs, — H.)] aadxdt‘

< / / (|H(x,w§) — H(z,v5)| + |(€4 + a(x))(w® — vg)m|) o dx dt + ’FJ

cel([ fw-orsema)” oo ([ [iw-o.roma)
(// w—v)m|2a€da:dt) +}Hg|},

where v° is a solution of (E). (v is unique up to an additive constant).

Since ¢ = 0, we have |H.| < Ce?. Therefore, in order to control el|wf (-, 1)|| (),
we basically need to bound three terms on the right hand side of the above. The first
two already appear in the previous section, and the last term is a new term due to the
appearance of the possibly degenerate diffusion a(z). We now redo the same procedure
to handle these three with great care as the possibly degenerate diffusion a(z) is quite

1/2

dangerous.

Lemma 2.11 (Key Estimates 2). Assume that (H1)-(H4) hold, and the associated
ergodzc constant is zero. There exists a constant C' > 0, independent of €, such that

//]w — ), |0 dr dt < Ce,

(i) / @)+ s, ot dear < 0,
0 T
1
(iii) / [(W® — %) | *0" dw dt < Ce™7,
0 T
1
(iv) /CLQ(x)|(w€ — %) e [P0" dw dt < C/e.
0 T

Proof. The proof of (i) is similar to that of Lemma 2.7 (i), hence is omitted. Notice that
if we do not differentiate the equation, then we do not have any difficulty which comes
from the diffusion term a(z). On the other hand, once we differentiate the equation
to obtain some estimates, then we face some of difficulties coming from the term a as
seen below.

We now prove (ii). Let w® be the solution of (A).. Differentiate (A). with respect
to the x variable to get

ewy, + Hy(x,ws) - w, + Hy(x,w) — (5 +a)ws,, —a;ws, =0. (2.18)
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Here we write H,(x,p) = D,H(x,p), Hy(x,p) = D,H(z,p) as we are in the 1-
dimensional space.
Let &(z,t) := |we|?/2. Note that

e |2 £,,,E

gt = w;w;tv 596 = wiw;gm T — |U)

Multiply (2.18) by ws to arrive at
e+ Hy &+ Ho - wi = (€' + a) (oo — w5, ") + (a0 - wi)ws,.

We need to be careful for the last term which comes from the diffusion term. Notice
first that we have

a?(r) < Ca(r) forallz €T (2.19)

since a € C*(T). Indeed, a € C*(T) implies v/a € Lip (T). Thus, |a,| = |2(v/a)./a| <
C'v/a. We next notice that for § > 0 small enough,

C 1
a;wiws, < Clag||ws,| < 5 + 5ai\w§x]2 <C+ Ea\wixlg. (2.20)

xrrT

Hence,
4 4 a e |2
Eft + Hp . fz — (5 + a)fxm + (8 + 5)‘11)150’ <C.

Multiply the above by o¢, integrate over T x [0, 1], and use integration by parts to yield
the conclusion of (ii).

Next, we prove (iii). Subtract (A). from (E). and differentiate with respect to the
variable x to get

(v —w)ar + Hy(w,05) - 05, — Hy(w,wy) - wi,

+ Hy(w,v5) — Ho(w,ws) — (6* 4 ) (v° — W) guw — A0 (v° — W) 40 = 0.

Let o(x,t) := |(v° — w®),|*/2. Multiplying the last identity by (v — w®),, we achieve
that

coi+ Hylw,ws) - o+ | (Hyla,v5) = Hylaws) ) - o5, | (07 = w),
+ (Halo,v5) = ol wg) ) - (0 = o), 4 (2 + a(@) (107 = 0l = 00)
— lag - (v° — W) ge] (v° —w®), = 0.

We only need to be careful for the last term as in the above

1
(UE o wa)$|2

5

| [am (vF - wa)m} (v° — wa)z‘ < blag | (v° — W) |* +
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for 0 > 0 small enough. Thus,

a
epi+ Hylw,wl) - or = (6 + a(@))pas + (2 + ) 1007 = )l

< O+ G0 — wf), . (221)

By using the same trick as (2.15), we get

e+ Hy(,u5) - 0 — (e + (@) as +
C

We multiply the above by o¢, integrate over T x [0, 1], and use integration by parts to
yield that

1 1
/ /(84 + a(2))|(w® — v%) e |*0° do dt < Ce + 946 + C’/ / |wS |0 dx dt
0o JT € o Jr

C ! 12, 1 2 Cc C _C
<_ € 2 ¢ € <_ _<_
_€3+C’</0 /T|wm|adxdt> </0 /Ta d$dt> _53+€2_€3’

which implies the conclusion of (iii).
Finally we prove (iv). Setting

a(z)|(v" — w)a(z, 1)
2 Y

(1) = aw)p(r,t) =

and multiplying (2.21) by a(z), we get

gwt + Hp(x7 w;) : ('l/}x - CI,IQO) - (54 + a’(x))('lvaoc — QgpzP — 2ax : ‘Poc)

#aa) (24 %) 107 = 0l < Calo)(] + DI = )

Note that a,, a,, are bounded. Then,

cuh + Hf,02) s = (& )b + i) (4 250 ) 67— )P

< Cop(x) = 2(e* + a(@))ag - oo + Ca()[vg,] [(v° —w). [
For § > 0 small enough
2|(54 +a(z))ay - @] < 0(54 +a(z))]az] [(v° — w®)ua| [(v°F — W)

£ £ C £ 3
<O(e* + a(@))]as*| (vF — w)aol* + <[ (07 — w)a|?

=
)
(" + a(x))a(@)| (v — w)aal* + Cl(v° — w)a|*
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by using (2.19) again. Moreover,

a()|vg,| [(v7 = wf),[*

< a(@)[ws,| (07— w)al” + (@) (V7 = w)ae| |(v° = w)a|”

C 2
10 = w5 + L 0 — ) + CJF — )

<ea(m)lwl* + 5 S

Combining everything, we obtain

2
bt Hy(r,w5) v — (& + a@)has + D0 — )]

< (C+ 06_1/2)‘(08 - w‘g)m\2 + 61/2a(93)|w§,$|2.

We multiply the above inequality by o¢, integrate over T x [0,1] and use (i), (ii) to
yield (iv). O

Thanks to Lemmas 2.10, 2.11, we obtain

Theorem 2.12. Assume that (H1)-(H4) hold, and the associated ergodic constant is
zero. Let w® be the solution of (A). with initial data u(-,0) = ug € Lip (T). Then,

el|ws (-, 1) || oo (ry < CeY* for some C > 0,

Theorem 2.9 in the case n = 1 is a straightforward result of Theorem 2.12 as seen in
the proof of Theorem 2.2. We refer to [17] and [70] for the multi-dimensional setting.

Remark 2.5. If the equation in (C) is uniformly parabolic, that is, a(z) > 0 for all
x € T, then estimate (iii) in Lemma 2.11 is not needed anymore as estimate (iv) in
Lemma 2.11 is much stronger.

On the other hand, if a is degenerate, then (iv) in Lemma 2.11 only provides the
estimate of | D?(w® — v°)|?0° on the support of a, and it is hence essential to use (iii)
in Lemma 2.11 to control the part where a = 0.

2.5 Asymptotic profile of the first-order case

In this section, we investigate the first-order Hamilton—Jacobi equation (1.1) again,
and specifically focus on the asymptotic profile, which is

ul [uo](z) = 1tlim (u(z,t) + ct),
where u is the solution to (1.1) and ¢ is the ergodic constant of (1.6). Due to Theorem
2.2, this limit exists. As we have already emphasized many times, because of the
multiplicity of solutions to (1.6), the asymptotic profile v in Theorem 2.2 is completely
decided through the initial data for H fixed. In this section, we try to make clear how

the asymptotic profile depends on the initial data, which is based on the argument by
Davini, Siconolfi [25]. We use the following assumption
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(H3)" H : T" x R"™ — R such that

H
|1|im (|:v|,p) = +o0 uniformly for z € T",
p|—00 p
DipH(x,p) >0 for all (z,p) € T" x R™,

which is weaker than (H3).
Let L : T" x R™ — R be the Legendre transform of H, that is,

L(z,v) =sup (p-v— H(z,p)) forall (z,v) € T" x R".

peR™

The function L is called the Lagrangian in the literature.
We first introduce the notion of the Aubry set.

Definition 2.1. Let ¢ be the ergodic constant of (1.6) and set L.(x,v) := L(x,v)+c for
any (z,v) € T" x R™. We call y € T™ the element of the Aubry set A if the following

inf {/t Le(y(s), =3(s)) ds : t = 0,7 € AC([0,], T"),~(0) = ~(t) = y} =0 (222)
0
is satisfied for any fized 6 > 0.

Let us define the function d. : T" x T" — R by
de(,y)

= inf {/Ot L.(y(s),=%(s))ds : t >0, v € AC([0,t],T"),7(0) = z,v(t) = y} .
(2.23)

The function d. plays a role of a fundamental solution for Hamilton—Jacobi equations.
We gather some basic properties of the function d..

Proposition 2.13. Assume that (H3)’ holds. We have

(i) de(z,y) = sup{v(z) —v(y) : v is a subsolution of (1.6)},

(i) de(z,x) =0 and d.(z,y) < d.(z,z) + d(z,y) for any x,y,z € T",

(iii) de(-,y) is a subsolution of (1.6) for all y € T™ and a solution of (1.6) in T" \ {y}
for all y € T".

Proof. We first prove
t
o) = oy) < [ Ll =4 ds
0

for all z,y € T", any subsolution v of (1.6), and v € AC([0,¢], T") with v(0) = = and
v(t) = y. This is at least formally easy to prove. Indeed, let v be a smooth subsolution
of (1.6). We have the following simple computations

o) = vt = = [ 0D s = [ putae) - (=305 s

< / (L(y(5), —4(5)) + ) + (H(3(s), Do(x(s))) — ) ds < / Le(4(s), —(s)) ds.
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This immediately implies (i). Due to the convexity assumption on H, we can obtain an
approximated smooth subsolution by using mollification as in the proof of Proposition
1.5. By using this approximation, we can make this argument rigorous. We ask the
interested readers to fulfill the details here.

It is straightforward to check that (i) implies (ii), and (iii) is a consequence of (i)
and stability results of viscosity solutions (see Proposition 4.10 in Section 4.5) . O

Remark 2.6. We can easily check that y is in A if and only if (2.22) holds only for
some g > 0. Indeed, for any 6 > 0, we only need to consider the case where § > J,.
Fix € > 0 and then there exist t. > dp and v. € AC ([0, ¢t.], T™) with v(0) = y(t.) =y
such that

0 =0(7:(0)) = v(7e(te)) < /0 Le(7:=(5), =7e(s)) ds < e.

We choose m € N such that mt. > ¢ and set
Ym(s) :=~(s = (7 —1)t.) forsel[(j— Dt jt.], j=1,...,m.
Then 7,,(0) = Y (mt.) = y. We calculate that

0< [ Lok N ds =Y [ Lots = (- 0t ~ls — (- i) s

0 ]:1 (j_l)ts
te
- l/ Lo(3(s), =(s)) ds < me.
0

Sending ¢ — 0 yields

inf {/0 Lo(v(s),—%(s))ds : t > 6,y € AC([0,¢], T"),~v(0) = ~(t) = y} =0

for any 0 > 0.

Fathi and Siconolfi in [35] gave a beautiful characterization of the Aubry set as
follows.

Theorem 2.14. Assume that (H3)’ holds. A point y € T" is in the Aubry set A if and
only if d.(-,y) is a solution of (1.6).

We refer to [35, Proposition 5.8] and [49, Proposition A.3] for the proofs.

Theorem 2.15. Assume that (H3)" holds. Then the Aubry set A is nonempty, com-
pact, and a uniqueness set of (1.6), that is, if v and w are solutions of (1.6), and v = w
on A, then v =w on T".

Proof. Let us first proceed to prove that A is a uniqueness set of (1.6). It is enough to
show that if v < w on A, then v < w on T". For any small € > 0, there exists an open
set U, such that A C U, with N.soU. = A, and v < w+ ¢ in U.. Set K, := T" \ U..
Fix any z € K.. Since z ¢ A, d.(-,2) is not a supersolution at x = z in light of
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Proposition 2.13 (iii) and Theorem 2.14. Then, there exist a constant r, > 0 and a
function ¢, € C*(T") such that B(z,r,) C T"\ A,

H(z,Dyp,(z)) <0 for all x € B(z,7,),
©.(2) > 0=d.(z,2), and ¢,(z) < d.(z,z) for all z € T" \ B(z,7,).

See the proof of Theorem 4.19 for details. We set ¢.(x) = max{d.(z, z), p.(z)} for
x € T™ and observe that v, is a subsolution of (1.6) in light of Proposition 4.10, and
that H(z, DY,(z)) < 0 in a neighborhood V; of z in the classical sense.

By the compactness of K., there is a finite sequence of points {zj}jzl such that
K. C U;.le V., We define the function ¢ € C(T") by ¥(z) = (1/J) ijl Y., (x) and
observe by convexity (H3)’ that v is a strict subsolution to (1.6) for some neighborhood
V of K.. Regularizing 1) by mollification, if necessary, we may assume that ¢ € C'(V).
Thus, we may apply the comparison result (see Theorem 4.8 in Section 4.4) to conclude
that v < w + ¢ in K.. Sending ¢ — 0 yields v < w in T" \ A, which implies the
conclusion.

To prove that A # ), suppose that for all y € T", d.(-,y) is not a solution to
(1.6). By the above argument, for each z € T", 1, is a subsolution of (1.6), and
H(z, DY,(z)) < 0 in a neighborhood V; of z in the classical sense. By the compactness
of T, there is a finite sequence {y;}¥, C T" such that T" = |, V,,. We set w(x) :=
H(x,-), we have H(x, Dw(z)) < ¢— ¢ in T" in the viscosity sense, which contradicts
the first formula of ¢ in Proposition 1.5.

