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Abstract

Sell’s approach [32] to the construction of attractors for the Navier—
Stokes equations in 3-dimensions is extended to the 3-D stochastic
equations with a general multiplicative noise.

1 Introduction

The existence of global attractors for deterministic time-homogeneous incom-
pressible Navier—Stokes equations

du = [vAu — (u, V)u + f(u) — Vpldt

(1)
divu=0

on a bounded domain D C R? is well known (see Temam [33] for an exposi-
tion): there is a compact global attractor in H, the subspace of divergence
free vector fields in L?*(D), which is the phase space for the equations (1).
(The solutions to (1) have u(t) € H for all t.)

Equally well known is the fundamental problem with the very idea of
attractors for these equations in 3-dimensions; the question of uniqueness of
weak solutions to the equations is still open, with the consequence that the
conventional formulation of the notion of an attractor may not even make
sense. It would require the existence of a semiflow of solutions S; say, so that
Sy is the (unique) solution for the given initial condition v. If attention is
restricted to strong solutions, where uniqueness is known, the fundamental
open problem is that of existence for all time — which again means that the
usual notion of attractor cannot be used. In order to overcome the diffi-
culties mentioned above when considering attractors for the 3-dimensional
deterministic Navier—Stokes equations, a number of approaches have been
suggested, beginning with Foias & Temam [23], and more recently Sell [32],
Cutland & Capinski [8] and Ball [2].
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Sell’s radical approach [32] to the 3-D problem of attractors was to replace
the phase space H by a space W of entire solutions to the Navier—Stokes
equations. That is, each point in W is the complete trajectory in H of
a solution. There is a simple semigroup action S; on W — namely time
translation. Thus, if v = u(-) € W then S;u = v € W is given by

v(s) = u(t + s).
Clearly this is well defined, and has the crucial semi-flow property
St1 o Stz = St1+t2

along with Spu = .

Using this idea, Sell was able to establish the existence of a global attrac-
tor for the 3-D (deterministic) Navier—Stokes equations.

The goal of this paper is to extend Sell’s approach to the general time-
homogeneous stochastic Navier—Stokes equations (2) with multiplicative noise
in dimensions 2 and 3, taking the form

du = [vAu — (u, Viu+ f(u) — Vp|dt + g(u)dw,

(2)
divu=0

where u = u(t,w) is now a random velocity field at time ¢ > 0 of a fluid in a
bounded domain D C R? (or D C R?). For simplicity the driving noise wy is
taken to be a 1-dimensional Wiener process.

Even in 2-dimensions there are considerable difficulties when seeking
stochastic attractors. These can be overcome in a number of ways — for
example by considering measure attractors (see [31, 6]), or by working with
the notion of stochastic attractor developed by Crauel & Flandoli [10]. For
this it is necessary first to show the existence of a flow of solutions with a
stochastic equivalent of the semi-group property — known as a perfect cocycle.
This was achieved in [9] for a very special form of the noise g(u) when the
system has periodic boundary conditions.

For the 3-dimensional stochastic case, Sell’s idea was used by Flandoli &
Schmalfuss in the paper [12] for the Navier-Stokes equations with a special
form of multiplicative noise, using a mild solution concept. The equation con-
sidered allowed essentially a pathwise solution, and then a random attractor
was obtained by combining Sell’s approach with the idea of pulling back in
time to —oo, as developed by Crauel & Flandoli [12]. In a later paper [13]
Flandoli & Schmalfuss consider in the same framework 3-D-Navier—Stokes
equations with an irregular forcing term, but no feedback.

In the current paper we consider 3-D stochastic Navier—Stokes equations
with a general multiplicative noise g(u) as above. The idea is to use Sell’s
approach at the level of processes rather than paths. In this way the idea of
an attractor is formulated in the conventional sense, examining the long term
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behavior of solutions as t — oo. To do this, it is necessary to have a single
underlying probability space, rich enough to carry a supply of solutions to
the 3-D stochastic Navier—Stokes equations that is sufficient for the concepts
to make sense. For this we need a filtered Loeb space.

2 Preliminaries and assumptions

We will always state our definitions for the three dimensional case, but it
should be understood that these definitions can be modified in the natural
way to get the analogous notions for two dimensions. We use N for the set
of positive integers.

2.1 Stochastic Navier—Stokes equations

We consider the stochastic Navier-Stokes equations (2) in a bounded domain
D C R3 with boundary of class C?, and adopt the conventional Hilbert space
approach as follows.

Let H be the closure of the set

{u € C(D,R?) : divu=0}

1/2

in the L? norm |u| = (u,u)'/?, where u = (uy, us, u3) and

(u,0) :é /D w;(2)v;(z)dz.

The letters u, v, w will be used for elements of H. The subspace V is the
closure of the set {u € C§°(D,R?) : div u = 0} in the stronger norm |u|+ ||u|
where ||u|| = (u, u))'/? and

J=1

H and V are Hilbert spaces with scalar products (-, ) and ((+, -)) respectively,
and |- | < ]| - || for some constant c.

By A we denote the self adjoint extension of the projection of —A in H.
Classical theory shows that there is an orthonormal basis {e; : k € N} of
eigenfunctions of A with corresponding eigenvalues A\, > 0 such that A\, " oco.
For v € H we write uyy = (u, e;), and write Pr,, for the projection of H on
the subspace H,,, spanned by {ey,...,e,}. Since each e, € V, then H,, C V.
Ifu= > umer € V then |lul|* = 37 Awug,, so that the constant ¢ above is

1
2
Al'
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A trilinear form b is defined by

b, v,w) = 3 /D uj(x)g—;j;(x)wi(x)dx — ((u, VYo, w)

ij=1

whenever the integrals make sense. Note the following well-known properties
of the trilinear form b, where c is a real constant.

b(u,v,w) = —b(u, w,v),

b(u,v,v) =0,
[b(w, v, w)| < clful] ||v]| [Jw]-

The last is a continuity property of b with respect to the norm || - ||. There
are a number of other important continuity properties for other norms which
we will not need.

2.2 Functional formulation of the Navier—Stokes equa-
tions

In the above framework, the stochastic Navier-Stokes equations may be for-
mulated as the following stochastic differential equation in V' (the dual of
V):

du = [—vAu — B(u) + f(u)]dt + g(u)dwy, (3)

where B(u) = b(u,u,-). Note that the pressure has disappeared, because
Vp=0in V' (using div v = 0 in V and an integration by parts). Although
equation (3) is regarded as an equation in V', it turns out that solutions can
be found that live in H (and in fact in V for almost all times).

We take w; to be a 1-dimensional adapted Wiener process on a filtered
probability space

Q = (Qvf7 (f.t)tzmp)'

The term adapted is always taken to mean adapted to the filtration (F)i>o.
Further assumptions on €2 that are needed to formulate the idea of an at-
tractor for a class of stochastic processes are given in the next section.

The equation (3) is really an integral equation, with the first integral
being the Bochner integral and the second an extension of the Ito integral to
Hilbert spaces in the weak sense. Thus, when we write

u(ty) = ulto) + / 1[—uAu(zf) — B(u(t)) + f(u(t))]dt + / 1 g(u(t))dw,

to to

we mean that for all v € V we have

(u(t),v) =
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@K%%v%ﬁ/1Pﬂ4AU@%v)—@%U@wa+%f@K®%vﬂd#ﬁ/ (9(u(t)), v)duw

to to

as a stochastic equation in R.

We make the following assumptions on the coefficients f and g, where
co, d1, dy are positive real constants.

(H1) f:H— H and | f(u)| < ¢o + dy|ul.

(H2) g : H — H and |g(u)| < ¢o + dau].

(H3) f and g are continuous.

(H4) 2d; + 3d3 < 2v;.

The general theory of stochastic Navier—Stokes equations expounded in
[7] shows that the equation (3) can be solved with only the assumptions
(H1)-(H3). The additional growth restriction (H4) on f, g is needed here to
obtain the attractor.

2.3 Truncation functions

For technical reasons (in connection with testing for S-integrability) we will
need an explicit family of “truncation functions”. We give the details here
but suggest that the reader refer back to this section only when needed later.

The following real C? function ¢ : [0, 00) — [0, 1] is designed to be concave
on [0,1] and constant (with value 1) on [1, c0).

Definition 2.1 (a)

[ (x—=1P+1 if 0<z<1
w(”’)_{1 it x>1

(b) For each n € N,
Yu(@) = U(a/n?).

(c) For each n € N a function ¢, (u) is defined for « in any Hilbert space
(finite or infinite dimensional) by

Pn(u) = uy, (u2)>

where we write u? to mean |u|? to ease the notation.
Direct calculation gives:

(d)

b 3?1 —2/n?)? if 0<ax<n?
(e) 4( / 2) 2
we ) =1l —a/n%) if 0<2<n

o () = 20 u?) + w20, (1)),
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(8)
() = 21 [ (u?) + w2, ()] + A |20, (%) + w2 (u?)
(again writing u? for |ul?).

The significance of the functions ¢, involves the concept of S-integrability
from Loeb measure theory, to be defined later. We will show that given an
internal random vector U (w), |U|? is S-integrable if and only if °E(¢,,(U)) —
0 as n — oo. The application of this fact will involve the following particular
properties of ¢, and ¢,,.

Lemma 2.2 (Properties of ¢, and ¢,,) The functions 1, and ¢, have
the following properties:

(a) 2z, (x) < ¢Yp(x) alln and x > 0.

(b) 2lul ¥ (u?) < |, ()| < 4fulihn(u?).

(€) 2¢n(u) < ful |, (u)] < 4pn(u).

Proof Elementary calculation. a

Lemma 2.3 For any random vector u(w) in a Hilbert space:
(a) EJultn(u®)) <n”V2(3 + E(u?)).
(b) E(|¢,(w)]) < 4n~1/2(3 + E(u?)).
(c) E(¥n(u?)) <n™" (3 + E(u?).
Proof (a) We have
E(|ul, (u? = wlh, (u? wlth,, (u?
(i) = [ttty [ )

[u|2>n

< nl/an(n) +/ |ul (since ¢, < 1)
[u|>/n

W)+ [ Jullul /e
lul>v/n
n'?h, (n) + n~ VPR (u?)
n’1/2(3 + E(u?))
using the fact that ni,(n) =n=2 —3n~' +3 < 3.
(b) This follows from (a) since |¢),(u)| < 4|ulb, (u?).

(c) We have
n u? + n u?
/|u|2<n¢ () /WJ ()

E(un(u)

Yn(n) +P(u® > n) (since ¢, <1)
Yn(n) + n'E(u?)
n (3 + E(u?)).

IN

IA A

IAIAIA
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3 Semiflows and attractors

3.1 Semiflows

We now assume that the space €2 is equipped with a family of measure
preserving maps 6; : {2 — ) for ¢ > 0 with the following properties:

(01) 6y = identity and 6, 0 05, = 0, ;
(02) 6,Fs = Fyys for all st > 0;
(03) w(t+ s,0,w) —w(t,bw) =w(s,w) for all s > 0.

Note that the property (63) tells us that for a fixed ¢ the increments of the
process w(t + s, 0,w) are the same as those of the process w(s,w). Thus 6,
can be thought of as a shift of the noise to the right by t.

The family (6;) allows the following definition of a semiflow S, of stochas-
tic processes.

Definition 3.1 (Semiflow of Processes) (a) Suppose that v = u(t,w)
is a stochastic process defined for ¢ > 0. Then for any » > 0 the process
v = S,u is defined by

v(t,w) = u(r +t,0,w).

(b) By a semiflow (S¢)>o on a filtered space € we mean that there is a
measure preserving family (6;);>0 obeying (#1)— (63) from which S; is defined
as above.

Proposition 3.2

(a) S, is a semigroup on the class of all stochastic processesu : [0, 00)xQ —
H.

(b) If w is adapted (to the filtration (Fi)i>o ) then so is v = S,u.
(¢) Ifu is adapted and v = S,u then fort > 0:

(i) For appropriate continuous g,

t r+t
/Og(v(s,w))dws(w):/ g(u(s,bd,w))dws(0,w)

(meaning that I(w) = J(0,w) as random variables, where I(w) is the
left-hand integral and J(w) = f:Hg(u(s, w))dws(w) ).

