FW Math 321 Brief solutions Final Exam, F 12/19/2003

1. Let vy be the position vector of point Py with respect to some origin O. Give vector
equations for the position vector r of any point P on

(a) the line parallel to the vector v that passes through ry,

(b) the plane through rq that is parallel to both w and v (with u x v # 0),

(c) the plane through rq that is perpendicular to n,

(d) the plane through the three points vy, 1, o (not all on a line).

(e) If a, b, ¢ are 3 non co-planar vectors in a 3D vector space then any vector r can be
expanded as r = aa + b + ve. Give vector equations for the components o, 3 and 7y in
terms of T and the basis vectors a, b, ¢ (NOT necessarily orthogonal to each other).

This elementary material was supposed to be a gift! See Math 222 and Math 234, e.g.
Varberg, Purcell and Rigdon Chaps 13 (13.2, 13.4) and 14 (14.2, 14.4) and our own Weber
& Arfken page 4 (eqn(1.3) and surrounding discussion about r being a special vector), pages
14-17, examples 1.2.1, 1.2.2, 1.3.1 and posted exercises 1.3.11, 1.4.8.

(a) 7 = ro + tv, where t is any real number.
b) r = rg + su + tv, where s,t are any real numbers.
¢) (r—mry) -n=0.

r=ry+s(r; —mry) +t(ra—17p).
e)a=[r(bxc)/la-(bxc),etc.

2. Consider the integral 7{7" X dr where C is a closed planar curve (i.e. r-2 =0, Vr say).
c

(a) Use your geometrical understanding of the cross-product to deduce the value of this inte-

gral. (Sketch plus a few words of explanation). Is the result a scalar or a vector?

(b) Rewrite the integral as a line integral (i.e. something of the form § F -dr) and evaluate
that integral using Stokes (or Green’s) theorem. USE CLEAR NOTATION!

(c) If C is the curve parametrized by r = & acost + gbsint with & and § two mutually
orthogonal unit vectors and a, b constants, express the integral fc T X dr as an integral over
t, specifying the limits of integration. What is the specific value of the integral for this C?

This was supposed to be a gift! See posted exercise 1.11.1, your class notes on planetary

motion and EXAM 1, problem 2 (g)!

(a) r x dr = 22dA where dA is the area of the triangle r, dr,r + dr. So the integral is twice
the area enclosed by C times 2.
(b) r = &x + gy = dr = &dx + gdy and r X dr = Z(xdy — ydx), then

%fr xdr =2 j{(—y,x) dr =2 / (0x/0x+0y/0y)dA = 2AZ, by Stokes (Green’s) theorem.
c c A

(c)r = &acost + gbsint = dr = (—&asint + gbcost)dt and r x dr = Zab dt. Then
2m
ffr X dr = / Zab dt = 2mabz. This is twice the area of the ellipse.
c 0
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3.(a) Calculate 7{ r-ndS, if S is the sphere of radius R centered at xt = xq >0, y =2 =0,

s
n is the unit outward normal and r = Tx + gy + £z 15 the position vector.

If V() is a scalar field such that V*V = 0 for all v, where v is the position vector in 3D
space and F' = V'V, calculate, justifying briefly but carefully,

(b) Y{F -ndS, where S is any (sufficiently nice) closed surface enclosing the origin.
S

(c) j{F -dr, where C is any (sufficiently nice) closed curve not passing through the origin.
c

This was a gift for many of you! (at last!) See formula (1.72), posted exercises 1.8.5,
1.9.3 and exam 1 problem 2!

7{7" ndS = /V rdV =3V =47 R3.

%F ndS = /V FdV = /VVdV—O.

7{F d’r—/ (VX F) -ndA=0.
c A

4. An n-by-n matriz A = [a;;] is said to be orthogonal if AAT = ATA = T where I is the
identity matriz.

(a) Write the orthogonality relationships AAT = AT A = I explicitly in terms of the matrix
elements a;; using the summation convention and the Kronecker symbol.

(b) What are the possible values for the det(A)? Justify.
(¢) Show that the product of two orthogonal matrices is an orthogonal matriz. Justify.
(d) Specify the most general, explicit form of a 2-by-2 orthogonal matriz.

(e) What is the connection between orthogonal matrices and rotation of axes?

See sections 2.6 and 3.3 and posted exercises 3.3.1, 3.3.2, 3.3.12.

(a) aikajk = akiakj == 5@]

(b) det(ATA) = det(I) = 1 = det(AT) det(A) = [det(A)]?, so det(A) = £1.
(c) (A1 A)T (A1 Ay) = AT(AT AN A, =1

(d) [cosf,sin@; —sin b, cos b]
(e
t

) Rotation of coordinate axes correspond to multiplication of the coordinates by an or-
hogonal matrix.