The compactness of A is a straightforward result of stability of viscosity solutions
(see Proposition 4.9 in Section 4.5). [

Theorem 2.16. Assume that (H2)—(H4) hold. Let uX®[ug] — ct be the asymptotic so-
lution for (1.1), that is, u®[ug)(z) = limy_oo(u(z,t) + ct), where u is the solution to
(1.1). Then we have, for ally € A,

uX [upl(y) = min {d.(y, z) + uo(z) : z € T"} (2.24)

=sup {v(y) : v is a subsolution to (1.6) with v < ug in T"}.
Proof. We write v, for the right hand side of (2.24). Let y € A and choose z, € T"
so that
Uuo (¥) = de(y, 2y) + uo(2y)-

By the definition of the function d., for any € > 0, there exists t. > 0 and a curve
& € AC ([0, t.], T™) with &(0) = y, & (t.) = 2z, such that

0oy, 2,) > / L&, -£)ds— <.

By the definition of the Aubry set, for any n € N, there exists a sequence t,, > n and
a curve 0. € AC([0,t,], T™) such that §.(0) = d.(¢,) = y, and

/0 ' L(6.(s), —b-(s)) ds < e.
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Define 7. € AC ([0, ¢, + t.], T") by

[ 6.(s) for s e |0,t,],
Ve(s) = { E(s—t,) for s€ [ty t,+ 1]

Note that 7.(0) = y and 7. (¢, + t.) = z,.

§

Figure 2.2
We observe that
te .
vul@) > [ L6 —€)ds + ulz) -
0

> / " Lu(8.(s), —b.(s)) ds + / L6 —E)ds + uo(z) — 2

tn+te
/ Le(Ve, —7e) ds + uo(z,) — 2
0

2 uc(y> tn + ta) - 257

where u.(z,t) := u(z,t) + ct for (z,t) € T" x [0,00). Thus, sending n — oo and £ — 0
in this order yields vy, (y) > u(y).

By the definition of v,,, we can easily check v,, < uy on T" in view of Proposition
2.13 (ii). Note that v,, is a subsolution to (1.6) in view of Proposition 2.13 (iii)
and Corollary 4.16 (i). Thus, in light of the comparison principle for (1.1), we get
Vo () — et < wu(x,t) for all (x,t) € T™ x [0,00). Thus, vy, (z) < limgo(u(z,t) + ct) =

The second equality is a straightforward result of Proposition (2.13) with the ob-
servation v,, < uy on T". O

In light of Proposition 2.13, Theorems 2.14, 2.15 and 2.16, we get the following
representation formula for the asymptotic profile:

Corollary 2.17. Assume that (H2)—(H4) holds. Let uXlug] — ct be the asymptotic
solution for (1.1). Then we have the representation formula for the asymptotic profile
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uXuo) as

ul[uo](x) = min {d.(2,y) + vy (y) : y € A} (2.25)

= inf{v(z) : v is a solution to (1.6) with v > v,, in T"},

where
Uyo () = min{d.(x, z) + up(z) : z€ T"}  for all x € T™.

Proof. We denote by w,, the right hand side in (2.25). Note first that this is a solution
of (1.6) in view of Theorem 2.14 and Corollary 4.16. Moreover, we can check that

Wy (2) = min{d.(z,y) + vy (y) 1 y € A} = vy (x) foralaze A

by Proposition 2.13 (i), (ii). Thus, u°[ug] = vy, on A.
In light of a property of a uniqueness set of A, Theorem 2.15, we obtain u2°[ug] = vy,
on T", which is the conclusion. ]

Example 2.2. Now, let us consider the asymptotic profile for the Hamilton—Jacobi
equation appearing in Example 4.1. As we observe in the beginning of Section 2.2, the
associated ergodic problem is

| Dv| =

where

¢ 1= max h(x).

We can easily check that we have the explicit formula for the Aubry set
A:={xeT": h(x) = r%%xh}

from the definition of the Aubry set. Also, we have

dc(x,y):inf{/o “#23))2_1% >0, < 1,7(0):x,7(t):y}.

From this, we somehow have a better understanding on how the asymptotic profile
depends on the force term h and the initial data uy through Corollary 2.17.

Example 2.3. We consider Example 2.2 in a more explicit setting which we discussed
in Example 2.1. Let n =1 and h be the function given by (2.6). Our goal is to derive
the asymptotic profiles by using the formula given in Corollary 2.17 for some given
initial data wuyg.

In this setting, we have A = {1/4,3/4}. Thus, letting u[ug] := limy_ o (u(z,t) +
ct), we obtain by Corollary 2.17,

o] () = min {dc <x i) + v, (}l) d, (:1: Z) ou, (Z) } |



2.5. ASYMPTOTIC PROFILE OF THE FIRST-ORDER CASE 45

We are able to compute d.(-,1/4), d.(-,3/4) explicitly as

( 1\? 1
— - for0 <z < —,
dc €, — = 4 2 2
1 5 +1 f 1< <1
\ T 1 3 01"2_;5_,
( 1\? 1 1
— - - - for0 <z < —,
3 (l’ )—i—
d(z,2) = 4 8 2’
4 3 f 1< <1
— - r— )
\ x 1 0 2_:1:_

Firstly, let up = uj = 0 as in Example 2.1. Then, we can check that Uyl (x) = 0.
Thus, we conclude that u2°[u}] coincides with the one which we got in Example 2.1.
Next, let us consider another case where ug = u3 and u3 : R — R is 1-periodic,

1\* 1 1

) —2 x—Z +§ for0 <z < <5
uo(f): 1

0 f0r§_ < 1.

Notice that u2 is not a subsolution to (2.3). Thus, Proposition 2.1 does not hold.
In this case, we need to find Uz In this setting, it is not hard to see that

L 2—1—1 for 0 < <1
—|x—- — or r < =
U2(x): 4 16 _2
UO 1
0 for — <1
01‘2_

Thus, we derive that

w[u2)(z) = min {dc (a: %) + 1—16 d, <x %) } |

N o

1/4 1/2 3/4 1

Figure 2.3: Graph of u2°[u?]
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2.6 Viscous case

In this subsection, we give a proof of the convergence result (1.5) for (1.2) based on
the strong maximum principle, which is rather simple. It is worth emphasizing that
this argument works only for uniformly parabolic equations including (1.2).

Theorem 2.18. Assume that H € C*(T" x R™), (1.11) holds and uy € C*(T"). Let u
be the solution of (1.2). Then there exists a solution (v,c) € C*(T™) x R of (1.7) such
that, as t — o0,

u(z,t) — (v(x) — ct) — 0 uniformly on T".

The following proof is based on the argument in [13].

Proof. We normalize the ergodic constant ¢ to be 0 as usual.
Let v be a solution of (1.7). By the maximum principle we see that

m(t) := max (u(z,t) —v(x))

is nonincreasing. Therefore we have m(t) — m € R as t — oo. By the global Lipschitz
regularity result, Proposition 1.8, there exists a sequence {t;};ey with ¢; — oo such
that

u(z,t+t;) — us(x,t) locally uniformly on T" x [0, 00)

as j — oo for some u,, € Lip (T" x [0,00)) which may depend on the subsequence
{t;}jen at this moment. By a standard stability result of viscosity solutions we see that

Uno 18 a solution to the equation in (1.1). Noting that m(t+t;) = max,er (u(z,t +¢;) — v(z)),
we obtain

M = max (Uoo(z,t) —v(x)) forall t > 0.
EASHING

By Proposition 2.19 (the strong maximum principle) below, we obtain
M= us(z,t) —v(z) forall (z,t) € T" x [0,00),

which implies that ue(z,t) = us(z) = v(x) + M. As the right hand side above does
not depend on the choice of subsequences anymore, we see that

u(x,t) — v(z) + m uniformly on T" as t — oo. O

Proposition 2.19 (Strong maximum principle). Let U be a bounded domain in T™
and set Up := U x (0,T] for each time T' > 0. Let u,v be a smooth subsolution and a
smooth supersolution to (1.2), respectively. If, for some given T > 0, u — v attains its
mazimum over Ur at a point (zo,to) € Ur, then

u— v is constant on Uy, .

See [31] for instance. If we do not have the regularity (smoothness) for solutions,
then we need to be careful with the result in Proposition 2.19. A straightforward
application of Proposition 2.19 is the uniqueness (up to additive constants) of solutions
to (1.7). This uniqueness result is a crucial difference from that of the first-order
Hamilton-Jacobi equation.
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2.7 Some other directions and open questions

In this section, we present other developments in the study of large time behaviors of
solutions to Hamilton—-Jacobi equations or related ones very briefly.

(i)

(i)

(iv)

Unbounded domains: If we consider the Cauchy problem in unbounded domains
(for instance, the whole space R™), then the behavior of the solution at infinity in
may be quite complicated as it involves some compactness issues. Therefore, some
compactness conditions are often required and the analysis along this direction is
much more complicated. For this, there are several results: see Barles, Roquejofire
[11], Ishii [49], Ichihara, Ishii [45] for first-order Hamilton-Jacobi equations and
Fujita, Ishii, Loreti [37], Ichihara [44], Ichihara, Sheu [46] for viscous Hamilton—
Jacobi equations.

Boundary value problems: If we consider different types of optimal control prob-
lems (e.g., state constraint, exit-time problem, reflection problem, stopping time
problem), then we need to consider several types of boundary value problems for
Hamilton—Jacobi equations, which cause various kinds of difficulties. See Mitake
[64], Barles, Ishii, Mitake [7] for state constraint problems, Mitake [65], Tchamba
[77], Barles, Porretta, Tchamba [10] , Barles, Ishii, Mitake [7] for Dirichlet prob-
lems, Ishii [50], Barles, Mitake [9], Barles, Ishii, Mitake [7] for Neumann problems,
and Mitake, Tran [70] for obstacle problems.

Weakly coupled systems: If we consider an optimal control problem which appears
in the dynamic programming for the system whose states are governed by random
changes (jumps), then we can naturally derive the weakly coupled system of
Hamilton—Jacobi equations. See Cagnetti, Gomes, Mitake Tran [17], Mitake,
Tran [68, 69], Camilli, Ley, Loreti, Nguyen [19], Nguyen [73], Davini, Zavidovique
[27], Mitake, Siconolfi, Tran, Yamada [66] for developments on this direction. The
profile of asymptotic limits is not solved yet.

Degenerate viscous Hamilton—Jacobi equations: In addition to the works [17, 70],
we refer to Ley, Nguyen [58] for this direction. Also, not much is known about
the limiting profiles.

Time-periodic Hamilton—Jacobi equations: This is the case when H = H(x,t,p) :
T?"xTxR"™ — R. There are only a few works in this direction. Only 1-dimensional
case has been studied by Bernard, Roquejoffre [15]. See Jin, Yu [56] for an
interesting application in the modeling of traffic lows. The multi-dimensional
case (n > 2) is completely open. Note here that we do not have conservation of
energy anymore as H depends on ¢. It is also known that there is a time-periodic
solution of the associated ergodic problem, whose minimum time period is 2. This
fact makes the analysis of the large time behavior complicated.
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(vi) Hamilton-Jacobi equations with mean curvature terms: This is an interesting
topic, and many questions still remain open. See Cesaroni, Novaga [21] for a
result along this line.



Chapter 3

Selection problems in the
discounted approximation
procedure

3.1 Selection problems

In this chapter, we consider the following ergodic problem
—a(x)Au(z) + H(x,Du) =c¢ in T", (3.1)

where (u,c) € C(T") x R so that u solves the corresponding equation in the viscosity
sense. This is a special case of (1.8). We will give precise assumptions on the Hamil-
tonian H : T" x R” — R and the nonnegative diffusion coefficient a : T" — [0, 00) in
Section 3.1.2.

We emphasize first that in general, solutions to ergodic problem (3.1) are not unique
even up to additive constants. This can be seen via several examples below. Therefore,
if we consider an approximation procedure for ergodic problem (3.1), then two natural
questions appear:

(i) Does the whole family of approximate solutions converges?

(ii) If it converges, then which solution of the corresponding ergodic problem is the
limit (which solution is selected)?

This type of questions is called a selection problem for ergodic problem (3.1).

3.1.1 Examples on nonuniqueness of ergodic problems
Let us give first two explicit examples for the inviscid case (ergodic problem (1.6)) to

show the nonuniqueness issue.

Example 3.1. Let n = 1, H(x,p) = |p|* — W(x)?, where W : R — R is 1-periodic,
and W(x) = 2min{|z — 1/4|, |z — 3/4|} for all z € [0,1]. We identify the torus T as
the interval [0, 1] here.

49
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| W)

0 1/4 3/4 1

Figure 3.1: Graph of W on [0, 1].
Then the ergodic constant ¢ = max,ep(—W (x)?) = 0, and the Aubry set

A= {:1: €01 —W(a)? = max(—W(;E)Q)} _ {i %}

zeT
The ergodic problem becomes
[W/|* = W(z)? inR, (3.2)

where u is 1-periodic. For = € [0, 1], set

4 1 2 f o< <1
€T 1 or _:L‘_Q,

)= rnin{—<x—§)2+1 (91: 3)2+b} for 1 <zr<l1
4 8'\" 4 2 =" ="
1

3\? 1
(x——) for§§a:§1,

and extend u?, u} to R periodically. It is straightforward to check that all functions
ub,ub for any b € [0,1/8] are solutions to (3.2).

ui (@)
b=1/8
b=1/16
b=0
— = xr

0" 14 3/4 1
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Figure 3.2: Graph of u} on [0,1] for b =0, b=1/16, b= 1/8

This shows that inviscid ergodic problem (3.2) has many solutions of different types,
which confirms that solutions of (1.6) are not unique even up to additive constants
in general. This example was known from the beginning of the theory of viscosity
solutions (see [60, Proposition 5.4]).