(ii) For appropriate continuous f,

/Otf(v(S,w))ds - /TTHf(U(S,@Tw))dS,

(By appropriate we mean that the integrals are defined.)
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(d) If u is adapted and v = S,u and t; > to > 0 with

ti+r ti+r
utr =) =utto+ )+ [ futsDds+ [ glulo)du,
to+r to+r
then “ "
o) = ulto) + [ S+ [ gluls)du.
Proof Elementary. a

3.2 Attractors for the 3-D stochastic Navier-Stokes equa-
tions

Suppose now that a filtered probability space 2 and a Wiener process w is
given, together with a family of measure preserving maps as above.

A natural space for paths of solutions to the stochastic Navier—Stokes
equations is the space M defined as follows.

Definition 3.3 (a) For a measurable (deterministic) function & : [0, 00) —
H define a norm

6=/ °°§<t>2exp<—t>dt)% - ([ ewrutan)

where u(dt) = exp(—t)dt, and write

M ={¢: [¢] < oo}

for this space of paths, which is a separable Hilbert space.
(b) For a process u(t,w) with paths in M define

(NI

N[

1
o0 3
ol = E(ut )2 = (B [t es-nd)
which is simply the norm of L?(Q, M). Let p be the corresponding metric
p(U,U) = |U - ’U‘.

We will be interested in the laws of solutions viewed as probability dis-
tributions on the space of paths M, so we need the following definitions.

Definition 3.4 Let u(t,w) be a process with paths in M.
(a) law(u) is the probability law on M induced by u; i.e.

law(u)(E) = P(u(-,w) € E)

for Borel £ C M.
(b) law,,(u) = law(u, w), the probability law induced on M x Cy by the
pair of processes (u(t,w),w(t,w)), where Cy = Cy|0, 00).
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For the space of probability laws M;(S) on a separable metric space S
a fundamental metric is the Prohorov metric, which we denote by dg; this
makes M (S) separable. Here we are thinking of S = M and S = M x Cj.
There is a natural projection mapping © : M(M x Cy) — M;(M)
defined by
T(A)(E) = ME x Cyp).

In the current situation the laws on the space M that we are interested
are laws of L? random variables, so it is appropriate to define a stronger
metric to reflect this.

Definition 3.5 (a) Mi2(M) ={p € Mi(M) : E,(|Jul*) < oo}.
(b) the metric d on M o(M) is defined by
d(pi1, pi2) = do(pr, piz) + By (Jul*) — By (Jul?)] -
(C) MLQ(M X CQ) = {)\ € Ml(M X Co) : 7T()\) € MLQ(M)}.
(d) the metric d on M o(M x Cy) is defined by
(M, A2) = do(M, A2) + By, (Jul?) = By (Jul*)]
where pu; = 7(\;) (i = 1,2).
The following lemma is easily checked.

Lemma 3.6 (a) The function law maps L*(Q, M) into My (M) and is con-
tinuous with respect to the metrics p and d.

(b) The function law,, maps L*(Q, M) into My 2(M x Cy) and is contin-
uous with respect to the metrics p and d.

(¢) The mapping m : My(M x Cy) — My(M) defined by

T(A)(E) = ME x C))
18 continuous with respect to the metric d.

Suppose now that X C L?(Q, M) is a class of solutions to the stochastic
Navier—Stokes equations on €2 for the given Wiener process w. Then each
u € X is a stochastic process such that |u| as defined above is finite. By a
bounded subset of X we will mean a subset of X which is bounded in the
norm | - |.

Let us assume further that SAtX C X for all t > 0, that is, S; is a
semigroup on X. A semigroup S; : My (M x Cy) — My(M x Cp) is
induced in a natural way: in detail

§t(A) = Ao ht_lu
where h; : M x Cy — M x Cy is given by

(&, w)(s) = (€t + 5), w(t + 5) = w(t)).
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For future reference note that
§t olaw,, = law,, o S;. (4)
This allows the following definition of an attractor for a semiflow S; on X.

Definition 3.7 (a) A set of laws A C law,(X) is a law-attractor for the
semiflow S; on X if:

(i) (Invariance) S;A = A for all ¢ > 0.

(ii) (Attraction) For any open set O D A and d-bounded set Z C
law,, (X),
SiZ2 C O

eventually (i.e. for some ty = to(O, Z), this holds for all ¢ > ty).

(iii) (Compactness) A is compact in the metric d.

(b) An attractor for the semiflow S; on X is a set of processes A C X such
that:

(i) law,(A) is a law-attractor (in particular law,(A) is compact in the
metric d, and so A is bounded).

(ii) (Invariance) S;A = A for all ¢t > 0.

(iii) (Attraction) For any bounded set Z C X and compact set K C
L3, M),

(iv) A is closed in the space L?(£2, M).

Remarks on Definition 3.7.

1. Since existence results for the stochastic Navier—Stokes equations re-
quire a rather large probability space, it is to be expected that any space
carrying a whole class of solutions X as above will be too big to allow an
attractor A C X that is compact in the usual sense. In a later section we will
give evidence to support this remark. We will see, however, that on a suitable
space there is an attractor A in the above sense. In the sequel [18] to this
paper we improve this result, and show that the attractor to be constructed
in this paper is neocompact in the sense of [20]. Neocompact sets share many
properties with compact sets. Among other things, they are closed and have
compact laws.

2. The attraction property 3.7(b)(iii) is equivalent to the following:

SiZ C O eventually (5)
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for any bounded Z and any open O D A of the form O = L?(2, M) \ K=¢,
with K compact. Property 3.7(b)(i) means that in addition (5) holds for any
open set O of the form O = law,,'(O’) where O’ is an open set of laws with
law,,(A) C 0" C M 5(M x Cp).

3. The usual attraction property for attractors, namely that property (5)
holds for any bounded Z and any open O D A, is probably too much to
expect. However, in the sequel [18] we will show that the attractor to be
constructed in this paper has property (5) for a smaller class of open sets —
those that are neoopen in the sense of [20]. Sets O of the form L?(Q, M)\ K=¢
or law, ' (©') as above are neoopen.

We can now state the main theorem of this paper.

Theorem 3.8 There is a filtered probability space 2, a class X of adapted
weak solutions to the stochastic Navier-Stokes equation in €2, and a semiflow
Sy on X, such that

(a) there exists uw € X for all L* Fo-measurable initial conditions;

(b) there is an attractor for the semiflow Sy on X.

Before embarking on the proof of this result we note some further prop-
erties of an attractor (if it exists) that can be deduced immediately.

Theorem 3.9 Given a semiflow S; on a set X C L*(Q, M), there is at
most one attractor A for S; on X. A has the following properties:
(a) law(A) is compact in the metric d.
(b) For any open set of laws O D law(A), and bounded Z C X, S;Z C
“1(O) eventually.

(c) A= Npen Sn(Z) = NysoS:(Z) for any bounded set Z with A C Z C
X.

In particular

(d) A=,en Su(law " (law(A4)) N X).

law

Remark  The significance of (d) is that although A may not be compact,
it may be defined from a compact set of laws.

Proof For uniqueness, suppose that A and A’ are attractors with u €
A"\ A. Since A is closed, p(A,u) =¢ > 0. Since A’ C X is bounded we have
lim, p(S;A’,u) > e, and hence p(S;A’,v) > £/2 for some ¢, contradicting
ve A =SA.

(a) and (b) follow immediately from the continuity of 7.

For (c), it is clear that A is contained in the right-hand side, since
A= SA C S Z for all t > 0. For the other inclusion, suppose that
u € (NyenSn(Z) \ A. Since A is closed, ¢ = p(A,u) > 0. Since Z is
bounded the attraction property gives p(S,Z,v) > ¢/2 for some n, con-
tradicting v € S, 7.

For (d), apply (c) to Z = law *(law(A)) N X. Clearly AC Z C X and Z
has the same bound as A. O
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4 Solutions to the stochastic Navier—Stokes
equations

We define below a special class X of weak solutions to the stochastic Navier—
Stokes equations (3). Each element u of X is thus an adapted stochastic
process (with u(t,w) € H for all ¢,w). The properties required for member-
ship of X are among those that can be deduced heuristically from (3) using
elementary stochastic calculus. (Of course we will later show rigorously that
X is non empty!)

Definition 4.1 (a) Given positive real constants ki, ks, ks, «, 3, denote by
X the class of adapted stochastic processes u : (0,00) x Q@ — H with the
following properties.

(X1) For a.a. w the path u(-,w) belongs to the following spaces:

Lﬁj)c(()a o3 H) N L2 [Oa S OH H) N L2 (07 Q5 V) N C(O, (0N Hweak)-

loc loc

(X2) For all tl Z to >0
u(t) = ulte) + [ [ Au(t) = Bu(t) + Fu@)dt + [ gu(t)du
(X3) For a.a. ty > 0 and all t; > o,
E(|u(t1)]?) < E(lu(to)|*) exp(—ki(t1 — to)) + ko (6)

(X4) For a.a. tp > 0 and all ¢; > ¢,

E (Supto§s§t1|u(8)‘2+/l”u(s)HQdS) < oE([u(to)|*) +8(tr —to). (7)

to
(X5) For a.a. tg > 0 and all t; >ty and n € N,

E(pa(u(t1))) < E(pn(ulto)) exp(—ks(t —to))) +n~2 (aB(Ju(to)[*) +(ﬁg>-

(X6) E [ |u(t)]?dt < co.
(b) Denote by X} the set of u € X with

(X65) E [ [u(t)2dt < k.



4 SOLUTIONS TO THE STOCHASTIC NAVIER-STOKES EQUATIONS13

Remarks

1. The class X depends on the constants ki, ks, k3, a,, 3. We will show
later that there is an explicit choice of constants for which X is non-empty.

2. The sets X}, obviously increase with k.

3. The above conditions tell us nothing about u(¢,w) at t = 0 and there
may be a singularity there. In this sense the class X is a class of generalized
weak solutions to the stochastic Navier—Stokes equations (cf. [32], p.12).

4. The meaning of “loc” in the path properties (X1) is as follows: LI (0, c0)
means LP[1/n,n] for all n, whereas L} [0, 00) means L”[0,n] for all n.

5. The conditions (X5) follow naturally from the Foias equation for the
stochastic Navier-Stokes equations (see [5]), which may be deduced heuris-
tically from the equation (3). The choice of the functions ¢, makes (X5) a
uniform integrability condition for |u(t)|? on any [ty, 00).

The following lemma is our motivation for singling out the sets Xj; it
relates these sets to bounded sets.

Lemma 4.2 (a) X C M.
(b) If u € X and |ul*e < k then u € Xj.
(c) If u € Xy, then |ul?e < k(1 +¢e) + k.
(d) If Z C X, then Z is bounded if and only if Z C Xy for some k € N.

Proof (a) Let u € X. It follows from (X6) that E(|u(t))|*) < co for a.a.
t € (0,1). Thus, from (X3) we see that E(Ju(¢))|?) is bounded on [%, 00) for
all n € N. Tt follows from u € L2 [0, 00) that E(Ju|*) < oo, so u € M.

(b) For u € M we have

1 1
E/ lu(t)Pdt < e]E/ lu(t)? exp(—t)dt < e|ul?.
0 0

So if |u|?e < k then Efol lu(t)|?dt < k.

(c) Let u € Xi. Then the set {t € [0,1] : E(Ju(t)]*) < k} has positive
Lebesgue measure. By (X3) there is a tg € (0, 1] such that (6) holds for all
t; > to and E(Ju(t)|?) < k. Then for all t; > to, E(Ju(ty)]?) < k + ky. Thus

\u|2:/0 E|u(t)|2exp(—t)dt+/IOOIE|u(t)|Qe:Bp(—t)dt

<k+ / (ko + k)exp(—t)dt = k + (ka + k) /e,
1
and (c) follows.
(d) follows easily from (b) and (c). O

We can now reformulate the main theorem for the particular class of
solutions X that has just been introduced.
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Theorem 4.3 There is a filtered probability space 2 with a semiflow S; on
X, and constants ki, ke, ks, o, 3, such that there exist w € X for all L?
Fo-measurable initial conditions, and there is an attractor for the semiflow
Sy on X.

