RANDOMIZATIONS OF SCATTERED SENTENCES
H. JEROME KEISLER

ABSTRACT. In 1970, Morley introduced the notion of a sentence ¢ of the infinitary logic
L., ., being scattered. He showed that if ¢ is scattered then the class I(¢) of isomorphism
types of countable models of ¢ has cardinality at most Ny, and if ¢ is not scattered then
I(¢p) has cardinality continuum. The absolute form of Vaught’s conjecture for ¢ says that
if ¢ is scattered then I(y) is countable. Generalizing previous work of Ben Yaacov and
the author, we introduce here the notion of a separable randomization of ¢, which is a
separable continuous structure whose elements are random elements of countable models
of . We improve a result by Andrews and the author, showing that if () is countable
then ¢ has few separable randomizations, that is, every separable randomization of ¢
is isomorphic to a very simple structure called a basic randomization. We also show
that if ¢ has few separable randomizations, then ¢ is scattered. Hence if the absolute
Vaught conjecture holds for ¢, then ¢ has few separable randomizations if and only if
I(¢p) is countable, and also if and only if ¢ is scattered. Moreover, assuming Martin’s
axiom for Wi, we show that if ¢ is scattered then ¢ has few separable randomizations.

1. INTRODUCTION

The notion of a scattered sentence ¢ of the infinitary logic L, . was introduced by
Michael Morley [13] in connection with Vaught’s conjecture. The notion of a random-
ization was introduced by the author in [10] and developed in the setting of continuous
model theory by Itai Ben Yaacov and the author in [6]. The pure randomization the-
ory is a continuous theory with a sort K for random elements and a sort E for events,
and a set of axioms that say that there is an event corresponding to each first order for-
mula with random elements in its argument places, and there is an atomless probability
measure on the events. By a separable randomization of a first order theory T" we
mean a separable model of the pure randomization theory in which each axiom of T" has
probability one.

In [1], Uri Andrews and the author showed that if 7" is a complete theory with at
most countably many countable models up to isomorphism, then 7" has few separable
randomizations, which means that all of its separable randomizations are very simple
in a sense explained below. In this paper we generalize that result by replacing the
theory T with an infinitary sentence ¢, and establish relationships between sentences
with countably many countable models, scattered sentences, sentences with few separable
randomizations, and Vaught’s conjecture.
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Let ¢ be a sentence of L, whose models have at least two elements, and let /() be
the class of isomorphism types of countable models of . In [13], Morley showed that if
p is scattered then I(p) has cardinality at most Ny, and if ¢ is not scattered then ()
has cardinality continuum. The absolute form of Vaught’s conjecture for ¢ says that if
 is scattered then I(¢p) is at most countable.

In the version of continuous model theory developed in [5], the universe of a structure
is a complete metric space with distance playing the role of equality, and formulas take
values in the unit interval [0, 1] with O interpreted as true. A model is separable if its
universe has a countable dense subset. The randomization signature L has two
sorts, K for random elements and E for events. L% has a function symbol [¢(+)] of sort
K" — E for each first order formula ¢(¢) with n free variables. The continuous term
[¢(F)] is interpreted as the event that the formula (%) is satisfied by the n-tuple f of
random elements. In the event sort E, L¥ has the Boolean operations and a predicate .
The continuous formula p(E) takes values in [0, 1] and is interpreted as the probability
of the event E.

In Theorem 5.1 we show that in any separable model of the pure randomization the-
ory, the function [¢)(-)] can be extended in a natural way from the case that v (¥) is
a first order formula to the case that ¢ (v) is a formula of L,,,. We can then define a
separable randomization of an infinitary sentence ¢ to be a separable model of the
pure randomization theory in which [¢] has probability one.

A basic randomization of ¢ is a very simple kind of separable randomization of
¢ that is determined up to isomorphism by taking a countable subset J C I(y) and
assigning a probability p(j) to each j € J. A basic randomization of ¢ has a model
M; of isomorphism type j for each j € J, and a partition of [0, 1) into Borel sets B; of
measure p(j). The events are the Borel subsets of [0, 1) with the usual measure, and the
random elements are the Borel functions that send B; into M; for each j € J.

We say that ¢ has few separable randomizations if every separable randomization
of ¢ is isomorphic to a basic randomization of ¢.

In Theorem 9.6, we show that if () is countable, then ¢ has few separable random-
izations. In Theorem 10.1 we show that if ¢ has few separable randomizations, then ¢
is scattered. Therefore, if the absolute form of Vaught’s conjecture holds for ¢, then ¢
has few separable randomizations if and only if () is countable, and also if and only
if ¢ is scattered. In Theorem 10.3 we show that if Martin’s axiom for ¥; holds and ¢ is
scattered, then ¢ has few separable randomizations.

Section 2 reviews some results we need in the literature about scattered sentences
and Vaught’s conjecture. Section 3 contains a review of some previous results about
randomizations. In Section 4 we introduce the basic randomizations of ¢. In Section
5 we introduce the separable randomizations of ¢. In Section 6 we develop a key tool
for constructing separable randomizations, called a countable generator, and in Section
7 we show that every separable randomization of ¢ is isomorphic to one that can be
constructed in that way. In Section 8 we show that every separable randomization of ¢
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can be elementarily embedded in some basic randomization if and only if only countably
many first order types are realized in countable models of ¢. The methods developed
in Sections 6 through 8 are used to prove our main results are in Sections 9 and 10. In
Section 11 we list some open questions that are related to our results.

2. SCATTERED SENTENCES

We fix a countable! first order signature L, and all first order structures mentioned
are understood to have signature L. We refer to [9] for the infinitary logic L,,. Note
in particular that every formula of L, has at most finitely many free variables. By
a countable fragment L, of L, , we mean a countable set of formulas of L,,, that
contains the first order formulas and is closed under subformulas, finite Boolean combi-
nations, quantifiers, and change of free variables.

In general, the class of countable first order structures is a proper class. To avoid this
problem, let M((L) be the class of countable structures with signature L, whose universe
is N or an initial segment of N. Then M(L) is a set, and every countable structure is
isomorphic to some element of M(L). We define the isomorphism type of a countable
structure M to be the set of all H € M(L) such that H is isomorphic to M.

Consider a sentence ¢ of L, that has at least one model. By the Léwenheim-Skolem
Theorem, ¢ has at least one countable model. We let I(¢) be the set of all isomorphism
types of countable models of . By a Scott sentence for a countable structure M we
mean an L, sentence § such that M |= 6, and every countable model of 6 is isomorphic
to M.

Result 2.1. (Scott’s Theorem, [15]) Every countable structure has a Scott sentence.

We let I be the set of all isomorphism types of countable structures of cardinality > 2.
Thus I = I((3z)(Jy)x # y). For each i € I, we choose once and for all a Scott sentence 6;
for the countable models of isomorphism type i. We say that two countable L-structures
M, IH are a-equivalent if they satisfy the same L, ,-sentences of quantifier rank at most
a. By Scott’s theorem, M and H are isomorphic if and only if they are a-equivalent for
all countable a.

Several equivalent characterizations of scattered sentences were given in [4]. We will
take one of these as our definition.

Definition 2.2. An L, , sentence ¢ is scattered if for each countable ordinal «, there
are at most countably many a-equivalence classes of countable models of . A first order
theory T' is scattered if the sentence A T is scattered.

Result 2.3. (Morley [13]) If ¢ is scattered then I(y) has cardinality at most Ry, and if
¢ 1is not scattered than 1(p) has cardinality 2%°.

"n this paper, “countable” means “of cardinality at most Ng”.
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The Vaught conjecture for ¢ ([18]) says that I(y) is either countable or has car-
dinality 2%. The absolute Vaught conjecture for ¢ (see Steel [17]) says that if ¢ is
scattered, then I(yp) is countable. It is called absolute because its truth does not depend
on the underlying model of ZFC'. In ZFC + GCH the Vaught conjecture trivially holds
for all ¢. In ZFC + - CH, the absolute Vaught conjecture for ¢ is equivalent to the
Vaught conjecture for ¢.

Definition 2.4. (Morley [13]) An enumerated structure (M, a) is a countable struc-
ture M with signature L together with a mapping a from N onto the universe M of
M.