Example 3.2. Let H(z,p) =p- (p — Df), where f € C'(T") is given. Then, we can
easily see that

Du-(Du—Df)=0 inT" (3.3)
has two solutions u(x) = Cy and u(z) = f(x) + Cy for any C,Cy € R fixed. Thus,

¢ = 0. Moreover, in view of the stability result for convex Hamilton—Jacobi equations
(see Corollary 4.16 in Section 4.5), we see that

(z) = min{Cy, f(z) + Cy}, forall z € T,
are also solutions to ergodic problem (3.3) for all Cy,Csy € R.

We now give two examples on the nonuniqueness issue for the degenerate viscous
case (ergodic problem (3.1)).

Example 3.3. Let n =1, H(z,p) = |p|> — V(z), where V : R — R is 1-periodic and

1\’ 1
$4<x—1) forOﬁa:ﬁZ,
1
V(z) =40 for—§x§§,
4 4
3\* 3
\(x_zl) (z —1)* forzgxgl.

The diffusion a : R — R is an 1-periodic, C? function such that

a(z) =0 for 0 <z < r <1,

»lklco

oy
4

a(z) >0 forzl<$§

See Figure 3.3. Here, notice that we do not require much on the behavior of a in
(1/4,3/4).
We identify the torus T as the interval [0, 1] here. The ergodic problem in this
setting is
W/ |* =V(z) +a(x)u” +c inR, (3.4)

where u is 1-periodic.
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469 a(x)

YaNEVANPN

1/4 3/4 1 1/4 3/4 1

Figure 3.3: Graphs of V and a

Set
( T 1 2 1
OyQ(y—Z> dy forOSszl,
1 3
U(x) == for - <z < -,
4 4
xT 2
3 2 3
a— y——| (y—1)"dy for - <z <1,
L 3/4 4 4
where
s 1\° 1
= —— | dy= ——. 3.9
“ /0 Y (y 4) Y= 30720 (8:5)

Extend @ in a periodic way to R. It is not hard to see that +u are solutions to (3.4)
with ¢ = 0. Moreover, for § > 0, define

ug(x) := min{u(x), —u(x) + B} for z € R. (3.6)

Note that ug(z) = min{a, —a + S} for x € [1/4,3/4]. By checking carefully, we see
that ug is also a solution of (3.4) with ¢ = 0.

0 =2a up(z)

8 =3a/2

8=« RPN -
0 1/4

Figure 3.4: Graph of ug on [0, 1] for 8 = 2«, = 3a/2, f = «

This again demonstrates that ergodic problem for degenerate viscous Hamilton—
Jacobi equations (3.1) has many solutions of different types in general.
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Example 3.4. Let n =1, H(z,p) = |p|*> — V(x), where V : R — R is 1-periodic and

Here a : R — R is an 1-periodic, C? function such that

[an}

for for0 <z <

a(r) = (x_1)4(x—1)4 for%émél

W
N | —

2

See Figure 3.5.

a(x)

V\
' 1/4 12 3/4 1 '

1/4 1/2  3/4

Figure 3.5: Graphs of V and a

For z € [0,1/2], set

/5‘2 12al for 0 < <1
—_— — I‘ J—
Oy V=g Yy or0<z=<,

/Qc 12 12d f 1< <1
o — — = — = or —- <z < -—
” Yy A Yy 9 Y 1 =T=9

u(x) =

min{wu(z), —u(x) + 5} for 0 <z < %,
ug(x) = 1\* A 1
<x—§) (x —1) f0r§§l’§1-

(3.7)

Extend ug in a periodic way to R. Then we can check that ug is a solution to (3.4)

with ¢ = 0 for each § > 0.
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Figure 3.6: Graph of ug on [0,1] for 8 =2, f =, F=0

3.1.2 Discounted approximation

There are several methods to construct or approximate viscosity solutions of ergodic
problem (3.1). One natural way in terms of the well-posedness theory and a priori
estimates is the following discounted approximation procedure. For € > 0, consider

(D) eu — a(x)Au® + H(z, Du®) =0 in T".

€

Problem (D). is uniquely solvable as we see in Section 1.2 because of the term “cu®”,

which is sometimes called a discount factor in optimal control theory.
The main assumptions in this chapter are:

(H5) H € C*(T" xR"), p— H(x,p) is convex for each z € T™, and there exists C' > 0

so that
D, H(x,p)| < C(1+ H(z,p)), for all (z,p) € T" x R",
H
M = +00, uniformly for x € T",
|p|—+o0 |p|

(H6) a > 0in T", and a € C*(T").

Note that the situation we consider is a special case of general degenerate viscous case
(1.14). For the general case, see the discussion in Section 3.6.

Let us now repeat some of arguments in the proof of Theorem 1.3. Under assump-
tions (H5), (H6) (or some other appropriate growth conditions), we derive the following
a priori estimate

llew® || oo (ny + || DU || Loo(rmy < € for some C' > 0. (3.8)
See the proof of Theorem 1.3. Once (3.8) is achieved, we obtain that

{u®(-) — u®(xg) }eso is uniformly bounded and equi-Lipschitz continuous in T",
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for some fixed xg € T". Therefore, in view of the Arzela-Ascoli theorem, there exists a
subsequence {¢;};en with €, — 0 as j — oo such that

gjuy — —c€eR, v —u(xy) —ueC(T") uniformly in T" as j — oo, (3.9)

where (u, ¢) is a solution of ergodic problem (3.1).
Moreover, Proposition 1.6 gives

c
{uE + —} is uniformly bounded and equi-Lipschitz continuous in T".
EJe>0

Thus, by using the Arzela-Ascoli theorem again, there exists a subsequence {ej }ren
with e, — 0 as k — oo such that
ut + gﬁ — 4 € C(T") uniformly in T" as k — oo, (3.10)
k
where (1, c) is a solution of ergodic problem (3.1).

Up to now, in convergence (3.10), we only use a soft approach mainly based on
tools from functional analysis. As explained in Introduction of this chapter, our main
question in this chapter is the selection problem concerning (D)., that is, whether
convergence (3.10) holds for the whole sequence ¢ — 0 or not.

This problem was proposed by Lions, Papanicolaou, Varadhan [61] (see also Bardi,
Capuzzo-Dolcetta [5, Remark 1.2, page 400]). It remained unsolved for almost 30 years.
Recently, there was substantial progress in the case of convex Hamiltonians. First, a
partial characterization of the possible limits was given by Gomes [41] in terms of the
Mather measures. Iturriaga and Sanchez-Morgado [53] then studied this under rather
restricted assumptions. Davini, Fathi, Iturriaga, Zavidovique [26] and Mitake, Tran [71]
gave a positive answer for this question in case a = 0 and a > 0, respectively, by using
a dynamical approach and the nonlinear adjoint method. These approaches are based
on the weak KAM theory. By characterizing the limit in terms of Mather measures,
the convergence for the whole sequence is proven. A selection problem for Neumann
boundary problems conditions was examined by Al-Aidarous, Alzahrani, Ishii, Younas
[1].

We state here the main result in this chapter.

Theorem 3.1. Assume (H5), (H6) hold. For each e > 0, let u® be the solution to (D)..
Then, we have that, as € — 0,

u () + g — u%(x) ;= sup ¢(x) uniformly for x € T", (3.11)
peE

where we denote by & the family of solutions u of (3.1) satisfying

// udp <0 for all € M. (3.12)
TnxR™

The set M, which is a family of probability measures on T™ x R™, is defined in Section
3.2.1.
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Remark 3.1. (i) It is worth emphasizing that all of the above results strongly require
the convexity of the Hamiltonians. On the other hand, to obtain a priori estimate
(3.8), we only need the superlinearity of H, and in particular, we do NOT need the
convexity assumption. Thus, the question whether convergence of u® + ¢/¢ as ¢ — 0
without the convexity assumption holds or not remains. Indeed, selection problems
for Hamilton—Jacobi equations with nonconvex Hamiltonians remain rather open. See
Section 3.6 for some further discussions on more recent developments.

(ii) Note also that, in the above theorem, the first-order case and the second-order case
are quite different because of the appearance of the diffusion term, which is delicate
to be handled. In particular, £ is a family of solutions of (3.1) (not just subsolutions),
which is different from that of [26]. We will address this matter clearly later.

3.2 Regularizing process, stochastic Mather mea-
sures and key estimates

Hereinafter, we assume that the ergodic constant c of (3.1) is zero. Indeed, by replacing,
if necessary, H and u® by H — ¢ and u® + ¢/e, respectively, we can always reduce the
situation to the case that ¢ = 0.

Thus, the ergodic problem is

(E) H(x,Du) = a(x)Au in T".

Since u®,u are not smooth in general, in order to perform our analysis, we need a
regularizing process as in the previous chapter.

3.2.1 Regularizing process and construction of M

We denote by P(T" x R™) the set of Radon probability measures on T" x R™. Let the
function L : T" x R™ — R be the Legendre transform of H. It is worth recalling the
formula of L

L(z,v) :=sup (p-v— H(z,p)) forall (z,v) € T" x R".
peER™
By (H5), L is well-defined, that is, L(z,v) is finite for each (x,v) € T" x R™. Further-
more, L is of class C*, convex with respect to v, and superlinear.
For each €, > 0, we study

(A eu”" + H(z, Du") = (a(z) + n°)Au®"  in T,

which is an approximation of (D).. Due to the appearance of viscosity term n*Au®",
(A)? has a (unique) smooth solution u". The following result on the rate of conver-
gence of u®" to u® as n — 0 is standard. It is of the same flavor as that of Proposition
2.3, and we omit its proof.
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Lemma 3.2. Assume (H5), (H6). Then there exists a constant C > 0 independent of
€ and n so that

| Du®"| oo (ny < C,
Cn

6’?7_ € oo n < - .
Ju u| L (Tn) < -

It is time to use the nonlinear adjoint method to construct the set M C P(T™ x R™)
in Theorem 3.1. For xq € T™ fixed, we consider an adjoint equation of the linearized
operator of (A)Z:

(AD)" &5 — div(D,H(x, Dus0°") = A(a(x)0°") + n? A" +£5,,  in T",

where 9,, denotes the Dirac delta measure at xy. By the maximum principle and
integrating (AJ)? on T™, we obtain

=" > 0in T" \ {zo}, and / 0" (z) dx = 1.

In light of the Riesz theorem, for every £, > 0, there exists a probability measure
vom € P(T™ x R™) satisfying

vl D) o = [ [ b)) (3.13)
" nxRP

for all 1 € C.(T" x R™). It is clear that supp (") C T" x B(0,C) for some C' > 0
due to Lemma 3.2. Since

// Y(z,p)dv®"(xz,p) =1 foralle>0,n>0,
T xR

due to the compactness of weak convergence of measures, there exist two subsequences

e — 0 and ¢;, — 0 as k — o0, j — o0, respectively, and probability measures

v, v e P(T" x R™) (see [30, Theorem 4] for instance) so that
VeI — as k — oo,

14
V& — v as j — 09, (3.14)

in the sense of measures. We also have that supp (v%), supp (v) € T" x B(0,C). For
each such v, set u € P(T" x R™) so that the pushforward measure of p associated with
O(x,v) = (z, DyL(z,v)) is v, that is, for all ¢» € C.(T™ x R"),

//ann Y(x,p)dv(z,p) = //ann W(x, DyL(z,v)) dp(z,v). (3.15)

We denote the pushforward measure of ;1 by @4 .
Notice that the measure p constructed by the above process depends on the choice
of zo, {mk}x, {€;};, and when needed, we write u = p(zo, {nxtx, {¢;};) to demonstrate



58 CHAPTER 3. VANISHING DISCOUNT PROBLEM

the clear dependence. In general, there could be many such limit p for different choices
of g, {nk}x or {&;};. We define the set M C P(T" x R") by

M= U (o, {0k e, {€515)-

2o €T {ni }r-{es}5

The following simple proposition records important properties of v and pu.

Proposition 3.3. Assume that (H5), (H6) hold and the ergodic constant of (3.1) is 0.
Let v and p be probability measures given by (3.14) and (3.15). Then,

O [ o= nep) atep) = [[ L) dutes) <o,

@ ([ (D) Do a)dp) dvfa.p)
Tn xR™
= // (v- Dy —a(x)Ap) du(z,v) =0  for any p € C*(T").
Tn xR™
Proof. Equation (A)” can be rewritten as

eus" + DpH (z, Du®") - Du™" — (a(z) + n*) Au®"
_ DpH(I, Du®") - Du®" — H(x, Du®").

Multiply this by 8% and integrate on T" to get
/ (eu™" + DpH (z, Du®") - Du™" — (a(z) + n*)Au®") 65" da

_ / (6657 — div (D, H (z, Due™6=") — A ((alx) + 12)65")) us dav

= / €0,,u”" dx = eu®"(xp).
Moreover,

/ (D,H(x, Du®") - Du®" — H(x, Du®")) 6" dx
~ [ D) - Hp) o),
Set n =y, € =¢j, and let k — 00, j — 0o in this order to yield
0= // (DpH (2, p) - p — H(z,p)) dv(z,p)
T xR"

= //n Rn(DpH(x, D,L(x,v)) - D,L(x,v) — H(x, D,L(x,v))) du(z,v)

= //Tann L(z,v)du(x,v),
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by (3.15) and the duality of convex functions. Note in the above computation that we
have lim;_,, €;u% (z9) = 0 because of the assumption that ¢ = 0.

We now proceed to prove the second part. Fix ¢ € C*(T"). Multiply (AJ)” by ¢
and integrate on T" to get

/ (DyH(x, Du®") - Do — a(x)Ap) 07" dx

=1’ / Apd™" dx + ep(xg) — 5/ b= dx.

