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1 Introduction

In the paper [HK] the notions of an adapted distribution and of a saturated adapted
probability space were introduced. The adapted distribution of a random variable on
an adapted space (with values in a complete separable metric space) is the natural
analogue of the distribution of a random variable on a probability space. An adapted
space {2 is saturated if for any random variable z on 2 and pair of random variables
Z and y on another adapted space I' such that x and z have the same adapted
distribution, there is a random variable y on Q such that (z,y) and (z,y) have the
same adapted distribution. For stochastic differential equations and a wide variety
of other existence problems, every existence theorem which holds on some adapted
space holds on a saturated adapted space.

The paper [FK1] introduced a new method for proving existence theorems in
probability theory, based on the notion of a neocompact set of random variables.
A set of random variables on an adapted space is said to be basic if it is either
compact or is the set of all random variables which are measurable at time ¢ and
whose law belongs to a compact set C' of measures, for some ¢ and C'. The family
of neocompact sets is the closure of the family of basic sets under finite unions and
Cartesian products, countable intersections, existential projections, and “universal



projections with respect to a nonempty basic set”. An adapted space is said to
be rich if the family of neocompact sets is countably compact. On a rich adapted
space, the neocompact sets play a role analogous to the compact sets. They were
used in the papers [FK1] and [CK] to prove a variety of optimization and existence
theorems. The existence of rich adapted spaces for any linearly ordered set of times
was proved in [FK2].

The purpose of this paper is to find the relationship between richness and satu-
ration. Our main theorem is that richness and saturation are equivalent for adapted
spaces with a countable set of times. For example, the two notions are equivalent
for probability spaces, for discrete time adapted spaces, and for adapted spaces with
dyadic rational times. We also show that for any rich adapted space with dyadic
rational times, the associated right continuous adapted space with real times is
saturated but cannot be rich.

Our proofs will use a “quantifier elimination” theorem from the paper [K5] which
shows that in a rich or saturated space with a countable time set, the neocompact
sets can be represented in a simple form. The paper [K5], which was aimed primarily
at model theorists, introduced a very general notion called a law structure, which is
an abstraction of the distribution and the adapted distribution in probability theory.
This paper is aimed at probabilists, and applies the results of [K5] to probability
spaces and adapted spaces.

In Section 2 we introduce the notion of a law mapping on a probability space
2, which is a special case of the notion of a law structure from [K5]. We shall also
state the results we need from [K5]. In Section 3 we prove some general results
about law mappings. The rest of the paper deals with the particular law mappings
which correspond to the distribution of a random variable and adapted distribution
of a stochastic process. In Sections 4 through 8 we prove our main results showing
that saturation is equivalent to richness for probability spaces, adapted spaces with
finite time sets, and adapted spaces with infinite time sets. Finally, in Section 9 we
prove that every rich adapted space with rational times induces a saturated right
continuous adapted space with real times.

I wish to thank Sergio Fajardo and Siu-Ah Ng for helpful suggestions on this
article. This research was supported in part by the National Science Foundation
and the Vilas Trust Fund.

2 Law Mappings

In this section we introduce the notion of a law mapping on a probability space (2,
and state the theorems we shall need from the paper [K5].



Throughout this paper we let K = (K,7), M = (M,p), and N = (N, o) be
complete separable metric spaces, and let 2 = (€2, P,G) be a probability space. For
each complete separable M, we use the corresponding script letter M to denote
the metric space M = (L°(Q2, M), po) of all equivalence classes of P-measurable
functions from €2 into M. Here two functions are equivalent if they are equal P-
almost surely, and pg is the metric of convergence in probability on L°(Q, M),

pol,y) = int{e : Plp(a(w), y(w)) < ] > 1 - ).

We shall let Mg be the family of all the metric spaces L°(2, M) where M is a
complete separable metric space, so that M, N, K are arbitrary elements of M.
A Cartesian product M x N with the metric p x o defined by

(0 x0)((2,9), (%,9)) = max(p(z,7),0(y,y))

is again a complete separable metric space. The metrics py X 0¢ and (p X )¢ on
M x N = L°Q, M x N) are different, but determine the same topology. A similar
remark holds for countable Cartesian products [],, K,, with the metric 7 = [[,, 7
defined by

T(x,y) =Y min(1, 7, (zn, yn)) /2"

A subset of a topological space A is relatively compact if it is contained in
a compact subset of A. Recall that a topological space is first countable if every
point has a countable neighborhood base. For example, every metrizable space is
first countable. In a first countable space, a set is closed if and only if it contains
the limit of any convergent sequence of points in the set.

For each continuous function f : M — N, we let f : M — N be the function

defined by (f(z))(w) = f(z(w)). f is continuous from M to N.

The space of Borel probability measures on M with the Prohorov metric
d(p,v) =inf{e : p(C) < v(C®) + ¢ for all closed C C M}

is denoted by Meas(M). It is again a complete separable metric space, and conver-
gence in Meas(M) is the same as weak convergence. Each random variable z € M
induces the measure law(z) € Meas(M) such that (law(x))(S) = Plx=*(S)] for each
Borel S C M, and the function law : M — Meas(M) is continuous.

Definition 2.1 A law mapping on Q is a pair (A, ) which assigns to each M €
Mg, a first countable Hausdorff space A(M) and a continuous function A : M —
A(M) such that:



1. For each x,x1, 2o, ... in M, if N(x,) — A(z) in A(M), then law(x,) — law(x)
in Meas(M).

2. If AC M,B C N, and the images N\(A) and \(B) are relatively compact in
A(M) and A(N), then the image AN(A x B) is relatively compact in A(M xN).

3. For each continuous function f : M — N there is a continuous function
f: AMM) = ANWN) such that the following diagram is commutative:

A

M . AM)

f f

N . AN
A

Moreover, if f is a metric isometry of M onto N, then f is a homeomorphism

from A(M) to A(N).

Since A is continuous, convergence in probability implies convergence in A\. Con-
dition (2.1.1) says that convergence in A in turn implies convergence in law. One
consequence of condition (2.1.1) is that A(z) = A(y) implies law(x) = law(y). An-
other consequence is that A\(x,y) = A(z, z) implies = y.

In condition (2.1.3), A(M) denotes the image of M under the function A, which is
a possibly proper subspace of the space A(M). (2.1.3) says that for each continuous
f: M — N, the function A\(z) — A(f(z)) is well-defined and continuous, and is
denoted by f.

Condition (2.1.3) is often applied to projections. If f is the projection from M x N
to M, then f sends A(x,%) to A(z) and is called the projection function from (M x
N) to A(M). There is an analogous projection function from A(M x N) to A(N).
Combining the two projections, it follows that the function A(z,y) — (A(x), A(y))
is a continuous surjection from A\(M x N) to the product space A(M) x A(N). In
general, this function is many-one, and the space A\(M x N) is more complicated
than the product space A(M) x A(N).

The canonical example of a law mapping on 2, developed in Section 4, is the pair
(A, A) where A(M) is the space Meas(M) and A(z) = law(x). In this case, A(z,y)
is the law of the joint random variable (z,y), and A(z) and A(y) are the laws of the
marginals x and y.



We shall usually suppress the target space A and speak of a law mapping A.
However, it should be kept in mind that a law mapping can be changed in an
essential way by extending or restricting the space A(M).

In the paper [K5] the notion of a law structure (M, A, A) was introduced in
the more general setting where the family Mg, is replaced by a family M of sets
closed under finite Cartesian products. In that setting, the sets X € M do not have
metrics, the function A is not required to be continuous, condition (2.1.1) is replaced
by the weaker condition that A(z,y) = A(z, z) implies © = y, and condition (2.1.3)
is required only for the case that f is a projection from one finite Cartesian product
to another.

Thus whenever (A, A) is a law mapping on a probability space 2, the triple
(Mg, A\, A) is a law structure in the sense of [K5].

We next introduce some properties of law mappings which were studied in [K5].

For each € M and each C C N, let

Mz, C) ={Nz,y) :y € C}H,ANC,z) ={\y,x) :y € C}.

Definition 2.2 Let A\ be a law mapping on €.

A has the back and forth property if for all x,z € M such that A\(z) = \(Z),
we have \N(x, N') = Nz, N) for all N'. That is, if N(x) = \(Z) then for everyy € N
there exists § € N such that XNz, y) = A\, 7).

A is said to be dense if whenever v,z € M and Nz) = ANZ), Nz, N) and
ANZ,N) have the same closure in A(M x N).

A is said to be closed if A\(M) is closed in A(M) for all M € Mq,.
A has the Skorokhod property if for every x € M and sequence ¢, which

converges to A(z) in A(M), there exists a sequence x, in M such that \(x,) = ¢,
for each n and x, converges to x in M.

We shall see in Section 4 that the Skorokhod property is closely related to the
Skorokhod representation theorem. The next proposition shows that the Skorokhod
property for a law mapping is equivalent to a condition which does not mention the
metric on M and was called the “strong open mapping property” in [K5].

Proposition 2.3 Let A be a law mapping on ). Then A has the Skorokhod property
if and only if for each M and each y € N, the projection from A(M x N) to A\(M)
restricted to A(M,y) is open.

Proof: The second condition is equivalent to the following:



(1) For each x € M,y € N, and sequence ¢, converging to A(z) in A(M), there
is a sequence z,, in M such that \(z,) = ¢, for all sufficiently large n, and

A(Zy,y) converges to A(z,y) in A(M x N).

The Skorokhod property implies (1) because if z,, — x in M then (z,,y) — (z,y)
in M x N, and by the continuity of A, A(z,,y) — A(z,y).

For the converse, assume (1). Let ¢, — A(x) in A(M). By (1) there exist
x, in M such that \(z,) = ¢, for all n, and A(z,,z) — A(z,z). By (2.1.1) we
have law(x,,x) — law(z,x) in Meas(M x M). Therefore z,, — x in M, and the
Skorokhod property is proved. O

We state a result from [K5].

Proposition 2.4 A law mapping A on Q has the back and forth property if and only
of

(i) X is and dense, and

(i1) Whenever X(x,y,) converges to N(Z,7) in A\(M x N), there exists y € N
such that AN(z,y) = \(z,y). O

Condition (ii) in the above proposition is called completeness in [HK] and [K5].
We now review the notions of a basic set and a basic section from [K5]. Basic
sections play a central role in the study of neocompact sets.

Definition 2.5 A set B C M is basic for a law mapping XA on Q) if B is of the
form

B={xecM:\x) e B}

for some compact subset B of A(M).
Let z € K. A set C C M is called a basic section for A with parameter z
on ) if C has the form
C={zeM:\zz2) el}

for some compact subset C' of AM x K).
We say that a family C of sets is countably compact if every decreasing chain
Co D Cy D -+ of nonempty sets in C has a nonempty intersection (,, C.

Every basic section for A is closed in M, because the function A is continuous.
The following proposition and theorem on basic sections were proved in [K5].

Proposition 2.6 Let A be a law mapping on Q.
(1) For every z € IC, every basic set for X is a basic section for \ with parameter



(i1) Let y € N and z € K. Every basic section B C M for \ with parameter y
is a basic section for X with parameter (y, z).

(111) If A C M and B C M are basic sections for A\, then AN B and AU B are
basic sections for X.

(iv) For each M € Mg, every finite subset A = {x1,...,xn} of M is a basic
section for \ with parameter z = (x1,...,T,) in the Cartesian power KK = M™.

(v) Suppose X is closed and has the back and forth property. Let A C M be a
basic section for X with parameter z. Then for each y € N, the set B = M\(A,y) is
compact in A(M x N'). O

Theorem 2.7 ([K1, Theorem 4.9 and Corollary 4.10]).

(1) A law mapping X on 2 is closed if and only if the family of basic sets B C M
for X\ is countably compact.