Consider a countable fragment L4 and an enumerated structure (M, a). We take 254
to be the Polish space whose elements are the functions from Ly4 into {0,1}. We say that
a point t € 24 codes (M, a) if for each formula ¢ € L4 with at most the free variables
Vo, - -5 Un_1, t(1) = 0 if and only if M = 9(ay,...,a,_1). Note that each enumerated
structure is coded by a unique t € 24,

The lemma below is a variant of Theorem 3.3 in [4], and follows from its proof.

Lemma 2.5. Let ¢ be a sentence of L,,. The following are equivalent:

(i) ¢ is not scattered.

(ii) There is a countable fragment L, of Ly, and a perfect set P C 24 such that
each t € P codes an enumerated model (M(t),a(t)) of ¢, and if s # t in P then
M(s) and M(t) do not satisfy the same L a-sentences.

3. RANDOMIZATIONS OF THEORIES

3.1. Continuous Structures. We assume familiarity with the basic notions about con-
tinuous model theory as developed in [5]. We give some brief reminders here.

In continuous model theory, the universe of a structure is a complete metric space, and
the universe of a pre-structure is a pseudo-metric space. A structure (or pre-structure) is
said to be separable if its universe is a separable metric space (or pseudo-metric space).
Formulas take truth values in [0, 1], and are built from atomic formulas using continuous
connectives on [0, 1] and the quantifiers sup, inf. The value 0 in interpreted as truth, and
a model of a set U of sentences is a continuous structure in which each ® € U has truth
value 0.

We extend the notions of embedding and elementary embedding to pre-structures in
the natural way. Given pre-structures P, N, we write h : P < N (h is an elementary
embedding) if h preserves the truth values of all formulas. If h: P < N where h is
the inclusion mapping, we write P < N and say that P is an elementary submodel
of N (leaving off the ‘pre-’ for brevity). If h: P < N, h preserves distance but is not
necessarily one-to-one. Note that compositions of elementary embeddings are elementary
embeddings. We write h: P = N if h : P < N and every element of N is at distance
zero from some element of h(P). We say that P and N are isomorphic, and write
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P =N, if h: P = N for some h. By Remark 2.4 of [1], = is an equivalence relation on
pre-structures.

We call N a reduction of P if N is obtained from P by identifying elements at distance
zero, and call N a completion of P if N is a structure obtained from a reduction of
P by completing the metrics. Every pre-structure has a reduction, that is unique up
to isomorphism. The mapping that identifies elements at distance zero is called the
reduction mapping, and is an isomorphism from a pre-structure onto its reduction.
Similarly, every pre-structure P has a completion, that is unique up to isomorphism, and
the reduction map is an elementary embedding of P into its completion.

Following [6], we say that P is pre-complete if the metrics in a reduction of P are
already complete. Thus if P is pre-complete, the reductions and completions of P are the
same, and P is isomorphic to its completion.

3.2. Randomizations. We assume that:

e [ is a countable first order signature.

e T is the theory with the single axiom (3x)(Jy)z # y.
e T is a theory with signature L that contains T5.

e ¢ is a sentence of L, that implies 75.

Note that T3 is just the theory whose models have at least two elements, and I(p) C
I(Ty) = I. The randomization theory of T' is a continuous theory T whose signature
L has two sorts, a sort K for random elements of models of T', and a sort [E for events in
an underlying probability space. The probability of the event that a first order formula
holds for a tuple of random elements will be expressible by a formula of continuous logic.
The signature L® has an n-ary function symbol [#(-)] of sort K™ — E for each first order
formula 6 of L with n free variables, a [0, 1]-valued unary predicate symbol p of sort E
for probability, and the Boolean operations T, L,M, LI, = of sort E. The signature L
also has distance predicates di of sort E and dx of sort K. In Lf, we use B,C, ... for
variables or parameters of sort E, and B = C means dg(B,C) = 0. For readability we
write V, 3 for sup, inf.
The axioms of T, which are taken from [6], are as follows:

Validity Axioms
VE([(Z)] =T)
where V7 (%) is logically valid in first order logic.
Boolean Azxioms The usual Boolean algebra axioms in sort [E, and the statements

vE([(=6)(@)] = ~[6(@)])
VE([(e vV )(@)] = [0(Z)] U [4(D)])
VEZ([(0 A)(@)] = [0()] N [ (D)])

Distance Axioms

VaVydg(z,y) =1 —plr=y],  VBVCdg(B,C) = pu(BAC)
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Fullness Axzioms (or Mazimal Principle)

Vy3x([0(z, ¥)] = [(3z0)(H)])
Event Aziom
VB3zJy(B = [z = y])

Measure Axioms

plTl=1Ap[L]=0
VBVC(u[B] + u[C] = p[BUC]+p[BMC))

Atomless Aziom
VB3C(u[B M C| = pu[B]/2)

Transfer Azioms

[o1=T
where § € T.

By a separable randomization of 7" we mean a separable pre-model of T#. In this
paper we will focus on the pure randomization theory 7. T has the single transfer
axiom [(3z)(Jy)z # y] = T. Note that for any theory T' D Ty, any model of T is a
model of the pure randomization theory. By a separable randomization we mean a
separable randomization of T4*. A separable randomization is called complete if it is a
model of T}, and pre-complete if it is a pre-complete model of T3*.

We will use M, H to denote models of Ty with signature L, and use N and P to denote
models or pre-models of T with signature L®. The universe of M will be denoted by
M. A pre-model of T will be a pair N = (X, &) where X is the part of sort K and € is
the part of sort E. We write [0(£)]" for the interpretation of [0(#)] in a pre-structure N
at a tuple f, and write [(f)] for [6(F)]Y when N is clear from the context.

Result 3.1. (6], Theorem 2.7) Every model or pre-complete model N = (X, &) of T
has perfect witnesses, 1i.e.,
(i) for each first order formula 6(x,y) and each g in K™ there ezists £ € K such that

[0(f, )] = [(C=0)(&)];
(i1) for each B € & there exist f,g € K such that B = [f = g].

We let £ be the family of Borel subsets of [0,1), and let ([0,1),£,)) be the usual
probability space, where A is the restriction of Lebesgue measure to £. We let M%) be
the set of functions with countable range from [0, 1) into M such that the inverse image

of any element of M belongs to £. The elements of M®") are called random elements
of M.
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Definition 3.2. The Borel randomization of M is the pre-structure (MY, £) for
L*® whose universe of sort K is M[%!) whose universe of sort E is £, whose measure /i is
given by p(B) = A(B) for each B € £, and whose [¢(+)] functions are

[V (E)] = {t € [0,1) : M |= & (£(1)) ).

(So [¢(f)] € £ for each first order formula (%) and tuple f in MOD). TIts distance
predicates are defined by

dx(B,C) = u(BAC), dk(f,g) = u([f # g]),
where A is the symmetric difference operation.

Result 3.3. ([6], Corollary 3.6) Every Borel randomization of a countable model of Ty is
a pre-complete separable randomization (in other words, a pre-complete separable model

of T).
Result 3.4. ([1], Theorem 4.5) Suppose N is pre-complete and elementarily embeddable

in the Borel randomization (MI%Y), L) of a countable model of Ty. Then N is isomorphic
to an elementary submodel of (MY, L) whose event sort is all of L.

4. BAsic RANDOMIZATIONS

Basic randomizations are generalizations of Borel randomizations. They are very sim-
ple continuous pre-structures of sort L¥. Intuitively, a basic randomization is a combi-
nation of countably many Borel randomizations of first order structures. [1] considered
basic randomizations that are combinations of Borel randomizations of models of a single
complete theory T', and called them called product randomizations.

Definition 4.1. Suppose that
e J is a countable subset of [;
e [0,1) = UjEJ B, is a partition of [0,1) into Borel sets of positive measure;
e for each j € J, M, has isomorphism type j;
o [[ic; M?j is the set of all functions f: [0,1) — [J;.; M; such that for all j € J,
(Vt € Bj)f(t) € M; and (Va € M;){t € B;: f(t) =a} € L;

e ([Les M}Bj,ﬁ) is the pre-structure for L whose whose measure and distance
functions are as in Definition 3.2. and [[¢(-)] functions are

[w(®)] = (J{t €B;: M,  w(E(1)},
jed
(ILics MP, L) is called a basic randomization. Given a basic randomization, we let

M; = M; whenever j € J and ¢ € B;. By a basic randomization of ¢ we mean a
basic randomization such that M; |= ¢ for each j € J.