In fact, we will show that there exists weak solutions in the following
smaller class Y whose members are defined at 0.

Definition 4.4 Denote by Y the class of stochastic processes u : [0, 00) X
2 — H with v € X (that is, the restriction of u to (0,00) lies in X) with
the following additional properties:

(Y1) For a.a. w, the path u(-,w) is in

e
Lloc

[0,00; H) N L [0, 00; H) N LE [0, 00; V) N C[0, 00; Hyeak)-

(Y2) For all t; >ty > 0,

u(ty) = ulto) + / 1[—VAU(Zf) — B(u(t)) + f(u(t))]dt + g(u(t))dw;.

(Y3) E(|u(t)]?) is bounded on [0, 00).

Note that (Y1) implies (X1), (Y2) implies (X2), and (Y3) implies (X6).

5 The space () and the semiflow

The particular space € that we use is a filtered Loeb space similar to that
used in [7] for the construction of solutions to the stochastic Navier—Stokes
equations. Loeb spaces constitute a special class of probability spaces that
are very rich — in a sense that can be made precise (see for example [28]). The
richness is needed to be able to solve the general stochastic Navier—Stokes
equations in dimension 3, and it will also come into play when showing that
the single space €2 has solutions to (3) with the same (prescribed) Wiener
process w; for any random initial condition.

From this point on we assume the basics of nonstandard analysis and in
particular the Loeb construction. Some details are provided in the appendix;
for a full exposition see any of [1, 7, 14, 16, 17, 29, 30].

We set Q = *(Cy(R)), the internal space of *continuous functions w :
R — *R with w(0) = 0, and let @ be the internal *Wiener measure on .
Thus the canonical process

W(r,w) =w(r)
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is a two-sided *Wiener process under (). This gives the internal filtered
probability space B
Q= (Qa ga (g’r)TE*Ra Q)7

where G, = *o({W(7') : 7' < 7}) and G = /.. G-
A family of internal measure preserving maps O, : 2 — €0 is defined for
7 € *R by
(O (w))(0) = w(o —T7) = w(=T7).

That is, O is a shift of the path w to the right by 7 and then adjusted to be
0 at 0.

Now let P = ()1, be the Loeb measure obtained from ) with the cor-
responding Loeb o-algebra F = L(G), giving the Loeb probability space
(Q,L(G),Qr) = (2, F,P), and denote the P-null sets by N.

Definition 5.1
(a) The filtered probability space €2 is
Q= (Qaf7 (ft)t207p>7

where the right continuous filtration (F);>o is defined by

Fi = m o(G,) VN.

t<°r
(b) The Wiener process w(t,w) on € is defined by

w(t,w) = °"W(t,w). 9)

(¢) The family of measure preserving transformations (6;);>0 is given by
gt == @t'

That is, the restriction of the family (©,) to non-negative standard
times.

It is well known that (9) defines an almost surely continuous Wiener
process on Q. It is clear that the family 6, satisfies conditions (01), (62), (03).

With the space ©Q and the family (6;);>0 now fixed, the semiflow of pro-
cesses S; defined by Definition 3.1 is also fixed for the rest of the paper.
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6 Construction of solutions

From now on all discussion is in the context of the fixed space Q of the
previous section, so that in particular the classes of processes X and Y are
classes of processes on (2. It is clear from Proposition 3.2 that both classes
of solutions X and Y are closed under S; for all . In fact S; X C Y for¢ > 0.

This section is devoted to a proof that, for an explicit choice of the con-
stants, the class Y (and hence X) is non-empty, and in particular contains
solutions with any prescribed Fy-measurable L? initial condition. (In this
connection, note that the richness of the space ) means that for any prob-
ability law on H there is an Fy-measurable ug(w) on 2 with the same law.)
In the course of the proof the constants in the definition of the class X
(Definition 4.1) are given explicitly.

Theorem 6.1 There are constants ky, ko, k3, o, 3 such that for any Fo-measurable
ug(w) € L?(Q, H) there is a process u(t,w) € Y with u(0,w) = up(w).

Proof

As in [7] a solution u € Y is constructed as the standard part of an
internal Galerkin approximate solution on the internal space €.

Suppose that uy € L*(Q2, H) is Fy—measurable. Fix an infinite natural
number N and take an SL? lifting Uy(w) € Hy of ug that is Gs-measurable
for some positive § ~ 0. Consider the following internal SDE on *[§, c0) in
Hy, where B, I, G denote the projections of *B, * f, *g respectively onto Hy;.
(Here and elsewhere we use interchangeably the notation U, (w) = U(T,w),
etc.)

{ dU, = [-v*AU, — B(U,) + F(U,)ldr + G(U,)dW,

Ug(u)) = U()(u)).

Elementary SDE theory and the usual energy considerations give an in-
ternal solution U (not necessarily unique) to this Galerkin approximation.
Fix any one such solution U. The task now is to derive some properties of U
that will show that its standard part u = °U belongs to Y as required.

Using Itd’s lemma and the fact that (B(U),U) = 0 we have

AU P = (= 20|, |2+ 2(F(U,), U) + |G(U,) P)dr +2(Ur, G(U,))dW,. (10)

Put Z, = E(|U,|*). The growth conditions on f and g, together with an
application of Young’s inequality give positive constants k,[ such that

d
— 7.+ k7. <. (11)
dr

(See the appendix to this section for details.) Hence (using Gronwall’s

lemma), for all 7o <7y

Zuy < Zoexp(—i(n =) + (1= exp(—hi(n — ). (12
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So
E(|Un ") < E(|Un|*) exp(—ki(m1 — 70)) + ko, (13)

where ko = [/k;.

We will see below that this is almost sufficient to obtain the inequality
(X3) in the definition of the class X. Turning now to the condition (X4), we
go back to (10).

The growth conditions on f and g, together with an application of Young’s
inequality, give

2(F(U),U)+|GO)]* < c(1+|UP),

where ¢ = ¢ + ¢o(1 + dy).
. From (10), this gives, for § < 75 < 71,

sup \Ug|2+2u/ U, ||?)do
70

T0<0<T1

T1
<|ULP +e / (14 |UP)do+ sup M), (14)

70 T0<0<T]

where M, is the martingale

M, = 2/ (U, G(U,))dW,,

70

and so -
M, = 4 / (U, G(U,))do.

Now using the bound on g we obtain

M) <4 sup (U [ (1 (U P (15)

To<o<T T0

where ¢ = ¢ody + max(co, d3).
Using Young’s inequality again gives

M2 < S sup (U244 / (1 + |U, [2)do (16)

Y ro<o<r 0

for v to be specified below. The following Burkholder-Davis-Gundy inequal-

ity is now applicable (k is a universal constant independent of the dimension
N):

]E( sup |MJ|) < kE ([M]Y?). (17)

T0<o<T1
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Use (14) and (16), with v = 2(kc)™!, together with the Burkholder-
Davis-Gundy inequality (17) to obtain

T1 T1
E < sup |U,[? +/ ||U0||2da) < E <|Um|2 —l—/ (1+ |U0|2)da) ,
T0

T0<0o<T1 0
(18)

where ¢ = max(1, ¢+ 2/c’)/min(3, 2v). This, together with (12) gives

E( o |07+ [ ||UU||2da)SaEUUTO\?)w(n—m (19)

T0<0<T]

for 6 < 7y < 7, provided that o > (14 k1), B > (1 +1k;Y).

The construction of the standard process u(t) from U, now proceeds as in
the main existence result Theorem 6.4.1 of [7] using the inequality (19). This
shows that for a.a. w the function |U,(w)| is finite for all finite 7 > ¢ and
U. is weakly S-continuous. Thus we can define a standard process u(t,w) for

a.a. w by
u(t,w) =°U(r,w)

(the weak standard part) for any finite 7 &~ ¢ with 7 > 4.

The inequality (19) also shows that for a.a. w, for almost all finite 7 we
have ||U,(w)|| finite and so u = °U in the strong topology, hence F(U) ~ f(u)
and similarly with g. From the theory developed in [7] it follows that u(t,w) is
a solution; that is, condition (Y2) is satisfied. It is also clear that condition
(Y1) holds. From (13) we also have (Y3) since |°U| < °|U| always and
E(|Us|*) ~ E(|uol*) < oc.

It follows that conditions (X1), (X2), and (X6) hold. It is now necessary
to check conditions (X3)—(X5).

We have the internal energy decay inequality (13), but in order to trans-
late this into condition (X3) we need to know that |U,(w)|? is S-integrable
for all finite 7 > §. To show this we need to prove an internal analogue of
the formula (X5).

Applying [t6’s lemma to the process ¢, (U, (w)) for any n € *N (of course
we mean *¢, as usual in such contexts) gives:

dpn(Ur) = —V((UT,%(UT)))+(F(UTW;(UT))+%G(UT)T¢Z(UT)G(UT)
+(G(U:), ¢, (U-))dW-

since (B(U), ¢, (U)) = 0.
Now from the explicit form of ¢! and ¢! (see Definition 2.1(f),(g) ) and
the growth conditions on f, g we have:

(U, (U)) =2 MU, (U)],

(F(U), ¢ (U)) < (co + da|U])]ey, (U)],

dr
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and
GT(U)en(U)G(U) < 3d31U ||y, (U)| + 12¢0(co + 2d2|U]) o (U?).

Putting Y, = E(p,(U,)) and Y, = E(|U.||¢,(U,)]), it follows that for all
5 S 70 S T,
dY:

\Y: <
dT+V1 =

(dy + ;dg)fc + (|6, (U)]) + 6coE((co + 2do| U | )b (U2)). (20)

Hence, using the estimates in Lemma 2.3 together with 2.2(c)

dYr

7 + kY, < n_%(ﬁo—FaoZT)
1
< n7 2B + o Zy, exp(—ki (T — 10)))
< 072 (B + a0Zyy),

where k3 = 2v\; — 2d; — 3d} and Z, = E(|U,|?) as before, and we have used
the inequality (13). The constants are given explicitly as follows:

Qg — 200(2 + 360 + 6d2),
50 = 3060,
B = Bo+ agks.

Finally, using Gronwall’s inequality, we get an internal analogue of (X5):

Epn(Ur) < Bipn(Un,) expl—ks(ri — 70) +n =2 (aB(|U ) +8)] (21

for all 4 > 79 > 0, provided that 3 > (i /ks and o > g /ks.

We can now see that |U,(w)|? is S-integrable for all finite 7 > §. We
know that |Us(w)|? is S-integrable (it was chosen thus). The property of the
“truncation” function ¢, given by Corollary 13.8 (in the Appendix) means
that °E¢, (Us) — 0 as n — oco. Now use (21) to see that °E¢,(U,) — 0 as
n — oo for all 7 > 4, and so |U,(w)|* is S-integrable for all 7 > 4.

We can now proceed to verify conditions (X3)—(X5). First note that
applying the internal Fubini theorem to (19) shows that for all finite 74 in a
Loeb full set Tj, say, we have

E(Ux %) < oo

Thus for any such 7y we have ||U,|| < oo for a.a. w and hence °|U,,| = [°U,|.
Consequently, now that we have S-integrability of |U,(w)|? for all 7 > §, Loeb
theory gives the following: for all 7y € T,

E(|Ux[*) =~ EC|Ux|?)
= E(°Un|")
= E(lu(to)),
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where ty = °7¢. Loeb theory also gives that for all 7 and t; = °7,

E(|U-F) > EC|U-)
E(]°U(7)?)

>
> |
E(lu(t:)]?).

Putting this together and using the internal energy decay inequality (13), it
follows that for all tg = °1¢ € °Ty and t; = °1 > t,

E(lu(t)]?) < °E(U,)
< C(E(|Ur|?) exp(—k1 (T — 10)) + k2)
E(Ju(to)]?) exp(—ki(t1 — to)) + ko

which is (X3), since °T is a full set.