(ii) A law mapping A on Q is closed and has the back and forth property if and
only if it is dense and for each z € IC, the family of basic sections B C M for A
with parameter z is countably compact. O

We now introduce the notion of a neocompact set over a family of sets A, which
corresponds to the notion of a neocompact formula over A in [K5]. We shall then
state a quantifier elimination theorem from [K5], which shows that the neocompact
sets can be represented in a simple form.

Definition 2.8 For each M € Mg, let A(M) be a family of subsets of M. A
neocompact set over A is a set which is built using the following rules.

(a) Every set in A(M) is neocompact over A.

(b) The union of two neocompact subsets of M over A is neocompact over A.

(c) If AC M and B C N are neocompact over A, then A X B is neocompact
over A.

(d) If (A, : n € N) is a countable sequence of neocompact subsets of M over A,
then the intersection ,, A, is a neocompact set over A.

(e) If A C M x N is neocompact over A, then the existential projection

{reM:(FyeN)(x,y) e A}

is meocompact over A, and the analogous rule holds for each factor in a finite Carte-
sian product.

(f) If A C M x N is neocompact over A and ) # C € A(N), then the universal
projection

{reM: (VyeC)x,y) € A}

is meocompact over A, and the analogous rule holds for each factor in a finite Carte-
sian product.



In [FK1] and [FK2], the family of neocompact sets over A is called the neocom-
pact family generated by (Mg, .A).

A function f : M — N is neocontinuous over A if the graph of f|C is
neocompact over A for each neocompact set C' C M over A.

Let z € K. We say that a set C C M is a basic section over A with
parameter z if C' has the form

C={reM:(z,z) € D} (1)

for some D € A(M x K), and that C' is a neocompact section over A with
parameter z if C' has the form (2) for some neocompact set D C M x K over A.
Thus C' is a basic section for A\ as previously defined if and only if C' is a basic
section over the family of basic sets for .
It is obvious that every neocompact set over A is a neocompact section over A.
The following proposition is a converse.

Proposition 2.9 ([FK1, Proposition 3.6]). Suppose that for each M, every finite
subset of M belongs to A(M). Then every neocompact section over A is a neocom-
pact set over A. O

The next theorem was proved in [K5, Theorem 6.5 and Corollary 6.6].

Theorem 2.10 (Quantifier Elimination for Neocompact Formulas) Let X\ be a closed
law mapping on 2, and let A(M) be the family of basic subsets of M for . The
following are equivalent.

(i) X has the back and forth and Skorokhod properties.

(ii) Each neocompact set over A is basic for \.

(111) Each neocompact section over A with parameter z is a basic section over A
with parameter z. O

Corollary 2.11 Let X\ be a closed law mapping with the back and forth and Sko-
rokhod properties. Let B(M) be the family of subsets of M which are either finite

or basic for . Then a set is neocompact over B if and only if it is a basic section
for \.

Proof: By Proposition 2.9, every basic section for A is neocompact over B. By
the Quantifier Elimination Theorem and Proposition 2.6, the family of basic sections
for \ is closed under the rules (a)—(f) with respect to B(M). O

The existential quantifier step of the proof of the Quantifier Elimination Theorem
2.10 used the following result (Theorem 5.2 in [K5]), which will be useful in its own
right in this paper.



Theorem 2.12 Let A be a closed law mapping. The following are equivalent.
(i) X has the back and forth property.
(ii) For every basic set A C M x N for A, the set

B={zeM:(FyeN)(z,y) e A} (2)

1s basic for A.
The implication (ii) = (i) holds for all law mappings.

3 Basic Sections and Neocompact Sets

In this section we shall prove some additional results about basic sections for law
mappings. Throughout this section we assume that A is a law mapping on a proba-
bility space €2.

Lemma 3.1 For each countable sequence (C,) of basic sections for X in M, there
15 a single space I € Mg and z € IC such that each C,, is a basic section for A with
parameter z.

Proof: We have
Ch,={zreM: Nz, z,) € D,}

where 2, € K, € Mg and D,, is compact in A(M XAICn). Let K be the product
space KK =], KC,,. Let z = (2,) € K. Fix n € N. Let C,, be the closure of the set

{AMu,2) :ue M and A\u, z,) € Dy}.
C,, is relatively compact and hence compact by (2.1.3) and (2.1.2). We claim that

Co={zeM:Az,z2) e}
By the definition of C,,C, is contained in the right side. Suppose A(z,z) € C,.
Then

Az, z) = lim A(zg, 2)

- k—o0
for some sequence zy in M with A\(xy, 2,) € D,,. By (2.1.3),

Mz, zn) = klirn Mk, 2n),

so A(z, z,) € D, and x € C,. This proves the claim and shows that C,, is a basic
section for A with parameter z. O



Corollary 3.2 For each M the family of basic sections for X in M is closed under
countable intersections.

Proof: This follows from the preceding lemma and the equation

ﬂ{fEEM:)\(fE,Z)eDn}:{LL‘EM:)\(m’Z)EﬂDn}|:|

Corollary 3.3 If X is closed and has the back and forth property, then for each
M € Mg the family of basic sections for A in M is countably compact.

Proof: By Theorem 2.7 and Lemma 3.1. O

We shall call a set B C M basic/compact for \ if it is either a basic subset of
M for X or is a compact subset of M. We say that C' is neocompact for \ if C'is
neocompact over the family of basic/compact sets for \. By Proposition 2.9, every
neocompact section over the basic/compact sets for A is a neocompact set for A.

Proposition 3.4 Fach compact set C C M is a basic section for \. Moreover,
a set A C M is a basic section for \ if and only if A is a basic section over the
basic/compact sets for \.

Proof: Suppose C' is nonempty, and choose a countable sequence z = (z,) which
is dense in C. Then z belongs to the countable Cartesian power X = MY, and
K € Mg. Since A is continuous on M x IC, the set

D={\z,z):zeC}
is compact in A(M x ). It suffices to show that
C={reM:Xx,z) e D}. (3)

Clearly C'is contained in the right side. Let A(z, z) € D. Then A(z, z) = A(y, z) for
some y € C. Therefore some subsequence of z, converges to y in M. To simplify
notation suppose that lim, .., z, = y. By (2.1.3), we have A\(z, z,) = A(y, z,) for
each n. Moreover,

lim A(z,z,) = \(z,y)

and
lim Ay, z,) = ANy, y).

n—od

Therefore A(z,y) = A(y,y). Thus by (2.1.1), we have z = y € C. This proves (2).
O

10



In many of the applications of neocompact sets in [FK1], the compact sets were
included in the initial family A(M) which was used as the starting point in building
the neocompact sets. Proposition 3.4 shows that every compact set is a basic section
for A\. We now complete the picture by showing that the family of basic sections for
A is closed under universal projections with respect to a compact set.

Proposition 3.5 Let C C N be a nonempty compact set. If A is a basic section in
M x N for \ then the set

B={zeM:(VyelC)x,y) € A}
1s also a basic section for \.

Proof: Let {y, : n € N} be a countable dense subset of C. The set A has the
form

A={(z,y) e M x N : XNz,y, 2) € A}

for some z € K € Mg and some compact set A. For each n, the set
B,={reM: Nz, yn,2) € A} ={z e M: (z,y,) € A}

is a basic section for A. By Corollary 3.2, the intersection ), B, is a basic section
for \. We show that B =(,, B,. It is obvious that B C ,, B,. Suppose x € (,, B,.
Let y € C. Then some sequence (y, ) of (y,) converges to y. For each n we have
Az, Yk, 2) € A. Since A is compact and ) is continuous, we have Mz,y,2) € A, so
(r,y) € Aand z € B. O

Theorem 3.6 Suppose \ has the back and forth and Skorokhod properties. Then a
set is neocompact for X if and only if it is a basic section for X. Moreover, for each
M the family of neocompact subsets of M for X is countably compact.

Proof: By the Quantifier Elimination Theorem 2.10 and Propositions 3.4 and
3.5 the family of basic sections for A is closed under the rules (a)—(f) where A(M)
is the family of basic/compact sets. Countable compactness follows from Corollary
3.3. 0

For the remainder of this section we let A\ be a sequence of law mappings on 2.
For each k € N, we shall let A\ be the finite product

Xe = Aoy s M),

and let A (M) be the topological product Ag(M) X - -+ x Ap(M).

We also let A be the countable product where A(z) = (\e(z) : k € N), and let
A(M) be the countable topological product T, Ax(M).

We state two more results which are proved in [K5].

11



Proposition 3.7 ([K1, Proposition 7.1 and Lemma 7.3]).

(i) For each k, (Xk,Kk) is a law mapping on Q, and (A, A) is a law mapping on
Q.

(11) Suppose that Xk 15 a dense law mapping for each k € N. Then X is a dense
law mapping.

(11i) A set B is basic for A if and only if B = ", By for some sequence of basic
sets By, for Xk O

Theorem 3.8 ([K1, Theorem 7.7 and Corollary 7.8]). Suppose that X is closed and
has the back and forth property, and for each k, Xk 18 closed and has the back and
forth and Skorokhod properties. Let Ax(M) be the family of all basic subsets of M
for N, and let AM) = Uy, Ax(M). Then every neocompact set over A is basic for
A, and every neocompact section over A is a basic section for A. O

We now improve Theorem 3.8 by replacing the basic sets by the basic/compact
sets.

Theorem 3.9 Suppose that \ is closed and has the back and forth property, and for
each k, Xk is closed, and has the back and forth and Skorokhod properties. Let By(M)
be the family of all basic/compact subsets of M for X, and let B(M) = U Bp(M).
Then a set is neocompact over B if and only if it is a basic section for A\. Moreover,
for each M the family of neocompact subsets of M over B is countably compact.

Proof: By Proposition 2.9, every basic section for A is neocompact over B. By
Theorem 3.8, the family of basic sections for A is closed under the operations (a)—(e)
and under universal projections with respect to basic sets for Xk By Proposition 3.5,
for each k£ € N the family of basic sections for Xr is closed under universal projections
with respect to compact sets. By Proposition 3.7 (ii), every basic section for A is
the intersection of a descending chain of basic sections Bj, for Xk, and it follows that
the family of basic sections for A is closed under universal projections with respect
to compact sets. This shows that every neocompact set over B is a basic section for
A. Countable compactness follows from Corollary 3.3. O

4 Probability Spaces

In this section we study the law mapping (law, Meas) for an atomless probability
space 2. We shall see that this law mapping has the back and forth property if
and only if €2 is rich. A measure space (I', G, Q) with 0 < Q(T') < oo is said to be

12



atomless if for each set S € G of measure Q(S) > 0 and each positive r < Q(S)
there is a subset U C S in G such that Q(U) = r. Note that if Q = (Q, F, P) is
an atomless probability space and P(I') > 0 then the restriction of Q to I' is an
atomless measure space.

The following formula due to Strassen (see [EK, Theorem 1.2 on p. 96]) char-
acterizes the Prohorov metric in terms of the metric of convergence in probability
when () is an atomless probability space.

Lemma 4.1 Suppose Q is atomless and M € Mgq. Then for all b,c € Meas(M),
d(b,c) =inf{po(z,y) : z,y € M, law(x) = b, law(y) = c}.
The next proposition rephrases some well known facts in our framework.

Proposition 4.2 Let €2 be an atomless probability space. Then law is a closed law
mapping on Q.

Proof: By Proposition 4.1, law : M — Meas(M) is uniformly continuous, and in
fact, d(law(x), law(y)) < po(x,y). Conditions (2.1.1) and (2.1.3) are easily checked,
and condition (2.1.2) follows from the characterization of relative compactness given
by Prohorov’s theorem. Thus law is a law mapping. It is well known that a prob-
ability space € is atomless if and only if law maps M onto Meas(M) for each M.
Therefore (law, Meas) is closed on . O

We now recall the notion of a saturated probability space from [HK].

Definition 4.3 We say that Q = (2, P,G) is a saturated probability space if
for every probability space I' and all complete separable metric spaces M and N, if

ze LT, M),5e L, N),z €M,
and law(z) = law(x), then there exists y € N such that law(z,y) = law(Z, ).