Remark 4.2.
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(1) In a basic randomization, the set U <y M; is countable, so each f € [] B”

has countable range.

(2) If M; = H; for each j € J, then (HjGJM L) = ([Le, 37, L)

(3) Every basic randomization ([];, M;B , L) is isomorphic to a basm randomization
(ITes U-C?j,L) such that for each j € J, H; € M(L) (so the universe of H; is N
or an initial segment of N).

(4) If M; < 3 for each j € J, then ([, M?j,L) =< (Ies }C?j,i]). (In this part
we do not require that J; has isomorphism type j).

jGJ

Lemma 4.3. Every basic randomization P = ([];.; M?j,L) is a pre-model of the pure
randomization theory.

Proof. All of the axioms for T except the Fullness Axioms hold trivially. Therefore P

is a pseudo-metric space in both sorts. By Result 3.3, (Mg-o’l),L) satisfies the Fullness
Axioms for each j € J, and it follows easily that P also satisfies the Fullness Axioms,

and thus is a pre-model of TQR. .
We next introduce useful mappings from a basic randomization (][ ij , L) to the

Borel randomizations (Mg-o’l), L).

jeJ

Definition 4.4. Suppose B € £ and A\(B) > 0. We say that a mapping ¢ stretches B
to [0,1) if £ is a Borel bijection from B to [0,1), ¢~! is also Borel, and for each Borel set
A C B/ A((A)) = AA)/A(B).

Let P = ([[e, M?j,ﬁ) be a basic randomization, and for each j € J, choose an /;
that stretches B; to [0, 1). Define the mapping ¢;: P — (ME-O’U,L) by

() () = £ (1), 4;(E) = (;(B; NE).
Remark 4.5. Let P = ([, M?j, L) be a basic randomization.
(1) For each j € J, there exists a mapping ¢; that stretches B; to [0, 1).
(2) ¢; maps P onto P, := (Mg-o’l), L).
(3) For each first order formula 1/1(*) and tuple f of elements of P of sort K.

= > ABHA[ (],

jeJ

(4) dL(f,8) = 3,0, AB))dy (4;(£), £;(g))-

Proof. Since v(A) = A(A)/A(B,) is a probability measure on Bj, (1) follows from Theorem
17.41 in [8]. (2)-(4) are clear m;

The following result is a generalization of Theorem 7.3 of [1], but the proof we give
here is different.
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Theorem 4.6. Fvery basic randomization is pre-complete and separable.

Proof. Let P = (I, M?j,L) be a basic randomization. By Result 3.3, P is separable

and pre-complete in the event sort. For each j € J, pick a mapping ¢; that stretches B;
to [0,1). Pick an element a € [, M?j.

Separability in sort K: By 3.3, for each j € J, there is a countable set C; that is dense
in ME-O’D. For each finite F' C J, let Dp be the set of all f such that for all j € F, f

agrees with some element of Ej’le on Bj, and f agrees with a on [0,1) \ |J,c B;. Then
D = U Dr is a countable subset of [];.; M?j. For each € > 0, there is a finite ' C J
such that > pi(B;) > 1—e. It follows that for each g € [, M?j, there exists f € Dp
such that for each j € F, dx(¢;(f),¢;(g)) < ¢/(|F| + 1), and therefore by Remark 4.5,
di(f,g) < 2¢. Hence D is dense in [],; M?j.

Pre-completeness in sort K: Suppose that (f,),en is a Cauchy sequence of sort K. By
Remark 4.5, for each j € J, (¢;(f,))nen is a Cauchy sequence in ME»O’U. By Result 3.3,
Mgo,n is pre-complete, so there exists g; in ME»O’D such that lim,,_, dx(¢;(f,),g;) = 0.
Let g be the function that agrees with Ej’lgj on B; for each j € J. Then g; = ¢;(g))
for each j € J, so lim,_,« dx(¢;(f,),¢;(g)) = 0. By Remark 4.5, lim,,_, dx(f,,g) = 0 in
P. m,

Definition 4.7. By a probability density function on / we mean a function p: I —
[0, 1] such that p(i) = 0 for all but countably many ¢ € I, and >, p(i) = 1.

For each basic randomization P = ([[,c, .M]Bj, L), the function p(i) = \(B;) for i € J,
and p(i) =0 for i € I\ J, is called the density function of P.

Remark 4.8. It easily seen that p is a probability density function on I if and only if p
is the density function of some basic randomization.

The following result is a generalization of Theorem 7.5 of [1], and is proved in the same
way.

Theorem 4.9. Two basic randomizations are isomorphic if and only if they have the
same density function.

If a continuous structure N is isomorphic to a basic randomization P, the density
function of P is also called a density function of N. Thus such an N has a unique density
function, which characterizes N up to isomorphism.

5. EVENTS DEFINED BY INFINITARY FORMULAS

In this section we consider arbitrary complete separable randomizations. By definition,
each complete separable randomization has an event function [¢)(-)]" of sort K® — E for
each first order formula ¢ (v) with n free variables. The following theorem extends this
to the case where 9 (?) is a formula of the infinitary logic Ly,..
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Theorem 5.1. Let N = (K, &) be a complete separable randomization, and let V,, be
the class of L. formulas with n free variables. There is a unique family of functions
[V, v € U, ¥, such that:
(i) When ¢ € U, [w()]N: K™ — €.
(i) When v is a first order formula, [ (-)]Y is the usual event function for the struc-
ture N.

(i) [T = - )

(iv) [ \/wg)( B = [ ()] U [ ().

(V) Vi r(E)] = supy[vu(f £,

(vi) [(Gu)0(u, )Y = supgex[0(g, DI
Moreover, for each v € V,,, the function [¢(-)]N is Lipschitz continuous with bound one,
that is, for any pair of n-tuples F h € X" we have

de ([, [w0)]Y) < > di(fin, hyn).

m<n

Proof. We argue by induction on the complexity of formulas. Assume that the result
holds for all subformulas of . If ¢ is a first order formula or a negation or finite
disjunction, it is clear that the result holds for .

Suppose ¢ = \/, ¥. We show that the supremum exists. For each m € N we have

[\ o1 = || v

This is increasing in k, so by the completeness of the metric dg on €, limy_, o [[\/?:0 Wi (F)N

exists and is equal to supy [[wk(F )]. By hypothesis, the Lipschitz condition holds for each
Y. It follows that the Lipschitz condition also holds for .

Now suppose (¥) = (Ju)0(u, ). We again show first that the supremum exists. By
separability, there is a countable dense subset D = {d: k € N} of K. It follows from the
axioms of T that there is a sequence (g)ren of elements of X such that gy = dy and

for each k, g1 agrees with g, on the event [0(gy, f )] and agrees with d; elsewhere.
Then for each m € N we have

0(gm, f Uw%

So whenever £ < m, we have

[0(gr. I T [0(gm. D,
and hence _ .
E:= kh_{glo[[e(gka f)]]N = Sup[[e(gka f)]]N

keN
exists in €.
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Consider any h € K. To show that the supremum Supheg{[[ﬁ(h,f')]]N exists in &, it
suffices to show that [0(h,f)]N C E, because it will then follow that E is the desired

supremum. Let ¢ > 0. For some k € N we have dg(dy, h) < . Moreover,
[di = h A O(h, £)]Y = [dy = h A 0(di, )] C [0(gi F)]¥ CE.
Then
[6(h, £)]Y 1 —E C [dy # h]",
SO
u([0(h, Y] M =E) < u([dy. # h]") = die(dy, h) < e.

Since this holds for all & > 0, we have [6(h, )] C E.