We use (3.13) for € = ¢;, n = 1, and let k — oo to obtain

//Tann (D,H (z,p) - Do — a(x)Ap) dvi (z, p)

=¢,p(x0) // x) dv(z,p).
T”xR"

Finally, let j — oo to complete the proof. O

Remark 3.2. It is worth emphasizing a delicate issue that we cannot replace C? test
functions by C™! test functions in item (ii) of Proposition 3.3. This is because each
measure 4 € M can be quite singular and it can see the jumps of Ay in case ¢ is
CY1 but not C2. This issue actually complicates our analysis later on as we need to
build C?-approximated subsolutions of (E), which is not quite standard in the theory
of viscosity solutions to second-order degenerate elliptic or parabolic equations. This
point will be addressed in Section 3.4.

Properties (i), (ii) in Proposition 3.3 of measure u are essential ones to characterize
a stochastic Mather measure, which will be defined in the following section. This idea
was first discovered by Mané [62], who relaxed the original idea of Mather [63]. See
Fathi [34], Cagnetti, Gomes and Tran [18, Theorem 1.3] for some discussions on this.

3.2.2 Stochastic Mather measures

We are concerned with the following minimization problem

min // L(z,v)du(z,v), (3.16)
}LG]“ T xR™

where
F = {p € P(T" x R") : // (v-D¢ —a(x)A¢)du(z,v) =0 forall ¢ € 02(T”)} :
TnxR™

Measures belonging to JF are called holonomic measures or closing measures associated
with (3.1). By (ii) of Proposition 3.3, M C F.

Definition 3.1. We let M to be the set of all minimizers of (3.16). Fach measure in
M is called a stochastic Mather measure.
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When a = 0, holonomic condition is equivalent to the invariance condition under the
Fuler—Lagrange flow

L DuL(v(s),4(s5)) = DaL((5),4(s)).

ds
This idea was first discovered by Mané [62], who relaxed the original idea of Mather
[63]. Minimizers of the minimizing problem (3.16) are precisely Mather measures for
first-order Hamilton—Jacobi equations.

When a = 1, this coincides with the definition of stochastic Mather measures
for viscous Hamilton—Jacobi equations given by Gomes [39]. This means that this
definition is quite natural for the current degenerate viscous case, and it covers both
the first-order and the viscous case. Gomes [40, 41] also introduced the notion of
generalized Mather measures by using the duality principle.

Proposition 3.4. Fiz p € M. Then p is a minimizer of (3.16).
This proposition clearly implies that M C M.

Lemma 3.5. Assume that (H5), (H6) hold and the ergodic constant of (3.1) is 0. We
have

// L(z,v)du(x,v) >0 forallpe F. (3.17)
TnxR™

Furthermore,

i L(x,v) du(z, v) = 0.
wiy [ L) dute.o

Since a solution w of ergodic problem (E) is not smooth in general, in order to use
the admissible condition in F, we need to find a family of smooth approximations of
w, which are approximate subsolutions to (E). A natural way to perform this task is
to use the usual convolution technique. More precisely, for each 1 > 0, let

wi(a)i= 17 s w(@) = [ e+ ) dy, (.19

where 77(y) = n7"y(n"'y) (here v € C°(R™) is a standard symmetric mollifier such
that v > 0, suppy C B(0,1) and ||7||pi1rn) = 1).

In the first-order case, it is quite simple to show that {w"},( indeed are approx-
imate subsolutions to (E) (see the second part of Proposition 1.5). In the current
degenerate viscous setting, it is much more complicated because of the appearance of

the possibly degenerate viscous term a(x)Aw. To prove that {w"},~¢ are approximate
subsolutions to (E), we need to be able to control the commutation term

¥ x (aAw) — a(y" * Aw).

We give a commutation lemma, which itself is interesting and important:
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Lemma 3.6 (A commutation lemma). Assume (H5), (H6) hold. Assume that w is
a viscosity solution of (E) and w" be the function defined by (3.18) for n > 0. There
exists a constant C' > 0 and a continuous function S : T" — R such that

|S"(x)| < C and lim S"(x) =0, foreachx € T", (3.19)
7]—)
and
H(z, Dw") < a(x)Aw" + S"(z) in T™.

Moreover, we can actually show that S7 converges to 0 uniformly on T" with con-
vergence rate 1'/2, which is necessary in the proof of Theorem 3.1.

Lemma 3.7 (Uniform convergence). Assume (H5), (H6) hold. Then there ezists a
universal constant C > 0 such that ||S"|| peo(pny < Cy/2.

The proofs of Lemmas 3.6 and 3.7 are postponed to Section 3.4. By using the
commutation lemma, Lemma 3.6, we give a proof of Lemma 3.5.

Proof of Lemma 3.5 and Proposition 3.4. Let w be a solution of ergodic problem (E).
By Lemma 3.6, we have that

H(z, Dw") < a(z)Aw" + S"(xz) in T,

where S” is an error term and we have a good control (3.19).
For any p € F, one has

//nxmn ©) dp(z, 0) //ann (z, Dw") — a(x)Aw") du(z, v)

- //w (—L(z,v) + (v- Dw" — a(z)Aw")) du(z,v)

— _//Tann L(z,v) du(x,v),

where we use the admissible condition of u € F to go from the second line to the last
line. Thanks to (3.19), we let » — 0 and use the Lebesgue dominated convergence
theorem to deduce that

L(z,v)du(z,v) > 0.
T xR

Thus, item (i) in Proposition 3.3 confirms that any measure y € M minimizes the
action (3.16). This is equivalent to the fact that M C M. O

Remark 3.3. In general, if we do not assume that ¢ = 0, then

i Lz, v) dp(x,v) =
i // (2,v) dya(z, v)
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3.2.3 Key estimates

In this section, we give two important estimates.

Lemma 3.8. Assume that (H5), (H6) hold and the ergodic constant of (3.1) is 0. Let
w € C(T™) be any solution of (E), and, for e,;n > 0, w" and 65" be, respectively, the
function given by (3.18) and the solution to (AJ)! for some xy € T".

Then,

1
u"M(xo) > w' (o) — / w0"" dx — G _ —/ S5 dx, (3.20)

n 9 £

where S"(x) is the function given in Lemma 3.6.

Proof. We first calculate, for every x € T",

)| < [ DY) Dute -+ )l dy

C/ B C C
< Dy(n~y)|dy = — Dy (2)|dz < —
[t lay =S [ Dl < S

which immediately implies n?|Aw"| < Cn. Combing this with Lemma 3.6, we see that
w" satisfies

H(z, Dw") < (a(x) + n*)Aw" + Cn + S"(z) in T".

Subtract (A)? from the above inequality to yield

ew" + Cn+ S"(x)
> e(w" — u®") + H(z, Dw") — H(z, Du®") — (a(z) + n*)A(w" — u®")
> e(w" — u®") + DpyH (x, Du®") - D(w" — u®") — (a(x) + n*) A(w" — u™"),

where we use the convexity of H in the last inequality.

Then, multiplying this by 8", integrating on T", and using the integration by parts,
we get

/ (ew™" + Cn+ S"(x))0" dx

> 6/ (W —u™M)6° dx + / (D, H(xz, Du®") - D(w" — u™") — a(x)A(w" — u>")) 05" dz

e/ (wh — u=M)0>" dx — / (div (DpH (z, Du®")0=") + A(a(x)0>")) (w" — u®") dx

:g/ (wh — u®M)0=" dx — / (€0 — €04, ) (W — u™") dx

= c(w” — u"")(ao)

which, after a rearrangement, implies (3.20). O
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Proposition 3.9. Assume that (H5), (H6) hold and the ergodic constant of (3.1) is 0.
Let u® be the solution of (E)., and p € M. Then, for any e > 0,

/ /TR uf () du(z,v) < 0.

Proof. For each n > 0, we set

wia) = [ e+ )y
Thanks to Lemma 3.6, 1" satisfies
eu + H(z, DY") — a(z) A" < 5"(x),

where [S"(z)| < C in T™ for some C' > 0 independent of 1, and S" — 0 pointwise in
T" as n — 0.

For any vector v € R™, we use the convexity of H that H(z, Dy"(x)) + L(z,v) >
v - DY"(x) to obtain

eu® +v - DY — L(z,v) — a(z) Ay < S7(x).

Thus, in light of properties (i), (ii) in Proposition 3.3 of u, we integrate the above
inequality with respect to du(z,v) on T™ x R™ to imply

//THXRH eut du(r,v) < //Tnxw S™(x) dp(z,v).

Let n — 0 and use the Lebesgue dominated convergence theorem for the integral on
the right hand side of the above to complete the proof. O

We remark that the key idea of Proposition 3.9 was first observed in [41, Corollary
4].

We suggest readers give the statements and the proofs of heuristic versions of
Lemma 3.8 and Proposition 3.9, in which we “assume” w,u® € C*(T"), where w
and u® are solutions of (E), (D)., respectively. By doing so, one will be able to see
the clear intuitions behind the complicated technicalities. To make it rigorous, as we
see in the proofs of Lemma 3.8 and Proposition 3.9, the regularizing process and the
commutation lemma in Section 3.4 play essential roles.

3.3 Proof of Theorem 3.1

Theorem 3.1 is a straightforward consequence of the following two propositions.

Proposition 3.10. Assume that (H5), (H6) hold and the ergodic constant of (3.1) is
0. Then
lim inf u®(z) > u°(z).

E—>
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Proof. Let ¢ € £, that is, ¢ is a solution of (E) satisfying (3.12). Let ¢"7 = ~" x ¢ for
n > 0.

Fix zy € T". Take two subsequences 1, — 0 and ¢; — 0 so that (3.14) holds,
and lim;_,o, u% (z9) = liminf. o u®(xg). Let p be the corresponding measure satisfying
v = ®4p. In view of Lemmas 3.8, 3.7,

C 1
U (z0) > ¢ (1) — / PO g — e L Sk GEi Mk e
n €j Ej
C C 1/2
> ¢ (20) — MO g — Mk CT '
" &j €

Let £ — oo to imply

wilen) 2 o)~ [[ s (ap),

Let 7 — oo in the above inequality to deduce further that
lim inf v (zg) = hm u® () > P(x0) // x)dv(z,p)
Tn xR™

:¢uw—/ﬁww¢@mwamz¢um

which implies the conclusion. O

Proposition 3.11. Assume that (H5), (H6) hold and the ergodic constant of (3.1) is
0. Let {e;}jen be any subsequence converging to 0 such that u® uniformly converges to
a solution u of (E) as j — oo. Then the limit u belongs to €. In particular,

lim sup v (z) < u’(z),

e—0
where u® is the function defined in Theorem 3.1.

Proof. In view of Proposition 3.9, it is clear that any uniform limit along subse-
quences belongs to €. By the definition of the function u°, it is also obvious that
lim; o0 v (2) < ul(z). O

Remark 3.4. We discuss here four important points.
The first point is a technical one appearing in the proof of Proposition 3.10. In

order to show that
lim l/ Sk dx = 0,
k—oo € j n
we needed to use the estimate [|S™ ||« < Cn,i/ ? in Lemma 3.7. The pointwise conver-
gence of S to 0 in Lemma 3.6 is not enough.
Secondly, M is the collection of stochastic Mather measures that can be derived

from the solutions 6" of the adjoint equations. It should be made clear that we do not
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collect all minimizing measures of (3.16) in M in general. However, we do not know
whether M C M is true or not, where M is the set of all stochastic Mather measures
defined in Definition 3.1. This is an interesting question (though technical) worth to
be studied.

Thirdly, by repeating the whole proof, we obtain that

u®(x) — u’(z) ;= sup ¢(x) uniformly for z € T" as ¢ — 0, (3.21)
b€

where we denote by & the family of solutions u of (E) satisfying

// wudp <0 foralluE]VIV.
T xR™

Thus, u’ = %°. We will use this point later in Section 3.5.

Finally, as we only assume here that H is convex, and not uniformly convex in
general, we cannot expect to get deeper properties of Mather measures like Lipschitz
graph property and such. For instance, we cannot expect in our setting

// H(z,p)dv(z,p) =0 for all v given by (3.14).
T xRn

It would be extremely interesting to investigate this kind of property for a degenerate
viscous Hamilton—Jacobi equation in case H is uniformly convex.

3.4 Proof of the commutation lemma

We will give a proof of the commutation lemma, Lemma 3.6, which is a technical result,
but plays a very important role in our analysis. Indeed, for each solution w of (E) with
some a priori bounds, we can construct a family of smooth approximated subsolutions
{w"},=0 of (E). In particular, for any n > 0, w" is in C*(T"), which is good enough for
us to use as test functions in Proposition 3.3 (ii). We have already seen this idea in
the proof of Propositions 3.4, 3.9.

It is well-known that we can perform sup-convolutions of w, which was discovered
by Jensen [55], to derive semi-convex approximated subsolutions of (E), but these are
not smooth enough to use as test functions (see Remark 3.2). It is worth pointing out
that a similar result was already discovered a long time ago by Lions [59]. However,
Lions only got that S" converges to 0 in the almost everywhere sense, which is not
enough for our purpose. This is because each Mather measure i can be very singular
in T" x R™, and the almost everywhere sense may miss some points on the support of
p. We need to have the convergence of S” everywhere to perform our analysis (e.g.,
the last step in the proof of Proposition 3.4).