It is easily seen that every saturated probability space is atomless and has the
back and forth property. It was shown in [HK] that uncountable powers of [0, 1] and
atomless Loeb probability spaces are saturated, and thus that saturated probability
spaces exist.

It is well known that the set of simple functions (functions with finite range)
is dense in each M € Mg. Every atomless probability space satisfies the special
case of saturation where x is a simple function.

13



Proposition 4.4 Let Q) be an atomless probability space, and let I be another prob-
ability space. Then for every simple x € M and every pair of random variables
(z,y) € LT, M x N) such that law(z) = law(z), there exists y € N such that
law(z,y) = law(z, 7).

Proof: Let Q@ = (Q,F,P) and I' = (I',G, Q). Let {mq,...,my} be the range of
z, and let A; = {w : z(w) = m;} and B; = {y : z(y) = m;}. We may assume
without loss of generality that P(A;) > 0 for each j. Let ; be the restriction of g
to the set B;. Since the restriction of {2 to A; is atomless and Q(B;) = P(A4;), there
is a random variable y; on A; such that law(y;) = law(y;). Now take y € N such
that y(w) = y;(w) whenever w € A; for j =1,...,n. Then law(z,y) = law(z,y). O

The next proposition applies the Skorokhod representation theorem in probabil-
ity theory, and is the reason for our use of the name “Skorokhod property”.

Proposition 4.5 If Q is an atomless probability space, then law has the Skorokhod
property on €.

Proof: Let x € M, and let ¢, be a sequence converging to law(x) in Meas(M).
We must find a sequence z,, converging to z in M such that law(z,) = ¢, for all n.

The Skorokhod representation theorem says that on some probability space I’
there are random variables z,,z € L°(T, M) such that law(z,) = c, for all n,
law(z) = law(z), and z, — z almost surely (see [EK, p. 102]). Let A be a sat-
urated probability space. Then there are random variables y,,y in L°(A, M) such
that

law(yv <yn>) = law(zv <Z7l>)
It follows that y, — y in L°(A, M). Let u,,n € N be a sequence of simple random
variables converging to x in M. Since A is saturated there is a sequence v,,,n € N
in LY(A, M) such that

law(y, (vn)) = law(z, (un)).
By the preceding proposition, for each n there exists x,, € M such that law(u,,, x,) =

law(vy,, y,). Then law(z,) = ¢, for all n. Since y,, and v, both converge to y, we
have po(yn,vn) — 0, and thus po(x,, u,) — 0. Therefore z, — z in M. O

Proposition 4.6 Let €2 be an atomless probability space. Then law is dense on €.

Proof: Let z,7 € M with law(x) = law(Z), and let y € N. Let (z,) be a
sequence of simple functions converging to x in M. Then law(z,) — law(Z). By
the Skorokhod property there is a sequence (Z,) converging to T in M such that
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law(z,) = law(x,) for each n. Then for each n, z, is simple. By Proposition 4.4
there exists ¢, € N such that law(Z,,§,) = law(z,,y). We have (z,,y) — (z,y)
in M x N, and therefore law(Z,, §,) — law(z,y). Moreover, since T, — T in M,
d(law(Zp, Yp), law(T,7,)) — 0. Therefore law(Z,y,) — law(x,y), so law(Z,N) is
dense in the closure of law(xz, N'). O

We now review the notion of a rich probability space from [FK1]. We shall see
that richness and saturation are equivalent.

Definition 4.7 € is said to be a rich probability space if Q) is atomless and for
each M € Mg, the family of neocompact subsets of M for law is countably compact.

From the previous sections, a set B is basic for law in M if it is of the form
{r e M :law(z) € C}

for some compact set C' C Meas(M ), and is a basic section for law in M if it is of
the form

{r e M :law(z,z) € D}
for some compact set D C Meas(M x N) and some z € N.

Theorem 4.8 Let ) be an atomless probability space. The following are equivalent.

(i) 2 is saturated.

(11) law has the back and forth property on €.

(111) 2 is rich.

(iv) For each M € Mg the family of basic sections for law in M is countably
compact.

(v) For each M, N € Mg and basic relation C for law in M x N, the existential
projection

{z:Jy(z,y) € C}

1s basic for law.

Proof: By Propositions 4.2 and 4.6, law is closed and dense on .

We first prove that (i) and (ii) are equivalent. It is easily seen that (i) implies (ii).
To prove (ii) implies (i), assume (ii) and let z € L°(T, M),y € L°(T,N),x € M,
and law(z) = law(Z). Since ) is atomless there exists (2/,y’) € M x N such that
law(z',y') = law(Z,y). Then law(z") = law(z), and by the back and forth property
for law on § there exists y € N such that law(z,y) = law(Z, 7).

Next we assume (i) and prove (iii). By Proposition 4.5, law has the Skorokhod
property on €. Then  is rich by Theorem 3.6, so (iii) holds.
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Since every basic section for law is neocompact, (iii) implies (iv).
Assume (iv). Since law is dense on 2, it has the back and forth property on €
by Theorem 2.7. Thus (iv) implies (ii). (v) is equivalent to (ii) by Theorem 2.12. O

We conclude this section with some examples arising in probability spaces which
are not rich. By an ordinary probability space we shall mean a probability space
of the form (I, u,G) where I' is a complete separable metric space and pu is the
completion of a Borel probability measure on the family of Borel sets G in I'. These
spaces are the ones most commonly used in the literature. It is shown in [FKI1]
shows that no ordinary probability space is rich.

Consider an atomless ordinary probability space (I', i, G), and let B = {O,, : n €
N} be a countable open basis for I'. We say that a measurable set A is independent
of a family of sets S in (I, u, G) if

(AN B) = pu(A)u(B) for all B € S.

The same terminology is applied to families of characteristic functions of sets.

For each n, let z,, be the characteristic function of O,,, considered as a random
variable on I with values in the two-element space {0, 1}. Every measurable set in
I' can be approximated by sets in the basis B, and therefore no set of measure one
half in T" can be independent of {z, : n € N}.

Example 4.9 For each n, let C,, be the set of all z on T" such that z is the charac-
teristic function of a set of measure 1/2 and z is independent of x1,...,x,. Then
C, 1is a decreasing chain of nonempty neocompact subsets of L°(T',{0,1}) for law,
but N,, Cy is empty. In fact, each C,, is a basic section for law. This shows that T’
s not rich.

Example 4.10 Now consider the product space I' X ', and let Z,,(y1,72) = Tn(71).
Let uw be the characteristic function of a set of measure one half in T', and let
U(m,72) = u(y) on T' x I'. Then law({x,)) = law({(Z,)), but there is no y on T’
such that law({x,),y) = law({Z,),y). This shows directly that I is not saturated.
The example can by modified by taking z,,y on I itself, giving a direct example of
the failure of the back and forth property on T'.

Example 4.11 Let C be the set of all pairs (x,y) such that x = (z,) is a sequence
of characteristic functions of sets, and y is the characteristic function of a set of
measure 1/2 which is independent of the the family {z, : n € N}. Then C is a basic
relation for law on I'. However, the existential projection D = {x : Jy({x,),y) € C'}
is not closed in L°(T',{0,1}) and therefore cannot even be a basic section for law.
In fact, if v = (x1,29,...,Zp,...) & D and z, = (x1,...,24,0,0,...), then z € D
and z, — x.
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5 Adapted Spaces with Finite Time Sets

We now apply our results to adapted probability spaces with finite time sets. In
this and the next two sections we shall introduce law mappings for these adapted
spaces, and prove that in this setting saturation is again equivalent to richness.
For the next four sections of this paper (through Section 8), we shall take A(M)
to be the space
A(M) = RN x Meas(M)

with the product metric. Whenever we introduce a law mapping, it will be under-
stood that the target space is this particular space A(M).

Let T be a finite set of nonnegative real numbers. By a T-adapted (probabil-
ity) space we mean a structure

QT = (Q7 Pa goov gt)tET

where (2, P,G.,) is a probability space, G; is a o-subalgebra of G, for each t € T,
and G, C G, whenever s <t in T.

Throughout this section we let 2t be a T-adapted probability space and let
M € Mg. R is the metric space L°(2, R).

We now recall the notion of an adapted function, which was introduced in [HK].

Definition 5.1 The class of T-adapted functions on M is the least class of
functions from M into R such that:

(i) For each bounded continuous function ¢ : M — R, the function (¢(z))(w) =
¢(x(w)) is a T-adapted function;

(i) If f1,..., fm are T-adapted functions on M and g : R™ — R is continuous,
then h(x) = g(fi(x),..., fm(x)) is a T-adapted function;

(111) If f is a T-adapted function and t € T, then g(x)(w) = E[f(x)|G](w) is a
T-adapted function.

Observe that each T-adapted function on M is uniformly bounded, so the ex-
pected value E[f(z)] is defined and finite for every T-adapted function f and every
x € M. Two processes x,y € M are said to have the same adapted distribution
if E[f(z)] = E[f(y)] for all T-adapted functions f.

We shall now take advantage of the separability of M to choose a countable set
of T-adapted functions on M which is dense in an appropriate sense.

A set ¥ of bounded functions f : M — R is said to be bounded pointwise
dense if every bounded Borel function g : M — R belongs to the closure of ¥ under
pointwise convergence of uniformly bounded sequences of functions.
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Suppose V is bounded pointwise dense. Then W separates points in M, that is,
if u # v in M then ¥(u) # ¥(v) for some ¢ € W. Moreover, ¥ is separating in
Meas(M), that is, if b # ¢ in Meas(M) then [ db # [ dc for some ¢ € W.

For each complete separable metric space M, there exists a countable set ®(M)
of bounded continuous functions ¢ : M — R which is bounded pointwise dense (see
[EK, Proposition 4.2]). For each M, we shall choose such a set ®(M) once and for
all.

Definition 5.2 The class of T-adapted functions built from ®(M) is the least
class of T-adapted functions on M such that:

(i') For each function ¢ € ®(M), the corresponding function ¢: M —Risa
T-adapted function built from ®(M);

(it ) If f1, ..., fm are T-adapted functions built from ®(M) andp : R™ — R is a
polynomial with rational coefficients, then h(z) = p(fi(z), ..., fm(x)) is a T-adapted
function built from ®(M);

(itd") If [ is a T-adapted function built from ®(M) and t € T, then g(z)(w) =
E[f(2)|G](w) is a T-adapted function built from ®(M).

There are only countably many T-adapted functions built from ®(M). Let us
arrange them in a list (0 : & € N). We now define the T-adapted law function.

Definition 5.3 By the T-adapted law of a random variable x € M we mean the
pair
lawr(x) = ((E[Bk(x)] : k € N), law(x))

in the space RN x Meas(M).

The reader may wonder why the second coordinate law(x) is needed. One reason
is to insure that condition (2.1.1) holds. Another reason is to insure that lawy is
closed on 2. The image of the first term (E[fg(x)] : £ € N) is almost never closed in
RN, but we shall see in Proposition 6.7 that for all “atomless” T-adapted spaces the
image of lawr on M is a closed subset of RN x Meas(M). The second coordinate
of lawy will also be needed in Lemma 7.8, which is used in the proof that saturated
adapted spaces are rich.

The T-adapted law function is defined for every T-adapted space Q, and it will
sometimes be useful to compare lawr(x) and lawr(y) where x and y are random
variables on two different T-adapted spaces Q0 and I'p.

Note that for any x € M and sequence z,, in M, if S C T and

lim lawr(z,) = lawy(z),

n—oo
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then
nh_)rgo laws(x,,) = laws(x).

We now give a series of lemmas which we shall use to show that lawy is a law
mapping on 2. The next lemma shows that the expected value of each T-adapted
function depends continuously on the T-adapted law.

Lemma 5.4 Let z, x,, € M. The following are equivalent:

(1) lim,, o lawy(x,) = lawp(x).