To prove the Lipschitz condition for v, we consider a pair of n-tuples f , h € K" By
the preceding paragraph we have

[w(E)] = Jim [6(gy, BN, [vm)] = lim [6(gx, h)]™.
500 k—o0
Therefore for each ¢ > 0 there exists & € N such that

di([6(g O, [EO) <&, de([0(ge W], [0)]Y) < &
By the Lipschitz condition for §(u, ¥) we have
ds ([0(gx, DT, [0(g, IY) < ZdK
<n
Then by the triangle inequality, for every ¢ > 0 we have

de ([ (O, de([v DY) < Y du(f), hy) + 2e,

<n
SO

de([OF, de([E]) < 3 de(f,

i<n

N,

Remark 5.2. The proof of Theorem 5.1 only used the metric completeness of the sort
E part of N. Hence the result also holds in the case that N is a separable randomization
that has a metric in sort K and a complete metric in sort E.

Corollary 5.3. Suppose that N, P are complete separable randomizations and h : N =2 P.
Then for every L., formula 1(T) and every tuple f of sort K in N, we have h([(f)]Y) =

[o(hE)]".
Proof. By Theorem 5.1 and an easy induction on the complexity of ). [P
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When P is a pre-complete separable randomization, h is the reduction map from P
onto its completion N, and (%) is a formula of Ly, then [(hf)]" is uniquely defined

-

by Theorem 5.1. In that case, we will sometimes abuse notation and write u([1(f)]%)

for pu([eo (RE)I™).

We can now define the notion of a separable randomization of ¢.

Definition 5.4. We say that N is a complete separable randomization of ¢ if
N is a complete separable randomization such that [¢]" is the true event T. We call
P a separable randomization of ¢ if the completion of P is a complete separable
randomization of ¢. We say that ¢ has few separable randomizations if every
complete separable randomization of ¢ is isomorphic to a basic randomization.

Thus when ¢ has few separable randomizations, each complete separable randomiza-
tion N of ¢ has a unique density function p, and p characterizes N up to isomorphism.

Corollary 5.5. Let P = ([,
let h: P = N be the reduction map. For each Ly, formula (V) and tuple f in II
[(hE)]YN is the reduction of the event

UJ{t € B M = o (f(1)}

jed

M?CL) be a basic randomization with completion N, and
M
¥l )

jeJ

Hence P is a basic randomization of ¢ if and only if P is a basic randomization and P is
a separable randomization of .

Proof. In the case that 1 (¥) is an atomic formula, the result holds by definition. A routine
induction on the complexity of formulas gives the result for arbitrary L, formulas. ;s

Note that the complete separable randomizations of the sentence AT are exactly
the separable models of the continuous theory T%. With more overhead, we could have
taken an alternative approach in which the complete separable randomizations of an L,
sentence ¢ are exactly the separable models of a theory ¢ in an infinitary continuous
logic such as the logic in [7]. The idea would be to consider a countable fragment L4 of
Ly, and have the randomization signature (L4)" contain a function symbol [[1(-)] for
each formula ¢ (7) of Ls. Then Theorem 5.1 shows that every separable randomization
can be expanded in a unique way to a model with the signature (L4)" that satisfies the
infinitary sentences corresponding to the conditions (i)—(v). In this approach, ¢® would
be the theory in infinitary continuous logic with the axioms of the pure randomization
theory plus the above infinitary sentences and an axiom stating that [¢] = T.

6. COUNTABLE GENERATORS OF RANDOMIZATIONS

In this section we give a general method of constructing pre-complete separable ran-
domizations. In the next section we will show that every pre-complete separable ran-
domization is isomorphic to one that can be constructed in that way.
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Definition 6.1. Assume that (€2, €, v) is an atomless probability space such that the
metric space (€, dg) is separable, and for each ¢ € {2, M, is a countable model of T5.
A countable generator (in (M;)icq over (£2,&,v)) is a countable set C' of elements
c € [[,cq M, such that:
(a) My ={c(t): c € C} for each t € Q, and
(b) For every first order atomic formula (%) and tuple b in C,

{teQ: M, Evb@)}e e
Theorem 6.2. Let C' be a countable generator in (My)icq over (2,E,v). There is a
unique pre-structure P(C) = (XK, €) such that:

(c) X is the set of all f € [[,cq My such that {t € Q: f(t) = c(t)} € € for each c € C;
(d) T,L,U,M, = are the usual Boolean operations on &, and u is the measure v;

(e) for each first order formula (%) and tuple f in K, we have

[6(E)] = {t € Q1 M = w(ED)}:
(£) de(B,C) = v(BAC), d(f.g) = u([f # g]).

Moreover, P(C') is a pre-complete separable randomization.

Proof of Theorem 6.2. 1t is clear that P(C') is unique. We first show by induction on the
complexity of formulas that condition (b) holds for all first order formulas ¢). The steps

for logical connectives are trivial. For the quantifier step, suppose (b) holds for ¢ (u, ¥/).
Then by (a) and (c)—(f),

[Bu)(u, )] = {t: My | (Fu)eb(u, b(t >>} = {t: (3c € MM, = (e, b(t))} =
= {t: (3c € OV |= e(c(t), b))} = (J[¥(e, b)] € &,

ceC
o (b) holds for (3u)y(u, ). By the definition of K, for each tuple g in K and b in C,
we have [g = b] € €. Then for every first order formula v (%) and tuple g in K,

gl = U{[[@/J(B) Ag=b]: bis a tuple in C}.
We therefore have

(b’) For each first order formula (%) and tuple g in X, [ (g)] € €.

This shows that P(C) is a pre-structure with signature L.

It is easily seen that P(C') satisfies all the axioms of T except possibly the Fullness
and Event Axioms. We next show that P(C) has perfect witnesses. Once this is done,
it follows at once that P(C) also satisfies the Fullness and Event Axioms, and hence is a
pre-model of T

Consider a first order formula ¥ (u, ¢) and a tuple g in K. For each t € 2, there is a
least n(t) € N such that M; = (Ju)v(u,&(t)) — ¥ (cnw)(t),g(t)). Since (b) holds and

—»
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C C X, the function f such that f(t) := c,«)(t) belongs to X. Therefore

[v(f,€)] = [(Fu)¢(u, &)
Now consider an event E € €. Since each M; |= Ty, we have [(Ju)u # co] = T. Therefore
there exists f € K such that [f # c¢] = T. Then the function g such that g(t) = f(¢) for
t € E and g(t) = co(t) for t ¢ E belongs to K, and [f = g] = E. This shows that P(C)
has perfect witnesses, so P(C) is a pre-model of T,

We now show that P(C') is pre-complete. This means that when d is either dx or dg, for
every Cauchy sequence (x,),eny With respect to d, there exists x such that d(z,,z) — 0
as n — oo. This is clear for dg because (€, €, ) is countably additive. Suppose (f,),en
is a Cauchy sequence for dgx. Let C' = {c;: k € N}, and C,,, = {co,...,c}. For each
k € N, ([f, = ci])nen is a Cauchy sequence with respect to dg. Therefore there exists
Br € € such that lim,, . dg([f, = cx], Bx) = 0. Then u(By) = lim,, o u([f, = ci])). We
now cut the sets By down to disjoint sets with the same unions. Let Ay = By, and for
each m, let A, 11 = By, \ U~ Bk Note that for all m,

UAc={JBe, A:CBi, (VE<m)AiNA, =0
k=0 k=0

Claim. p(UJ;—,Ax) = L.

Proof of Claim: Fix an ¢ > 0. We show that there exists m such that p(UJ;-, Bx) >
1 —e. Note that for each m,

n((J Be) = lim u([f, € Cu]).

k=0
Therefore it suffices to show that

(3m)(Vn)u([f, € Cp]) > 1 —¢.
Suppose this is not true. Then

(Vm)(3n) u([f. ¢ Cin]) = ¢
Since C' = J,, Cn,
(vn)(3h) (£, € Cul) > 1—¢/2,
SO
(Vm)(3n)(Bh)u([f, € (Cu \ Cw)]) = €/2.
It follows that there are sequences ng < nqy < ... and mg < my < ... such that

(VR) ([ € (Conieys \ Oy )]) 2 €/2.

