DEFINABLE CLOSURE IN RANDOMIZATIONS

URI ANDREWS, ISAAC GOLDBRING, AND H. JEROME KEISLER

ABSTRACT. The randomization of a complete first order theory T is the
complete continuous theory TF with two sorts, a sort for random ele-
ments of models of 7', and a sort for events in an underlying probability
space. We give necessary and sufficient conditions for an element to be
definable over a set of parameters in a model of TT.

1. INTRODUCTION

A randomization of a first order structure M, as introduced by Keisler
[Ke] and formalized as a metric structure by Ben Yaacov and Keisler [BK],
is a continuous structure N with two sorts, a sort for random elements
of M, and a sort for events in an underlying atomless probability space.
Given a complete first order theory T, the theory T of randomizations of
models of T forms a complete theory in continuous logic, which is called
the randomization of 7. In a model A of T, for each n-tuple @ of random
elements and each first order formula ¢(¥), the set of points in the underlying
probability space where (@) is true is an event denoted by [p(a)].

In a first order structure M, an element b is definable over a set A of
elements of M (called parameters) if there is a tuple @ in A and a formula
o(u, @) such that

M & (Vu) (p(u, @) <> u = b).

In a general metric structure A/, an element b is said to be definable over a
set of parameters A if there is a sequence of tuples @, in A and continuous
formulas ®,(z,d,) whose truth values converge uniformly to the distance
from x to b. In this paper we give necessary and sufficient conditions for
definability in a model of the randomization theory T¥. These conditions
can be stated in terms of sequences of first order formulas.

In Theorem 3.1.2, we show that an event E is definable over a set A of
parameters if and only if it is the limit of a sequence of events of the form
[¢n(@n)], where each ¢, is a first order formula and each @, is a tuple from
A.

In Theorem 3.3.6, we show that a random element b is definable over a set
A of parameters if and only if b is the limit of a sequence of random elements
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by, such that for each n,

[(Vu) (pn(u, @n) < u = by)]

has probability one for some first order formula ¢, (u, ¥) and a tuple @, from
A.

Our principal aim in this paper is to lay the groundwork for the study of
independence relations in randomizations, that will appear in a forthcoming
paper. However, in Section 4 of this paper we will give some more modest
consequences of our results in the special case that the underlying first order
theory T is Ng-categorical.

Continuous model theory in its current form is developed in the papers
[BBHU| and [BU|. The papers |Gol], [Go2|, [Go3] deal with definability
questions in metric structures. Randomizations of models are treated in

[AK], [Be|, [BK], [EG], [GL], and [Ke].

2. PRELIMINARIES

We refer to [BBHU] and [BU] for background in continuous model theory,
and follow the notation of [BK]. We assume familiarity with the basic no-
tions about continuous model theory as developed in [BBHUJ, including the
notions of a theory, structure, pre-structure, model of a theory, elementary
extension, isomorphism, and k-saturated structure. In particular, the uni-
verse of a pre-structure is a pseudo-metric space, the universe of a structure
is a complete metric space, and every pre-structure has a unique completion.
In continuous logic, formulas have truth values in the unit interval [0, 1]
with 0 meaning true, the connectives are continuous functions from [0, 1]"
into [0, 1], and the quantifiers are sup and inf. A tuple is a finite sequence,
and A<N is the set of all tuples of elements of A.

2.1. The theory T®. We assume throughout that L is a finite or countable
first order signature, and that T is a complete theory for L whose models
have at least two elements.

The randomization signature LT is the two-sorted continuous signature
with sorts K (for random elements) and B (for events), an n-ary function
symbol [p(+)] of sort K™ — B for each first order formula ¢ of L with n free
variables; a [0, 1]-valued unary predicate symbol p of sort B for probability,
and the Boolean operations T, L,M, U, - of sort B. The signature L? also
has distance predicates dg of sort B and dx of sort K. In L, we use B, C, ...
for variables or parameters of sort B. B = C means dg(B,C) =0, and BC C
means B =B C.

A pre-structure for T% will be a pair P = (K, B) where K is the part of
sort K and B is the part of sort B. The reduction of P is the pre-structure
N = (E, Z/S’\) obtained from P by identifying elements at distance zero in the
metrics dg and dg, and the associated mapping from P onto A is called the
reduction map. The completion of P is the structure obtained by completing
the metrics in the reduction of P. By a pre-complete-structure we mean a
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pre-structure P such that the reduction of P is equal to the completion of
P. By a pre-complete-model of T we mean a pre-complete-structure that
is a pre-model of TF.

In [BK], the randomization theory T'® is defined by listing a set of ax-
ioms. We will not repeat these axioms here, because it is simpler to give the
following model-theoretic characterization of T%,

Definition 2.1.1. Given a model M of T, a neat randomization of M is a
pre-complete-structure (K, B) for L equipped with an atomless probability
space (€2, B, 1) such that:

(1) B is a o-algebra with T, L, M, L, - interpreted by Q,(,N, U, \.

(2) K is a set of functions a:  — M.

(3) For each formula ¢ (%) of L and tuple @ in K, we have

[v(@)] = {w e Q: M= y(dw))} € B.
(4) B is equal to the set of all events [¢(a)] where () is a formula of
L and @ is a tuple in .
(5) For each formula 6(u,¥) of L and tuple b in K, there exists a € K
such that

[0(a,b)] = [Gu6)(®)].
(6) On K, the distance predicate dg defines the pseudo-metric
dk (a,b) = pfa # b].
(7) On B, the distance predicate dp defines the pseudo-metric
dg (B, C) = u(BAC).

Definition 2.1.2. For each first order theory T', the randomization theory
TE is the set of sentences that are true in all neat randomizations of models
of T.

It follows that for each first order sentence ¢, if T' = ¢ then T = [o] =
T. Moreover, in every model N of T the events form a o-algebra and y is
an atomless probability measure.