A similar argument shows that (X4) follows from (19). For (X5) note that
since ¢, (U) < |U|? then ¢, (U,) is also S-integrable. Thus, for ty = °7¢ € °T
we have, using the continuity of v, and the fact that °|U, (w)| = [°U,,(w)]
for a.a. w,

Eon(Un) =~ E.(Us)
- ]ESOn (o Uro )
= Ep,(u(to)).

For all other t = °7 we have
E@ﬂ(u(t)) < OESOn(UT)a

using |°U(1,w)| < °|U,| and the continuity of v,,. These facts, together with
(21), give (X5), and we are done. O

Appendix. Calculation of constants
Starting from (10), use ||U]|* > A\;|U|?* and the growth conditions on f, g
to give

d
—Z-+ 20ME(U]) < EQU|(co + di|U]) + (eo + da|U]))

dr
= E(c§ + 2co(1 + da)|U| + (2dy + d3)|U]?)
< A+ K/e +E((eK +2dy + d2)|U)?)

for any given ¢ > 0, where K = c¢y(1 + d3). Here we have used Young’s
inequality 2|U| < et + ¢|UJ2.
Now let 6 = 2vA\; — 2d; — d3 > 0 and set ¢ = §/2K. Then, putting
kiy=40/2and |l =3+ K/e = 2 +2K?/§, we have
d

— 7+ kE(U?) <1
—Z, + kE(UP) <1
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which is (11). For the constants «, § we simply set
a = max{c’(1+ k'), ao/ks}

and
B =max{c" (14 Ik 1), B1/ks}

to ensure that (19) and (21) hold.

Stipulation 6.2 From now on we fix a set X of solutions as given by Defi-
nition 4.1, corresponding to a given choice of the constants ki ko, ks, v, 3 such
that X # O.

7 Internal approximate solutions

In order to construct an attractor we need to obtain an internal representation
of all solutions u € X. There may be many more than those that are obtained
by means of Theorem 6.1, and to represent these we need the notion of an
internal approximate solution. The following definition explains this. Here
we work with the internal filtered probability space Q = (2, G, (G;)r>0, Q).
For any element V' € Hy, we let Vi) = (V,"e,).

Definition 7.1 (a) For each k € N and n € *N denote by A&}, ,, the internal
class of *-adapted (with respect to (G;),>0) processes

U :*[0,00) x 2 — Hy

with the following properties (numbered to match with the correspond-
ing properties in the Definition 4.1 of X).

(X1) U,(w) has paths *a.s. in *M and U € *L*(,*M), i.e.

E (/0 h ]UT(w)|ZeXp(—T)dT) < *0.

(X2,) With @Q-probability > 1 — % on €, for all 7 € *[%,n] and all
m < n,

U(T1)my = U(1/1) () — [1 [=(WAU?) m) — B(Ur)(m) + F(Ur) @y} d7—

<27 (22)

/ G(U,) myd W,
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(X3,) For all 5 € *[0,00) except for a set of *Lebesgue measure +, for
all T1 > 70,

E(|U-, ) S E(|Ux *) exp(—=ki (11 — 70)) + k2 + £, (23)

(X4,) For all 5 € *[0,00) except for a set of *Lebesgue measure +, for
all T1 2 70,

T1
E (supmgggﬁwgw - ||Ua||2da) < QE(|Un ) + B(m —79) + 1.
i (24)

(X5,) For all 7y € *[0,00) except for a set of *Lebesgue measure %, for
all m > 79 and all m < n,

E(om(Ur)) < E(pm(Ux)) eXP(—k:s(ﬁ—To))er5(aE(\UmD24E25§;r%-

1
1
(X61.) E/\uﬁhgk+—.
0 n

(b) For each k € N, define
X =) X

neN
(c) Define X = [J,en Xk

Remark 7.2 1. The sets &}, and &}, ,, obviously increase with k.

2. The choice of the bound 27" on the right of (X2,) ensures that
(X2,11) = (X2,) for all n. Hence the sets X}, decrease with n.

3. Each of the sets X}, ,, is internal.

Note that although A}, is defined for all n € *N, the sets X}, only involve
X for finite n. However, it important to note that for each fixed £k the
whole family (X}, )nesn is defined and is internal, and we will make use of
certain X}, ; for infinite J € *N.

To help explain the next definition note that if U € X then for a.a. w,
|U(7,w)| < 00, and so U(7,w) is weakly nearstandard, for all finite 7 % 0 (see
Lemma 13.3(a) in the Appendix); the weak standard part has coordinates
°(U(1,w)(m)) for m € N.

Definition 7.3 Given U € X, a weak standard part of U is a process
u:(0,00) x Q2 —H
such that for a.a. w, whenever ¢ € (0,00) and °T = t,
u(t,w)m) = “(U(7, @) (m))

for each m € N. If U has a weak standard part, it is a.s. unique and is
denoted by °U.
Foraset Z CX,°Z ={°U : U € Z and °U exists}.
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Proposition 7.4 LetU € X.

(a) U has a weak standard part if and only if for each m € N, for P-
almost all w, U(-,w) ) is S-continuous on (0,00), that is, whenever o =~ T
and °1 € (0,00), U(o,w)m) = U(T,w)mm) and U(T,w)m) is finite.

(b) If the weak standard part u = °U exists, then for P-almost all w,
u(-,w) is weakly continuous on (0,00), that is, for each m € N, u(-,w)(m) is
continuous on (0, 00).

Proof This follows from Theorem 2.5 in [26], which is the analogous
result for processes V' : [0, 1] x @ — R. For (b) note that weak continuity for
a norm bounded function v(¢) with values in H is equivalent to continuity of

the coordinate functions v(t) ).
O

Definition 7.5 We denote by SL?[a,b] the set of internal processes
U(r,w) : *[0,00) — Hy

such that the restriction of |U(7,w)|? to *[a, b] x ) is S-integrable with respect
to the product measure on *[a, b] x €.

The importance of X lies in the following result.

Theorem 7.6 (a) For each k € N, if U € X, N SL*[0,1] then the weak
standard part u = °U exists and s in Xj.

(b)
°(X, N SL[0,1]) = Xy,

and hence
°(X NSL*0,1]) = X.

We will prove this in two halves. First we have:
Proof of Theorem 7.6(a) Let U € Xj. By overspill, U € &} ; for
some infinite J. From (X6 ;) there is a Loeb-full subset of 7y < 1 such that
E(|U,|*) < oo, so by (23), E(|U,|?) < oo for all 75 % 0. By (X4;), there
is a Loeb-full set of finite 7y such that (24) holds for all finite 7. Taking
arbitrarily small such 7 gives

E <sup1<g<ﬁ|Ua|2 + / ||Ugu2da) <0 (26)

for all n € N and all finite 7y > L. So |U,(w)] is finite for all finite 7 % 0, for
a.a. w.
Let m € N. Fixing n for the moment and putting

VI(T)m) =

:h

[—(VAUU)(m) — B(Ug)(m) + F(UJ)(m)]dU — [ G(Ug)(m)dWJ,
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the theory of [7] shows that for a.a. w the process V(7)) is S-continuous on
(0,00). Then (X2;) gives that for a.a. w the process U(7)(m) is S-continuous
on [%, 00). Since this holds for all n we have established the existence and
almost sure continuity of the weak standard part v = °U.

We must now verify the properties of u that are needed to place it in Xj.

First we have from (X2;) that for m € N,
u(t, w)(m) = u(%,w)(m) + OV(t, w)(m).
The book [7] shows that

t

V() = (/ [—vAu(t) —B(U(t))+f(U(t))]dt+/

1 1
n

g(u(t))dwt>
(m)
almost surely, and this is sufficient to establish (X2).

The inequalities (X3)—(X5) follow from (X3;) — (X'5;) provided that, as
in the proof of Theorem 6.1, it can be shown that |U,(w)|? is S-integrable
for all finite 7 2 0. The condition that U € SL?(0, 1] ensures that |U, (w)|?
is S-integrable for a.a. 7 € *[0,1]. The formula (21) which was established
in the proof of Theorem 6.1 is the same as condition (X'5;). As in the
proof of Theorem 6.1, this condition together with Corollary 13.8 imply that
|U,(w)|? is S-integrable for all 7 2 0. Then (X3)—(X5) follow routinely from
(X3;) — (X5;), using (X4,;) to give that for almost all 79 % 0 we have
E(||U(7)||?) < co. Hence, putting o = °7y,

Elu(to)[* = E°|U(0)[* = “E|U (o),
and for all £ = °7 we have
Elu(t)* < E°|U.[* < “E|U (7).
We have

1 1 1 1
E/thﬁgE/OWﬁhT:E/°W£@r§m/ﬂuﬁhgh
0 0 z 0
using basic Loeb theory and (X6 s), so that (X6y) holds.

For the path properties (X1), we have u(-,w) € L2.(0, 00; H)NLE [0, oo; H)
from (X'3,) combined with ]Efo1 |u(t)|?dt < k. The weak continuity of u(-,w)
has already been established. Finally, the condition u(-,w) € L% (0, 00;V)
is immediate from (26). O

Implicit in the proof of Theorem 7.6 (a) is the following.

Theorem 7.7
X NSL*0,1] = X NNS,

where NS = ns?(Q, M) as defined in the Appendiz. Hence for U € X N
SL?0,1] the weak standard part °U as defined in Definition 7.3 is the same
as the standard part °U of U € NS in L*(2, M) as defined in the Appendiz.
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Proof Take U = U,(w) € X N SL*0,1] and let uw = °U be its weak
standard part. Regarded as random functions we have U € *L?*(€),* M) and
u € L*(Q, M). To see that U € NS we first show that °U(w) = u(w) in M
for a.a. w.

For a.a. w, the proof of Theorem 7.6 and basic Loeb theory gives for
V =U(w) and v = u(w):

(a) for a.a. finite 7, V(7) ~ v(°7) and (by Anderson’s Lusin Theorem)
*v(1) = v(°7) (both strongly in H), so °|V (1) — *v(7)| = 0.

(b) |V(7)| € SL?0,1] and is bounded for 7 > 1, so |V (7)| € SL?0, n| for
each n € N.

(c) [*v(7)| € SL?[0,n] for each n € N.

Hence, for each n € N,

/On V(1) = *u(7)|? exp(—7)dT =~ /On IV (1) = *v(7)]* exp(—7)drT = 0.

To get V ~ v in M it is now sufficient to show that

*

([ - eFes-nar) — 0w

We have [ [*v(7)[> exp(—7)dr = [ |v(t)]* exp(—t)dt — 0 as n — oo. It
is enough then to show that for a.a. w, I,, = °( fnoo |V (7)|?exp(—7)dr) — 0.
Now from (A'3) and (X'6) we deduce that there is k € N such that

EI, <k exp(—n),

and so P(I, > exp(—3%)) < kexp(—%) by Chebychev. Borel-Cantelli gives
that P([, > exp(—3) i.0.} = 0 so that I, — 0 a.s. as required.
To obtain U € NS it remains to show that |U(w)|? is S-integrable; that is

E|UW)]* # EC|UW)I*) = Elu(w)[*.

Now

*

E(UW)) = / U @) exp(—r)dr
= / U (w)]? exp(— )dT+]E/OO]UT(w)|2eXp(—T)dT

for each n € N, and the second term becomes infinitesimal as n — oo. The
same is true for E(|u(w)|?), so it suffices to show that for each n € N,

/|U 2 oxp(—r)dr ~ E /|utw)| exp(—t)dt.
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Since |U, (w)]? is assumed to be S-integrable on [0, 1] x 2, we have

/yU 2 exp(—7)dr ~ E /|uw)\ exp(—t)dt.

Now E|U,(w)[? is bounded for 7 > 1 and, from the proof of the previous
theorem, |U,(w)|* is S-integrable for a.a. 7 % 0. Putting this together we
have

/ U, ()2 exp(=7)dr = /1nE|UT(w)|QeXp(—T)dT
[ B exp(-r)dr
= [ B P e(-ridr
= B [ U @P es(-ridr
_ / (u(t, w)|? exp(—t)dt

Q

from the fact that °U(w) = u(w) in M for a.a. w.