(11) lim,, o law(x,) = law(z) and lim, .. E[f(z,)] = E[f(z)] for every T-
adapted function f on M.

Proof: This follows from [HK, Theorem 2.26]. O

Lemma 5.5 Let f be a T-adapted function on M. Then f is continuous from M
into R, and uniformly continuous on law ' (C) for each compact set C C Meas(M).

Proof: We argue by induction on the steps used in constructing f. We begin
with the basis step. Let C' be a compact subset of Meas(M) and let ¢ : M — R
be continuous and bounded by 3. Let ¢ > 0. By Prohorov’s theorem, there is a
compact set D C M such that u(D) > 1 —¢/(203) for each p € C. Since D is
compact there exists 6 > 0 such that |¢(b) — ¢(c)| < € whenever b € D,c € M,
and p(b,c) < §. Taking § < ¢/(2f3), we see that whenever z,y € law '(C) and
po(z,y) <0, gzg(x) is within € of ngS(y) in the metric of convergence in probability.
Thus ¢ is uniformly continuous on law ' (C). The steps of the induction from f(x)
to E[f(x)|G], and from fi(x),..., fm(z) to g(fi(z),..., fm(x)), are routine. O

Corollary 5.6 The function lawy is continuous from M into RN x Meas(M), and
uniformly continuous on law ' (C) for each compact set C C Meas(M). O

Lemma 5.7 For each set A C M, the set lawp(A) C RN x Meas(M) is relatively
compact if and only if the set law(A) C Meas(M) is relatively compact.

Proof: If lawr(A) C C where C is compact then law(A) is contained in the
compact set 7(C') where 7 is the projection map 7 : RN x Meas(M) — Meas(M).
Suppose law(A) € D where D is compact. For each adapted function f, E[f(z)]
is bounded uniformly in x. Then by the Tychonoff product theorem, lawr(M) C
B x Meas(M) for some compact set B C RN. Therefore lawr(A) is contained in
the compact set B x D. O

We now show that lawr is a law mapping.
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Proposition 5.8 For any T-adapted space Qr, lawy is a law mapping.

Proof: The continuity of lawr was established in Corollary 5.6. Condition (2.1.1)
holds because lawr(x) is a pair whose second coordinate is law(x).

Suppose A C M, B C N, and lawr(A) and lawy(B) are relatively compact. By
Lemma 5.7, law(A) and law(B) are relatively compact. It follows, e.g. by Prohorov’s
theorem, that law(A x B) is relatively compact. Then by Lemma 5.7, lawr(A X B)
is relatively compact. This proves (2.1.2) for lawr.

To prove condition (2.1.3), let h : M — N be continuous. For any adapted
function f on M, the function g(x) = f (iL(l’)) is an adapted function on M. Suppose

~

that z,y € M and lawr(z) = lawr(y). By Lemma 5.4, we have E[f(h(z))] =
E[f(h(y))]. Moreover, law(h(z)) = law(h(y)). Therefore lawr(h(z)) = lawr(h(y)).
This shows that the function h(lawr(z)) = lawr(h(z)) is well-defined. Another

application of Lemma 5.4 shows that A is continuous, so (2.1.3) holds. O

6 Atomless Adapted Spaces

In this section we introduce atomless T-adapted spaces, and show that such spaces
have natural law mappings which are closed on 2. In the next section we shall
see, using the notion of a saturated T-adapted space, that these law mappings are
also dense and have the Skorokhod property. The notion of an atomless T-adapted
spaces is taken from [HK]. For notational convenience we let 0 be the least element

of T.

Definition 6.1 ([HK]) Let £ and F be o-subalgebras of Goo with € C F. F is
said to be atomless over £ if for every U € F of positive probability, there is a set
V CU in F such that

0 < P[VI|&] < P[U|E]

on a set of positive probability.
A T-adapted space Qr is said to be atomless if Gy is atomless over the trivial
o-algebra and G; is atomless over G, whenever s <t in T U {oo}.

We now introduce a T-adapted analogue of a simple function = such that Plx =
r] is rational for each r € M. This notion will be useful in analyzing the law
mapping lawr.

A finite algebra &£ of subsets of €2 will be called uniform if each atom of £ has
the same measure.

Let T = {t1,...,tx}, and put ¢, + 1 = oco. By a T-partition of 2 we shall
mean a sequence £ = (&,t € T U {oo}) of finite algebras such that & C G, and for
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each j < k, &, is generated by &, and a uniform finite algebra whose atoms are
independent of G,. (A set S C Q is independent of G, if the conditional probability
Plz|Gs] is constant). We say that a random variable x € M is £-measurable if it
is £&,-measurable, and T-simple if x is £-measurable for some T-partition £. Note
that if (z,y) is T-simple, then both = and y are T-simple, but the converse does
not hold in general. Also, if (x,y) and (z,z) are both T-simple, then (x,y, z) is
T-simple.

Given a T-partition £ of €2, let /& be the set of all &-atoms and let Q/E be
the set of all £, -atoms. Two T-partitions £ of (2 and F of I" are equivalent if there
is a bijection h : /€ — T'/F such that h(Q/&) = T'/F; for each t € T, and h is
called an isomorphism from £ to F. If x is £-measurable and A is an isomorphism
from & to F, h(x) is the F-measurable function y such that y(h(w)) = x(w) for each
weQ/E.

The following lemma can be proved by an inductive argument using the results
in Maharam [M]. It is a strengthening of the fact that every random variable can be
approximated by simple random variables.

Lemma 6.2 Let QO be atomless.

(i) Let Ty be a T-adapted space. For each T-partition F of T there is an equiv-
alent T-partition £ of ).

(ii) Let f be a T-adapted function. If € is a T-partition of Q and v € M
is €-measurable, then f(x) is E-measurable, and for each t € T, E[f(x)|G] is &:-
measurable. If x is T-simple then f(x) is T-simple.

(111) Let € be a T-partition of Q and let x be E-measurable. Then lawr(z) =
lawr(y) if and only if y = h(x) for some T-partition F and isomorphism h : £ — F.

(iv) For every M, the set of T-simple random variables is dense in M. In fact,
for each T-simple y € N, the set of x € M such that (z,y) is T-simple is dense in
M. O

Corollary 6.3 Let Qr be atomless, and let v € L°(T, M) be T-simple on some other
T-adapted space Tp. Then there is a T-simple y € L°(Q, M) such that lawr(z) =

lawr (y).

Proof: Let x be £-measurable where £ is a T-partition of I'. By Lemma 6.2 (i)
there is an equivalent T-partition F of 2 and an isomorphism h from £ to F. By
Lemma 6.2 (iii), y = h(x) is T-simple and lawr(z) = lawr(y). O

Here is a back and forth property for T-simple random variables.

Corollary 6.4 Let Qp be atomless. For each T-simple (z,y) € M x N and T-
simple T € M such that lawy(T) = lawr(x), there exists § € N such that (Z,7) is
T-simple and lawy(Z,y) = lawr(z,y).
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Proof: Let (z,y) be £-measurable where £ is a T-partition. Since lawr(z) =
lawr(x), there is a T-partition £ of 2 and an isomorphism h : &€ — & such that
Z = h(x). Then y = h(y) has the required properties. O

The following lemma is a consequence of Lemma 4.1 for atomless probability
spaces. It will be used here as the first step in an inductive argument for T-adapted
spaces.

Lemma 6.5 Suppose Q2 is an atomless probability space, M C R™ is compact, and
e > 0. There exists 6 > 0 and a finite set of polynomials py,...,pm n n variables
with rational coefficients such that for every uniform finite algebra € C G, and all
E-measurable x,y € M such that

|Elpi(z)] = Elpi(y)]] <6 fori=1,...,m, (4)
there is a permutation h of the atoms of € such that po(x, h(y)) < e. O

Proof: By the compactness of M, there exist § > 0 and py,...,p, such that
whenever z,y € M and equation (4) holds, we have

d(law(z), law(y)) < e.

Suppose x,y € M satisfy equation (4). By Lemma 4.1, there exist &,y € M such
that
law(z) = law(x), law(y) = law(y),
and
Po (jv g) <Eé.

Now suppose that £ C G is a uniform finite algebra with k atoms FEi,..., F, and
that x and y are £-measurable. Then z is simple, and by Lemma 4.3 we may take
z = x. To complete the proof it suffices to show that y may also be taken to be
E-measurable.

Consider the set A = {z € M : law(z) = law(y)}. Each z € A is determined
by a uniform F C G with k£ atoms, and an ordering of its atoms Fi,..., F,. The
joint distribution law(x, z) is determined by the k x k matrix p(z, 2) = (P[E; N Fj)).
The set p(x, A) of all such matrices is a convex polyhedron of dimension k?, whose
vertices are permutation matrices corresponding to £-measurable processes of the
form z = h(y). For each o > 0, the probability that p(z(w), z(w)) > « depends
linearly on the matrix p(z,z). Therefore this probability takes its minimum at a
vertex of p(xz, A). It follows that the set of distances {po(x,z) : 2 € A} has a
minimum at a point po(x,y) where gy € A is E-measurable. O
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Lemma 6.6 Let Qr be atomless, let M € Mg, and let D C Meas(M) be compact.
For each € > 0 there exists 6 > 0 such that whenever x,y € law ' (D), (z,y) is T-
simple, and lawr(y) is within & of lawr(z), there exists z such that (y, z) is T-simple,
lawr(z) = lawr(y), and po(z,2) < €.

Proof: Let ¢ >0 and D C Meas(M) be compact. By Prohorov’s theorem there
is a compact set C' C M such that Plz(w) € C] > 1 — ¢/3 whenever law(x) € D.
Since ®(M) separates points in M and each ¢,, € ®(M) is bounded and continuous,
there exists 6; > 0 and a finite subset {¢1,...,¢n} € (M) such that §; < /3 and
whenever b, c € C,

|6:(b) — ¢i(c)| < 0y for i =1,...,m implies p(b,c) < e. (5)

Using Lemma 6.5 inductively for each ¢t € T in increasing order, we can find § > 0
and finitely many adapted functions fi, ..., fi built from {¢y, ..., ¢, } such that for
every T-partition & of {2 and £-measurable z,y € M, if

|Elfi(x)] = E[fi(y)]| <0 fori=1,...F, (6)
there exists an automorphism A of £ such that

(@1(2), ..., dm(2)) is within 6y of (d1(h(y)), - .., dm(h(y))) (7)

in the metric of convergence in probability in R™.

Suppose x,y € law™ (D), (x,y) is T-simple, and lawy(y) is within & of lawp(z).
Then (6) holds, and both = and y are £-measurable for some T-partition £ of .
Thus (7) holds for some automorphism h of £. Let z = h(y). Then (z, 2) is T-simple
and lawr(y) = lawp(z). By (5) and (7), we have

r(w) € C, z(w) € C, and p(z(w), z(w)) < e

with probability at least 1 — (¢/3 4 ¢/3 + ¢/3). Therefore py(z,2) < e. O

We are now ready to show that lawr is closed on €2 when Q- is atomless. The
proof will take advantage of the fact that the ordinary law was tacked on as a second
coordinate to the lawr function.

Proposition 6.7 For every atomless T-adapted space Qy, lawy is closed on €.

Proof: Let (b, ¢) be a point in the closure of lawy (M) in RN x Meas(M). We must
find an x € M such that lawr(z) = (b,¢). By Lemma 6.2 (iv) there is a sequence
x, € M such that lawr(z,) converges to (b, c) and (z1,...,x,) is T-simple for each
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n. Then law(x,) converges to ¢, and the set D = {c} U {law(z,) : n € N} is
compact. Let ¢, be the 0 corresponding to D and ¢ = 27" in Lemma 6.6. Then
x, has a subsequence y, such that lawr(y,) is within d,/2 of (b,¢), and hence
lawr (Yns1) within 6, of lawr(y,), for each n. By Lemma 6.6 there is a sequence
zn € M such that (y,, z,) is T-simple, lawr(z,) = lawr(y,), and po(zn, 2ny1) < 277
for each n. Then the limit z = lim,, . 2, exists in M and lawr(z) = (b, c). O

Proposition 6.8 A T-adapted space Qr is atomless if and only if it is universal,
that is, for every random variable x on some other T-adapted space I't there exists
y € M such that lawr(y) = lawy(x).

