
Math 221
Worksheet: ε− δ limits

October 8, 2015

The real definition of a limit:

Definition 1. To say
lim
x→a

f(x) = L

(where a and L are real numbers) means that, for any ε > 0 (that is, no matter how small it
is), there exists a number δ > 0 such that, whenever |x−a| < δ, we know that |f(x)−L| < ε.

1. Let f(x) = 2x+ 1. We want to prove that lim
x→1

f(x) = 3.

(a) Let ε = 0.01. How close does x have to be to 1 in order to make |f(x)− 3| < ε?

(b) Figure out how small δ has to be so that |f(x) − 3| < ε whenever |x − 1| < δ,
where ε is any positive number.

(c) Use part (b) to write a proof that lim
x→1

f(x) = 3.

2. Let f(x) = x2. We want to prove that lim
x→2

f(x) = 4.

(a) Let ε = 0.01. How close does x have to be to 2 in order to make |f(x)− 4| < ε?

(b) Notice that |x2− 4| = |x− 2| · |x+ 2|. Decide that, whatever ε is, you’re not going
to make δ any bigger than 1. You can say something like this: ”whatever ε is, I’ll
let δ be either 1, or —–, whichever is smaller.” Decide how to fill in the blank in
order to prove that lim

x→2
f(x) = 4.

3. Let f(x) = x10. We want to prove that lim
x→2

f(x) = L = 210.

(a) Let ε = 0.01. How close does x have to be to 2 in order to make |f(x)− L| < ε?
(Use a calculator if you really want to.)

(b) Convince yourself this makes sense:

x10−210 = (x−2)(x9 +2x8 +4x7 +8x6 +16x5 +32x4 +64x3 +128x2 +256x+512).

(c) Use a similar strategy to the previous problem to prove that lim
x→2

f(x) = L = 210.

4. Prove that lim
x→3

1/x =
1

3
.

5. Prove that lim
x→2+

1

x− 2
= ∞. Here, we have to alter the definition. Instead of ”for

any ε > 0, (that is, no matter how small it is) ...we know that |f(x) − L| < ε,” the
definition should read ”for any N > 0 (that is, no matter how big it is), ...we know
that f(x) > N .” That is, you’re not trying to make f(x) close to a value, you are
trying to make it big – bigger than any N someone gives you. Since x is approaching
2 only from the right, you get to assume x > 2 in your proof.
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