5. How is the triangle linking the complex numbers 0,1,1 + ¢ deformed by the mappings
(a) w = 2% and (b) w = e*? Carefully SKETCH both mapped triangles indicating where
each vertex is mapped in the w plane and specify clearly the shape of each deformed edges.
‘Connecting the dots’ is not enough. (i.e. state and justify whether an edge becomes a circular
arc, a parabolic arc, hyperbolic arc, spiral arc,...). Specify values of deformed angles.

See posted extra exercises 1 and 2 for section 6.2, also 6.3 extra #2.
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OK, you really need to sketch it. Let A =0, B=1, C =1+ i then AB corresponds to
2=z and wy = 22 = 2%, wy = e* = €7, 50

AB : z = x stays on the real axis from 0 to 1 for z? but from 1 to e for €.

BC :z=1+41iysow = 2?> =1—y?+ 2iy is a parabolic arc in w; plane, wy = €* = ee¥ is a
circular arc centered at 0 of radius e and argument from 0 to 1 (in radians).

AC : z = o +ix so w; = 2iz? is pure imaginary from 0 to 2, wy, = €* = %€ is a complex
number with modulus 7 = e* and argument 6 = z, so this is a spiral arc r = e?.

Pictures left to you. All angles are preserved except for angle at the origin in w = z

mapping. That angle is doubled from 7 /4 to 7 /2.

2

6. If |p| < 1, what is Zp” cosnx ? Justify briefly but carefully.

n=0

This was supposed to be a gift! This is posted exercise 6.1.7, we solved it in class at

oo [e.e]
your request! using Z p"cosnr =R (Z p”em"””> and the geometric series:
n=0

n=0
- n_inz - iz 1 1—pe ™ 1 —pcosx —ipsinz
e - e - — = = ,
%p ;(p ) 1 —pe (1 —pcosz)?+ p?sin’x 1+ p?—2pcoszw

SO

o0
Zp”cosnx: 1 —pcosz
o 1+p?—2pcosx’

*  dx

7. (a) Find all the roots of z*+a* = 0 where a is real. (b) Compute the z'ntegml/ pr s
o @t + T

Justifying your steps carefully.

See Fig 7.4, example 7.2.2 done in class and exercises 7.2.22.

(a) 24 = r2e = —a* = a*e@*+ViI™ where k is any integer so r = a > 0 and § = (2k 4 1)7/4.
There are 4 distinct roots z; = ae’™*, 2y = izy, 23 = —21, 24 = —2. Plot them!

(b) Use a contour as in Fig 7.4. There are two simple poles inside. The integral over the

large half-circle goes to zero. The two "residues” from the simple poles at z; and 2, are

easily calculated if we don’t rush into it. First note that 2* + a* = (2% — 2%)(2? + 2%) and
also 2% +a* = (2% — 22)(2% + 22), then for the simple pole at z;
1 1

_ ) , with  f(2) =

Z4at z—2 (24 21)(2%2 + 23)’

and by Cauchy’s formula this poles contributes

21 )

271 = = —.
mif(z1) (it 2) (22 +22) 223
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likewise the simple pole at zy contributes i/ 223, Now 29 = 1z; so the sum of these two

contributions is '
m o owmi owi—1)  wy/2e/A T

23 793 T T2 2B o

8. Calculate
do

/27r (pcos® — 1) cosnb
o 2pcosfh —1—p?

for all integer n > 1 and |p| < 1. Justify briefly but carefully. Does the integral make sense
and can you calculate it for any real p?

This is not a trivial problem but it is a minor modification of a problem that was solved
explicitly in class. See example 7.2.1 and a very similar exercise done in class namely

2
3
/ cos(nb) "
o D—4cost
(i.e. basically the special case of p = 2). See also posted exercises 7.2.6, 7.2.7, 7.2.8, 7.2.9.

Let z = ¢ so df = —idz/z and 2cosf = z + 1/z, cosnf = R(z"). The integral becomes a
complex integral around the unit circle. Clean up the integrand, denominator has two zeros
zy =1/p, z_ = p. Only p is inside unit circle, it’s a simple pole. If you rewrite the integrand
as f(z)/(z — p), the integral is equal to 27if(p) by Cauchy’s formula. Final answer is 7p™.

This problem is the reverse of problem 6, i.e. knowing the function, find its Fourier Series,
and that observation provides another way to deal with this integral by integrating the series
term by term.

Yes integral converges for other values of p and can be computed similarly but now 1/p is
inside the contour and p is outside. The integral vanishes if p = 1.