Proof: Atomless implies universal by Corollary 6.3 and Proposition 6.7. Univer-
sal implies atomless by [HK, Lemma 4.4 (iv)]. O

7 Richness and Saturation

In this section we shall introduce the notion of a saturated T-adapted space from
[HK], and a notion of a rich T-adapted space which is analogous to the rich contin-
uous time adapted spaces from [FK1].

Definition 7.1 A T-adapted space Qt is saturated if for every T-adapted space
't and all complete separable metric spaces M and N, if

e LT, M),y€ L°%(T,N),z € M,
and lawy(x) = lawr(Z), then there exists y € N such that lawy(x,y) = lawr(Z, 7).

It is shown in [HK] that saturated T-adapted spaces exist. It is obvious that
lawt has the back and forth property for every saturated T-adapted space Q. Let
us now prove that such spaces also have the Skorokhod property.

Our next order of business is to prove that when Qt is atomless, lawr has the
Skorokhod property and is dense on 2. Our arguments will parallel the correspond-
ing methods for ordinary probability spaces in Section 4. The next result is a weak
saturation property which holds for all atomless T-adapted spaces.

Proposition 7.2 Let Qr be atomless, and let I't be another T-adapted space. Then
for every T-simple x € M and every pair of random variables (z,y) € L°(T, M x N)
such that lawr(Z) = lawr(z), there exists y € N such that lawr(z,y) = lawr(Z, 7).
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Proof: Let x be £-measurable for some T-partition £ of Qp. Then z is F-
measurable for some T-partition F of 't which is equivalent to £. By Lemma
6.2, we have = = h(z) for some isomorphism h : & — F. For each A € &,
form the T-adapted space Qar = (A,Gay, Pa) where Po(U) = P(ANU) and
Gar={ANU :U € G}. Define I' 1 similarly. Then Q4 is an atomless adapted
measure space, and the measures of A in Q41 and of h(A) in I'ya)  are finite and
equal. By Proposition 6.8, {24  is universal, so there exists y4 on {24 v with the same
T-adapted law as the restriction of y to h(A) in I'ya) . Let y € N be the random
variable whose restriction to each A € £ is ya. Then lawr(x,y) = lawr(Z,y). O

Hoover obtained a generalization of the Skorokhod representation theorem for T-
adapted spaces in [H1, Corollary 10.2], which shows in our terminology that atomless
T-adapted spaces with the Skorokhod property exist. We now improve that result
by showing that all atomless T-adapted spaces have the Skorokhod property.

Proposition 7.3 Let Qt be an atomless T-adapted space. Then lawr has the Sko-
rokhod property on 2.

Proof: We first prove the result in the case that Qr is a saturated T-adapted
space, and then prove the general case.

Suppose that z, is a sequence in M, z € M, and lawr(z,) converges to lawr(z).
lawr is closed by Proposition 6.7. By Lemma 6.2 (iv), there are sequences yy, z.n
in M such that the pair (yx, 2x,) is T-simple for each k,n, y, — z in probability,
and zj, — x, in probability for each n. Let D be the compact set

{law(yg), law(zx), law(zy,), law(z,) : k,n € N}.
For each k and n, let Cy, be the set
Cin ={u € M : lawr(u) € {lawr(2pmy) - E < m} U {lawr(x,)}}.
This set is basic for lawrp. Consider an € > 0. For each k£ and n, the set
Bin = Cen N {u € M po(u,r) < e}

is a basic section for lawr with parameter x. For each n, for all sufficiently large k
we have

d(lawr (zp), lawr(yk)) < 2d(lawr(z,), lawr(x)).

Applying Lemma 6.6 with the above compact set D, we see that for all sufficiently
large n, po(yn, ) < £/2 and for all sufficiently large k there exists u € M such that

lawy (u) = lawr(zky,) and po(u, yr) < /2.
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Then po(u,z) < ¢, and thus u € By,. Therefore for all sufficiently large n the
sets By, form a decreasing chain of nonempty sets as & — oco. We assume at this
point that Qr is saturated, so that it has the back and forth property. By Corollary
3.3, the family of basic sections in M for lawr is countably compact. Therefore for
all sufficiently large n there exists u, € N Bgn. Then lawr(u,) = lowr(z,) and
po(un,x) < e. Letting ¢ — 0, we obtain a sequence v,, in M such that lawr(v,) =
lawr (x,,) for each n and v, — z in M. This proves the result in the case that Qr
is saturated.

We now prove the general case. Let x € M, and let ¢, be a sequence converging
to lawr(z) in Meas(M). We must find a sequence z,, converging to = in M such that
lawr(x,) = ¢, for all n. Let I'r be a saturated adapted space. By the preceding
paragraph, there are random variables z,, 2z € L°(T', M) such that lawr(z,) = ¢, for
all n, lawp(z) = lawr(z), and z, — z in L°(T', M). Let u,,n € N be a sequence of
T-simple random variables converging to x in M. Since I't is saturated there is a
sequence v,,n € N in LY(T', M) such that

lawr(y, (vn)) = lawr(z, (1,)).

By the preceding proposition, for each n there exists z,, € M such that lawr (uy, z,) =
lawr (Vy, yn). Then lawr(x,) = ¢, for all n. Since y,, and v, both converge to y, we
have po(x,,u,) — 0, and thus z,, — z in M. O

Proposition 7.4 For every atomless T-adapted space Qt, lawr is dense on §2.

Proof: The argument is the same as the proof of Proposition 4.6, but using
T-simple processes and Proposition 7.2 instead of Proposition 4.4. O

We now turn to the notion of a rich T-adapted space. We shall consider two
different families of basic sets, the family Bq.. of basic/compact sets for lawr, and a
simpler family Agq.. which is defined in one step from the ordinary law function law(z)
and the notion of a G;-measurable function. Using this simpler family Aq.., we were
able to define rich adapted spaces in [FK1| without introducing the complicated
adapted law function lawr.

Definition 7.5 For each M € Mg, let Ag. (M) and Bq,.(M) be the following
families of subsets of M.
A€ Aq,. (M) iff A is compact or

A={z e M:xis G — measurable and law(x) € D}

for some compact set D C Meas(M) and some t € T U {oo}.

26



A € Bor (M) iff A is basic/compact for lawr, that is, A is compact or
A={x e M: lawr(x) € C}
for some compact set C C RN x Meas(M).

Recall that by Proposition 3.6, the family of basic sections over Bg,. is the same
as the family of basic sections for lawr.

Definition 7.6 A T-adapted space Qr is said to be rich if Qy is atomless and for
each M the family of neocompact subsets of M over Aq, is countably compact.

We need the following result from [FK1].

Lemma 7.7 Suppose Qr is rich. The function law(-) is neocontinuous over Aq..,
and each T-adapted function on M is neocontinuous over Aq...

Proof: This follows from [FK1, Proposition 5.12 and Theorem 7.6]. O

The next lemma is another key point where we need the ordinary law function
as the second coordinate of the T-adapted law function.

Lemma 7.8 Let Qrp be a T-adapted space, and let M € Mg,.
(1) Aar (M) € Bar(M).

(11) If Qe is rich, then every basic section for lawy is neocompact over Aq...

Proof: (i) Let A € Aq.(M). If A is compact then A € Bq..(M) by definition.
The other possibility is that A is a set of the form

A= {x € M : zis G, — measurable and law(x) € D}

for some t € T U {oo} and some compact D C Meas(M). By Lemma 5.7 the set
lawr(law™" (D)) has a compact closure C C RN x D. We have lawy(z) € C if and
only if law(x) € D, so lawy " (C) = law (D).

In the case t = 0o, we have A = law (D), and hence A = lawy " (C) € Bq,(M).
Now suppose t € T. Then an x € M is G,-measurable if and only if

El|¢(x) — E[d(x)|Gl = 0

for every ¢ € ®(M). Since X A
¢(x) — Elo(2)|G]
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is a T-adapted function for each ¢, it follows that
A = lawy ™ (B) N law™ (D) = lawy (BN C)

for some closed set B C RN x Meas(M), and again A € Bq..(M).

(ii) Suppose Qr is rich. Since countable intersections of neocompact sets are
neocompact, it follows from Lemma 7.7 that the lawr function is neocontinuous
over Agq,., where we take lawr(x) to be a random variable with a constant value in
RN x Meas(M). Let A be a basic section in M for lawp. Then for some K, A is a
section of a set in Bg..(M x K). Suppose that A is not already compact. Then A
has the form

A={xeM:lawr(z,2) € A}

for some z € K and some compact set A in RN x Meas(M x K). Then by [FKI,
Proposition 3.9], AN B is neocompact over Ag,. for each neocompact set B C M
over Agq... The projection D of A into Meas(M x K) is compact, so A is contained

in the neocompact set X
D ={z e M:law(x,z) € D}

ver Aq... refor 1S n m ver Aq...
over Aq... Therefore A is neocompact over Aq,. O

Theorem 7.9 Let Qp be an atomless T-adapted space. The following are equiva-
lent.

(1) Qr is saturated.

(i1) lawr has the back and forth property.

(111) Qr is rich.

(iv) For each M the family of basic sections for lawy is countably compact.

(v) For each basic relation C' in M x N for lawy, the existential projection

{z:3y(z,y) € C}
1s basic for lawr.

Proof: lawr is closed by Proposition 6.7, dense by Proposition 7.4, and has the
Skorokhod property by Proposition 7.3.

The equivalence of (i) and (ii) is proved exactly as in Theorem 4.8, using the fact
that Q is universal by Proposition 6.8. (v) is equivalent to (ii) by Theorem 2.12.

We assume (i) and prove (iii). The family of neocompact sets over Bg,. is count-
ably compact by Theorem 3.6. Since Ag. (M) C Bq,. (M), every neocompact set
overAg, is neocompact over Bg.,.. Thus (iii) holds.

(iii) implies (iv) by Lemma 7.8 (ii), and (iv) implies (ii) by Theorem 2.7. O
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Since saturated T-adapted spaces exist by [HK, Lemma 5.7], it follows that rich
T-adapted spaces exist. The following corollary gives four characterizations of the
neocompact sets for a rich adapted space. It follows from Lemma 7.8 and the proof
of Theorem 7.9.

Corollary 7.10 Let Qt be a rich T-adapted space. The following four families of
subsets of M are the same.

(i) The family of neocompact sets over Aq...

(11) The family of neocompact sets over Baq,..

(111) The family of neocompact sets for lawr.

(iv) The family of sets which are intersections of a set of the form

{r e M : law(z, z) € C}
and countably many sets of the form
{r e M : E[fu(x,2)] € D,}

where each f, is a T-adapted function, = € N, C is compact in Meas(M x N), and
each D,, is compact in R. O

This follows from Lemma 7.8 and the proof of Theorem 7.9. Condition (iv) gives
a characterization of the neocompact sets directly in terms of adapted functions
rather than in terms of the lawy function.

8 Adapted Spaces with Infinite Time Sets

The paper [FK1] introduced rich adapted spaces with times indexed by the dyadic
rationals. Each adapted space with times indexed by the dyadic rationals has an
associated right continuous adapted space with times indexed by the nonnegative
reals. Neocompact sets were applied to prove several optimization and existence
theorems for such spaces.