Therefore
(VE)(Vh > k)dk(f,,,f.,) > </2.
This contradicts the fact that (f,),cn is a Cauchy sequence, and the Claim is proved.
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By Condition (c), there is an f in P(C') such that f agrees with ¢, on Ay for each
k € N. For each n and h we have

dic (£, £) = p([f2 # £1) = Y pl[fn # FI 0 A =D pl[fn # el NAL) <

<>l # el A+ u(J A <37 ([fa # el N By + (| Av)

k>h k>h

B

<Y da([fa = e, Be) + u(| Av)-
=0 k>h
By the Claim, for each ¢ > 0 we may take h such that u(J,.,Ax) < /2. For all

sufficiently large n we have

o

> " de([f, = ci] . Br) < /2,

and hence dg(f,,f) < e. It follows that lim, . dx(f,,f) = 0, so P(C) is pre-complete.
We have not yet used the hypothesis that (€, dg) is separable. We use it now to show
that P(C) is separable. The Boolean algebra € has a countable subalgebra €y such that
&0 is dense with respect to dg, and [¢(b)] € & for each first order formula (%) and
tuple b in C. Let D be the set of all f € K such that for some k € N, [f € C,] = T and
[f =c.] € & for all n < k. Then D is countable and D is dense in KX with respect to

dg, so P(C) is separable. W

Remark 6.3. Suppose C is a countable generator in (M;);cq over (€2, E,v), and let
P(C) = (K, E). Then:
(1) C CX.
(2) If C € D C X and D is countable, then D is a countable generator in (M;);cq.
(3) For each t € Q, M, = {f(t): f € K}.
(4) If M; = K, for all ¢, then there is a countable generator D in (H;);cq such that
P(D) = P(0).

Proof. We prove (4). For each ¢, choose an isomorphism h;: M; = H,. For each ¢ € C,
define hc by (hc)(t) = hi(c(t)) and let D = {hc: ¢ € C}. Then D is a countable
generator in (H;);eq and P(D) = P(C). [

The next corollary connects countable generators to basic randomizations.

Corollary 6.4. Let N = (Hjej
(i) There is a countable generator C' in (My)icp,1y over ([0,1),L,A) such that C' C

[T, M.
(ii) If C is as in (i), then P(C) = N.

B; . oy
M7, L) be a basic randomization.
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(iii) If C' is a countable generator in (Hy)ieo1y over ([0,1),L, 1), C C ]
Hi < M, for all t, then P(C) < N.

B.
M7, and

Jj€J

Proof. (i) For each j € J, choose an enumerated structure (M;, a;o,a;1,...). Let C =
{c: n € N} where ¢, (t) = a;, whenever j € J and ¢t € B;. C has the required properties.

(ii) Let P(C) = (K, £). Since C' C [[,.,M;’, for all j € J,a € M, and ¢ € C we
have {t € B,: c(t) = a} € £. It follows that for each j € J and f,

(Vae M;){teB;: f(t) =a} € L& (Vee O){t € B;: f(t) =c(t)} € L.

Therefore X = [T,, M;”, and (ii) holds.

(iii) Let P(C) = (K, £L). For each f € X we have [0,1) = [ co{t: f(t) = c(t)}, and
{t: £(t) =c(t)} € £ for all c € C. Therefore X C [[,; M?j. Since H; < My, [ (+)] has
the same interpretation in P(C') as in N for every first order formula 1 (¥). Therefore

(XK, L) is a pre-substructure of N. By quantifier elimination (Theorem 2.9 of [6]) we have
P(C) < N. M.y

The next result gives a very useful “pointwise” characterization of the event correspond-
ing to an infinitary formula in a complete separable randomization that is isomorphic to

P(C).

Proposition 6.5. Suppose N is a complete separable randomization, C' is a countable
generator in (My)ieq over (2,E,v), and h : P(C) = N. Then for every L. formula
»(U) and tuple £ of sort K in P(C), we have

{t: M, =)y ee,  [ODOI = h({t: M w(E(0)}).
Moreover, N is a separable randomization of ¢ if and only if p({t: M, = ¢}) = 1.

Proof. This is proved by a straightforward induction on the complexity of ¢ (v) using
Theorems 5.1 and 6.2. N

7. A REPRESENTATION THEOREM

In this section we show that every complete separable randomization of ¢ is isomorphic
to P(C) for some countable generator C' in countable models of ¢.

We will use the following result, which is a consequence of Theorem 3.11 of [3], and
generalizes Proposition 2.1.10 of [2].

Proposition 7.1. For every pre-complete model N' of T, there is an atomless probability
space (2, €,v) and a family of models (My)icq of T such that N’ is isomorphic to a pre-
complete model N = (K, &) of T" such that X C [[,cq M: and N satisfies Conditions
(d), (e), and (f) of Theorem 6.2.

Proof. Proposition 2.1.10 of [2] gives this result in the case that T" is a complete theory,
with the additional conclusion that there is a single model M of T" such that M; < M
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for all + € Q 2. The same argument works in the general case, but without the model

M. P

Proposition 7.2. Suppose N’ is pre-complete and elementarily embeddable in a basic
randomization. Then N’ is isomorphic to a pre-complete elementary submodel N of a
basic randomization (Hjej M?j, L) such that the event sort of N is all of L. Moreover,

Conditions (d), (e), and (f) of Theorem 6.2 hold for N = (X, L) and ([[,¢, M?CL).
Proof. Suppose N = N" < ([ [, M?j,ﬁ). For each j € J, let {; be a mapping that
stretches B; to [0,1). Then ¢; maps N” onto a pre-complete elementary submodel N;
of (Mgp’l), £). By Result 3.4, N; is isomorphic to a pre-complete elementary submodel
of (Mg-o’l),ﬁ) with event sort £. Using the inverse mappings ﬁj_l, it follows that N” is
isomorphic to a pre-complete elementary submodel N = (X, L) < ([];c, M?j , L) with
event sort £. It is easily checked that N satisfies Conditions (d), (e), and (f) of Theorem
6.2. LD

Theorem 7.3. (Representation Theorem) Every pre-complete separable randomization
N of ¢ is isomorphic to P(C) for some countable generator C' in a family of countable
models of . Moreover, if N is elementarily embeddable in some basic randomization,
then C' can be taken to be over the probability space ([0,1),L, ).

Proof. Let N’ be a pre-complete separable randomization of ¢. By Proposition 7.1, there
is an atomless probability space (€2, E,r) and a family of models (M;);cq such that N’
is isomorphic to a pre-complete model N = (X, &) of T5* where X C [[,.q M; and N
satisfies Conditions (d), (e), and (f) of Theorem 6.2. If N’ is elementarily embeddable in
a basic randomization, then by Proposition 7.2, we may take (2, &,v) = ([0,1), L, \).

Since N is separable, there is a countable pre-structure (Jo, Ag) < N that is dense in
N. We will use an argument similar to the proofs of Lemmas 4.7 and 4.8 of [1]. By Result
3.1, N has perfect witnesses. Hence by listing the first order formulas, we can construct
a chain of countable pre-structures (d,,A,),n € N such that for each n:

L <8n>~An) g (3n+17‘An+1) g N7
e for each first order formula 6(u,v) and tuple g in J,, there exists f € J,,41 such
that

[0(f,8)] = [(Fud)(&)];
e For each B € A,, there exist f,g € J,41 such that B = [f = g].

The union

P=(3,4) = J@. A

n

2In [2], P is called a neat randomization of M
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is a countable dense elementary submodel of N that has perfect witnesses. Therefore for
each first order formula 6(u,v') and each tuple g in g, there exists f € J such that

[(3uw)o(u. &I = [Bu)o(u, g)]" = [0(f, &))" = [0(f, &)I™.
Since J is countable, there is an event E € € such that v(E) = 1 and for every tuple g in
J there exists £ € J so that

(Vt € E)M, |= [(Bu)f(u, &(1)) <> 0(£(2), €(1))].
For each t € Q let H; = {f(¢): f € J}. By the Tarski-Vaught test, we have H; < M,,
and hence H,; = T, for each t € E.

Pick a countable model 3 of . For any set D C E such that D € € and v(D) =1, let
CP be the set of all functions that agree with an element of J on D and take a constant
value in H on Q\ D. Let HP? = K, for t € D, and HP = H for t € Q\ D. Then HP is
a model of Ty for each t € , and CP is a countable generator in (HP)icq. By Theorem
6.2, P(CP) is a pre-complete separable randomization. The reduction of (J,.A) is dense
in the reductions of N and of P(CP), and both N and P(CP) are pre-complete. Therefore
N =~ P(CP).