Result 2.1.3. (Fullness, Proposition 2.7 in [BK]).
Every pre-complete-model P = (IC, B) of T® has perfect witnesses, i.e.,
(1) For each first order formula 6(u,) and each b in K" there exists
a € K such that

-, -,

[0(a,0)] = [(Bud)(®)];
(2) For each B € B there exist a,b € K such that B = [a = b].

The following results are proved in [Ke|, and are stated in the continuous
setting in |BK].
Result 2.1.4. (Theorem 3.10 in [Ke], and Theorem 2.1 in [BK]).

For every complete first order theory T, the randomization theory T is
complete.
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Result 2.1.5. (Strong quantifier elimination, Theorems 3.6 and 5.1 in [Ke],
and Theorem 2.9 in [BK]).

Every formula ® in the continuous language LT is TT-equivalent to a
formula with the same free variables and no quantifiers of sort K or B.

Result 2.1.6. (Proposition 4.3 and Example 4.11 in [Ke], and Proposition
2.2 and Ezample 3.4 (ii) in [BK]).
Every model M of T has neat randomizations.

Corollary 2.1.7. Every model N of T® has a pair of elements ¢, d such that
[e#d]=T.

Proof. Every model of T has at least two elements, so T = (Ju)(Fv)u # v.
The result follows by applying Fullness twice. ([l

Lemma 2.1.8. Let P = (K, B) be a pre-complete-model of T® and let a,b €
K and B € B. Then there is an element ¢ € K that agrees with a on B and
agrees with b on =B, that is, B C [c = a] and (—B) C [c = b].

Definition 2.1.9. In Lemma 2.1.8, we will call ¢ a characteristic function
of B with respect to a,b.

Note that the distance between any two characteristic functions of an
event B with respect to elements a, b is zero. In particular, in a model of T,
the characteristic function is unique.

Proof of Lemma 2.1.8. By Result 2.1.3 (2), there exist d,e € K such that
B = [d = ¢]. The first order sentence

(V) (Vo) (V) (v9) (32) (& = y > 2 = u) A (3 £ y — 2 = v)
is logically valid, so we must have
[(F2)[(d=e—z=a)AN(d#e—2z=D)]]=T.
By Result 2.1.3 (1) there exists ¢ € K such that
[d=e—c=a] =T, [d#e—c=b]=T,
so [d=e¢] C [e=a] and [d # €] E [c = b]. O
We will need the following result, which is a consequence of Theorem 3.11

of |Be]. Since the setting in [Be| is quite different from the present paper,
we give a direct proof here.

Proposition 2.1.10. Every model of TT is isomorphic to the reduction of
a neat randomization of a model of T

Proof. Let N = (K, B) be a model of TR of cardinality x. Let Q be the Stone
space of the Boolean algebra B = (B, T, L,M,L,—). Thus Q is a compact

topological space, the points of  are ultrafilters, we may identify B with the
Boolean algebra of clopen sets of 2, and ¢V is a finitely additive probability
measure on B.
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We next show that p is o-additive on B. To do this, we assume that Ag 2
Ai D in Band C = N, An € g, and prove that p(C) = limy, 00 1(Ay).
Indeed, the family {CU (€2 \ A,): n € N} is an open covering of €, so by
the topological compactness of Q, we have Q = Ji_,(CU (2\ A)) for some
n € N. Then C= A, so pu(C) = p(Ay) = limy, 00 11(An).

By the Caratheodory theorem, there is a complete probability space (2, B, )
such that B D g, 1 agrees with Y on l§, and for each B € B and m > 0
there is a countable sequence A0 C A1 C -+ in B such that

(2.1) B C UAm” and p <U Amn> < u(B) +1/m.

Note that since the probability space (€2, B, u) is complete, every subset of
Q) that contains a set in B of measure one also belongs to B and has measure
one.

We claim that for each B € B there is a unique event f(B) € B such
that u(f(B)AB) = 0. The uniqueness of f(B) follows from the fact that the
distance function dg(C, D) = (CAD) is a metric on B. To show the existence
of f(B), for each m > 0 let A0 € Ay € -+ be as in (2.1). Note that
(Ao, A, - - .) is a Cauchy sequence of events in the model NV, so there is an
event C,, € B such that Cy, = limy_e0 Amn. Hence limy, o0 f(ApmnACy,) =
0, so u((U,, Amn)ACy) = 0. Then (Cy,Cy,...) is a Cauchy sequence, so
there is an event f(B) = limy,—s00 Crn in B with u(f(B)AB) = 0.

We make some observations about the mapping f: B — B. If B,CeB
and dg(B,C) =0, then f(B) = f(C). For each B,C € B, we have

fBUQ =f(B)USC),  f(BNC)=[f(B)NS(C),

Q\f(B) = f(Q\B),  u(B)=nu(f(B)).

Moreover, the mapping f sends B onto g, because if C € B then C € B
and f(C) = C. Therefore the mapping f that sends the equivalence class of
each B € B under dg to f(B) is well defined and is an isomorphism from the
reduction of the pre-structure (B,U,M, —.T, L, u) onto the measure algebra
(B, 1) (with the usual Boolean operations).

A model M of T is kT -universal if every model of T of cardinality < &
is elementarily embeddable in M. By Theorem 5.1.12 in [CK], every k-
saturated model of T is kT-universal, so kT -universal models of T" exist. We
now assume that M is a k*-universal model of T, and prove that A is iso-
morphic to the reduction of a neat randomization of M with the underlying
probability space (2, B, u).