For the other direction, we show that NS C SL?0, 1]. This is routine: if
U € NS with °U = u then from E(|U]?) ~ E(|u|?) and U, (w) ~ u(°t,w) in H
a.s. in [0, 1] x Q, we have that |U,(w)|? exp(—7) is S-integrable over [0, 1] x Q.
a

Now we turn to part (b) of Theorem 7.6. In view of part (a) and Theorem
7.7, it suffices to prove the following.

Theorem 7.8 Ifu € X}, then there is U € X, NNS with weak standard part
u="°U.

Proof Take u € Xj;. By Theorem 7.7, it suffices to find a U € &) N
SL?[0,1] with u = °U. Proposition 13.10 in the Appendix gives a positive
§ ~ 0, and for each 7 € N an internal G,-adapted process U (T, w) iy such that
for a.a. w and for all i € N, U(7,w);) = 0 for all 7 < §, and

U<T7 w)(i) ~ u(oTv w)(i)

for all finite 7 > §. By Nj-saturation the sequence of co-ordinate processes
extends to an internal family (U (i) )i<n of G--adapted processes, giving a G-
adapted process U(7,w) € Hy. This process must now be suitably truncated
in order meet the conditions for membership of X, N NS.

For each m < N define a process U™ (1,w) € Hy by

= (U(r,w)sy Am)V—m if i<m
0 otherwise
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This process is again G,-adapted. For each m € N and all n < m we have

]E( / |U§m>\2dr) IE( / \OUS”)PCZLT)

0 0

E u(t)2dt ) + —
0 m

E( / ||U£m>||2df) ~ E(/ ||OU£’">||2dLT>
< E /n||u(t)||2dt +l
1 m’

By overspill there is an infinite J < N such that for all n € N,

n _ n 1
E(/ yU@y?dT) < E(/ yu(t)y2dt> + =

0 0 J

n _ n 1
E(/ ||UT(J)||2dT> < E(/ ||u(t)||2dt>+j.

Let V = U, Then for i € N, for a.a. w we have

Q

A

and

and

V(r,w)e = u(°T,w) e

for all finite 7 > §, and so |u(°T,w)|* < °|V(1,w)|? for all finite 7 > §. Hence

forn € N,
OJE/ Virw)dr < E (/ |u(t,w)\2dt>
0 0

= B[ Werwra)
B ([ veokar)

< °E / IV (7, w)2dr.
0

IN

So V(r,w) is an adapted lifting of u(t,w) which is in SL?[0,n] for each n.
Therefore V' € SL?[0,1]. Moreover, for each n € N and a.a. (1,w) € *[0,n] X
2 we have V(7,w) ~ u(7,w) in H (strongly). Note also that for each n € N
and a.a. 7 € *[0,n] we have

E([V(r)[*) = E(lu(*T)[*). (27)
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Similar reasoning shows that for all n € N, ||[V(r,w)|| € SL*[+,n] and
|V (r,w)| = |Ju(t,w)] for a.a. (1,w) € *[0,n] x Q. Thus, for a.a. (1,w) €
*[0,n] x ©Q we also have V(7,w) ~ u(7,w) in V (strongly).

It is now necessary to truncate further (i.e. take V' = U for some
infinite J' < J) in order to ensure that the approximate inequalities (X'3,) —
(X5,) are all satisfied. Note that a fortiori all the properties of V' noted
above are valid for any such V"’ also.

Let Ty be the Loeb-full set of finite 7y such that

(i) (27) holds for 7 = 7.

(ii) tg = °7p is a value for which (6), (7) and (8) hold for all t; > t,.

Choose an increasing chain of internal sets A,, C *[0,m] N T, with
*Leb(A,,) > m — % Then for all m € N, 79 € A,,, and 79 < 77 < m
we have E(|V (79)|?) ~ E(|u(tp)|?) and *E(|U™ (7)[?) < E(|u(t1)|?) (where
ty = °79 and t; = °1q). Hence, using (6), for m € N, 1 € A,,, and all
o < T S m,

E(IT0™ (1)) < E(IV (70)[?) exp(—ki (11 = 70)) + k2 + 5. (28)

Similar reasoning gives

E <supmgggﬂw<m><a>|2 +f ’ HU(’”)(U)HQdo> < aB(|V (1) )+ 5(m—m) 4.
i (29)
and for all n < m,
E(pu(U5)) < E(pn(Vay) exp(=hka(mi—0)) +n” 2 (aE(| Vo, ') +5)+ . (30)

By Nj-saturation we extend A,,,m € N to an internal increasing chain of
sets A, m € *N such that A,, C *[0,m]| and A, has *Lebesgue measure
> m — 1/m. Overspill gives an infinite J* < J such that (28)-(30) all hold
with m = J for o € Ay and 7o <73 < J'.

Writing V' = UV, for all m € N and 7, € A, we have E(|V (7)|?) ~
E(|u(to)|?) ~ E(]V'(10)|?), and so for m € N, 19 € A,,, and 70 < 71 < m,

E([V'(1)[*) < E([V'(r0)[*) exp(~ki(m — 7)) + Kz + 1. (31)

Similar reasoning gives

E (Supmgggnlvl(aﬂz +/ \|V'(<7)H2d0> < aE(|V'(70)*) + B(r1 — 70) + 11
° (32
and for all n < m,

E(pa(V'(11)) < E(pn(V7,)) exp(—ks(m1—70))+n "2 (@B (| V5, [)+8)+ . (33)
By overspill, there is some infinite J” < J’ such that (31)—(33) all hold with
m=J" and for all o € Ay and 7 < 73 < J”. Put

U — V'(r,w) for 7<J"
N 0 for 7> J"
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Since V' € SL?[0,1], we have U € SL?[0,1]. Tt follows from (27) with 7 = 79
and (28) that U satisfies the condition (X1). Using (31)—(33), it is routine
to check that (X'3,) — (AX'5,,) hold for this U for each n € N, the exceptional

set in each case being *[0, J"] \ A .
As noted earlier, V' (like V) is a lifting of u(t,w) which is in SL?[0, 1], so

1 1
°E/ |UT|2dT:E/ g2,
0 0

giving (X6y,,) for each n.

To see that U € X} as required we now have only to check that (X2,)
holds.

For this, fix n and note that U is an adapted lifting of u in SL?[0, 1] with
the property (24) for 7 > §. Thus the theory of [7] shows that for a.a. w, for
all 7 € [L,n] and m < n,

U(T1)my — U(L/0)(m) = 6w(°T1) m) — w(1/10) ()

o o

T1 T1

(=0 Aty — But)) gy + £ () )yl — / 9(u(t)) oy

1

[
T

~ / i [=(WAU:)m) — BU(T))m) + FU(7)) )] dT — / b G(U(T)) mydW-

1 1
O
Corollary 7.9 X N NS is nonempty.

Proof By Theorem 6.1, there is a £ € N such that X} is nonempty. Then
by Theorem 7.8, X, N SL?[0,1] is nonempty, and by Theorem 7.7, X} N NS
is nonempty. O

8 The internal semiflow

Let 'H be the internal set consisting of all internal stochastic processes
U :*0,00) x Q@ — Hy. There is a natural internal semiflow 7, : H — H
defined for all 0 < 7 € *R, as follows.

Definition 8.1 (Semiflow of internal processes) Suppose that U € H.
Then for any 7 > 0 the process V =T,.U € H is defined by

V(o,w)=U(o +7,0,w).

This semiflow has internal properties corresponding to those for S; as
given in Proposition 3.2
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Proposition 8.2
(a) T is an internal semigroup on the class H.
(b) If U is adapted to the filtration (G;)r>o, then so is V =T, U.
(c) If U is adapted and V = T,.U, then for 7, > 0:

(i) For appropriate internal *continuous F,

/071 F(V(o,w))do = /TT+T1 F(U(o,0,w))do.

(By appropriate we mean that the integrals are defined.)

(ii) For appropriate internal *continuous G,
T1 T+T1
/ G(V(o,w))dW (o,w) :/ G(V(e,0,w))dW (o, 0,w)
0 T

(meaning that I(w) = J(O,w) as random variables, where I(w) is the
left-hand integral and J(w) = f:Jm G(u(o,w))dW (o,w)).

(d) If U is adapted and V =T, U and Ty > 19, then

T1+T T1+7

F@K@MJ—/‘ G(U(0))dW (o)

T0O+T

Pm+ﬂ—Um+ﬂ—/

T0+T

and

T1

’V@Q—V@g—/nmvwmw—/1Gumﬂmww)

70 70

have the same internal probability distribution.
Proposition 8.3 For finite 7 > 0:
(a) T,X C X.
(b)
T.(X N SL?*0,1]) € X N SL?0, 1],
and for U € SL?[0,1] we have

°(T.U) = S-,°U. (34)
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Proof (a) Clauses (X'3,)-(X5,,) are clearly invariant under the operation
of T.. For (X2), it is easy to check using Proposition 8.2 that 7,U has
property (X2,,) provided that U has the property (X2,/) for some n’ > n—+r.

If Efol |U,|?do < oo then it is clear from (X'3,,) that Efol (T,U)q|?do <
oo also.

(b) Suppose that U € XNSL?[0,1]. From the proof of Theorem 7.6 (a) we
see that |U,(w)|? is S-integrable for all o % 0. Further, from (X3) we know
that E(]U,|?) is bounded on *[o, c0) for any s % 0. Thus |U,(w)| € SL?[1,n]
for any n > 1, and hence on *[7,7 4+ 1] for any 7 > 0. This means that
T,U € SL?*[0,1] as required. O

We next show that for a suitable p € N the set X, is S-absorbing.

Lemma 8.4 There is a p € N such that X, is S-absorbing. That is, for each
k € N there is an r(k) € N such that

T,%,C X,
for all finite 7 > r(k).

Proof This follows from the fact that U € &} has the property (X'3,,) for
all n and E fol |U-[?dr < k+2 for all n. From these properties we can deduce
that for any 7 % 0

T+1 1
E/ Uy |2do < kexp(—Fki7) + ko + —
. n

for any n. To see this, let Z, = E|U,|? and note that from (X6) and (X3),
Z, is bounded and hence S-integrable on |1, 7 + 1|. Moreover, for a.a. ¢ in
this interval, o — 7 has the property of 7 in (X3,) for all n. Thus

1 T+1 T+1
/ E|(T.U) (o) 2do = / Zodo ~ / 7 dyo
0 T T

T+1
< / (Zy—rexp(—ki7T) + ko)dpo

1
— exp(—kloT)/ °Z dro + ks
0

o/ /1
< exp(—k;°7) (/ ng0> + ko
0

1
< kexp(—le) + ]{52 + E

as required. To verify the lemma we may take any natural number p > ko
and then r(k) = r such that

kexp(—kir) + ko = p.
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O

Now write B = &, and B, = &,,. Thus B is the intersection of a
decreasing chain of internal sets, B = (), .y Bn.-

Corollary 8.5 For each T,

T.B = () T:B..
neN
Proof  This follows from B =, .y Bn by Y;-saturation. a

Corollary 8.6 BN NS is nonempty.

Proof By Corollary 7.9, X N NS # ), so there is a k € N such that
X, NNS # (). Take finite 7 such that 7, X}, C B and then

BNNS DT, (X NNS)# O

using Proposition 8.3(b) and Theorem 7.7. O

Definition 8.7 Define 1y = r(p); then ry is finite and 7,8 C B for finite
T 2 Tp.

The following will be useful in several situations below.
Proposition 8.8 For any n,m € *N, if ro < o <n —m then
1,8, C B,,.