In particular, CF is a countable generator in (HF)icq, and N = P(CF). Now let
D= {t € E: HF E ¢}. Since N is a pre-complete randomization of ¢, we see from
Proposition 6.5 that p(D) = 1. Then HP = ¢ for all t € Q, P(CP) ® N, and CP is a

countable generator in a family of countable models of . [

8. ELEMENTARY EMBEDDABILITY IN A BASIC RANDOMIZATION

Let S,,(T") be the set of first order n-types realized in countable models of T, and S, ()
be the set of first order types realized in countable models of ¢. Note that Sy(¢) =

{Th(M): M = ¢}
Theorem 3.12 in [6] and Proposition 5.7 in [1] show that:

Result 8.1. Let T be complete. The following are equivalent:
(i) U, Sn(T) is countable.

(ii) Ewvery complete separable randomization of T is elementarily embeddable in the
Borel randomization of a countable model of T'.
(iii) For every complete separable randomization N of T', n € N, and n-tuple £ of sort

K in N, there is a type p € Sp(T) such that p([A\ p()]Y) > 0.

In Theorem 8.3 below, we generalize this result by replacing a complete theory 7" and
a Borel randomization by an arbitrary L,,, sentence ¢ and a basic randomization.

We will use Proposition 6.2 of [1], which can be formulated as follows.
Result 8.2. Let T' be complete. The following are equivalent:

(i) N is a complete separable randomization of T and for each n and each n-tuple f

i X, quSn(T) 1(IA Q(F)]]N) =L
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(ii) N is elementarily embeddable in the Borel randomization of a countable model of

T.

Theorem 8.3. The following are equivalent:

(i) U, Su(e) is countable.
(ii) Ewvery complete separable randomization of ¢ is elementarily embeddable in a basic
randomization. .
(iii) For every complete separable randomization N of p, n € N, and n-tuple £ in K,

there is a type p € Sy(p) such that p([\ p(F)]Y) > 0.

In (ii), we do not know whether the basic randomization can be taken to be a basic
randomization of ¢.

Proof of Theorem 8.3. We first assume (i) and prove (ii). Let N be a complete separable
randomization of ¢. By Theorem 7.3, there is a countable generator C' in a family of
countable models (M;);cq of ¢ over an atomless probability space (€2, E,v), such that
N=PC) = (X,E). For each t € 2, M; is a countable model of ¢, so Th(M;) € Sy(p).
By (i), So() is countable. Let Br = {t € Q: M, = T'}. By Proposition 6.5, Br € €.
Let G = {T € Sy(¢): v(Br) > 0}, and consider any 7" € G. Let vr be the atomless
probability measure on (€2, £) such that vy(E) = v(ENBr)/v(Br). (Note that vy is the
conditional probability of v with respect to Br.) Let Ny be the structure (X, €) with the
probability measure v instead of v. Then Ny is a pre-complete separable randomization
of both ¢ and T'. Let S, = S,(T) N Sy(). Since S, () is countable, (V) V/ 5 A q(V)
is a sentence of L, and is a consequence of . Therefore

ve([(v9) \/ N\ a@]) = 1.
qESn
Then for every n-tuple f in X, > gesnr) V(A ¢(£)]) = 1. Hence by Result 8.2, there is
a countable model Hr of T" and an elementary embedding

hy: Np < (HY £).

Let {Ar: T € G} be a Borel partition of [0,1) such that A\(Ar) = v(Br) for each T.
Let J be the set of isomorphism types of the models {Hr: T € G}. For each T' € G
let H; = Hp, hj = hyp, and A; = Ap where j is the isomorphism type of Hp. Then
P = (Hjej fH?j,ﬁ) is a basic randomization. For each j € J, let ¢; be a mapping that
stretches A; to [0,1), and let ¢;: P — (ﬂ{][p’l),ﬁ) be the mapping defined in Definition
4.4. We then get an elementary embedding of N into P by sending each E € € to the set
Ujes ;' (h;(E)), and sending each f € X to the function that agrees with £;'(h;(f)) on
A; for each j € J.

We next assume (ii) and prove (iii). Let N = (X, €) be a complete separable random-

—

ization of ¢, and let f be an n-tuple in K. By (ii), there is an elementary embedding
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h from N into a basic randomization P = ([];.;, iHJAj, L). Then thereis a j € J and a

set B C A; such that A(B) > 0 and (hf) is constant on B. Let r = A(B). Let p be the

- -

type of h(f) in H;. Then for each 6(v) € p we have P = p([0(hf)]) > r. Since h is an

-

elementary embedding, for each 6 € p we have N |= p([0(f)]) > r. Therefore
- N . - N
p—t >
w(I\ p(OY) inf u([0(5)]7) = >0,

and (iii) is proved.

Finally, we assume that (i) fails and prove that (iii) fails. Since (i) fails, there exists
n such that S,(p) is uncountable. We introduce some notation. Let Ly be the set of
all atomic first order formulas. Let 270 be the Polish space whose elements are the
functions s: Ly — {0,1}. As in Section 2, we say that a point ¢ € 2° codes an
enumerated structure (M, a) if for each formula 6(vy, ..., v, 1) € Lo, t(6) = 0 if and only
if M = 0lag, .. .,a,_1]. We note for each ¢t € 250 any two enumerated structures that
are coded by ¢ are isomorphic. When t codes an enumerated structure, we choose one
and denote it by (M(%),a(t)). For each L, formula ¢ (vy,...,v,-1), let [¢)] be the set
of all t € 2L0 such that (M(t), a(t)) exists and M(t) = ¥lag(t), . .., an_1(t)].

Claim. There is a perfect set P C [p] such that for all s,¢ in P, we have

(M(s),a0(s), .. an-1(5)) = (M(t),ao(t),...,an_1(t))
if and only if s = ¢.

Proof of Claim: By Proposition 16.7 in [8], for each L, formula ¢, [¢(¥)] is a Borel
subset of 2%, In particular, [p] is Borel. Let E be the set of pairs (s,t) € [¢] X [p] such
that

(M(s),a0(s), ..., an_1(5)) = (M(t),ao(t),...,a,_1(t)).
E is obviously an equivalence relation on [p]. Since S, (¢) is uncountable, F has un-
countably many equivalence classes. We show that E is Borel. Let F' be the set of all
first order formulas 6(vy,...,v,_1). For each 6 € F', let

By ={(s,t) € [p] x [¢]: s € [0] <> ¢ < [0]}.

Since [¢] and [0] are Borel, Iy is Borel. Moreover, F' is countable, and £ = (\,cp Ep.
Therefore E is a Borel equivalence relation. By Silver’s theorem in [14], there is a perfect
set P C [¢p] such that whenever s,t € [p], we have (s,t) € E if and only if s = ¢, as
required in the Claim.

By Theorem 6.2 in [8], P has cardinality 2%. By the Borel Isomorphism Theorem
(15.6 in [8]), there is a Borel bijection § from [0,1) onto P whose inverse is also Borel.
Each s € P codes an enumerated model (M(s), a(s)) of ¢. For each t € [0,1) and n € N,
a,(B(t)) € M(B(t)), so for each n the composition ¢, = a, o f is a function such that
c,(t) € M(B(t)). Let C = {c,: n € N}. Then for each ¢, we have

{c(t): c € O} = {an(B(t)): n € N} = M(5(1)),
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so C satisfies Condition (a) of Definition 6.1.

We next show that C' is a countable generator. We will then show that the completion
of P(C) is a separable randomization of ¢ that is not elementarily embeddable in a basic
randomization.

For each 6 € Ly, the set

PNl0]={se P: M(s) E0ap(s),...,an_1(s)]}
is Borel. Since § and its inverse are Borel functions, it follows that

{t €[0,1): M(5(t)) E O(co(t),...,cn(t))} € L.
Thus C satisfies condition (b) of Definition 6.1, and hence is a countable generator in the
family (M(3()))tcp,1) of countable models of ¢ over the probability space ([0,1), £, \).
By Theorem 6.2 and Proposition 6.5, P(C) is a pre-complete separable randomization
of ¢. Then the completion N of P(C) is a complete separable randomization of ¢. By

the properties of P, for each first-order n-type p, there is at most one ¢ € [0, 1) such that
(co(t),...,cn1(t)) realizes p in M(B(t)). Then

u(I A\ pleo, - ca)) = 0.