In the following paragraphs, we will use boldface letters b, d, ... for ele-
ments of K. Let Lz be the first order signature formed by adding a constant

symbol for each element b € K. For each w € Q, the set of Lg-sentences

Uw) = {4(b): w € [v(D)]}
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is consistent with 7" and has cardinality < k. By the Compactness and
Léwenheim-Skolem theorems, each U(w) has a model (M, by), g of car-
dinality < x. Since M is k*-universal, for each w € Q we may choose an
elementary embedding hy,: My, < M. Then (M, hy(by)),cp F Ulw) for
every w € ). It follows that for each formula ¢ (7) of L and each tuple
be k<N,
[4(®)] = {w € Q: My = $(bo)} = {w € ©: M = ¢(ho(bo))} € B.

For each formula (%) of L and tuple & of functions in M, define

[v(@)] == {w € Q: M [ ¥(c(w))}.
Let IC be the set of all functions a: 2 — M such that for some element
b e K, we have

p{w € Q: a(w) = hy(by)}) = 1.

We claim that for each a € K there is a unique element f(a) € K such that

p({w € Q: a(w) = hy(fla)w)}) = 1.
The existence of f(a) is guaranteed by the definition of K. To prove unique-
ness, suppose b, d € K and

i({w € ©: alw) = hu(bo)}) = p({w € 2 alw) = hu(du)}) = 1.
Then
p({w € Q: hy(by,) = ho(dy)}) =1,
S0
u([b = d]) = p(fw € Qs by = do}) = 1,

and hence dg(b,d) = 0. Since dx is a metric on K, it follows that b = d.

We now make some observations about the mapping f: K — K. This
mapping sends K onto /C because for each b € IC we have f(a) = b where a
is the element of K such that a(w) = hy,(b,,) for all w € Q. Suppose ¢ € LN
and d = f(¢). We have d € K<N and

[(d)] = {w € @: M = ¢p(ho(dw))} = {w € 2: M |=¢(dw))} = [¥(O)].
Since the probability space (€2, B, u) is complete, [(d)] € B C B, and
[4(d)] = [¥(@)], we have [(&)] € B and [(d)] = f([¢(&)]). Therefore, if
a,c € K and dg(a,c) = 0, then dx(f(a), f(c)) = 0, and hence f(a) = f(c).
This shows that P = (K, B) is a well-defined pre-complete-structure for L,
and that the mapping fthat sends the equivalence class of each B € B to
f(B), and the equivalence class of each a € K to f(a), is an isomorphism
from the reduction of P to N.

It remains to show that P is a neat randomization of M. It is clear that
P satisfies conditions (1)-(3) in Definition 2.1.1.

Proof of (4): We have already shown that [(¢)] € B for each formula
(V) of L and each tuple ¢ in K. For the other direction, let B € 5. By
Corollary 2.1.7, there exist a,e € K such that [a # ¢] = Q. We may
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choose a function b € M such that b(w) = e(w) whenever a(w) # e(w), and
b(w) # a(w) for all w € Q. Then b € K and [a # b] = Q. By Lemma 2.1.8,
there exists ¢ € IC which is a characteristic function of B with respect to a, b.
Then [c = a] = B. Let d € M* be the function such that d(w) = a(w) for
w € B, and d(w) = b(w) for w € =B. Then p(fc =d]) =1, so d € K. Since
[a # b] = €2, we have [a = d] = B. Thus (4) holds with 1 being the sentence
a=d.

Proof of (5): Consider a formula 6(u, %) of L and a tuple b in K. By
Fullness, there exists ¢ € K such that

-,

[6(c.5)] = [Gu)0(u, b)]-

We may choose a function a € M such that for all w € €,

M E [0(c(w), b(w)) <> (Fu)f(u,b)] implies a(w) = c(w),
and
M [(3u)0(u, b(w)) = 0(a(w), bw))].
Then u(fa=c]) =1, so a € K and

[6(a, B)] = [(3u)0(u,b)],
as required.
Proof of (6) and (7): By Result 2.1.6, the properties

(Vo) (Vy)dx(z,y) = p(lx # y]),  (VU)(W)de(U, V) = n(UAV)

hold in some model of T%. By Result 2.1.4, these properties hold in all
models of T and thus in A/. Therefore (6) and (7) hold for P. O

2.2. Types and Definability. For a first order structure M and a set A of
elements of M, M4 denotes the structure formed by adding a new constant
symbol to M for each a € A. The type realized by a tuple b over the
parameter set A in M is the set tp™(b/A) of formulas ¢(i, @) with @ € A<N
satisfied by b in M 4. We call tp™ (b/A) an n-type if n = |b].

In the following, let N be a continuous structure and let A be a set of
elements of N. N4 denotes the structure formed by adding a new constant
symbol to N for each a € A. As in [BU] and [BK], the type tp"(b/A)
realized by b over A in A is the function p that maps each formula ®(Z, @)
with @ € A<N to the value ®(Z,@)P := ®(b, @) in [0, 1].

We now recall the notions of definable element and algebraic element from
[BBHU|. An eclement b is definable over A in N, in symbols b € dclV (A),
if there is a sequence of formulas (®(z,dy)) with @, € A<N such that the
sequence of functions (®y(z,dr)") converges uniformly in x to the distance
function d(z, b)N of the corresponding sort. b is algebraic over A in N, in
symbols b € aclV (A), if there is a compact set C' and a sequence of formulas
(@, (x,dy)) with @ € A<N such that b € C and the sequence of functions
(@ (, @, )V) converges uniformly in z to the distance function d(x, C)V of
the corresponding sort.



8 URI ANDREWS, ISAAC GOLDBRING, AND H. JEROME KEISLER

If the structure N is clear from the context, we will sometimes drop the
superscript and write tp, dcl, acl instead of tpN , deV , actV.

Result 2.2.1. (/BBHU], Ezercises 10.7 and 10.10) For each element b of
N, the following are equivalent, where p = tpN(b/A):

(1) b is definable over A in N;
(2) in each model N = N, b is the unique element that realizes p over
A.