The results related to the commutation lemma 3.6 may be of independent interests
elsewhere, and that is the reason why we present it separately here in this section. See
Section 3.6 for some further comments.
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Proof of Lemma 3.6. It is important noting that, in view of Theorem 1.3 (see also [4,
Theorem 3.1]), all viscosity solutions of (E) are Lipschitz continuous with a universal
Lipschitz constant C. Therefore, we have

—C<—a(x)Aw<C inT"

in the viscosity sense. The result of Ishii [48] on the equivalence of viscosity solutions
and solutions in the distribution sense for linear elliptic equations, and the simple
structure of a(z) allow us to conclude further that

||Dw||Loo(’]I‘n) + HaAwHL"O(']I‘”) S C (322)

for some constant C' > 0.
Let us next show that w is actually a subsolution of (E) in the distributional sense
based on the ideas in [55]. For each § > 0, let w° be the sup-convolution of w, that is,

w(o) = sup () - )

yeRrn®
Thanks to [55, 23], w° is semi-convex and is a viscosity subsolution of
—a(z)AT + H(z, Dw®) < w(d)  in T". (3.23)

Here, w : (0,00) — R is a modulus of continuity, that is, lims_.qw(d) = 0. Since w° is
a semi-convex function, it is twice differentiable almost everywhere and thus is also a
solution of (3.23) in the almost everywhere sense. We use (3.22) to deduce further that
w° is a distributional subsolution of (3.23). By passing to a subsequence if necessary,
we obtain the following convergence

W — w uniformly in T",

DWW’ = Dw weakly in L>°(T"),

as & — 0. Take an arbitrary test function ¢ € C?(T™) with ¢ > 0. We use the convexity
of H to yield that

/ (H(z, Du) — wh(a(x)g) dr

= lim (H(z, Dw)¢ + DpH(z, Dw) - D@’ — w)¢ — 0’ A(a(z)¢)) dx

6—0 Tn

< lim [ (H(z,D0’) —aAw’)¢dr <lim [ w(d)¢pdx = 0.
6—0 Jrn 60 Jn

Therefore, w is a subsolution of (E) in the distributional sense. For each n > 0, we
multiply (E) by 4" and integrate on T™ to get

—a(z)Aw" + H(z, Dw") < R](x) + RI(z) in T",
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where

Ri(z) == H(x, Dw"(z)) — | H(x +y, Dw(z +y))v"(v) dy,

Rn

RY(w) i= | ala+ p)dules +9)7() dy - aa) A’ (o).

We will provide treatments for R} and R separately in Lemmas 3.12 and 3.13 below.
Note that Rj is exactly the commutation term mentioned in Section 3.2.2.

Basically, Lemma 3.12 gives that R(z) < Cn for all x € T™ and > 0. Lemma
3.13 confirms that |Rj(z)| < C for all x € T™ and n > 0, and lim, .o R5(z) = 0 for
each x € T".

We thus set S7(z) := Cn + Rj(x) to finish the proof. O

Lemma 3.12. Assume that (H5), (H6) hold. Then there exists C' > 0 independent of
n such that
Rl(z) <Cn forallz € T" andn > 0.

The proof goes essentially in the same way as that of the second part of Proposition
1.5. Nevertheless, we repeat it here to remind the readers of this simple but important
technique.

Proof. In view of (3.22) and (H5) that H € C?(T™ x R"), we have
|H(z + vy, Dw(x+y)) — H(x, Dw(x +y))| < Cn for ae. y € B(x,n).

We then use the convexity of H and Jensen’s inequality to yield

Ri(r) <H (x / Y (y) Dw(z + y) dy) — | H(x, Dw(z +y))y"(y)dy + Cn

Rn
<Chn.

]

Lemma 3.13. Assume that (H5), (H6) hold. Then there exists a constant C' > 0
independent of n such that |Ry(z)| < C for all x € T™ and n > 0. Moreover,

lir% Ri(x) =0  for each x € T".
77—)
Proof. We first show the boundedness of Rj. By using the integration by parts,

| Ry ()] =

[ o+ 9) = ata)dute + )y

/n Y"(y)Da(z +y) - Dw(z +y)dy + / (a(r +y) — a(z))Dw(z +y) - Dy"(y) dy

n

<C [ @@+l DY) dy<C
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Next, we prove the last claim that, for each x € T", lim, o R}(x) = 0. There are
two cases to be considered

(i) a(z) =0, and (ii) a(z) > 0.

We handle case (i) first. Since a(z) = 0 = ming» a, we also have Da(z) = 0.
Therefore,

| Ry ()] =

/n a(z +y)Aw(z +y)v"(y) dy'

Dw(x +y) - Da(z +y)y"(y)dy + [ Dw(z +y) - Dy"(y)a(z +y) dy
Rn Rn

0/n ([Da(z +y)|v"(y) + a(z +y)|Dy"(y)]) dy

IN

= C’/n (IDa(x +y) — Da(z)|y"(y) + (alz +y) — a(z) — Da(z) - y)|Dy"(y)]) dy

< C/Rn (lylY"(y) + [y D" ()]) dy < Cn.

The use of Taylor’s expansion of a(-) € C?*(T") around x is important in the above
computation.

Let us now study case (ii), in which a(z) > 0. We choose 79 > 0 sufficiently small
such that a(z) > ¢, > 0 for |z — x| < g for some ¢, > 0. In view of (3.22), we deduce

further that o
Aw(z)| < — = C, for a.e. z € B(z, ). (3.24)
c

T

Note that 1y depends on x. For n < 1y, we have

R =| [ (et ) = alo)sule + 070 by

<Co | lalx4y) —alz)y"(y)dy < Co | |yly"(y) dy < Con.
R R

In both cases, we can conclude that lim, o |RJ(x)| = 0. Note however that the bound
for |Ry(x)| is dependent on . O

Remark 3.5. In the proof of Lemma 3.13, estimate (3.22) plays an extremely crucial
role. That is the main reason why we require w to be a solution instead of just a
subsolution of (E) so that (3.22) holds automatically. In fact, (3.22) does not hold for
subsolutions of (E) in general. This point is one of the main difference between first-
order and second-order Hamilton—Jacobi equations. For first-order Hamilton—Jacobi
equations, that is, the case a = 0, estimate (3.22) holds automatically even just for
subsolutions thanks to the coercivity of H.

We also want to comment a bit more on the rate of convergence of RJ in the above
proof. For each § > 0, set U’ := {z € T" : a(z) =0 or a(z) > §}. Then there exists a
constant C' = C'(§) > 0 such that

|RI(x)| < C(6)n for all x € U°.
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We however do not know the rate of convergence of Ry in T \ U? through the above
proof yet.

With a more careful analysis, we are indeed able to improve the convergence rate of
R to n'/? in Lemma 3.7 by a more careful analysis. We do not know whether this rate
is optimal or not, but for our purpose, it is good enough. See the proof of Proposition
3.10 and the first point in Remark 3.4.

Proof of Lemma 3.7. Fix x € T" and n > 0. We consider two cases

(i) min a(y)<mn, and (ii) min a>rn.
yeB(x,n) yeB(z,n)

In case (i), there exists Z € B(z,n) such that a(Z) < 5. Then, in light of (2.19) (see
also [17, Lemma 2.6]), there exists a constant C' > 0 such that,

Da(z)| < Cal@)"? < Oy,
For any z € B(z,7) we have the following estimates
|Da(z)| < |Da(z) — Da(z)| 4 |Da(z)| < Cn+ Cn'/* < Cn/2.
Moreover, by using Taylor’s expansion,

|a(2) — a(2)] < |a(z) — a(Z)| + |a(z) — a(7)]

< |Da(@)|(|z — Z| + |x — Z|) + C(|z — T|* + |z — Z|*) < Cn*/? + Cn? < O/,

We use the two above inequalities to control RJ as

| Ry ()] =

[ (alo ) = o) dute + 77y

Dw(z +y) - Da(z +y)y"(y)dy + | Dw(x +y)- Dy"(y)(a(zr +y) —a(x))dy

R™ R™

< C/ (027" (y) + n*?|Dy"(y)|) dy < Cn'/2.

Let us now consider case (ii), in which ming, ) a > 7. A direct computation shows

| Ry ()] < . |(a(z +y) = a(@))[ |Aw(z +y)|"(y) dy

co [ 1t gy <o [ PO 4y 4

a(z +y) a(z +y)
|y |yl 1/2
<C W’Y()dy+cﬁ<c 1/27()dy—|—C77§C77/.
Combining these estimates we get the conclusion. O]

An immediate consequence of the above lemmas is the following.
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Lemma 3.14. Let w € C(T") satisfy (3.22). Then, w is a viscosity subsolution of (E)
if and only if w is a subsolution of (E) in the almost everywhere sense.

Proof. Assume first that w be a viscosity subsolution of (E). Then by the first part of
the proof of Lemma 3.6, w is a subsolution of (E) in the distribution sense. In light of
(3.22), w is furthermore a subsolution of (E) in the almost everywhere sense.

On the other hand, assume that w is a subsolution of (E) in the almost everywhere
sense. For each n > 0, let w” be the function defined by (3.18). In view of Lemmas 3.7,
and the stability result of viscosity solutions, we obtain that w is a viscosity subsolution
of (E). O

Another consequence of Lemmas 3.6 and 3.7 is a representation formula for ergodic
constant c¢ in this setting. If we repeat the argument in the proof of Proposition 1.5 by
using Lemmas 3.6 and 3.7, we obtain

Proposition 3.15. Assume (H5), (H6) hold. Let ¢ be the ergodic constant of (3.1).
Then,

c= icgl(fm max (—a(z)Ad(z) + H(z, Dg(x))) .

See Section 3.6 for some further discussions.

3.5 Applications

Let us now discuss the limit of u° in Examples 3.1, 3.3 and 3.4 in Section 3.1.

Limit of v in Example 3.1
In this example, the equation for u° is
eut + ()P -~ W(x)*>*=0 inT.
By Theorem 3.1 and Remark 3.4, we have
uf(x) — u°(z)

= sup {w(x) : w is a solution to (3.2) s.t. //

Tn xR™

wdp(z,v) <0, Vu e M}

uniformly for x € T as ¢ — 0. In this specific case, we have that

{5{1/4}X{0}} U {(5{3/4}><{0}} C /\7
Thus,

u’(z) <sup {w(x) : w is a solution to (3.2) s.t.

//Tn . wdp(z,v) <0, V€ {0q1/9x00y } U {03/0x(0} } }

= sup {w(z) : wis a solution to (3.2) s.t. w(1/4) < 0,w(3/4) <0},
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which implies u°(1/4) < 0 and @°(3/4) < 0. On the other hand, noting that 0 is a
subsolution of (D)., by the comparison principle, we have u* > 0 in T, which implies
#° > 0 in R. Thus, we obtain u°(1/4) = 0 and @°(3/4) = 0, and therefore

~0 _,0_ 0 _ 0
U =u = U = Uy,

where u{,ud are the functions defined in Example 3.1.

1/4 3/4 1
Figure 3.7: Graph of u° on [0, 1]

Let us consider a slightly more general case:
cu + |(u¥) + P =V(r)=0 inT,
for P € R fixed, where V € C?*(T") with V > 0. Associated ergodic problem is
W'+ PP —V(z)=H(P) inT, (3.25)

where we denote the ergodic constant by H(P) instead of ¢. This ergodic problem
and H(P) are called, respectively, the cell problem and the effective Hamiltonian in
the context of periodic homogenization of Hamilton—Jacobi equations. It is well-known
that the structure of solutions to (3.25) strongly depends on P. Indeed, if

P> Py m /T V() dy,

then solutions of (3.25) are unique (up to additive constants). On the other hand, if
|P| < Py, then solutions of (3.25) are not unique in general. See [61] for more details.

Let us therefore only consider the case where |P| < P, here. In this case, it is
known that

dzoyxqoy € M ifand only if o€ {V =0} :={z e T : V(z) =0} (3.26)
See [2, 42] for instance. Therefore, by Theorem 3.1 and Remark 3.4, we obtain
uf(x) — u’(z) = sup {w(m) . w is a solution to (3.25) s.t. w < 0 on {V = O}}

uniformly for x € T as ¢ — 0.

We emphasize here that the characterization of Mather measures is very hard in
general. Indeed, it is still not known yet whether characterization (3.26) holds or not in
the multi-dimensional cases even in this specific form. See Section 3.6 for some further
discussions.
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Limit of v in Examples 3.3, 3.4

In these examples, the equation for u® is
euf —a(z)(u®)” + |(u))* = V(z) =0 inT,

where V' and a are given functions in Examples 3.3, 3.4.
Firstly, let us consider Example 3.3. By Theorem 3.1 and Remark 3.4, we know
that u® uniformly converges to u° given in (3.21). Moreover, noting that

0{0}x{0}> O{1/4}x {0} O{3/a}x {0} € M,

we obtain
u® — u, uniformly for x € T as ¢ — 0,

where u, and « are the function and the constant given by (3.6) and (3.5), respectively.
See Figure 3.4.

Similarly, we can characterize the limit of the discount approximation for Example
3.4. Noting that

30y (0} O1/4yx {0} 01 /2) (0} € M,

we obtain
u® — u, uniformly for x € T as ¢ — 0,

where u, and « are the function and the constant given by (3.7) and (3.5), respectively.
See Figure 3.6.

3.6 Some other directions and open questions

In this section, we present recent developments in the study of selection problems for
Hamilton—Jacobi equations. There are other methods to construct or approximate
viscosity solutions of the ergodic problem for Hamilton—Jacobi equations such as the
vanishing viscosity method, a finite difference approximation. If we consider a different
type of approximation for (1.6), then the selection procedure could be rather different.
Therefore, different types of difficulties may appear in general. Let us describe briefly
these directions as well as some open questions.