In this section we shall consider adapted spaces with times in an arbitrary lin-
early ordered set, and apply our results on law mappings to such spaces. This
general approach will include the natural special cases of adapted spaces with times
indexed by the natural numbers (discrete time), by the dyadic rationals, and by the
nonnegative reals. It is known from [FK2] and [FK1] that rich adapted spaces exist
for every linearly ordered time set, but rich adapted spaces with right continuous
filtrations on the reals never exist.
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There are two cases where an adapted space induces a law mapping in a natural
way. The first case, where the set of times is countable, is treated in this section. In
this case, saturation is equivalent to richness. The second case, where the times are
nonnegative reals and the adapted space is right continuous, is treated in the next
section. We shall see that the right continuous adapted space which is associated
with a rich adapted space on the dyadic rationals is saturated and satisfies a weak
form of richness.

Let (L, <) be a linearly ordered set. For convenience we assume that L contains
a least element 0, and use the convention that t < oo for allt € L. By an L-adapted
space we mean a structure

QL - (Q7 P’ goov gt)tGL

such that (€2, P, G ) is a complete probability space, G, is a o-subalgebra of G, for
each t € L, and G, C G, whenever s < t in L. We shall write G = G, so that
(Q, P,G) is the probability space associated with the adapted space €.

For each finite subset T C L, each L-adapted space €)p, has a corresponding
T-adapted space

QT - (Q7 P7 gooa gt)tET-

Definition 8.1 Let €y, be an L-adapted space. We say that f is an adapted func-
tion on M for Qy, if f is a T-adapted function for the corresponding T-adapted space
Qr for some finite subset T C L.

An L-adapted space (g, is atomless if G is atomless over the trivial o-algebra,
and G, is atomless over G, whenever s < t € L U {oco}. Note that f, is atomless if
and only if Q1 is atomless for each finite T C L.

We now define families of basic sets Aq, and Bg, which generalize the families
Aq, and Bg,. introduced in the preceding section, and review the notion of a rich
L-adapted space from [FK1] and [FK2].

Definition 8.2 Let M € Mq. We define
Ag, (M) = J{Aaz (M) : T CL and T is finite}.
That is, A € Aq, (M) if A is either compact or of the form
C ={zx e M:zis G — measurable and law(z) € D}

for some t € LU {oo} and some compact set D C Meas(M).
Qy, is a rich L-adapted space if 1, is atomless and for each M € Mg, the family

of neocompact subsets of M over Aq, is countably compact.
We let
Bo, (M) = J{Bayr (M) : T CL and T is finite}.
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Thus C € Bg, (M) if and only if C is basic/compact for lawr for some finite
T CL.
We shall need the following existence result from [FK2].

Theorem 8.3 For every linearly ordered set L, rich L-adapted spaces exist. O

In fact, it is proved in [FK2, Theorem 5.15] that every atomless Loeb L-adapted
space is rich. The Loeb adapted spaces are constructed using methods from non-
standard analysis, and have been used extensively in the literature to prove existence
theorems in probability theory (e.g. see [AFHL] or [K5]).

Lemma 8.4 Let Uy, be an L-adapted space. A set is neocompact over Agq, if and
only if it is neocompact over Aq, for some finite or countable K C L. A similar
result holds for Bq, . Thus if Qy, is rich then the corresponding K-adapted space Qdx
1s rich for every K C L. Conwversely, if Qx is rich for every countable K C L then
Qg s rich.

Proof: The family of sets which are neocompact over Ag, for some finite or
countable K C L is closed under the operations (a)-(f), and hence is the same as
the family of neocompact sets over Agq, . Similarly for Bg, . O

Using the preceding lemma, we have an analogue of Lemma 7.8.

Lemma 8.5 Let (), be an L-adapted space, and let M € Mg,.
(1) Aqy (M) € Ba, (M).

(11) If Q, is rich, then every basic section over Bq, is neocompact over Ag, . O

Now let B be the set of nonnegative dyadic rationals. Because of Lemma 8.4
and the fact that every countable linearly ordered set can be embedded in B, we
shall concentrate on B-adapted spaces. For each k& € N, let By be the finite set of
multiples of 27% in the interval [0, 2*]. Then B = |J;, Bi. Each B-adapted probability
space (2g has a corresponding B-adapted space

Qk - (Q7 Pa g007 gt)tEBk-

We have not defined a law function corresponding to an arbitrary L-adapted
space {21, We shall now take advantage of the countability of the set B of dyadic
rationals to introduce a law function corresponding to a B-adapted space (lg. By
the k'"-adapted law of a random variable z € M we mean the function

lawy,(z) = laws, (),
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where lawg, is the Bi-adapted law function introduced in Section 5.

In order to fit these finite adapted law functions into an infinite product as in
Section 2, for k > 1 we let 3 ,,n € N, be a list of all the adapted functions for Qp,
built from ® which are not adapted functions for Q2g, ,. Let

Xo(2) = law(x), \p(x) = (E[Brn(x)] : n € N).
Then the finite product X(z) is the k™ adapted law
lawg(x) = (M (), ..., (), law(x)).

(We put \o(z) = law(z) last in the sequence to conform with our practice in the
preceding sections). The adapted law of z is the infinite product

lawg(x) = (M(x),..., (), ..., law(x)).

Both lawy(z) and lawg(x) take values in RN x Meas(M).
All of the lemmas 5.4 through 5.8 hold for B in place of T. In each case, the
result for B is an easy consequence of the result for T.

Proposition 8.6 (i) laws is a law mapping.

(i1) If Qp is atomless then lawg is dense.

(i11) If Qp is atomless then for any other B-adapted space I'g and any x €
LT, M), lawg(x) is in the closure of lawg(M).

Proof: (i) follows from Propositions 3.7 (i) and 5.9. (ii) follows from Propositions
3.7 (ii) and 7.4.

We now prove (iii). For each k, € is an atomless By-adapted space, and by
Proposition 6.8 there exists y € M such that lawy(yx) = lawy(x). Then

d(laws (yr), laws(z)) < 27F,
and thus lawg(yx) — lawg(z) in A(M). O

Proposition 8.7 Suppose Qg be atomless.

(1) If lawg has the back and forth property on S then lawy, has the back and forth
property on Q) for each k € N.

(i) If laws is closed on Q) then lawy is closed on § for each k € N.
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Proof: (i) Assume that lawg has the back and forth property on €. Suppose
that lawg(z,y,) converges to lawg(Z,y) as n — oo. Let

A={(x,,y):n €N}

Then lawg(A) is relatively compact. By Lemma 5.7, the sets law(A) and lawg(A)
are relatively compact. Therefore there is a subsequence (y,,) of (y,) such that
laws(x, y,,) converges to a point lawg(z',y’) as m — oo. By Proposition 2.4 there
exists y such that lawg(z,y,,) converges to lawg(z,y). Then lawy(x,y,,) converges
to lawg(z,y), so lawy(x,y) = lawg (T, 7). Thus by Proposition 2.4, lawy, has the back
and forth property.

(ii) Assume that lawg is closed. Suppose that

Jim law(z,) = c.
By Lemma 5.7, lawg({z, : n € N}) is relatively compact. Since lawg is closed,
there is a subsequence (z,,) of (x,) such that lawg(x,,) converges to lawg(z) for
some x € M. Then lawy(z,,) converges to lawy(z), and hence lawy(x) = c. This
shows that lawy, is closed. O

It will be convenient to take By to be the empty set and to identify law, with
the ordinary law function on the probability space (2.

Definition 8.8 Following our earlier pattern, a B-adapted space dg is saturated
if for every B-adapted space I'g and all complete separable metric spaces M and N,
of

ze€ LT, M),y€ L°(T,N),z € M,

and lawg(x) = lawg(Z), then there exists y € N such that lawg(z,y) = lawg(Z, 7).

A B-adapted space Qg is universal if for every B-adapted space I'g and complete
separable metric space M, for each ¥ € L°(T', M) there exists x € M such that
lawg(z) = lawg(T).

It is clear that every saturated B-adapted space is universal and has the back
and forth property. The converse also holds, as one can see from the next theorem,
which characterizes universal B-adapted spaces.

Theorem 8.9 A B-adapted space Qg is universal if and only if it is atomless and
lawg 1s closed on ).
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Proof: Suppose (g is atomless and lawg is closed on €2. Let I'g be another
B-adapted space and let x € L°(T", M). By Proposition 8.6 (iii), lawg(z) is in the
closure of lawg(M). Since lawg is closed on €2, there exists y € M such that
lawg (y) = lawg(z). Thus Qg is universal.

For the converse, suppose )y is universal. Then for each k, €, is universal,
and hence is atomless by Proposition 6.8. It follows that g is atomless. Suppose
z, € M and lawg(z,) — cin A(M). By Theorem 8.3, there exists a rich B-adapted
space I'g. Then I'g is atomless. By Proposition 8.6 (ii), each lawg(x,) and hence
¢ belongs to the closure of lawg(L°(T, M)). Therefore there is a sequence (y,) in
LT, M) such that lawg(y,) — c. Then the sets

By = {lawg(y,) : n > k} U{c}
form a decreasing chain of compact sets, and their inverse images
Cr={2€ L°(T, M) : laws(z) € By}

form a decreasing chain of nonempty basic sets for lawg on I'. Since I'g is rich, each
of these sets is neocompact and by Lemma 8.5, and their intersection is nonempty.
Thus there exists y € LO(T, M)) such that lawg(y) = c. Since {2p is universal, there
exists © € M with lawg(z) = ¢. This shows that lawg is closed on Q. O

We now prove our main theorem on B-adapted spaces.

Theorem 8.10 Let Qg be an atomless B-adapted space. The following are equiva-
lent.

(1) Qg is saturated.

(11) lawg is closed and has the back and forth property.

(111) Qg is rich.

(iv) For each M € Mg, the family of basic sections in M for laws is countably
compact.

(v) For each basic relation C in M x N for lawg, the existential projection

{z: Jy(z,y) € C}
18 basic for lawg.

Proof: lawg is dense on €2 by Proposition 8.6.

Assume (i). Clearly, Qg is universal and lawg has the back and forth property
on 2. By Theorem 8.9, lawg is closed on €2, so (ii) holds.

Using Theorem 8.9 and the argument in the proof of Theorem 4.8, we see that
(ii) implies (i). As in our previous results, (v) is equivalent to (ii) by Theorem 2.12.
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We now assume (ii) and prove (iii). Let & € N. By Proposition 8.7, lawy has
the back and forth property and is closed. By Theorem 7.9, the corresponding B-
adapted space (), is saturated. By Proposition 7.3, lawy has the Skorokhod property
for each £ € N. By Theorem 3.9, the family of basic sections for lawg is countably
compact for each M, and every neocompact set over Bg is a basic section for laws.
By Lemma 8.5 (i), every neocompact set over Aq, is a basic section for lawg, and
(iii) holds.

We now assume (iii), that Qg is rich, and prove (iv). By Lemma 8.4, € is
rich for each k& € N. By Proposition 3.7 (iii), every basic section C for lawg is an
intersection of a chain of basic sections Cy for lawy, and by Lemma 7.8 (ii), each
C is neocompact over Agqy. It follows that the family of basic sections for lawg is
countably compact, so (iv) holds.

Finally, (iv) implies (ii) by Theorem 2.7. O

It is natural to ask whether the above theorem can be improved to show that
the family of neocompact sets for lawg is countably compact when (g is rich. The
following negative result shows that this can never happen.

Proposition 8.11 Let Qp be a universal B-adapted space, and let M = {0,1}.
Then:

(1) The function lawg does not have the Skorokhod property over €.

(1) The family of neocompact subsets of M for lawg on Q is not countably
compact.

(11i) There is a basic set C' C M x M for lawg and a nonempty basic set C' C M
for lawg such that the set {x : (Vy € M)(x,y) € C} is not basic for lawg.