7

(3) b is definable over some countable subset of A in N.

Result 2.2.2. ([BBHUJ, Ezercise 10.8 and 10.11) For each element b of N,
the following are equivalent, where p = tpN(b/A):

(1) b is algebraic over A in N;

(2) in each model N' = N, the set of elements b that realize p over A in
N is compact.

(3) b is algebraic over some countable subset of A in N.

Result 2.2.3. (Definable Closure, Exercises 10.10 and 10.11 in [BBHUJ)

(1) If AC N then dcl(A) = dcl(dcl(A)) and acl(A) = acl(acl(A)).
(2) If A is a dense subset of B and B C N, then dcl(A) = dcl(B) and
acl(A) = acl(B).

It follows that for any A C N, dcl(A) and acl(A) are closed with respect
to the metric in NV.

We now turn to the case where A is a model of T%. In that case, a set of
elements of A/ may contain elements of both sorts K, B. But as we will now
explain, we need only consider definability over sets of parameters of sort K.

Remark 2.2.4. Let N = (K,B) be a model of TR. Since every model of
T has at least two elements, N has a pair of elements a,b of sort K such
that A" = [a = b] = L. For each event D € B, let 1p be the characteristic
function of D with respect to a,b. Then in the model NV, D is definable over
{a,b,1p}, and 1p is definable over {a, b, D}.

Proof. By Result 2.2.1. O

In view of Remark 2.2.4 and Result 2.2.3, if C' is a set of parameters in N/
of both sorts, and there are elements a,b € C such that N' = [a = b] = L,
then an element of either sort is definable over C' if and only if it is definable
over the set of parameters of sort K obtained by replacing each element of C'
of sort B by its characteristic function with respect to a, b. For this reason, in
a model NV of T we will only consider definability over sets of parameters of
sort K. We write dclg(A) for the set of elements of sort B that are definable
over A in N, and write dcl(A) for the set of elements of sort K that are
definable over A in N. Similarly for aclg(A) and acl(4).
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2.3. Conventions and Notation. We will assume hereafter that N' =
(K,B) is a model of TR, P = (K,B) is a neat randomization of a model
M E T with probability space (Q, B, 1), and A is the reduction of P. The
existence of P is guaranteed by Proposition 2.1.10.

We will use boldfaced letters a, b, . .. for elements of K. For each element
a € K, we will choose once and for all an element a € K such that the
image of a under the reduction map is a. It follows that for each first order
formula ¢(7), [¢(@)] is the image of [¢(@)] under the reduction map. For
any countable set A C K and each w € Q, we define

A(w) = {a(w): a € A}.

When A C IE, cl(A) denotes the closure of A in the metric dg. When
B C B, cl(B) denotes the closure of B in the metric dp, and o(B) denotes
the smallest o-subalgebra of B containing B.

3. RANDOMIZATIONS OF ARBITRARY THEORIES

3.1. Definability in Sort B. We characterize the set of elements of B that
are definable in A over a set of parameters A C K.

Definition 3.1.1. For each A C IE, we say that an event E is first order
definable over A, in symbols E € fdclg(A), if E = [¢(a)] for some first order

formula ¢(¥) and tuple @ in A<Y.
Theorem 3.1.2. For each A C K, dclg(A) = cl(fdclg(A)) = o(fdclg(A)).

Proof. By quantifier elimination (Result 2.1.5), in any elementary extension
N’ = N, two events have the same type over A if and only if they have the
same type over fdclg(A). Then by Result 2.2.1, dclg(A4) = delp(fdclg(A)).
Moreover, dclg(fdclg(A)) is equal to the definable closure of fdclg(A) in
the measure algebra (g, w). By Observation 16.7 in [BBHU], the defin-
able closure of fdclg(A) in (B,p) is equal to o(fdclg(A)), so dclg(A) =
o(fdclg(A)). Since fdelg(A) is a Boolean subalgebra of B, cl(fdclg(A)) is
a Boolean subalgebra of B. By metric completeness, cl(fdclg(A)) is a o-
algebra and o(fdclg(A)) is closed, so cl(fdclg(A)) = o(fdclg(A)). O

Corollary 3.1.3. The only events that are definable without parameters in
N are T and L.

Proof. For every first order sentence ¢, either T'|= ¢ and T® |= [¢] = T, or
T | —pand TR = [¢] = L. So fdclg(P) = {T, L}. O

3.2. First Order and Pointwise Definability. To prepare the way for
a characterization of the definable elements of sort K, we introduce two
auxiliary notions, one that is stronger than definability in sort K and one that
is weaker than definability in sort K. We will work in the neat randomization
P = (K,B) of M, and let A be a subset of K and b be an element of K.
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Definition 3.2.1. A first order formula ¢ (u,¥) is functional if
T (v9) (3% ) (u, 9)

We say that b restricted to E is first order definable over A if there is a
functional formula ¢(u, 7) and a tuple @ € A<N such that E = [¢(b, @)].

We say that b is first order definable over A, in symbols b € fdcl(A), if b
restricted to T is first order definable over A.

Remarks 3.2.2. b is first order definable over A if and only if there is a
first order formula ¢(u, ) and a tuple @ from A such that

p([(Vu)(p(u, @) < u=0b)]) = 1.

First order definability has finite character, that is, b is first order definable
over A if and only if b is first order definable over some finite subset of A.

If b restricted to E is first order definable over A, then E is first order
definable over A U {b}.

If b restricted to D is first order definable over A, and E is first order
definable over AU {b}, then b restricted to DME is first order definable over
A.

Lemma 3.2.3. If b is first order definable over A then b is definable over
A in N. Thus fdcl(A) C dcl(A).