Proof Let U € B,. It is routine to check from the definitions that for any
o the properties (X1) and (X'3,,) — (X'5,) are preserved under T,,. If 0 > r
then the calculation in the proof of Lemma 8.4 shows that T,U has property
(X6,,) also. Finally, as noted in the proof of Proposition 8.3, T,,U has the
property (X2,,) provided that ¢ +m < n. Then, since m < n, T,U belongs
to X, = B O

9 Construction of global attractors

The main theorem of this section shows the existence of a global attractor A
for the semiflow S; on X. The idea for constructing A is similar to that used
in the earlier papers [6, 8, 9] of the first author and Capinski: A = °C for a
set C C X that is an S-attractor for the internal semiflow T’.

From the S-absorbing set B we define the following set C, which we will
call the S-attractor for the internal semiflow T, on X.
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Definition 9.1 Define sets C,C, and C, (for n € N) as follows.

(a) c= () B

o<t

T finite

(b) ﬂ T.B, so that C = (),,cCn
0<7<n

(c) Co= [\ T-B.
0<r<n

We first show that C is nonempty.
Proposition 9.2 (a) The sets C, are internal and decreasing.
(b) CAn 2 Cp 2 TyyinB, hence CAn #+ Q.
(c) C={\hen C,, and so C # Q.

Proof (a) is obvious.
(b) Since B,, 2 B, we have C,, O C,. The second inclusion follows from
the choice of ro: for V' € B we have T,,.,V = T;1,,n—V € T.B for all

7 < n. Since B is nonempty, it follows that C, is nonempty.

(c)
ﬂc}:ﬂ N ©B.= () (Z:B.= () T-B=C

neN neN0<r<n 0<r n€eN o<t
7 finite 7 finite

(the third equality following from Corollary 8.5). The fact that C # @ now
follows from (a) and N;-saturation. O

In preparation for the next theorem, which gives some of the key proper-
ties of C, we have:

Proposition 9.3
T.C = () T:C. = [ T:Ca-
neN neN

Proof  The equality of the outer sets is an elementary application of N;-
saturation, since C = [, eNC and each C, is internal. The middle set is

squeezed between the outer ones since C C C,, C Cn for all n. O

Some crucial properties of the set C are now gathered together.

Theorem 9.4
(a) C C B(= Xp).
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(b) C is a countable intersection of internal sets.
(¢) (Invariance of C) For finite T,

T.C=C.

(d) (C is nearstandard)
C C NS.

Proof (a)C CTyB=B.
(b) Obvious from Proposition 9.2.
(c) For any finite 7 and o we have

C g TO'+TOB and TT+TOB g B,

SO

T.C C T, Ty B =T, T, 1, B C T,B.

Since this holds for all finite o > 0, it follows that T.C C C.

For the opposite inclusion, from Proposition 9.3 it is sufficient to show
that C C T',C, for each n. Take any U € C; then U = T4, 4V = 17T,y 4nV
for some V' € B. Now for each o < n we have T,V =T1,T, +n_oV € T,B,
so T,,4nV € Cp and U € T,C,,.

(d) Let U € C. By Proposition 9.2 (b), U € ﬂneNé\ Recall that the sets
B,, and hence C are already defined for all n € *N. By overflow, there is an
infinite J with U € CJ By the definition of CJ, U =T;V for some V € Bj.
Using (X6), there is a 79 € *[0, 1] such that E(|V (7)|?) is finite, and (25)
holds for V' with n = J. That is,

E(pm (Vi) < E(pm(Vey)) exp(—ks(71 —70)) +m 2 (aB(|Vz, [*) +5) +% (35)

for all 7 € *[19, 00) and each m < J. Since ¢(x) < 1 for all z, ¢,,(V,,) <
Vo |2, 80 E(¢n(V,,)) is also finite for all m.

Consider any infinite K < J. For each o € *[0, 1] using (35) with 7, =
J + o we have

E(px(U(0)) = Blp(Vre)) <
Bk (Vi) exp(—hl(] +0 = 1)) + K H@E(Va ) +5) + 7,

so E(px(U(0))) ~ 0. Therefore, by Corollary 13.8 in the Appendix, |U, (w)|?
is S-integrable for all o € *[0, 1]. Then by Proposition 13.6 in the Appendix,
|U|? is S-integrable in the product *[0, 1] x €, that is, U € SL?[0,1]. Since
U € X, we have U € NS by Theorem 7.7. O

It is of interest to note the following seemingly weaker characterization

of C
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Proposition 9.5 For any sequence (ng) from N such that ny — oo, we
have

c=()T.B

keN

Proof  One inclusion is obvious. For the other, if 7 > 0 take n; with
ng > 1o+ 7. Then
T, B=T11T,_.BCT.DnB,

so that (), T, B C T.B for all 7. O
We also need the following property of C.

Proposition 9.6 (C attracts) For every n,k € N,
T, X, CC,
for all finite T > n+ 1o+ r(k). In particular, taking k = p so that r(k) =g
T.BCC,
for all finite T > n + 2rg.
Proof = We have 7 = n + o + r(k) for some finite o > ry. Then
T, = T, T, Ty Xe C T,T,B C T,B CC,.

|

Remark 9.7 The above attraction property together with the invariance
and the fact that C C NS (Theorem 9.4) is the reason for calling C the
S-attractor for the internal set of processes X

The attractor for the semiflow .S; can now be defined.
Definition 9.8 Define the sets A,,, A by
A, =°(C, NNS), A="°C.
Immediate properties of A are as follows (where we write B = X).

Theorem 9.9 (a) S;A= A for allt > 0.

(b) AC B, where B=X,,.

(c) ACY

(d) A= nnEN A”

(€) A=z 5B =, S B for any sequence ty — oo.
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(f) A is closed in the space L*(2, M).

Proof (a) follows from Theorem 9.4 and Proposition 8.3(b).

(b) follows from the fact that C C B.

(c) By part (b), A=SAC S XCY.

For (d), it is clear that A C () A,. Consider an element u in the righthand
set. For each n we have u = °U,, for some U,, € C,, " NS. Then U, € 5n for
all n € N. Let | - | denotes the norm | - | restricted to the time interval [0, k],

that is,
k 3
|U|k=(E / |UT|2u<dT>> .

Then for all n and m < n we have

1
n

By Ni-saturation there is an infinite J with U; € CAJ C C and
|Um — UJ|J ~0

for al m € N. Thus u =°U; € A.
(e) Since C C T.B we have A C S;B for all t > 0, so it is enough to prove
that the third set is contained in A. For any n we have

S,B C °(T,BNNS) C °(C, NNS) = 4,

for all t > n + 2ry, by Proposition 9.6. The result follows.
(f) follows from Proposition 13.5 in the Appendix. O

In order to show that A has the required attracting properties, we first
show:

Theorem 9.10 (a) For every n,k € N,
Sth: g An
for allt > n+ro+r(k).

(b) Let Z be a bounded subset of X (with the norm of L*(2, M)). Then
for every n € N there is finite to(n, Z) such that

SiZ C A,

forallt > ty(n, Z).



9 CONSTRUCTION OF GLOBAL ATTRACTORS 37

Proof (a) is immediate from Proposition 9.6 after observing that
Si Xy C °(ThX).

(b) By Lemma 4.2, Z C X}, for some k € N. The result now follows from
(a). In fact, Lemma 4.2 (a) shows that one can take to(n, Z) = n+ro+r(k)
where k > (sup{|u| : u € Z})%e. O

Lemma 9.11 A has the attracting property of Definition 3.7(b)(iii)

Proof Let K be compact with p(A, K) = ¢ > 0 (otherwise there is nothing
to prove). Then K=*N A = (). By Theorem 9.10 it is sufficient to show that
K=Nn A, = O for some n € N.

For each n there is a finite set {v,; : 1 <i < k,} C K such that K is
covered by the open balls {v,;}<%, 1 < i < k,. ( {v}<" denotes the open
ball of radius r with centre v.) Taking v, ; = °V,,; with V,,; € NS we have

K= =" <ﬂ U{U U = Vil <e+ 1/n}> =° (ﬂ Kn>

neN =1 neN

where the sets K, are all internal. Similar reasoning gives K= = ° (ﬂneN KV n> .

Ni-saturation shows that there is n € N with

N K5 né =0 (30)

m<n

ERN
(for otherwise there is U € ﬂneN(Kf" NC,), and such a U belongs to C and
is thus nearstandard with °U € K= N A).

It follows that K= N A, = O, for if not there is u = °U = °V with

UéeN,,<, Kmand V e C,. But then V € K,%% contradicting (36).
O

m<n m<n

Now we can prove the main theorem of the paper:
Theorem 9.12 The set A is an attractor for the set of solutions X .

Proof  We have seen in Theorem 9.9 and Lemma 9.11 that A is closed and
invariant and has the required attracting property, so it remains to prove
that law,,(A) is a law-attractor. Write A = law,,(A).

For invariance, using (4) gives

S, A = law, (S;4) = law,(A) = A
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Using Proposition 13.9(b) in the Appendix), we have
A = law, (A) = law,,(°C) = “*law,,(C) = ﬂneN law,, (C,).

Since *law,,(C) C ns(M; (M x Cp)), the compactness of A follows from
Proposition 13.2 in the Appendix with E, = *law,, (é\n)

For the attraction property, suppose that Z C law, (X) is d-bounded,
and O D A is open. We will prove first that there is some n € N with

A, =law,(A,) C O (37)

and then that §tZ C A, eventually.
For (37), let F' = M 2(M x Cy)\ O, so the hypothesis is that ANF = O.
This means that

M law,(C.) N () (F<") =0,

neN

since any member of this set has the form A = law,,(U) with U € C and so
A is nearstandard in M; o(M x Cp) with °A € AN F. Saturation gives an

m € N with R
() Maw,(C.) N () (F=") =0,

n<m nm

and so A, N F = @, which is (37).
Since Z is d-bounded, Z C law,,(X}) for some k. By Theorem 9.10,
S; X C A, eventually. Hence, eventually

S,Z C 5,(lawy (X)) = law,, (S, X)) C law,(A,) = A,,

as required. O

The attraction property in Lemma 9.11 and its proof generalizes easily
to the following, from which the law-attraction property of A can also be
deduced.

Theorem 9.13 If O O A is an open set whose complement has the form
O° = °(Npen En) with each &, internal, then A, C O eventually, and so O

attracts bounded subsets of X .

Remark  This result will be generalized and explored further in the sequel
to this paper, [18].
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10 Two-sided solutions

In this section we formulate the notion of a two-sided solution to the Navier-
Stokes equation (3) — that is, a solution defined for all time, negative and
positive. It will be shown that the set X of two-sided solutions is non-empty
and that the attractor A identified in the previous section is simply the set of
restrictions to non-negative times of the solutions in X. The corresponding
fact for the deterministic equations is noted by Sell in [32].

We must first modify the space € so that it can accommodate two-sided
processes u(t,w) with ¢ € R. Recall that the underlying internal filtered
probability space is

Q= (Q7 ga (gT)TG*Ra Q)7

where G, = *o({W(7') : 7 < 7}) and G = \/__.x G;. So we simply extend
the filtration F; to negative times using the same recipe as before: for any
t € R define

Fo=()0o(G:) VN,

t<°r

Thus, the space we now work with is
Q= (O F, (Fi)er, P).
The Wiener process w(t,w) is extended to negative times in the same way:
w(t,w) = "W(t,w) (38)
for all real times.

Definition 10.1 Denote by X the set of bounded two-sided solutions to
the stochastic Navier-Stokes equations as follows. The members of X are
adapted stochastic processes u : R x {2 — H with the following properties.

(X1) For a.a. w the path u(-,w) belongs to the following spaces:

00
Lloc

(—o00,00; H) N L?

loc

(= 00,00;V) N C( — 00,00;Hyeak )-

(X2) For all t; >ty € R,

ulty) = ulty) + / —vAult) — Blu(t)) + f(u()]dt + / () duwy.

to to
(X3) For a.a. ty € R and all ¢; > ¢,

E(lu(ty)]*) < E(Ju(to)]*) exp(—ki(t — to)) + k. (39)
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(X4) For a.a. tg € R and all t; > t,

B (st s [ + 20 [ u(o)Pds ) < aB(lu(t)) + 5t — 1)
° (40)

(X5) For a.a. to € R and all t; >ty and n € N,

E(pn(u(t1))) < E(pn(ulto)) exp(—ks(ts — to)) +n~2 (aB(|u(to)?)) +( ffj
(X6) E(|u(t)]?) < ky for all t € R.