Proof: By Theorem 8.9, (g is atomless and lawg is closed on (). For each n € N
let t, = 1 — 27" By a result of Maharam [M2, p. 146|, for each n there is a
set S, € G,,,, of measure 1/2 which is independent of G, . Let x, € M be the
characteristic function of S,. If k < n, s € By, and ¢ : M — R, then E[p(z,)|G.]
has the constant value (¢(0) + ¢(1))/2 when s < t,, and E[¢(z,)|Gs] = d(an)
when s > t,. It follows that for each k we have lawy(x,,) = lawy(z,) whenever
k < m, k < n. Therefore the sequence b, = lawg(z,) is a Cauchy sequence and
hence converges to a limit b, € A(M). Since lawg is closed on €2, there exists z € M
such that lawg(z) = by. We observe that whenever lawg(y) = by, laws(z) = by,
and m # n in N U {oo}, y is independent of z and hence py(y, z) = 1/2. Thus there
cannot be a sequence y, € M such that y, — x but lawg(y,) = b, for each n.
This proves (i).

Let B, = {y : laws(y) € {bo,...,bm,b}} and B = U,, By. Then each of the
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sets By, and B is basic for lawg and nonempty. Moreover, for each m € N the set
Crn={(y,2) € B x B po(y,2) = 1/2}

is basic for lawg. Let
D, ={ze M:(Vy € B,)(y,z) € Cp}.

Then D,, is a decreasing chain of neocompact sets for lawg on 2. We have x,, € D,,
whenever m < n € N, so each D,, is nonempty. However, the intersection ,, Dy,
is empty, because if z € N, D,, then z € B, for some m, and we would have
(z,2) € Cp, and po(z, z) > 1/2. This proves (ii).

To prove (iii), we show that at least one of the sets D,, is not basic for lawg.
Suppose to the contrary that each D, is basic for lawg. None of the sets D,, can
be compact, because then D,, would be compact for all n > m and the intersection
could not be empty. Thus for each m, D,, = {y : laws(y) € E,,} for some compact
set E,,. Since x, € D,,, we have b, € E,, whenever m < n. Recalling that
b, — lawg (), we see that lawg(Z) € E,,, and hence z, € D,,, for each m. This
contradicts the fact that N, D,, is empty, and proves (iii). O

The preceding proof also works in the same way when we use a decreasing se-
quence of times instead of an increasing sequence of times.
The following question about the Skorokhod property remains open.

Question 8.12 [s there an atomless B-adapted space Qg such that lawg has the
Skorokhod property on €27

By Proposition 8.11, lawg cannot be both closed and have the Skorokhod prop-
erty on ).

We now return to an arbitrary linearly ordered time set L. If L is countable, we
may represent L as the union of a countable chain of finite subsets Ly, and define
lawy, in the same way as lawg. Then all of the results of this section hold for €,
as well as for Qp. (Proposition 8.11 holds whenever L is infinite). The following
corollary holds even for uncountable L, and is a generalization of Corollary 7.10.

Corollary 8.13 Let Q, be a rich L-adapted space. The following four families of
subsets of M are the same.

(1) The family of neocompact sets over Agq, .

(11) The family of neocompact sets over Bg, .

(11i) The family of countable intersections of basic sections over Bg, .
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(iv) The family of sets which are intersections of a set of the form
{r e M : law(x, z) € C}
and countably many sets of the form
{r e M : E[f,(z,2)] € D,}

where each f,, is an L-adapted function, z € N, C' is compact in Meas(M x N), and
each D, is compact in R.

(v) If L is countable, then the family of basic sections for lawy, on Q is equal to
the families (1)-(iv). O

Proof: The proof of Theorem 8.10 gives the result in the case that L = B. The
general case now follows by Lemma 8.4 and Corollary 7.10. O

9 Right Continuous Adapted Spaces

We now consider continuous time adapted spaces. As is usual in the literature, we
restrict our attention to the case where the filtration is complete and right continu-
ous. By a right continuous adapted space we mean a structure

QR - (Q7Pa foo;ﬂ)tERJr

where R, = [0,00), F; is a Fo-complete o-algebra, and F; = (N, Fs for each t €
R, . Similarly, a right continuous B-adapted space is a structure (2, P, Foo, F1)ieB
where F; is Foo-complete and F; = (-, Fs for each t € B.

Each B-adapted space {lg has a corresponding right continuous adapted space
Qr where F, = G- and F; is the G,-completion of the o-algebra N,.;Gs. The
filtration G; for g is not necessary right continuous, and thus is not uniquely
determined by the filtration F; for Qg.

Each right continuous adapted space Qg has a corresponding right continuous
B-adapted space

O = (Q, P, Fuo, Fi)ieB-

The law function for Qf will be denoted by lawig.

If we start with a given B-adapted space Qg, then Qf will denote the right
continuous B-adapted space obtained from the right continuous adapted space Qgr
corresponding to (lg. Throughout this section we shall always assume that Qg,
Qr, and QF are related in this way. Note that Qg is atomless if and only if Qg is
atomless, and also if and only if Qf is atomless.
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We begin with a negative result. This result is an improvement of [FK1, Example
7.7], which showed that a right continuous B-adapted space cannot be rich, and
hence cannot be saturated in the sense of the preceding section.

Proposition 9.1 Let Qg be atomless.
(i) The law mapping lawly is not closed.
(ii) Neither Qf nor Qg is rich in the sense of Definition 8.2.
(111) If laws is closed, then F; is atomless over G, for each t € B.

Proof: (i) There exist z,, € L°(€2,{0,1}) such that E[z,] = 1/2 and x,, is Fyy1/n-
measurable but independent of F,. Then lawf(x,,) converges in RN x Meas({0,1})
but there is no x € L°(£2,{0, 1}) such that law (w,,) converges to lawg (). Therefore
lawr is not closed.

(ii) By (i) and Theorem 8.9, Qf is not rich. Since Aqr C Aqy, Qg is also not
rich.

(iii) Suppose lawg is closed, and let x, be as in the proof of part (i). By taking
a subsequence we may assume without loss of generality that lawg(z,) converges
to some ¢ € RN x Meas({0,1}). Then there is an x € L°(©,{0,1}) such that
lawg(z) = c. For each s > t, x, is Gs-measurable for all sufficiently large n, and
hence x is Gs-measurable. Therefore z is Fi-measurable. However, for each n we
have E[z,|G;] = 1/2 almost surely, and therefore E[z|G;] = 1/2 almost surely. It
follows that F; is atomless over G,. O

Combining the above proposition with Theorems 8.8 and 8.9, we see that right
continuous B-adapted spaces are never saturated or even universal in the sense of
the preceding section. To get around this difficulty, we use the notions of saturation
and universality from [HK], which compare a right continuous adapted space with
other right continuous adapted spaces rather than with arbitrary adapted spaces.

Definition 9.2 Two random variables x,y € M are adapted equivalent on R,
in symbols x = y, if E[f(x)] = E[f(y)] for every adapted function f on M for
Qr. This notion can also be applied to random wvariables on two different right
continuous adapted spaces. g is universal if for every other right continuous
adapted space Tr and random variable & € L°(T, M) there exists x € M such that
r = T. Qg is saturated if for every other right continuous adapted space I'r, if
e LT, M),y e L°T',N),x € M, and v = T, then there exists y € N such that
(z,) = (7,7).
The following result is proved in [HK, Corollary 2.13].

Proposition 9.3 Let Qr be a right continuous adapted space, M € Mg, and x,y €
M. Then x =y if and only if lawy(z) = lawg(y). O
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The proof of the above proposition also yields the following result.

Proposition 9.4 Let Qg be an atomless B-adapted space and x,y € M. If lawg(z) =
lawg(y) then x =y in Qgr. O

Example 9.5 The converse of the above proposition is false. If lawg s closed, there
exist x,y € L°(Q,{0,1}) such that v =y but laws(z) # laws(y).

To see this, note first that by Proposition 9.1, F; is atomless over Gy. Take x
to be the characteristic function of a Gy-measurable set of measure 1/2; and take y
to be the characteristic function of an Fy-measurable set of measure 1/2 which is
independent of Gg. Then z = y, but E[(E[x|G])?] = 1/2 and E[(E[y|Go])?] = 1/4.
This shows that lawg(z) # lawg(y). O

We next wish to show that richness for g implies saturation for (2g. In order
to do this we shall need a law mapping (lawgr, A) such that:

x =y if and only if lawgr () = lawr(y) (8)

and
For each M, the function lawg is neocontinuous over Agq. (9)

By Proposition 9.3, the function lawj obtained from a rich B-adapted space Qg has
property (8). However, [FK1, Example 7.7] shows that lawj cannot have property
(9). To build a law mapping with both properties (8) and (9) we shall introduce
the notion of a conditional process from [HK], which is an adapted function with
variable times.

We let v be the Borel probability measure on R with exponential density, so
that v([s,t]) = e * —e™'. L°(R ., R) will denote the space of measurable functions
y : R, — R with the metric of convergence in probability with respect to v.
It is a complete separable metric space. An n-fold stochastic process on €2 is a
random variable on  with values in the complete separable metric space L%" =
LY((Ry)™, R). We shall let £%" = L2, L") be the space of all n-fold stochastic
process on () with the metric of convergence in probability.

Definition 9.6 The class of conditional processes on M for a right continuous
adapted space Qg is the least class of functions from M into L™ such that:

(i) For each bounded continuous function ¢ : M — R, the function (¢(z))(w) =
¢(z(w)) is a 0-fold conditional process on M.

(i) If fi,..., fm are n-fold conditional processes on M and g : R™ — R is

continuous, then h(x) = g(fi(z), ..., fm(z)) is an n-fold conditional process on M.
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(iii) If f is an n-fold conditional process on M and t varies over (R.)" then

(9(2)(@))(; s) = E[(f () ()| F](w)
is an (n + 1)-fold conditional process on M.

Each conditional process on M is uniformly bounded. For each z € M and
n-fold conditional process f on M, we define the expected path E[f(z)](f) € Lo

by
B[f())(t) = E[(f(2)()({)].

We shall now define the right continuous law function lawg. As in the case of
adapted functions, we choose a countable set of conditional processes on M which
is dense in an appropriate sense. Recall that ®(M) is a countable set of bounded
continuous functions f : M — R which is bounded pointwise dense. The class of
conditional processes built from ®(M) is defined in the natural way analogous to
the class of adapted functions built from ®(M), and is a countable set which we
arrange in a list (7,7,...). Each 7, is a j(n)-fold conditional process for some
j(n) € N. For each M, the target space will be the product

AM) = [[{L%™ : n € N} x Meas(M).

(An alternative, would have been to use the space of right continuous functions with
left limits from (R )™ into R with the Skorokhod topology in place of L%7(™),

Definition 9.7 Let Qr be a right continuous adapted space and x € M. The
continuous time adapted law of x is the pair

lawg () = ((Ely(2)](-), E[y(2)](-), - ), law(z))
in the metric space A(M).

Proposition 9.8 © =y on R if and only if lawr(z) = lawr(y).
Proof: This follows from [HK, Corollary 2.15]. O

The proof of the next proposition is analogous to the proof of the corresponding
result for the discrete time law function lawr.

Proposition 9.9 (i) The lawg function is continuous on M, and uniformly con-
tinuous on law™'(C) for each compact set C' C Meas(M).

(i1) For each set A C M, lawr(A) is relatively compact if and only law(A) is
relatively compact.

(111) lawr is a law mapping.

() If Qg is rich then the lawr function is neocontinuous over Aqg for each M.

40



Proof: Part (iv) follows from [FK1, Theorem 9.7]. O

One way of approximating the adapted space (2g is to approximate the filtration
F: by a finite step function. Let F; = F, where s is the least element of By, U {oo}
such that s > ¢, let Qg be the right continuous adapted space (2, P, Foo, Fik)tcRr,, »
and let lawgr be the right continuous adapted law for Qg ;. By Proposition 9.9,
lawg i, is a law mapping. Thus F; is a step function with steps in By. For each
conditional process f for (g, let fi be the corresponding conditional process for
Qrk. The paths of each n-fold conditional process fi(z) for Qg are n-fold step
functions which are constant on the interior of each cube with vertices in (Bg)™.
Moreover, the value of the conditional process fi(x) at ¢ is equal to the value of the
adapted function f(z)(5) at the greatest § < ¢ in (By)".