Therefore N cannot be elementarily embeddable in a basic randomization. This shows
that (iii) fails, and completes the proof. [P

9. SENTENCES WITH FEW SEPARABLE RANDOMIZATIONS

In this section we show that any infinitary sentence that has only countably many
countable models has few separable randomizations (Theorem 9.6 below). We begin by
stating a result from [1].

Result 9.1. ([1], Theorem 6.3). If T is complete and I(T) is countable, then T has few
separable randomizations.

Theorem 9.6 below will generalize this result by replacing the complete theory 7' by
an arbitrary L, ., sentence .

The following lemma is a consequence of Theorem 7.6 in [1]. The underlying definitions
are somewhat different in [1], so for completeness we give a direct proof here.

Lemma 9.2. Let N = (KD, £) be the Borel randomization of a countable model H of
T,. Suppose My = H for each t € [0,1), and C is a countable generator in (Mg)icjon)
over ([0,1),£,X). Then P(C) = N.

Remark 9.3. In the special case that M; = M for all ¢ € [0,1) and C' C MV Corollary
6.4 and Remark 4.2 (ii) immediately give

P(C) = (MO £) =N,

This argument does not work in the general case, where the structures M; may vary with
t and there is no measurability requirement on the elements of C'.
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Proof of Lemma 9.2. Let P(C) = (4, L). Let H denote the universe of H. Let {f;, f,,...}
and {g, g5, ...} be countable dense subsets of J and HOD respectively.

Claim. There is a sequence (g;,gs,...) in J, and a sequence (f],f},...) in H®V, such
that the following statement S(n) holds for each n € N:

For all t € [0, 1),
(M, (F1, .. B, 81, -, 8a)(E) = (K, (F], .. .81, .,8)(D)).

Once the Claim is proved, it follows that for each first order formula v (u, v),

[(f, &))" = [(F, &)™,
and hence there is an isomorphism h: P(C') = N such that hA(E) = E for all E € £, and
h(f,) = £, and h(g,) = g/, for all n.

Proof of Claim: Note that the statement S(0) just says that M; = H for all t €
[0,1), and is true by hypothesis. Let n € N and assume that we already have functions
gl,..., 81 indand f, ... £ | in KOV such that the statement S(n — 1) holds. Thus
for each t € [0, 1), there is an isomorphism

ht : (Mta (f17 s afn—lv g1, - 7gn—l)(t)) = (g{a (f{7 s 7f7/1—17g,17 s 7gfn—1)(t))
We will find functions g, € ,f, € HI*V such that S(n) holds.
Let Z be the set of all isomorphism types of structures
(:H:, Aty ...,Qp_1, bl, e bnfl, a, b),

and for each z € Z let 6, be a Scott sentence for structures of isomorphism type z.
Since H is countable, Z is countable. For each a € H and t € [0,1) let z(a,t) be the
isomorphism type of
(j{’ (ﬂv o ’fvlz—lv g/17 to vg;z—l)(t)7 a, g;z(t))
Then z(a,t) € Z.
For each a € H and ¢ € C, let B(a,c) be the set of all ¢t € [0,1) such that
(Mt7 (f17 o 7fn717 g1, .. 7gn71>(t>7 fn(t)a C(t>> ): ez(a,t)'

By Proposition 6.5, each of the sets B(a,c) is Borel. By taking a € H such that a =
hi(f,(t)), and ¢ € C such that c(t) = h; (g, (t)), we see that for every t € [0,1) there
exist a € H and ¢ € C with t € B(a, ¢). Thus

0,1) = U{B(a,c): a€ H ceC}.

Every countable family of Borel sets with union [0, 1) can be cut down to a countable
partition of [0, 1) into Borel sets. Thus there is a partition

(D(a,c): a € H,ce C)
of [0,1) into Borel sets D(a, c) C B(a, ).
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Let f! be the function that has the constant value a on each set D(a,c), and let g,
be the function that agrees with ¢ on each set D(a, ). Then £/ is Borel and thus belong
to H®Y and g, belongs to J. Moreover, whenever ¢t € D(a, c) we have t € B(a,c) and
hence

(M, (F1, .. By 81, 8a)(E) = (HH,(F], .. .81, .., 8) (D).
So the functions f! and g, satisfy the condition S(n). This completes the proof of the
Claim and of Lemma 9.2. N ;

Recall that for each ¢ € I, 6; is a Scott sentence for structures of isomorphism type .

Lemma 9.4. Let P = (Hje,(f}fj)AJ', L) be a basic randomization. Then for each complete
separable randomization N, the following are equivalent:

(i) N is isomorphic to P.

(ii) u([0;1%) = A(A;) for each j € J.

Proof. Assume (i) and let h : P = N. By Corollary 6.4, P = P(C) for some countable
generator C' in (H¢)sejo,1) over ([0,1), L, A). By Proposition 6.5, for each j € J we have

[0;17 = h({t € [0,1): 3 = 0;}) = h(Ay),

so (ii) holds.

We now assume (ii) and prove (i). Since the events A;,j € J form a partition of
[0,1), >=;c, MA;) = 1, so by (i) we have 3, u([6;]Y) = 1. Therefore [V, 0,] =
T, so N is a randomization of the sentence ¢ = \/,_;0;. Since I(p) is countable,
lU,, Sn(¢) is countable. Then by Theorem 8.3, N is elementarily embeddable in a basic
randomization. By Theorem 7.3, N is isomorphic to P(C') for some countable generator
C in a family (M;)scp,1) of countable models of ¢ over the probability space ([0,1), £, ).
By Proposition 6.5, for each j € J the set B; = {t € [0,1): M; = 0,} € £ and A\(B;) =
w([0;]Y) = A(A;). By Theorem 4.9, P = P = (Hjej(f}fj)BJ,L). For each j € J, let ¢; be
a mapping that stretches B; to [0, 1).

Our plan is to use Lemma 9.2 to show that the images of P(C) and P’ under ¢; are
isomorphic for each j. Intuitively, this shows that for each j, the part of P(C) on B;
is isomorphic to the part of P’ on A;. The isomorphisms on these parts can then be
combined to get an isomorphism from P(C') to P

Here are the details. For each j, P; = (ﬂ{g-o’l), L) is the Borel randomization of I,
and ¢; maps P to P; and maps C to a countable generator ¢;(C') in (Mj});c(o,1) over

([0,1),£, ), where M} = M1y Note that for each j € J and ¢ € ¢;(B;), we have
M = H;. Therefore by Lemma 9.2, we have an isomorphism h;: P(¢;(C)) = P; for each
j € J. By pulling these isomorphisms back we get an isomorphism h: P(C) = P as
follows. For an element f of P(C) of sort K, h(f) is the element of P’ that agrees with
071 (hj(¢;(f))) on the set B; for each j. Since N =2 P(C) and P' = P, (i) holds. m,

J

Lemma 9.5. The following are equivalent.
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(i) ¢ has few separable randomizations.
(ii) For every complete separable randomization N of ¢, there is a countable set J C I
such that [\, 0;]1N = T.
(iii) For every complete separable randomization N of ¢, u([0:]Y) > 0 for somei € I.

Proof. 1t follows from Lemma 9.4 that (i) implies (ii). It is trivial that (ii) implies (iii).

We now assume (ii) and prove (i). Let N be a complete separable randomization of
¢ and let J be as in (ii). By removing j from J when [0, = L, we may assume that
w([0;]Y) > 0 for each j € J. We also have

> w81 = wl\ 6,1 = 1.

jeJ jeJ
For each j € J, choose H; € j. Choose a partition {A;: j € J} of [0,1) such that A; € £
and A(A;) = u([0;]") for each j € J. Then by Lemma 9.4, N is isomorphic to the basic
randomization (J[,c; U-CJ& ,£). Therefore (i) holds.