Remark It is immediate from the definitions that

X 1[0,00) CYNX,, CX.

Corresponding to the space M of paths for one-sided solutions, the natural
space that contains paths of two-sided solutions to the stochastic Navier—
Stokes equations is the space M defined as follows.

Definition 10.2 (a) For a measurable (deterministic) function £ : R — H
define a norm

a-(/ Zs<t>2exp<—rt\>dt)% -(/ Zg(tm(dw)% |

where p(dt) = exp(—|t|)dt, and write
M = {g:|¢] < oo}

for this space of paths, which is a separable Hilbert space.
(b) For a process u(t,w) with paths in M define

ol = @t ) = (2 [ lutt P exn(-lehr)

o0

(S

which is simply the norm of L2(Q, M).

Remark It is clear from (X6) that X C L*(Q, M). In fact, |u|? < 2k, for
allu € X.

It would be possible to proceed by adapting the basic existence result
Theorem 6 to show that X # (3. However, this follows from the more
detailed analysis of X to come, and in particular from the main theorem of
this section:

Theorem 10.3

A=X110,00).
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The proof of this requires some additional analysis involving approximate
two-sided solutions, which we now define (the counterpart of Definition 7.1
for one-sided solutions).

Definition 10.4 (a) For each n € N denote by X, the internal class of
*~adapted (with respect to (G;),e+r) processes U : *R x Q — Hy with
the following properties:

(X1) U,(w) has paths *a.s. in *M and U € *L*(Q,* M), i.e.

*

E (/ |U7(w)|2exp(—|7'|)d7) < *oo.
(X2,) With Q-probability > 1 — £ on €, for all 71 € *[ —n,n] and all
m < n,

T1

‘U(ﬁ)(m) —U(=n)m) — / [—(VAU; ) (m) — B(U:) my + F(Ur) (my)d7—

—-n

/ G(UT)(m)dWT <27 (42)

—-n

(X3,) For all 7y € *[ —n,00) except for a set of *Lebesgue measure %

and for all 7 > 79,

?

E(|Un|*) < E(|Ux[*) exp(=ki(r1 — 70)) + k2 + 5. (43)

(X4,) For all 7y € *[—n, 0o) except for a set of *Lebesgue measure <, for
all 7 > 7,

E (supm<a<n|Uo| + / ||UU||2da) < aB(|Uy[2) + B(r —70) + L.
i (44)

(X5,) For all 7y € *[—n,00) except for a set of *Lebesgue measure +, for
all 7 > 79 and all m < n,

E(om(Un)) < E(SOm(Um))eXp(—k’z(ﬁ—To))ﬂLm_%(@E(\Um\z)tfg;ﬁ-

_ 1
(X6,) E(|U. %) Skz—i—ﬁ for 7 € *[ — n, 00).

(b) Define
X = ﬂ X,
neN
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Remark It is immediate from the definitions that
‘)E‘n r*[ou OO) - sz,n - Xn;-)? f*[O,oo) - sz CX.

The notion of the standard part of an internal process from earlier sections
extends naturally to two-sided internal processes. Corresponding to Theorem
7.6 (a) we have:

Theorem 10.5 IfU € X then

(a) For P-almost all w the path U(-,w) has |U(1,w)| finite and U(T,w)m)
S-continuous for m € N and all finite T (positive and negative).

(b) The process u = °U defined by
u(t,w) =°U(r,w)

for T =t (where °U denotes the weak standard part in H) belongs to
X.

Proof  We first show that, unlike Theorem 7.6, it is not necessary to
restrict to internal processes U that are S-integrable in some sense.

Take U € X; then U € X; for some infinite .J. From (X6) we have
that E(|U,|?) < ko + 5 for all finite 7. Then (X5;) ensures that |U.(w)]?
is S-integrable for all finite 7, using the criterion of Corollary 13.8(b) of the
Appendix.

Now simply follow the proof of Theorem 7.6 (a) with the origin t = 0
moved to t = —n to construct u = °U with u fulfilling the requirements of a
two-sided solution on each time interval [—n, o). Consequently v € X. O

We also have the converse of Theorem 10.5:

Theorem 10.6
X =°X.

Proof Let u € X. Simply adapt the proof of Theorem 7.8 to obtain
U" € A, for each n with °U" | *[ — n,00) = u [ [-n,00). Then for all

sufficiently small infinite .J € *N we have U = U’ € X and °U = u. a

To continue we must introduce a group of shift operators on *L*(2, M)
as follows:

Definition 10.7 For V € *L*(Q2, M) define the left shift operator L, for
7 € *R by
(LTV)(Uv w) = V(T + g, @Tw)'
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Clearly L, o L_, = identity for all 7, and L, o L, = L,,., so the left
shift operators L, form an internal group of mappings on *L?(2, M) under
composition.

It is also clear from the definitions that L,X = X for every finite 7.

The connection with the internal semigroup 7’ is given by:

Lemma 10.8 For any V € *L*(Q, M),
T.(V | *[0,00)) = (L, V) | *[0,00)). (46)

Proof From the definitions. O

To proceed it is necessary to make one further definition, the counterpart
of C for two-sided solutions. Recall the set B = X, of one-sided approximate
solutions.

Definition 10:9
(a) Define B by

B={U¢e*L*Q,M):U]*0,00) € B},

(i.e. the processes in B are extended to negative times in an arbitrary man-
ner) and in the same way for each k£ € N define

B, ={U e *L*(Q,M):U | *[0,00) € By},
(b) Define
D= ﬂ{LTB 7 > 0,7 finite}.
Lemma 10.10 X C B.

Proof  Let U € X and let r = r(ky). Since X = L,(X), U = L,V for
some V € X. Then V [ *[0,00) € A},, and by (46) we have

U |7*0,00) = (L.V) [ *[0,00) = T.(V | *[0,00)) € T, X, C B.

Therefore U € B. O

The main result will follow from its counterpart at the level of approxi-
mate solutions:

Theorem 10.11 (a) D= X.
(b) C=D [*[0,00).
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Proof  (a) We have X C B and L, X = X for finite 7, so
X=LXCL,B

for finite 7 > 0. Hence X C D.

Conversely, let V' € D. Then for each n € N we have V = L,,V,, for some
V,, € Ba,. Overflow gives an infinite J € *N with V = L;V; and V; € Byy.
Thus V; | *[0,00) = Uy is in Byy. From the definition of By; we can read
off the properties of V' on the interval *[ — .J, 00) and check that V € X. For
example, the property (X'2s;) for U; gives the approximate equation (22) on
*[1/(2J),2J], and so V satisfies the same equation on *[ — J + 1/(2J), J],
which ensures that V' satisfies condition (X2,) for all n € N.

The rest of the properties needed for V € X are easily checked.

(b) Writing ¢(V) = V | *[0,00) for a two-sided process V' we have by
definition

B=¢'(B) and D= ﬂ L,B.
0<r<00

Thus
D[*[0,00) = ¢(D)

giving one inclusion. For the other direction, let U € C. So U = T,U,, with
U, € Bs, for each n € N. By overflow we have U = T;U; for some infinite
J € *N, with U; € By;. Take any V; such that V; | *[0,00) = Uy, so that
(L;Vy) | *[0,00) = T;U; = U, using (46). It now suffices to show that
L;V; eD.

For any finite 7 > 0,

LiVy=L;oL;_;V;

Now
(Ly—Vy) [ 70,00) =Ty (Vy | *[0,00)) =T)_;U; € By,

using (46) again, and Proposition 8.8. This gives L; ,V; € B; C B, and so
L;V; e L.B. O

As a simple corollary we now have the main result of this section.
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Theorem 10.12 (=Theorem 10.3)

A= X 1]0,00).
Proof
A=°C="(D|"[0,00)) = °(¥ | *[0,00)) = X | [0, 0)
using Theorems 10.6 and 10.11. a

The next theorem is proved in the same way as the corresponding results
for A:

Theorem 10.13 law,,(X) is compact.

Proof Modify the proof that law,(A) is compact in Theorem 9.12. O

11 Noncompactness Results

In this section we prove results showing that one usually cannot expect the
attractor for the stochastic Navier-Stokes equation to be a compact set.

Theorem 11.1 Suppose that Q = (2, F, (Fi)ier, P) is an arbitrary filtered
probability space carrying a two-sided Brownian motion and suppose there is
an attractor A for the stochastic Navier-Stokes equations satisfying Theorem
10.12. Suppose further that A has at least two distinct elements u,v, and
there are sets Z,,n € N in F_,, of measure 1/2 that are independent of each
other and of w,u,v. Then A is not compact in the topology of convergence
in probability (a fortiori, A is not compact in L*(Q2, M)).

Proof  We have P[lu —v| > r] > r for some r > 0. By definition of A,
there exist two-sided solutions u/,v" € X such that u; = u; and v, = v} for
all t > 0. For each n, define the process x, on € by

(W) = uw) ifweZ,
"] w(w)  otherwise.

and define z;, analogously. Since Z,, is F_-measurable, it follows that each
x, is a two-sided solution of the Navier-Stokes equation belonging to X, and
therefore each x,, belongs to A. For each m # n,

Pl|xy, — x| > 1] > 1 P|Z,AZ,] =1r/2,

since {|x, — x| > r} 2 {|lu —v| > r]} N (Z,AZ,). Therefore A is not
compact in the topology of convergence in probability. O
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Remark It is well-known that when the filtration (F;);cr is generated by

the Wiener process w; (t € R), F_o is the trivial algebra (e.g. see [11], page
583), so the above theorem does not apply. In all known proofs of existence
for solutions to the stochastic Navier-Stokes equations in 3-dimensions, how-
ever, the space required is richer than the Wiener space - for example the
Loeb space that we have used in the present paper. Here the non-compactness
of A can be verified, due to the following consequence of the richness of the
space.

Lemma 11.2 In the filtered Loeb space €2 of Section 10, for any countable
collection of Loeb measurable sets yo, 1, ... there exists an F_o,-measurable
set Z of measure 1/2 which is independent of each yy,.

Proof Let @ be the internal measure on €2 which generates the Loeb
space 2. For each n € N, let Y,, be an internal approximation of y,. For
each h € N there is a finite internal partition of €2 into G_j,-measurable sets of
@-measure 1/h. By saturation, there is a hyperfinite partition X;,i < H of Q
into G_ g-measurable sets of ()-measure 1/H. Let Py be the internal counting
measure on 2. For each v € 2# let Z(v) be the internal F_,-measurable
set

Z(y) = J{Xi i < HA>i) = 1},

Fix n € N for the moment and let Y =Y,,. It is sufficient to show that

for a.a. v we have Q(Z(7)) =~ 5 and Z(v) is independent of Y with respect
to the Loeb measure, —i.e. Q(Z(7)NY) ~ 3Q(Y).

For each 1 <7 < H and ~ € 2¥_ define the random variable 7;(7) by

) = (@O nz6)nx) - 5 N X))

- { QY NX,) ify() =1
—1Q(Y NX,) ify(i) = 0.

With respect to Py, the random variables n;,7 < H, are mutually inde-
pendent and have expected values En; = 0. Moreover, |n;(7)| < (2H)™!, so
n; has variance < (2H)~? with respect to Pg.

Define a random variable

€0 = > n.

Then with respect to Py,
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Since the sets X; partition €2, we have
H

ZQ(Yﬂ Z()NXy) =Q (U(Y nZ() ﬂXﬂ) = QY NZ())

and

ZQ(Y NX,)=Q (U(Y n X») =Q(Y).

Therefore .
§(7) = QY NZ(y)) - 5QY).
Thus, for (Py)r-a.a. v we have Q(Y N Z(y)) — :Q(Y) ~ 0, and so

2

Q(Z(y)NY) = 2Q(Y) as required. Applying this to Y =  also gives that
Q(Z(7)) ~ & for a.a. 7. O

Corollary 11.3 In the filtered Loeb space Q2 of Section 10, if the Navier-
Stokes attractor has more than one element, then it is not compact in the
topology of convergence in probability.

