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&) Neitler
3 (@) 1A= lay) then (4, 4) = Tr(ATA) = 53 "al; 2 0. Also (4,4) = 0 if and only if ayy =0,
v ' j=1i=1

that is, if and only if A = O. _
(b) If B = [b;;] then (4,B) = Tr(BTA) and (B, A) = Tr(AT B). Now

n - n
Te(BTA) = Z Z bzka;Ct Z Z briaki,

=1 k=1 i=1 k=1

and

n n n
TI(ATB = Xn: Z ag,;bki = Z Z akibki1

i=1 k=1 i=1 k=1
« 50 (4, B) = (B, A).

(¢) If C = [ey], then (A + B,C) = THCT(A + B)] = TX[CTA + CTB] = Tx(CTA) + Tr(CTB) =
(4,C)+(B,0). S

(d) (¢4, B) = Tx(BT(cA)) = cTe(BT A) = c(A, B).

6 (a) (p(t),q(t)) = fol ‘p'(t)z dt > 0. Since p(t) is continuous,

/ 1p(t)zalt =0 < p(t)=
A :

) (60 a0) = 3 pO)a(t) dt = [} a(0hp(e) e = (a(t), (). |
(©) (0 +4(0), 7)) = fo (PO +aO)r(0)de = [3 p(e)r(2) e+ f ale)r(e) dt = (p(2),r(2)) + (a(), v(2).
(@ (0 a0) = fo (ptalt) dt = c [} p(O)alt) dt = c(p(t), a().

7. (a) 0+0 =050 (0,0) = (0,0 + 0) = (0,0) + (0,0), and then (0,0) = 0. Hence |[0}| = 1/(0,0) =
\,f" -\/6 = O

(b) (u,0) = (1,0'+0) = (u,0) + (u,0) so (u,0) = 0.
(¢) If (u,v) =0 for all v in V, then (u,u)—-Osou-O

(d) If (u,w) = (v,w) for all w in V,then (u—v,w)=0and sou=v.
(e) If (w,u) =

8. (a)7.  (b)0. (c) —9.
10, (a) 2. ®3 (04
12, () V2. () VIE. () L.
14, (a) =3 ()1 (o) 4v3.

(w,v) for all win V, then (w,u—v) =0or (u—v,w) =0 for all w in V. Then



gy,

l%HU+WP=%U+WH+V)=0LUH40%VH%WV)=HMF+%&V%%VW~Tmm”“+WV=HuW+ﬂﬂP
- if and only if (u,v) = 0. _

23..Let W be the set of all vectors in V orthogonal to u. Let v and w be vectors in W so that (u,v) =0
Y and (u,w) = 0. Then (u,7v + sw) = r(u, v) + s(u, w) = r(0) + s(0) = 0 for any scalars r and s.

a by
as 102
39. fuand varein R™ letu=1| ~jandv=1| . 1| Then
v : .
an bn
b
n 1bs
(u,v) = Zaibi =ay a3 --- an) .
i=1 :
bn
42. Since {v1,va,...,v,} is an orthonormal set, by Theorem 5.4 it is linearly independent. Hence, 4 is
»/ nonsingular. Since S is orthonormal,
1 ifi=j
W“W)_{o if i 4.
This can be written in terms of matrices as
1 ifi=j
ViV {0 i
or as AAT = I,,. Then A~! = AT, Examples of such matrices:
1 A 1
11 1 0 0 BTV TV
— V2 V2 — 1 1 = | L A 1
A= L L A0 % K AT
vz V2 o L L 1 0 =2
V2 V2 3 V6

43. Since some of the vectors v; can be zero, A can be singular. -

44. Sﬁppose that A is nonsingular. Let x be a nonzero vector in R*. Consider xT(AT A)x. We have

¥ xT(ATA)x = (Ax)T(Ax). Let y = Ax. Then we note that xT(ATA)x = yyT which is positive if
y #0. If y = 0, then Ax = 0, and since A is nonsingular we must have x = 0, a contradiction. Hence,
y #0.
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33. Let W be the subset of vectors in R®
(v, w) = 0. It follows that (0,v+w)=
80 v+w and ¢v are in W, Hence, W
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[ 0.8944 0.4082
—0.4472 0.8165

ﬂ, 5ol [v], =vEF9= VL

o Sl

0  2.4495

}, R::{
0 0.4082

[—~0.5774 0 0.8165}

~%} _ [2.2361 —2.2361]

0.5774 —0.7071 0.4082
| 0.5774  0.7071 0.4082

[—1.7321 0 0
0 —2.8284 1.4142].

i 0 0 —2.4495

0.4472  0.8165 0.3651
L 0 04082 -0.9129

[0.8944 —0.4082 —0.1826J

2.2361 0 0
0 2.4495 —2.85771.

0 0 —0.9129

that are orthogonal to u. If v and w are in W then (u,v) =

(u,v) +(u, w) = 0, and for any scalar ¢, (u,ev) = c(u, v) =0,
is a subspace of R™. : -