Discounted approximation procedure

(i) General convex settings (e.g., fully nonlinear, degenerate elliptic PDEs under
various type of boundary conditions such as periodic condition, state constraint
condition, Dirichlet condition, Neumann condition): Ishii, Mitake, Tran [51, 52]
obtained convergence results in 2016. The proofs in [51, 52] are based on a
variational approach and a duality principle, which are completely different from
the ones presented here. They nevertheless share the same philosophy.
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Selection problems for nonconvex Hamilton—Jacobi equations: Most problems are
open. In some examples, invariant measures and invariant sets do not exist (see
Cagnetti, Gomes, Tran [18] for the discussion on Mather measures, and Gomes,
Mitake, Tran [43] for the discussion on Aubry set). It is therefore extremely
challenging to establish general convergence results and to describe the limits if
they exist. Gomes, Mitake, Tran [43] proved convergence results for some special
nonconvex first-order cases in 2016.

Rate of convergence: It is quite challenging to obtain some rates of the con-
vergence (quantitative results) of Theorem 3.1. Mitake, Soga [67] studied this
for some special first-order situations in 2016. It is demonstrated there that er-
ror estimates would depend highly on dynamics of the corresponding dynamical
systems in general.

Aubry (uniqueness) set: The structure of solutions of (1.8) is poorly understood.
For instance, in the case of the inviscid (first-order) equation, the Aubry set
plays a key role as a uniqueness set for the ergodic problem. In a general viscous
case where the diffusion could be degenerate, there has not been any similar
notions/results on the uniqueness (Aubry) set for (1.8) up to now.

Commutation lemma 3.6: Another way to perform this task is to do sup-inf-
convolution first, and usual convolution later. Ishii, Mitake, Tran did this in a
unpublished note first before finding the new variational approach in [51]. Are
these useful in other contexts?

Applications: Theorem 3.1 is very natural in its own right. It is therefore ex-
tremely interesting to use it to get some further PDE results and to find connec-
tions to dynamical systems.

Vanishing viscosity procedure

(i)

Vanishing viscosity procedure: For € > 0, consider the following problem
H(z,Duf) = eAvs + H inT"

where H is the corresponding ergodic constant. The question of interest is to
investigate the limit of u® as ¢ — 0. Under relatively restrictive assumptions
on the Aubry set, the convergence is proven. See Bessi [16], Anantharaman,
Iturriaga, Padilla, Sanchez-Morgado [3]. In the general setting, there are still
many questions which are not solved yet. See also E [29] and Jauslin-Kreiss-
Moser [54] for related works on entropy solutions.

Finite difference approximation: In [75], the selection problem which appears
in the finite difference procedure was first formulated by Soga, and the conver-
gence was also proven there in a similar setting to that of the vanishing viscosity
procedure.
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Selection of Mather measures

The fact that ergodic problems (1.6) and (1.8) have many solutions of different types
is strongly related to the multiplicity of Mather measures. Each approximation of
the ergodic problem has associated generalized Mather measures. Thus, the selection
problem for Mather measures appears. Many questions still remain open. See Anan-
tharaman [2], Evans [33], Gomes [39], Gomes, Iturriaga, Sanchez-Morgado, Yu [42], Yu
[79], Mitake, Soga [67] for this direction.



Chapter 4
Appendix

The readers can read Appendix independently from other chapters. In Appendix, we
give a short introduction to the theory of viscosity solutions of first-order Hamilton—
Jacobi equations, which was introduced by Crandall and Lions [24] (see also Crandall,
Evans, and Lions [22]). The readers can use this as a starting point to learn the theory
of viscosity solutions. Some of this short introduction is taken from the book of Evans
[31]. Let us for simplicity focus on the initial-value problem of first-order (inviscid)
Hamilton—Jacobi equations

© { u+ H(x,Du) =0 in R" x (0, 00),

u(z,0) = up(x) on R™

where the Hamiltonian H : R™ x R®™ — R and the initial function ug : R™ — R are
given. We will give precise assumptions on H and uy when necessary.
The original approach [24, 22, 60] is to consider the following approximated equation

© { u; + H(z, Du®) = eAu®  in R™ x (0, 00),

u®(x,0) = up(z) on R",

for e > 0. The term cAu® in (C). regularizes the Hamilton-Jacobi equation, and this
is called the method of vanishing viscosity. We then let ¢ — 0 and study the limit of
the family {u®}.~o. It is often the case that, in light of a priori estimates, {u®}.~ is
bounded and equicontinuous on compact subsets of R” x [0, 00). We hence can use the
Arzela-Ascoli theorem to deduce that, there exists a subsequence {¢;}; converging to
0 as j — oo such that,

u® — u, locally uniformly in R" x [0, c0),

for some limit function u € C(R™ x [0, 00)). We expect that u is some kind of solution
of (C), but we only have that u is continuous and absolutely no information about Du
and u;. Also as (C) is fully nonlinear in Du and not of the divergence structure, we
cannot use integration by parts and weak convergence techniques to justify that u is
a weak solution in such sense. We instead use the maximum principle to obtain the
notion of weak solution, which is viscosity solution.

75
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The terminology wviscosity solutions is used in honor of the vanishing viscosity tech-
nique (see the proof of Theorem 4.1 in Section 4.2). We can see later that the definition
of viscosity solutions does not involve viscosity of any kind but the name remains be-
cause of the history of the subject. We refer to [6, 23, 31] for general theory of viscosity
solutions.

4.1 Motivation and Examples

In this section we give some examples to explain motivations to study (C).

4.1.1 Front propagation problems

We consider a surface evolution equation as follows. Let n € N and {I'(¢)}+>¢ be a
given family of hypersurfaces embedded in R™ parametrized by time ¢. Assume that
the surface evolves in time according to the law:

V(z,xp41,t) = —h(x) on ['(2), (4.1)

where V' is the normal velocity at each point on I'(t), and h € C'(R") is a given positive
function. In this section, we consider the case where I'(¢) is described by the following
graph

I'(t) = {(z,u(x,t)) : x € R"}

for a real-valued auxiliary function u : R" x [0, 00) — R.

Tpy1 = u(ax, t)

S

Figure 4.1

Figure 4.1 shows an example of I'(¢) and how it evolves. We note that the direction
Zni1 in the picture shows the positive direction of V. The function h is decided by the
phenomenon which we want to consider and it sometimes depends on the curvatures,
the time, etc. We simply consider the situation that h depends only on the x variable
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here. We refer to [38] for many interesting applications appearing in front propagation
problems.
Suppose that everything is smooth, and then by elementary calculations, we get

V—U~ﬁ—<0>- 1 (—Du)_ Uy
ug) /14 [Dufl2 \ 1 1+ [Dul?’

where ¢ denotes the velocity in the direction x,,;. Plug this into (4.1), we get that u
is a solution to the Hamilton—Jacobi equation

u + h(z)y/14 |Dul2=0 in R" x (0,00).

Example 4.1. We consider the simplest case where n = 1, h(z) = 1 and two initial
data: (i) a line in Figure 4.2, (ii) a curve in Figure 4.3.

I'(0)
—--—‘---—T---.
= .
t=0 t=1 r@)

Figure 4.2

RN I'(0)

:'\‘ radTus 1 L

RN e => /
t=0

Figure 4.3

In the context of large time behavior (Chapter 2), the large time limit (asymptotic
profile), if exists, is a solution to the associated ergodic problem. We also observe that
it depends on the initial data as demonstrated in Figures 4.2, 4.3. In general, it is
highly nontrivial to characterize this dependence as we deal with nonlinear equations.
Section 2.5 somehow gives an answer to this question (see Examples 2.2, 2.3 in Section
2.5).
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4.1.2 Optimal control problems

Let L(z,v) : R* x R"™ — R be a superlinear and convex Lagrangian with respect to the
variable v, that is, for all z,v;,v, € R", and X € [0, 1],

L(z,v)
[l
L(z, vy + (1 — Nwg) < AL(z,v1) + (1 — N) L(x, v9).

— oo locally uniformly for z € R" as |v| — oo,

Inviscid cases.

We consider the optimal control problem, for fixed (z,t) € R™ x [0, 00),

Minimize /0 L(v(s), —%(s)) ds 4+ ug(v(t))

over all controls v € AC ([0, ¢], R™) with v(0) = z. Here uq is a given bounded uniformly
continuous function on R™. We denote by u(z,t) the minimum cost. It can be proven
that u solves the following Cauchy problem:

u+ H(z,Du) =0  in R" x (0, 00)
u(z,0) = ug(x) on R",

where the Hamiltonian H is the Legendre transform of the Lagrangian L, that is,

H(z,p) = sup{p-v— L(x,v)} for (z,p) € R" x R™.

vER™

Let us show a quick formal proof of this. Note first that u satisfies the so-called dynamic
programming principle, that is, for any h > 0,

u(z,t+ h) = inf {/0 L(v(s), —y(s)) ds + u(y(h),t) : v(0) = x} : (4.2)

The dynamic programming principle can be checked in a rough way as following:

t+h
u(z,t+h) = /0 L(v*(s), =7 (s)) ds + uo(y*(t + h))

- / Ly (s), —4"(s)) ds + / L(5(s), —8(s)) ds + uo(6(t))
- / Ly (), —4*()) ds + u(y* (k). 1),

where we denote a minimizer of the minimizing problem for u(z,t + h) by 7*, and set
d(s) :=~"(s+ h) for s € [—h,t], and we used the Bellman principle.
We rewrite it as

QUSRI RGO / L(3(s),~(s)) ds.
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Sending h — 0 yields
w + Du - (—(5(0)) — L (x, —5(0)) =0,

which more or less implies the conclusion. We can use this formal idea to give a rigorous
proof by performing careful computations and using the notion of viscosity solutions.
We refer to [31, 5] for details for instance.

Example 4.2 (Classical mechanics). We consider the case that L is the difference
between a kinetic energy and a potential energy, i.e., L(z,v) := |v]*/2 — V(z) for a
given function V' which is uniformly bounded continuous on R™. Then,

e,y =int { [ GBI = Ves))| ds-t ot 7 € AC(0.0R).5(0) =}

solves the following Cauchy problem
ut+%]Du\2+V(x) =0 in R™ x (0, 00),
u(+,0) = uy on R™.

In this case, H(x,p) = |p|*/2 + V().

Example 4.3 (Hopf-Lax formula). If we consider a Lagrangian which is independent
of the z variable, then we can get the Hopf-Lax formula from the optimal control
formula. In short, we have

u(z,t) = inf {/o L(—%(s)) ds + up(vy(t)) : v € AC([0,¢],R"™),~(0) = x}

= inf {tL (%) + uo(y)} .

It is quite straightforward to prove that the first line implies the second line in the
above by using Jensen’s inequality. We leave it to the interested readers. See [31] for
instance. We also refer to [5, 20] for the connections between the theory of viscosity
solutions and optimal control theory.

Example 4.4 (Discounted approximation). Fix 6 > 0. For x € R™, define

v°(z) = inf {/000 e L(y(s), —¥(s)) ds : v € AC([0,00),R™),~v(0) = ZL‘} :

This is an infinite horizon problem in optimal control theory. The function v° satisfies
the dynamic programming principle

(o) =int { [ e LG, -39 ds + PO m) 5 7 € AC0,LR).A0) =1

for any h > 0. We can use this to check that v solves the following discount Hamilton—
Jacobi equation

6v° + H(x,Dv’) =0 in R".
In the formula of v, the function e~ plays a role of discount, and therefore, the
constant ¢ in the above formula is called the discount factor in optimal control theory.
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Viscous cases.

We consider the stochastic optimal control problem

Minimize E [ /0 CL(X"(s), o(s)) ds + uO(X”(t))}

t t
subject to X' == —/ v(s)ds + \/5/ a(X"(s)) dWj
0 0
for x € R™, over all controls v in some admissible class, where m € N and ¢ : R" —
M"™*™ is a given matrix-valued function which is Lipschitz, and W denotes a standard
m-dimensional Brownian motion. Here, M"*™ denotes the set of n-by-m matrices. Let
u(z,t) be the corresponding minimum cost.

We can prove in appropriate settings that the function u solves the Cauchy problem
for the general viscous Hamilton—Jacobi equation

{ uy — tr (A(z)D?u) + H(z,Du) =0 in R" x (0, 00),
u(z,0) = ug(x) on R",

where A(x) := o(x)o”(x), by using the dynamic programming principle, the Ito for-
mula and the notion of viscosity solutions.

We refer to [36, 74] for the connections between the theory of viscosity solutions
and stochastic optimal control theory.

4.2 Definitions

Let us now introduce the definitions of viscosity subsolutions, supersolutions, and so-
lutions. These definitions are encoded naturally in the vanishing viscosity method (see
the proof of Theorem 4.1 below).

Definition 4.1 (Viscosity subsolutions, supersolutions, solutions). An upper semicon-
tinuous function u : R™ x [0, 00) — R is called a viscosity subsolution of the intial-value
problem (C) provided that

e u(-,0) <wug on R",

o for each ¢ € C'(R" x (0,00)), if u — ¢ has a local mazimum at (xg,ty) € R™ X
(0,00) then
@i(20,to) + H(wo, Dip(o, 1)) < 0.

A lower semicontinuous function u : R" x [0, 00) — R is called a viscosity supersolution
of the intial-value problem (C) provided that

o u(-,0) >uy on R”,
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e for each ¢ € C'(R" x (0,00)), if u — o has a local minimum at (xg,te) € R™ X
(0,00) then
¢i(z0,t0) + H (w0, Dp(20,0)) > 0.

A function u : R™ x [0,00) — R is called a viscosity solution of the intial-value problem
(C) if u is both a viscosity subsolution, and a viscosity supersolution (hence continuous)

of (C).

Remark 4.1. (i) In Definition 4.1, a local maximum (resp., minimum) can be replaced
by a maximum (resp., minimum) or even by a strict maximum (resp., minimum).
Besides, a C! test function v can be replaced by a C°° test function v as well.