Proof. Let N’ = N and suppose that tp"' (b) = tp"’ (d). Then

[o(b,a)] = [¢(d,a)] = T.
Since ¢ is functional,

[(78) (Fu) (o (2, @) A p(u, @) — £ = )] = T.
Then [b=d] =T, so b=d, and by Result 2.2.1, b € dcl(A). O
Definition 3.2.4. When A is countable, we define
[b € de™(A)] := {w € Q: b(w) € dc™M(A(w))}.
Lemma 3.2.5. If A is countable, then
[b € daM(A)] = J{[6(b, @)]: 6(u, D) functional, @ € A<},

and [b € de™(A)] € B.

Proof. By definition, w € [b € dc™(A)] if and only if b(w) € dcl™(A(w)).
Note that for every first order formula 6(u, ¥), the formula

0(u, ) A (351 w) 0(u, D)

is functional. Therefore w € [b € dcI™(A)] if and only if there is a functional
formula (u,?) and a tuple @ € A<N such that M = 0(b(w), @(w)). Since A
and L are countable, [b € dcI™(A)] is the union of countably many events
in B, and thus belongs to B. ]
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Definition 3.2.6. When A is countable, we say that b is pointwise definable
over A if

w([b € daM(A)]) = 1.

Corollary 3.2.7. If A is countable, then b is pointwise definable over A if
and only if there is a function f on € such that:
(1) For each w € Q, f(w) is a pair (0, (u,?),d,) where 6, (u, V) is func-
tional and @, € AlYl;
(2) f is o(fdclg(A))-measurable (i.e., the inverse image of each point
belongs to o(fdclg(A)));
(3) M = 0,(b(w), dy(w)) for almost every w € .

Proof. If w € [b € dcI™(A)], let f(w) be the first pair (6,,,d,) such that
0., (u,¥) is functional, @, € Al and M = 0,(b(w), @, (w)). Otherwise let
f(w) = (L,0). The result then follows from Lemma 3.2.5. O

Lemma 3.2.8. If b is definable over A in N, then b is pointwise definable
over some countable subset of A.

Proof. By Result 2.2.1 (3), we may assume that A is countable. By Lemma
3.2.5, the measure 7 := p([b € dc™(A)]) exists. Suppose b is not pointwise
definable over A. Then r < 1. For each finite collection 61 (u, ¥), ..., 80, (u, )
of first order formulas, each tuple @ € A<N, and each w € Q\ [b € dc™(A)],
the sentence

(Fu)lu # bw) A A\ [Bi(bw), @w)) ¢ 6;(u, @(w))]

=1

holds in M, because b(w) is not definable over A(w). Therefore in P we have

u[(3u)[u # b A /\[@(b, @) & 0;(u,d)]] >1—r

By condition 2.1.1 (5), there is an element d € K such that

pld # oA N\[6:(b, @) < 0;(d, @)]] > 1 —r.

=1

By Lemma 2.1.8, there exists d’ € K such that u([d # b)) > 1—r, and
[0:(b,a)] = [0:(d’',@)] for each i < n. By compactness, in some elementary
extension of A there is an element d such that p[d # b] > 1 —r, and
[0(b,a@)] = [6(d,a)] for each first order formula 6(u, ). Then d # b, and
by quantifier elimination, tp(d/A) = tp(b/A). Hence by Result 2.2.1 (2),
b ¢ del(A). 0

The following example shows that the converse of Lemma 3.2.8 fails badly.
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Example 3.2.9. Let M be a finite structure with a constant symbol for
every element. Then every element of K is pointwise definable without pa-
rameters, but the only elements of I that are definable without parameters
are the equivalence classes of constant functions b: Q — M.

3.3. Definability in Sort K. We will now give necessary and sufficient
conditions for an element of b € K to be definable over a parameter set

Agl?in./\/'.

Theorem 3.3.1. b is definable over A if and only if there exist pairwise
disjoint events {E,,: n € N} such that ), . 1(En) = 1, and for each n, E,
is definable over A, and b restricted to E, is first order definable over A.

Proof. (=): Suppose b € dcl(A4). By Lemma 3.2.8, b is pointwise definable
over some countable subset Ay of A. The set of all events C such that b
restricted to C is first order definable over Ag is countable, and may be
arranged in a list {C,: n € N}. Let Ey = Cp, and
Eni1 =Coyr M —|(C0 - Cn)
The events E,, are pairwise disjoint, and for each n we have
EoU---UE,=ColU---UC,.

By Remarks 3.2.2, for each n, b restricted to E,, is first order definable over
A. By Lemma 3.2.5 and pointwise definability,

> n(En) = lim p(CoU---UCy) = p([det™ (A0)]) = 1.
neN

By Remarks 3.2.2, E, is definable over AU {b}, and since b is definable over
A, E, is definable over A by Result 2.2.3.

(<): Let E, be as in the theorem. For each n, we have E,, = [0,,(b,a,)]
for some functional formula 6,, and tuple @, € A<N. Since E,, is definable
over A, by Theorem 3.1.2 there is a sequence of formulas (7)) and tuples
ai, € A<N such that

Tim ds ([g(@)], [0 (b, @)]) = 0.

Suppose d has the same type over A as b in some elementary extension N’
of N. Then

tim ds ([ (@], (e @)]) = 0.
Hence
[0n(d, )] = [0n(b, @n)] = En
in N'. Since 0,,(u, ¥) is functional, we have [0, (b,@)] C [d = b] for each n.

Then
p(ld=10]) > > uE,) =1,
neN

so d = b. Then by Result 2.2.1, b € dcl(A). O
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Corollary 3.3.2. An element b € K is definable without parameters if and
only if b is first order definable without parameters. Thus dcl(() = fdcl(0).

Proof. (=): Suppose b € dcl()). By Theorem 3.3.1, there is an event E such
that u(E) > 0, E is definable without parameters, and b restricted to E is
first order definable without parameters. By Corollary 3.1.3 we have E =T,
80 b is first order definable without parameters.