To see how, in a general setting, simply enlarging the space eliminates
compactness of an attractor, we have the following.

Let Q = (Q, F, (F)ier, P) be a filtered probability space equipped with
a family of measure preserving maps (0;):>o satisfying properties (61, 62, 63)
of Section 3. Let (€, F’, P') be another probability space. The product
Q = Qx ' is the filtered probability space (Q2xQ', Fx F', (F;x F')ier, Px P")
with the measure preserving maps (8);(w,7) = (6;(w), 7).

For a stochastic process u on €, let @ be the process defined on by
tp(w,y) = w(w).

If w is a two-sided Brownian motion on €2, then w is a two-sided Brownian
motion on .

Note that for each set D € F', Q x D is F_,, X F'-measurable.

With this notation we have the following non-compactness result.

Corollary 11.4 Let w be a two-sided Brownian motion in §2, and sup-
pose the stochastic Navier-Stokes equations have an attractor A satisfying
Theorem 10.12, and A has at least two distinct elements. Let ' be an atom-
less probability space, and let A be the stochastic Navier-Stokes attractor for
(Q,w). Then A is not compact in the topology of convergence in probability.

12 Final Remarks

On any filtered probability space 2 with a family of measure preserving maps
0; as in section 3 we can define the sets X, X and X of solutions and a set
A by

A:ﬂSnB
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with B = X,. A natural question is to isolate the properties of 2 that are
needed to give the main results above — namely that A = X | [0, 00) and that
A is an attractor in some sense (and the above results about compactness of
families of laws hold).

A further natural question is to isolate the particular properties of the
Navier-Stokes equations and/or the families of solutions X that are needed
to develop a theory such as this.

We will present one approach to these questions in the sequel [18] to this

paper.

13 Appendix: Nonstandard preliminaries

We work in an N;-saturated nonstandard universe that contains a nonstan-
dard extension *J for every mathematical object J involved in our theory.
In particular we have *H,*M, *Cy(R), *Wiener measure, etc.

Given a standard Hausdorff space S, we identify each point x € S with
*r, so that S C *S. If x € S and X € *S, we say that z is the standard
part of X, in symbols z = °X, if X € *O for every open neighborhood O
of z. Since S is Hausdorff, each X € *S has at most one standard part.
An element X € *S is said to be near-standard, in symbols X € ns(95), if
X has a standard part. Thus the standard part function maps ns(S) onto
S and is the identity on S. The standard part of a set B C ns(S) is the
set °B = {°X : X € B}. Here is a useful immediate consequence of the
definition of standard part.

Remark 13.1 Suppose x = °X in a Hausdorff space S.
(a) If O is open in S, z € O implies X € *O.
(b) If C' is closed in S, X € *C implies z € C.

In the particular case of a standard metric space (S, p), z = °X if and
only if *p(X,z) ~ 0, and two points X, Y € *S are said to be infinitely close,
in symbols X =~ Y, if *p(X,Y) = 0.

We need the following compactness criterion ([20], Lemma 4.9).

Proposition 13.2 Let S be a standard metric space, let E, be an internal
subset of *S for each n, and let E =, E,.

(a) °(E'Nns(S)) is closed.

(b) If E C ns(S), then °E is compact.

Proof  We give a proof here for the sake of completeness, and so we can
refer to the proof later on. We may assume without loss of generality that
Ey 2D Ey D -

(a) Suppose z,, € °(E Nns(S)) and z,, — = € S. Take a subsequence
X such that p(z,,,z) < 1/m for each m € N. Choose X,, € E C FE,, with
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°X, = X, and choose X € *S with °X = z. Then *p(X,,, X) < 1/m for
each m. By the triangle inequality, *p(X,,, X,,) < 2/m whenever m < n.
By N;-saturation, there is a Y € *S such that Y € E, for each n, and
(X, Y) < 2/m for each m. Then Y € E and Y =~ X, so x = °Y and
Y € ENns(S). Thus x € °(E Nns(S)), so °(F Nns(S)) is closed.

(b) Since S is a metric space, to show that °E is compact it suffices to
show that every countable open cover {O,} of °E has a finite subcover. Let
Apn = {x € S : p(x,S\ O) > %} Then A,,, is open, A,,, C O,,, and
{A;n} covers °E. By 13.1 (a), {* A} covers E. By Ny-saturation, there is a
k such that {*A,,, : m,n < k} covers Ej.. Then by 13.1 (b), {A,.,, : m,n < k}
covers °E. Therefore {O,, : m < k} covers °E. O

The book [7] gives information about the standard part mapping for var-
ious topologies on the standard set H. The most important are as follows.
Here, *H has an internal *basis {*e, }ne«n, and we write E, = *e,. Thus for
each N € *N, Hy = *span{FE, ..., Ex} C *H. We also write u@) = (u, en)
and U(n) = (U, En)

Lemma 13.3 Let U € Hy. Then:

(a) If|U| < oo (i.e. |U| is finite) then U is weakly nearstandard in H, and
the weak standard part u = Styear(U) is defined by

U(n) = O(U(n)),n e N.

(b) If U is nearstandard in the strong topology of H then |U| < co and

Stweak(U) = st(U).

(c) If ||U]| < oo then U is (strongly) nearstandard in H.

In view of the consistency (b) above we use °U to denote the standard
part of U whenever |U| is finite.

Near-standard points and standard parts also appear in the setting of
Loeb spaces. For an internal probability space Q = (2,G, Q) we write @,
for the corresponding Loeb measure. The theory of Loeb measure and Loeb
integration is assumed (see [7, 16, 17] for example). For convenience, we
assume here that € is *countably additive, although most of the general
theory carries over to the *finitely additive case. Recall that a *measurable
function U : Q — *Ris S-integrable if E(|U]) is finite and flU(w)|>J |U|dQ(w) =~
0 for all infinite J € *N. The following notation, taken from [19, 20], is used.

Definition 13.4 Suppose that (S, p) is a separable metric space (we will
mainly have S = M and S = M x Cj).
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(a) L°(€,S) is the space of all random variables on v :  — S with the topol-
ogy of convergence in probability, and for 0 < p < oo the spaces LP(€2, S) are
defined as usual.

(b) SLY(Q,S) =*L°(Q,*S) = {V : Q — *S;V is G-measurable}.

(c) ns?(Q,9) = {V € SLY(Q,9) : V(w) € ns(S) for Qp a.a. w € Q}. If
V:Q — *Sisinns?(Q,S) then we write v = °V for the member of L%(, S)
given by

(V) (w) =°(V(w)),
and we say that V is a lifting of v and that v is the standard part of V.

(d) For p € [1,00), SLP(,S) is the set of all V' € *L°(Q,S) such that
p(V(w),z)? is S-integrable for some (equivalently, any) z € S. If V €
SLP(Q,S), we say that V' is SLP on €.

(e) For p € [1,00),
ns? (€, ) = ns’(Q, S) N SLP(R, S).

(Note that nsP(€2,5) C *LP(Q,*S), and if V' € nsP(Q2, S) then °V € LP(Q, 5))
(f) Since p = 2 occurs frequently, we write NS = ns?((2, S) with the particular
) and S being clear from the context.

This notation is actually a generalization of the standard part in stars of
Hausdorff spaces. In the case that Q = {w} is a one-point space, the points
of SL°({w}, S) can be identified with the points of *S in the obvious way, so
that

SLY({w}, S) = SLP({w}, S) = *S,ns’({w}, S) = ns*({w}, S) = ns(9),

and the standard part mapping for ns’({w}, S) is the same as for ns(.9).
Given a set B C SLP(S,S), where p € {0} U [1, 00), the standard part of
B is the set °B = {°V : V € B}. The following result is needed:

Proposition 13.5 Let E = (), .y E. where each set E, C SL°(Q,S) is
internal. Then for each p € {0} U[1,00), the set

°(ENns’(Q,95))
is closed in LP(£2,S).

Proof Exactly the same as the proof of Proposition 13.2 (a). O
We need the following fact about S-integrability on a product space.
Proposition 13.6 Suppose V : *[0, 1] x Q — *[0, 00) is *-measurable on the

product, and V (t,-) is S-integrable on Q for each 7. Then V is S-integrable
on the product.
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Proof This result is well-known, but we include a proof for complete-
ness. Take any infinite J € *N. For each 7 € *[0,1], [V (r,w)dQ(w) is
finite, and by overspill, [V (7,w)dQ(w) has a uniform finite bound. There-

fore fol [ V(7,w)dQ(w)dr is finite. Moreover, for each infinite J € N,

/ V(T,w)dQ(w) = 0.
V(rw)>J

Therefore

1
/ / V(r, 0)dQ(w)dr ~ 0.
0 JV(rw)>J

By the transfer of the Fubini Theorem, it follows that V' is S-integrable
on the product. O

The following proposition and corollary explain how the “truncation”
functions v, and ¢,, are used to characterize S-integrability.

Proposition 13.7 Let V : Q — *[0,00) be an internal random variable.
Then the following are equivalent.

(a) V is S-integrable.
(b) E(V;(V)) = 0 for all sufficiently small infinite J.
(c) "E(V,(V)) — 0 asn — o0, (n € N).

Proof  Assume (a), so that [i, .V =~ 0 for all infinite K € *R. Writing

BVe,(V) = |

V<K

Vi (V) + / Vap; (V)

V>K

for infinite K we see that the second term on the right is infinitesimal since
. 1
0 <1y < 1. For the first term, if we now set K = J2 we have

/M Vs (V) < Kiy(K) = K ((% - 1>3 " 1) ~ 0,

which establishes (b). The converse implication (assuming (b)) is trivial since
E(V4s(V)) > [, V. The equivalence of (b) and (c) is routine. O

Recalling that ¢, (u) = |ul*¥,(Jul?) in any Hilbert space, we have

Corollary 13.8 Let U : 2 — *S be an internal random vector where S is a
Hilbert space. The following are equivalent.

(a) |U|? is S-integrable, that is, U € SL*(, S).
(b) E(ps(U)) = 0 for all sufficiently small infinite J.
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(c) °E(pn(U)) — 0 as n — oo, (n € N).

As indicated in Section 3.2, the space of all Borel probability measures
on a separable metric space S is denoted by M;(S), and for v € L°(Q,9),
law(v) € My(S) is the probability induced by v. The Prohorov metric on
M (S) gives weak convergence of measures, and part (a) of the following is
well-known (see [20] Prop 5.7 for example).

Proposition 13.9 Let V € SL°(Q, ).
(a)
V €ns’(Q, ) < *law(V) € ns(M(9)),
and if either side holds then law(°V') = °(*law(V)).
(b) For the particular case S = M

V €NS =ns*(Q, M) & *law(V) € ns(M, o(M)),
and if either side holds then law(°V') = °(*law(V)).

Proof (b) follows from (a) together with the observation that for A =
*law (V') € ns(Mjo(M)) there is the additional requirement that

EA|UJ? = /|v )PdP(w /|v V2P, = By lul?,

where A = law(°V'). This condition is precisely that V' (w) is SL? on €2, which
ensures that V € NS. O

Finally, we need the following result from [26], Theorem 8.1, on liftings
of continuous adapted stochastic processes. (The equivalence of (a) and (b)
is proved there, and it is an easy exercise to show that (b) is equivalent to

(c))-

Proposition 13.10 Let = : [0,00) X  — R be a stochastic process in the
filtered Loeb space S given in Definition 5.1. The following are equivalent.

(a) = is adapted and almost surely continuous.

(b) There is an internal process X : *[0,00) x  — *R and a positive
0 ~ 0 such that X (-, T) is G,-measurable for all T > 0, and for almost all w,
°X(r,w) = z(°T,w) for all finite T.

(¢) There is an internal G,-adapted process X : *[0,00) x 2 — *R and
a positive 6 ~ 0 such that X(w,7) = 0 for 7 < §, and for almost all w,
°X(1,w) = z(°1,w) for all finite T > 4.
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