(ii) For (zg,to) € R™ x (0,00), we set

D u(wo, to) := {(e(wo, to), Dip(20, to)) -
¢ € C' and u — ¢ has a local maximum at (zg,%)},

D™ u(zo, t0) := { (4120, t0), Dep(20, t0))
¢ € C" and u — ¢ has a local minimum at (zg,t,)}.

The sets Dt u(xo, to), D~ u(zo,ty) are called the superdifferential and subdifferential of
u at (g, to), respectively. We can rewrite the definitions of viscosity subsolutions and
supersolutions by using the superdifferential and subdifferential, respectively (see [22]).

We also give the definitions of viscosity subsolutions, supersolutions, and solutions
to the following second order equation

{“t +F(z,Du,D*u) =0 inR" x (0,00), (4.3)

u(z,0) = up(x) on R™.

Definition 4.2. An upper semicontinuous function u : R™ x [0,00) — R is called a
viscosity subsolution of the intial-value problem (4.3) provided that

e u(-,0) <wupy on R",
o for any (zg,ty) € R" x (0,00) and (a,p, X) € J*Vu(zg, to),
CL+F(.ZU07P,X) S 07

where

> u(xo, to) = {(e(z0, to), Dp(xo, to), D*¢(z0, t0))
¢ € C? and u — ¢ has a local mazimum at (xo,ty)}.

A lower semicontinuous function u : R" x [0, 00) — R is called a viscosity supersolution
of the intial-value problem (4.3) provided that

o u(-,0) >uy on R”,
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o for any (o, t0) € R" x (0,00) and (a,p, X) € J>u(xo, to),
Q+F({E07p,X) Z 07

where

J* " u(xo, o) := {(e(wo, to), Dp(xo, to), D*p (w0, t))
¢ € C? and u — ¢ has a local minimum at (x9,t)}.

A function u : R™ x [0,00) — R is called a viscosity solution of the intial-value problem
(4.3) if u is both a viscosity subsolution, and a viscosity supersolution (hence continu-
ous) of (4.3).

We call J>Tu(zo,ty) and J*> u(wg,ty) the super-semijet and sub-semijet of u at
(xo, to), respectively.

Remark 4.2. In Definition 4.2, J>*u(zg,t) can be replaced by the closure of these
sets, which are defined as
72’iu(x0,t0) ={(a,p, X) € R x R" x M" = 3 (g, tr, ak, pr, Xi) s.t.

Sym

(akapkan) € Jz’iu(ﬂfk,tk) and (mkytka@kapkaxk) - ($0,t07a>an) as k — OO}-

We here give a precise result concerning the vanishing viscosity method explained
in the introduction of this appendix. It shows that Definition 4.1 arises naturally in
light of this procedure and the maximum principle. We will verify the assumption in
this theorem in Section 4.6 below.

Theorem 4.1 (Vanishing viscosity method). Let u® be the smooth solution of (C). for
e > 0. Assume that there exists a subsequence {u®}; such that

u® —wu, locally uniformly in R™ x [0, 00),
for some u € C(R"™ x [0,00)) as j — co. Then u is a viscosity solution of (C).

Proof. We only prove that u is a viscosity subsolution of (C) as similarly we can prove
that it is a viscosity supersolution of (C). Take any ¢ € C*°(R"™ x (0,00)) and assume
that u — ¢ has a strict maximum at (xg,tg) € R" x (0, 00).

Recall that u® — u locally uniformly as j — oo. For j large enough, u® — ¢ has a
local maximum at some point (z;,t;) and

(‘ij?tj) - (x07t0)a asj — 0Q.
We have

uy (x5,t5) = il t5), Du(zj,t;) = Do(xj,t;), —Au™(z;,t5) > —Ap(z),t5).
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Hence,

ei(xj,t;) + H(z;, Do, t5)) = ug’ (xj,4;) + H(zj, Du (z4,t;))
= g;Au (x5, t5) < g;Ap(x4,t5).

Let 7 — oo to imply that
(o, to) + H(xg, Dp(x0,t0)) < 0. ]

Remark 4.3.

(i) Let us emphasize that obtaining viscosity solutions through the vanishing viscosity
approach is the classical approach. This method does not work for general second-order
equations. In general, we can use Perron’s method to prove the existence of viscosity
solutions.

(ii) As seen in the proof of Theorem 4.1, we lose the information of Du® and Awuf
as ¢ — 0 in this argument. Evans [32] introduced the nonlinear adjoint method to
understand these in the vanishing viscosity procedure. In particular, his aim is to
understand gradient shock structures in the nonconvex setting.

4.3 Consistency

We here prove that the notion of viscosity solutions is consistent with that of classical
solutions.

Firstly, it is quite straightforward to see that if u € C1(R™ x [0,00)) solves (C)
in the classical sense, then u is a viscosity solution of (C). Next, we show that if a
viscosity solution is differentiable at some point, then it solves (C) there. We need the
following lemma.

Lemma 4.2 (Touching by a C' function). Let m € N. Assume u : R™ — R is
continuous in R™, and is differentiable at some point xo. There exists ¢ € C*(R™)
such that u(zo) = @(xo) and u — @ has a strict local mazimum at .

Proof. Without loss of generality, we may assume that
xo =0, u(0) =0, and Du(0) = 0. (4.4)
We use (4.4) and the differentiability of u at 0 to deduce that
u(z) = |z|w(z), (4.5)
where w : R™ — R is continuous with w(0) = 0. For each r > 0, we define

p(r) = max |w(z)]

We see that p : [0,00) — [0,00) is continuous, increasing, and p(0) = 0.
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We define el
o(x) = / p(r)dr + |z|?, for x € R™. (4.6)
|

z|

It is clear that |p(z)| < |z|p(2]x]) + |=|*, which implies
(0) = 0, Dp(0) = 0.

Besides, for x # 0, explicit computations give us that

_Qx T

De(x) |x—|p(2|w\) - mp(m) + 2z,

and hence ¢ € C'(R™).
Finally, for every z # 0,

2|z
u(z) —p(z) = |z|w(r) — r)dr — |z|?
(#) = plo) = lelo@) = [ plr)ar s
< |z]p(]) = |z]p(l2]) — J2[* < 0 = u(0) — ©(0).
The proof is complete. O

Lemma 4.2 immediately implies the following.

Theorem 4.3 (Consistency of viscosity solutions). Let u be a viscosity solution of (C),
and suppose that u is differentiable at (zo,t9) € R™ x (0,00). Then

us(wo, to) + H(xo, Du(xo, ty)) = 0.

4.4 Comparison principle and Uniqueness

In this section, we establish the comparison principle for (C). Let us first prepare a
useful lemma.

Lemma 4.4 (Extrema at a terminal time). Fiz T > 0. Assume that u is a viscosity
subsolution (resp., supersolution) of (C). Assume further that, on R™ x (0,T], u — ¢
has a local mazimum (resp., minimum) at a point (zo,ty) € R™ x (0,T], for some
¢ € CHR"™ x [0,00)). Then

wi(xo, to) + H(xo, Dp(x0,t9)) <0 (resp., >0).
The point here is that terminal time ¢ty = T is allowed.

Proof. We just need to verify the case of subsolution. Assume u — ¢ has a strict
maximum at (xg, 7). We define

Bla,t) = oz, 1) + % for (z,) € R™ x (0, 00)
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for e > 0. If ¢ > 0 is small enough, then u — @ has a local maximum at (z.,t.) €
R™ x (0,T) and (z.,t.) — (x9,T) as ¢ — 0. By definition of viscosity subsolutions, we
have

Bi(xe,te) + H(ze, DP(xe,t:)) <0

which is equivalent to

€
@t(xe, tg) + m + H(xe, Dgo(xg, ts)) < 0.
Hence,
SOt(xsa ta) + H(IE, D(,D(flfg, ta)) <0.
We let ¢ — 0 to achieve the result. O

We fix T' > 0 now and consider (C) in R™ x [0, 7] only, i.e.,

© { ur+ H(z,Du) =0 in R" x (0,77,

u(z,0) = up(x) on R™.
Let us first give a formal argument to see how the comparison principle works. Let
u,v be a smooth subsolution and a smooth supersolution to (C), respectively, with

the same initial data. Our goal is to prove that u < v on R"™ x [0,T]. We argue by
contradiction, and therefore we suppose that

max }{(u —v)(z,t) — At} >0

R7x[0,T

for a small A > 0. Suppose formally that the maximum is attained at (zo,ty) €
R™ x [0,7T). Because of the initial data, we have ¢, > 0. Then,

Ut(llfg, to) = ’Ut(l’o, t()) =+ )\, DU(ZL‘Q, t()) = DU(QT(), to).
Thus,
0 > uy(xo, to) + H(xo, Du(xo,to)) = vi(x0,t0) + X+ H (o, Dv(z0,10)) > A > 0,

which is a contradiction.

We now establish the comparison principle (hence uniqueness) for (C) rigorously
by using the so-called doubling variable argument, which was originally introduced by
Kruzkov [57].

We assume further that the Hamiltonian H satisfies

(A1) There exist a positive constant C' such that

|H(x,p) — H(x,q)| < Clp—q,
|H(z,p) — H(y,p)| < Clz —y[(1L+|p|),  for (z,y,p,q) € (R™)™.
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Theorem 4.5 (Comparison Principle for (C)). Assume that (A1) holds. If u, @ are a
bounded uniformly continuous viscosity subsolution, and supersolution of (C) on R™ x
[0, T, respectively, then u < @ on R™ x [0, T].

Proof. We assume by contradiction that

sup (u—a) =0 >0.
R"x[0,T]

For e, A € (0,1), we define
- 1
S(w,y,t,5) = ul,1) =y, s) = Mt +5) = (| = yl* + (¢t = 9)) = (lz” + [y")

for x,y € R" t,s > 0. Since u, @ are bounded, there exists a point (xq, yo, to, So) €
R?" x [0, T)? such that

P t = P t,s).
(ZL'(), Yo, Lo, SO) RQ’{E%}},{T]Q ({L‘, Yy, 1, S)

For e, A small enough, we have ®(zy, yo, to, So) > /2.
We use ®(xq, 4o, to, S0) > ©(0,0,0,0) to get
1
Alto + so) + 5_2(le — yol? + (to — 50)%) + e(zol* + |1o]?)
<u(zo, to) — u(yo, so) — u(0,0) + u(0,0) < C. (4.7)

Hence,

C
|70 — yo| + [to — so| < Ce, |xo| + [yo| < Cij (4.8)

We next use ®(xg, yo, to, So) > P (o, xo, to, to) to deduce that
1 . -
gﬂfo — ol + (to — 50)%) < @(zo, o) — @(yo, s0) + Mto — so) + (20 — o) - (w0 + yo)-

In view of (4.8) and the uniformly continuity of @, we get

lzo — yo|* + (to — 50)°
-2

— 0, |xo—yo| + |[to — so| = 0(¢) as e — 0. (4.9)

By (4.8) and (4.9), we can take ¢ > 0 small enough so that sg,tg > p > 0 for some
> 0.

Notice that (z,t) — ®(x,yo,t, So) has a maximum at (zg,%y). In view of the defini-
tion of ®, u — ¢ has a maximum at (zo, ) for

- 1
(1) = (yo, s0) + At + 50) + 5 (|1z = yol* + (£ = 50)°) + (|2 + [ ).

By definition of viscosity subsolutions,

2(tg — 2 —
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Similarly, by using the fact that (y,s) — ®(xo,y, to, s) has a maximum at (yo, s¢), we
obtain that

2(% - yo)

2ty —
2t —s0) | (yo, SR 25y0> > 0. (4.11)

AT

Subtracting (4.11) from (4.10), and using (4.8) and (A1) to get

2z — 2(zo —
IAN<H <y0, Azo =) _ ngo) ~H (xo, 2o —yo) 25930)

g2 g2

2(xo —
< Clzg — yo| (1+‘%

+ 25]y0|) + Celzg — yol-

In view of (4.9), we let ¢ — 0 to discover that A < 0, which is a contradiction. [

Remark 4.4. In Theorem 4.5, we assume that u,u are uniformly continuous just
to make the proof simple and clean. In fact, the comparison principle holds for the
general case that u, @ are a bounded viscosity subsolution in USC (R"™ x [0,77]), and
supersolution in LSC (R™ x [0,T7]) of (C) on R™ x [0, 7], respectively. The proof for
the general case follows the same philosophy as the above one. We leave this to the
interested readers to complete.

By using the comparison principle above, we obtain the following uniqueness result
immediately.

Theorem 4.6 (Uniqueness of viscosity solution). Under assumption (Al) there exists
at most one bounded uniformly continuous viscosity solution of (C) on R™ x [0,T].

We state here the comparison principles for stationary problems.

Theorem 4.7. Assume that (A1) holds. If v, © are a bounded uniformly continuous
viscosity subsolution, and supersolution of

v+ H(x,Dv) =0 inR",
respectively, then v < v on R™.

Theorem 4.8. Assume that (A1) holds. If v, ¥ are, respectively, a bounded uniformly
continuous viscosity subsolution, and supersolution of

H(z, Dv) < =4, H(z,Dv) >0 inR"
for 0 > 0 given, then v < v on R".

Since the proofs of Theorems 4.7, 4.8 are similar to that of Theorem 4.5, we omit
them.
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4.5 Stability

It is really important mentioning that viscosity solutions remain stable under the L>°-
norm. The following proposition shows this basic fact.

Proposition 4.9. Let {Hy}ren € C(R™ X R™) and {gr}ren C C(R™). Assume that
H, — H, gr — ¢ locally uniformly in R™ x R™ and in R"™, respectively, as k — oo
for some H € C(R" x R") and g € C(R™). Let {u}ren be viscosity solutions of
the Hamilton—Jacobi equations corresponding to {Hyren with ug(-,0) = gx. Assume
furthermore that ur — w locally uniformly in R™ x [0,00) as k — oo for some u €
C(R™ x [0,00)). Then u is a viscosity solution of (C).