(«<): By Lemma 3.2.3. O

Corollary 3.3.3. Iffdclg(A) is finite, then dclg(A) = fdclg(A) and dcl(A) =
fdcl(A).

Proof. dclg(A) = fdclg(A) follows from Theorem 3.1.2. Lemma 3.2.3 gives
dcl(A) D fdcl(A). For the other inclusion, suppose b € dcl(A). By Theorem
3.3.1, there is a finite partition Eg,...,E; of T, a tuple @ € A<N, and
first order formulas v;(¥) such that E; = [¢;(d)] and b restricted to E; is
first order definable. Then there are functional formulas ¢;(u, ¥) such that
Ei = [i(b,@)]. We may take the formulas 1;(7) to be pairwise inconsistent
and such that 7' = /7, (0). Then A, (¥i(0) = ¢i(u,?)) is a functional
formula such that

[\ (i@ — @i(b,@)] =T,

i=0
so b is first order definable over A. O
Corollary 3.3.4. b is definable over A if and only if:

(1) b is pointwise definable over some countable subset of A;
(2) for each functional formula ¢(u,¥) and tuple @ € A<N, [p(b,a)] is
definable over A.

Proof. (=): Suppose b € dcl(A). Then (1) holds by Lemma 3.2.8. (b, @)]
is obviously definable over AU{b}, so [¢(b, @)] is definable over A by Result
2.2.3, and thus (2) holds.

(«<): Assume conditions (1) and (2). By (1) and Lemma 3.2.5, there is a
sequence of functional formulas 6,,(u, ¥) and tuples @, € A<N guch that

[b € daM(A)] = | [0n(b, d@n)] = Q.
neN
Let E,, = [0,(b,ady)], so b restricted to E,, is first order definable over A.
By Remark 3.2.2, we may take the E, to be pairwise disjoint, and thus

Y nen M(En) = 1. By (2), E, is definable over A for each n. Then by
Theorem 3.3.1, b € dcl(A). O

Corollary 3.3.5. b is definable over A if and only if:
(1) b is pointwise definable over some countable subset of A;

(2) fdclg(A U {b}) C dclg(A).

Theorem 3.3.6. b is definable over A if and only if b = lim,, o0 by, where
each by, is first-order definable over A. Thus dcl(A) = cl(fdcl(A)).
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Proof. (=): Suppose that b € dcl(A). If A is empty, then b is already first
order definable from A by Corollary 3.3.2. Assume A is not empty and let ¢ €
A. Let {E,,: n € N} be as in Theorem 3.3.1, and fix an € > 0. Then for some
n, Y p_oM(Ex) > 1 —e. For each k, Ej is definable over A, so by Theorem
3.1.2, there is an event Dy € fdclg(A) such that u(DrAE;) < £/n. Since the
events Ej are pairwise disjoint, we may also take the events Dy to be pairwise
disjoint. We have Ej = [0k (b, )] for some functional 0 (u, ), so we may
assume that Dy has the additional properties that Dy T [(3'u)0(u, @x)],
and that Dy = [¢r(dg)] for some formula 1, (¥). Then there is a unique

element d € IC such that

M E Op(d(w), dp(w)) if k <nand w € [Yg(ax)],
d(w) = ¢(w) if w € O\ Ug_olvn (@)l
Then d is first order definable over A, and dk(b,d) < e.

(«<=): This follows because first order definability implies definability (Lemma
3.2.3) and the set dcl(A) is metrically closed (Result 2.2.3 (2)). O

The following result was proved in [Be| by an indirect argument using
Lascar types. We give a simple direct proof here.

Proposition 3.3.7. For any model N = (IE,E) of TR and set A C K,
aclg(A) = dclg(A) and acl(A) = dcl(A).

Proof. By Results 2.2.1 and 2.2.2, we may assume N is Ry-saturated and A
is countable. Suppose an event E € B is not definable over A. By Result
2.2.1 and N;-saturation, there exists D € B such that tp(D/A) = tp(E/A)
but dg(D,E) > 0. As we noted after the definition of T, u is an atomless
probability measure in every model N of T*. By Ni-saturation again, there
is a countable sequence of events (F,,: n € N) in B such that

w(CNFy) = pu(C\Fn) = pu(C)/2
for each n and each event C in the Boolean algebra generated by
fdelg(A) U{D,E} U{Fx: k < n}.
For each n, let
D, =(DNF,) U(E\F,).
Then for each C € fdclg(A) and n € N, we have
u(D,NC)=pDONC)/2+pu(ENC)/2=p(ENC).

By quantifier elimination, tp(D,,/A) = tp(E/A) for each n € N. Moreover,
whenever k < n we have

Dn \ D = ((D\ Dy) NFy) U ((E\ Dg) \ Fn),
#(Dy \ D) = pu(D \ Di)/2 + pu(E \ Di) /2.
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Note that whenever tp(D’/A) = tp(D”/A), we have u(D") = u(D”), and
hence

u(D'\ D) = (D" \ DY) = d (D', D") /2.
Therefore
dg(Dy,Dy) = dp(D,Dy)/2 + dg(E,Dg)/2 > dp(D, E)/2.

It follows that the set of realizations of tp(E/A) is not compact, and E is not
algebraic over A. This shows that aclg(A) = dclg(A).