Note that laufy, (z) = lawg, (y) if and only if lawg (z) = lawg k(y). In fact, the
mapping laug, () — lawg,k(z) is a topological homeomorphism from laug, (M) to
lawr 1 (M). However, this map does not preserve the metrics.

We shall use the upcrossing inequality to prove that lawrx(x) converges to
lawg (x) uniformly in Qg and x, and then show that lawg is dense.

Lemma 9.10 For each complete separable M and each € > 0 there exists m € N
such that for all k > m, all right continuous adapted spaces Qr, and every x € M,
lawr k() is within € of lawg(x).

Proof: It suffices to prove that for each conditional process f and € > 0 there
exists m(e, f) € N such that for all & > mf(e, f), all Qgr, and all z € M, f(x) is
within € of f(x) in £%". We do this by induction on the formation of f. The main
difficulty is in the conditional expectation step. Assume the result holds for f(x 3
and let

g(x)(t,5) = E[f (x)(1)|F].

Let b be a uniform bound for f. For each 6 > 0,k > m(J, f), and x € M, the set
Uy of all £ € (R4)" such that f(x)(f) is within § of f(2)() in R has v"-measure at
least 1 — 8. Then for each ¢ € Uy,

B[l fu(x)(f) = f(2)(D)]] < 0(1+0).
For each (£, s) € (By)"*!,
g(x)(F,5) = Bl fi(x) ()| Fo).

Let hy, = gr, — g. Then for each £, (hx(2)(f,s) : s € By) is a martingale for Qr ;. By
the maximal inequality for martingales, for each ¢ € Uy the set

Vi(t) = {w € Q: sup{|hi(2) (£ 5)] : s € By} < V5}
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has measure at least 1 — v/0(1 4 b).

Let ¢ > 0 and take ¢ so that v/§(1 + b) < £/2. Divide [~b,b] into a finite set T
of intervals of length £/8 such that the center of one interval is the starting point of
the next. The set I has cardinality 16b/e. By the upcrossing inequality (see [B2, p.
489]), for each £ and k, the expected number of upcrossings of an interval of length
/8 by either gi(z)(f,u) or g(x)(f,u) for u € R, is at most 16b/e.

Suppose t € Uy, and w € Vi (). Then

| () (£, u) (w)] < /2
for all u € By.. Let

Walw,B) = {u € R - [ha(0)(F, ) ()] > <),

If s < s’ € By, and Wy, (w,t) meets [s, '], then either g,(z)(t,v)(w) or g(z)(t,v)(w)
must have an upcrossing of one of the intervals in / while v € [s, s']. Therefore there
exists m(e,g) € N depending only on ¢ and g such that for all & > m(e,g) and
t € Uy, the set of w € Vi (t) such that v(W(w,)) > ¢ has measure < /2. Then for
cach t € Uy, the set of w € Q such that v(W(w,t)) < ¢ has measure at least 1 — e.
Since U, has measure at least 1 — 4, it follows that for all Qg and all z € M, gx(z)
is within ¢ of g(z) in £%"T!. O

Proposition 9.11 If Qg is an atomless right continuous adapted space, then lawg
1s dense.

Proof: By Proposition 7.4, lawgk is dense for each k. It follows that lawg j
is dense for each k. Suppose 2,7 € M,y € N, and lawr(z) = lawr(Z). By
Propositions 9.3 and 9.8, lawr x(z) = lawr x(Z) for each k € N. Let ¢ > 0. For
each k we may choose y;, € N such that lawg k(x, y) is within € of lawgr (7, 7). By
Lemma 9.10, lawg i(x, yx) is within € of lawr (z,yx) and lawr (Z,y) is within e of
lawr (z, y) for all sufficiently large k. Therefore lawr (x, yx) is within 3¢ of lawr (Z, ),
so lawg is dense. O

Corollary 9.12 Let Qg be an atomless right continuous adapted space. The fol-
lowing are equivalent:

(1) lawg has the back and forth property;

(i3) lawyy has the back and forth property.

Moreover, Qg is saturated if and only if Qr is universal and one of the above

conditions (i)-(ii) holds.
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Proof: lawg is dense by Proposition 9.11, and lawp is dense by Proposition 8.5.
(i) is equivalent to (ii) by Propositions 9.8 and 9.3. It follows from Proposition 9.8
that Qg is saturated if and only if Qg is universal and (i) holds. O

Another proof of Corollary 9.12 is given by the proof of [HK, Theorem 5.2].
As pointed out by Hoover [H2], the statement of [HK, Theorem 5.2] was incorrect.
Corollary 9.12 gives a corrected formulation of the result.

For any countable set L C R, , one can define Qf and lawj’ in the same way as
we defined Qf and lawy. Then Corollary 9.12 also holds for any countable dense
set L C Ry. Hoover [H3] proved that if Qg is saturated then law]’ has the back
and forth property for every countable L C R

Proposition 9.13 Let Qg be an atomless right continuous adapted space. Then
for each other right continuous adapted space I'r and each M, lawr (M) is dense in
lawr (L°(T, M)).

Proof: Let # € L°(T, M). By Proposition 6.8, for each k € N we may choose
yr € M such that lawr x(yx) = lawr k(z). By Lemma 9.10, lawr(yx) converges to
lawg(x). O

Theorem 9.14 A right continuous adapted space Qg is universal if and only if Qr
18 atomless and lawg 1s closed.

Proof: Suppose first that Qg is universal. Then for each k, (g j is universal. By
Proposition 6.8, Qg x is atomless, so 2y is atomless. Let z,, be a sequence in M such
that lawg(x,) converges to a point ¢ € A(M). Let I's be a rich B-adapted space.
Then I'g is atomless, so by Proposition 9.13 there is a sequence y,, in L°(T", M) such
that lawg (y,) converges to c. Then for each n, the set

Cy,, = {c} U{lawr (ym) : n < m}

is compact. Since lawg is neocontinuous over Arg, the sets lawR_l(C’n),n € N,
form a decreasing chain of nonempty neocompact sets. By countable compactness,
the intersection of this chain is nonempty, so there exists y € L%(T', M) such that
lawgr(y) = c¢. Since Qg is universal, there exists © € M such that lawgr(z) = ¢, so
lawg 1s closed.

Now suppose 2g is atomless and lawg is closed. Let I'gr be another right contin-
uous adapted space and let y € L°(T", M). By Proposition 9.13 there is a sequence
zpinM such that lawg(z,) converges to lawgr(y). Since lawg is closed, there exists
r € M with lawg(x) = lawr(y), so Qg is universal. O
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Theorem 9.15 If Qg is a rich B-adapted space, then Qg is saturated.

Proof: Since Qg is rich, Qg is atomless. By Proposition 9.9 (iv), lawg is neo-
continuous over Agq,. Then each basic section for lawg is neocompact over Aq,,
and thus the family of basic sections in M for lawg is countably compact. lawg is
dense by Proposition 9.11. By Theorem 2.7, lawg is closed and has the back and
forth property. By Theorem 9.14, Q)g is universal, and hence by Corollary 9.12, Qg
is saturated. O

Since rich B-adapted spaces can never have right continuous filtrations, the con-
verse of the above theorem is false. That is, there are spaces (g such that Qg is
saturated but Qg is not rich. The following related question is open.

Question 9.16 If Qg is a saturated right continuous adapted space, does there exist
a rich B-adapted space I'g such that I'r = Qr?

The following negative result can be proved by the same construction that was
used in the proof of Proposition 8.11 in the preceding section.

Proposition 9.17 Let Qgr be a universal right continuous R-adapted space, and let
M ={0,1}. Then:

(i) The function lawg does not have the Skorokhod property on §Q.

(i) The family of neocompact subsets of M for lawg on Q is not countably
compact.

(111) There is a basic set C C M x M for lawg and a nonempty basic set C C M
for lawgr such that the set {x : (Vy € M)(x,y) € C} is not basic for lawg. O

The following question is analogous to Question 8.12 for B-adapted spaces.

Question 9.18 Is there an atomless right continuous adapted space Qg such that
lawr has the Skorokhod property on Q7

We shall now give a characterization of saturated right continuous adapted spaces
Qgr by a weaker analogue of richness which does not depend on the Skorokhod
property.

Let us call a set C' C M existentially definable over A if C' is built from sets
in A(M) using only the rules (a)—(e), that is, without the universal projection rule
(f). The following weak quantifier elimination theorem is a consequence of Theorem
2.12 and is proved in [K5].
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Theorem 9.19 (Ezistential Quantifier Elimination) Let X\ be a closed law mapping.
Let A(M) be the family of basic subsets of M for X\. The following are equivalent.
(i) X has the back and forth property.
(i1) Fach existentially definable set over A is basic for X\. O

The next result shows that saturation is equivalent to the analogue of richness
for existentially definable sets.

Theorem 9.20 Let Qr be an atomless right continuous adapted space. The follow-
mg are equivalent.

(1) QR is saturated.

(11) lawg is closed and has the back and forth property.

(111) For each M € Mg, the family of basic sections in M for the law mapping
lawg, 1s countably compact.

(iv) For each M € Mg, the family of subsets of M which are existentially
definable over the basic/compact sets for lawg is countably compact.

(v) lawgr is closed and for every basic relation C C M x N for lawr the set
{z : Jy(x,y) € C} is basic for lawg.

Proof: We first prove that (i) is equivalent to (ii). Assume (i). Then Qg is
universal, and lawg is closed by Theorem 9.14. lawg has the back and forth property
by Proposition 9.9. This proves that (i) implies (ii). Now assume (ii). {2g is universal
by Theorem 9.14. Therefore Qg is saturated, and thus (ii) implies (i).

We now prove that (ii) is equivalent to (iii). (ii) implies (iii) by Theorem 2.7.
Assume (iii). By Proposition 9.11, lawg is dense. Then (ii) follows by Theorem 2.7.
(ii) is equivalent to (v) by Theorem 9.19. Finally, we prove that (iii) is equivalent
to (iv). Assume (iii). lawg is dense by Proposition 9.11, and has the back and forth
property by Theorem 2.7. By Theorem 9.19, the family of basic sections is closed
under the operations (b)—(e), and (iv) follows. The implication from (iv) to (iii) is
trivial. O

The main advantage of using a rich adapted space (g instead of a saturated
right continuous adapted space (lr is that we can use a rich adapted space to
prove existence theorems without introducing the adapted law function (as in the
paper [FK1]). Most of the applications of rich adapted spaces in the paper [FK1]
use neocompact sets which are constructed using the universal projection rule (f),
and thus require a rich space (2g rather than merely a saturated right continuous
space dr. In particular, this applies to most applications involving conditional
expectations or stochastic integrals. However, some of the applications, such as the
result that every continuous process has a closest Brownian motion in the metric of
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convergence in probability ([FK1, Corollary 12.2]), do not depend on the universal
projection rule (f) and thus hold for any saturated right continuous space {2g.

The results in this section can be applied to adapted Loeb spaces. Let Q2g be an
atomless Loeb B-adapted space. By [FK2, Theorem 5.15], Qg is rich. Then Qg is
saturated by Theorem 9.15, and thus Qg satisfies conditions (i)-(iv) in Theorem 9.19.
A similar result was proved in [HK, Theorem 4.2]. (In that proof, formula (4.2.8)
was stated without adequate justification. This gap can be corrected using Lemma
9.10 of this paper). The adapted Loeb spaces have a particularly nice subcollection,
the hyperfinite adapted spaces. It is shown in [K3| that for each hyperfinite
adapted space {2g, the associated right continuous adapted space {2g is universal and
homogeneous. That is, for every pair of random variables x,y € M,z = y if and
only if there is a measure preserving bijection h : 2 — € such that y(w) = h(z(w))
almost surely, and h(F;) = F; for all t € R,. It is easily seen that every universal
homogeneous space ()r is saturated

The result in [K3] shows that for each hyperfinite adapted space Qg, the associ-
ated right continuous adapted space (g is saturated.
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