Proof. Tt is enough to prove that u is a viscosity subsolution of (C). Take ¢ € C''(R™ x
[0,00)) and assume that u — ¢ has a strict maximum at (zg,ty) € R™ x (0,00). By
the hypothesis, for £ large enough, ux — ¢ has a maximum at some point (xy,t;) €
R™ x (0,00) and (xg,tx) — (xo,t0) as k — oo. By definition of viscosity subsolutions,
we have

qﬁt(xk, tk> + Hk(l‘k, D(ﬁ(l’k, tk)) S 0.

We let £ — oo to obtain the result. OJ

We also give useful stability results on supremum of subsolutions and infimum of
supersolutions. Let us consider

H(z,Dv)=0 inR" (4.12)
for simplicity.

Proposition 4.10.
(i) Let S~ be a collection of subsolutions of (4.12). Define the function u on R™ by

u(z) :=sup{v(z) : ve€ S }.

Assume that u is upper semicontinuous on R™. Then u is a subsolution of (4.12).
(ii) Let ST be a collection of supersolutions of (4.12). Define the function u on R™ by

u(z) == inf{v(x) : ve ST}
Assume that u is lower semicontinuous on R™. Then u is a supersolution of (4.12).

Proof. We only prove (ii) since we can prove (i) similarly. Let ¢ € C'(R"), 2, € R®
and k € N. Assume that u — ¢ has a strict minimum at zy. From the definition of u,
there exists vy € ST such that vg(xg) — 1/k < u(zo). Due to the lower semicontinuity
of u, there exists d; > 0 such that u(zo) < u(z)+ 1/k for any x € B(xg, dy).

Choose a sequence {zy}ren C B(zo, k) so that z; — o and u(zy) — u(xg). We
have vy (o) < u(zy) + 2/k for any k € N. Fix 7 > 0. Let y;, € B(xo,7) be a minimum
point of v, — ¢ over B(zg,r) for each k € N. Then, we have

ye — o and  vg(yx) — u(xg) as k — oo.
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Indeed, we observe

2

u(zy) + - = ¢(wo)

? (v — @) (w0) = (vk — &) (yk)

>
> (u—0)(yp) = (u— @) (o).

From the above, we have (v — ¢)(yx) — (v — ¢)(xp) and (u — ¢)(yx) — (v — @)(x0)
as k — 0o. We consider any convergent subsequence {yp; }jen and yo denotes its limit
point. Noting that u is lower semicontinuous, (u — ¢)(z¢) = liminfy_ (v — ¢)(yx) >
(u—¢)(yo), which guarantees y, — o as k — oo. Moreover, we get vy (yx) — u(xg) as
k — oo.

Now, by definition of viscosity supersolutions, we have
H(yg, Dp(yx)) > 0 for any k € N large enough.
Sending £ — oo yields the conclusion. O

Let {uq}acr be a family of locally bounded functions on R™, and define functions
u,u on R™ by

u(x) = limsup *u,(z) = lim sup{us(y) : |z —y| <1/B, 5 > a}, (4.13)
u(z) = lirriinf*ua(x) = lim inf{ug(y) : |z —y| <1/6, 8> a}. (4.14)

We call w and u the upper half-relaxed limit and the lower half-relaxed limit of u,
as a — 00, respectively. Note that w and u are upper and lower semicontinuous,
respectively. We show some stability properties of w and u.

Theorem 4.11. Let {H,}oer C C(R™ x R™). Assume that H, — H locally uniformly
in R" xR" as a — oo for some H € C(R" xR™). Let {tug}tacr C C(R™) be a family of
locally uniformly bounded functions, which are solutions of (4.12). Then the half-relaxed
limits @ and w are a subsolution and a supersolution of (4.12), respectively.

Lemma 4.12. Let {ug}acr C C(R™) be a family of locally uniformly bounded functions,
u, u be the functions defined by (4.13) and (4.14), respectively. Assume that T — ¢
takes a strict maximum (resp., u — ¢ takes a strict minimum) at some xo € R" and
© € CHR™). Then there exist {xy}reny C R™ converging to g and {ay}ren converging
to infinity such that u,, — ¢ attains a local mazimum (resp., minimum) at xj € R",
and u, (zr) — w(zo) (resp., ta, (xr) — u(xg)) as k — oo.

Proof. We only deal with the case of w. Choose {yx}ren € R™ so that y, — x¢ and
Ua, (Yx) — (o). Let 7, € B(xo,7) be a maximum point of u,, — ¢ on B(zg,r) for
r > 0. By replacing the sequence by its subsequence if necessary, we may assume
that z,, — T € B(zo,r) and Uay,, (7x;) — a € R as j — oo. Noting that Uy, (k) <
Ua,, (zg,), sending j — oo yields (@ — ¢)(zo) < a — o(T) < (T — ¢)(T). Since zq is
a strict maximum point of © — ¢ on R", we see that ¥ = x3. Moreover, we see that
a = u(xg). Therefore, we obtain Uoy, — attains a local maximum at xy;, T, — o

and uq,, (zr,) — u(xo) as j — oo. O
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Proof of Theorem 4.11. We only prove that @ is a subsolution of (4.12). Let ¢ €
CH(R™) and zy € R". We assume that u — ¢ attains a strict maximum at xy and let
{zk }ren C R, {ag }ren be the sequences obtained in Lemma 4.12. Then by definition
of viscosity solutions, we have

H(zy, Dp(xy)) <0  forall ke N.

Sending k — oo, we get H(xg, Dp(xy)) <0 O

Proposition 4.13. Let {ug}aer € C(R™) be uniformly bounded in R™. Assume that
u=wu=:uon K for a compact set K C R". Then, u € C(K) and us, — u uniformly
on K as a — 0.

Proof. 1t is clear that u € C'(K). Suppose that u, does not uniformly converges to
w on K. Then, there exist g9 > 0, a sequence {ay}reny converging to infinity, and a
sequence {zy}reny C K such that |us, (zx) — u(xyg)| > € for any k € N. Since K is
a compact set, we can extract a subsequence {wy,};en such that zp, — zo € K as
j — 00. Sending 7 — oo to get

go < lim sup(uakj —u)(xr;)) < (W —u)(xo) =0 or

Jj—00
—&0 > lijrgiogf(uakj —u)(zr,;)) = (u—u)(zo) =0,

which is a contradiction. L]

Remark 4.5. The idea of using half-relaxed limits arises naturally when attempting
to pass to the limits with maxima and minima. This result is in particular powerful
when it can be used with a comparison principle. If the comparison principle holds for
the limit equation, then a straightforward consequence of Theorem 4.11, Proposition
4.13 is that u, — wu locally uniformly on R™ as o« — oo for some u € C(R™).

If we have further that H is convex in p, then we are able to obtain more stability
results. Assume that

(A2) p+— H(x,p) is convex for all x € R™.

Proposition 4.14. Assume that (A2) holds. Let u be a Lipschitz continuous func-
tion on R™.  Then, u is a viscosity subsolution of (4.12) if and only if u satisfies
H(x,Du(zx)) <0 for almost every x € R".

Proof. In light of Theorem 4.3 and Rademacher’s theorem, we can easily see that if u
is a viscosity subsolution of (4.12), then wu satisfies H(z, Du(z)) < 0 for a.e. x € R™.
Conversely, if u satisfies H(z, Du(z)) < 0 for a.e. x € R", then by mollification, for
each € > 0, we can construct a smooth function v° satisfying H(x, Du®) < Ce in R" as
in the proof of Proposition 1.5. Furthermore, u® — u locally uniformly in R as ¢ — 0.
Thus, in light of the stability result, Proposition 4.9, we obtain the conclusion. O]
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Corollary 4.15. Assume that (A2) holds. Let u be a Lipschitz continuous function on
R™. Then, u is a viscosity solution of (4.12) if and only if H(x,p) =0 for any x € R,
p € D u(x).

Proof. We only need to prove that u is a viscosity subsolution of (4.12) if and only if
H(z,p) <0 for any « € R", p € D~ u(z). By Proposition 4.14, we have

H(x,Du(z)) <0 in R" in the viscosity sense.
<= H(x,Du(z)) <0 for almost every z € R".
<= H(z,—Dv(z)) <0 for almost every z € R",

where v(z) = —u(x) for all z € R".
H(z,—Dv(x)) <0 in R" in the viscosity sense.
H(z,—p) <0 forany z € R",p € D v(z).

H(z,q) <0 forany z € R" ¢ € D u(x).

111

Corollary 4.16. Assume that (A2) holds.
(i) Let S~ be a collection of subsolutions of (4.12). Define the function u on R™ by

u(z) :=inf{v(z) : ve S}

Assume that u is Lipschitz continuous on R™. Then u is a subsolution of (4.12).
(ii) Let S be a collection of solutions of (4.12). Define the function u on R™ by

u(z) = inf{v(x) : v € S}.
Assume that u is Lipschitz continuous on R™. Then u is a solution of (4.12).

Taking Corollary 4.15 into account in the proof of Proposition 4.10, we are able to
prove Corollary 4.16 in a similar way. Thus, we omit the proof. Corollaries 4.15, 4.16
were first observed by Barron, Jensen [14].

4.6 Lipschitz estimates

We provide here a way to obtain Lipschitz estimates (a priori estimates) for u®, which
is the solution of (C). in the introduction of Appendix. Assume for simplicity the
followings

(A3) lim inf (H(z,p)*+ D, H(z,p) p) = +oc.

|p| =00 zER™
(A4) Ug € CQ(Rn) and ||U0||C2(Rn) < C < +o0.

Lemma 4.17. Assume that (A3), (A4) hold. There ezists a constant C > 0 indepen-
dent of € such that

|25 |[ oo (R x[0,00)) F | DU || oo (rn x[0,00)) < C-
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Sketch of proof. We first note that for C' > 0 sufficiently large, uo+C't are, respectively,
a supersolution and a subsolution of (C).. By the comparison principle, we get

ug — Ct < u® <wug+ Ct.
This, together with the comparison principle once more, yields that ||u|| oo ®nx[0,00)) <
C.
Next, set ¢ := |Duf|>/2. We have
¢+ D,H - D¢ + D, H - Duf = eA¢ — | D*u|*.
For € > 0 sufficiently small, one has
e|D*uf? > 2 (eAwf)® = 2(u§ + H(x, Duf))? > H(z, Duf)? — C.

Thus,
¢ + DyH - Do + (H(x, Du®)®> + D, H - Duf — C) < eA¢.

By the maximum principle and (A3), we get the desired result. ]
Theorem 4.18. Assume that (A1), (A3), (A4) hold. Then, we obtain
u® — u  locally uniformly on R"™ x [0, 00)
foruw e C(R™ x [0,00)), where u is the unique viscosity solution of (C).
Proof. In view of Lemma 4.17, there exists a subsequence {u® },cy such that
u® — u locally uniformly on R" x [0, 00)

for some u € C(R™ x [0, 00)), which is Lipschitz. In particular, u is bounded uniformly
continuous on R™ x [0, T for each T' > 0.

By Theorems 4.1 and 4.6, we see that u is the unique viscosity solution of (C). This
implies further that u* — u locally uniformly on R™ x [0,00) as € — 0. O]

4.7 The Perron method

Theorem 4.19. Let f and g be a subsolution and a supersolution of (C), respectively.
Assume that f < g on R™ x [0,00). Then, the function u : R" x [0,00) — R defined by

u(z,t) =sup{v(z,t) : f<v<gonR"x[0,00),v is a subsolution of (C)}
is a solution of (C). Moreover, f <u < g on R" x [0, 00).

The above construction of solutions is called Perron’s method. The use of this
method in the area of viscosity solutions was introduced by Ishii [47]. For simplicity
in this proof, we will assume u is continuous.
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Sketch of proof. Set
S ={v:R"x[0,00) >R : f<v<ginR" x [0,00),v is a subsolution of (C)}.

Since f € §7, 8~ # (). Tt is clear that f < u < g in R™ x [0,00). Thus, u is locally
bounded in R” x [0, 00) and a subsolution of (C) by Proposition 4.10.

The proof is completed by showing that u is a supersolution of (C). To do this, we
argue by contradiction, and therefore we suppose that u is not a supersolution of (C).
Then we may choose a function ¢ € C*(R™ x (0,00)) such that u — ¢ attains a strict
minimum at some (y,s) € R™ x (0,00) and ¢:(y,s) + H(y, Dp(y,s)) < 0. We may
assume that (v — ¢)(y, s) = 0 by adding some constant to ¢.

We now prove that u(y, s) = é(y, s) < g(y, s). Noting that u < g, we deduce ¢ < g
in R™ x (0, 00). Assume that u(y, s) = g(y, s). Then g — ¢ attains a minimum at (y, s).
Noting that g is a supersolution of (C), we obtain 0 < ¢;(y, s) + H(y, Dé(y, s)), which
contradicts the above.

Set g = (g — ¢)(y,s) > 0. By the continuity of ¢ — ¢ and H, there exists r > 0
such that

g(x,t) > oz, t) + % for all (z,t) € B(y,r) x (s —r,s+ 1),
o(z,t) + H(x, Do(z,t)) <0 for all (x,t) € B(y,r) X (s —r,s+7).

Set U = B(y,r) x (s —r,s+r) and € = £ min{eg, mingy (u — ¢)(z,t)} > 0. We define
the function @ : R x [0,00) — R by

(1) = max{u(z,t), ¢(z,t) + e} for (z,t) € B(y,r) x (s —r,s+ 1),
() otherwise.

It is clear that 4 € C(R" x [0,00)), u < @ and f < @ < g in R™ x [0,00). Besides,
u(y, s) > u(y, s) and @ is a subsolution of (C), which contradicts the definition of u. [
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