Now suppose b € acl(A) \ dcl(A). There is an element ¢ € K such that
tp(b/A) = tp(c/A) but dg(b,c) > 0. For each first order formula v (u, )
and @ € AN, [4(b,a@)] € aclg({b} U A) C aclg(acl(A)). By Result 2.2.3,
[ (b,a)] € aclg(A). By the preceding paragraph, [¢(b,a@)] € dclg(A).
Since tp(b/A) = tp(c/A), we have tp([1)(b, @)]/A) = tp([¢(c,@)]/A). By
Result 2.2.1, it follows that [ (b, @)] = [¢ (¢, @)] for every first order formula
¥ (u, ¥). Then tp(b(w)/A(w)) = tp(c(w)/A(w)) for p-almost all w. Since p
is atomless and A is Nj-saturated, there are countably many independent
events D, € B such that D,, T [b # ¢] and u(D,,) = dx (b, ¢)/2. Let ¢, agree
with ¢ on D,, and agree with b elsewhere. We have tp(c,/A) = tp(b/A)
for every n € N, and dk(cn, cr) = dr(b,c)/2 whenever k& < n. Thus the
set of realizations of tp(b/A) is not compact, contradicting the fact that
b € acl(4). O

4. A SPECIAL CASE: Nyp-CATEGORICAL THEORIES

4.1. Definability and Xg-Categoricity. We use our preceding results to
characterize Ng-categorical theories in terms of definability in randomiza-
tions.

Theorem 4.1.1. The following are equivalent:

(1) T is No-categorical;
(2) For each n there are only finitely many formulas in n variables up to
T-equivalence.

(3) fdclg(A) is finite for every finite A;
(4) dclg(A) is finite for every finite A;

(5) fdclg(A) = dclg(A) for every finite A;
(6) fdcl(A) is finite for every finite A;

(7) dcl(A) is finite for every finite A.

(8) fdcl(A) = dcl(A) for every finite A;

Proof. By the Ryll-Nardzewski Theorem (see |[CK], Theorem 2.3.13), (1) is
equivalent to (2).

Assume (2) and let A C K be finite. Then (3) holds. Moreover, there
are only finitely many functional formulas in |A| + 1 variables, so (6) holds.
Then by Corollary 3.3.3, (4), (5), (7), and (8) hold.

Now agsume that (2) fails.
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Proof that (3) and (4) fail: For some n there are infinitely many formulas
in n variables that are not T-equivalent. Hence there is an n-type p in T with-
out parameters that is not isolated. So there are formulas o1 (7), ¢2(9), ... in
p such that for each k > 0, T' = ¢r11 — p but the formula 6 = pp A g1
is consistent with 7. The formulas 6, are consistent but pairwise inconsis-
tent. By Fullness, for each k > 0 there exists an n-tuple b, € K™ such that
[0x(by)] = T. Since the measure algebra (B, 1) is atomless, there are pair-
wise disjoint events E{,Es,... in B such that w(E) = 27F for each k > 0.
By applying Lemma 2.1.8 k times, we see that for each k£ > 0 there is an
n-tuple @ € K™ that agrees with b; on E; whenever 0 < i < k. Whenever
0 < k < j, we have u([d@r = a@,]) > 1 —27%. So (d@y,d>,...) is a Cauchy
sequence, and by metric completeness the limit @ = limg_, o, A exists in Kn.
Let A = range(@). For each k > 0 we have E, = [@ = by] = [0x(@)], so
Ex € fdclg(A). Thus fdclg(A) is infinite, so (3) fails and (4) fails.

Proof that (5) fails: Let Ej be as in the preceding paragraph. The set
fdclg(A) is countable. But the closure cl(fdclg(A)) is uncountable, because
for each set S C N\ {0}, the supremum | |4 E belongs to cl(fdclg(A)).
Thus by Theorem 3.1.2,

delg(A) = cl(fdclg(A)) # fdclg(A),

and (5) fails.

Proof that (6), (7), and (8) fail: By Corollary 2.1.7, there exist ¢,d € K
such that [e # d] = T. Let C be the finite set C = AU {¢,d}. By
Remark 2.2.4, for any event D € fdclg(A), the characteristic function 1p
of D with respect to ¢, d is definable over C'. Moreover, we always have
dx(1p,1g) = dg(D,E). It follows that fdcl(C) is infinite, so (6) and (7)
fail. To show that (8) fails, we take an event D € dclg(A) \ fdclg(A). By
Theorem 3.1.2 we have D € cl(fdclg(A)). It follows that 1p € cl(fdcl(C)), so
by Theorem 3.3.6, 1p € dcl(C). Hence dcl(C) is uncountable. But fdcl(C)
is countable, so (8) fails. O

By the Ryll-Nardzewski Theorem, if T" is Np-categorical then for each n,
T has finitely many n-types; so each type p in the variables (u, ) has an
isolating formula, that is, a formula ¢(u, ¥)) such that T' = ¢(u, ¥) <> Ap.

We now characterize the definable closure of a finite set A C K in the case
that T is Ng-categorical. Hereafter, when A is a finite subset of IC, @ will
denote a finite tuple whose range is A.

Corollary 4.1.2. Suppose that T is Wo-categorical, b € IE, and A is a finite
subset of IC. Then b € dcl(A) if and only if:

(1) b is pointwise definable over A;
(2) for every isolating formula (u, V), if u([e(b,a@)]) > 0 then

[#(b,@)] = [(Bu)p(u, @)].
Proof. (=): Suppose b € dcl(A4). (1) holds by Lemma 3.2.8. Suppose ¢(u, v)
is isolating and u([¢(b,@)]) > 0. We have [p(b,a)] € fdclg({b} U A), s
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by Corollary 3.3.5, [¢(b,a)] € dclg(A). By Theorem 4.1.1, [¢(b,d)] €
fdclg(A). We note that (Ju)p(u, ¥) is an isolating formula, so [[(Elu) (u,d)]
is an atom of fdclg(A). Therefore (2) holds.

(<): Assume (1) and (2). By (2), for every isolating formula ¢ (u, ¥) such
that u([o(b,a@)]) > 0, we have

[e(b,a)] € fdclg(A).