We assume that (ii) fails and prove that (iii) fails. Since (ii) fails, there is a complete
separable randomization N of ¢ such that for every countable set J C I, u([\,.; 0;1") <
1. The set J = {i € I: p([0;]") > 0} is countable. By Theorem 7.3, N is isomorphic
to P(C) for some countable generator C' in a family (M;);cq of countable models of ¢
over a probability space (€2, €,v). By Proposition 6.5, the set E = {t: M; = \/,;0;}
belongs to &, and v(E) = u([V,e, 0;]") < 1. Let % be the pre-structure P(C) but with
the measure v replaced by the measure v defined by v(D) = v(D \ E)/v(2\ E). This is
the conditional probability of D given Q2 \ E. Then the completion N’ of P’ is a separable
randomization of ¢ such that u([6;]Y) = 0 for every i € I, so (iii) fails. H;

Here is our generalization of Result 9.1.
Theorem 9.6. If I(p) is countable, then ¢ has few separable randomizations.

Proof. Suppose J = I(p) is countable. Then ¢ has the same countable models as the
sentence \/j6 ;0;. Let N be a complete separable randomization of ¢. By Theorem 7.3,
N = P(C) for some countable generator C' in a family of (M;);cq countable models of ¢.
By Proposition 6.5,

w(IV 61 = w([\ 617) = u({t: Mo | \/ 6;1) = u({t: M | 9}) = 1.

jeJ jeJ jeJ
Therefore [V ¢, 0;]¥ = T, so ¢ satisfies Condition (ii) of Lemma 9.5. By Lemma 9.5, ¢
has few separable randomizations. [P

10. FEwW SEPARABLE RANDOMIZATIONS VERSUS SCATTERED

In this section we prove two main results. First, any infinitary sentence with few
separable randomizations is scattered. Second, Martin’s axiom for N; implies that every
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scattered infinitary sentence has few separable randomizations. We also discuss the
connection between these results and the absolute Vaught conjecture.

Theorem 10.1. If © has few separable randomizations, then ¢ is scattered.

Proof. Suppose ¢ is not scattered. By Lemma 2.5, there is a countable fragment L, of
Ly, and a perfect set P C 254 such that:

e FEach s € P codes an enumerated model (M(s), a(s)) of ¢, and

o If s # ¢t in P then M(s) and M(t) do not satisfy the same L 4-sentences.

By Theorem 6.2 in [8], P has cardinality 2%. By the Borel Isomorphism Theorem (15.6
in [8]), there is a Borel bijection 5 from [0,1) onto P whose inverse is also Borel. For
each s € P, (M(s),a(s)) can be written as (M(s), ao(s),a1(s),...). For each t € [0,1),
let M; = M(B(t)). Tt follows that:

(i) M; = ¢ for each t € [0,1), and

(ii) If s # ¢t in P then M, and M; do not satisfy the same L 4-sentences.
For each n € N, the composition ¢,, = a, 0 belongs to the Cartesian product Hte[o,l) M;.
For each t € [0,1), we have

{ea(t): n e N} = {an(B(1)): n € N} = M(B(t)) = M,.

Consider an atomic formula ¢(¢) and a tuple (¢;,, ..., c;, ) € C. ¢ belongs to the fragment
L,. The set

{s € P: M(s) = ¢(a;(s),...,a:,(5)} ={s € P: s(¥(vi,...,v;,)) =0}

is Borel in P. Since f and its inverse are Borel functions, it follows that

{t €]0,1): My = ¢(cyy(t),...,c; (1) € L.

Thus C satisfies conditions (a) and (b) of Definition 6.1, and hence is a countable gener-
ator in (My)sep,1y over ([0,1), L, N).

By (ii), for each i € I, there is at most one ¢ € [0,1) such that M; |= ;. By Theorem
6.2 and Proposition 6.5, the randomization N = P(C') generated by C' is a separable
pre-complete randomization of ¢. The event sort of N is ([0,1),£, ). Therefore, for
each i € I, the event [0;]V is either a singleton or empty, and thus has measure zero. So
by Lemma 9.5, ¢ does not have few separable randomizations. LI}

Corollary 10.2. Assume that the absolute Vaught conjecture holds for the L, ., sentence
. Then the following are equivalent:
(i) I(p) is countable;
(ii) ¢ has few separable randomizations;
(ili) ¢ is scattered.

Proof. (i) implies (ii) by Result 9.1. (ii) implies (iii) by Theorem 10.1. The absolute
Vaught conjecture for ¢ says that (iii) implies (i). LI
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Our next theorem will show that if ZFC is consistent, then the converse of Theorem
10.1 is consistent with ZFC.

The Lebesgue measure is said to be Nj-additive if the union of N; sets of Lebesgue
measure zero has Lebesgue measure zero. Note that the continuum hypothesis implies
that Lebesgue measure is not Nj-additive. Solovay and Tennenbaum [16] proved the
relative consistency of Martin’s axiom M A(R;), and Martin and Solovay [12] proved that
MA(X;) implies that the Lebesgue measure is R;-additive. Hence if ZFC is consistent,
then so is ZFC plus the Lebesgue measure is 8y-additive. See [11] for an exposition.

Theorem 10.3. Assume that the Lebesque measure is Ryi-additive. If ¢ is scattered, then
@ has few separable randomizations.

Proof. Suppose ¢ is scattered. Then there are at most countably many w-equivalence
classes of countable models of ¢, so there are at most countably many first order types
that are realized in countable models of ¢. Thus J,, Sn(¢) is countable.

Let N be a complete separable randomization of ¢. By Theorem 8.3, N is elementarily
embeddable in some basic randomization. By Theorem 7.3, there is a countable generator
C in a family (M;).c(0,1) of countable models of ¢ over ([0,1), £, A) such that N = P(C).
By Proposition 6.5, for each ¢ € I(p) we have B; := {t: M; = 6,} € L. Moreover,
the events B; are pairwise disjoint and their union is [0,1). By Result 2.3, I(y) has
cardinality at most Nj.

Let J := {i € I(¢): A\(B;) > 0}. Then J is countable. The set () \ J has cardinality
at most Ny, so by hypothesis we have A(,.; B;) = 1. Pick an element jo € J. For j # jo
let A; = B;. Let Aj, contain the other elements of [0, 1), so Aj, = B, U ([0,1) \ U, Bj)-
Then (A;) e is a partition of [0,1). For each j € J, choose a model H; of isomorphism
type j. Then P = (HjeJ f]'f?j,ﬁ) is a basic randomization of . For each j € J we have

A[0;1Y) = A(A;), so by Lemma 9.4, N is isomorphic to P. This shows that ¢ has few
separable randomizations. m;

Corollary 10.4. Assume that the Lebesgue measure is Ny-additive. Then the following
are equivalent.

(i) For every ¢, the absolute Vaught conjecture holds.

(ii) For every ¢, if ¢ has few separabable randomiztions then I(p) is countable.

Proof. Corollary 10.2 shows that (i) implies (ii).
Assume that (i) fails. Then there is a scattered sentence ¢ such that |I(¢)| = N;. By
Theorem 10.3, ¢ has few separable randomizations. Therefore (ii) fails. H.,

11. SOME OPEN QUESTIONS

Question 11.1. Suppose N and P are complete separable randomizations. If

u(lel™) = u(lel”)

for every L, sentence ¢, must N be isomorphic to P?
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Question 11.2. Suppose C' and D are countable generators in (M;)icq, (Hi)ieq over
the same probability space (2, E,v). If M; = H; for v-almost all ¢t € Q, must P(C) be
isomorphic to P(D)?

Question 11.3. (Possible improvement of Theorem 8.3.) If | J,, S, (¢) is countable, must
every complete separable randomization of ¢ be elementarily embeddable in a basic
randomization of p?

Question 11.4. Can Theorem 10.3 be proved in ZFC (without the hypothesis that the
Lebesgue measure is N;-additive)?

Added in December, 2016: The above question was answered affirmatively in a forth-
coming paper, “Scattered Sentences Have Few Separable Randomizations”, by Uri An-
drews, Isaac Goldbring, Sherwood Hachtman, H.Jerome Keisler, and David Marker.
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