Every formula 0(u,¥) is T-equivalent to a finite disjunction of isolating for-
mulas in the variables (u,?). It follows that fdclg(A U {b}) C fdclg(A).
Therefore by Corollary 3.3.5, b € dcl(A). O

Corollar}/f\ 4.1.3. Suppose that T is Rg-categorical, b € le, and A is a finite
subset of IC. Then b € dcl(A) if and only if for every isolating formula (V)
there is a functional formula ¢(u,v) such that [ (a)] C [¢(b, a)].

Proof. (=): Suppose b € dcl(A). By Theorem 4.1.1, b is first order definable
over @, so there is a functional formula ¢ (u, ¥) such that [¢(b,@)] = T. Then
for every isolating ¢ (¥) we have [¢(@)] C [¢(b, @)].

(«<): There is a finite set {¢o(7),...,1¥x(¥)} that contains exactly one
isolating formula for each |@|-type of T. By hypothesis, for each i < k there
is a functional formula @;(u,¥) such that [¢;(@)] C [goz(b a)]. Since the
formulas 1;(7) are pairwise inconsistent, the formula \/Z o (Wi (0) A @4(u, 7))
is functional, and

[[\/ (¥i(@) A pi(b,@))] = T.

Hence b is first order deﬁnable over @, so by Lemma 3.2.3 we have b €
dcl(A). O

4.2. The Theory DLO®. We will use Corollary 4.1.3 to give a more natural
characterization of the definable closure of a finite parameter set in a model
of DLO®, where DLO is the theory of dense linear order without endpoints.
Note that in DLO, every type in (v1,...,v,) has an isolating formula of the
form /\?;11 ujouiy1 where {ug,...up}t = {v1,...,v,} and each o; € {<,=}.
(This formula linearly orders the equality-equivalence classes).

Corollary 4.2.1. Let T = DLO, b € Ia and A be o finite subset ofle. Then
b € dcl(A) if and only if for every isolating formula 1(vy, ..., v,) there is an
i€ {l,...,n} such that [p(@)] C [b = a;].

Proof. For any M = DLO and parameter set A, we have dcl™(4) = A.
Therefore for every isolating formula ¢ (v1,...,v,) and functional formula
o(u,v1,...,v,) there exists i € {1,...,n} such that

DLO }: (w(vla e ,Un) A @(U,Ul, . ,Un)) — U = ;.
The result now follows from Corollary 4.1.3. H
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In the theory DLO, we define min(u,v) and max(u,v) in the usual way.
For a,b € K, we let min(a, b) be the unique element e € K such that

[e = min(a,b)] =T,

and similarly for max. For finite subsets A of K, min(A4) and max(A) are
defined by repeating the two-variable functions min and max in the natural
way.

We next show that in DLO®, the definable closure of a finite set can be
characterized as the closure under a “choosing function” of four variables.

Definition 4.2.2. In the theory DLO, let £ be the function of four variables
defined by the condition

lu,v,z,y) =2 if u<wv, and l(u,v,z,y) =y if not u < v.

For a,b,c,d € K, let {(a,b,c,d) be the unique element e € K such that
[e = ¢(a,b,c,d)] = T. Given a set A C K, let Icl(A) be the closure of A
under the function /.

Note that in DLO, the function £ is definable without parameters. In both
DLO and DLO%, min(u,v) = £(u,v,u,v), and max(u,v) = £(u, v, v, ).

Proposition 4.2.3. Let T = DLO. Then for every finite subset A of IE,
dcl(A) = 1cl(A).

Proof. 1t is clear that lcl(A) C dcl(A).

We prove the other inclusion. If A is empty, the result is trivial, so we
assume A is non-empty. Let 0 = min(A),1 = max(A). We have 0,1 €
lcl(A). Let Qo = [0 < 1]. Note that 2\ Qo = [0 = 1]. If u(20) =0, then A
is a singleton, and we trivially have lcl(A) = dcl(A) = A. We may therefore
assume that p(Qo) > 0. To simplify notation we will instead assume that
Qo = Q; the argument in the general case is similar.

In the following, all characteristic functions are understood to be with
respect to 0,1. Note that ¢(a,b,0,1) is the characteristic function of the
event Ja < b]. If d is the characteristic function of an event D and e is the
characteristic function of an event E, then ¢(d,1,1,0) is the characteristic
function of =D, min(d, e) is the characteristic function of DME, and max(d, e)
is the characteristic function of DUE. It follows that for every quantifier-free
first order formula ¢(¥) of DLO with || = |d|, the characteristic function of
the event [¢(a)] belongs to lcl(A). Since DLO admits quantifier elimination,
the characteristic function of every event that is first order definable over A
belongs to lcl(A). Hence by Theorem 4.1.1, the characteristic function of
every event in dclg(A) belongs to lcl(A). Moreover, for every ¢ € A and
event D € dclg(A) with characteristic function d, ¢ [ D :=¥¢(d, 1,0, ¢) is the
element that agrees with ¢ on D and agrees with 0 on the complement of D,
so ¢ | D belongs to lcl(A). Let {D1,...,D,} be the set of atoms of dclg(A)
(which is finite because DLO is Ng-categorical). By Corollary 4.2.1, every
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element of dcl(A) has the form
max(cy [ D1,...,¢, [ Dy)
for some ¢y, ..., ¢, € A. Therefore dcl(A4) C lcl(A). O

Example 4.2.4. In this example we show that the exchange property fails
for DLO®, even though it holds for DLO. Thus the exchange property is
not preserved under randomizations. Let T" = DLO. By Fullness, there exist
elements a,b € K such that max(a,b) ¢ {a,b}. Let ¢ = max(a,b),d =
min(a, b). It is easy to check that

dcl({a,b}) ={a,b,c,d}, dcl({a,c})={a,c}, dcl({a})={a}.

Thus ¢ € dcl({a, b}) \ dcl({a}) but b ¢ dcl({a, c}).
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